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ter a general introduction, the paper surveys recent developments in lattice
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rules that have a prescribed rate of convergence for sufficiently smooth func-
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worst-case errors in an appropriately weighted function space are bounded,
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discrepancy, all of which are discussed with an appropriate level of detail.
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1. Introduction

Numerical integration in more than one dimension has for a century been a
topic that presents many challenges, as witnessed by the classical monograph
by Stroud (1971). Among the challenges are those posed by the rich choice
of multi-dimensional geometries, whether the cube, ball, sphere, simplex, or
something more elaborate. Another challenge is the common occurrence of
singularities of the integrand at special points or sub-manifolds of the region.
But of all the challenges the one that stands above all others is the difficulty
of doing anything effective when the number of integration variables (the
‘dimension’) passes beyond the number of fingers on two hands. Certainly
the simple strategy of using a ‘product’ of one-dimensional rules becomes
infeasible, since even a mere 10-fold product of say two-point Gauss rules
requires 2'0 points. Yet these days problems arise, and are tackled, in which
the number of dimensions is in the hundreds, or even the thousands or tens
of thousands.

The aim of this survey is to describe and analyse effective methods for
numerical integration, with a special emphasis on a high number of dimen-
sions. The price that has to be paid is that we consider only the simplest
geometry (namely the unit cube in an arbitrary number s of dimensions),
somewhat smooth functions, and only equal-weight integration rules.

Thus the task is to approximate the integral

Is(f) - A,l]s f(:IZ) de, (1'1)

where s is greater than 1 and possibly large, for some integrable function f,
by an n-point integration rule of the form

Qualh) = Y 1(t0), (12



HIGH-DIMENSIONAL INTEGRATION: THE QUASI-MONTE CARLO WAY 135

thus a rule that uses the prescribed sample points ¢, ..., t,—1 € [0, 1]°. Of
course, we shall have much to say about the choice of these sample points. A
rule of this equal-weight form is called a quasi-Monte Carlo (or QMC) rule.

The name quasi-Monte Carlo comes from a certain analogy with the
Monte Carlo (MC) method: in its simplest form the MC approximation
to the integral (1.1) takes exactly the same form as (1.2), but with one
crucial difference, that the sample points are chosen randomly (and inde-
pendently), from a uniform distribution on the cube [0, 1]*. The MC method
(Hammersley and Handscomb 1964, Lemieux 2009, WoZniakowski 2013) has
some very attractive features, most notably that there exists a probabilistic
(root-mean-square) error estimate of the form

o(f)

N

where o2(f) is the variance of f,

GQ(f) = Is(f2) - (Is(f))2a

which is finite whenever f is square-integrable. Moreover, o(f) can be
estimated by the same MC rule used to estimate I5(f). But for all the virtues
of the MC method, its O(1/4/n) rate of convergence is often considered to
be impossibly slow, especially when f is smooth. For example, one needs
four times as many points to reduce the error by a factor of two, or 100
times as many points to reduce the error by an order of magnitude.

The QMC methods were born in the 1950s and 1960s from the (successful)
desire to achieve faster convergence than the MC rate of O(1/y/n). In the
next sections we shall meet QMC methods that depend on constructing
points sets with small ‘discrepancy’. These methods were indeed successful
in improving upon the MC convergence rate, achieving a convergence rate
of order O((logn)®/n) or better if sufficient smoothness of f is assumed.
In particular, we will meet the so-called ‘lattice rules’, which for certain
periodic functions (periodic with respect to each component of @) could
achieve convergence rates of O((logn)*/n?) or faster, and so-called ‘higher-
order digital nets’, which could achieve convergence rates of O((logn)?®/n?)
or faster even for non-periodic functions.

In the early days of QMC research, the emphasis was mainly on the rate
of convergence as n increases, and less attention was paid to what hap-
pens as the dimensionality s increases; those early QMC researchers surely
never envisaged QMC methods being applied to integrands in hundreds of
dimensions. For lattice methods there was much interest in the 1960s in
periodization strategies (for converting non-periodic integrands into peri-
odic ones), which can then achieve fast convergence for appropriate QMC
rules, but regrettably those periodization strategies often turn easy high-
dimensional problems into ones that are impossibly hard. In any case, the
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rate of convergence is only part of the story: the size of the implied constant
is also important.

In the last two decades there has been great research interest in developing
QMC methods and theory that can cope with arbitrarily high dimensions, if
the circumstances are right. (Note that we do not say that all high-dimen-
sional problems can be successfully tackled by QMC methods. Rather,
the interest is in recognizing and analysing mathematically the particular
features that make some high-dimensional problems manageable.)

Applications have also played an important role in the development of
QMC methods suitable for high-dimensional problems. In financial math-
ematics, the numerical experiments of Paskov and Traub (1995), which
used low-discrepancy QMC methods in 360 dimensions to value parcels of
mortgage-backed obligations, were successful to a degree that caused uni-
versal surprise. This led to many theoretical developments, as researchers
struggled to understand how such high-dimensionality could be handled suc-
cessfully (for example Caflisch, Morokoff and Owen 1997, Wang and Fang
2003). Option pricing problems have spurred many developments (for ex-
ample Acworth, Broadie and Glasserman 1998, L’Ecuyer 2004, Giles, Kuo,
Sloan and Waterhouse 2008, Wang and Sloan 2011, Griebel, Kuo and Sloan
2013). A challenging class of problems in multivariate statistics led Kuo
et al. (2008a) to a new understanding of the importance of proper han-
dling of the transformation process from R* into [0, 1]° for problems over
unbounded regions. The problem of evaluating high-dimensional expected
values arising from partial differential equations with random coefficients,
typified by the flow of a liquid (oil or water) through a porous material,
with the permeability treated as a random field, is the newest driver of in-
novation (Graham et al. 2011, Kuo, Schwab and Sloan 2012). However, in
this survey the focus will be on the theoretical innovations rather than on
the applications themselves.

The structure of the survey is as follows. In Section 2 we introduce QMC
methods, and develop basic definitions and concepts without much theory.
In Section 3 we begin to develop key tools (such as reproducing kernel
Hilbert spaces) needed for error analysis of QMC methods. In Section 4
we introduce the modern theory of weighted function spaces, in which cer-
tain parameters (‘weights’) are introduced to describe the circumstance that
some variables (or groups of variables) are more important than others. In
Sections 5 and 6 we introduce more sophisticated material on lattice rules
and digital nets. Then in Section 7 we introduce a setting which is currently
attracting great interest, namely that of numerical integration in an infinite
number of dimensions. Finally in Section 8 we give concluding remarks. At
the end of each section we provide notes with references to further related
material.
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2. Introducing quasi-Monte Carlo methods
2.1. Multivariate numerical integration

Recall from (1.1) that our goal is to approximate a multiple integral over
the s-dimensional unit cube [0, 1]*,

1 1
Ii(f) = [071]Sf(w)dw::/0 /0 flxy, ... xg)day - - - das,

where s is large, possibly in the hundreds or thousands. In practice most
integrals over bounded or unbounded regions can be transformed into this
desired form with a suitable change of variables. The transformation plays
an important role as it determines the behaviour of the transformed inte-
grand f. We shall defer the choice and strategy of transformation to be
discussed later in Section 2.11.

For our analysis in this survey, we will generally assume that f is contin-
uous and has a certain level of smoothness, as will be made precise in the
next section.

In the classical theory of numerical integration (Davis and Rabinowitz
1984), an integral in one dimension can be approximated by a quadrature
rule, as follows:

1 n—1
| f@rde 3w,
0 i=0

where t,...,t,—1 € [0,1] are the quadrature points, and wy, ..., wy,—1 € R
are the quadrature weights satisfying Z?:_ol w; = 1. Well-known examples
include the (left) rectangle rule, which uses equally spaced points t; = i/n
and equal weights w; = 1/n and has the error f'(£)/(2n) for some & €
(0,1); the trapezoidal rule (which has second-order convergence); Simpson’s
rule (with fourth-order convergence); and the Gauss rules (which integrate
polynomials of degree 2n — 1 exactly).

For integration in s dimensions with s > 2, we have cubature rules (Stroud

1971),

n—1
fl@)dz = > wif(t),
[0,1]* i=0
where tg,...,t,—1 € [0,1]° are the cubature points, t; = (ti1,...,tis), and
wo, - - -, Wn—1 € R are the cubature weights satisfying Z?:_Ol w; = 1. Explicit

cubature rules are available in low dimensions (Cools 1997). An obvious
way to approximate a high-dimensional integral is to use a product rule,

1 1 m—1 m—1
/ / f(wl,...,xs)dxl---dajszZ---Zuil~--uisf(vi1,...,vis),
0 0

11=0 15=0
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in effect applying a one-dimensional quadrature rule Z;l_ol u; f(v;) to each
of the s integrals. The cubature points ¢; are given by the s-fold product of
the quadrature points v;, and the cubature weights w; are the corresponding
products of the quadrature weights u;. The total number of points is n =
m?, which is enormous when s is large, while (since f could be a function
of only one component, such as f(x1,...,2s) = 2?) the error is only the sth
root of the error of the one-dimensional quadrature rule: for example, the
product rectangle rule has error of order O(n=1/%).

As the title suggests, this survey will focus on quasi-Monte Carlo methods
for high-dimensional integration. This section is devoted to introducing the
basic principles behind these methods. We begin in the next subsection with
a brief introduction to the related and widely used classical Monte Carlo
method.

Another competing technique for high-dimensional integration is based on
sparse grid methods (Bungartz and Griebel 2004), but we will not discuss
these methods in this survey.

2.2. Monte Carlo method

The classical Monte Carlo (MC) method is an equal-weight cubature rule
of the form

1
Qns(f) = =D f(t),
i=0
where tg,...,t,—1 are i.i.d. (independent and identically distributed) uni-

form random samples from [0, 1]°.

Theorem 2.1 (Monte Carlo root-mean-square error). For all square-
integrable functions f, we have

VEIL() — Qua(hP1 = 72

where the expectation is taken with respect to the uniform random samples
tg, e ,tnfl, and

is the variance of f.

Although this result is well known, we give a proof since it will serve as
a model for later arguments.

Proof. We have
E[|Qn,s(f) = L(F)I] = E[(@Qn,s())?] = 2E[Qn,s (NIL:(f) + (Is(1))?,
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where
E[Qn,s(f / / ( )) dtg...dt,_4
o, 1]s [0,1]¢
n Z [0,1]s
and

1n1 2
B@n= [ ( m) .ty
[0,1]¢ 0,1* \ " 55

n—1ln—1
Lo L (S

i=0 k=0
1 n—1 n—1ln—1
e i f2(t f(t; ) dtg...dt, 1
[0,1)¢ [0,115(”2; z;kzo
k#i
n—1ln—1
f(t) dt/ f(ty)dty
nzz [0,1]¢ Q;kzo/ou [0,1] (t)
k#i
-1
— SL(2) + P ()2
L)+ )
Hence

2\ 2
E(|Qna(f) — L(H)P) = =) = LD

n

as claimed. ]

Treating @y, s(f) as a random variable, we see from the above proof that
its mean is

E[Qn,s(f)] = Is(f)
(that is to say, the MC method is unbiased), and its variance is
2
Var[Qn,s(f)] = EHQn,s(f) _ Is(f)|2] _ g T(Lf) ]

By the central limit theorem, if 0 < o(f) < oo then

tim B (100 - Quat <20 ) = L [

In other words, we have a ‘probabilistic’ error bound with a convergence rate
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of O(n~'/?). The convergence rate is independent of the dimension. Com-
paring this with, for example, the product rectangle rule whose convergence
rate is O(n~Y/ %), we see that the MC method has the faster convergence
when s > 3 even for smooth functions.

Another advantage of the MC method is that it is easy to obtain a prac-
tical error estimation. Indeed, an unbiased estimator for Var[Q, s(f)] is
given by

n—1

n—1 Z Qns(f)) = <Zf2 _nQnS(f)] )
= (2.1)

The square root of this quantity provides an estimate for the root-mean-
square MC error.

Although widely applicable, MC methods suffer from the slow O(n~'/?)
convergence rate. Variance reduction techniques (e.g., importance sam-
pling, stratified sampling, correlated sampling) can be used to improve the
efficiency of MC, but in practice MC methods often remain distressingly
slow. Bakhvalov (1959) proved that the O(n~'/?) rate of convergence can-
not be improved for general square-integrable or continuous functions f.
For functions with more smoothness, this slow convergence rate is the main
motivation for the switch to quasi-Monte Carlo methods.

