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The elliptic curves, on each of which the QRT map acts as a translation, form a
pencil of biquadratic curves in the Cartesian product of two complex projective
lines. The natural domain of definition of the QRT map is a smooth complex
projective (hence compact) surface S, obtained by successively blowing up P 1 ×P 1
in the 8 base points of the pencil of biquadratic curves. The QRT map is an
automorphism of S, a globally defined complex analytic diffeomorphism from S
onto S. The homology classes of real two-dimensional cycles in S form a lattice
L of rank 10, and the automorphisms of S are determined by their action on L.
We describe the action of the QRT map on L, and obtain as an application that
for the generic QRT map the number of biquadratic curves, on which the QRT
map is periodic with period k, is equal to k 2 − 1. Here “generic” means that the
degree of the rational expressions which appear in the formula for the QRT map
does not drop because of common factors in the numerator and the denominator.
We also pay attention to some non-generic cases. The QRT surface S is a so-called
rational elliptic surface, and we determine which rational elliptic surfaces occur as
QRT surfaces.
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