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ABSTRACT. We suggest an adaptive sampling rule for obtaining information
from noisy signals using wavelet methods. The technique involves increasing the
sampling rate when relatively high-frequency terms are incorporated into the wave-
let estimator, and decreasing it when, again using thresholded terms as an empirical
guide, signal complexity is judged to have decreased. Through sampling in this
way the algorithm is able to accurately recover relatively complex signals without
increasing the long-run average expense of sampling. It achieves this level of perfor-
mance by exploiting the opportunities for near-real time sampling that are available
if one uses a relatively high primary resolution level when constructing the basic
wavelet estimator. In the practical problems that motivate the work, where signal
to noise ratio is particularly high and the long-run average sampling rate may be
several hundred thousand operations per second, high primary resolution levels are
quite feasible.
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1. Introduction. In this paper we suggest methods for online signal recovery,

when a noisy signal is sampled at discrete times and either the raw data, or an

estimator of the signal computed from the raw data, is recorded or transmitted

after a relatively short time delay. There may be no opportunity to go back and

re-sample the signal if it transpires that parts of the signal are so complex that

insufficient information was acquired in the first sampling operation. However, there

is a possibility of increasing the sampling rate online, if, at the current sampling

time, it appears that the rate is insufficient to capture important features of the

signal. Nevertheless, the long-run average cost of sampling, per unit time, should

not exceed a given bound, imposed (for example) by the capacity of the storage

device.

How should we shift from one sampling rate to another, and back again? What

sorts of gains in performance can we expect to achieve using this technology? In the

setting of wavelet estimators, we suggest an answer to the first of these questions;

and, for our particular rate-switching algorithm, we answer the second question.

Our results help to underpin recent accounts of this type of methodology, discussed

by, for example, Chen, Itoh and Shiki (1998), Aldroubi and Gröchenig (2001) and

Anon (2002). Our main arguments and results may be summarised in elementary

language, even though their detailed description requires somewhat intricate theory.

We give the summary below.

A wavelet estimator is of course particularly good at recovering complex signals

from noisy data. Nevertheless, if the sampling rate is only ρ then a wavelet esti-

mator is unable to adequately approximate a signal whose frequency approaches ρ,

particularly if that frequency is only exhibited over a short time interval. Moreover,

if the sampling rate is only ρ then we may not even be aware that signals with

frequency greater than ρ are present. However, a sudden increase in frequency, at

a level somewhat below the “base” sampling rate, say ρ = ρ1, might be interpreted

as suggesting that higher frequencies are present. Hence, an increase in resolvable

frequencies might reasonably be used to trigger an increase in the sampling rate

to ρ2, say.

A wavelet estimator captures relatively high-frequency components of signals

through its thresholded terms. Therefore, exceedence of a threshold, at an appro-

priately high resolution level, can be used to define the trigger. The resolution level

for the trigger should not be chosen too close to ρ1, or the information used in the
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trigger will be unreliable. Neither should the trigger frequency be too close to the

primary resolution level of the “basic” wavelet estimator (with sampling rate ρ1), or

the ability of that estimator to accurately approximate moderately high-frequency

signals will not be sufficiently exploited. In practice the trigger might be taken

equal to a set of high resolution levels incorporated into the basic estimator.

Of course, we should not sample for too long at the higher rate, or the long-

run average sampling cost per unit time (often determined by storage capacity)

will be too high. Therefore we need a trigger for reverting to the base rate, ρ1,

from ρ2. This trigger can also be provided by thresholded terms; we drop back to

the lower rate if there have been no recent threshold exceedences at sufficiently high

frequencies.

This algorithm has a number of variants, including (for example) using major-

ity-type rules, applied to sets of resolution levels, to define triggers for increasing

or decreasing the sampling rate; and using more than two different sampling rates.

An explicit restriction on the amount of time during which we sample at the higher

rate, can be imposed to ensure a relatively early return to rate ρ1 when there is a

danger of exceeding data storage capacity.

Such methods rely crucially on two assumptions: (a) observing a frequency at

or near the trigger values for increasing the sampling rate, indicates the presence of

even higher frequencies which will not be adequately captured unless the sampling

rate is raised; and (b) the absence, from the expansion of the wavelet estimator, of

trigger frequencies for decreasing the rate implies that higher frequencies are not

present in the true signal in important quantities, and that the sampling rate can

therefore be lowered. If these assumptions are not valid then the algorithm may

not fulfill its function of providing higher resolution, in an “average” sense, without

increasing the long-run cost of sampling.

Of course, if the long-run sampling cost is kept fixed then increasing the sam-

pling rate in some parts of the signal inevitably involves reducing it in others,

relative to the rate that would be employed if sampling were uniform. This nec-

essarily reduces the fidelity of the signal estimate there, measured mathematically

in terms of Lp distance, for example. However, in the context of machine-recorded

data that motivates our work, error variances are usually small, and so the Lp error

penalties incurred by slightly reducing the sampling rate in places where the signal

is relatively “uninteresting” are not likely to be high.
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The potential gain is that relatively high frequencies that would normally be

overlooked can now be recovered. Provided the time periods where these frequen-

cies occur are relatively short in duration; and assuming our algorithm adapts suf-

ficiently quickly; using a higher sampling rate there will require only a modest

reduction in the rate at the more common places where the signal is “quiet”.

Under a suitable asymptotic model, the advantages of adapting the sampling

rate can be represented in terms of mathematical consistency. Reducing sampling

rate where the signal is relatively uninteresting will not affect consistency in such

places, and may not even affect the theoretical convergence rate of estimators.

But increasing the rate where there is a lot of “action” in the signal can produce

consistency where it would not otherwise occur.

The basic wavelet estimators that we use are of conventional type, except that

we make important use of non-unit primary resolution levels in order to achieve near-

real time switching from one sampling rate to the other. Using our construction,

the time delay in detecting relatively high-frequency components of the signal is

proportional to the effective bandwidth of the wavelet estimator. However, we

argue that this bandwidth is particularly small in the context of the relatively high

signal-to-noise ratios enjoyed by machine-recorded data, and the very high sampling

rates used in modern digital equipment. However, it should be recognised that the

time-delay problem has at least two facets, related to data recording and data

“playback,” respectively. These issues will be discussed in section 2.

In principle it is possible to take a less conventional approach, and use wavelet

estimators that are more attuned to estimation at jump discontinuities (such as

boundaries). In the present context, the fact that at current time t there are no

data from the future may be viewed as implying a sharp discontinuity in the signal

at t. However, the discontinuity is resolved by the estimator through incorporating

relatively high-frequency, thresholded terms, even when the signal itself is of rela-

tively low frequency to the left of t. These terms tend to be confounded with any

high-frequency terms that arise from the signal itself, immediately before t, and so

the problem of deciding whether to switch sampling rate, or not, is made signifi-

cantly more difficult. There are ways of overcoming this problem, but incorporating

them makes the overall procedure less attractive.

There is of course a vast and rapidly growing literature on statistical proper-

ties of wavelet methods. We mention here only the papers of Donoho and John-
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stone (1994, 1995) and Donoho, Johnstone, Kerkyacharian and Picard (1995); fur-

ther literature will be discussed in section 2. Methods for optimal design, in the

setting of wavelet methods, have been suggested by Herzberg and Traves (1994) and

Oyet and Wiens (2000), although not in the context treated in the present paper.

2. Methodology

2.1. Model for data generation. In practice, while digitally recorded data might be

the result of sampling at unequally spaced times, they would nevertheless involve

sampling at times on a grid. (Not all grid points need have data associated with

them, however.) Reproducing an approximation to the true signal may involve

a mixture of imputation, to estimate the signal at grid points where it was not

sampled, and interpolation or smoothing, to reduce the impact of noise. If the edge

length of the grid is ξ then the grid points are kξ, for −∞ < k < ∞.