2.8. Quasi-Monte Carlo methods

Quasi-Monte Carlo (QMC') methods are equal-weight cubature rules of the
form

Qns(f) = Z f(t:),

just like MC methods, but now the points tg,...,t,—1 € [0,1]° are chosen
deterministically to be better than random, in the sense that the determin-
istic nature of QMC leads to guaranteed error bounds, and that the con-
vergence rate may be faster than the MC rate of O(n~1/2) for sufficiently
smooth functions.

There are two types of QMC methods.

e The ‘open’ type: this uses the first n points of an infinite sequence.
Thus to increase n one only needs to evaluate the integrand at the
additional cubature points.

e The ‘closed’ type: this uses a finite point set which depends on n. Thus
a new value of n means a completely new set of cubature points.

(Here and in the following, a point set is understood to be a multiset, that
is, we count points according to their multiplicity.)
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The following definition is needed before we provide examples of QMC
methods.

Definition 2.2 (radical inverse function). For integers i > 0 and b >
2, we define the radical inverse function ¢p(i) as follows:

if i= igb""!, where iq€{0,1,...,b—1}, then ¢(i):

a=1

(o] .
la

>

a=1

In other words, if i = (- - -i2i1), denotes the base b representation of i, then

(ﬁb(Z) = (01122 e )b'

Example 2.3 (van der Corput sequence). The van der Corput se-
quence in base b is the one-dimensional sequence

¢6(0), $p(1), $5(2), .- ..

For example, take b = 2. First we write down the natural numbers 0,1, 2, ...
in base 2

0, 15,10, 115, 1004, 1015, 1104, . . . .

Then we apply the radical inverse function ¢o to each number, to obtain
the sequence

0,0.1,0.015,0.112,0.0012,0.1015,0.011,, ... ,
which in decimal form is the sequence
0,0.5,0.25,0.75,0.125,0.625,0.375, . . ..

Example 2.4 (Halton sequence). Let p1,po,...,ps be the first s prime
numbers. The Halton sequence tg,t1,... in s dimensions is given by

ti: (¢pl(i)7¢P2(i)""7¢ps(i))7 izoala"w

that is, the jth components of points in the Halton sequence form the van
der Corput sequence in base pj, where p; is the jth prime. The Halton
sequence leads to an ‘open’ QMC method. We have explicitly

to = (0,0,0,...,0),

t; = (0.15,0.13,0.15,...,0.1,,),

ty = (0.012,0.23,0.25,...,0.2,,),

t3 = (0.115,0.013,0.35,...,0.3;,)

The Halton sequence satisfies the error bound

|Is(f) - Qn,s(f)| < Cs

(logn) V(f), foralln>2,
n



142 J. Dick, F. Y. Kuo anD I. H. SLOAN

where Cs depends only on s, and V' (f) is the variation of f in the sense of
Hardy and Krause; see for instance Kuipers and Niederreiter (1974, p. 147,
Definition 5.2). For now we simply observe that, although the convergence
rate appears to beat the MC rate of O(nil/z), the MC rate is independent
of s, whereas for fixed s, the function (logn)®/n increases with increasing n
for all n < exp(s).

Example 2.5 (Hammersley point set). Let pi,po,...,ps—1 be the first
s — 1 prime numbers. The Hammersley point set {to,t1,...,t,—1} with n
points in s dimensions is given by

t; = (:lyqﬁpl(i)a(ﬁpz(i)?'“?(ﬁps1(i)>7 i=0,1,...,n -1

The Hammersley point set leads to a ‘closed’ QMC method. We have ex-
plicitly

to = (0,0,...,0),

t1 = (1,0.15,0.13,...,0.1,, ),

to = (2,0.012,0.25,...,0.2,,_,)

th1 = (=2,..0).

The QMC method based on the Hammersley point set satisfies the error
bound

|Is(f) - Qn,s(f)| S C; M

where C? depends only on s. Note that there is one less power of logn
compared to the error bound for the Halton sequence. Typically the error
bounds for QMC methods based on ‘closed’ point sets are better than those
based on ‘open’ sequences.

- V(f), foralln>2,

Example 2.6 (Kronecker sequence). Let 1, aj,as,...,as € R be lin-
early independent over Q. The Kronecker sequence ty,t1, ... in s dimensions
is given by

ti = ({in}, {ico}, ... {ios}), i=0,1,...,

where the braces indicate that we take the fractional part of a real number,

that is,
{z} =2z — |z]. (2.2)

For example, a good choice of parameters is a; = ,/p; where p; is the
jth prime number. The error bound for the Kronecker sequence takes the
same form as that of the Halton sequence, but with a different multiplying
constant, again depending on s.
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Two main families of QMC methods are currently under investigation:

e digital nets (‘closed’) and digital sequences (‘open’),
e lattice rules (‘closed’ and ‘open’).

We will introduce these two families in the next few subsections.

2.4. Lattice rules

A lattice in R® is a discrete subset of R® which is closed under addition and
subtraction. An integration lattice in R is a lattice which contains Z° as
a subset. A lattice rule is an equal-weight cubature rule whose cubature
points are those points of an integration lattice that lie in the half-open
unit cube [0, 1)%.

Every lattice point set includes the origin 0. The projection of the lattice
points onto each axis gives equally spaced points. In a sense the integral in
each dimension is approximated by a rectangle rule (or a trapezoidal rule
if the integrand is periodic). Every lattice rule can be written as a multiple
sum involving one or more generating vectors. The minimal number of
generating vectors required to generate a lattice rule is known as the rank
of the rule. Besides rank-one lattice rules involving just one generating
vector, there exist lattice rules having rank up to s. Lattice rules were
introduced by Korobov (1959). They were originally designed for periodic
integrands.

Definition 2.7 (rank-one lattice rule). An n-point rank-one lattice rule
in s dimensions, also known as the method of good lattice points, is a QMC
method with cubature points

ti:{w}’ i=0,1,...,n—1, (2.3)

n

where z € Z%, known as the generating vector, is an s-dimensional integer
vector having no factor in common with n, and the braces around the vector
indicate, as in (2.2), that we take the fractional part of each component in
the vector.

Example 2.8 (Fibonacci lattice). Let z = (1, F},) and n = Fj1, where
Fy and Fj41 are consecutive Fibonacci numbers. Then the resulting two-
dimensional lattice point set is called a Fibonacci lattice; see Figure 2.1 for
two examples. Fibonacci lattices in two dimensions have a certain optimality
property, but there is no obvious generalization to higher dimensions that
retains the optimality property.

Since we are only interested in the fractional part of iz /n, the components
of z can be restricted to the set

Zyp={0,1,2,...,n—1}.
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Figure 2.1. The Fibonacci lattices with 5 points and 55 points. The
corresponding generating vectors are (1,3) and (1,34), respectively.

Moreover, since we would prefer that every one-dimensional projection of
the lattice rule has n distinct values, the components of z can be further
restricted to the set

U,:={2€Z:1<z<n-—1and ged(z,n) = 1}.

The number of elements in the set U, is ¢(n) := |U,|, the Euler totient
function. If n = p{*p5? - --pi* is the prime factorization of n, then
- - -1
p(n) = (" =1 052 =52 1) -+ (" — it ).
Asymptotically, ¢(n) grows at a rate close to n: 1/¢p(n) = O((loglogn)/n).
For simplicity, we often assume that n is prime and thus p(n) = n — 1.
This implies that:

e there are n — 1 choices for each component of z,

e there are (n — 1)° choices for the generating vector z.

For large n and s, an exhaustive search to find a generating vector that
minimizes some desired error criterion is practically impossible. We now
present two approaches for constructing lattice generating vectors in high
dimensions.

Example 2.9 (Korobov construction). Given an integer a satisfying
1<a<n-—1and ged(a,n) =1, we define

2 5—1)

z=2z(a):=(1,a,a°,...,a mod n.

There are (at most) n — 1 choices for the Korobov parameter a, leading to
(at most) n — 1 choices for the generating vector z. Thus it is feasible in
practice to search through the (at most) n— 1 choices and take the one that
minimizes the desired error criterion.
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Example 2.10 (component-by-component (CBC) construction).
Given n, we construct a generating vector z = (z1, 22, ...) as follows.

(1) Set z; = 1.

(2) With z; held fixed, choose z2 from U, to minimize a desired error
criterion in 2 dimensions.

(3) With z1, 25 held fixed, choose z3 from U,, to minimize a desired error
criterion in 3 dimensions.

(4) With zq, 29, 23 held fixed, choose z4 from U,, to minimize a desired error
criterion in 4 dimensions.

The generating vector obtained by the CBC construction is extensible in s.
In Section 5 we will consider two important aspects of the CBC construction:
error analysis and computational cost. We will also discuss how to obtain
extensible lattice sequences that are extensible in both s and n.

2.5. (t,m,s)-nets and (t, s)-sequences

Nets and sequences provide another method for obtaining well-distributed
point sets in the unit cube [0, 1)® that are useful for QMC integration. The
concept of (t,m, s)-net is based on subdividing the unit cube into intervals
and placing points in the cube such that each interval of a certain size and
shape contains the ‘correct’ number of points.

Definition 2.11 ((t,m, s)-net). Lett>0,m>1,s>1,and b> 2 be
integers with ¢ < m. A (t,m, s)-net in base b is a point set P consisting of
b points in [0,1)® such that every elementary interval of the form

5 a; aj+1
H[bdj’ = > (2.4)
1

Jj=

with each d; > 0,0 < a; < bdj, and d; +do + --- + ds = m — t, contains
exactly b’ points of P.

An elementary interval (2.4) has volume b~ (d1+d2t-+ds) — pt=m which
is precisely the proportion of the points from P that lie in this elementary
interval. One would expect such a property to hold if the point set is uni-
formly distributed. Figure 2.2 provides an illustration of a two-dimensional
net with 16 points.

Note that any point set consisting of b™ points in [0,1)® is trivially an
(m,m, s)-net in base b, indicating that the concept of (¢,m, s)-net is only
useful when ¢ < m. For fixed b and m, the (¢, m,s)-net condition gets
stronger as t gets smaller. Hence the aim is to find (¢, m, s)-nets in base
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Figure 2.2. Tllustration of a (0,4, 2)-net in base 2: every elementary
interval of volume 1/16 contains exactly one of the 16 points. A point
that lies on the dividing line counts toward the interval above or to
the right.

b where ¢ is small. A (¢,m,s)-net is said to be a strict (t,m,s)-net if it
is not a (t — 1,m,s)-net. The ‘t-value’ is often referred to as the quality
parameter. It is also not useful to choose the base b too large, noting that in
the extreme case in which b = n we have m = 1, so that even when ¢ = 0 the
only elementary intervals are the ‘boxes’ of side length 1 and thickness 1/n,
in which case even the set of points k(1/n,1/n,...,1/n) fork=0,...,n—1
lying on the main diagonal is a (0, m, s)-net. The relevant quantity for fixed
n is the strength k = m —t of the (¢, m, s)-net. The aim is then to find nets
with large strength k.
There is an analogous concept for infinite sequences.

Definition 2.12 ((¢, s)-sequences). Let ¢ >0 and s > 1 be integers. A
(t,s)-sequence in base b is a sequence of points S = (to, t1,...) in [0,1)® such
that for any integers m > ¢ and ¢ > 0, every block of b points

toym, . er1ypm -1
in the sequence S forms a (¢, m, s)-net in base b.

The van der Corput sequence in base b is a (0,1)-sequence in base b.
Higher-dimensional examples include the Sobol’ sequence (Sobol’ 1967),
which is a (t, s)-sequence in base 2, where t is a non-decreasing function of s;
the Faure sequence (Faure 1982); the Niederreiter sequence (Niederreiter
1987); and the Niederreiter—Xing sequence (Niederreiter and Xing 1995).
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More details about these sequences will be given in Section 2.7. These se-
quences are also commonly referred to as ‘low-discrepancy sequences’ due to
their high uniformity. We will explain the term ‘discrepancy’ in Section 3.

2.6. Digital construction scheme

We now introduce a method for the construction of (¢, m, s)-nets and (¢, s)-
sequences. This method is based on linear algebra over finite fields.

