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ABSTRACT OF THE DISSERTATION
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by Liangyi Zhao

Dissertation Director: Henryk Iwaniec

The central theme that runs through this thesis is the large sieve type inequalities.
We first expand the classical theory additive character to square moduli. One expects
the result should be weaker than that of the classical inequalities, but, conjecturally at
least, not by much. We also developed large sieve type inequalities for special Dirichlet
characters to prime square moduli. Our result yields non-trivial result in certain ranges.
We also developed some large sieve type inequalities for quadratic amplitudes. The
thesis is concluded by considering the cancellations of Fourier coefficents at shifted
primes, where we obtained a non-trivial upper bound for average of Fourier coefficients
of cusp forms for the full modular group at primes twisted with an exponential function

whose amplitude is the square root function.
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Preface

“Age cannot wither her, nor custom stale
Her infinite variety®.” Such is math.
But pardon you must, our experience pale,
This bending author’s slow pursuits for truth.
Can we, our all unable pen be our foil,
Fence off the difficulties in our way?
Or can we cipher, burning mid-night oil,
Secrets of our trade, ere the break of day?
But sith our imperfection in season,
Make we up i’the abundance of passion,
Let’s truly hope, 'mongst other reason,
Our work qualifies in graceful fashion.
Hence to all, let us our gratitude state.

Dear gentles, suffer our clumsy relate.

L. Z.

16 October 2001

*[29], Antony and Cleopatra, II, i1, 240-241
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List of Abbreviations

Set of complex numbers.

The real part of the complex number z.

The imaginary parts of a complex number z.
Set of real numbers.

{z € C| Sz > 0}, the upper half plane.

Set of rational numbers.

Set of integers.

Set of natural numbers, id est, positive integers.
Set of prime integers.

exp(2miz) = e*™* for z € C.

Notation of E. Landau and means |f| < cg for some unspecified
positive constant ¢, not necessarily the same in each occurrence.

f = 0O(g) and is the notation of I. M. Vinogradov.
g< f.
f<gand g < f.

fl@) _
w00 g(z) 1

There is a constant ¢ > 0 and a sequence z, tending to oo such
that f(zn) > cg(zy) for all n.

There is a constant ¢ > 0 and a sequence z, tending to co such
that f(z,) < —cg(zy,) for all n.

f(z) = Q1(g(2)) and f(z) = Q- (g(=)).
i%f{\x — k| ‘ k € Z} and donotes the distance of a real number z to

its closest integer.

d
— where d is a solution of the congruence ad =1 (mod c).
c

The conclusion of a proof or that the proof is easy or well-known.
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Chapter 1

Introduction

In this chapter, we introduce things ab initio and list some of the results that we intend

to use for the remainder of the thesis.

1.1 Properties of Some Arithmetic Functions

An arithmetic function is a function defined on the natural numbers. One of the most

basic arithmetic functions in number theory is the Mobius p function.

0, if n is not square free,

p(n) : N — {£1,0} : n —
-1y

, otherwise,

where w(n) is the number of distinct prime divisors of n.

One of the most important properties of the p(n) is the following.

1, ifn=1,
(1.1.1) §(n) =Y p(n) =
dln

0, ifn>1.

Also we shall make use of the following Lemma, in later chapters.

Lemma 1.1 (Ramanujan’s Sums). With u(n) defined above, we have

(1.1.2) 3o (%) - %I;cu (%) .
clg

Proof. As we know Z p(d) = 0 unless n = 1. We have
dln

() () - s e ().
ged(a,q)=1 a=1 313 dlq b=1



where we set a = bd. The inner-most sum in the above is zero unless h is a multiple of

g/d. Therefore, it becomes

d|q clh cd=q clh
q/dlh clg
Hence the proof is completed. O

We also have the von Mangoldt function, A(n). It is supported on the prime powers

and defined as

1, ifn=1,
A:N—R:n— < 0, ifw(n) >1,

logp, ifn= pF for a prime number p.

The von Mangoldt function is useful as the Dirichlet series that it generates is the
negative of the logarithmic derivative of the Riemann Zeta function. Furthermore, it

can be easily verified that the following formula holds.

Z A(n) = logn.

m|n

Also, we shall need the Euler ¢ function. ¢(n) is the number of units in the ring
Z/nZ. In other word, it is the number of natural numbers not exceeding n and prime

to n. It is given by the following formula

o) = (1-3) = 3 2ud) = NG < o),

pln dln

where N (n) = n is the identity arithmetic function on N. Therefore, the Dirichlet series

generated by ¢(n) is ((s — 1)¢ " (s) for Rs > 2.

We shall certainly need the properties of the divisor function in this thesis. For a
fixed m € N, let 7,,(n), the m-th divisor function, denote the number of ways to write
n as product of m factors, where we do distinguish the order of multiplication. It is

elementary to note that 7,,(n) is multiplicative, i.e. T, (n)7(r) = Tim(nr) for all n, r



with ged(n,r) = 1. Also, it is easy to observe that 7,,(n) is the generating series for

¢™(s). For o = R(s) > 1, we have

We now record the following easily but very important lemma.

Lemma 1.2. Given m a positive integers, we have
(1.1.3) Tm(n) K n,
for all positive €, with the implied constant depending only on € and m.

Proof. We first observe that 7., (p) = m' and Tymis1(p) = 2™ 1. Moreover, for k > 2,

2ml+1

we have 7! (p¥) = k™ and Tomir1 (p*) = k . Since we have already noted that 7,,,(n)

is multiplicative for all m. We comfortably have the following inequality.
(1.1.4) Tomit1(n) > 74 (n).

Now let € > 0 and m a positive integer be given, choose ! such that 207! < e. It is

clearly that
00 o i !
. - h)
1 amitt ZTQ +1(n) S Z Ty, (0) S Ty (
> @) — n T T R

for any positive integer A and the first implied constant depends on m and [ which

depends on e¢. The above gives the following inequality,
Tm(h) < 2™t &« ne.
where the implied constants depend on m and e. This is precisely our desired result. [

The above lemma is trivial in the sense that during its proof, we bound an individ-
ual term in a series of positive numbers by the whole series. This result is extremely

important nevertheless, as we shall unfold it utility in later chapters.

Also, one can develop easily using the so-called “hyperbola method” the following

average result for the divisor function.



Lemma 1.3. With 7(n) denoting the divisor function, we have

(1.1.5) Z 7(n) = zlogz + (2y — 1)z + O(/x),

n<x

where the implied constant is absolute.

Proof. The proof is easy and follows from the so-called hyperbola method of Dirichlet.
O

The error term in the above lemma is obviously not the best possible, but it is
good enough for all our enterprises. Of course, reducing the size of the error term in
the above lemma is the famous Dirichlet divisor problem. In any event, the following

should suffice for our purposes.

Lemma 1.4. Give k,l € N, we have

(1.1.6) 3 [m(n)])! < zflog(22)]F 7,

n<x

where the implied constant is absolute.

Proof. The proof is easy and standard. O

1.2 Dirichlet characters and Gauss Sums

A Dirichlet character of modulus ¢ is a map from Z to C that is a homomorphism from
(Z/qZ)" under the canonical projection. We say that a Dirichlet character is primitive
of modulus ¢ if it is not a character to any modulus ¢; < gq. We have the following easy

lemma.

Lemma 1.5. Let x(n) be a Dirichlet character of modulus q and q1|q be its least period.

Then x(n) is induced by a primitive character of modulus q;.

Proof. We define x1(n) = x(n) if gcd(n, q) = 1. But if ged(n, q1) = 1 but ged(n,q) > 1,
then we may choose an integer ¢ such that ged(n + tg1,9) = 1 and x1(n) = x(n + tq1)-
Such a t clearly exists and our choice of it is immaterial. Lastly, the properties that
x1(n) inherits through its definition makes it a primitive Dirichlet character of modulus

¢1 and it induces x(n). O



The Gauss sum is a sum in which a multiplicative character is twisted by an additive
character. More precisely, we have

(1.2.1) Go= 3 xibe (%) .

b (mod m)

Indeed, the Gauss sums may be viewed as a type of Fourier transform. Therefore, one
has the “inverse” Fourier transform as follows

(12:2) ) = g ¥ wae (2,

X a mod ¢

provided that y is a primitive character modulo q. Moreover, the following result is

well-known. We shall utilize this result later in the chapters on large sieves.

Lemma 1.6. Suppose x (mod m) is induced by the primitive character x* (mod m™).

Then

(1.2.3) GO = ()% (22) GOC).

If x (mod m) is primitive, then

(1.2.4) IGO0l = vm.

Proof. Starting with the defintion of the Gauss sum, we have

* a * ad

6= ¥ x@e(l)-Tuawa@ ¥ vwe().
a mod m dlm a mod

ged(a,m)=1

The inner-most sum vanishes unless the modulus of the additive and mutliplication

character match, id est d = ﬂ* This prove (1.2.3). To prove (1.2.4), we have
m

ol = XX e (“1)

a,b mod m
a—1)b
= Z x(a) Z e[%}
a mod m b mod m
ged(bym)=1

The inner-most sum is the Ramanujan’s sum in Lemma 1.1 and upon inserting (1.1.2)
into the above expression, we have

roP =2 () X xl.
dm

a mod m
a=1 mod d

Recall our assumption that y is primitive modulo m and the inner-most sum of the

above expression vanishes unless d = m from which we may infer (1.2.4). O



1.3 The Hypothesis of Riemann

In his memoir, Georg Friedrich Bernhard Riemann made a number of remarkable de-
ductions and conjectures about ¢(s) among which only one remains unproven today. Of
course, the open problem is the famous or infamous hypothesis of Riemann: If {(s) = 0
and s > 0, then Rs = % However, Godfrey Harold Hardy proved that infinitely many
zeros of the kind of our interest lie on the line s = % in 1914 and Atle Selberg proved

that a positive proportion of all the zeros lie on the line.

The above conjecture admits analogues for the Dirichlet L-function, L(s,x). In
particular, the generalized Riemann hypothesis asserts that the real parts all zeros of

.. . . " 1
the Dirichlet L-function are either non-positive or 7"

The hypothesis of Riemann may be understood as the attempt to answer the ques-
tion of how far one can extend the effect of the infinite series of ((s) or L(s, x) to the
left of the line s = 1. As one can deduce easily, by partial summation, that following

equivalent statement of the generalized hypothesis of Riemann.

(13.1) > xmun)| < 2,

1<n<lz

where the implied constants depends on € alone.

Moreover, the generalized Riemann hypothesis admits other interpretations which
we shall also use later. More precisely, for a non-principle Dirichlet character x(n)

(mod g), we have that

(1.3.2) > x(n)A(n)| < Nlog?(2qN),
n<N

is equivalent to the generalized Riemann hypothesis.

Of course, there are more romantic ways of interpreting the hypothesis of Riemann.

The following is a quote from [16].



The rational numbers form a countable set, dense in the real numbers. They
are set in the real line like stars in the sky ’to illuminate the mystery of the
continuum’(a remark attributed to Borel).

The extent to which the rationals are uniformly distributed depends on
the truth or falsity of the Riemann hypothesis; perhaps that is what the

Riemann hypothesis really means.

Therefore, determining the truth of the Riemann hypothesis is the same as asking: how

uniformly are the stars in the universe distributed?

1.4 The Conjecture of Montgomery

It was due to H. L. Montgomery, see [26], that the following conjecture was formulated.

Let D(s) be a Dirichlet polynomial

N
(1.4.1) D(s) =) ann "’
n=1

As tradition dictates, we write s = o + it. Then the powerful conjectures says.

Conjecture 1.1 (Montgomery). With D(s) defined as in (1.4.1), and |ay| < 1 for

all n, then we have
T q q
(1.4.2) / IDGin)[dt < (T + N3 ) N5+,
0
uniformly for 2 < g < 4.

N
This conjecture is known to be true is for the Dirichlet polynomial D(s) = Z n=%.
n=1

Moreover, as a consequence of the large sieve inequalities, Theorem 6.3, (1.4.2)_is also
known to hold if one replaces ¢ in the inequality by any even positive integer. In fact,

if ¢ is an even positive integer, then (1.4.2) holds for arbitrary complex numbers {a, }

regardless of their modulus.

We make mention of this conjecture because its truth would greatly improve our

results in the last chapter of this thesis.



1.5 Modular Forms and Hecke Operators

H denotes the upper half complex plane.
H={zeC|3z>0}.

SLo(Z), some times referred to as the full modular group, is the group of 2 x 2 matrices

with determinant 1, id est

a b
(1.5.1) SLy(Z) = a,b,c,d € Z, and ad —bc =1

c d

A modular function of weight k is a function that preserves the actions of SLo(Z)

on C. In that words, f(z) is a modular function of weight & for the full modular group,

if
b a b
(1.5.2) F(2) = (cz +d)~kf (ZLJ , for all € SLy (7).
c d
If we take
a b 11
c d 01

in (1.5.2), we see that a modular function is periodic of period 1. Therefore, a modular
function f(z) has a Fourier series expansion, say,

(1.5.3) f(2) = ane(nz).

neZ

Moreover, if we take
a b -1 0
c d 0 -1
in (1.5.2), we see that if f(z) is not identically zero and is a modular function of weight

k, then k has to be even.

Now a function is called a modular form if it is holomorphic on the upper half
plane H. Modular forms contain much number theoretic information and their Fourier
coeflicients are generalizations of characters in many regards; and as in the case for
characters, the oscillation of the Fourier coefficients of modular forms is a matter of

great interest. We shall touch upon this issue in the last chapter of this thesis.



1.6 History and Significance of the Large Sieve Inequalities

It was in 1941 that Yuri Vladimirovich Linnik [23] first purposed the simple but funda-
mental idea of large sieve. Many have made contributions and refinements to the idea

ever since then. However, what we refer to as large sieve is hardly a sieve of any kind.

When Linnik first purposed the idea of large sieve, he applied it to study the dis-
tribution of quadratic non-residues. A. Rényi was the first to extensively study the
large sieve and made other applications to the Goldbach problem. Using large sieve,
he was able to show that every sufficiently large even number is the sum a prime and
a composite having at most k prime factors, with of course £ an absolutely bounded
integer constant. However, Rényi did not specify what k& can be. M. B. Barban showed
that k may be taken to be 4. E. Bombieri’s mean value theorem may be used to show
that k£ can be taken to be 3 and the world record in this direction was obtained by
Jingren Chen with k = 2. Large sieve serves as a major tool in all of these proofs.
Of course, the next refinement will give the solution to the Goldbach problem which
conjectures that every even number greater than 4 is the sum of two primes, and such

refinement is unlikely to be attained by any idea from sieve.

Other applications of the large sieve include the bound for the average of the least
primitive root by Burgess and Elliott [7], the improvement by Joshi [21] concerning the
size of L(1, x). Also, results regarding the distribution of zeros of L-functions have been

obtained using the large sieve.

Perhaps the most important application of the large sieve is the following. The
average result of the famous Riemann Hypothesis was obtained using inequalities pro-
vided by large sieves. The follow theorem can be viewed as the truth of Riemann
Hypothesis on average and was due to Bombieri [3] and A. I. Vinogradov [34] and [35].
Indeed, in many instances, the following theorem serves as a substitute for the Riemann

hypothesis.
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Theorem 1.1 (Bombieri-Vinogradov). Let A > 0 be fized. Then

(161) Z max maa.X ’()b(x’ q,a) _ L < xéQ(log $)5’
<Q ysz ged(a,q)=1 v(q)

provided that

m%(logm)_A <Q<ao.
Proof. This is quoted from Chapter 28 of [8]. O

There are many more application of the large sieve upon which this section does not
touch. The survey articles of Bombieri [4], Barban [2] and Montgomery [25] are good

sources of such, not to mention the book by Montgomery [24].

A large portion of this thesis is devoted to expanding the classical theory of large

sieve inequalities.

1.7 Exponential Sums

The studies of exponential sums lie at the center of analytic number theory and litera-
ture in the subject is abundant. Many problems reduces to the estimation, or evaluation
if we are lucky, of the modulus of exponential sums of various types. We are very often

interested in the sums like

(1.7.1) > elf(m)),

m=M
where f(z) is some smooth function on [M, M;]. We shall presently see the use of
estimates of sums of this kind in this thesis. The basic techniques for estimating sums

like that in (1.7.1) are as follows:
1. Weyl-Hardy-Littlewood method;
2. van der Corput method;

3. Vinogradov method.
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Among the good reference for these methods, are [32], [14], [26] and [16].

In this thesis, exponential sums is another central theme, besides the large sieve

inequalities. We shall make use the first two methods in various kinds of estimates.