Usually, ξ would equal the minimum possible spacing between adjacent sam-

pling times Ti, which are indexed in increasing order, are distinct, are integer mul-

tiples of ξ, and (conceptually) increase from the infinite past to the infinite future.

At time Ti we record datum Yi, given by

Yi = g(Ti) + εi , −∞ < i < ∞ , (2.1)

representing the value of the true signal g at time Ti, degraded by additive noise εi.

The value of Ti is determined by previous data, and so is measurable in the sigma-

field Fi−1 generated by the set of pairs (Tj , Yj) for j ≤ i − 1. It will be assumed

that the distribution of εi, conditional on Fi−1, has zero mean and finite variance

and does not depend on i.

2.2. Data imputation. At any grid point t = kξ, not necessarily one of the Ti’s, we

wish to estimate g(t) using the data at the possibly unequally spaced times Ti. There

is a range of ways of achieving this goal, adapted (for example) from methods sug-

gested for dealing with non-regularly spaced design in more conventional problems

where wavelet estimators are employed. See, for example, Hall and Turlach (1997),

where interpolation is suggested; Cai and Brown (1998) and Hall, Park and Turlach

(1998), where transformation and binning are employed; Cai and Brown (1999),

who used a universal thresholding technique; Sardy et al. (1999), who considered

a variety of different methods; Zhang and Zheng (1999), who addressed theoret-

ical issues associated with non-regular design; Kovac and Silverman (2000), who



5

discussed coefficient-dependent thresholding; Antoniadis and Fan (2001), who de-

veloped a penalisation approach; and Pensky and Vidakovic (2001), who described

theory for projection-based techniques.

While these methods have excellent numerical and theoretical properties, and

can be expected to produce very good results in relatively familiar settings, not all

are suitable for online applications. This is particularly true of relatively computer-

intensive techniques, and of those that require that an overview be taken of the full

design distribution before determining how the final estimator will be constructed.

We shall borrow from Hall and Turlach (1997) and Hall, Park and Turlach (1998),

and at each grid point kξ impute a datum Zk, taking it to equal Yi, where Ti is

chosen to be as close as possible to t subject to not exceeding kξ. Define Zt(s) to

equal Zk for kξ ≤ s < min{(k + 1)ξ, t}, and to equal 0 otherwise. The superscript t

indicates that the function Zt is based only on data that are sampled up to time t.

We could use an approach more sophisticated than simply taking Zk to equal a

single value of Yi. For example, we could define Zk to be the average of the m values

of Yi for which Ti is nearest to kξ subject to not exceeding kξ. Or we could fit a

polynomial of specified order to the m most recent Yi’s. However, this would have

negligible impact on our results. Moreover, taking m large can noticeably degrade

the estimator (introduced in section 2.3) through the effects of smoothing, as noted

by Hall and Turlach (1997).

2.3. Wavelet estimator. Let φ and ψ denote the “father” and “mother” wavelet

functions, respectively, and let r ≥ 1 be the least integer such that
∫

ur ψ(u) du 6= 0.

That is, ψ is of order r. Write p for the primary resolution level, put pi = 2ip for

i ≥ 0, and define φj(t) = p1/2 φ(pt− j) and ψij(t) = p
1/2
i ψ(pit− j).

The wavelet coefficients for g are bj =
∫

g φj and bij =
∫

g ψij , and the corre-

sponding expansion of g is

g =
∑

j

bj φj +
∞∑

i=0

∑

j

bij ψij . (2.2)

The estimators of bj and bij , based on data observed up to time t, are b̂t
j =

∫
Zt φj

and b̂t
ij =

∫
Zt ψij , respectively. The hard-thresholded form of our wavelet estimator

of g is

ĝt =
∑

j

b̂t
j φj +

q−1∑

i=0

∑

j

b̂t
ij I(|b̂t

ij | ≥ δ)ψij , (2.3)
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where δ > 0 denotes the threshold, and q > 1 needs to be chosen. A soft-thresholded

estimator may be constructed similarly.

The value of δ may alter with time, since it necessarily depends on the sampling

rate. Its value will depend on the variance of b̂t
ij , which we now discuss. If the noisy

signal is sampled every J grid points, in particular at points kJξ for −∞ < k < ∞,

then the sampling rate will be ρ = (Jξ)−1. Assuming for the moment that the errors

εi are independent and identically distributed with variance σ2, and temporarily

ignoring the fact that no signal is observed to the right of t, the variance of b̂t
ij will

be approximately ρ−1σ2, the approximation being asymptotically correct as J and

ξ vary in such a manner that Jξ → 0.

Owing to the sequential nature of sampling, the errors are not actually inde-

pendent. Nevertheless, b̂t
ij is a martingale, and using this result the same variance

approximation can be derived. If we take into account the fact that no data are

observed to the right of t then the approximation ρ−1σ2 should be interpreted as

an approximate upper bound. This does not affect its suitability for determining

the threshold. Moreover, we shall ultimately construct the estimator using a time

lag, which removes the effect on variance of the truncation at t.

These arguments suggest that b̂t
ij will have standard deviation approximately

equal to ρ−1/2σ. Therefore, a suitable large-deviation rule for determining that bij

is significantly different from zero is to decree that it is if |b̂ij | > C σ (ρ−1 log ρ)1/2,

where C is a constant. (We assume ρ > 1, so that log ρ > 0. Our theory will use a

parametrisation in which ρ →∞.) Hence, we take

δ = C σ
(
ρ−1 log ρ

)1/2
. (2.4)

2.4. Time delays in near-real time inference. A feature that distinguishes the

context of the present paper from more conventional curve-estimation problems is

its “online, real-time” nature. There are two aspects to this, arising when recording

and “playing back” the data, respectively. When recording the data we wish to

detect sharp increases or decreases in frequency relatively quickly, and to change

the sampling rate accordingly. Here, the time-delay should ideally be very small.

The recorded data might, for example, represent acoustic information stored on

a CD track that we have played up to time t. We wish to produce an approximation

to the signal at t. When playing the data back in this way it will usually not be a

problem if we interpret “at t” a little liberally. For instance, it is not essential that
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the sound we hear at t represent the signal which, at that very time, is being uptaken

from the CD by the laser reader. We are prepared to accept a short time delay, the

length of which is not as crucial as in the recording phase. In other settings, for

example where the recorded data represent remotely sensed information that will

be subjected to detailed analysis in a laboratory, time delay at playback will be

even less of an issue.

As we shall show in a moment, it is convenient to take time delays at both

recording and playback stages to be inversely proportional to the primary resolution

level, p, which is an increasing function of the long-term average sampling rate.

Hence, the high sampling rates of contemporary digital equipment lead to low time-

delays. Moreover, the low noise that often characterises machine-recorded data, and

which permits even larger primary resolution levels, further reduces time-delay.

We shall assume φ and ψ are continuous on the real line and have compact

support, contained within the finite interval [a, b] where a < 0 < b. It follows that,

for a given index i, an integral of the form
∫

α ψij , for a function α, involves α(t)

only if t ∈ [(a + j)/pi, (b + j)/pi]. If the integral depends on α(t) then it does not

depend on α(s) for s > t + p−1
i (b − a), and hence not for s > t + p−1(b − a). A

similar argument applies to integrals of the form
∫

α φi.

Therefore, if it is acceptable to have a delay of τ ≡ (b−a)/p time units, between

when a signal at t is sampled and when its value at t is estimated, then t can be

taken to be an “interior” point of the estimator. In this case, estimating g(t) by

ĝt+τ (t) is appropriate. The latter is identical to ĝs(t) for any s ≥ t + τ , and in

particular is identical to the familiar wavelet estimator that would be used if the

full dataset, in infinite time, were employed. It is therefore no longer necessary

to employ the superscript on ĝt, b̂t
j and b̂t

ij , and we shall usually not use it in the

sequel.