Let b be prime and let Z;, := {0,1,...,b—1} denote the equivalence classes
of integers modulo b. Using addition + and multiplication * of elements in
Zy modulo the prime b, we obtain a finite field of order b. In the following
we identify the element & in the finite field Z; with the integer 0 < k < b.

Let C1,...,Cs be m-by-m matrices with entries in Z;,. Then ¢; ;, the jth
component of the ith point in P = {¢g,...,tym_1}, can be constructed as
follows.

(1) Write ¢ in its base b representation:
i = (i - 201)p = i1 + d9b + - + ipb™ L,

(2) Compute

Y1 11
Y2 12

. = C] )
Ym im

where all additions and multiplications are done in the finite field Zj,
i.e., modulo b.

(3) Set
Y1 |, Y2 Y
tij=0y192- ym)p = 5 + 25 + -+ T
b b b
The resulting point set P = {#o,...,tym_1} is called a digital net over Z,
and the matrices C1, ..., Cy are called the generating matrices of the digital

net. The following definition connects (¢, m, s)-nets in base b with digital
nets.

Definition 2.13 (digital (¢, m, s)-net). Let b be prime, t > 0, m > 1,
and s > 1 be integers. If a digital net P constructed over Z is a (¢, m, s)-net
in base b, then P is called a digital (t,m, s)-net over Zy.

The following lemma provides the connection between the generating ma-
trices of a digital net and the (¢, m, s)-net property.

Lemma 2.14 (t-value for a digital net). A digital net over Z; with
generating matrices C1, . . ., Cy is a digital (¢, m, s)-net over Z; if and only if,
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for all dyi,...,ds > 0 with d; + - -- + ds = m — t, the set of vectors

6171, 6172, sy Cl,d1702,1702,27 e 702,d27 e ,6571, 6572, ey Cs,ds

is linearly independent over Zj;, where c; ¢ denotes the /th row vector of the
matrix Cj.

Proof. Letdl,...,ds205uchthatd1+---+dszm—t, let

a]+1

be an elementary interval, and let

G M e Y
bdi b b2 bdi
Thus, for given dy,...,ds, we can uniquely associate the vector
~ T
u = (ul,la ceesUldyy e ey Usly - 7us,ds)

to the elementary interval J. Let {to,t1,...,tym_1} be a digital net with
generating matrices Cy,...,Cs € Z;"*™. Let t; = (ti1,ti2,...,tis) with
tij = Ti7j71b_1 + Ti,j72b_2 + -+ Ti7j7mb_m. Then t; € J if and only if
wjp =T j0 for 1 <€ <djand1l<j<s. Let C-:(c;fl,... cl )7, that is,

7]m

cj¢ is the £th row vector of Cj. Let A = (c] REEEE ,clel, ce Il, R ;—d )T
Then the number of points of the digital net which lie in J is given by the
number of solutions (iy,...,iy,) of the equation over Zj:
i1
19
Al || = (2.5)
im

For each vector @ the number of solutions of (2.5) is ¥~ if and only if the
rows of A are linearly independent. Thus the result follows. O

Constructions of good generating matrices for digital nets yielding digital
(t,m, s)-nets with small ¢-value will be discussed in Section 2.7. In the
following we give a two-dimensional example of digital (0,m,2)-nets over
Zy, for arbitrary prime b.

Example 2.15. Let b be a prime and let m > 1 be an integer. Let

1 0 - --- 0
o1 0o - 0

Clz ._‘ Zgnxm
0 0 1 0

)
)
—_
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and
0 e 001
0 0 1 0
Co=1: .. E K : GZZ‘X’”.
0 1 o --- 0
1 0 - --- 0

Then Lemma 2.14 implies that C; and Cs are generating matrices of a
digital (0, m, 2)-net over Z.

The concept of digital nets can be extended to infinite sequences S =
(to,t1,...)in [0,1)*. To do so, we need infinite matrices C1, . ..,Cs € ZN*N,
with Cj = (¢jre)keen and cjre € Zy, such that for every £ there is a kg
such that ¢j, = 0 for all k > ky. Then t; j, the jth component of the ith
point in the sequence S is constructed in the following way.

(1) Write ¢ in its base b representation:
i= (- igit)p = i1 +igb+ -
(Note that only finitely many digits i; are different from 0.)
(2) Compute

where all additions and multiplications are done in the finite field Zj.

(3) Set .
tig=(041y2-)p =2 + oo 4 - .

b b2
The resulting sequence S = (%o, t1,...) is called a digital sequence over Z,
and the matrices (', ..., Cs are called the generating matrices of the digital

sequence. The following definition connects (t, s)-sequences in base b with
digital sequences.

Definition 2.16 (digital (¢, s)-sequences). Let b be prime, and let t > 0
and s > 1 be integers. If a digital sequence S constructed over Zy is a (t, s)-
sequence in base b, then S is called a digital (t, s)-sequence over Zy.

Constructions of good generating matrices for digital sequences yielding
digital (¢, s)-sequences with small t-value will be discussed in Section 2.7.
In the following we give a one-dimensional example of a (0, 1)-sequence over
Zy, for arbitrary prime b.

Example 2.17. Let b be a prime. Let C' € Z;" be the matrix with
ones along the main diagonal and zeros everywhere else (i.e., the identity
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matrix). Then C' generates a digital (0,1)-sequence over Z;. In fact, C
generates the van der Corput sequence in base b.

2.7. Constructions of digital nets and sequences

In this subsection we discuss explicit constructions of digital nets and se-
quences with small ¢ value.

In the previous subsection we introduced (digital) (¢, m, s)-nets and (digi-
tal) (¢, s)-sequences and we gave explicit constructions for small dimensions.
The first constructions in arbitrary dimensions are due to Sobol’ (1967) and
Faure (1982), before the general concept of (digital) (¢, s)-sequence was in-
troduced in Niederreiter (1987). In the following we discuss these explicit
constructions in detail.

We use the following notation. Let Z[x] denote the set of polynomials
over the finite field Z;. The polynomial p(z) = ag + a1 + - - - + apx™ with
am # 0 is said to have degree deg(p) = m. For p = 0 we set deg(p) = —oc.
A polynomial p € Zy|x] is irreducible if it cannot be written as a product of
two non-constant polynomials, that is, there are no ¢,q € Z[x] such that
p(x) = q(x)q'(z) with deg(q),deg(q’) > 0. A polynomial p(z) = ap + a1z +
<o Fama™ € Zy|x] of degree m > 1 is primitive if and only if a,, = 1, ag # 0
and the smallest integer k& such that there is a polynomial g € Z[x] with
p(z)q(x) = 2¥—1 € Zy[x] is k = b™—1. Tt can be shown that every primitive
polynomial is irreducible. Further, if p is primitive, then the polynomial x is
a primitive element in Z[z]/p, that is, {x* mod p: k =0,1,...,b™ — 2} =

(Zy[x]/p) \ {0}

Example 2.18 (Sobol’ sequence). Sobol’ (1967) was the first to intro-
duce a construction of (t, s)-sequences over Zs, which are now referred to as
Sobol” sequences. These are digital sequences over the finite field Zs.

(1) Let p1,...,ps € Zo[z] be distinct primitive polynomials ordered ac-
cording to their degree, and let

pi(x) =29 +a1 ;29 +ag a9 P+ dae, 1o +1, for1<j<s,
where a; € Zy. Note that e; denotes the degree of the polynomial p;.

(2) Choose odd natural numbers 1 < myj, ..., me, ; such that my,; < 2"
for 1 < k <ej, and for all k > e; define my, ; recursively by

My = 201,515 D B297 ey 1 Mk —ej 41,5 D27 M —e),j DMk e
where & is the bit-by-bit exclusive-or operator.

(3) The so-called direction numbers are defined by

M s
Vg,j 1= 2]]2’], for k > 1.




HIGH-DIMENSIONAL INTEGRATION: THE QUASI-MONTE CARLO WAY 151

(4) Then for i € Ny with dyadic expansion i = ig + 2i1 +--- + 2r=1i. 1 we
define

tij = t0v1,; ® 1125 D -+ D lr—10rj.

The Sobol’ sequence is then the sequence of points tg,t1,..., where
tl' = (ti,la . 7ti,s)-

Sobol” sequences are digital (¢, s)-sequences with
S
t= Z(ej — 1)
j=1

This result holds for all choices of direction numbers, and therefore the
direction numbers do not influence the overall quality of Sobol’ sequences.
Note, however, that the t-value for a Sobol’ net of ™ points for different m
can be smaller than the t-value of the full sequence, and hence the choice
of direction numbers can affect the quality of a Sobol’ net.

Example 2.19 (Faure sequence). Faure (1982) introduced a construc-
tion of (0, s)-sequences over prime fields Z;, with s < b, which are now called
Faure sequences. The generating matrices C1,...,Cs are given by

Cj=(P"Y™1 (modb) forl1<j<s,
where P is the Pascal matriz given by
o O 6
o 1) G) -
P
=1, 7
o 6 G -

0

where we set (’Z) = 0 for ¢ > k. A Faure sequence is a digital (0, s)-sequence.

Example 2.20 (Niederreiter sequence). Niederreiter (1987) introduced
the general concept of digital (¢, s)-sequences, which includes both the Sobol’
and Faure constructions as special cases. We describe a special case of this
sequence in the following.

Let Zy = {0,1,...,b — 1} denote the finite field of prime order b with
addition and multiplication modulo b. Let Zp[z]| denote the set of polyno-
mials with coefficients in Z;. Addition and multiplication of polynomials
in Zy is defined by using arithmetic in Zj (i.e., modulo b). This can also
be extended to division of polynomials in Zj, which gives rise to the set of
formal series Zy((x~1)), which are series of the form

%
5wt
l=w
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for some integer w and coefficients ay € Z;. Note that this set contains
the set of polynomials Zp[x]. This set now permits addition, subtraction,
multiplication and division (except dividing by 0 of course) of formal series
where the coefficients are added, subtracted, multiplied and divided mod-
ulo b. Thus Zy((x71)) is a field, which is called the field of formal Laurent
series. The construction of the generating matrices is based on arithmetic
in this field.

(1) Let p1,p2,...,ps € Zpy|x] be distinct monic irreducible polynomials over
Zp (monic means that the coefficient of the monomial in p; with the
highest degree is 1). Let e; = deg(p;) for 1 < j < s. The best results
are obtained by choosing the degree of the polynomials p1,po, ..., ps
as small as possible.

(2) For integers 1 < j <s,u>1and 0 <k < e;, consider the expansions
pei—k—1 0 ) 1
— = J k. 0)x™" 2.6
o~ 2wk 0 (26)

over the field of formal Laurent series Zy((z~1)).
(3) Then we define the entries in the matrix C; = (¢ji¢)icen in the fol-
lowing way:
ciiv=0a9Q+1,k )€y forl<j<si>1,£>0,
where i — 1 = Qe; + k with integers Q = Q(i,j) and k = k(4, j), with
k satisfying 0 < k < e;.

We briefly describe how to compute the coefficients a(j)(u,k,ﬂ) recur-
sively. Let u,j be fixed and let v, = a(J)(u, ej — 1,¢) for all £ > 0. Then
a (u,k,€) = voye,—1-k for 0 <k < ej. Let pj(z)* = 2" — buej_lnr:“ef1 —
-+ —bp, where we assume without loss of generality that p;(x) is monic (i.e.,
the coefficient of 2% is 1). Then (2.6) can be written as

1= (1)05671 + le72 + - )(.%uej - buej_lxuejfl — = bo).
By comparing coefficients we obtain vg = --- = Viej—2 = 0, Vie;—1 =1 and
Vuej+ = buej—lvuejJerl + -+ bovyg € Zy,
for all ¢ > 0.
The Niederreiter sequence is a digital (¢, s)-sequence with

S

t=> (ej—1).

Jj=1

The Faure sequence can be obtained as a special case of the Niederreiter
sequence, which corresponds to the case where the base b is a prime number



HIGH-DIMENSIONAL INTEGRATION: THE QUASI-MONTE CARLO WAY 153

such that b > s and pj(z) =x—j+1for 1 <j <s. The Sobol” sequence is
obtained by choosing p1(z) = z and pa, ps, ..., ps as primitive polynomials.
This yields a Sobol’ sequence with a special choice of direction numbers. The
Niederreiter sequence can also be generalized, where 2~ %71 is replaced
by a polynomial of degree e; — k — 1. The choice of polynomials then
corresponds to choosing different direction numbers. This way one can
obtain the generating matrices for a Sobol’ sequence. On the other hand, an
algorithm similar to the one introduced above for Sobol’ sequences can also
be obtained for Niederreiter sequences, which yields a fast implementation
of Niederreiter sequences.