Very often, we shall also encounter exponential sums whose range of summation
runs over prime integers only. In this regard, we know of only one non-trivial method
developed by Ivan Matveevi¢ Vinogradov in 1937 [36]. In 1922, Godfrey Harold Hardy
and John Edensor Littlewood showed that assuming the truth of the generalized Rie-
mann hypothesis, the ternary Goldbach conjecture is true; id est every sufficiently large
odd number is a sum of three primes, which is a trivial corollary of the binary Goldbach
problem mentioned earlier. Indeed, the generalized Riemann hypothesis would give us
non-trivial majorants for some exponential sums over primes from which we may infer
the truth of the ternary Goldbach problem. I. M. Vinogradov, using his techniques for
estimating sums over primes, was able to shock the whole world and resolve the afore-
mentioned problem unconditionally. His method was later simplified by R. C. Vaughan
[33]. In the last chapter of the thesis, we shall also estimate an exponential sum over
primes, using of course Vinogradov’s method. In the last chapter of this thesis, we will
make use of this technique for summation of primes in the estimation of an oscillatory

sums.
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Chapter 2

Large Sieve Inequalities for Characters with Square
Moduli

2.1 Introduction

1
Given 3 > § > 0, we say that, for a finite sequence of real numbers, {z} is d-spaced
mod 1, if ||z — ;|| > ¢ for all z; # ;. Note that by the pigeon-hole principle, the cardi-

nality of any sequence of real numbers that are d-spaced modulo 1 cannot exceed § 1 +1.

As we know that R/Z = S! the circle, for real number z and y, we can interpret
|z — y|| as the length of the minor arc between the images of z and y on S' under the
canonical projection. This interpretation is particularly enlightening on our proof of

the following.

The large sieve inequality, which we henceforth refer to as the classical large sieve
inequality, is stated as follows. Different proofs of the theorem can be found in [8], [11],
[24], and [25]. The theorem, in the following form, was first introduced by Davenport
and Halberstam, [9] and [10].

Theorem 2.1 (Large Sieve Inequality). Let {a,} be an arbitrary sequence of com-
plex numbers and {zy} be a sequence of real numbers that are d-spaced modulo 1. Also

suppose N is positive integers and M is an integer. Then we have

2

M+N M+N
(2.1.1) YUY ane@mn)| <@ H+N) DY el
k In=M+1 n=M+1

where the implied constant is absolute.

Save for the computation of the implied constant, the above inequality is the best
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possible. Moreover, Cohen and Selberg have shown independently that

M+N 2 M+N
(2.1.2) S Y anel@mn)| <@ET—1+N) > anl’,
k In=M+1 n=M+1

which is the absolute best possible, since Bombieri and Davenport [6] gave examples of

{zx} and a,, with § — 0, N — oo such that N§ — oo and

2

M+N M+N
(2.1.3) S Y ane(mn)| =@ —1+N) > anln
k In=M+1 n=M+1

However, in our studies, we shall not be concerned with the implied constants.

The theorem just quoted is useful at many places in analytic number theory. Many
proofs for the theorem has been given. The author counts P. X. Gallagher’s proof in

[11] as his favorite and quotes it here for completeness.

To complete the proof of the large sieve inequality, we need to following lemma, of

Sobolev type.

Lemma 2.1 (Sobolev-Gallagher). Let f(z) : [a,b] — C be a smooth function with
continuous first derivative on (a,b). Then given u € [a,b], we have

b b
(2.1.4) fwI< = [ @i+ [ 17 @)z,

and

(2.1.5) ‘f (a;b)\ < f@lda+ / | @)lde.

Proof. By partial integration, we have the following.

[ =2y e (522) 0= e

Similarly, we have

[ (=2) rene= (3=2) s -2 [ s

Adding the two above equalities, we get

s =55 [t [ (22) rwass [ (52) o,
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which, when taken the absolute value, yields the following inequality.

i [ [|(222) 7w
+/u (2_2) f(2)| dz

b b
< 5= [ V@i [ 7@

|f (u)] dz

IA

- —b
The last inequality is valid because neither 5 nor Z exceeds 1. This proves
—a —a
. a+b . - - 1.
(2.1.4). Furthermore if u = 5 then neither nor |- exceeds 5 the
- —-a
above inequality, from which we can infer (2.1.5). O

We are now ready to prove the large sieve inequality.

Proof of Theorem 2.1. 1t is clear that M does not play a role on the left-hand side of
(2.1.1), since any change of linear variable will change M into any desired integer value.

Therefore, we may assume that M = 0 and it suffices to prove our theorem in that
N

case. We take our function to be S(z) = Zane(xn). If we apply (2.1.5) to S%(z) on

n=1
the interval [xk — g, T + g] , then we get
1 xk+6/2 z‘k—|—6/2
|S(ack)|2 < - |S(ac)|2dm —I—/ |S(x)S' (z)|dz.
5 l‘k—(S/Q J)k—(S/Q

We now sum the above inequality over all the x;’s and conclude that

Tk +6/2 i +0/2
Z\S(ivkﬂ? < Z[%/ o \S(:v)|2d:c+/ 5o |S($)S’(x)\dx]
k k Tk~ Tk~
1/t , 1 o
< 5 [ 1s@paz+ [ 15@s @)

where the last inequality is valid because the integrands are non-negative and the inter-

val of integration are non-overlapping, as we are assuming the x;’s are §-spaced modulo

N
1. The first integral in the above expression yields 6~ Z lan|? by Parseval identity.

n=1
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We apply Holder’s inequality of the second integral and get

/01 1S(2)8' () |dw
(/01 |S(x)|2d:v>% (/01 |S'(w)|2dw>%

<
1 1
M+N 2 [ M+N 2
= ( Z |an|2) ( Z |27rinan|2>
n=M+1 n=M+1
M+N
< N > anl
n=M+1
Combining all estimates we have above gives use the large sieve inequality. O

The large sieve inequality admits two corollaries for additive and multiplicative
characters. First it is certainly elementary to say that rational number in (0,1] with
height not exceeding @ are Q2-spaced. Therefore, applying the large sieve inequality,

we get

Corollary 2.1. Let {a,}, M, N be defined as in Theorem 2.1 and QQ € N. Then we

have

Q
(2.1.6) o>

g=la (mod gq)
ged(a,g)=1

2 M+N

<(@+N) Y al

n=M+1

M+N
a
> ane (%)
q

n=M+1

where the implied constant is absolute.

Proof. This is just proved before the statement of the corollary. O

Furthermore, we also have the following corollary.

Corollary 2.2. Let {a,}, Q, M, N be defined as in Corollary 2.1. Then we have

2

Q q M+N M+N
(2.1.7) Z ﬁ Z Z anx(n)| < (Q2 +N) Z ‘an‘Qa
g=1 P\ (mod ¢) In=M+1 n=M+1

where the implied constant is absolute and we shall henceforth denote the sum over

- PR *
primitive characters to modulus q as Z

x (mod g)
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Proof. We recall the Poisson summation formula for multiplicative and additive char-

acter. If x is a primitive Dirichlet character modulo g, then from (1.2.2), we have

1 L (an)
X\NnN) = —— xwaje{ — |,
(n) G(x) 2_x(@) q
for all n, where G(x) denotes the first Gauss sum. Upon multiply both sides by a,,, we
get

MiN anx(® xzq: ( )

n=M+1 a=1

where S(z) is defined in the proof of Theorem 2.1. As we know, by Lemma 1.6, that

|G(x)| = +/q if x is primitive with conductor ¢, we conclude, upon summing over all

s ()

The right-hand side of the above increases if we drop the restriction that y is primitive

primitive characters of the above, that

5

x mod g

2 2

M+N

Z anX

n=M+1

1
q mod g la

modulo ¢. Therefore it is bounded by

S (1)

x (mod q)la=

2

q
q —

B, 5 o

0 [s(e)

=la
_ ¢lg)
DS
last expression in the above becomes the left-hand side

S

a (mod g)
ged(a,g)=1

Upon multiplying by L,
©(q)
of (2.1.6), without the sum over q. Therefore, our proof is completed if we sum over

1 < ¢ < @ and then apply Corollary 2.1. O

In this chapter, we shall develop theorems touching upon large sieve inequality for
additive characters in which the moduli are squares, id est ¢° rather than ¢. The problem
reduces down to the spacing properties of rational numbers with square denominators.
The key idea that we employ is resolving such a problem is the Weyl-Hardy-Littlewood
method for exponential sums. The method is completely generalizable to higher power
moduli. However, as Weyl’s estimates for exponential sums weakens when the degree

of the polynomial is of high degree our corresponding results also become weaker.



17

2.2 Preliminary Lemmas

We begin by quote the duality principle, which is present, though sometimes under a
disguise, in many of the proofs of the classical large sieve inequality. Itsays, in essence,
that the norm of a bounded linear operator in a Banach space is equal to that of its

adjoint operator. More precisely, we state the following.

Lemma 2.2 (Duality Principle). Let T = [ty,] be a square matriz with entries from

the complex numbers. The following two statements are equivalent:

1. For any absolutely square summable sequence of complex numbers {a,}, we have

(2.2.1) > <D anl.

m

Z Gntmn
n

2. For any absolutely square summable sequence of complex numbers {b,}, we have

(2.2.2) >

n

2
<D |bwl’.
m

m

Proof. By symmetry, we only need to prove that the first statement implies the second.

Toward that end, we let a,, = Z b tmn, so the left-hand side of (2.2.2) becomes

m
Applying Cauchy-Schwartz inequality and (2.2.1), we get
2 2
(] ()i o) f5mr)
m n m

n m
Hence we have our desired result if E lan|? # 0. Otherwise, there is nothing to be

n

n
proved if the afore-mentioned sum vanishes. O

We, as a matter of course, need to use the Poisson summation formula which asserts
that if f(z) is a reasonably well-behaved function, then summing f(n) over all integers
n is the same as summing the Fourier transform of f(z) over all integers n. More

precisely, we have
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Lemma 2.3 (Poisson Summation Formula). Let f(z) be a function on the real

numbers of rapid decay at oo so that the series

Zf(aH—n)

neZ

converges absolutely. Then we have

(2.2.3) Yo fm)y= Y f),

n=—oo

where

(224) o= [ rwena
and is the Fourier transform of f(x).

Proof. Let F(z) = Z f(z+n). We easily see that F'(z) is well-defined by the virtue
n=—00

of the assumption that f(x) is of rapid decay at too. F(z) is also periodic with period

1. Therefore, F(x) has a Fourier series expansion, say,

o0

F(x) = Z ane(mz),

m=—oQ

where

= 1F dz = RS d
o= [ P@elmayz = [ 3 [+ n)e(-made

n=-—oo

After swapping the order of summation and making change of variables, we see that
the right hand side of the above yields

00 1 o)

Z / flz+n)e[m(z +n)|dz = / f(z)e(—mz)dz = f(—m).

n=—oo0”0 -

Finally, we have

Yot =F0) = Y a= Y f(n)

n=—0oo n=—oo n=—oo

as desired. O

Last, but certainly not least, we must quote Weyl shift as it provides the key idea
in our proof. It comes from the simple idea that if we have f(n) in the amplitude of

an exponential sum with f(n) is a polynomial of degree k in n, then f(n + h) — f(n)
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is a polynomial in n of degree k — 1. Iterating this process k — 1 times, we shall obtain
a linear polynomial which will turn our exponential sum into a geometric series from

which we will obtain saving. More precisely, we have

Lemma 2.4 (Weyl Shift). Let I be an interval of length N and f(z) be a polynomial
of degree k > 2 with real coefficients. Suppose that the leading coefficient, the coefficient
of ¥, of f(z) is . Also set

S = Ze(f(n)), and k = 2871,

nel

Then we have

1
2.2.5 S|F < 226 NKE—1 4 ok Kk in( N
¢285) b= FANTE S min (N )

where each r; runs from 1 to N — 1.

Proof. The proof is done via induction on k. For k = 2, we have

Z Z e(an? + Bn — am? — fm)

N N ‘
n=1m=1

Setting m = n — [, the above becomes

N—1
Z Z e(2anr — al®> + Bl) < Z Z e(2anl)
n 1 I=—N+1| m
N—1 9
< min [ N, ——
l:_Z];H ( ||20él||)
1
< N+4 min (N, ) .
1;[;,\, 12|

Here we evaluate the geometric series and used the well-known inequalities

1 —e[(b—a)A 1 1
< — < .
1—e(N) = |sinmA| T 2]l
Hence the proof is concluded for the case k = 2. Now it suffices to assume that the
statement of the Lemma hold for £ — 1 and prove also its validity for k. We first make

the following observation.
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[S[F = X2 elf(m) = f(m)]
= Zze[f(n) — fn—r)] withm =n—r;

N-1

< Z |Sl|a

ri=—N+1

where S; = Ze[f(n) —f(n—m)] = Ze(akrlnk_l +--0).

n n

2 2
Therefore, by Holder’s inequality together with (1 — —) + o= 1, we have
K
N_1 1-2/k N_1 2/k
sPos | Xt > IS
ri=—N+1 ri=—N+1
2/k
N-1
< (2N)1—2/n Nn/2 + Z ‘Sl|n/2
ri=—N+1
r17£0
Taking the x/2 power of the above, we get
N-1
‘S‘n < (2N)n/2—1 Nn/2 + Z |Sl|n/2
ri=—N+1
r17£0

Now the amplitude of the exponential sum S; is a polynomial of degree k—1. Therefore,

by our induction hypothesis, we have

|Sl |n/2 S2nNn/2—1

+ 9r/2 NK/2—k+1 Z min (N, |akri(k —1)lrg - - Tk71||_1> .

T2 TR—1

Finally, we combine everything and obtain

|S|n S2n/271Nn71 + 23&/2Nn71

4 28Nk Z min (N, ||aklry - -- Tk_1||_1) .

T1TR—1

This is the statement of the theorem for k, and hence our induction is completed and

the lemma is proved. O
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2.3 Heuristics and “trivial” bounds

As stated earlier, we are interested in having an estimate of the following kind:

Q M+N a 2 M+N
(23.1) S Y Y ane <_2n> <A Y Jal.
¢=1 g mod ¢? In=M+1 q n=M+1
ged(a,g)=1

Here A may be thought of as the norm of an operator and will depend on () and N. It
is a remark attributed to Borel that the rational numbers in the real line are like stars in
the heavens “to illuminate the mystery of the continuum.” Indeed, we must investigate
the well-spacedness of some of these “stars.” As it certainly suffices to consider only

¢’s in dyadic intervals, we set

SQ:{%EQ ged(a,q) =1, 1< a < ¢, Q<q§2Q}.
We easily see that if  and ' are two distinct elements of Sg, then ||z — z'|| > Q%

Therefore, just from the classical large sieve inequality, we may take, essentially,
(2.3.2) A=Q*+N

in (2.3.1). On the other hand, all rational numbers % in Sg with a fixed denominator
q

2

¢? are clearly g~ 2-spaced. Therefore, again by the virtue of the classical large sieve

inequality, we may also take in (2.3.1) after summing over g, essentially,
(2.3.3) A =Q(Q*+N).

It is worthwhile to note that when N =< @Q?, both (2.3.2) and (2.3.3) can be interpreted
as Q*. However, neither (2.3.2) nor (2.3.3) exploits the fact that squares are so sparsely
distributed among the integers. One easily deduces that there are =< Q® rational num-
bers between 0 and 1 with square denominators and height at most Q2. Hence, these
rational numbers are “on average” Q~3-spaced. Therefore, we aim to exploit these
“facts” and improve the estimates in (2.3.2) and (2.3.3). Toward that end, we “divide

and conquer.”



2.4 The main contention

Again, we are interested in having an estimate of the following kind:

Q M+N a M+N
> X | Y e (—Qn)

¢=1 g mod ¢? In=M+1 q
ged(a,q)=1

n=M+1

<A DN anl”
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Before we state and prove our main contention of this section, we first prove the

following lemma which is the central issue of our theorem. We must investigate the

spacing properties of the elements in Sg. Set

bl

(2.4.1) M(Q,N) = max Hx € So
z'€Sg

lo— ' < o=

and we have

Lemma 2.5. Given € > 0 and N € N, then we have

(2.4 v <%+ (var L)
where the implied constant in (2.4.2) depends on e alone.

Proof. The task before us is as follows. Let z,2' € Sg with z =

a
q

27

!

aj
= — and
q;

1
ged(a, q) = ged(ay, q1) = 1. Then we have ag? — a1¢® = b (mod ¢%¢}) with |b| < Equ%.

We have

a a1

@ ¢

[b] 1

A. < = _
(2.4.3) 0 py <5§

This yields that || < ¢°Q?*N~! = B, say. We want to estimate, for each %, the
q

number of fractions a_; € Sq satisfying (2.4.3). Let b = ag? — a1¢”.

q
and

= ba, mod ¢*
(2.4.4) q 1, (mod g¢7) ’
b = agf, (mod ¢®)

where @7 is the multiplicative inverse of a; modulo q%.

We have |b] < B
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We shall estimate the number of b’s and ¢1’s that satisfy the second congruence
relation in (2.4.4) with ¢; < @ and |b| < B, which clearly majorizes the maximum that

we need to estimate in (2.4.1).

sinx

First, we set ¢(z) = ( 5
z

1
¢(x) is non-negative, ¢(x) > 1 for |z| < 3 and ¢(0) = 72/4. Therefore

(2.4.5) Yoo (%)

n=aq? mod g2

) , a constant multiple of Féjer kernel. We note that

majorizes M (Q). There is certainly no unique choice for this test function ¢(z). How-
ever, as we shall presently apply Poisson summation formula, we find it most convenient
to choose ¢(x) this way, since its Fourier transform is a function of compact support,

2
specifically ¢(s) = WZ max(1 — |s|,0).