The time take to respond to a change in signal frequency, by increasing or

decreasing the sampling rate, will usually equal an integer multiple of ξ that is not

less than τ . To appreciate how small τ might be in practice, note that the optimal

choice of p, for a high sampling rate, is large. Indeed, the appropriate value of

p−1 is approximately equal to (κσ2/γ2)1/(2r+1) ρ−1/(2r+1), where σ2 denotes noise

variance, γ2 is the average of the squared rth derivative of the signal, κ is a constant

depending only on the wavelet type, and ρ (expressed as a frequency in Hz, denoting

the number of samples per second) is the sampling rate. See section 3 for details.
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Usually, κ1/(2r+1) is only a little greater than 1, σ2 is small, γ2 is moderately large,

and ρ−1/(2r+1) is small; see below for discussion. As a result, τ can be kept to a

small fraction of a second.

Sampling rates (and hence, values of ρ) for familiar digital consumer devices

are generally quite high. They vary from 8kHz (for digital telephony), through

32kHz (digital radio), 44.1kHz (for conventional CDs) and 96kHz or 192kHz for

DVD audio, to several mHz for new multi-channel systems. Taking these values

to the power 1/5, so as to model a second-order smoother, gives a small value for

ρ−1/5. For example, it is 0.1 in the case of a 100kHz sampler.

2.5. Rate-switching rule. Our rule operates on the principle that a signal can be

deemed to be relatively erratic, and the sampling rate increased, when the thresh-

olded terms in the double series at (2.3) start to make significant contributions. In

theory, the sampling rate can be varied virtually in the continuum. However, we

shall treat only a two-rate regime, where the estimator is constructed using rate ρ1

on the majority of occasions, but the rate is increased to ρ2 on relatively rare occa-

sions when high-frequency thresholded terms start to be included in the estimator.

Likewise a reduction in the sampling rate, from ρ2 back to ρ1, is triggered when the

threshold inequality |b̂ij | ≥ δ starts to fail to be satisfied.

Therefore the determination of sampling rate, which is done only at the record-

ing step, uses just the wavelet coefficients b̂ij , not the full estimator ĝ. The latter

is employed only at the playback step. Nevertheless, our analysis will treat the two

steps together, because the strategy employed during recording must be justifiable

by good performance during playback.

2.6. A specific variable-sampling rate estimator. Here we assemble the data impu-

tation method proposed in section 2.2, the wavelet estimator defined in section 2.3,

the approach to time delay discussed in section 2.4, and the rate-switching rule

outlined in section 2.5, to obtain an explicit, online, near-real time estimator that

employs a variable sampling rate and is based on data generated by the model de-

scribed in section 2.1. None of the procedures proposed in earlier sections is without

its variants, and the estimator suggested here is only one of several that could be

considered.

If, at the current time, we are sampling the signal at time points that are

integer multiples of `ξ, we shall say we are sampling at rate ρ1 = (`ξ)−1. If we are

sampling at all integer multiples of ξ, we shall say we are sampling at rate ρ2 = ξ−1.
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Let p denote a primary resolution level (appearing in the definition of estimators

in section 2.3) that is appropriate when the sampling rate is constant at ρ1 over

a long period. Choice of p will be discussed in section 3. We shall use this p

throughout, even when the the sampling rate is ρ2, and rely on thresholded terms

to produce improved performance when the signal is relatively erratic. However,

the values of q at (2.3), and δ at (2.4), will be rate-dependent. Each will be given

the subscript j when the sampling rate is ρj .

Let τ0 denote the least integer multiple of `ξ that is not less than (b − a)/p,

where b − a is an upper bound to the widths of the supports of φ and ψ. Then

the time-delay τ , introduced in section 2.4, does not exceed τ0. Put q = q2 if

the sampling rate has been ρ2 for at least the last τ0 time units, and q = q1 < q2

otherwise. Likewise, recalling (2.4) and defining δj = C σ (ρ−1
j log ρj)1/2, we employ

the threshold δ2 when the sampling rate has been ρ2 for at least the last τ0 time

units, and we use the threshold δ1 otherwise. In practice, the value of σ would be

replaced by an estimator. Section 3 will discuss choice of q1, q2 and the constant C.

We could use a smaller time delay than τ0 when sampling at the higher rate ρ2, but

choose not to so as to simplify discussion.

The actual estimator used is given at (2.3). There we take t = s + τ0, and

evaluate the estimator at s. It follows that the coefficient estimators b̂j and b̂ij have

the same form they would if the full dataset, in infinite time, were employed. Using

this interpretation of b̂j and b̂ij , we define

ĝ(s) =
∑

j

b̂j φj(s) +
q−1∑

i=0

∑

j

b̂ij I(|b̂ij | ≥ δ)ψij(s) ,

where the rule given in the previous paragraph is used to determine q and δ.

Next we define the mechanism for changing the sampling rate. If we are cur-

rently sampling at rate ρ1 then, at time t = k`ξ, we increase the rate to ρ2 if

and only if at least one of the values of |b̂ij |, for j such that ψij(t) 6= 0 and for

i such that pi exceeds a predetermined lower bound π1, exceeds the threshold δ1.

If we are currently sampling at rate ρ2, and have been for at least τ0 time units,

we continue at this rate until the next time t = kξ at which none of the values of

|b̂ij |, for π2 ≤ pi ≤ pq2 and j such that ψij(t) 6= 0, exceeds δ2. Here π2 is another

predetermined lower bound.

Constraints on the amount of time spent sampling at the higher rate can be

introduced, to prevent the storage device from filling too rapidly. The algorithm
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depends on a number of “tuning” parameters, in particular p, q1 and q2, π1 and

π2, the constant C in the threshold formula (2.4), and of course the sampling rates

themselves. In practice these quantities would be chosen from practical experience

with the signal type.

3. Theoretical properties. The main aim of this section is to establish, under

explicit conditions, the following four properties. Together they describe the manner

in which the rate-switching algorithm responds to different signal frequencies, and

the way in which it can increase the estimator’s overall performance.

Property I: Sampling rate remains at ρ1 during “quiet” periods. Suppose the adap-

tive, dual-rate procedure defined in section 2.6 starts at the left-hand end of a finite

interval I in which the signal is relatively quiet (as expressed by the smoothness

condition (3.1) below). If the sampling rate at the left-hand end of I is ρ1, and if

the rule for increasing the rate is that a threshold is exceeded, then the probability

that rate ρ1 persists right across I converges to 1 as ρ1 →∞. On the other hand, if

the rate at the left-hand end of I is ρ2, and if the rule for decreasing the rate relies,

at least in part, on there being no threshold exceedences above a level that is not

less than a constant multiple of ρ
1/(2r+1)
2 , within a time interval of length τ0, then

the probability that the rate switches down to ρ1 within τ0 time units, and then

remains unchanged through the remainder of I, converges to 1. See Theorems 3.1

and 3.6 for details.

Property II: Sampling rate increases to ρ2 when signal complexity increases. Sup-

pose the variable-rate estimator is operating at rate ρ1 (during a time period I in

which the signal is quiet), and then enters a period J of relative activity, where at

least one of the fluctuations in the signal is large, although not so large as to be

close to the maximum resolution level of the basic estimator. (These two conditions

are respectively expressed by the first and second parts of (3.6) below.) Then the

algorithm will, with high probability, trigger a switch from rate ρ1 to ρ2 during J .

See Theorem 3.4.