A practical implementation of digital nets and sequences can use a Gray
code ordering to improve efficiency.

2.8. Polynomial lattice rule construction

In this subsection we discuss polynomial lattice rules, a concept analogous
to lattice rules, but based on linear algebra over finite fields; they form a
special class of digital nets.

Let b be prime, let p be a polynomial of degree m with coefficients in Z,
and let q1,...,qs be polynomials of degree at most m — 1 with coefficients
in Zy. Then Cj, the jth generating matrix, can be chosen as follows.

(1) Let ui,ug,... € Zp be such that

o) @ s
For given ¢;(x) and p(x), the values of ui,us,... can be obtained by

equating coefficients in ¢;(z) = (u1/x + uz/x? + - - - )p(z), noting that
all additions and multiplications are to be done in Z.

(2) Set

ul us us s Um,
U2 u3 . - Um+1
Cj=[us - T ump | ez,
Um Um+1 Um+2 - U2m-—1
The digital net with generating matrices C, . .., Cs as defined above is called

a polynomial lattice point set, and a QMC rule using a polynomial lattice
point set is called a polynomial lattice rule. The polynomial p is referred to
as the modulus, and the vector of polynomials (qi,...,qs) is referred to as
the generating vector.

There is also a faster method for generating the cubature points of a
polynomial lattice rule which does not use the generating matrices. For
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the following we need to introduce some definitions and some notation. As
before, let Zp[z] denote the set of polynomials with coefficients in Z; and
let Zy((z~1)) denote the set of formal Laurent series

oo
St
l=w

where ay € Zy,. For m € N let vy, be the map from Z((z~1)) to the interval
[0,1) defined by

oo m
Um, (Z t4$€> = Z tgbie.
l=w {=max(1,w)
We frequently associate a non-negative integer k, with b-adic expansion
k = Ko+ r1b+- - -+ Kb, with the polynomial k(z) = Ko+ K12+ -+ K2 €
Zp[z] and vice versa. Further, for arbitrary k = (ki1,...,ks) € Zp[z]® and
q=1(q,...,qs) € Zp[z]*, we define the ‘inner product’

k-q=Y kg € L],
i=1

and we write ¢ =0 (mod p) if p divides ¢ in Zp[z].
With these definitions we can give the following equivalent but simpler
form of the construction of P(q,p).

Theorem 2.21. Let b be a prime and let m,s € N. For p € Z[x] with
deg(p) = m and q = (q1,...,qs) € Zp[x]®, the polynomial lattice point set
P(q,p) is the point set consisting of the b points

for i € Zp[z] with deg(i) < m.

The task of choosing good generating matrices is now replaced by the
task of choosing a good generating vector (g, ..., qs). The total number of
possible choices of generating matrices is reduced from b o bmS.

Example 2.22. In this example we show the polynomial lattice rule ana-
logue of Fibonacci lattice rules; they are constructed via the continued frac-
tion expansion of the ratio g2(z)/p(x). Let b be prime and let m > 1 be an
integer. Set q1(z) = 1. Let p(z) be a polynomial over Z; of degree m and
let g2(x) be the polynomial over Z; defined by

q2(x) B 1

a N S
pE) 14zt

I+a+ -
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The corresponding polynomial lattice point set is a digital (0, m, 2)-net over
Zy. For instance, let b = 2. Then for m = 2 we obtain

q2(x) 1 14z 1+

p(x) _1+£L'+1+%_ 1+2)24+1 22

)

and thus p(z) = 2% and ¢z2(z) = 1+ x. For m = 3 we obtain

qg(:r)_ 1 B 2 B x2
plz) 1+zx+—— (Q+z)22+(1+2) 23+22+zx+1
1+I+m

and thus p(z) = 23 + 22 + x + 1 and ga(z) = 22

2.9. Randomization and error estimation: shifted lattice rules

We recall that the mean-square MC error can be estimated in practice using
(2.1). In comparison, a fully deterministic QMC method, although having
a faster rate of convergence, is biased and lacks a practical error estimate.
‘Randomized” QMC methods combine the best of both worlds; their advan-
tages are as follows.

e Randomization yields an unbiased estimator.
e Randomization provides a practical error estimate.

e Randomized QMC methods enjoy faster rates of convergence than the
MC method for smooth functions.

e Some randomization technique (see ‘scrambling’ below) can further
improve the QMC rate of convergence by an additional O(n=1/2).

Here we discuss the simplest form of randomization called shifting, and
we explain how an error estimate can be obtained in practice. We begin
with a remark that shifting preserves the lattice structure, and therefore this
randomization technique typically goes with lattice rules, to yield so-called
shifted lattice rules. Having said that, shifting can be used together with
any QMC method to obtain a practical error estimate (however, it need not
preserve the original structure of the QMC point set).

The idea behind shifting is to move all the points in the same direction
by the same amount. If any point falls outside the unit cube then it is
‘wrapped’ back into the cube from the opposite side. More precisely, given
a vector A € [0,1]%, known as the shift, the A-shift of the QMC points
to, ..., th—1 yields points

{ti+A}, i=0,1,...,n—1, (2.7)

where, as in (2.2), the braces indicate taking the fractional parts. Figure 2.3
illustrates how shifting is done.
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Figure 2.3. Applying a (0.1,0.3)-shift to a 64-point lattice rule in
two dimensions: (a) original lattice rule, (b) moving all points by
(0.1,0.3), (c) wrapping the points back inside the unit cube.

For a random shift A € [0, 1], the shifted QMC points {t; + A}, i =
0,1,...,n— 1 are correlated. Therefore we cannot estimate the variance of
the shifted QMC rule using the sample variance as in (2.1). Instead, we
need to use a number of independent random shifts as follows.

(1) We generate g independent random shifts Ag, Aq,...,A,—; from the

uniform distribution on [0, 1]°.
(2) For a given QMC rule, we form the approximations ngg( 1), in?s( 1),
. SL‘{;”(f), where

n—1
1
ngg(f)zﬁz.f({tl—i_Ak})? k=0,1,...,q -1,
i=0
is the approximation of the integral using a Ay-shift of the original

QMC rule.
3) We take the average
(3) g

_ 18
Qnsa(f) ==->_ QES)
q k=0

as our final approximation to the integral.

(4) An unbiased estimate for the mean-square error of Qys4(f) is given

by 1
#q_ (k) N 2
g =) 2 D) = Qnaal 1))

Typically we take n in the thousands or more while keeping ¢ small, say
around 10-50. To obtain a fair comparison between the MC method and
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a randomized QMC method (e.g., for the two methods to have the same
number of function evaluations), we should take nM€ = ¢ . nQMC,

Scrambling is a popular but more complicated randomization method.
The idea is to randomly and recursively permute the points between ele-
mentary intervals so that the digital net structure is preserved. More details
will be given in the next subsection. For now we just introduce a related
randomization technique called digital shift, which is similar to shifting. We
just need to replace (2.7) by

oA, i=0,1,...,n—1,

where @ denotes the digit-wise addition operator in base b defined as follows.
If x,0 € [0,1) have base b representations

T = (0.5[71332 te )b and o = (0_0'10-2 ... )b7
then y = x ® o = (0.y192 - - - )p, where
yi = (x; + 0;) mod b.

The procedure for estimating the error is the same as for shifting.
For later use we also define digit-wise subtraction y = 60 = (0.y1y2 - - *)p,
which is defined by y; = (z; — 0;) mod b.

2.10. Scrambled nets and sequences

Randomization methods are designed to introduce randomness into the
point sets but at the same time should preferably keep the relevant struc-
ture intact. In the case of (t,m, s)-nets this means that the net should still
be a (t,m, s)-net after the randomization (with probability 1). This can be
achieved by the following algorithm introduced by Owen (1997a).

We first introduce QOwen’s scrambling algorithm, which is most easily
described for some generic point « € [0,1)°, with € = (z1,...,2s) and
T; = azj71b_1 + 333'7217_2 + ---. The scrambled point will be denoted by
y € [0,1)%, where y = (y1,...,ys) and y; = y;1b71 + yjob~2 + --- . The
point y is obtained by applying permutations to each digit of each coordi-
nate of x. The permutation applied to x;, depends on x; for 1 < k < /.
Specifically, yj1 = (1), Yj2 = Tjw;, (T5,2), ¥j3 = Tja;1,252(253), and in
general

y]7k = ﬂ-j’mj,lw“’mj,kfl (ij{;)’ (2'8)

where T 1,y oy 1S & random permutation of {0,...,b— 1}. We assume
that permutations with different indices are chosen mutually independent
from each other and that each permutation is chosen with the same proba-
bility. In this case the scrambled point y is uniformly distributed in [0, 1)*.
We show this fact in Section 6.
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We now introduce some convenient notation to describe Owen’s scram-
bling. For 1 < j < s let

Hj = {Wj,rj,1,m$j,k71 ke N,xj,l, T k-1 € {0, ., b= 1}}

(where for k =1 we set T 1,y et — 7rj) be a given set of permutations,
and let IT = (IIy,...,II5). Then, when applying Owen’s scrambling using
these permutations to some point & € [0,1)°, we write y = II(x), where
y is the point obtained by applying Owen’s scrambling to « using the per-
mutations IIy, ..., II5. For x € [0,1) we drop the subscript j and just write
y = II(x).

To scramble a (t,m, s)-net or a (t, s)-sequence, we choose the permuta-
tions in IT for each coordinate independently from each other and then
apply these permutations to each point of the (¢, m, s)-net or (¢, s)-sequence
as explained above. For instance, for a given (t,m, s)-net to,t1,...,tym_1,
the Owen-scrambled (¢, m, s)-net is given by

TI(to), TL(t1), ..., TX(tym_1).

In practice, the number of permutations one has to choose is large, but
there are simplifications of the randomization procedure which greatly re-
duce this number. This yields a fast scrambling algorithm. More details are
given in Section 6.

In Section 6 we show that scrambling also yields an unbiased estimate of
the integral, that is,

1 n—1
E(n;ﬂmti))) -, s

In the same way as for random (digital) shifts, one can also obtain an
unbiased estimate of the mean-square error for scrambling. It is sufficient
to choose only one set of random permutations I1. Let

no—1

Qurmsol £) = -0 3 F(0L(E))

1=n1

Let 1 < m/' < m. The mean-square error of the cubature rule applied to f
can now be estimated by

pm' 1
1 2
=1y 2o Qumen gispm-n () = Qoams())
i=0

where m’ can be chosen such that, say, b = 30.
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Figure 2.4. Owen’s scrambling in base 2: (a) original; (b) swap left and
right halves; (c) swap 3rd and 4th vertical quarters; (d) swap 3rd and 4th,
7th and last vertical eighths; (e) swap 3rd and 4th, 7th and 8th, 9th and
10th, 15th and last sixteenths; (f) swap 1st and 2nd horizontal quarters;
(g) swap 1st and 2nd, 5th and 6th, 7th and last horizontal eighths; (h) swap
3rd and 4th, 7th and 8th, 9th and 10th, 15th and last horizontal sixteenths.

159
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2.11. Transformation to the unit cube

In this subsection we discuss some simple strategies for transforming an
integral over R® to an integral over [0,1]°. We begin with the univariate
case.

Consider an integral

/wmw¢wm%

—00
where ¢ : R — R is some univariate probability density function, that is,
¢(y) > 0for all y € R and [ ¢(y)dy = 1. Let ® : R — [0,1] denote the
cumulative distribution function of ¢, that is, ®(y) := [Y__ ¢(t) d¢, and let

®~1:10,1] — R denote the inverse of the cumulative distribution function.
Then we can use the substitution (or change of variables)

r=0y) = y=o""(),

to obtain

00 1 1
| swewa= [ g@@)de= [ f@an
—00 0 0
with the transformed integrand defined by f := go &L

Note that this is not the only way to obtain a transformed integrand.
Indeed, we can divide and multiply the original integrand by any other
probability density function ¢, and then map to [0, 1] using its inverse cu-
mulative distribution function ®~1:

/mg@w@my:/w“@“”é@my

- o O(y)
00 1 1
_ s it — ~~_1:U xTr = Nac T
~ [T awiway= [ a@ @)do= [ fwa

where g(y) := g(y) ¢(y)/ #(y), giving a different transformed integrand fi=
g o ® 1. Ideally we would like to choose a density function ¢ that leads
to a ‘nice’ integrand in the unit cube. This is related to the concept of
importance sampling for MC methods.