Now we apply Poisson summation, Lemma 2.3 with a linear change of variable, to

(2.4.5) and sum ¢; over dyadic intervals, we get
ajqi 2jB
(2.4.6) = Y e ( ) ( 2).
Q<(I1<2Q J
More precisely, the above is

2T, 0)

q
2
“7|<q Q<q1<2Q

- J? >y (1) (U4

\k|<% R<a1<2Q a

23 22 )
Q) 212 Q) ajqj
CH TR Y Y (U8,

N |Q<q1<2
0<k<757 R<q1<2Q

IN

where the first term above corresponds to the contribution of k¥ = 0. Applying Cauchy-
Schwartz inequality, we see that the above expression is bounded by

2

<ty T | = (%)

0<k<— Q<q1<L2Q 9
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Applying Weyl Shift, Lemma 2.4 to the inner-most sum of the second term, we see that

the double sum of the second term is

< ZQ+Z 3" min { 2“51 }
k 0<i<@ q
-1
< %+ >, t(m )mm{Q, }
0<m<NQ~1

where 7(m) is the divisor function, is O(m*®) and estimates the multiplicity of represen-

tations of m = 2jl. The inequalities go in the correct direction by the virtue of positivity.

What still remains is to estimate the sum over m. We have, with am = d (mod ¢?)

1
and |d| < §q2,

Y < Zmin{cz,g} S rm)

m |d|<g? 0<m<NQ—1

<o 2 8 ()

0<d<q?

N
< q72N1—|—e_|_ (a +q2> N€

N 2)
< [=+Q°)N°©
(@
Recall that we are only considering the ¢’s in the dyadic interval @ < g < 2Q). Com-

bining everything and taking the square root, we infer that for every z € S,

{:v € So ||ac—w||<2NH <—+<\/_+—)Nf

where the implied constant depends on € alone. Since what we have proved is for valid

(2.4.7)

any = € Sg, we infer the result of our lemma from (2.4.7). O

Now we are finally able to state and prove our main contention of the chapter. The

beginning of the proof will go very much like that of the classical large sieve inequalities.
Theorem 2.2. With {a,}, Q, M, and N defined as before, we have
Q M+N 2
a
> % | Y e(fn)
¢=1 g mod ¢? In=M+1 q
(2.4.8) ged(a,g)=1

<1og(2Q) [@* + NV + VNN 3 lanl?
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where the implied constant depends on € alone.

Proof. It is easily observed that the theorem, after breaking the summation over g
into dyadic intervals with @) < ¢ < 2@ and the duality principle Lemma 2.2, and by

assuming M = 0 via the shift, n — n — M, is equivalent to

2

(2.4.9) S beetan)| < [@+(NVQ+VNQINT D bl

0<n<N |z€Sq T€SQ

for any sequence of complex numbers {b,}.

sinmx

2

2
As before, we take ¢(x) = ( > . By positivity, the left-hand side of (2.4.9) is

majorized by

2
Z ¢ (%) Z bge(nz)| = Z Z by V(z — 2'),

n=—00 z€SqQ z g

where V(y) = Z ) (%) e(ny).

Apply Poisson summations formula and a change of variables, we see that

V(y) = 2N) $@2N(m +y)]

o\
= & > (1-2Njm+y))
Im+y|<(2N)~1
w2 N
= T(l—2N||y||),

if |y|| < (2N)~! and V(y) = 0 otherwise.

Hence the left-hand side of (2.4.9) is majorized by

2N 2N

T ZZ |bzbw’| < TZ|bz|2M(QaN)a
||5l0*90’||<(§1\7)*1

where M(Q, N) is as defined in Lemma 2.5. We insert the result of the afore-mentioned

lemma, the theorem is proved. Note that we lose one logorithm after summing over all

the dyadic intervals. O
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It is obvious that the implied constant in our theorem can be made absolute by
keeping track of the powers of logarithms in our estimates. However, we have not been

too concerned with that.

The greatest strength of our result lies in the range where N =< Q3. There, our

result gives the majorant of O(Q%+€) while both (2.3.2) and (2.3.3) give the majorant
of O(Q").

In the same spirit that the classical large sieve inequality for additive characters

implies that of the multiplicative characters, we have the following easy corollary.

Corollary 2.3. For any sequence of complex numbers {a,}, we have

2

Q q . | MtN
Do 2 | 2 ax(m)
(2.4.10) 71 xmed ¢ In=Mi
M+N
<10g(2Q) [@* + (NV/Q+ VNQIN| > Janf?,
n=M+1

where the implied constant depends on € alone.

Proof. Using Gauss sums G(x), we have
- X xae(%)
X G(x) ) )
a mod ¢

It is an elementary fact that the modulus of the Gauss sum G(x) is the square root of

its modulus, ¢ in our case. Hence we have,

o | M ’ 1 an i
SN | < > xS me ()
x mod g2 In=M+1 q x mod ¢? |a mod ¢? n q

The last equality is obtained by opening the modulus square and applying the orthog-
onality of Dirichlet characters. Note also that ¢(¢?) = qe(g). Our the corollary now

follows from Theorem 2.2. O
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2.5 Notes

We do not believe (2.4.8) is the best possible result. As we have related in the heuristics
in section 2.3, there are approximately Q® elements in Sq and they are “on average”
Q3-spaced. Consequently, if the last sentence has any virtue at all, the majorant in
(2.4.8) should be, essentially,

M+N

(2.5.1) (@+N) D anl”

n=M+1
In fact, we shall make conjectures based on some computational evidences in Appendix

A, which yields a stronger result.

Moreover, we doubt that any improvement upon our present result is attainable via
the means estimating of incomplete Gauss sums, as we have done. Indeed, if one is a
true believer of the so-called “principle of square rooting,” then we should believe that
the saving attained by any estimation of an exponential sum cannot be good enough

to yield the majorant in (2.5.1).

What stays us from obtaining better result is precisely the want of better means to
estimate M(Q, N) as defined in Lemma 2.5. As mentioned before, we believe that any

improvement upon our present result must come from a completely different avenue.
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Chapter 3

Large Sieve Inequalities for Characters with Powerful
Moduli

3.1 Introduction and Heuristics

As mentioned in the previous chapter, the ideas that we used to establish the theorems
of large sieve type inequalities with square moduli are perfectly generalizable to higher
power moduli. We will treat such cases in this chapter. Of course, as the result of Weyl
shift weakens as the polynomial in the amplitude is of high degree, we expect that our

corresponding result also weakens.

We are interested in having an estimate of the following kind:

Q M+N a 2 M+N
(3.1.1) SO Y e (_kn) <A Y Jal.
9=1 g mod ¢*¥ In=M+1 q n=M+1

ged(a,g)=1

As before, the problem reduces to the well-spacing properties of special fractions.

Let Sgx = {% € Q‘ ged(a,q) =1, 1<a<¢d"<Q*, Q<g< ZQ}. We easily see
q

that if z and ' are two distinct elements of Sg, then ||z — 2’| > o Therefore, just

from the classical large sieve inequality, we may take
(3.1.2) A=Q*+N.

On the other hand, all rational numbers ik between 0 and 1 with a fixed denominator
q

k

¢ are clearly ¢ *-spaced. Therefore, again by the virtue of the classical large sieve

inequality, we may also take

(3.1.3) A=Q(Q"+N).
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Tt is worthwhile to note that when N =< Q**!, both (3.1.2) and (3.1.3) can be inter-
preted as Q. However, neither (3.1.2) nor (3.1.3) exploited the fact that squares are
so sparsely distributed among the integers. As one easily deduces that there are < Q**!
rational numbers between 0 and 1 with with square denominators and height at most

k-+1)

Q". Hence, the rational numbers are “on average” Qf( -spaced. Therefore, we aim

to exploit these “facts” and improve the expression in (3.1.2) and (3.1.3). Toward that

’

end, we “divide and conquer,” as before.

3.2 The Main Contention

Again, we are interested in having an estimate of the following kind:

Q M+N a 2 M+N
> X Y me(Gn) <a X
9=1 g mod ¢* In=M+1 q n=M+1

ged(a,g)=1
Before we state and prove our main contention of this section, we first prove the fol-
lowing lemma which is the central issue of our theorem. As before, we must investigate

the spacing properties of the elements in Sg . If we set

(3.2.1) M(Q,N) = max

J)’ESQ,k ’

1
S _ !
{fﬂe ok|llz $||<—2N}

then we have

Lemma 3.1. Given € >0 and N € N, then we have

Qk+1 ool QNT-HC
3.2.2 M ,N " N¢,
(3:2.2) K@ N) < ==+ (Q T )

1
where the implied constant in (3.2.2) depends on € and k.

Proof. The task before us is as follows. Let z = and 7’ = a—;, with ged(a,q) =
a;

a
qk:

, 1
ged(a,q1) = 1. Let agf — a1¢* =b (mod ¢*qf) with [b] < Sq"qf.

We have

a a1

¢ F

_ 1ol 1

(3.2.3) 0< — .
¢t 2N
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This yields that [b| < ¢*Q*N~! = B, say. We want to estimate, for each ik, the
q
number of fractions a_; € Sq satisfying (3.2.3). Let b = agf — a1¢*. We have |b| < B
q

1
and

= ba, mod ¢*
(3.2.4) q 1 ( ar) ’
b = agf, (mod ")

where a7 is the multiplicative inverse of a; modulo q’f.

We shall estimate the number of b’s and ¢;’s that satisfy the second congruence
relation in (3.2.4) with ¢; < @ and |b| < B, which clearly majorizes the maximum that

we need to estimate in (3.2.1).

si
First, we set ¢(z) = ( r217rx) , a constant multiple of Féjer kernel. We note that
x

1
¢(z) is non-negative, ¢(z) > 1 for |z| < 3 and ¢(0) = 7?/4. Therefore

(3.2.5) Yoo (%)

n=ag¥ mod ¢¥

majorizes My (Q, N). There is certainly no unique choice for this test function ¢(z).
However, as we shall presently apply Poisson summation formula, we find it most con-
venient to choose ¢(z) this way, since its Fourier transform is a function of compact

2
support, specifically ¢(s) = % max(1 — |s|,0).

Now we apply Poisson summation, Lemma 2.3 with a linear change of variable, to

(3.2.5) and sum g; over dyadic intervals, we get

(3.2.6) % > e (“quf> é (@) .

k
T g<a<2Q 7 q q
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More precisely, the above is

EPRNE SIS

k
|J|<q Q<qa1<2Q

ZQk 4'Qk .k
7rN Z Z (1_ |JJ|V )e(a;?)

|j|<4QL,c Q<q1<2Q

7T2Qk+1 27r2Qk ajqk
< T TE Y Y (U]

i N <q1<2
0<j< 0% Q<q1<2Q

where the first term above corresponds to the contribution of ¥ = 0. Applying Cauchy-
Schwartz inequality £ — 1 times, we see that the k-th power of the above expression is
bounded by

K(k+1) k aid®
(3.2.7) <9 L@ Yy o ( ”1)

N No <N |Q<q1<2Q ¢*
<J<4Qik s

K

the double sum of the second term is

< ZQN 1+Qn kz Z min{Q,

] T1,72y s Te—1

Applying Weyl Shift, Lemma 2.4 to the inner-most sum of the second term, we see that
2ajr1re TR
ankfl
< = +Q"F > m(m)min{ Q,

-1
g }
1}
Q 0<m<NQ@~1

where 7;x(m) is the k-th divisor function, is O(m¢) and estimates the multiplicity of

representations of m = 2jl. The inequalities go in the correct direction by the virtue

of positivity.

What still remains is to estimate the sum over m. We have, with am = d (mod ¢*)

1
and |d| < Eqk,
am || . 7"
ZTk min F < Z min < Q, id Z T (M)
|d|<g* 0<m<NQ—1
N €
<ot 2 () (@)
0<d<q®

N
< q*kNl-FG_*_ (5 +qk> N¢

< (% + Q’“) N<.
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Recall that we are only considering the ¢’s in the dyadic interval Q < g < 2Q. Com-

bining things, we see that (3.2.7) is

k(k+1) k
< Q + n Q_Ne |:NQn—k—1 + Qlﬁl_k <E + Qk>:|

Ne N 0
k(k+1) k
— QNN + %NE (NQK,—k—l + NQn—k:—l + Qn)
Qrik+1) ko1, Q°FF

Taking the s-th root, we infer that for every = € Sq,

1 k+1 e K+k
||.T—:L‘I|| < ﬁ}‘ < QN + (QTI + Ci\fl )NG'

{:EI S SQ,]C

Of course, the implied constant will depend on both k and €. Now we infer the lemma

from the above expression. O

Now we are finally able to state and prove our main contention of the paper. The
beginning of the proof will go very much like that of the classical large sieve inequalities.

As far as that part is concerned, we are following the proof given in [18].
Theorem 3.1. With {a,}, Q, M, and N defined as before, we have

M+N
S ane (_n)

2

=1 g mod ¢* In=M+1
(3.2.8) ged(a,q)=1
-1 1 +k MAN
<log(2Q) [ + (NQ'F + N4 Q)N 3 Janl,
n=M+1

where the implied constant depends on € and k.

Proof. 1t is easily observed that the theorem, after breaking the summation over ¢
into dyadic intervals with Q < ¢ < 2Q) and the duality principle Lemma 2.2, and by

assuming M = 0 via the shift, n — n — M, is equivalent to

2

(3829 Y |D belan)| < [@F 4+ (NQF + NTEQWI)NT Y

0<n<N |z€Sq z€SQ

for any sequence of complex numbers {b,}.
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. 2
As before, we take ¢(x) = (sn;;rm) . By positivity, the left-hand side of (3.2.9) is
majorized by
2
> n
_ 7 !
Z ¢ (W) Z bee(nz)| = Z Z bbby V(z — '),
n=-—o00 z€SQ z g

where V(y) = Z @ (%) e(ny).

Apply Poisson summations formula and a change of variables, we see that

V(y) = 2N $[2N(m +y)]

2N
= > (1-2Njm+y)
mty <(2N) 1
2N
= 5 (1 =2N]yl),

if |y|| < (2N)~" and V(y) = 0 otherwise.

Hence the left-hand side of (3.2.9) is majorized by

2N 2N
S 2o, bl < =D b Mi(Q N),
x x! x
llz—='[|<(2N)~*
where My (Q, N) is as defined in Lemma 3.1. We insert the result of the afore-mentioned

lemma and sum over all the dyadic intervals, the theorem is proved. O

It is obvious that the implied constant in our theorem can be made absolute by
keeping track of the powers of logarithms in our estimates. However, we have not been

too concerned with that.

The greatest strength of our result lies in the range where N =< Q*T!. There, our

(QFHH" )

result gives the majorant of O while (3.1.2) gives the extremely poor ma-

jorant of O(Q%*) and (3.1.3) give the majorant of O(Q**?).

In the same spirit that the classical large sieve inequality for additive characters

implies that of the multiplicative characters, we have the following easy corollary.
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Corollary 3.1. For any sequence of complex numbers {a, }, we have

(3.2.10)
Q .| MaN 2
S-S Y auxn)
q=1 (P(Q)X mod ¢k In=M+1
M+N
<10g2Q) Q" + (NQ™ + N2 Q)N Y Janf?
n=M-+1

where the implied constant depends on € and k.

Proof. Using Gauss sums G(x), we have

x(n) = @ T xox (%)-

It is an elementary fact that the modulus of the Gauss sum G(x) is the square root of

its modulus, ¢ in our case. Hence we have,

| MmN 2 1 an 2
SOOI 3P S D OIS 0) 308 ¢
x mod ¢k In=M+1 q x mod ¢* [a mod ¢F n q

2

_ ©(q) Z

q a mod ¢F
ged(a,q)=1

Yo ()

The last equality is obtained by opening the modulus square and applying the orthogo-

nality of Dirichlet characters. Note also that (¢*) = ¢* 1¢(q). Our the corollary now
follows from Theorem 3.1. O
3.3 Notes

Again, we do not believe (3.2.8) is the best possible result. As we have related in the
heuristics at the beginning of the chapter, there are approximately Q**! elements in
S,k and they are “on average” Q% -spaced. Consequently, if the last sentence has

any virtue at all, the majorant in (2.4.8) should be, essentially,

M+N

(3.3.1) (Qk+1+N) 3 Jaal®

n=M+1
Moreover, as before, we doubt that any improvement upon our present result is

attainable via the means estimating of incomplete Gauss sums, as we have done. Indeed,
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what more saving can we possibly hope for in an incomplete Gauss sum than the square-
root of the length of summation, as we have been able to achieve. Consequently, if one
believes the validity of the majorant in (3.3.1) at all, such an estimate has to comes

from a completely different avenue as we have used thus far.
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Chapter 4

Large Sieve Inequality for Special Characters to Prime

Square Moduli

4.1 Introduction and History

In this chapter, we still again consider a large sieve type inequality for characters to
square moduli, but we shall restrict to some special characters, not necessarily primitive.
With such restrictions, we can obtain some non-trivial results. More precisely, we aim

to have a result of the following kind.