Property III: Sampling rate remains at ρ2 through periods of high-frequency fluctu-

ations. Once the sampling rate has increased from ρ1 to ρ2, it stays there with high

probability, provided that, during each subsequent time interval of length τ0, there

occurs at least one signal fluctuation whose frequency lies between the lower sam-

pling rate ρ1 and the maximum frequency incorporated into the wavelet estimator

at sampling rate ρ2. See Theorem 3.5.
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Property IV: Dual sampling rates can enhance recovery of high-frequency oscilla-

tions, with little adverse affect on estimation of low-frequency features. If sampling

is undertaken at rate ρ1, then the estimator is able to recover (in the sense of consis-

tent estimation) signals that have r continuous derivatives, and indeed can recover

fluctuations that have frequencies of smaller order than ρ1. If sampling is at rate ρ2

then frequencies of smaller order than ρ2 can be recovered. The dual-rate estimator

is able to consistently estimate high-frequency parts of the signal that would not

be accessible using a constant-rate estimator with the same long-run average sam-

pling cost. This can be done without degrading, in first-order asymptotic terms,

the accuracy of approximation in time intervals where the signal is of relatively low

frequency. See Theorem 3.7 and the discussion at the end of this section.

Our asymptotic arguments, based on high sampling rates, are justified by the

high rates and low noise levels which are commonly encountered in practice; see

section 2.4 for discussion. We shall state our main results, and particularly the

regularity conditions, in such a way that our proofs do not require analysis at the

level of a martingale error process. Nevertheless the results have direct application

in the latter context, as we shall relate.

Our first three theorems address performance of the wavelet estimator when

sampling is at a constant rate and the true signal is smooth. Our aim is to indicate

the appropriate sizes for p and δ in this setting, thereby motivating choices in the

variable-sampling rate case when g is not so smooth. Therefore, for the present we

take g = g0 where

g0 is an r-times continuously differentiable
function defined on the whole real line.

(3.1)

Suppose too that

the errors εi, in (2.1), are identically distributed with
E|εi|6+B < ∞ for some B > 0, zero mean and variance σ2.

(3.2)

Let ρ denote either ρ1 or ρ2. For reasons that will become clear in Theorem 3.2,

the appropriate size of p for smooth signals is ρ1/(2r+1), for large ρ. To determine

the correct size of q, observe that we cannot resolve frequencies as large as ρ if we

are only sampling at rate ρ. Therefore we shall select q so that pq is a little smaller

than ρ; let it be of order ρ1−c, where c > 0. This is equivalent to 2q = O(p−1 ρ1−c).

Note too that we use the same p when ρ = ρ1 or ρ = ρ2. These considerations
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motivate the regularity condition:

p = p(ρ1) ³ ρ
1/(2r+1)
1 , and q = q(ρ) →∞ so

slowly that 2q = O(p−1ρ1−c) for some c ∈ (0, 1).
(3.3)

(If a and b are positive functions of ρ then the property a ³ b, as ρ → ∞, means

that the ratio a/b is bounded away from zero and infinity along the sequence.)

Finally, suppose that

φ and ψ are each bounded and supported on the compact
interval [a, b], ψ is of order r as defined in section (2.3),∫

φ = 1, and integer translates of φ are orthonormal.
(3.4)

Our next theorem shows that for functions such as g0, the thresholded terms

only very rarely make a contribution to the estimator ĝ. Recall that ĝ(s) = ĝs+τ0(s),

where ĝt is given by (2.3). Let I denote a finite interval.

Theorem 3.1. Suppose data are generated by the model at (2.1), with signal

g = g0 and independent errors εi. Assume the sampling rate is constant at ρ = ρ1

or ρ2, and that δ in the definition at (2.3) is given by (2.4), with C > 21/2. Suppose

too that (3.1)–(3.4) hold, with B > C2/(1 − c) in (3.2) and, in (3.3), (q, ρ) =

(qj , ρj) in the two respective cases. Then if the sampling rate is ρ1, the probability

that a thresholded term enters nondegenerately into the estimator ĝ(t) for some

t ∈ I, converges to zero as ρ1 → ∞; and (b) if the sampling rate is ρ2 ≥ ρ1, the

probability that a thresholded term corresponding to a resolution level pi greater

than C1 ρ
1/(2r+1)
2 (for an arbitrary fixed C1 > 0) enters nondegenerately into ĝ(t)

for some t ∈ I, converges to zero as ρ2 →∞.

Our proof will show that, for ρ = ρ1 or ρ2, the respective probabilities equal

1−O(ρ1−(C2/2)+η) for each η > 0. This type of bound also applies to all the prob-

abilities that are discussed in Theorems 3.4–3.6: each of the probabilities converges

to 1 at rate ρA(C), where ρ denotes the relevant sampling rate and A(C) can be

made arbitrarily large by choosing the constant C, in (2.4), sufficiently large.

Part (a) of Theorem 3.1 motivates us to consider in more detail the estimator

obtained by sampling at the base rate ρ1. A result in this case was given by Hall

and Patil (1996); the following version is better adapted to the present context.

Theorem 3.2. Assume data are generated by the model at (2.1), with independent

errors εi and time points Ti equally spaced ρ1 units apart. Suppose too that, for
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(q, ρ) = (q1, ρ1), (3.1)–(3.4) hold, and that δ in the definition at (2.3) is given by

(2.4) with C > 21/2. Then, for all finite intervals I,

∫

I
E(ĝ − g0)2 = ρ−1

1 p |I|+ p−2r κ2
(
1− 2−2r

) ∫

I

(
g(r)

)2 + o
(
ρ−1
1 p + p−2r

)
(3.5)

as ρ1 →∞.

It is immediately clear from (3.5) that for a constant sampling rate ρ1, and a

smooth signal g0 that is not a polynomial of degree r−1, the asymptotically optimal

value of p will be a constant multiple of ρ
1/(2r+1)
1 . This motivates the first part of

(3.3), and suggests that we should take p to be of this size in the variable-sampling

rate case too, provided the signal is smooth “most” of the time.

The L2 convergence rate, when ρ = ρ1 and p ³ ρ
1/(2r+1)
1 , is, as implied by

Theorem 3.2, O(ρ−r/(2r+1)
1 ). Based on experience for more conventional estimators,

we expect the L∞ convergence rate to differ from this by no more than a factor

(log ρ1)1/2. Theorem 3.3 below confirms this. The reason for our interest in L∞

rates is that, for more complex signals, we shall use consistency in the supremum

metric to assess performance of the estimator.

Theorem 3.3. Assume the conditions of Theorem 3.2, and in particular that the

sampling rates is constant at ρ1. Then,

sup
t∈I

|ĝ(t)− g(t)| = Op

{
ρ
−r/(2r+1)
1 (log ρ1)1/2

}
.

Next we develop a model for high-frequency fluctuations. It will be asymptotic

in character, and depend on a parameter, ν say, which we could interpret either as

one of the rates ρ1 and ρ2, but perhaps more realistically as the long-term average

sampling rate; see (3.12) for a definition of the latter. Our theory will involve ν

diverging to infinity.

Next we give a rule for switching from sampling rate ρ1 to rate ρ2: we increase

the rate if and only if

|b̂ij | > δ for some pair (i, j) with ψij(t) 6= 0 (at current
time t) and π1 ≤ pi ≤ pq1 , where p = o(π1) and π1 = o(pq1).

(R.1)

In words, the switch requires a threshold exceedence to occur at a frequency higher

than a predetermined level π1, but not higher than the highest frequency used in

the estimator.
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Our model for the signal will amount to a smooth function g0, described at

(3.1), to which we shall add (on an interval J ) fluctuations at least one of which is of

unboundedly large frequency. If the frequencies of the fluctuations are represented

by α1, α2, . . . then, in order for at least one of them to lead to a rate change as

suggested by rule (R.1), we should assume that

for some k = k(ν) , αk/π1 →∞ and αk = o(pq1) . (3.6)

The high-frequency fluctuations that we shall add to g0 will have the form

γ{α(· − u)}, where α = αk and

γ is a nondegenerate function, supported on the interval
[−1, 1] and having r continuous derivatives on the real line.