The MC approximation for the integral over R is

0o n—1
| swewy= 3 o),
1=0

—0o0

where the MC points 79, ..., 7,—1 are randomly sampled following the dis-
tribution of ¢. Depending on the choice of ¢, there may exist an algorithm
to sample from the distribution directly, or it might be necessary to gen-
erate random samples from the uniform distribution on [0, 1Jand then map
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them back to R using ®~!. The latter approach is consistent with the MC
method over [0, 1],

o] 1 1 n—1
| swotdy= [ @ a)den S g@ )
- 0 "0
where tg,...,t,—1 are uniform random samples from [0,1]. If we use a

different density function 6 to sample the points from, then we evaluate the
points for a different function g:

) n—1

/ " g) oly) dy = / §) ) dy ~ = 3" ().

- - i=0
The idea behind importance sampling is to choose a sampling density QB to
minimize the variance of the resulting function g.

This transformation strategy can be generalized to s dimensions as fol-
lows. If we have a product of univariate densities, then we can apply the
mapping ®~! component-wise,

Y= <I>*1(:c) = (<I>*1(a:1), e @71(338)),
to obtain
- ; = g Tr = x)dx
Asg<y>g¢<yj>dy—/ o(@ (@) d f(@)d

[0,1]° [0,1]°

Note that we can always multiply and divide any given integrand by such
a product provided that ¢(y) > 0 for all y € R:

/Sh(y)dy— T ew) 1¢ Hqﬁy;

Thus, this strategy always works in principle, but the resulting transformed
integrand might not be ‘nice’.

Many integrals from practical models involve the multivariate normal
density. If the multivariate normal density is the dominating part of the
entire integrand, then a good strategy is to factorize the covariance matriz
Y, that is, to find an s x s matrix A such that

Y = AAT, (2.9)
and then use the substitutions (treating all vectors as column vectors)

y=Az followed by z=a (),



162 J. Dick, F. Y. Kuo anD I. H. SLOAN

to obtain

ep(-Jy™ ) SE= i,
[ ot TR dy—/ng<A> d

= / g(A<I>_1(ac)) da = f(x) de.
[0,1]° [0,1]¢
The factorization (2.9) is not unique. Two obvious choices are the Cholesky
factorization with lower triangular matrix A, and the principal components
factorization, which is given by

A= [Vng 5V,

where ();, nj);’?:l denotes the set of eigenpairs of X, with ordered eigenval-
ues A\; > A2 > --- > A and unit-length column eigenvectors n,...,n;.
Other factorizations are possible: for example, in finance applications the
covariance matrix arising from the time-discretized Brownian paths can also
be factorized using the ‘Brownian bridge’ technique. In general, factoriza-
tion of ¥ in very high dimensions can be very costly, and the problem can
be poorly conditioned.

In some applications the multivariate normal density is not the dominat-
ing part of the entire integrand. In those cases, other transformation steps
(such as recentering and rescaling) might be required to capture the main
feature of the integrand: see, for example, Kuo et al. (2008a).

2.12. Notes

Halton (1960) introduced what is now called the Halton sequence. Discrep-
ancy bounds for Halton sequences where the constant decreases with the
dimension have been shown by Atanassov (2004b). Kronecker sequences
were studied by Niederreiter (1978). Lattice rules were introduced by Ko-
robov (1959) and have also been discovered by Hlawka (1962). For the early
history of QMC point sets and related concepts see Niederreiter (1978),
Kuipers and Niederreiter (1974), Niederreiter (1992a) and Sloan and Joe
(1994). More recent results are covered by Dick and Pillichshammer (2010).

For an efficient implementation of Sobol’ sequences see Antonov and
Saleev (1979) and Bratley and Fox (1988), and for questions concerning
the choice of primitive polynomials and direction numbers, see, for exam-
ple, Joe and Kuo (2008). The implementation of Faure sequences has been
discussed in Atanassov (2004a) and Fox (1986). Implementation of the
Niederreiter sequence has been discussed in Bratley, Fox and Niederreiter
(1992). For digital sequences with improved ¢-value see Niederreiter and
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Xing (1995, 19964, 1996b) and Xing and Niederreiter (1995). For an imple-
mentation of such sequences see Pirsic (2002).

It has been observed that the quality of QMC point sets usually decreases
as the dimension increases. This has led to the suggestion to study ‘mixed’
point sets, that is, the first few coordinates are QMC point sets with the
remaining coordinates filled up by, say, random numbers. This fits in with
the structure of integrands whose importance is concentrated in the first few
coordinates. The idea of combining the advantages of QMC methods and
MC methods was first proposed by Spanier, who applied mixed QMC-MC
sequences to particle transport problems. Probabilistic discrepancy bounds
for such ‘mixed sequences’ have been provided in Okten (1996), Okten, Tuf-
fin and Burago (2006), Gnewuch (2009), Gnewuch and Rosca (2009) and
Aistleitner and Hofer (2012); in these papers it is assumed that the Monte
Carlo components of the points consist of idealized random numbers. There
have also been studies of mixed point sets whose remaining coordinates are
filled up by deterministic pseudo-random numbers or by the components of
other deterministic point sets. Deterministic discrepancy bounds for such
point sets can be found in Niederreiter (2009, 2010a, 2010b), Niederreiter
and Winterhof (2011), Hofer and Kritzer (2011) and Niederreiter (2012).
Further mixed sequences using Halton, Kronecker and digital sequences
have been studied by Hofer and Larcher (2010, 2012) and Hofer, Kritzer,
Larcher and Pillichshammer (2009). So-called (t, e, s)-sequences have been
introduced by Tezuka (2013). This concept captures the dependence on
the dimension of digital nets more precisely and leads to improvements of
discrepancy bounds in terms of their dependence on the dimension. Dig-
ital sequences in which the generating matrices have only a finite number
of non-zero elements in each row have been studied, for instance, by Hofer
and Pirsic (2011) and Hofer and Niederreiter (2013). The latter paper
constructs digital (¢, s)-sequences with finite-row generating matrices and
asymptotically optimal t-values (in the sense of fixed base and dimension
s going to 00). Such sequences with finite-row generating matrices may be
advantageous in implementations.

More information on transformations from R® to the unit cube [0,1]?,
variance reduction techniques, and other information for the practical use
of MC and QMC, can be found in Lemieux (2009). The monographs by
Devroye (1986) and Hormann, Leydold and Derflinger (2010) are primarily
concerned with transformations. Integration of functions with singularities
has been discussed by Owen (2006). Kuo et al. (2008a) considered trans-
formation strategies for applying QMC methods to maximum likelihood
integrals from statistics. Kuo, Sloan, Wasilkowski and Waterhouse (2010a)
analysed lattice rules for unbounded integrands arising from the transfor-
mation. A construction of digital nets constructed in R® has been studied
by Dick (2011b).
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Information relevant to statistical applications can be found in Fang and
Wang (1994). Control variates for QMC have been discussed by Hickernell,
Lemieux and Owen (2005). QMC methods have been applied to computer
graphics by Keller (2006, 2013), to transport problems by Spanier, and to
experimental designs by Hickernell (1999).

An introduction to lattice rules can be found in Sloan and Joe (1994);
see also Niederreiter (1992a, Chapter 5). Dick and Pillichshammer (2010)
provide a comprehensive introduction to (digital) (¢,m,s)-nets, (digital)
(t,s)-sequences and related point sets and sequences. A survey of QMC
methods and their randomization strategies is given by Hickernell and Hong
(2002).

Sparse grids were discovered independently by Smolyak (1963) and Zenger
(1991). See also Wasilkowski and Wozniakowski (1995) and the review ar-
ticle by Bungartz and Griebel (2004).

3. Error, discrepancy, and reproducing kernel

In this section we present the necessary ingredients for the error analysis of
QMC methods. To provide an accessible entry point for readers who are
new to QMC, we begin by studying QMC in its simplest setting, namely,
equal-weight quadrature rules for integration over the unit interval [0, 1].

We will meet the useful notion of reproducing kernel Hilbert spaces, and
meet specific examples of function spaces that have proved useful for design-
ing and analysing QMC methods. All of the spaces we deal with in this and
the next section are spaces of non-periodic functions. We follow contempo-
rary practice in referring to such spaces as ‘Sobolev’ spaces, to distinguish
them from ‘Korobov’ spaces of periodic functions, to be considered later in
Section 5.8.

3.1. Error analysis in one dimension

We consider real-valued functions f defined on the interval [0,1]. As is
common in numerical analysis, we require that the functions have some
smoothness and that the fundamental theorem of calculus holds, so that

1 1
f(x) = £(1) / Fy)dy = F(1) - /0 FW)log@) dy,  (3.1)

where the indicator function 1jy ) is defined by

)1 ifzel0,y],
lou(@) = { 0 ifxd0,yl.
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We consider QMC rules of the form

ln—l
= n;f(tl)

and study their integration error given by

1 1 n—1
ervon(£:@) = [ fla)de =3 pit)
=0

Upon substituting (3.1) in the equation above and changing the order of
integration, we obtain

1
errorn(f;Q):/O (—/0 Ly (z) dz + — Zl[Oy] ) (y)dy,

or

error,(f; Q) = / Ap(y)f'(y)dy, (3.2)

where P := {tg,...,tn—1} C [0, 1] denotes the set of quadrature points, and
Ap(y) is the local discrepancy of the point set P, defined by

n—1 1
1
= D Loy (t) —/0 Ly (z)dz, ye€[0,1]. (3.3)
=0

Note that the local discrepancy function Ap is just the integration error for
the indicator function 1jg .

Thus from (3.2) the integration error can be viewed as the L inner prod-
uct of the local discrepancy function Ap and the derivative f’ of the inte-
grand.

Using Hoélder’s inequality we obtain from (3.2)

1 1
/
= AP, I llLy, = STt (3.4)
where ||g|z, = fo l9(y)|P dy)*/P, and we make the usual modification if

p=o0. If p=ococand g =1, thls is a special case of Koksma’s inequality
(Koksma’s inequality holds When one replaces ||f’||z, with the variation
of f). The quantity ||Ap||z, is referred to as the discrepancy of the point
set P, and is closely related to the so-called worst-case error, which we shall
introduce formally in Section 3.3.

Several conclusions can be drawn from this elementary inequality. First,
the upper bound (3.4) is best possible: indeed, equality holds if A, (y) f'(y) >
0 and |f'(y)|? is a multiple of |Ap(y)[P. Second, to minimize the integration
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error for all functions for which || f'||z, < oo, one should choose quadrature
points P for which the discrepancy [|Ap||z, is, in some sense, small. Third,
it is enough to study the integration error of the indicator functions 1y,
for y € [0, 1], since the local discrepancy function Ap evaluated at y is the
integration error of the indicator function 1jy .

The above analysis of the integration error rests entirely on the integral
representation of the function f given by

1
- /0 £ (0)10g() dy. (3.5)

For two functions f, g that permit such a representation, we can define an
inner product

(f.g) = / ' (0)d () dy, (3.6)

and a corresponding norm

1l = \/ F)2+ /O (g2 dy.

Then (3.4) holds with p = ¢ = 2 for all functions in the function space

H:={f:]0,1] = R: f is absolutely continuous and ||f|| < oo}.

3.2. Reproducing kernel Hilbert spaces

We have seen above that the integration error for functions f € H has the
integral representation (3.2) involving the local discrepancy function. This
rests in turn on the representation of f given by (3.5). We now express
(3.5) in the language of reproducing kernels. The idea is to find a function
K :[0,1] x [0,1] — R such that

(fy,K(-,x)) = f(x) forall f € H and all z € [0, 1].
For this to hold we must have, from (3.6) and (3.5

K(1,x) /f xydy— /f z) dy,

which is clearly satisfied for all feHif
K
K(l,z) =1 and aa(x,y) = —1lpy(z) forallz,y € [0,1].
Yy
This can be achieved by taking

K(z,y) =2 — max(x,y). (3.7)

The function of two variables K (x,y) given by (3.7) is our first example of
a reproducing kernel, and H is our first example of a reproducing kernel
Hilbert space.
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We now formally define a reproducing kernel Hilbert space of real-valued
functions defined on [0, 1]°.