2

1 , | M+N M+N
(.L1) S Y ) < Y el
g=1 L x mod ¢2 In=M+1 n=M+1

!

where the Z runs over some special Dirichlet characters to the specified modulus,

and as usual A will be in terms of ) and N.

In all of our investigations of this chapter, we shall restrict our attention to prime
square moduli only. The result can be generalized, but restricting the prime square
moduli gives us great convenience in estimates, id est two prime squares are not co-

prime if and only if they are the same.

The idea of studying characters sums to prime-power moduli was started in a paper
by A. G. Postnikov [28]. He gave formulas on the decomposition of groups of characters
of powerful moduli. P. X. Gallagher [12] also studied characters of this type. Iwaniec

[17] expanded Postnikov’s ideas to composite moduli.
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4.2 Heuristics

First we note that there are p(¢?) = q(q) Dirichlet characters modulo ¢? which is the
same as the number of primitive residue classes modulo ¢ and the groups (Z / qQZ)*.

The group G = (Z / q2Z)* contains the following subgroup
H={zeG|z=1 (modg)},

which is isomorphic to the additive group Z/qZ. The isomorphism is given by

-1
H—Z/qZ:z— xT
Let ¢ (mod ¢?) be a character on G. Then the induced character on H is an additive

character, so we have

(4.2.1) Ez)=e [7

for some a (mod q) and z € H. If ¢ (mod ¢*) is another character satisfying (4.2.1)
with the same a (mod ¢). Then £'¢~! is a character on G that is trivial on H. There-
fore, ¢’ = &x where x is induced by a character on (Z/qZ)*. Let G, be the set of
characters ¢ (mod ¢?) satisfying (4.2.1). We see that G, has ¢(q) elements, and that
every element of G, is obtained in a unique way by multiplying a fixed character £ € G,

by a character x (mod q) on (Z/qZ)".

Therefore, the context in which we shall consider the sum in the left-hand side of
(4.1.1) is with @ = 1 in (4.2.1); Id est, we shall study the following sum.

2

M+N
(4.2:2) Z O 2| 2 ant)
fEGl n=M+1

The more general case in which one considers characters in G, is similar to the inves-
tigation for G;. Therefore, we restrict our attention to only G;. Also, we note that
the characters being summed are not necessarily primitive, a feature that the classical

large sieve inequalities, Corollary 2.2, do not possess.
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Next, we observe the following.
2

Ly s
— an&(n)
(;0( )§€G1 n=M+1

1 —
—— Z Z anan’g(nﬁl) Z X(nnl)a
vla) 545 X
where ¢ is a fixed character in G; and x runs over Dirichlet character of (Z/qZ)".

The inner-most sum vanishes unless n = n’ (mod ¢), in which case it yields ¢(q) and
!

! _ 1 ! _
E(nm') = e (nn > =e (En n) by (4.2.1). Note that n
q q 4q q

is an integer.

Hence, we have

(4.2.3) % Z(l)
q2

M+N

Z ané

n=M+1

- EX we (”” q‘”)

n=n’ modq

1
where henceforth Z( ) denotes sum over characters £ € G1. Trivially estimating the

£ mod g2
contribution of the above sum gives

2

1 ) | MEN N
@29 S 3 Y aE) = [1 +0 (—)] > laal
14 qgmod ¢ In=M+1 1 ged(n,g)=1
Estimating thus gives that
91 o | :
(4.2.5) Yo | 2 wtm)] =Q+ow ]Zlanl2
g=1 ¥ q5) mod ¢2 |n=M+1

Although (4.2.5) is obtained trivially, it is an asymptotic formula rather than simply
an upper bound, a main feature of the classical large sieve inequalities. (4.2.5) is of
interest when N < (). Moreover, from (4.2.5), we see that any improvement upon the
exponent of () is not possible and any improvement upon this trivial bound has to come
from that of N. However, we hope that we can do better in some ranges. Toward that

end, we must use the results in the following section.

4.3 Preliminaries Lemmas

As before, we write down, in this section, the results that we shall utilize later in the
chapter. First, we shall need the following famous estimate for the classical Kloosterman

Sums.
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Theorem 4.1 (Weil). For any ¢ > 1, m and n, we have

2

ad=1 mod ¢

Nf=

(4.3.1) < [ged(m,n, c)] c%'r(c),

where 7(c) is the divisor function.

Proof. This is quoted from [19] and is deduced from the celebrated Riemann hypothesis

for curves over finite fields proved by A. Weil in 1948. O

Next we shall also need the following estimate for Ramanujan’s Sums.

Lemma 4.1.

(4.3.2) Z e (ﬂ> < ged(n, q).
q
a (mod q)
ged(a,g)=1
Proof. Ramanujan’s Sum is the right-hand side of (1.1.2). Estimate for such sums are
well-known. We already showed in Lemma 1.1 that
an m
(4.3.3) Z e (—) = Z du <E)
q
a (mod q) d| ged(g,n)

ged(a,g)=1

Hence, we have

I T (R =) Pt

a (mod q) ged
ged(a,q)=1
from which we have the following estimate which is useful for us later. O

The inequality in (4.3.2) is the best possible, since one can easily find examples in

which equality holds in (4.3.2).

4.4 Main Contention

The following is a quote from [16]:

An analytic number theorist, it is said, is someone who is very good at using

Cauchy’s inequality.
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Indeed, we must demonstrate our worth in that regard. In this section, we shall restrict
our attention only to moduli that are prime squares. The advantage of restricting to
prime square moduli is that two moduli are not co-prime only if they are the same.
This will provide convenience in our analysis. We now state and prove the main result

of the chapter.

Theorem 4.2. Let € > 0 be given. Suppose Q,N € N, M € Z and {a,} be a sequence
of complexr numbers. We have

2

A | M
Z(—Z Z ané(n)
qzl(pqg)modq2 n=M+1
(4.4.1)  qcP
. _1 1 1 s 3\ e 2
<Q (NQT i+ NiQ+VNQi + NiQ) Y P,
n=M+1

1
where the implied constant depends on € alone and the meaning of Z( ) is the same

as used throughout the chapter.

Proof. From (4.2.3), we have

2

(1) M+N
Z P2 | 2 antn)
q= 190 §modq2 n=M+1
gelP

- L E% ( ";2‘1))

n=n’ modq

CEY Y e (M)

W gl(n—n) e

- > ZZZananIe (nl)

[l<N/Q a m

If we set

M+N 2

Z an&(n)

n=M+1

Z D

f mod ¢2

qEIP’

we have, after applying the Cauchy-Schwartz inequality and opening the modulus
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square,

T?(N,Q) < (;mm?) Z Y ae (m)

n—n'=lq

_ (ZmnIF) 20000 ) amTne (%‘%)

n' n1—n2=l1q1-l2q2

From the above, we get that

Q) < (Enj Ianl2> ;; |y G |
T TEY ol k)

q1 (ligi—l2g2=n1—n2

(4.4.2)

Here, we apply once again, the Cauchy-Schwartz inequality, we get

(443) THN,Q) < (Zlanl2> QZZZ ZZZ (n—lq %21>

niy mn3 q1 I

2

Opening the square modulus, we get

(4.4.4) TN, Q) < (Z\anF) QZZZZZZZ{Z}

n a g2 UL 2 U
ligi—lag2=q(V'-1")

where the inner-most sum is
—1'q)l il —1"q)l al"”
(4.4.5) Se (n=lgy Al _ (n Q)2+”_ ’
n q1 q q2 q
which is an incomplete Kloosterman type sum and may be completed by Fourier tech-
niques thus. Note that we only need one of the sums over n; and ng in (4.4.4) as the

other one will be determined once ¢, ¢1, g2, l1, l2, I', I" and n are determined.

It suffices to estimate a sum of the following form

(146 5 [ﬂ_j_ﬂ+21

N<n<N; q1 q q2 q

where N < N1 < 2N. Our sum may be written as

(44.7) qltlzzq 2 2 <QIQZQ) 2 e[f(x)_qzq]’

a mod q1gq2q " x mod q1929
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where f(z) is the amplitude of the exponential sum in (4.4.6) and the range of summa-
tion for n is the same as before. The main contribution will come from the part where

a =0 (mod g1g2q). That part in (4.4.7) is the following

N
(4.4.8) e mg;lme [f ()]

The other parts will have small contributions, but they are nevertheless

(4.4.9) L 3 Ze( “”) 3 e[f(x)— ‘w]

D29 edgigpg 7 N2, od qiaeq 1929
aZ0 mod q1929

(4.4.10) < > 2 > e[f(w)— = ]

0<a<q1g2q/2 |z mod qiq2q 41929

where we have applied the bound for the geometric series over n. The sum in (4.4.8)
is a Ramanujan type sum while the one in (4.4.10) may be estimated via Weil’s bound
for Kloosterman sums, Theorem 4.1.
Making the change of variable from z into = + I”g, the inner-most sum of (4.4.10),
(z+l1lg)lh Tl N zl azx
@ @ 9] aeq|’

where [ = " — 1. The above is, after a change of variables, a Kloosterman sum of

it becomes

(4.4.11) e (q‘;i;) 3

z mod g1929

modulus gq1g2. Hence we apply the renowned Weil’s bound for Kloosterman sums and

the above is
(4.4.12) < ged(a, q1q2q)%Q%+€.

Recall that we are still assuming that g1, g2 and ¢ are primes. Summing over a, we get

that the sum in (4.4.10) is
(4.4.13) < Qr.

Here we have used the following bound.

Q/d-1
Z V ng(aa Q) < Zd—% Z ki < Qe_
amod Q a dQ kg=1 @
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The estimates we have thus far is better than the one in (4.2.5) if N > Q%’LE equiva-

lently Q < N3¢,

It still remains to estimate the sum in (4.4.8). The sum simplifies to

z +lg)l Tl Tl

(4.4.14) Yoo wtigh = 3l
q1 q2 q

z mod q1¢29

If ¢1, g2 and g3 are pair-wise co-prime, id est distinct since we are only considering

primes, we write

(4.4.15) T = 21929929 + 2919919 + Yq1929192,

where z1 (mod ¢q1), z2 (mod ¢2) and y (mod ¢). The sum of our interest in (4.4.14)

factors into the product of three Ramanujan type sums thus

wat R(5)n(2)n(Y)

where
l nl
(4.4.17) R (5) = Y e (;)
n mod q
ged(n,g)=1

We already know that
l
q
by the virtue of (4.3.2) and we also note the following almost trivial estimate.
q €
>, eeddg) <Y Tl=ar(e) <
d mod ¢ llg
Hence, taking the sums over all relevant variables, we have the contribution of (4.4.8)

to the majorant of T*(N, Q) is

4

N 3
(4.4.18) QN (— + Q) > lanl |

@ "
If some of the ¢’s are not pair-wise distinct, then the estimate will essentially go the
same way as before, but the contribution to the majorant will be different. If two of
the ¢’s are the same, then the contribution of the majorant is
4

7

(4.4.19) Q° (N*Q™"+ N?Q) (Z Ianl2>
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and similarly if all ¢’s are the same, the contribution is
4
(4.4.20) QR (N'Q™? + N3Q7?) (Z |an|2> :
n

Combining everything and taking the fourth root, we get

(4.4.21) T(N,Q) < Q° (NQ—% +NiQ+VNQi + N%Q%) 3 Janf.

n
Again, the result is better than (4.2.5) when N > Q%+€. O
4.5 Notes

The asymptotic formula of (4.2.5) is useful when the error term does not exceed the
main term or when N < . Our Theorem 4.2 is non-trivial when Q%+6 < N. We
would certainly hope that our result is good whenever (4.2.5) is not, id est whenever
@ < N. However, since we already have to resort to the strength of Weil bound for
our present result, any desire for improvement upon it is perhaps too greedy, at least

for the time being.
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Chapter 5

Large Sieve Inequalities with Quadratic Amplitude

In this chapter, we shall be interested in estimating the sum of the following kind.

K | MAN 2 M+N
SIS anelonf)] <8 3 Janl
k=1 [n=M+1 n=M+1

where {z;} are some well-spaced real number, and f(z) = az® + Sz + v with a, 3,
v € Rand a > 0. A, as before, is the norm of an operator and will depend on the
length of the outer and inner sums.

B\, P

It is certainly elementary to write f(z) = « (:I: + 2—) + 1o + ~, and hence it
" o

suffices to consider the sum

K | MAN 52 2

Z Z ane [awk (n + —) ]
2a

k=1 [n=M+1

We start out with the Weyl-Hardy-Littlewood method which will give us not so attrac-
tive results. Then we will restrict our attention to some special cases of the above sums
using what is called double large sieve in [16], a Lemma that plays an important role

in Bombieri and Iwaniec’s [5].

5.1 Preliminary lemmas

First we need a generalized Bessel’s inequality d la Rényi.

Lemma 5.1 (Bessel’s Inequality). Let ¢1, ¢2, ---, ¢r and & be arbitrary vectors in
an inner product space V over C, then

R R
(5.1.1) 2:1 (€ ¢r)I? < max {Z |(¢r, ¢s)l} €117,

s=1

where ||£]|;, denotes the la norm of €.
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1 1
Proof. We begin by the parallelogram rule |u,us| < §|ur\2 + §|us|2 for an arbitrary

sequence of complex numbers u1, u9, - -+, ug. Then we have
_ 1. o 1 5
Do ws (s 6s) < D Glurl® + S lusl ) (0 65)]
1<r<R T, s
1<s<R
R
= > lu*Y " 1(4r 65)]
T s=1
R
<

R
(mng(@, ¢s>|) >l
s=1

r=1

R
Now let A =max Y _ |(¢r, ¢s)|- We have
" s=1

R 2
0 < H&—Zum
r=1 lo

R
= ||£||l22 - Q%Zﬂr(fa ¢7‘) + Zurﬂs(d’ra ¢s)
r=1 T, S

R R
< JENZ, = 2R T (E b)) + A Jupl”

r=1 r=1
Upon taking u, = (& Ad)r), the above becomes
R
0 < [[€]7F, - Z & o)
=1
Hence we have the desired result. O

As mentioned before, we need the double large sieve.

Lemma 5.2 (double large sieve). Suppose 3':'(1), - M) gnd g<1), s g<N) are
real vectors in k dimensions with
Acgm D B ym o B
2 2 2 2’
fori=1,--- kkm=1,---, M,n=1,---, N. Pute; =X 15— Xi and
- ) ) ) - ) ) ) - ) ) - 1 T X Y + 1
A(z) = max(1 — |z|,0). Then we have
M N 2 N 4k k
7(m) ;n) z
(5.1.2) >3 ambpe |77 | < (2) A@)B(e) (XY + 1)
m=1n=1 i=1
where

M M K m) ()
= Z Z |am||ar|HA (Zéil) , and

m=1r=1 =1
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N N B k y(n)_y.r)
B(E):Zan rH (16%)

n=1r=1 i=1
Proof. The k-dimensional case goes similarly as that of one dimension. Hence, we begin

with

+e/2 e(ex —e(—ex sin(mex
(5.1.3) /y e(sz)ds = e(zy) (e2/2) — e(—ex/2) = ee(zy) ( )
y

—¢/2 2miz TET

Then we have

ambymex Ynte/2
S anbuetonn) = Y e [
n m n mi;Jy

m n—€/2

(Y+e)/2

_ / S Ame(san) Y bads,

—Y+e)/2 lyn—s|<e/2

where
AmTET

Ay = , and |Am| < —|an.
2e

esin(mez,, )

Applying the Cauchy-Schwartz inequality, we get

Z Z ambne(Tmyn)

where I; and I are the following integrals.

2
S I].I27

2

(Y+e)/2
_[2 == / bn ds
~(YHO/2 |1y, —s|<e/2

= Zanl_)T max(e - |yn - yT|a 0)
r

n

= eB(e);

(Y+6)/2 >
L o= /
—(Y+e€)/2

m

2

Ape(szy)| ds.

It still remains to estimate I;. Toward that end, we have
% 72 /gin(mds) ) 2
e [ ()
m

— 7'('2 T — T
— ;;AmAkZ(SA< 5 m)

2
ds

2 |z — Ty
< 0 _ Pk~ <ml
< E E \AmAk|46max<1 3 ,O)
m k
1
< ——A
— 16 €2 (9)
™ XY +1

16 ¢ A(9).
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Hence, we have completed the proof for the one dimensional case. For higher dimen-

sions, we apply the Cauchy-Schwartz inequality inside a k-fold integral. O

5.2 Trivial bounds and Heuristics

We are interested in estimating the size of the following expression.

2

K M+N
(5.2.1) DI anelorf(@)]
k=1 [n=M+1

If we estimate really trivially, we first apply Cauchy-Schwartz inequality to the inner-
most sum on the left hand side of (5.2.1) and then sum over the z;’s. We have the

extremely poor upper bound of

K M+N M+N
(5.2.2) N > JanP <@ TN D anl?
k=1 n=M+1 n=M+1

where it is certainly an elementary fact that the cardinality of any sequence of real
numbers that are d-spaced modulo 1 does not exceed § ' + 1. One should certainly

hope that we can do better than this.