(3.7)

Without loss of generality, γ is centred so that

γ(r)(0) 6= 0 . (3.8)

(Any shift in the location of γ can be incorporated into the u’s.) For the sake

of simplicity we shall choose γ to be the same for each fluctuation, although our

results are not changed if we use a more elaborate construction. The locations u

and frequencies α will vary, however, as follows.

We shall add the fluctuations within an interval J , the length of which could

converge to zero as ν → ∞. Thus, there will be a “cluster of wiggles” γk in J ,

described through a sequence of pairs (uk, αk) with the property:

the functions γk = γ{αk(· − uk)} are all supported in J , and
no two of the support intervals [uk − α−1

k , uk + α−1
k ] overlap.

(3.9)

The signal that our wavelet estimator will endeavour to recover is

g = g0 +
∑

k

γ{αk(· − uk)} . (3.10)

For the present we assume that the interval J is placed immediately to the right

of I, so that (in view of Theorem 3.1) the probability that the algorithm enters J
using sampling rate ρ1, converges to 1 as ν →∞. Our next result gives conditions

under which, if the fluctuations in J are as described at (3.10), then (with high

probability) a rate switch from ρ1 to ρ2 occurs during J .

If the frequency α1 of the first fluctuation satisfies (3.6) for k = 1, then, with

probability converging to 1 as ν →∞, there will be a switch to rate ρ2 in the close
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vicinity of time u1. This follows from Theorem 3.4 below, on considering the case

where the series at (3.10) consists of the single fluctuation γ{α1(· − u1)}. In such a

case, the theorem does not make any comment on what happens later in interval J ;

that will be dealt with in Theorems 3.5 and 3.6.

Theorem 3.4. Suppose data are generated by the model at (2.1), with signal g

given by (3.10). Assume the estimator ĝ is constructed using C > 21/2 in the

threshold δ, that the rule (R.1) is used to define an upward rate switch, and that

(3.1)–(3.4) hold, with B > C2/(1−c) in (3.2) and, in (3.3), (q, ρ) = (q1, ρ1). Suppose

too that (3.6)–(3.9) hold. If, on entering time interval J , the sampling rate is ρ1,

then with probability converging to 1 as ν →∞, an increase in the rate to rate ρ2

will occur during time interval J .

Next we formulate a rule for switching from rate ρ2 to ρ1 at time t: we switch

if and only if

|b̂ij | ≤ δ for each pair (i, j) for which ψij(s) 6= 0 for
some s ∈ [t− τ0, τ ] (where t denotes current time)
and π2 ≤ pi ≤ pq2 (where ρ1 = o(π2) and π2 ≤ pq2).

(R.2)

We continue to assume the signal is composed of fluctuations that may be modelled

as at (3.10). However, when showing that the rate will not change during the time

interval J , we make the additional assumption that during each subinterval of J ,

of length τ0, there exists a fluctuation whose frequency is of larger order than π1

and of smaller order than pq2 :

it is possible to choose a subset A of the set of all frequencies
αk represented at (3.10), such that, for each time interval K of
length τ0 included within J , there is at least one αk ∈ A such
that the associated function γ{αk(· − uk)} is supported within
K, and moreover, π2 = o(minα∈A α) and maxα∈A α = o(pq2).

(3.11)

In the result below, we assume that we start the time interval J using sampling

rate at ρ2. Thus, J can no longer be thought of as following immediately after an

interval where the signal is smooth. However, it could follow immediately after a

short interval that contained a single fluctuation α = α1 which triggered a switch

from rate ρ1 to ρ2; see the paragraph immediately preceding Theorem 3.4.

Theorem 3.5. Assume that the estimator ĝ is constructed using C > 21/2 in

the threshold δ, that the rule (R.2) is used to define a downward rate switch, and
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that (3.1)–(3.4) hold, with B > C2/(1 − c) in (3.2) and, in (3.3), (q, ρ) = (q2, ρ2).

Suppose too that |J | is bounded as ν →∞, that (3.7)–(3.9) and (3.11) hold, that g

is given by (3.10), and that the sampling rate at the start of J equals ρ2. Then, with

probability converging to 1 as ν →∞, the sampling rate stays at ρ2 throughout J .

This result has an analogue in which the frequencies in J are relatively low,

and a switch from sampling rate ρ2 to ρ1 is virtually assured:

Theorem 3.6. Assume the conditions in Theorem 3.5, except that the constraints

“π2 = o(minα∈A α) and maxα∈A α = o(pq2)” at the end of (3.11) are changed to

“maxα∈A α = o{min(π1, π2)}”. Then, with probability converging to 1 as ν →∞,

the sampling rate switches from ρ2 to ρ1 during J , and stays there for the duration

of that time interval.

Finally we show that, when sampling is carried out at rate ρ, the estimator is

able to consistently recover frequencies almost up to the level ρ.

Theorem 3.7. Suppose data are generated by the model at (2.1), with independent

errors εi. Assume the sampling rate is constant at ρ = ρ1 or ρ2, and that the

threshold δ is given by (2.4) with C > 21/2. Suppose too that (3.2)–(3.4) hold, with

B > C2/(1− c) in (3.2) and, in (3.3), (q, p) = (q1, ρ1) or (q2, ρ2) for the respective

sampling rates. Assume the signal is given by (3.10) on J , where max αk = o(pq).

Then, for each η > 0, the probability that |ĝ − g| ≤ η uniformly on J converges

to 1 as ν →∞.

We conclude by quantifying some of the potential gains and losses from dual-

rate sampling. Suppose the expense of sampling, expressed for example in terms

of the capacity of the data storage device, demands that the long-run sampling

rate not exceed ν per unit time. If, in parts of the signal that have relatively high

frequency, we use rate ρ2 > ν rather than ν, then (in order to stay within budget),

at other time points we should reduce the rate to ρ1, where ρ1 and ρ2 are connected

by the formula

ν = ρ1 (1−Π) + ρ2 Π , (3.12)

and Π denotes the long-run proportion of time for which we use rate ρ2.

It may be deduced from Theorem 3.2 that the condition for there to be no

asymptotic deterioration in mean squared error, to first order, in the relatively

smooth places where rate ρ1 is employed, is ν ∼ ρ1. This is of course equivalent
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to Π ρ2 → 0 as ν → ∞. In the proportion Π of the time when we use the higher

sampling rate, there is (in view of Theorem 3.7) potential for consistently estimating

the signal where this would not otherwise be possible.

4. Numerical properties

We experimented with a wide range of different signals, but for the purpose of

illustration we shall restrict attention to just one function, g, shown in first panel

of Figure 4.1. As can be seen, g was constructed to be a pure sinusoid except

that relatively high-frequency perturbations were added in each trough. Within the

interval [0, 100], shown in the figure, the concise formula for g is:

g(t) = 2 sin(0.06 π t) + 1.2 sin
{

3
2 π (t− 25)

}
I[22,28](t)

+ 1.2 sin
{

3
2 π (t− 59)

}
I[56,62](t) . (4.1)

We sampled noisy observations of g at discrete points on the interval [0, 100].

We shall report the results of analyses based solely on data from this interval. For

each sampling regime the first five units of [0, 100] were used to estimate the error

variance, and thereby compute the thresholds.