Definition 3.1 (reproducing kernel Hilbert space).  The Hilbert
space H(K) with inner product (-,-) g is a reproducing kernel Hilbert space
(RKHS) with kernel K : [0,1]* x [0, 1]* — R if:

e K(-,x) € H for all x € [0, 1]°,

o (the reproducing property) f(x) = (f, K(-,«))g for all f € H and all
x € [0,1]°.

For a given RKHS there is a uniquely defined reproducing kernel satisfying
the above two properties. In fact, every Hilbert space where point evaluation
is a bounded linear functional has a reproducing kernel. This follows from
the Riesz representation theorem. Reproducing kernels have the additional
properties that:

o (symmetry) K(x,y) = K(y,x) for all z,y € [0, 1]°,

o (positive semidefiniteness) S0 S0 a;ap K (t;,t) > 0 for all M > 1
and all aj,...,apy € Rand tq,...,ty € [0,1)°.

Indeed, any function K : [0, 1]* %[0, 1]* — R which is symmetric and positive
semidefinite is a reproducing kernel to which there corresponds a uniquely
defined inner product and RKHS. A comprehensive theory on reproducing
kernels can be found in Aronszajn (1950).

The thing that makes an RKHS so useful in the problem of numerical
integration is that, as we shall demonstrate in Section 3.3, there exists a
closed-form expression for the worst-case error. That expression for the
worst-case error is expressed in terms of the kernel of the RKHS, and so
is particularly useful when there exists a simple closed expression for the
kernel K.

We remark that it is not always easy to find the explicit kernel of an
RKHS with a given inner product. The particular example above, where
the kernel is not only known but is of very simple piecewise linear form,
has played an important part, as we shall see, in the recent development of
QMC methods. We shall meet other reproducing kernels in Section 3.4.

We now show how to use a reproducing kernel for a space of functions of
a single variable as a building block for a multivariate RKHS. First we need
the following definition.

Definition 3.2 (tensor product Hilbert space). A Hilbert space H; of
functions on [0, 1]° is a tensor product of Hilbert spaces Hy 1, H12,...,His
of functions on [0, 1], written as

Hy=Hi1®@H12® - ® Hyg,
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if it is the completion of the span of products szl fj(xj), where f; € Hy j,
under the norm in H,. The H; norm of the simple product [[5_, f;j(z;) is
just the product of the norms || ;|| m, ;.

Tensor product spaces provide a popular setting for studying QMC meth-
ods, for the very good reason that the reproducing kernel for a tensor product
of reproducing kernel Hilbert spaces is just the product of the kernels.

Example 3.3 (a key tensor product RKHS). Take each one-dimen-
sional RKHS Hj ; to be the space of single-variable absolutely continuous
functions with reproducing kernel (3.7). Then the tensor product space Hg
is the s-variable RKHS with reproducing kernel
S
Ky(z,y) = [[(2 - max(z;,y;)).
j=1

The inner product in this space is

o ‘ olul
@y; 1) —g(xy; 1) d _
Z /1]1( ﬁar:u w )amug(xua ) Ly, (3 8)
and the norm is

uC{L:s} 710
9 1/2
iflw={ >/ dz|
uC{1l:s} (0,11

Here {1 : s} is a shorthand notation for {1,2,...,s}, and the sum is over
all subsets u C {1 : s}, including the empty set, while for € [0,1]° the
symbol x, denotes the set of components z; of  with j € u, and (x,;1)
indicates that the components of @ for j ¢ u are replaced by 1. The partial
derivative 8‘“‘/ Ox, denotes the mixed first partial derivative with respect
to the components x,. Which functions lie in this space? The answer is
all real-valued functions on [0,1]* that have square-integrable mixed first
derivatives and that are expressible in the form

f(@) = (f, K@),
[u]
= Y (-1 9% (1) Loy (@) dyy, @ € 0, 1)

uC{1:s} [0,1]1¥ 8

alul
oz,

mu% 1)

We refer to this space as an anchored Sobolev space with the anchor point 1.

3.3. Worst-case error in an RKHS

We have foreshadowed in Section 3.1 that the discrepancy of a point set is
closely related to the worst-case error. We now give the formal definition.
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Definition 3.4 (worst-case error). The worst-case error of a QMC rule
Qn,s using the point set P C [0,1]® in a normed space H (not necessarily a
Hilbert space) is

€n7s(P§ H) = Ssup |Is(f) - Qn,S(f)|7

Iflla<1

that is, it is the worst error attained by @, for f in the unit ball of H.
The initial error is

GU,S(H) = Ssup |Is(f)|7
I fllz<1

which is the error obtained with the QMC rule replaced by zero.

Due to linearity, for any function f € H we have

[Ls(f) = Qus ()] < ens(P H) | f]a,

which takes the same form as the inequality in (3.4). Later in Section 3.5
we shall see other inequalities of the same form.

Worst-case errors are in general hard to compute, except for the case
of an RKHS. In every RKHS of functions defined on the unit cube (not
just a tensor product space), the following theorem gives a formula for the
worst-case error in terms of the reproducing kernel.

Theorem 3.5 (formula for the squared worst-case error). Let K :
[0,1]* x [0,1]®* — R be a reproducing kernel that satisfies

/ K(z,y)dxdy < .
0,115 J[0,1]°

The squared worst-case error and initial error for a QMC rule in an RKHS
H,(K) with reproducing kernel K satisfy

n—1
2 (P / K( y>dxdy_22 K(t:, ) dy
0,1]5 J[0,1]s [0,1]*
n—1ln—1
ZZK (t;, tr), (3.9)
1=0 k=0
and
(K = | K () de dy. (3.10)
’ 0,15 J[0,1]5

Proof. We give here the proof for s = 1. The proof for general s can be
easily obtained by replacing the unit interval [0, 1] in the argument below
by the unit cube [0, 1]°.
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For an f € H we write the reproducing property f(z) = (f, K(-,z))n
with successive arguments x = t1,%9,--- and average the results to obtain,
for the quadrature sum,

1t 1L n—1
ng(ti):gz}f, ( tz)>H—<f, ZK tz> .
1=0 i=0 I

In a similar way we find

[ st = [acanaan= (s | 1K<-,x>dx> ,

provided that mtegratlon from 0 to 1 is a bounded linear functional in H,
or equivalently that fo ,x)dx € H. In turn this requires

:/01/01<K(-,x),K(-,y)>Hd3:dy
:/Ol/olK(x,y)dxdy<OO,

which will hold for all the kernels we shall consider. Note that in the last
step we used the reproducing property. By subtraction, the integration
error is

1 1 n—1 1 1 n—1
| f@rdo - 23 s - <f, | Ktoda - ZK<-,ti>> — (£, 6n
0 i=0 0 i=0

H

where
1 1 n—1
~ [ K@ydo- LS Ko, yela. G
0 i=0

We call the function £ the representer of the integration error. Thus

en1(PiH) = sup [(f,&)nl = [I¢]lx,

Ifllz<1

since the supremum is attained by the choice f = &/||¢|| € H. Therefore
en1(PiH) = (€,6)n

</K dx—Zth/K dm—ZK:pt>

H
1 1 9 n—1n—1
:/ / K(m,y)dxdy—nZ/ K(xz,t;) dx—i——ZZKtz,tk
0 Jo i=0 70 i=0 k=0

where we again used the reproducing property of the kernel. UJ
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For the particular Hilbert space with reproducing kernel K(z,y) = 2 —
max(z,y), it is easily seen that

1 2 1,1
- 4
/ K(az,y)dy:3 Y and / / K(z,y)dzdy = =,
0 2 0 Jo 3

so that the worst-case error is

2 (PH) = —Z(

For future purposes we note that the derivative of the error representer & is
¢ = Ap, the local discrepancy function.
For the corresponding tensor product RKHS the worst-case error is

1 n—1n—1
)+nQZZz mas(t;, 1))

=0 k=0

e%7S(P; H,) (3.12)

i=0 j=1 i=0 k=0 j=1

where t; ; denotes the jth component of the ith cubature point ¢;. This is
sometimes called the squared Lo discrepancy of the point set P, for reasons
that will soon become clear.

It proves to be very useful (and surprisingly easy) to compute the average
of the squared worst-case error over all cubature points,

E2 / / th---7tn71;HS(K))dt0"'dtnfl-
[0,1]* [0115 "

We refer to the quantity E, ((K) as the QMC mean of the worst-case error.
(Why this is a useful quantity will be explained after the theorem.)

Theorem 3.6 (QMC mean). Let K : [0,1]° x [0,1]° — R be a repro-
ducing kernel that satisfies

K(x,z)dx < co.
[0,1]°

The QMC mean of the worst-case error in a reproducing kernel Hilbert
space Hs(K) of functions on [0, 1]° and with kernel K satisfies

) = o[ Kaayde- [ [ Kaydedy). G
[0,1]® 0,1]s J[0,1]¢
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Proof.  Using Theorem 3.5 we have

E; (H,(K))
2n 1
/ / (/ K(x y)dwdy——z K(ti,y)dy
[0,1]° [0,1]® [0, 1] [0,1]¢ [0,1]5

1 1 n—1n—1
+EZKtZ,t +2§;ZKtz,tk)>dto by,

i=0 k=0

k#i

noting that in the double sum we separated the diagonal and off-diagonal
terms as in the proof of Theorem 2.1. The first term inside the parentheses
is independent of tg,...,t,_1, thus these variables can all be integrated
out to give the result 1. In the second term, after interchanging the outer
integrations and the sum, all variables but ¢; can be integrated out. The
situation is similar for the third term, while for the fourth term all but ¢;
and t; can be integrated out. We are left with

/ K:cyda:dy—Z/ K(t;,y)dt; dy
[01]5 [0,1]¢ [0,1]s J{0,1]°

n—1n—1
+ — K(t;,t;)dt; + K(t;, ty)dt; dt
7122 [0,1]¢ Q;kzo [0,1]s J[0,1]* ) g
k#i
/ K:ny)dacdy—Q/ K(x,y)dxdy
o0, 1] 0,1° 0,15 J[0,1°
—1
K(x,x) K(z,y)dxdy
[0,1]5 (0,15 J[0,1]°
:l K(m,m)dm—/ K(x,y)dx dy. O
[0,1] n Jo,1]s J[0,1]

The importance of Theorem 3.6 is that it gives us an immediate existence
result for QMC integration: by applying the principle that there is always
at least one choice as good as the average, we conclude that there exists a
QMC point set P for which

ei,s(P; HS(K)) S E72175<HS(K))

Thus, provided that both integrals on the right-hand side in Theorem 3.6
are finite (as they are in all the cases we will consider), there exists a QMC
point set with worst-case error of order O(n~1/2), that is, the same rate of
convergence as Monte Carlo. Later we will not be satisfied with this result,
for two reasons: first, we want not just the Monte Carlo rate of convergence,
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but rather a rate of convergence close to O(n~1), or even better; second, we
want not just existence, but also a method of constructing the points.

3.4. Other univariate reproducing kernels

Note that (3.1) can be viewed as a Taylor series with integral remainder,
developed at 1. As such it is clear that we could choose an arbitrary anchor
point ¢ € [0,1] instead of 1. Or we can consider function spaces whose
members have more than one derivative. Or we can depart from a Taylor
series representation of f to obtain other examples of reproducing kernels.
All of the following examples can be used as building blocks for multivariate
Sobolev spaces.

Example 3.7 (anchored reproducing kernel of smoothness «).
If the (o — 1)th derivative of f is absolutely continuous for some natural
number «, then the Taylor series of a univariate function f anchored at 0 is

a—1 —
/"0 , RN G )
f(x)—; R +/0 £t )(y)ﬁdy,

where f(") denotes the rth derivative of f and
a—1 _ ($ - y)ail if x > Y,
10 if z <uy.

For functions f, g permitting such a Taylor series presentation, we can define
the inner product

a—1 1
) =3 FD(0)g00) + /0 F@()g@ () dy.
r=0

The set of functions whose norm corresponding to this inner product is finite
is another RKHS, with kernel given by

a—1 ,

" " 1 (m _ Z)a—l( _ z)a—l
Ka(x,y):;r!i{!—k/o (01—5! y(a_f;! dz.