By the virtue of the duality principle, Lemma 2.2, it is equivalent to estimate for

the following sum.

M+N 2

(5.2.3) >

n=M+1

K

> cre(zxf(n))

k=1

?

where {ci} is an arbitrary sequence of complex numbers, as {a, }. Therefore, if f(n) =
n?, then the virtue of the regular large sieve inequality, in its dual form, would majorize

(5.2.3) as follows.

M4N | K 2 K
(5.2.4) S D e (@mn?)| < (6N el
n=M+1 k=1 k=1

where the N? in the (5.2.4) comes from changing the variables and then filling in all

the non-squares n’s. Consequently, we have the corresponding result.

2

K | M+N M+N
(5.2.5) S Y ane(zn®)| <@ THNY) D anl
k=1 n=M+1 n=M+1
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In the light of how we arrived at (5.2.4), we have added a lot more terms into our
upper bounded than there were originally. Thus One may tend to think that the waste
in the estimate of (5.2.4) is rather great. Hence, one should expect, (5.2.4) can be
improved, and perhaps we should have the same estimate that the regular large sieve

inequality has. Namely, the upper bound would be, essentially,
(5.2.6) A=6"1+N.

However, the bound in (5.2.6) is not to be, as we shall presently give a counter
example. Let {zy} be the Farey sequence of order ), which we shall henceforth denote
as F(Q), i.e. the rational number in (0,1] of height at most Q. These numbers are
Q Z-spaced modulo 1. Therefore, § ' = Q? in this case. Moreover, take Q = p® be a
prime square and a, be p if n is a multiple of p and zero otherwise. Also take M = 0.
Therefore, we have

N 2
p—| > QN2

Q M+N a 2
(5.2.7) > > ane (—n2>‘ > >
q 2
a  (mod Q=p?)

a,q)=1 ged(,Q)=1

where we bound the sum over ¢ from below by the single term corresponding to ¢ = Q.

But on the other hand,

eyl N 5 1
(5.2.8) GTHN) D el < (@ + N)—p® =Q2 + Q2N”.
n=M+1 p
Now if we take N = @, then we have the lower bound of > Q3 in (5.2.7) but an
upper bound of only O(Q%?) in (5.2.8). Thus we have a contradiction and the result

in (5.2.6) is not attainable in general.

Furthermore, if one consider the general case of f(n) = an? 4+ An + v, a quadratic
polynomial with real coefficients, one could mimic Gallagher’s proof of the regular

large sieve inequality in [11]. More precisely, we apply the Sobolev-Gallagher’s Lemma,
M+N 2
Lemma 2.1, to { Z ane[f(n)]} on the intervals [zy — d, z; + 6] and then sum over
n=M+1
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the x;’s. We then get an upper bound for the sum of our interest,

2

1| M+N
-1 anelzf(n x
5 /On_%jﬂn[f()] d
1| M+N M+N
vor [0S anclafm)|| Y enf(melas(n))] do
0 n=M+1 n=M+1

Applying Parseval’s identity to the first integral, we infer that it is precisely

By the virtues of Holder’s inequality to the second integral and then Parseval’s inequal-

ity, we see that the second integral is majorized by

1| M+N 2 2 M+N 3
< / S anelzrf(m)]| do (Z |anf(n)|2> .
0 |p=m+1 n=M+1

Applying Parseval’s identity again to the first factor, we get that above is bounded by

(5.2.9) 67 +]af(M 4+ N > anl.
n=M+1

During this proof, there is hardly any waste at all in the estimates. The only inequalities
that we applied are those of Holder, and Sobolev-Gallagher, neither of which admits
great waste. Therefore, although the result in (5.2.9) is rather bad, one must admit

that it has certain virtues to it.

5.3 Weyl-Hardy-Littlewood Method

Our contention in this section is to prove a different form of the theorem stated at the
beginning of the chapter. It will certainly be better than (5.2.2), but it will not always
be better than (5.2.4). Here and after, let F/(Q)) denote the Farey fractions of level Q

in (0,1]. We first state our theorem.

Theorem 5.1. Let {a,} be an arbitrary sequence of complex numbers, N and M pos-

itive integers, f(z) = az® + Bz + v a quadratic polynomial with real coefficients and
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a#0, and a = ; with ged(s,t) = 1. Then

M+N 2 M+N
(5:3.1) S| Y el )] <AQEN S el
T€F(Q) In=M+1 n=M+1

where A(Q,t, N,€) may be taken to be

(5-3.2) A(Q,t,N,¢) = V5Q2*N + Q*/Nog(2Q1),
and the implied constant depends on € alone.

In fact, the theorem follows from the following proposition which is slightly more

general, and we shall only give the proof of the proposition.

Proposition 5.1. Let {a,} be an arbitrary sequence of complex numbers, N and M
positive integers, f(z) = az®+ Bz ++ a quadratic polynomial with real coefficients and
a # 0. Furthermore, let us assume, that there is a rational number, ;, in lowest terms

with the property

S 1
.3. — o< —
(5:3.3) ‘0‘ t‘ = %Q2N
Then
M+N 2 M+N
(5.3.4) Yo DD melzf(n)| <A@ LN Y anf,
z€F(Q) In=M+1 n=M+1

where A(Q,t, N, €) may be taken to be

(5.3.5) A(Q,t,N,€) = Q3N + Q*/Nog(2Q1),
and the implied constant depends on € alone.

As one familiar with the Weyl-Hardy-Littlewood method would know, the Diophan-
tine nature of a should play a role in the final estimation. Furthermore, the condition
(5.3.3) is not a great restriction at all, by the virtue of Dirichlet approximation. Also,
without loss of generality, we may just assume that « > 0 since we may multiply f(z)

by —1 if needed.
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Proof. We begin by applying the generalized Bessel’s inequality, Lemma 5.1. We take
1) MAN 1 %

€= {anbnz} , and ¢, = {bfle[—f(n)x]}
M+1 —00

Moreover, we take
1, M+1<n<M+N,
b, =
0, otherwise.
These are not the best possible choices for b,, since we may be able to eliminate a factor
of log @ if we choose the b;’s more cleverly. However, it will make little difference for

us, since we shall eventually have Q¢ anyway. Therefore, by Bessel’s inequality, the left

hand side of (5.3.4) is majorized by,

M+N M+N
max) | > ell@—2)f()])| D lanl”
@ In=M+1 n=M+1
M+N
Thus it suffices to bound Z Z e[(z — ') f(n)]| which we accomplish thus.
z' In=M+1
M+N
(5.3.6) S| Y eltw—a)rm)]
z' In=M+1
M+N
(5.3.7) = N+Y | Y ellz—a)f(n)]
rz#x! In=M+1
2 M+4N 2\
6538 < N+|Y 1] [ D] D el@-2)f(n)
T’ #x r#x [n=M+1
o 1 )
(5.3.9) < N+Q ;{ _N + lz:;mln (N, m)]

D=

(5:310) < N+QVN+Q Z Z min (N’Ha(;>

z#a’ 1<I<N v —a)l]
We have applied the Cauchy-Schwartz inequality to go from (5.3.8) to (5.3.9). To go
from (5.3.9) to (5.3.10), we employ Weyl-Hardy-Littlewood method, Lemma 2.4. Lastly,
the concavity of the square root function gives us (5.3.10). So far, all implied constants

are absolute, although we shall not be too concerned with them.
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It now remains to estimate the sum in (5.3.10). As in (5.3.10), we need to estimate,

!

with g € F(Q) fixed,

(G2
al——— |1
q9 q1

T EF@)
If we let d = ged(q1, q), then

a a1 _aq—aq _aq/d—aq/d

q9 ¢ qq qq1/d

Therefore, we easily see that any prime, p, dividing % has p ¢ % and p 1 a1 as
ged(a,q1) = ged(qi, g/d) = 1. Therefore, if p|g1/d, we must have p 1 (ag1/d — a1q/d).
By the same token, if p|q/d, then p t (ag1/d — qiq/d). In other words, when reduced
to lowest terms, the primes in g1 /d and ¢/d will survive the cancellation. Therefore,

. . . a ap .
when written in lowest terms, the denominator of — — ~L is bounded from below by
q9 q

max U ] .
M. Now suppose that a = —, a rational number in lowest terms. Then the
ged(q1,9) v
. . 1 ma
denominator of « (E — a_1> is no less than —w. Now let
¢ @ u ged(qi, )

6:Q—>N:%—>b,

with b > 0 and gcd(a,b) = 1. Hence, what we have now is

(5.3.11) s [a (g _ %)] > %Ign:;((;l,’;))'

We can now estimate the following.
ul ufa a
3 3o 2 (- 2]
a a |— v q Q1
are =t
N
(5.3.12) <), N—5 [2 (a - a_1>] +
v

> ﬁ > aE(E-2))e

azed v\~ @ (mod o[ % (5-54)])

where the first sum on the right-hand side of (5.3.12) comes from the I’s that are pos-

-1

sibly divisible by ¢ [E (2 — ﬂ)] while the second sum are the remaining terms.
v

q 4
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The second sum in (5.3.12) is disposed easily and is

«v Yoo [* (22|} < @2V os00) <N 050,
ol

We now concentrate on the first sum which is

SHIHCE

a¢011

max(q1,q) |
< ulN?
- Z [gcd (q1,9 ]

-nlp
“‘I
==

Q
— UNZZ |:ng q1, ):|
— max(q1,q)
Q
< uN? " ged(gi,q)
=1
Q q
< uN?= " ged(q1,q)
=1
< uN2Qte.

Obviously, all implied constants above depend on € only. Moreover, we have utilized
the following rather trivial estimate

> ged(a <Zd =Q) 1< Q"

a (mod Q) dQ Q

Combining everything, we see that we may take

A = N+Q>VNQ*/Nlog(2Qv) + Q3N
< VuQrTN + Q*\/Nlog(2Qu).

We have already proved the theorem at this point. Now let us assume that « is
an irrational number. Moreover, by the virtue of Dirichlet approximation, we take a

s .
rational number . in lowest terms, such that

o3l <50
T S morN

We then conclude that

a o sfa a1 l 1
al—-——)l—=-|-———=)Il| < —=

(q Q1) t(q Ch)‘ 4tQ2N

a_a|_ 1
4Q?

q9 Q1
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Note that we have § [; (g — 2)] < tQ?. Therefore, we comfortably have

q1
L E L
qg q t\g @

with an absolute implied constant.

Therefore, the sum of our interest is

< > f: min [N,

a2 =1
q:'éql

The last sum has been previous computed and is
< sN?Q' + Q°Nlog(2Qt),

where the implied constant here depends also on € alone. Therefore, we have proved

the theorem. O

We also wish to, though “it is most retrograde to our desire” ([29] Hamlet, I, ii, 114),
remark that our result of the section (5.3.5) is not always better than one of the trivial
bounds, (5.2.4). It is worse than the trivial bound if Q? < N? is much larger than N.
Therefore, we in fact have two contenting results and that gives us further reason to

believe that neither (5.3.5) nor (5.2.4) is the best possible.

5.4 Application of Double Large Sieve

The long and clumsy estimates of the previous section gives us unattractive results. In
this section, we apply the double large sieve, Lemma 5.2, used by Bombieri and Iwaniec

in the renowned [5] to obtain a better result.

We need not the full strength of the double large sieve. To avoid notational confu-

sion, we express the sum of our interest thusly.
2

M+N
(5.4.1) S DD ceelzf(9)]]
zeF(Q) ls=M+1
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where {c;} is an arbitrary sequence of complex numbers, and f(z) = az® + Bz + v,

with «, 8, v € R and a > 0.

In this section, we want to restrict our attention to the case where f(z) = « (m + %) 2.
There is no loss of generality as mentioned at the beginning of the chapter. Then (5.4.1)
is precisely, after opening up the modulus square,
Z Z Z cscelax(s —t)(s +t+ B/a)].
TEF(Q) 5t
Before stating and proving our contention of the section, we need the following

lemma concerning the difference of the difference of quadratic polynomials.

Lemma 5.3. Let S=[M +1,M + N|NZ, and € > 0 be given, g(z,y) = (z —y)(z +
y+s/t), and m, n € S with |g(m,n)| > 1. Also s, t € Z with t > 0 and gcd(a,b) = 1.

Let T denote the number of pairs of m', n' € S with

1
(5.4.2) lg(m,n) — g(m',n)| < 5
Then we have
(5.4.3) T < t[t(M + N) + |s]],

where the implied constant depends only on €.

Proof. First given a rational number ﬁ’ we have |g(m,n) — g(m',n")| < 1/2 if and only

b
if

(5.4.4) |(m —n)(bm + bn + a) — (m' —n")(bm’ + bn' + a)| < b/2.
Note now that the difference inside the absolute value sign is that of two integers. For
a fixed pair m, n € S, there are b+ 1 or less non-zero integers that are at most b/2 away

from (m —n)(bm+bn+a). Thus if m’, n’ satisfies (5.4.4), then (m' —n')(bm' +bn' +a)

is one of the afore-mentioned integers, id est

(m —n)(bm +bn+a)— g < (m' =) (bm' + bn' +a)

N o

< (m—n)(bm+bn+a)+
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Note that the cases g(m’,n') = 0 is already ruled out by some of the conditions of

the Lemma, id est |g(m,n)| > 1 and |g(m,n) — g(m’,n’)| < 1/2.

For each of such non-zero integers, say w, if k = (m' — n')(tm’ + tn’ + s), then
let u=m'—n' and v = tm’ + tn' + s. We have k = uv. Conversely, given uv = k
and tu + v — s = 2tm' and —tu +v — s = 2tn’ are solvable for m’ and n' in S,
then kK = (m' — n')(tm' + tn' + s). Thus we have proved that k is representable by
(m' —n')(tm' +tn' + s) with m', n’ € S if and only if there are u and v € Z such that

k = uv and

tut+v—s = 2tm
(5.4.5)
—tu+v—s = 2tn

! ! .
are solvable for m" and n' in S.

Therefore, given u|k, then v is determined as v = k/u and thus m’ and n' are
determined by the equations of (5.4.5). Hence of the number of ways to write k as
(m' —n/)(tm' +tn' + s5) with m’' and n' € S is <« 7(|k|) < |k|*. Of course, k can be
as large as 2Nt(M + N) + |s| + t/2. Therefore, the total number of pairs of m’ and
n' € S satisfying (5.4.4) is < t{tN(M + N) + |s|]* and we have completed the proof of

the lemma. O

Now we are ready to state and prove our contention for the section.

Theorem 5.2. Under the usual notations, and f(z) = az®+ Bz ++ with B/a = u/v €

Q. We have
M+N 2
> 1Y aelafn)
(5.4.6) zeF(Q) In=M+1
M+N
< (0 + (@ + QN + N) +ful) Y el
n=M+1

where the implied constant depends on € alone.

Proof. Using the notations of Lemma 5.2, we take

k=1, &=ax, §=g(st), X =20, Y =2MN + N2,
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am =1, Vm; b, = csCy,

1 1 X 2
e=—=—,90

X 22" XY+1 2@MN+N2)+1

With these notations, we have

2
4(6) = ZZA[4MN+2N +1a(x_$,)]

2
x gz

AMN +2N? +1
= Q2+ZZA[ 5 a(a:—a:')].
T z'#x

From the definition of A(s), we wee that 0 < A(z) < 1 and the terms in the above
double sum is non-zero if and only if

AMN +2N? +1
2

0<a (x — )

2
(4MN +2N? + 1)’

<1

— 0<z—2<
o

If I is an interval of length A, then as elements of F(Q) are at least Q2 apart, the

number of elements in F(Q)N1T is AQ?+1 or less. Therefore, for a fixed € F(Q), the
2 2
GMN12v2+1) " T a@MN 1 2N2 + 1)

number of z' € F(Q) in the interval [x -
is
2Q° Q?

1< —2
a(4MN +2N2 +1) tis a(2MN + N?)

< + 1.

Now we estimate A(J) almost trivially, as we may by the positivity of A(xz) and get that

4
A@) < Q@+ a(2MJC\2f ¥ N?)

It still remains to estimate B(e). By definition, we have
Be) = Y ) estiegcy AM{2alg(s,t) — g(s', )]}
st oot/
As before, the A function in the above sum is non-zero if and only if |g(s,t) — g(s, )| <
(2a)7!. Now Lemma 5.3 becomes useful. We need to estimate, given fixed s, t €
[M +1,M + N] how many pairs of s’ and ¢ there are in the same interval satisfies
l9(s,t) —g(s,t)| < (2a)~!. First, for m fixed, the number of n, m', n' with [g(m,n)| < 1
and |g(m,n) — g(m',n')| < (2a)~! is O(1). So we divide the conquer and get

2
B(e) < (Z |Cs|2> + Z Z CsCtCs/ CyY
s

st s
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where the first sum is contributed by the |g(s,?)| < 1 and |g(s,t) — g(s, )| < (2a)7!