The function ψ was chosen from the Daubechies family of compactly supported

wavelets with extremal phase and r = 5 (that is, with the length of its support

equal to 2r − 1 = 9). The edge length of the basic sampling grid (that is, the

minimum spacing between adjacent sampling times) was chosen to be ξ = 0.01,

which would correspond to a sampling rate of 100 data per unit time if sampling

were performed at each grid point. We shall refer to this rate as “100Hz,” which

amounts to interpreting the time units as seconds. As in the model at (2.1) we added

independent and identically distributed errors εi; they had the normal N(0, 0.12)

distribution.

Results obtained by sampling at the maximum rate 100Hz are illustrated in

the second panel of Figure 4.1. The fidelity of the recovered signal is very high,

but this is achieved at the cost of sampling 10,000 times in the interval [0, 100]. We

shall show shortly that similar results can be obtained using nonuniform sampling

and much fewer data.

For our dual-rate algorithm, in the low-rate mode we sampled every sixth

observation. That is, in the notation of section 2.3, we took J = 6. Equiv-

alently, ρ1 = 100/6 ≈ 17Hz. In the high-rate mode we sampled at each grid
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point, so that ρ2 = 100Hz. Low-rate sampling continued until the first time

at which one of the coefficients in the wavelet estimator exceeded the threshold

δ1 = 16σ̂ (2ρ−1
1 log ρ1)1/2. We then switched to high-rate sampling, until a minimal

time period, of length 1.0 units, expired where no wavelet coefficient exceeded the

threshold δ2 = 16σ̂ (2ρ−1
2 log ρ2)1/2. The value chosen for p, the primary resolution

level, was 1.5.

Typical results are shown in the third panel of Figure 4.1. There, the dashed

line indicates the sampling rate as a function of time. Where the line is at level 0

or 0.5 the sampling rate was 17Hz or 100Hz, respectively. It can be seen that

the rate actually switches up and down several times during the high-frequency

oscillations; the number of occasions on which such rate changes occur, and the

times at which they occur, vary from one realisation to another. Somewhat better

results are obtained if we insist that sampling continue at the higher rate for a

longer time interval, and drop down to the lower rate only if no wavelet coefficient

exceeds δ2 during this period. However, even our very rudimentary rule gives good

performance, as can be seen from the third panel of the figure.

In the realisation shown, the combination of the two sampling rates led to a

total of 2431 observations being sampled, out of the 100ξ−1 = 10,000 that could

have been drawn if we were sampling throughout at the maximum rate, ρ2 = 100Hz.

The expected number of samples drawn, approximated by averaging over 1000 re-

alisations, is ν = 2743. Based on our two sampling rates, a theoretically optimal

rule, using unobtainable information about exactly where the high-frequency oscil-

lations start and finish, might fairly be said to be one in which sampling continued

at rate ρ1 during those time intervals (of total length 88 time units) where the

signal was of low frequency, and at rate ρ2 elsewhere (in time intervals of total

length 12 time units). In this case the total number of sampling times would equal

ν0 ≡ 88 × ξ−1 × (1/6) + 12 × ξ−1 ≈ 2670. The fourth panel of Figure 1 shows the

result of sampling in this “ideal” way, using the same realised data employed to

compute the signal estimates in the other panels.

Another comparison that might be made is with sampling a total of ν1 = 2700

equidistant points in the interval [0, 100]. The value ν1 is chosen since it is close to

both ν and ν0. The corresponding sampling rate is ρ = 27Hz. Again, observations

in the interval [0, 5] were used to compute σ̂ for use in the thresholds δ1 and δ2.

The resulting signal estimate is shown in the fifth panel of Figure 4.1. It can be
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seen that, although a similar total number of samples has been drawn, the quality

of reproduction of g is much worse than in the second and third panels, since the

high-frequency perturbations have been missed almost entirely.

Thus, panels 2 through 5 of Figure 4.1 show the results of (a) uniform sampling

at 100Hz, (b) empirically adaptive dual-rate sampling at 17 & 100Hz, (c) theoreti-

cally adaptive dual-rate sampling at 17 & 100Hz, and (d) uniform sampling at 27Hz,

respectively. We approximated the values of mean integrated squared error (MISE)

for these regimes by averaging integrated squared errors over 1000 replications. In

the respective cases the MISE values were (a) 0.7574, (b) 2.399, (c) 1.1465 and

(d) 7.3014. Of most interest, of course, is the marked difference between the MISE

values 2.399 and 7.3014 for empirically adaptive dual-rate sampling, and uniform

sampling, with virtually the same long-term average sampling rate.

There is a significant deterioration in performance when using empirically

adaptive dual-rate sampling, (b), rather than employing the maximum sampling

rate throughout, as in (a). However, dual-rate sampling is much more computer-

intensive, requiring about four times the sampling expense for only about 44%

improvement in root-MISE performance. It should be noted too that, since the

high-frequency perturbations in the signal are of short duration, relative to low-

frequency parts of the signal, then an assessment of performance purely on the

basis of MISE does not really give sufficient emphasis to the ability of dual-rate

sampling to recover short-term, high-frequency episodes.

5. Proofs

5.1. Proof of Theorem 3.1. (Statements about “uniformity” below refer to unifor-

mity in 0 ≤ i ≤ q − 1 and −∞ < j < ∞ such that ψij(x) 6= 0 for some x ∈ I,

with the added restriction, in part (b) of the theorem, that pi ≥ C1 ρ
1/(2r+1)
2 .) Let

ρ denote either ρ1 or ρ2. Put b̄ij = E(b̂ij) and ∆ij = b̂ij − b̄ij , and note that

we may write ∆ij = ρ−1 p
1/2
i

∑
m wijm εm, where the weights wijm are uniformly

bounded, and the number, nij say, of nonzero wijm’s is uniformly bounded between

two constant multiples of ρ/pi. Furthermore, var (∆ij) = σ2ρ−1 {1 + o(1)}, where,

here and below, the o(1) term is uniformly of that order. Observe too that, if we

define ci by pi = ρci , where 0 < ci < 1, then

ρ1/2 σ−1 δ = C (log ρ)1/2 = C (1− ci)−1/2 (log nij)1/2 {1 + o(1)} .
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Therefore, arguing as in Amosova (1972), we may show that for any η ∈ (0, 1
2 ),

P{|∆ij | > (1− η) δ} ≤ B1 n
−(1−2η) C2/2(1−ci)
ij ≤ B2 ρ−(1−2η) C2/2 , (5.1)

where the constants B1, B2 > 0 do not depend on i or j. See also Rubin and

Sethuraman (1965), and p. 254 of Petrov (1975).

More simply, it may be shown by series approximations to integrals that |b̄ij −
bij | = o(δ) uniformly in i and j. A Taylor expansion argument shows that |bij | =

O(p−r−(1/2)
i ) = o(δ) in the same uniform sense. Therefore, in view of (5.1), P (|b̂ij | >

δ) = O(ρ−(1−η) C2/2) uniformly in i and j, for each η ∈ (0, 1
2 ). The number of pairs

(i, j) for which ψij(x) does not vanish for some x ∈ I, is bounded above by a

constant multiple of ρ2. Hence, the probability that, in the case of either of the

two sampling rates, a thresholded term enters nondegenerately into the estimator

ĝ on I, is bounded above by a constant multiple of ρ1−(1−η) C2/2. (Here η ∈ (0, 1)

is arbitrary.) The theorem follows from this property.

5.2. Outline proof of Theorem 3.2. Theorem 3.1 is a version, for regression, of

Theorem 2.1 of Hall and Patil (1995). A derivation of the present result follows

lines similar to those of the earlier result, using moderate-deviation results noted in

the proof of Theorem 3.1.