We call the corresponding RKHS the anchored Sobolev space of smoothness
o with anchor 0.

Example 3.8 (unanchored reproducing kernel of smoothness «).
For a univariate function f belonging to the same smoothness class as in
the preceding example, consider the representation given by

“ B.(z) ', o [t Ballz — o
S R B e AL

r Q
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Here, B, denotes the Bernoulli polynomial of degree r: see Chapter 24 of
the Digital Library of Mathematical Functions (2012). In this case the inner
product is

a-l 1 1 1
o= ([ 12w ([ war)+ [ 10w,
r=0
and the reproducing kernel is

«

Ko(z,y) = Z B,«(l’) B, (y) . (1)QB2CY((££U&)_! y‘)

r=0
The corresponding RKHS is called the unanchored Sobolev space of smooth-
ness a.

3.5. Geometric discrepancy

We now return to the local discrepancy function

n—1 1
1
Ar(@) = Y oa(t) = [ o).
=0

which we encountered already in (3.3), and which we also obtained as the
derivative £ of the representer £, where £ is given by (3.11) with K as in
(3.7).

The local discrepancy function has a geometric interpretation: since

n—1
Z Lio,q) (ti)
=0

is the number of points of P lying in the interval [0, x|, therefore

n—1

1

- Z Lo, (ti)
1=0

is the proportion of points of P lying in the interval [0,x]; and the local
discrepancy is the departure of this proportion from the ‘ideal’ proportion,
which is the length of the interval. By taking the L, norm of Ap we obtain
the L, discrepancy of the point set P, given by

NI A \Aﬂx)\f’dx)w

for 1 < p < oo, with the obvious modifications for p = oo. The L, dis-
crepancy can therefore be understood as a measure for how uniformly the
point set P is distributed, that is, it measures the discrepancy between the
empirical distribution of the point set P and the uniform distribution.
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We consider now a generalization to dimensions s > 1. In one dimension,
the local discrepancy function can be derived as the derivative of the repre-
senter ¢ based on the reproducing kernel K (x,y) = 2—max(z,y). As before
we consider the product kernel Ky(x,y) = [[;_; K (z;,y;). The representer
of the error is given by

n—1
1
fm = Ks T,y dy_i KS m’ti
@)= [, Ko dy =3 Kot
5 /3 — a2 1
:H( 2 ]) == >[I~ max(a;, 1)),
=1 =0 j=1

The mixed first partial derivatives are then given by
ollg 1l
T%(xw ]_) = (—1)|u| H x] — g Z l[ou,wu] (ti7u) ;
J€Eu =0

where

Liogzu) (ti) = [ [ 10,0, (t)-

JEU

We define the local discrepancy function Ap in s dimensions by

n—1 s
1
Ap(zx) = - > Lo (t) — [ 5
i=0 =1

Then
olulg

oxy

(@i 1) = ()M Ap(ay; 1),

Analogously to the one-dimensional case, we can show that
LS - [ flaa [P A
Ly > 0] O i s de,

i=0 [0,1]° uC{1:s} [

where the u = ) term is actually zero since Ap(1) = 0. This equality is
called by different people the Hlawka identity or the Zaremba identity.

By applying Holder’s inequality for integrals and sums, we then obtain
the following inequality.

Theorem 3.9 (Koksma-Hlawka inequality). We have

1 n—1
a2t = [ @] <18yl 319
1=0 ’
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where 1 < p,p/,q,¢ < oo, L+ ¢ =1, 5 +

1
v

' /p\ VP
HAPHp,p’=< > (/[mwmp(wu; 1)’pd$u> )

uC{1:s}
and )
8|u|f q q//q q
s = (5 ([, [t wan] an)™)
" ug%;s} 0,11l | Oy

with the obvious modifications if one or more of p,p’, q, ¢ are infinite.

In the theorem the norm ||f||;, can obviously be replaced by the cor-
responding seminorm |f|, ,, defined in exactly the same way but with the
u = () term omitted. (This term can be omitted because the QMC rule is
exact for constants.)

The inequality (3.14) says that the integration error is bounded by the
product of the norm || f||g,, or seminorm |f|,, of the integrand and the
discrepancy [|Ap||,, of the cubature points. It is often called a Koksma—
Hlawka inequality, especially for the case p = p’ = oo. If the integrand
is given, and cannot be changed, the inequality motivates the search for
cubature points with small discrepancy. It also connects QMC with the field
of discrepancy theory, since it shows that point sets with low discrepancy
are attractive to use as QMC integration points.

The classical Koksma—Hlawka inequality states that

n—1
1 *
Y s~ [ s < 0PV, (3.15)
nizo [0,1]¢
where D} (P) is the star discrepancy
Dy (P) = sup |Ap(z)l, (3.16)

z€[0,1]°

and V (f) is the variation of f in the sense of Hardy and Krause. If f has
continuous mixed first partial derivatives, the variation V(f) coincides with

s = / M

(xy; 1)‘ dx,.

3.6. Notes

The classical reference for reproducing kernels is Aronszajn (1950). See
also Thomas-Agnan (1996) and Wahba (1990). In the context of QMC,
reproducing kernels were introduced by Hickernell (1996a); see also Hick-
ernell (1998a). For another elementary introduction to RKHSs in the con-
text of QMC integration see Dick and Pillichshammer (2010, Chapter 2).
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Theorem 3.5 can be found in Hickernell (1998a). Mercer’s theorem implies
that each reproducing kernel has an expansion in terms of its eigenfunctions

K(z,y) = Z At ()Y (y),
r=0

where A, > 0 are the eigenvalues and 1, are the eigenfunctions of the
integral operator on [0,1]° with kernel K. For many reproducing kernels
considered in QMC theory these eigenfunctions are explicitly known: see
Dick, Nuyens and Pillichshammer (2013), Wasilkowski and WoZniakowski
(1999) and Werschulz and Wozniakowski (2009).

The one-dimensional form of (3.15) is due to Koksma (1942/43) and the
higher-dimensional result is due to Hlawka (1961).

Geometric discrepancy was studied long before QMC integration. The
classical reference to uniform distribution modulo 1 is Weyl (1916). Further
monographs dealing with discrepancy theory and various aspects of it are
due to Kuipers and Niederreiter (1974), Niederreiter (1992a), Drmota and
Tichy (1997), Matousek (1999), Chazelle (2000) and Dick and Pillichsham-
mer (2010).

Novak and WozZniakowski (2009) studied whether general Ly discrepancies
(in Euclidean spaces) are related to the worst-case error of multivariate inte-
gration on an RKHS. In particular, they provided a concrete formula for the
corresponding reproducing kernel for arbitrary Lo discrepancies. Gnewuch
(2012a) extended these results to weighted Lo discrepancies and weighted
RKHS. Here the underlying domain can be more general as in Novak and
Wozniakowski (2009). In particular, Gnewuch (2012a) covers the relation
between infinite-dimensional integration on weighted Hilbert spaces and the
corresponding weighted (limiting) Lo discrepancies.

4. Weighted spaces and tractability
4.1. Meeting the high-dimensional challenge

High-dimensional problems, as noted already in the Introduction, can be
very hard. Yet some problems have caused surprise in the opposite direc-
tion by turning out to be easier than might have been expected. Especially
influential in this respect were certain 360-dimensional calculations carried
out in the mid-1990s by Paskov and Traub (1995) at Columbia University.
That paper described a problem coming directly from Wall Street, on the
valuation of a class of financial derivatives known as mortgage-backed obli-
gations. While the details of the model or the calculation are not important
here, broadly the problem was to evaluate a parcel of mortgages held by a
bank, where each month borrowers make individual choices as to whether or
not to repay the mortgage, and are assumed to make this choice according
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to some probability distribution. And of course the value of a mortgage
held by the bank is affected by whether or not the loan is repaid. Be-
cause there are 360 months in the 30-year period of the loan, the problem
is to evaluate a 360-dimensional expected value. The standard approach
to such a problem is to model the process month by month by a Monte
Carlo method. Paskov and Traub (1995), in contrast, treated the problem
as one of 360-dimensional integration. To the surprise of most observers,
they were able to obtain satisfactory results with a QMC method, at much
smaller computational cost than with a Monte Carlo method.

Following the success of those experiments, the idea began to emerge
that perhaps problems such as the one described in the previous paragraph
are in some hidden sense not really as difficult as might be expected from
their nominal high-dimensionality. In this spirit Caflisch, Morokoff and
Owen (1997) defined two notions of ‘effective dimension’ (namely ‘trunca-
tion dimension’ and ‘superposition dimension’), with the idea that either
or both might be much smaller than the nominal dimension. Sloan and
Wozniakowski (1998) sought to build this notion into the mathematics, by
introducing function spaces containing ‘weights’. It is fair to say that in
some form or another ‘weighted spaces’ have become a standard part of
the QMC framework. We will define such spaces formally in the next sub-
section, but first we describe the underlying idea, and indicate why it has
become so popular.

Sloan and WozZniakowski speculated that perhaps the reason that QMC
calculations such as those in Paskov and Traub (1995) were successful is
that some coordinate directions are more important than others, in the
sense of being in some way more difficult. Assuming then that the coor-
dinate directions are ordered in order of difficulty, they sought to quantify
this decreasing importance by associating with each coordinate direction a
positive number ;, where

Y1 =>v2 >3- > 0.

By introducing a function space incorporating these weights, they were able
to obtain a rather precise result, namely that the worst-case error (defined
already in Definition 3.4) is bounded independently of dimension if and

only if
oo
Z’Yj < 00.
§=0

This means that a classical choice of weights (with all weights equal) cer-
tainly fails to have worst-case errors bounded independently of the dimen-
sion. So too, though only marginally, do weights v; = 1/j. On the other
hand weights of the form v; = 1/j% lead to uniformly bounded worst-case
errors if (and only if) a > 1.
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The weights described in the preceding paragraph are now called ‘product
weights’, for reasons that will soon become clear. Since that time many other
forms of weights have been studied (we shall meet ‘general weights’, ‘finite-
order’ weights, ‘order-dependent’ weights, and the most recent addition,
‘POD’ (for ‘product and order-dependent’) weights. The driving motivation
for this flowering of possibilities has been the desire to describe in a more
precise way the influence of particular combinations of the variables. At the
(unrealistic) extreme, the greatest freedom attaches to ‘general weights’,
which allow a different weight v, for each of the 2° subsets u C {1 : s}.

For all these choices of weights the question of ‘tractability’ arises: loosely,
we ask under what conditions on the weights are the worst-case errors uni-
formly bounded in dimension; or if they are not bounded, then at worst grow
only slowly with dimension. We shall discuss tractability in Section 4.5.

4.2. Weighted reproducing kernel Hilbert spaces: anchored Sobolev spaces

In this subsection we first introduce a weighted RKHS in its simplest product
form. But we then quickly develop weighted spaces of a more general form.

Arguing as in Example 3.3, we build our first weighted s-variable space out
of single-variable weighted spaces with simple kernels. Our one-dimensional
space Hj , is almost the same as before (in particular, it is always the space
of absolutely continuous functions f defined on [0, 1] whose first deriva-
tives are square-integrable), except that we now associate with the space a
weight v > 0, and in addition we allow the ‘anchor’ value to be any num-
ber ¢ € [0, 1], instead of just 1 as before. Our building block is now the
one-dimensional kernel

Kiq(z,y) = 14+yn(z,y),
where
min(z,y) —c if z,y > ¢,
n(z,y) =1 c—max(z,y) ifz,y<e, (4.1)
0 otherwise.
If c =1and v = 1 it is easily seen that this reduces to the reproducing
kernel (3.7). For general ¢ and ~ it is easy to verify, using no more than the

fundamental theorem of calculus, that K (z,y) is the reproducing kernel
associated with the inner product

1 1
(g = Felae)+ = [ 7)) da,
which is a generalization of (3.6). The corresponding norm is

1f sy = (F, 172
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The s-dimensional tensor product RKHS corresponding to the above one-
dimensional space is

HS,‘Y = Hl:’Yl ®H1772 ® oo ®H17’757

if we allow a different weight ~; for each component z;. It has the repro-

ducing kernel .