)
and the inner sum of the second term of the above run only over the s’ and ¢ that
satisfy the appropriate conditions of Lemma 5.3. By parallelogram rule, the second
term of the above is majorized by
€D (el +fevenl’) =33 lestl” + 3 3 oeul?
st st s,t s/t s#£t s\t

After changing the order of summation of the second sum of the above and regrouping

like terms, we see that it is the same as the first sum. Consequently, the above is

00> ) " lese|?) which is

S,t S’,t’

< (a7 DM A+ N) + (s fesPle
s,t

2
< (a7t 4 DM + N) + |s]]" (Z |cs|2> :

S

Combining everything, we get that

B(e) < (@ L+ 1)t[t(M + N) + |s|]” <Z|Cs|2>

where the implied constant depends on 7 alone.

Now by the virtue of Lemma 5.2 and take square roots of both sides, we arrive at
2

M+N
Z Z cse(zas?)
(547) T€EF(Q) ls=M+1

< (a7 D)(Q+ QNIHM + N) + [s]]" Y |es|,

S

where the implied constant depends on 7 only. O

The above theorem may be extended to the case §/a € R by approximating S/«
with a rational number and the proof works almost exactly the same. More precisely,

we have

Proposition 5.2. The result of Theorem 5.2 still hold if the condition g € Q is replaced
by A € R and there ezists — € Q with ged(u,v) =1 and
e v

< 1
4yN’

(5.4.8)
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Proof. The proof goes precisely the same as that of Theorem 5.2. O

5.5 Double Large Sieve with Duality

Our proof of the previous section depends on the fact that the number of divisors of a
non-zero integer is smaller. However, we lose such luxury if we go to the general case
in which S/« is a general real number. We want to investigate that case further in
this section. Toward that end, we evoke the duality principle, Lemma 2.2, and apply
Lemma 5.2 to the dual sum of the sum of our interest. This has the advantage that
we need not to worry about that difference of the difference of quadratic polynomials,
but rather the difference of differences of Farey fractions which, in the author humble

opinion, is easier to handle.

Toward that end, we must estimate the following.

M+N

(5.5.1) Z Z cze[ax(n + B/(20))?]
n=M+1 |zeF(Q)
M+N

(5.5.2) = Z Z Z cilpela(z —2')(n + B/ (2a))?].

n=M+1 = g’
As “brevity is the soul of wit,” ([29], Hamlet) we shall be brief, as much of the estimates

go parallel with those of the previous section. We have

20 (M+N+£)+1
A@) =D ) catwyey A 5 [(z —2") = (y = 9]

, '
Z,T Yy

As before, the A function gives non-zero values only if

20 (M+N+4£)+1
0<

(5:53) . o)~ (- /)| <1
(5.5.4) — 0<|[z—2")-(y—y)]l< [a (M—I—N—l—%)]_ .

So given z, ', y € F(Q), there are

/8 -2
< Q? [a(M—I-N—I—%)]



61

y' € F(Q) that satisfies (5.5.4). Therefore, the number of pairs y and 3 € F(Q)

3 -2
<<Q2[a<M+N+%)] .

With the same argument as used in the previous section, we have.

satisfying (5.5.4) are

A(d) < Q' 5+ 1 <Z|cm|2> .

(M +N+ %) z
We still have
B(e) =Y > AR2a(n —m)(m+n+ B/a)]
= N+> ) ARa(n—m)(m+n+p/a)].

n m#n

We need to estimate the number of pairs m and n with m # n that satisfy
1
0 < [(m—n)(m+n+pB/a)] < o,

which is easily seen to be O(1 + ail). Now upon combining everything and taking the

square root, we have the following.

Theorem 5.3. Under the usual notations of this chapter, we have

2

M+N
Y1 D0 anelaf(n)]
(5.5.5) TEF(Q) In=M+1
e M+N
<KVNI+a D)@ +N) > aal™
n=M+1
where the implied constant is absolute.
Proof. This is already proved before the statement of the theorem. O

5.6 Notes

With the counter example given in Section 5.1, the author suspects the result with
A = Q%>+ QN is essentially the best possible. The author also believes that some of the
methods used in the chapter may be used to deal with large sieve inequality of higher

power frequencies, especially what is used in Section 5.4. Furthermore, we have only
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been restricting our attention to Farey fraction. However, the result of double large

sieve should enable us to consider any set of well-spaced real numbers.

As mentioned in Section 5.1, we cannot possibly attain a result that is analogous
to the classical inequalities. We can see from the counter example given in Section 5.1,
that the last term in the summation over g is enough to break the bound of Q% + N.

Hence attempting such a feat will only be met by defeat.
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Chapter 6

Cancellations of Hecke Eigenvalues at Primes

6.1 History and Introduction

In this chapter, we are interested in estimating an exponential sum over primes with
square root amplitude twisted with Hecke eigenvalues. More precisely, we want to have
an estimate for the following sum
(6.1.1) > Ap)e(a/p).

p<N
It is elementary to see, by partial summation that estimation of (6.1.1) is equivalent to
estimate

(6.1.2) S(N) =Y Mn)A(n)e(av/n).

n<N
Here and throughout the chapter, A\(n) are the normalized Fourier coefficients of a cusp
form f(z) of weight £ > 12 for the full modular group I' = SLs(Z), and f(z) is an

eigenform of all the Hecke operators. Id est,

a b
%3) for all el
czZ c d

F(2) = (cz - )™ f (

and T,,f = A(n)f for all n > 1, where T, is the n-th Hecke operator. These Hecke

eigenvalues, A(n)’s, agree with the coefficients in the Fourier series expansion of f(z)

A(n), as usual, denotes the von Mangoldt function and « is a non-zero real number. It
is well-known that up to some normalization factors, the Fourier coefficients A(n) and

the Hecke eigenvalue are the same. References on the subject are abundant. Among
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my favorites are [19] and [30].

Estimation of S(IV) is interesting from two points of view. First, the sum
Z A(n)e(av/n)
n<N
has been an object of interest ever since the method of I. M. Vinogradov was first

developed and it was Vinogradov himself [36] who showed the afore-mentioned sum is

O(N %"'6) with the implied constant depending on « and e.

Second, the size and oscillations of the Hecke eigenvalues themselves are object of

great interest. First, one can prove that
(6.1.3) > AP < N,

n<N
with the implied constant depending on the form f(z). Moreover, the above estimate
is actually the best possible, as by Rankin-Selberg method, one can achieve a more
precise asymptotic
(6.1.4) > " IA()]? ~ eN,

n<N

as N tends to oo and c here is a positive constant that depends on f(z).

The above results concerned the size of the Hecke eigenvalues are but average results
regarding what is known as the Ramanujan conjecture which says that what is true on
average in (6.1.3) and (6.1.4) is also true for the individual terms in the sums. More

precisely, we have the following.

Theorem 6.1 (Ramanujan Conjecture). With \(n) denoting the n-th Hecke eigen-

value of a cusp form, f(z), for the full modular group, we have
(6.1.5) IA(n)| < 7(n) K nf,

where T(n) is the divisor function.



65

Proof. This famous result was of course, proved by P. Deligne in 1971, and this result

we shall appeal to in later sections. O

Regarding the sign changes of the Hecke eigenvalues, it was due to Hardy and
Ramanujan, and Good [13], respectively that
1 1
Y An)e(an) < N2 log(2N), and > A(n) < N3,
n<N n<N
Moreover, there have also been €2 results concerning the sum of the prime-th eigenvalues
of Hecke operators, due to M. R. Murty [27]. He conjectured that

VN logloglog N
log N )

D Ap) =90

p<N

1
and succeeded in proving it provided some L-function has no real zero between 2 and
1. Also, S. D. Adhikari [1] proved essentially the same result for cusp forms for the

group I'g(N).

The method that we employ in estimating S(N) was first developed by Vinogradov,
[36]. As one familiar with the method knows, the best possible results that technology

can be proved would be
(6.1.6) S(N) « N®t¢

with © = 3/4. However, if one is to believe the so-called “principle of square-rooting,”

then one may also be led to believe that
S(N) < N2te

should hold. However, Iwaniec, Luo and Sarnak in [20], after assuming the truth of
some hypotheses whose strength supersede even that of the Riemann hypothesis, gave
surprising heuristics that © = % is where truth actually lies. What they were able to
show, more precisely, was that under the assumption of the afore-mentioned hypotheses,

we have

(6.1.7) S(N) = ZNi + O(Ns+9),
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where Z is some constant, non-zero of course, that depends on the cusp form. In this

chapter, we shall show the following.

Theorem 6.2. With S(N) defined as in (6.1.2), we have
(6.1.8) S(N) < N8 [log(3N)]%,

where the implied constant depends on « in the definition of S(N) and the cusp form
f(2).

Proof. S(N) will be decomposed and each component will be estimated individually in

the following sections. O

6.2 Preliminaries

In this section, we quote all the results that we shall need in this chapter. First, we

shall certainly also make good use of the multiplicity of Hecke eigenvalues.

Lemma 6.1. Hecke eigenvalues are multiplicative, id est, A(mn) = A(m)A(n) if gcd(m,n) =
1. More generally, they satisfy the following relation.
m n
6.2.1 - (2)A (%)
(6:2.1) Amn) = > (A (=) A ( 5
d| ged(m,n)
Proof. This Lemma, follows easily by applying the Mo6bius inversion formula to the

product formula for the Hecke eigenvalues. O

In our proof, we shall utilize the method of van der Corput for exponential sums.

More precisely, we have the following series of lemmas.

Lemma 6.2 (Truncated Poisson Summation Formula). Let f(z) be a real func-
tion with continuous and steadily decreasing derivative f'(x) in (a,b), and let f'(b) = «
and f'(b) = B. Then we have
b
(6.2.2) S fm= Y / e[f(z) — valdz + Oflog(8 — a + 2)],
a<n<b a—n<v<f4n "¢

where 1 is any positive constant less than 1.
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Proof. Without loss of generality, we assume that n — 1 < a < 7, so that v > 0. Such

is true as we can also take k£ and integer such that n — 1 < o — k < n and

Then the formula we shall desire to prove is

S ehml= Y / — B)z)dz + Ollog(8' — o + 2)],

a<n<b a—n<v—k<pf+n

where o/ = a — k and 8 = B — k, id est the same formula for h(z).

By partial integration, one easily arrives at

b b
623) Y elf(n)] = / elf ()|dz + 2ri / <w—[x] _ %) F(@)elf (@))dz + O(1).

a<n<b

We now insert the Fourier series for z — [z] — R If ¢ ¢ Z, we have

1 1 X sin(2vnz)
op-j--iE e

Since the above series converges boundedly, we may swap the integration and summa-

tion and the second term in (6.2.3) becomes

—212/ sin(2vma) e[f z)dz = Z / —vz) — e(vr)]e[f (z)]f'(z)dz.

The integral in the above expression is

(6.2.4) / SOl () — val} - 5 Z/ s delf (@) + val

f'(=)
f'(@) +v

Therefore, the contribution of these terms are

Since is steadily decreasingly, the second term is term in the above is O (

=)
B+v)

<<Z ﬂ+ <<Z +Z—<<logﬁ+2)

v>p

Similarly, the first term is (6.2.4) is O (iﬁ) if v > B 4+ n, and the contribution of
14

these terms is

<) /3) > V16+2%<<1og(ﬁ+2)+1.

u>ﬂ+n B+n<v<2p v>2f
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Lastly, for the remaining terms, we have

ﬂzﬁ; > " olf (@) — valf (a)da = ﬂE:J {W}b +iZ:/fe[f (o) velde

The first term in the above expression is easily seen to be O [log(5 + 2)]. Hence we have

our desired result. O

A special case of the above Lemma 6.2 yields the following.

Lemma 6.3. Let f(z) be a real-valued function with |f'(z)] <1 —0 and f"(z) #0 on
[a,b]. We have

b
(6.2.5) S elf(n) = / e[f (a)]dz + 0(07Y),

a<n<b a

where the implied constant is absolute.

Proof. As mentioned before, this is but a special case of Lemma 6.2. Indeed, if the
conditions of this lemma are satisfied, the sum on the right-hand side of (6.2.2) has

only on term and the lemma follows. O

Next we have these estimates for exponential integrals.

Lemma 6.4. Let r(z) and 6(z) be real-valued functions on [a,b] such that r(z) and
/

(z
r(z)

0'(x) are continuous. Suppose that

are positive and monotonically increasing on

/
this interval. If 0 < A\ < 0'(a) then
r(a)

1
2. < —.
(6:26) <

AL

b
/a r(2)e0(z)]dz

Proof. We may write the integral of our interest as a Riemann-Stieltjes integral thus,

1 b

and partial integration gives that it is

Applying the triangle inequality, we get
d [;(éc))] ‘ '

<o [;",((Z)) * g'((?)] *or /ab

r(x)
Fdelota))

b
/ r(2)e[0(z)]ds




69

r(z)
0'(x)
the integrand and the integral is
0'(a)

r(a)’

We shall also need a result known as stationary phase which is from the method of

Since is monotonically decreasing, the absolute value sign may be brought out of

r(a)  r(b)

0'(a)  0'(b)

. Now our desired result follows from the

bound 0 < \; < O

van der Corput. We arrive at stationary phase through the following lemma.

Lemma 6.5. Let h(z) be a real function with two continuous derivatives on [0, X| such
that

1

(6.2.7) hO) =1, h(z) > 1, [sh(z)] > 1, }(z) < - .

X and b (z) <€

Then for o > 0, we have

(6.2.8) /OX elaz?’h(z)]|dz = %e (é) +0 <O%X> ,

where the implied constant in the above expression depends on the implied constants in

(6.2.7).

Proof. We write h(z) = g?(z). g(x) satisfies the same condition in (6.2.7) as h(z).

Making a change of variable and set t = z%g?(x), we have
X T T
/ e[az?h(z)]dz :/ e(at)d\/f—/ e(at) f(x)dt,
0 0 0

!
-1
where T' = X2¢?(X) and f(z) = M Using the conditions in (6.2.7) for g(z
o) and [) = 5 g U (6:2.7) for g(x)
and the Taylor expansion of g(z) = 1+ zg¢'(0) + O (%) and ¢'(z) = ¢'(0)+ O (%),

we can get the following bounds for f(x):

flz) < 1 and f'(z) <

X X2

Applying partial integration, we have

T 1 T
/0 e(at)f(z)dt — /0 F(z)de(at)

2mia

2mia

_ 1 [e(aT)f(X)— £(0) — /0 e(at) f'(z)d ()

aX oy et
1

<< a—X.
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Note that z'(¢) is positive. Now by Dirichlet evaluation, we know that

/Ooo e(at)dvt = %e (é)

which gives the main term of our formula and we again estimate the excess via partial

integration thus

/oo e(at)dvi = — [_e(aT) —/oo e(at)dt—%]

T 2T VT T
1
<< -
aVT
1
< aX’

because of the definition of T' and the lower bound for g(z). Combining everything, we

get our desired result. O

Lemma 6.6 (Stationary Phase). Let f(z) be a real valued function with four con-

tinuous derivatives on [a,b] such that
(6:2.9) (@) 2 A, |f"(2)] S AXTY, and |f0 (@) < AXT?,

for some A > 0 and X > 0. Also suppose f'(c) = 0 at some point ¢ € (a,b). Then we

1o 1
b—c c—a X)/|’

have

1 1

(6.2.10) /abe[f(a:)]dx =e [f(c) + g] f'le)"24+0 [%

where the implied constant is absolute.
Proof. Making two changes of variables, we split our integral as follows.
b b—c c—a
/ elf (2)]ds = / elf (c + 2)]dz + / elf (c — 2)]dz.
a 0 0

1
We use the Taylor expansion of f(c+x) = f(c) + az?h(z), where o = §f"(c) and h(z)

is a function that satisfies the following conditions which follow from (6.2.9).

2
ho)>1— -2 h@)] >1- 2% _

e ! i " L
> 23X [ > 5X T 2% h(z) € =, and h'(z) <€ ek

X 2
Now the conditions of Lemma 6.5 are satisfied for 0 <z <Y = min(b — ¢, X), and we

have

/OYe[f(c—I—:c)]dm e [f(c) + é] m L0 (%) .
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The remaining part of the integral is easily disposed with partial integration and we

have

J R - {dfO]_dllexrd_ [ " el (et o) oo |

. omi L f0) flery) v Flc+a)
1 1
< e o)
1

Combining what we have thus far, we arrive at

/Cbe[f(:v)]dw —e [f(c) + é] m L0 H (ﬁ 4 %)] .

The integral over [a, c] is estimated completely analogously and leads to a similar result.
Of course, combining the estimates for the two integrals will gives us the result of the

lemma. O

We shall also need the following Perron-type formula which is used to approximate

Dirichlet polynomials.