5.3. Proof of Theorem 3.3. Let bj and bij denote the wavelet coefficients of g0. It

follows from Theorem 3.1 that with probability converging to 1, ĝ =
∑

j b̂j φj , in

which case

|ĝ − g0| ≤
∑

j

|b̂j − bj | |φj |+
∞∑

i=0

∑

j

|bij | |ψij | . (5.2)

Using the fact that ψ is of order r, it may be shown by Taylor expansion that

|bij | = O(p−r−(1/2)
i ), uniformly in i ≥ 0 and −∞ < j < ∞ such that, for some

x ∈ I, ψij(x) 6= 0. Note too that maxi p
−1/2
i sup |ψij | < ∞, where, here and in

(5.3) below, the supremum is taken over I; and that for each i, ψij(x) vanishes for

all but at most (b− a) + 1 values of x. From these properties we may show that

∞∑

i=0

∑

j

|bij | sup |ψij | = O
(
p−r

)
. (5.3)

Let ζ = `ξ. If the function f has r derivatives on the real line, then
∣∣∣∣ ζ

∑

−∞<k<∞
f(kζ)−

∫ ∞

−∞
f(x) dx

∣∣∣∣ ≤ D ζr

∫ ∞

−∞

∣∣f (r)(x)
∣∣ dx ,
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where D > 0 depends only on r. Taking f = φj g0 and defining b̄j = ζ
∑

k f(kζ)

we deduce that

|b̄j − bj | ≤ r! D ζr
r∑

s=0

ps+(1/2)

∫ ∞

−∞

∣∣φ(s)(px− j) g(r−s)(x)
∣∣ dx . (5.4)

For each s, the integral on the right-hand side is bounded by a constant multiple

of p−1, uniformly on the set S of j’s such that, for some x ∈ I, φj(x) 6= 0. Therefore,

|bj − b̄j | = O(ζr pr−(1/2)), uniformly on the same set of j’s. Since ζ = ρ−1
1 and

p ³ ρ
1/(2r+1)
1 then ζr pr−(1/2) = o(p−r). Combining this result with (5.2) and (5.3);

and noting that, for each x ∈ I, φj(x) 6= 0 for at most (b− a) + 1 values of j (call

this result (R)); we deduce that

sup
x∈I

|ĝ(x)− g0(x)| ≤ sup
x∈I

∑

j

|b̂j − b̄j | |φj(x)|+ Op

(
p−r

)
. (5.5)

The bound at (5.1) applies to ∆j = b̂j − b̄j as well as to ∆ij = b̂ij − b̄ij , and

proves that

P{|∆j | > (1− η) δ} = O
(
ρ
−(1−2η) C2/2
1

)
, (5.6)

uniformly in j. Choosing, in the definition of δ, C > 21/2, we deduce from (5.6)

and arguments of Amosova (1972) that, provided (3.2) holds with B > C2/(1− c),

sup
j∈S

|b̂j − b̄j | = Op(δ) . (5.7)

Theorem 3.3 follows from the property supj,x |φj(x)| = O(p1/2), result (R), (5.5)

and (5.7).

5.4. Proof of Theorem 3.4. For the sake of simplicity we shall assume g0 ≡ 0.

Since the real g0 is fixed and smooth, yet each of the derivatives of γ{α(· − u)} at

u diverges to infinity as α increases, then having a nonzero g0 does not alter the

result.

We may further confine attention to the case where sampling is conducted

throughout at rate ρ1, with independently distributed errors εi in the model at

(2.1), and a check is made on each coefficient b̂ij to determine whether or not its

absolute value exceeds the threshold, δ. If, in this setting, the probability of an

exceedence occurring during J can be shown to converge to 1, the theorem will be

proven.

Moreover, it suffices to consider the case where there is only a single term in

the series at (3.10), corresponding to a frequency αk for which the two asymptotic
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conditions at (3.6) hold. The reason attention may be restricted to the single-term

case is that, in our argument, we shall show that the value of i = i(ν) for which

|b̂ij | > δ, is such that αk/pi → 0; see the first part of (5.11). This means that,

for a pair (i, j) such that |b̂ij | > δ with high probability, the data from which b̂ij

is computed come entirely from the signal g0 + γ{αk(· − uk)} over the support of

γ{αk(· − uk)}; the other terms at (3.10) play no role. Below, we shall write simply

(α, u) for (αk, uk).

Note that, since
∫

ψ(y) yk dy = 0 for k ≤ r − 1, then

p
1/2
i bij = {(r − 1)!}−1 p−r

i

∫
ψ(y) yr dy

∫ 1

0

(1− t)r−1 g(r){(j + ty)/pi} dt . (5.8)

Consider the case where g(x) ≡ γ{α(x− u)}. Then by (5.8),

p
1/2
i bij =

(α/pi)r

(r − 1)!

∫
ψ(y) yr dy

∫ 1

0

(1− t)r−1 γ(r)
(α (j + ty − u)

pi

)
dt . (5.9)

Take j equal to the integer part of u, and put ω = u−j ∈ [0, 1). Then, by (5.9),

bij =
αr

(r − 1)! pr+(1/2)
i

∫
yr ψ(y) dy

∫ 1

0

(1− t)r−1 γ(r)
(α (ty − ω)

pi

)
dt . (5.10)

Since α →∞ so slowly that α = o(pq1), then given any sequence ε = ε(ν) converging

to 0 we may choose i = i(ν) ≤ q1 such that

α/pi = o(ε) and ε2 = o(α/pi) . (5.11)

In the remainder of this proof, i and j will refer to the particular values defined

above. Recalling (3.8), it follows from (5.10) and the first part of (5.11) that

bij ∼ αr γ(r)(0) κ

p
r+(1/2)
i

, (5.12)

where κ = (r!)−1
∫

yr ψ(y) dy.

Let b̄ij = ζ
∑

k ψij(kζ) g(kζ), where ζ = `ξ = ρ−1
1 . At (5.4) we gave a bound

for |bj − b̄j |. The same argument applied to |bij − b̄ij | gives

|bij − b̄ij | ≤ C ζr max
(
pr

i , α
r
)
p
−1/2
i . (5.13)

For our choice of i we may deduce from (5.11) that (a) max(pr
i , α

r) = pr
i for all

sufficiently large ν, and (b) if ε is selected such that pq1/ρ1 = o(ε2), then

ζ p2
i

/
α = (ζ pi) (pi/α) = o

(
ζ pi

/
ε2

)
= o

(
pq1

/
ρ1 ε2

)
= o(1) .
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That is, ζ p2
i /α → 0, whence

|bij − b̄ij | = O
(
ζr p

r−(1/2)
i

)
= o

(
αr

/
p

r+(1/2)
i

)
.

It follows from this property and (5.12) that

b̄ij ∼ αr γ(r)(0) κ

p
r+(1/2)
i

. (5.14)

Since pi ≤ pq1 = o(ρ1/ log ρ1) then δ = β p
−1/2
i , where β → 0. In addition

to the constraint imposed in the previous paragraph, we may choose ε at (5.11) to

satisfy ε ≥ β1/2r. It then follows from (5.11) that β ≤ ε2r = o{(α/pi)r}, and so

δ = o{(α/pi)r p
−1/2
i }. Therefore, by (5.14), δ = o(|b̄ij |). Hence, for all sufficiently

large ν, the inequality |b̂ij | > δ is implied by |b̂ij − b̄ij | ≤ δ. Using the moderate-

deviation argument employed in section 5.1 we may show that for any η > 0,

P (|b̂ij − b̄ij | > δ) = O
(
ρ
−(1−η) C2/2
1

)
;

compare (5.1). Therefore, P (|b̂ij | > δ) → 1 as ν →∞. This proves the theorem.