Lemma 6.7 (Perron’s Formula). Let f(s) be defined by the Dirichlet series

o

f(s) = Z Z—Z, for s > 1.

n=1
where a, K 1(n) for some non-decreasing function ¥(n), and
o
a 1
el
—n o

as o tends to 1. Then if c >0, o +c¢ > 1, z not an integer, we have

an 1 et ¥ P(N)zt

9n _ = Y4 PR
T Y S B
o 0 x° +¢(c)x1_" logz|
T(o+c—1)> T ’

and if ¢ € N, then

z—1 iT

a, Qg 1 cte ¥ z¢
On - —dw+0 |7
ns  2x5 2 J._r flstw) w + T(oc+c—1)2

Y(2z)zt % logz  Y(x)z~C
o |zl et | W T

(6.2.12) n=1
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Proof. Suppose that x is not an integer. If n < z, then Cauchy integral formula gives

/'c—iT z\w dw c+iT z\w dw —oo+1iT z\w dw .
(&)t [ ()" [ () 2
n w c—iT T w c+iT n w

—oo—iT

that

Applying integration by parts for the last integral, we have
/c+iT (x)w dw (m>w 1 et . 1 /c—l—iT ($>w dw
ootdT \T w n/ wlog (%) ot log (%) —oogiT \N/ w?
< (w ) ¢ 1 4 (:c ) c 1 / ©  du
n/ Tlog (%) n/ log (%) J_o u? +T?

< () rmm
n/ Tlog (%) )

The similar estimation also applies for the integral over (—oo — iT, ¢ — ¢T). Therefore,

we have
1 c+iT w d 1
1 (2) % _1ho0|(2) L
2 Joir \M w n/ Tlog (%)

If n > x, we have the similar argument with —oo replaced by +oo, and we have no

residue term. Therefore, we obtain a formula as the above without the main term. Now
we multiply everything by a,n™° and sum over all n, we have
C

iy = |an|
T 2 e log (2)] |

n—=

1 a ¥ an
— f(s—l—w);dwzzﬁ—i-O

2mi Je—ir n<z

It n ¢ [gZx] then ‘log (%)

the sum are

is minorized by an absolute constant, and these parts of

o lan| 1
n
<<nz_:1na+c < (c+c—1)
If N <n<2z, let n =N +r. We have

n N+r Ar  Ar
g () 1o (W) N

The contribution of this part of the sum is

1
<L P(2z)xto¢ Z — < YP(2z)xt "7 log z.
1<r<z "

We argue similarly for the contribution of the terms with g < n < N. Finally, we have

lan| $(N) P(N)z' ¢
Neweflog (7)) Neielog (142555 <l - ]
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Combining everything we have thus far, we arrive at (6.2.11). Toward the end of proving

(6.2.12), everything is the same except we have the estimate

Qg /C”T dw ag 1 c+1iT a; |. L0 1
— = o = i =
izt Jo_ip w | 2mizs o\e—diT) " 2miz’ T)|

from which we may infer (6.2.12). O

Finally, we shall need an integral form of the large sieve inequality which will help

us in the estimation of the mean values of Dirichlet polynomials.

Theorem 6.3 (Large Sieve Inequality). Suppose that \1,--- An are distinct real

numbers, and supposed that 6 > 0 is chosen so that
(6.2.13) [Am — An| >0
whenever m # n. Then for any complex coefficients a,, and any T > 0, we have

| N 2 0N X
(6.2.14) / > ane(Ant)| dt = (T + 5) > lanl?
0 n=1 n=1

for some § with —1 <0 < 1.

Proof. We shall not need the full strength of (6.3) and replacing the equal sign in (6.3)
by < should suffice for our enterprise. This is quoted from [26] which arrive after using

the Selberg majorant and minorant functions for indicator functions. O

As mentioned before, we shall use the above theorem toward the end of estimating
the mean value of Dirichlet polynomials. Hence our A, is a logn with n in some interval
[1,L] and « some real number. Hence if m,n € [1,L] and m > n with m =n + 1, we

have

l l
(6.2.15) [Am — An| = a(log(n +1) —logn) = « [log (%) —log 1] =a—,

. n+1 . . .
with some ¢ € [1, i] by the virtue of mean value theorem in differential calculus.
n

n
¢! is clearly at least ——. Hence we have
n+1

al

(0%
2. — > — 2> —
(6:2.16) A=l 2 5 2 o
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if m,n € [1,L] and m # n and X\, = alogn. Thus we have verified that Theorem 6.3
is applicable for Dirichlet polynomials with § = %. In fact, we have the asymptotic

formula

T| N )
(6.2.17) / D ann "
0 n=1

where the implied constant is absolute.

2

N
=[T+O(N)]Y_ lanl?,

6.3 Partition of the von Mangoldt Function

We begin with the following identity.

Lemma 6.8 (Vaughan). Suppose y > 2 is a real positive number, then if n >y, we

have
(6.3.1) An) =Y u®)loga— Y u®)Al) + Y u(b)A().
= e ey
Proof. This is the well-known identity in [33]. O

We shall decompose the second sum of the right-hand side of (6.3.1) further. Take
N < n < 2N in dyadic intervals, y = N3 and 2 = V2N, we have

(6.3.2) > u®AQ = Y u®AC) + D ub)Ae).
<y <y o<y
a>z y<a<lz

The partition according to the dichotomy of either a > z or a < z is obvious.
Moreover, the extra condition in the second term of the right-hand side of (6.3.2) that
y > a is also obvious as

baCSy:bC§y2:N§>

together with abc =n < 2N, we have a > Ns = 1.

The third sum of the right-hand side of (6.3.1) is similarly decomposed further. We

have

(633 > uA@ = 3 wA@ + Y nB)AE)
abc=n abc=n abc=n
b,c>y >y b>z

y<b<z y<c<z
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Again, the dichotomy of b < z or b > z in the right-hand side of (6.3.3) is obvious.
Furthermore, the extra condition in the second sum of the right-hand side of (6.3.3) is

apparent as
abc=n<2Nandb>z2=vV2N — ac< V2N =z—= c< z.

Therefore, combining Lemma 6.3.1 and (6.3.2) and (6.3.3), we have the following

lemma.

Lemma 6.9. For N<n<2N,n>y= N3 and z = V2N, we have
(6.3.4) A(n) = A1(n) + Ao(n) + As(n) + Ayg(n) + As(n),

where

Ar(n) = D p(b)loga,

ab=n
b<y

Aop(n) == ) p(b)A(e),

abc=n
b,c<y
a>z

As(n) =~ ) pd)A(),

abc=n
b,c<y
y<a<z

As(n) = D u(d)Alc), and
abc=n
c>y
y<b<z

As(n) = D p(0)A®).

abc=n
b>z
y<c<z

Proof. This is already proved before the statement of the lemma. O

Thus the sum of our interest in (6.1.2) is decomposed and it suffices to estimate

each component. We have

(6:35) | D A()A(n)e(avn)| < [S1(N)|+|S2(N)| +|S3(N)|+|Ss(N)|+ S5 (N)]

N<n<2N

where

= Y Aim)A(n)e(avn)

N<n<2N
with the A;(n)’s defined as in Lemma 6.9. We shall estimate the size of each of the

Si(N)’s individually.
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6.4 Bilinear Forms Treatment

The last three sums of (6.3.5) are similar and can be treated using the technique of

bilinear forms. Toward that end, it suffices to estimate sums of the following form.
D Bm)| > vBglim)|,
m y<l<z

where g(n) is an arithmetic function whose support is a subset of [N,2N], and 3(n)
and ~y(n) are arithmetic functions. Of course, we shall take g(n) = A(n)e(ay/n) for
n € [N,2N] and g(n) = 0 otherwise. Therefore, inserting this information into the
above expression and break the summation over m into dyadic intervals, and it suffices

to estimate
(6.4.1) Yoo Bm)| Y. AOAIm)e(aVim)|,

with N2 < M < N3, N3 <L < N? and ML = N.

We now apply the multiplicity of Hecke eigenvalues, Lemma 6.1, and (6.4.1) becomes

the following.

> Bm) A () D sHA@e(estm)

M<m<2M slm Lpc2n
m
< 3 ﬂ(m)Z‘)\(;)‘ 3 (st)AE)e(av/stm)|.
M<m<2M slm %<t§%

We divide the range of summation of the inner-most sum of the above even further

and estimate sums of the following kind.

m
(6.4.2) 3 osmY ‘/\ (;)‘ 3 AstAWe(a/stm))|
M<m<2M s|m L o4 Ltlo
where Ly < L will be chosen later. We note that the number of sums like the above is

L
(0] [L_ (log N )2] We apply the Cauchy-Schwartz inequality, we see that the square of
0
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the sum in (6.4.2) is majorized by

(6.4.3) )

( Z T(m)4|ﬂ(m)|2) Z Z Z v(st)A(st)e(asvtm)

M<m<2M SSQM %<ms% %<ts L‘:LO

There is no cancellation in the sum of the first factor of (6.4.3). We open up the
complex modulus square in the second factor and swap the order of summation. We

see that the afore-mentioned sum is majorized by

(6.4.4) YYD AstAIAHA(st) D elas(VE— VE)ym.

S<2M Loy pr< Ltlo <m<Zt

The contribution of the diagonal terms in (6.4.4), id est the terms with ¢t = ¢/, is

<MD s DT r(stA(st) .

s<2M Ly Ptk

For the terms with ¢ # t/, we note that if f(m) = as(vt — V), then

£(m) = as(vt — V') _ as(t —t') < ay/sLy
Wi aymitVE) - 2N

Therefore, by choosing Ly = and recalling that Ly < L < VN, we can ensure

7L
dan/s
that f'(m) < 3 for all m’s of interest. then the modulus of the inner-most sum of
(6.4.4) is well-approximated by that of its corresponding integral in a special case of

the Truncated Poisson Summation formula. For the modulus of the inner-most sum in

question, we have the following

2M

_ /MT e [as(vE - VI)va| ds + 0(1)
S Vi

< Y 41,

5% (Vi — V)
where the implied constant in the last < depends on « and the last inequality comes
from Lemma 6.4. Now we observe that 5(m) is
(6.4.5) > u(b)A(e), D A(c) and > pu(b)
clm

bc=m blm
b,c<y c>y b>z
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for S3(N), S4(N) and S5(NN) respectively. The moduli of the first and second sum
in (6.4.5) are majorized by log2m while that of the third is majorized by the divisor

function 7(m). In all three cases, we have, by Lemma 1.3,

(6.4.6) Yoo fm)Bm)PP < Y (m) < M(log3M)%,
M<m<2M M<m<2M

with implied constant absolute, by the virtue of Lemma 1.4.

Similarly, we have (1) is 1, u(l) and A(l) for S3(N), Si(N) and S5(N) respectively.

Again, in all three cases, we have
(6.4.7) I (1)] < log(30).

Consequently, the modulus of the sum in (6.4.4) is bounded from above by

< M7[log3MI® 3 st 3T A(st))?

s<2M £<t5 L+Lg
(6.4.8) /M
+ M[log(3M)]% > 573 S [7, +1].
s<2M Loy p<Etlo Vi = V|

£t

We shall need the majorant for the Hecke eigenvalues given by the Ramanujan
conjecture, Theorem 6.1, id est
A(n) € 7(n).
Inserting this bound into (6.4.8), we see that it is bounded above by

< [M2L+ MPLE 4 ML?| (log 3M)™

1 1 1
< N2 |:Z+W+M:| (10g3M)66.
2

Now recall that N2 < M < N3, N3 < L, < N? and ML = N. We see that the
contribution of the diagonal term will dominate over the others. We have the following
lemma, after taking the square root and then add up the sums over all the dyadic

intervals.

Lemma 6.10. With S;(N) defined as before, we have
[S3(N)| + [S4(N)] + |S5(N)| < N¢ (log 3N)™,

where the implied constant depends on « and the cusp form f(z).
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Proof. This is just proved. O

6.5 Type I Sums

It still remains to estimate the other terms in (6.3.5). Since the terms that are yet to be
estimated in (6.3.5) are all similar, we again disposed of them simultaneously. Toward
that end, we must resort to large sieve inequalities, Theorem 6.3 and the mean value
theorem for automorphic L-functions which can be obtained by similar means as the

mean value theorems for the Zeta-fiction of Riemann.

t t
We take f(t) = 2—log (5) It is clear that f(¢) satisfies the conditions of
s
Lemma 6.6 with A = (2a7)"! and ¢ = z. Therefore, by the virtue of the afore-

mentioned lemma, we have

(6.5.1) /T4Te[f(t)]dt:e (;—:Jr é) Varz 40 [T (4T1_$ + wiT + %)] ,

where T' will of course be chosen later appropriately in terms of N and toward the end

of making the error term in (6.5.1) O(1). From (6.5.1), we have

(6.5.2) e (—%) \/%/:Te[f(t)]dt: ’ (;—D +0 [:v_ (4TT_x 4 xfT + 1)] .

We now take z = 2may/n, with N < n < 2N; also we take T' = maV'N. Note that

N[ =

2T < z < 3T. Now (6.5.2) yields

(6.5.3) e(—a/n) = e (—é) (2my/a) i /T 4Te[f(t)]dt +0 (N—%) .

We dispose of S1(N) with the following Lemma.

Lemma 6.11. With S1(N) defined as before and for any € > 0 given, we have
Si1(N) < N3¥e,
where the implied constant depends on «, the cusp form f(z) and €.

Proof. Recall that
SiN)= Y Ai(n)A(n)e(av/n).

N<n<2N
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We insert (6.5.3) into the conjugate of Sl(N), we have

Sy (N) = e (__> (@2mva) Z A (m)A(m)n (W)itdt

+0 [Nz (log 2N)4] .

(6.5.4)

After applying partial summation to the sum inside the integrand of (6.5.4), it suffices,
toward the end of majorizing the modulus of S;1(N), to estimate, for N < M < 2N,

the size of the following.

AT )
(6.5.5) N / S M) Am)n |t
T IN<n<Mm
| T .
(6.5.6) = SN /T > Y u(b) logai(ab)(ab)~*|dt.
T N<n<Mabb<;L

If we applying the multiplicity of Hecke eigenvalues and swap the order of summation
of the integrand of (6.5.6), we must estimate the size of the following.
p(d) = Al p(ld) A(h)(log h + log d)
(65.7) > Z

J2it Jit hit
d<y < Do <h<

—1d2
Therefore, in the light of (6.5.7), the Dirichlet series that is under our consideration is

that of

(togdL(s, ) — L'(s, ) 3 DX,

1<y
where L(s, f) is the L-function for the cusp form f(z). We first consider the sum
with L'(s, f) and the sum with L(s, f) is treated in the same way and yields the same

majorant. By the virtue of Perron’s formula, Lemma 6.7, we have

(6.5.8)
5 p(ld)A(D) A(h)log h
[it hit
1<y b <h< M
-1 o+iV u(ld))\(l) MV — Nw N1te
= L'(w+i .
21 Jo_iv (w t Zt’f) Z Jwtit d2w dw + O ( vV ) ?

1
where, in the notations of Lemma 6.7, we take 0 = 14+ —— e N 5= it and ¢ (z) < z€ can
0g

be chosen. We shall choose V later according to need. If we insert (6.5.8) into (6.5.7),
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and the part corresponding to L'(s, f) is

+10;N+W p(ld)A(l) \ MY — N
E Z d2zt  L(w+it, f) > Jwtit Py GV
(6.5.9) gy —iV i<t
N1+6
0 .
o (%)
- . . . . 1
As in Figure 6.1, we now move the line of integration from the line ®s =1+ oa N
0g

1
to the line Rs = 5 We see that (6.5.9) is well-approximated by

—|—1V w w
p(ld)A(l) | M¥ — N
27 Z d2zt Ly L'w+it, ) | Y lw—Ht g O

(6.5.10) <Y
+0 (%\/Ny%*) ,

where the error term in (6.5.10) comes from bounds by convexity of L'(s, f) on hori-

zontal lines, and trivial bounds over the other factors.

We now insert everything into (6.5.6), apply Holder’s inequality and choose V =
T = maV'N. We get that $;(N) is majorized

(6.5.11)

e rTMIAL

 Nate,

=

1
2
p(ld)X dw
+Zt f) ] / Z +zt 1+ 2|w|

4 l<-1!

We apply the large sieve inequality, Theorem 6.3, for the second inner integral and it is

<9

We utilize the mean value theorem for automorphic L-functions for the first inner
integral. The mean value theorems for automorphic L-fictions can be obtained using
similar means as the analogous result for the Riemann Zeta function. We see that the

afore-mentioned integral is

<< T1+6.



82

Figure 6.1: Contour of Integration under Consideration

1V

2 + log N

-1V
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Recall that T = 7aV/N and y = N3. The contribution in (6.5.7) of L(s, f) is treated
precisely the same way as the treatment of L'(s, f). Insert those bounds, we have the

result of the lemma. O

We still need estimate the size of So(NN). We dispose of that task with the following

lemma, which is proved via similar means as Lemma 6.11.

Lemma 6.12. With Sy(N) defined as before and for e > 0 given, we have
52 (N) < N%+€a
where the implied constant depends on «, the cusp form f(z) and e.

Proof. Recall that Ag(n) = — Z u(b)A(c). We decompose this component of the

be<y, >z
von Mongoldt function even further. Define a type of truncated Mdébius convolution
thus

bc=d
b,c<y

It is obvious, from the definition of v(d) that we have the following inequality.
(6.5.12) [v(d)| < log2d.

Now we can decompose Aa(n) as follows.

ad=n ad=n
z>d a,d<z

Therefore, we have also correspondingly decomposed So(N) further and we have the

following inequality.

[S2(N)[ <) Do > vl Je(aV/ad)

N<n<2N ad=n
z>d

(6.5.13)

+ZZ Je(aVad)|.

N<n<2N ad=n
a,d<z

For convenience, we shall call the first sum in (6.5.13) S2; (NN) and the second So2(N).

If we insert (6.5.3) into the definition of Ss1(/N) and apply partial summation to the
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integrand. We arrive at an expression that is similar to (6.5.13) and it suffices to

estimate, for N < M < 2N, the following.

T
_1 —it §_|_
(6.5.14) N /T S Y u(d)r(ad)(ad) | di + N
T N<n§Mazd>:C?

We now apply the multiplicity of Hecke eigenvalues, Lemma 6.1, and the integrand on

the right-hand side of (6.5.14) becomes

(6.5.15) 3 ’222?3 3y (i) D) Ak).

m<z l<% _N2_<k§EMTl

Similarly, to estimate the modulus of Sao(N), it suffices to estimate the following sum.

(6.5.16) N-i /T ' ST Y (uxA) (d)A(ad)(ad) *|dt + N,

4 |N<n<M ad=n
a,d<z

After applying the multiplicity of Hecke eigenvalues, Lemma 6.1, we arrive at something

that is complete analogous to (6.5.14). The integrand of (6.5.16) becomes

(6.5.17) 3 l:r(;t) > u(mZ)’\lEi) > ’\lss).

m<z <z N _p< M

Note that the only difference between (6.5.15) and (6.5.17) is the additional restriction
on the range of summation of the inner-most sum of (6.5.17).

Now our proof of the lemma will go exactly the same was in that of Lemma 6.11. We
first insert Perron’s formula, Lemma, 6.7, into (6.5.15) and (6.5.17), and then move the
lines of integration to the critical line and then applying the large sieve inequalities and
mean value theorems of automorphic L-functions. Combining everything, we have our

desired result of the lemma. O

Combining all the lemmas of the previous two sections and sum up all the dyadic
intervals, we have proved Theorem 6.2. Note that we were not concerned with the
powers of logarithms that appear in the estimates of S1(N) and S3(N), but instead

wrote only N€ in both cases, because neither is the dominating term in the final result.
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6.6 Notes

In I. M. Vinogradov’s original work of estimating the exponential sum over primes

3 e(avp),

PN

11
he used the exponent pair (5, 5) in the treatment of the bilinear forms. That led to

the majorant of N %, essentially, rather than the N ¢ that we have here.

Moreover, instead of what we have done in the previous section, we could have also
applied the result of M. Jutila, Theorem 6.4 for the so-called Type I sums. We quote

the his result as the following.

Theorem 6.4 (Jutila). Let 2 < M < M' < 2M, and let f be a holomorphic function
in the domain

D = {z||z — z| < ¢cM for somez € [M, M']},

where ¢ is a positive constant. Suppose that f(x) is real for M < z < M', and that
either

f(z) = B (14 O(F74)) forz €D
where B #£ 0, 1 is a fized real number, and
F = |B|MP,

or

f(z) = Blogz (1 —I—O(Ffé)) forz € D,

where

F =|B|.
Let g be continuously differentiable function on [M, M'] and for z € [M, M'], we have
9(z)| < G, and |¢'(z)| < G".

Suppose also that
Mi < F < M3.
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Then we have
Y b(m)g(m)elf(m)]| < (G + MG)WMF3+e,
M<m<M’
where b(m) is may be taken to be either the divisor function T7(m) or the normalized

Fourier coefficients of cusp forms A(m).
Proof. This is Theorem 4.6 in [22]. O
In short, Jutila’s result will give that
S1(N) + Sa(N) < N&te,

Indeed, this will not affect our final result of Theorem 6.2, but our results of the previ-

ous section does give better estimates.

Moreover, we can now see that where the obstacle lies in trying to attain the upper
bound of N1. What stays us is the want of better means to estimate the bilinear forms
in Section 6.4. We could, in principle, do the similar thing that we did in Section 6.5,
transform the bilinear forms in Section 6.4 into integrals using Lemma 6.6 and then use
the mean value theorems of L-function and Dirichlet series to estimate the resulting
integrals. However, the known results only give essentially the same estimates that we

have in section 6.4.

However, since we shall need to estimate the size of some Dirichlet polynomials
in the method mentioned in the previous paragraph, if one assumes the truth of the
Montgomery conjecture, Conjecture 1.1 and see [26], then we do obtain the expected

majorant of © = Z, with © as in (6.1.6).

Also, it is note-worthy that in the treatment of the bilinear forms mentioned in the

last paragraph, if one applies the appropriate version of the Lindel6f hypothesis for

. . . . . 3
automorphic L-functions, we would also arrive at the expected majorant with © = 1

This certainly is not a surprising revelation given the relation between L-functions and
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Dirichlet polynomials in the critical strip via the approximate functional equations.

Of course, even if the truth of either the Montgomery Conjecture or Lindelof Hy-
pothesis is known, we still have a long way to go to get to the asymptotic formula of

(6.1.7).
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Appendix A

Distance between Sepcial Fractions

The task that presents itself in Chapter 2 was to estimate, given a rational number of
height not exceeding Q* with a k-power denominator between 0 and 1, the number of
rational number, different from the given one, of the same kind as the given one and
close to the given one. In this appendix, we give some conjectures and some evidences

for them.

A.1 Conjectures based on heuristics and empirical evidences

If we take N = Q® in Lemma, 2.5, we have the following

(A.1.1) M(Q) ¥ max |{z € Sol2lz — /| < @ °}| < Qe
T Q

and the implied constant in (A.1.1) depends on € alone. With this, we can arrive at

something a slightly different.

We shall need the following lemma, touching theta series in the proof of our con-
tention here. It is worthwhile to mention that in my humble opinion, Lemma A.1 is of
interest because the left hand side of (A.1.2) is oscillatory, while all terms on the right
hand side are positive, a key property that we shall not hesitate to exploit. Indeed,
positivity provides a great convenience in estimations and is a luxury that we cannot

always afford.

Lemma A.1. For z,y € R, and y > 0, we have

el 1)
(A.1.2) Z e—ﬂm2y+27rimz:y_% Z 6_7T(7H'$)2y_1.

m=—0o0 n=-—oo
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Proof. By Poisson summation formula, Lemma 2.3, the left-hand side of (A.1.2) can

be re-written as the following sum

o0 o0
Z / exp [—nt’y + 2mit(n + z)] dt
—0oQ

> 1) 2 2
= Z / exp | —my <t—z’n+w> —WM dt
) y y
o0 2 o0
= Z exp (—WM>/ exp(—myt?)dt.
n=-—00 Yy -0

The last integral is that of the well-known Gaussian curve, which yields y_% and gives
our contention. Indeed, we must apply substitution to the following
o0 2
(A.1.3) / e " dr = /m,
— 0o
and as Lord Kelvin have bluntly, and perhaps arrogantly, pointed out, as quoted in

[31],

A mathematician is one to whom that(A.1.3) is as obvious as that twice two

makes four is to you. Liouville was a mathematician.

Now we can state and prove the contention of this appendix.

Proposition A.1. With {a,}, Q, M, and N defined as before, we have

2

Q M+N a . M+N
(A.1.4) YT (—2n> CQRHQ@EN) Y
¢=1 ¢ mod ¢? In=M+1 9 n=M+1

ged(a,g)=1

where the implied constant depends on € alone.

Proof. 1t is easily observed that the theorem, by the duality principle Lemma 2.2, and

by assuming M = 0 via the shift, n — n — M, is equivalent to

2

(A.1.5) Y Y bee(en)| < QFFQP+N) Y bl

0<n<N |r€Sq TESQ

for any sequence of complex numbers {b,}.
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The left hand side of (A.1.5) increases when we introduce a “smoothing” function
and sum over all integers n instead of only between 1 and N. Hence we have the
majorant

e 00 _ o) pn? )
(A.1.6) 5 Z e i Z bge(nz)| < Z Z byby Z e NZe[n(x —x')].
n=—o0o0 $ESQ $ESQ .’L"ESQ n=—0o0

We split the sum in (A.1.6) and get
(A.17) Solbl® Y e NT+D D by Y e Weln(z —a')).

T€Sg n=-—00 T#xz’ n=-—00

The first sum in (A.1.7), the diagonal terms, is easily disposed as we apply the

following well-known result

ad 2 o 1
(A.1.8) » o emmlemt < +/ e ’q =1+ —
e oo |c]
for any real number ¢ # 0, and see that it is
(A.1.9) <N Y bl
wESQ
Applying Lemma, A.1, and the parallelogram rule
2|bebyr| < |bg|? + |ber|?,
we find that the second sum in (A.1.7) is majorized by
(A.1.10) N [bof? Z Y emmntema N
TESQ n=-00z'eSg
Tz’
Note that the summands of the inner-most sum are all positive.
20t I 1+1
Now consider the partition of [0,1) ZLJO K;, where K; = [@, W) By the

virtue of (A.1.1), the cardinality of K; N Sg is O(Q%“) for each [. Now let T3 be the a
set satisfying for each 0 <1 < 2Q* and [ odd, |T1 N (K; N Sg)| < 1 and T} N (K; N Sp)
is empty only if K; N Sg is empty. In other words, 77 picks out representatives from

the sets K; N Sg if there are representatives at all. Let T3 be a set satisfying for each
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0 <1< 2@Q%and!odd, |T3N[(K;NSg)—T1]| < 1 and T3N[(K;NSg)—Ti] is empty only if
(K;NSg) — T is empty. Continuing thus, for { odd with 0 < I < 203, Tj is a set satisfy-
ing that |T3N[(K;NSq) —Th —T3—---—T;—5]| < land T)N[(K;NSq)—T1 —T3—---—T}_9]
is empty only if (K;NSg) —T1 —T3— -+ —T;_9 is empty. Of course, we cannot continue
indefinitely and still get non-empty 7}’s, the process will terminate after O(Q§+€) steps.
Of course, for even I’s, we define T}’s similarly, and exhaust the set S after O(Q%"'e)
steps. If you will, we are sifting the rational numbers in Sg with a “sieve” whose holes

are of size Q3.

There are O(Q%“) of Tj’s and in each 7T} the elements are (2Q3)~! spaced. Hence,
we majorize (A.1.10) thus:
(A.1.11) <N Y ?Y Z 3 emrlnta=a)N?
JJESQ I n=—ocyg' €Ty
oAz
The inner double sum over n and z’ is majorized by

00 3
Z exp[-m(mQ3N/2)?] <1+ i

m=—00
again by (A.1.8). Note further that we can combine the two inner sums of (A.1.11)
into one sum by the virtue of positivity. Hence the second term in (A.1.7) is
(A.1.12) < QTN + @) > Jbgl*-

z€Sq
Combining the two estimates in (A.1.9) and (A.1.12) that we have, we get our desired

result. O

We gave the complete proof of the above proposition for the reason that it is easy
to give conjectures based on empirical result along that line of the above proposition.
Of course, it is possible to formulate proposition along the line of Proposition A.1 for

high power moduli. In that direction, we record the following.

If we take N = Q**! in Lemma 3.1, we have the following

(A.1.13) My(Q) % max

.Z"ESQ,}C

{wesqullo-all <@ * 1} <@,
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where £ = 2¥~! and the implied constant in (A.1.13) depends on € and k. With this,

we can arrive at the following.

Proposition A.2. With {a,}, Q, M, and N defined as before, we have

Q M+N " 2 B M4N
(A114) > ) Y ane (—kn> <QFHQTHN) Y il
¢=1 ¢ mod ¢* In=M+1 q n=M+1

ged(a,g)=1
where the implied constant depends on € and k.

Proof. The proof of the present proposition goes analogously as that of the previous

proposition. O

Moreover, both Propositions above admit obvious corollaries to multiplicative char-

acters.

A.2 Computational evidences

This Table A.1 below on page 94 lists some values of M(Q), as defined in (A.1.1), for
some small values of (). This table was constructed using a C++ program written with
the gracious help of Mr. Waldeck Schiitzer, a friend who is also enduring the Ph.D.
program with me, and the author thanks him very much. As stated in Chapter 2, we
see that M (Q) increases rather slowly and it is our strong belief that M (Q) = O(Q°)
with the implied constant depending on € alone. Also, as mentioned in Chapter 2, the

computer calculation becomes rather time-consuming quite fast.

We believe the growth of M (Q) is of independent interest. Therefore, we record the

following conjecture.

Conjecture A.l. Let denote the rational numbers between 0 and 1 with square de-

nominator and height not exceeding Q. In other words,

SQZ{q%GQ\gcd(a,q)zl, 1<a<g?, Q<qS2Q}-
Then we have

(A.2.1) max |{x' € SQH|$ -1 < Q_?’}‘ < QS
wESQ
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where the implied constant depends on € alone.

In the same spirit, we also believe that analogous conjectures could be made for

higher power moduli.

Conjecture A.2. Let Sy g denotes the rational numbers between 0 and 1 with k-th

power denominator and height not ezceeding QF. In other words,

Sk,Q:{;ikeQ|ng(a,Q):1, 1Sa<qka Q<QS2Q}
Then we have

(A.2.2) max Ha:' € Spolllz — ' < Q_k_l}‘ < @,
IES}C,Q

where the implied constant depends only on k and e.

If we assume the truth of Conjecture A.2, then we would have the following.

Conjecture A.3. Let {a,} be an arbitrary sequence of complex numbers, Q, N € N

and M € Z. We have

2 M+N

Q M+N
(4
(A.2.3) > > ane (—kn> < Q° (Q’““ +N) > anl%,
¢=1 g mod ¢* In=M+1 q n=M+1

ged(a,g)=1

where the implied constant depends on € and k.

Of course, it goes without saying that Conjecture A.3 admits corollary for multi-

plicative characters, assuming its truth.

A.3 Evidences for some special cases

In search for the truth, perhaps no theorist of numbers can resist using the hypothesis

of Riemann get prove things conditionally. That is what we shall do in this section.

We start out with the assumption that a,, # 0 only if n is co-prime with g. Therefore,
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Table A.1: M(Q) for some small Q's.

—
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we have
q2 M+N a 2
(A.3.1) D ane(q2n>
a=1  |n=M+1
gcd( 7*)=1

(A.3.2) _ Z 3 —(5";”)

n=n' mod ¢

gcd(a,q) 1
(A.3.3) = q Z ru(s) Z ATy
r8$=q n=n’ mod gr
rp(s) ey i
(34 = gL TR Y aam)
rs5=q vie x mod gr I[n=M+1
q * M+N 2
h35) = G0y > anx(n)
rs= k|grx modk: n=M+1
. | MAN 2
(A.3.6) = —)Z Z Z anx(n)
klq ” q x mod k In=M+1

gcd(k q) Ir

All implications in the above are obvious save for that from (A.3.2) to (A.3.3) where we
have use the Ramanujan sum, Lemma 1.1. Also the fact that all characters modulo ¢
is induced by a primitive character of modulus dividing ¢, and wvice versa enables us to
go from (A.3.4) to (A.3.5). Now we note that the sum over rs = ¢ in (A.3.6) vanishes
unless ¢ = ——~—— or k = ¢°. Therefore, we conclude that

ged(k, q)
'S M+N a 2
(A.3.7) Z Z anpe <?n>
a=1 n=M+1

ged(a,g?)=1
If we take a, = A(n), where A(n) is von Mongoldt function, then (A.3.7) is

M+N

Z anX(n)

n=M+1

-1 N
- ()Z

x mod g2

O(q(gN)'™¢) by the generalized Riemann hypothesis, (1.3.2). Moreover, if a,, = (E> A(n),

q
where (E> is the Legendre symbol, then again by the generalized Riemann hypothesis
q

(1.3.2), (A.3.7) is also O(g(gN)'™¢). Therefore, in both of those cases, with the help of
the powerful generalized Riemann hypothesis, not only should Conjecture A.3 be true,

but in fact the corresponding bounds for each individual terms should also be valid.

Of course, one should not be surprised at the result of this section. Large sieve

is in so many way, Riemann Hypothesis “on average.” Therefore, assuming the truth
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of the Riemann Hypothesis, one should be able to make some interesting statements

regarding large sieves as well.



Epilogue

The author must, alas, end this thesis.
Progressing only after pain and smart,
We cipher our trade in broken pieces,
With much help from a master of the art.
As God disposes and men merely purpose,
His wit hardly sustains his ambition.
Somewhere must he find his soul’s true repose;
Be it here or what other profession.

Hence ending thus with my golden words,
Thank I the world with naught but empty purse,
My strength and heart must henceforth find accords,
And my ambition be not my sinew’s curse,
Which oft a man must do; and for my sake,

“In your fair minds let this acceptance take”*.

L.7Z.
11 March 2003

*[29], King Henry V, Epilogue, 14.
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