5.5. Proof of Theorem 3.5. Let K denote any subinterval of I that is of length τ0,

and let α = α(K) be the corresponding frequency, mentioned in condition (3.11), of

a fluctuation in the representation at (3.10). In view of (3.11), given any sequence

ε = ε(ν) → 0, for each K and its associated α we may choose i = i(K) ≤ q2 such

that the analogue of (5.11) holds uniformly in choices of K:

max
K

{α(K)/pi(K)} = o(ε) and ε2 = o
[
min
K
{α(K)/pi(K)}

]
. (5.15)

Using this result, and arguing as in section 5.4, we may show that for this choice of

i(K), and for an integer j(K), the analogue of (5.14) holds uniformly in K:

b̄i(K) j(J ) ∼
α(K)r γ(r)(0) κ

p
r+(1/2)
i(K)

. (5.16)

Property (5.15) also enables us to show that δ = o[{α(K)/pi(K)}r p
−1/2
i(K) ], uni-

formly in K. This result, and (5.16), imply that for all sufficiently large ν the follow-

ing is true: for all choices of K the event E(K) defined by the inequality |b̂i(K) j(J )| >
δ is implied by |b̂i(K) j(J ) − b̄i(K) j(J )| ≤ δ. Using the large-deviation argument from

section 5.1, the probability of E(K) is seen to equal 1 − O(ρ−(1−η) C2/2
2 ) uniformly
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in K. In order for the sampling rate not to drop back to ρ1 from ρ2 we need only

ensure that E(K) holds for O(p) sets K. (Here we have used the fact that |J | is

bounded and τ−1
0 = O(p).) Provided p ρ

−(1−η) C2/2
2 → 0, which is assured by the

properties C > 21/2, p = O(ρ1/(2r+1)
1 ) and ρ1 ≤ ρ2, we can add, over O(p) K’s,

the probabilities of the complements of the sets E(K), and thereby show that the

probability of the intersection of the E(K)’s converges to 1 as ν →∞. This proves

the theorem.

5.6. Proof of Theorem 3.7. Redefine b̄j = ξ
∑

k φj(kξ) g(kξ) (the earlier definition

was given in section 5.3), and redefine b̄ij = ξ
∑

k ψij(kξ) g(kξ). At (5.4) we gave

a bound for the previous version of |bj − b̄j |. Put αmax = maxk αk. Since αmax =

O(pq2) then the analogous result now gives

|bj − b̄j | ≤ D1 ξr max
(
pr, αr

max

)
p−1/2 ≤ D2 (ξ pq2)

r p−1/2 ,

where, here and below, D and Dj denote generic positive constants not depending

on i, j or ν, and bounds are of the claimed form either uniformly in j such that

φj(x) 6= 0 for some x ∈ J , or uniformly in (i, j) such that ψij(x) 6= 0 for some

x ∈ J . With this interpretation, the bound analogous to that at (5.13) is:

|bij − b̄ij | ≤ D (ξ pi)r p
−1/2
i . (5.17)

It follows that:

sup
x∈J

∑

j

|b̄j − bj | |φj(x)| ≤ D (ξ pq2)
r ,

sup
x∈J

q2−1∑

i=0

∑

j

|b̄ij − bij | |ψij(x)| ≤ D (ξ pq2)
r .

Hence, on J ,

|ĝ − g| ≤
∑

j

|b̂j − bj | |φj |+
q2−1∑

i=0

∑

j

|b̂ij − bij | I(|b̂ij | ≥ δ) |ψij |

+
q2−1∑

i=0

∑

j

|bij | I(|b̂ij | < δ) |ψij |+
∞∑

i=q2

∑

j

|bij | |ψij |

≤
∑

j

|b̂j − b̄j | |φj |+
q2−1∑

i=0

∑

j

|b̂ij − b̄ij | I(|b̂ij | ≥ δ) |ψij |

+
q2−1∑

i=0

∑

j

|bij | I(|b̂ij | < δ) |ψij |+
∞∑

i=q2

∑

j

|bij | |ψij |+ D (ξ pq2)
r . (5.18)
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Let S be the set of integers j such that for some x ∈ J and some i ∈ [0, q2−1],

ψij(x) 6= 0. If it is true that supj∈S |b̂ij − b̄ij | ≤ δ, and if |b̄ij − bij | ≤ δ for all

i ∈ [0, q2 − 1] and j ∈ S, then I(|b̂ij | ≤ δ) ≤ I(|bij | ≤ 3δ) for all i ∈ [0, q2 − 1] and

j ∈ S. Therefore, since, by (5.17), |bij − b̄ij | = o(δ) uniformly in such pairs (i, j),

then it is also true that for all x ∈ J ,

q2−1∑

i=0

∑

j

|bij | I(|b̂ij | < δ) |ψij(x)| ≤ 3 δ

q2−1∑

i=0

∑

j

|ψij(x)| ≤ 8 K sup |ψ| δ p1/2
q2

,

where K = (b− a) + 1. Hence, taking D = 8 K sup |ψ|, we have, for all sufficiently

large ν:

P

{
q2−1∑

i=0

∑

j

|bij | I(|b̂ij | < δ) |ψij(x)| ≤ D δ p1/2
q2

for all x ∈ J
}

≥ 1− P

(
max

i∈[0,q2−1], j∈S
|b̂ij − b̄ij | > δ

)
. (5.19)

Enlarge the set S to also include indices j such that φj(x) 6= 0 for some x ∈ J .

If, for all 0 ≤ i ≤ q2 − 1 and j ∈ S, |b̂j − b̄j |+ |b̂ij − b̄ij | ≤ 2D1δ for some D1 > 0,

then for all x ∈ J ,

∑

j

|b̂j − b̄j | |φj(x)|+
q2−1∑

i=0

∑

j

|b̂ij − b̄ij | I(|b̂ij | ≥ δ) |ψij(x)|

≤
∑

j

|b̂j − b̄j | |φj(x)|+
q2−1∑

i=0

∑

j

|b̂ij − b̄ij | |ψij(x)| ≤ D δ p1/2
q2

,

where D = 2 D1 K (sup |φ|+ 3 sup |ψ|). Therefore,

P

{ ∑

j

|b̂j − b̄j | |φj(x)|+
q2−1∑

i=0

∑

j

|b̂ij − b̄ij | I(|b̂ij | ≥ δ)

× |ψij(x)| ≤ D δ p1/2
q2

for all x ∈ J
}

≥ 1− P

(
max

i∈[0,q2−1], j∈S
|b̂ij − b̄ij | > D1 δ

)
− P

(
max
j∈S

|b̂j − b̄j | > D1 δ

)
. (5.20)

We may prove from (5.8) that p
1/2
i |bij | ≤ D (αmax/pi)r, for a different con-

stant D. Therefore,

∞∑

i=q

∑

j

|bij | |ψij | ≤ D2

∞∑

i=q2

(αmax/pi)r ≤ D3 (αmax/pq2)
r . (5.21)



26

Take D1 = 1 above. Combining (5.18)–(5.21) we deduce that there exists

D4 > 0 such that the probability Q that

sup
x∈I

|ĝ(x)− g(x)| ≤ D4

{
δp1/2

q2
+ (ξpq2)

r + (αmax/pq2)
r
}

satisfies

Q ≤
∑

i∈[0,q2−1]

∑

j∈S
P

(|b̂ij − b̄ij | > δ
)

+
∑

j∈S
P

(|b̂j − b̄j | > δ
)
.

Using the moderate-deviation argument, the right-hand side is seen to converge to 0

as ν →∞, completing the proof of the theorem.
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Caption for figure 4.1. The true signal and its estimates under four sampling

regimes. The five panels show (i) the true signal g, having the formula given at (4.1);
and wavelet estimates of g computed from data derived using (ii) uniform sampling
at 100Hz, (iii) empirically adaptive dual-rate sampling at 17 & 100Hz, (iv) the-
oretically adaptive dual-rate sampling at 17 & 100Hz, and (v) uniform sampling
at 27Hz.
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