Kon(@,y) = [T 0 +vn(zs,v9))-
=1
The identity

S

H(l—i—aj Z Haj—l—i— Z Ha] (4.2)

i=1 uC{Lis} jeu 0#uC{1:s} j€u

can now be used to rewrite the product as a sum over all subsets of {1 : s},

Kony(@y)= Y w]]n@v) (4.3)

uC{l:s}  j€u

where for this product weight case we have

Tu = H Y55
JEU

with the convention that the empty product has the value 1. The reason for
the ‘product’ tag for these weights now becomes clear: the weight associated
with the subset u of the variables is the product of the weights for the
individual components. One implication of this is that the scaling of product
weights is crucially important. If, for example, all the weights v; are halved
then the weights for the subset u = {1, 3} with two elements are reduced by
a factor of 4, and those for the subset u = {2,4,5} by a factor of 8.

Because of the limited flexibility of product weights, other choices of
weights have been considered. In principle the formula (4.3) allows a dif-
ferent weight ~, to be chosen for each subset u of the variables, but the
cost of even one evaluation of the reproducing kernel would then be pro-
hibitive when s is large. This is the general weight case (Dick, Sloan, Wang
and Wozniakowski 2006), where we take 79 = 1. There is much interest
(as well as some unease (Sloan 2007)) in finite-order weights (Sloan, Wang
and Wozniakowski 2004, Wasilkowski and Wozniakowski 2004), in which
v = 0 for all |u| greater than some number ¢*. Order-dependent weights,
introduced by Dick et al. (2006), take the form

Y = Ly

for some non-negative numbers 'y, s, . ... The most recent addition to the
menagerie of weights are the POD weights (i.e., product and order-dependent
weights), in which two sequences 71,72, ... and I'1,T'9, ... of non-negative
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numbers are defined, and we take

=T [ [ (4.4)
JEU
Weights of the POD form were found to arise naturally in a recent study of
PDEs with random coefficients (Kuo et al. 2012).
For general weights ~, the inner product in our anchored space is

alul olul
_1 .
(f,9)s~y = E /0 xy; ) oz, g(xy; ) day,

uC{l 1]\11\ aazu

where the notation follows that in (3.8), and the term labelled by u is to be
omitted for u = ().

The worst-case errors for spaces with reproducing kernel of the form (4.3)
and 7 given by (4.1) can be found from (3.9). To make use of that expression
one needs the single and double integrals of the kernel. For completeness we
give the necessary integrals here, as well as the ‘diagonal’ integral needed
for the QMC mean (3.13):

K,’yxy Z'YuH l'] +B

uC{1l:s} Jj€u

Ks~(x,y)dedy = Bl 4.5
o ety > (45

[0,1]°

uC{1:s}
Ks,‘y(mvx) dx = Z Vu(ﬁ + )lul
[0,1]° uC{l:s}
where
a(x) = max(x,c) — % - % —1 and B:= & —c+ 3. (4.6)

When the weights are of the product form, these three integrals simplify
(by using the identity (4.2)) to

[T +(ate) +6). [T +8), [TO+%B+8).
j=1 j=1 j=1
respectively.

For example, with product weights and ¢ = 1, we have from (3.9) and
(3.10) that the worst-case error and initial error are given by

ei,5<P;H<KS,7>>=1i[1( 1) - ZOH( EL)

n—ln—1 s

ZZH + 5 1—max( ”,tk])])

=0 k=0 j=1
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which reduces to (3.12) if y; = 1 for all j, and

2 HE) =] (1+%).

j=1
Moreover, we have from (3.13) that the QMC mean satisfies

B2 (H(K,~)) = i(H (1 " 7;) - H (1 + ig))

j:1 ]:1

We remark that it is also possible to use a different anchor value c; for
each coordinate direction x;, thus leading to different 7;, o, B; for each
index j. All results can be trivially generalized to that case.

4.3. Unanchored Sobolev spaces

The reproducing kernels considered so far in this section have been of the so-
called ‘anchored’ variety, in which there is a special number ¢ € [0, 1], called
the ‘anchor’, at which the components of x that are not active (i.e., that
are not in the active set u) are fixed. However, there are other RKHSs with
interesting properties (Sloan and Wozniakowski 2002). In particular, the
so-called ‘unanchored’ spaces, in which the inactive variables are integrated
over rather than fixed, have some advantages. We give the necessary formu-
las here; all can be checked by similar arguments to those given previously
for the anchored spaces (or see the reference above).

In the one-dimensional weighted case the inner product is now (cf. Ex-
ample 3.8 for a = 1)

(o)1 = </ fa dsc></ s)de) + 1 /Olf’(fﬂ)g’(:v)dw

and the corresponding norm is

1y = (12

The corresponding reproducing kernel is, as before,

Kl,’y(xa y) =1 + 777('%7y)7

but now 7 is given by

n(z,y) = 3Ba2(le —y) + (z = 3) (v — 3), (4.7)

where By(z) := 22 — 2z + % is the Bernoulli polynomial of degree 2, which
has the useful property

1 1
/032<rx—yr>dy=/0 Ba(y) dy = 0.
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The corresponding kernel for the s-dimensional general weight case is
again given by (4.3), but now with n given by (4.7). The inner product for
the s-dimensional general weight unanchored space is

odhom = D % / |</ m ng“””"“"“)

uC{1l:s}
ol 4 q
X Tr)dr_ Iy,
</[0’1}s—u 8mug( ) u> Y

where x_, stands for all the components of the s-dimensional vector  that
are not included in x,.

The range of choices for the weights is exactly the same as for the anchored
case.

The worst-case error is again given by (3.9). The necessary single and
double integrals of the kernel, along with the diagonal integral needed for
the QMC mean, now take the simpler forms

/ Ks(x,y)dy =1,
[0,1]°

/ Ks~(z,y)dzdy =1,
[0,1]s J[0,1]®

Koy(ma)dz =Y (b)),

[0,1]¢ uC{lL:s}

and in the case of product weights the third integral simplifies to
S

11 <1 + ZSJ )

j=1

To avoid having to treat the anchored and unanchored spaces separately,
we can write n(z,y) from (4.1) and (4.7) in the common form

n(x,y) = 5Ba(lz —yl) + (z — 5)(y — 3) + alz) + aly) + 5, (4.8)

where «(-) and § are defined by (4.6) for the anchored case, and o = 0 and
B = 0 for the unanchored case.

4.4. Why weighted spaces are interesting

We have defined different kinds of weighted spaces for functions defined on
the s-dimensional cube, but we have not so far said why weighted spaces
are interesting. The answer is that the worst-case errors in any of our
weighted reproducing kernel Hilbert spaces are bounded independently of the
dimension s if (and only if) the weights decay in a suitable way.

For product weights, the following result, first obtained by Sloan and
WozZniakowski (1998) for the anchored case ¢ = 1, is particularly striking.
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Theorem 4.1. For product weights, and for the weighted anchored or
unanchored Sobolev space of Sections 4.2 and 4.3, there exist point sets
P, C[0,1]° for n = 1,2, ... such that the worst-case error e, s(P,; H(K~))
is bounded independently of s if and only if

D 5 < oo (4.9)
j=1

There are two parts to this theorem: one part is an existence result,
stating that ‘good’ point sets exist if (4.9) holds, without saying how to find
them; and the other part is a negative result, saying that if the assumption
(4.9) does not hold then, no matter how the points are chosen, the worst-
case error is unbounded as s — co. We shall address each result separately
in the following two lemmas.

Lemma 4.2. For product weights, and for the weighted anchored or unan-
chored Sobolev space of Sections 4.2 and 4.3, there exist point sets P, C
[0,1]° for n = 1,2,... such that the worst-case error e, s(Py; H(K, s)) sat-
isfies

1 . 1 -
ens(Pui H(Kay)) < —exp (BJZ;%) < = exp (B]Zl”)’
where B = (c?—c+1/2)/2 for the anchored space with anchor value ¢ € [0, 1],
and B = 1/12 for the unanchored space. (In particular, B = 1/4 for the
anchor ¢ = 1 and B = 1/8 for the midpoint anchor ¢ = 1/2.)

Thus the worst-case error is bounded independently of s, and has the
Monte Carlo rate of convergence, if the infinite sum in (4.9) converges.

Proof. We give the proof for the anchored space with ¢ = 1. The other
cases follow similarly. It follows from the averaging argument (there is
always at least one choice as good as the average) that there exists a QMC
point set P, for which the worst-case error is less than or equal to the QMC
mean given by (3.13). We produce an upper bound on the latter by omitting
the negative term, and then use the third equation in (4.5) to evaluate the
integral, obtaining

14 i
2 (P H(K, ) < B2 (H(Ko) < = ] <1 + ;)
j=1

1 2 : 1 1<
= —exp Zlog(qu%) < —exp 72% ,
n = 2 n 2j:1

where in the last step we used the property that log(1+4x) < x for all > 0.
The rest of the claim in the lemma follows immediately. O
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The ‘only if’ part of Theorem 4.1 for the anchored case comes from the
following result established by Sloan and Wozniakowski (1998). The argu-
ment there is relatively elementary, starting from (3.9) with the off-diagonal
terms of the last term dropped (which is justifiable by the non-negativity
assumption).

Lemma 4.3. If the reproducing kernel K of some Hilbert space H(Kj)
is non-negative, then for any point set P, C [0, 1]° we have

s (Pui H(Ky)) > € ((H(K))(1 = nky),

where
( as(x) > 1
ks := | sup )
ze0,1)s \/Ks(z,x) /) llas|ls
and
as(x) := Ks(x,y)dy.
[0,1]¢

Hence e, (P, H(K)) < cep s(H(K,)) can happen only if

1—¢g2

2
Ky

n >

This lemma applies to the anchored space of Section 4.2 because the
kernel K~ is in this case manifestly positive. The proof of the second part
of Theorem 4.1 then follows in this case by showing that ks — 0 if the
sum in (4.9) diverges. For the unanchored case a different proof is needed,
because the kernel K, - in that case is not necessarily positive. The result
for that case is proved in Sloan and Wozniakowski (2002, Theorem 1), but in
any case is superseded by the stronger result stated in Theorem 4.5 below.

In the case of our original anchored but unweighted Sobolev space dis-
cussed in Example 3.3, it can be shown (Sloan and Wozniakowski 1998) that
ks =~ 1.0557° thus in this case n must be exponentially large to reduce the
initial error by some fixed percentage, say 50%.

The upper bound on the worst-case error in Lemma 4.2 is independent
of s under the condition (4.9), but the apparent rate of convergence in that
lemma is just the Monte Carlo rate of O(n~'/2). Fortunately, as we shall
see in Sections 5 and 6, a convergence rate arbitrarily close to O(n~!) can
be attained if the (product) weights satisfy the stronger condition

(o ¢]
>l <o
7j=1
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4.5. Tractability of multivariate integration

In this subsection we frame the earlier discussion in terms of the valuable
notion of tractability. Loosely speaking, the tractability of a problem relates
to the question of how quickly the difficulty of a problem increases as the
dimension increases. Note that it relates to the difficulty of the problem,
not to the cost of any particular algorithm.

The standard reference in this area is the recent three-volume work by
Novak and Wozniakowski (2008, 2010, 2012). In the present brief discussion
we limit ourselves to a very small part of the subject, touching only parts
that are relevant to our concerns with multivariate integration over the unit
cube.

Thus our problem is that of evaluating the s-dimensional integral I(f)
defined in (1.1). We will assume that f belongs to a Banach space Fs of
real-valued functions defined on [0,1]°. The space Fs could be one of our
reproducing kernel spaces Hg, but could also (as in the next subsection)
be a non-Hilbert space. The setting is that we are allowed to approximate
I(f) by any deterministic algorithm A, ¢(f) that uses at most n function
values of F;. (In the language of information-based complexity (Traub,
Wasilkowski and Wozniakowski 1988), the algorithm is restricted to ‘stan-
dard information’.) Thus A,, 5 could be a QMC integration rule, but could
also be an integration rule that uses unequal weights, including even neg-
ative weights, and A, s is even allowed to be a nonlinear combination of
f(t0)7 SERE) f(tnfl)

For a given s > 1 and a given ¢ € (0, 1] we define the nth minimal number
for this problem by

n(e,s) = min{n >1:inf sup |I(f) — Ans(f)] < 8},
Ans || fllp, <1

where the infimum is over all algorithms A, s that use no more than n
function values of f (and no other information about f).

Definition 4.4 (tractability). The integration problem is said to be poly-
nomially tractable if there is some C' > 0 and some p,q > 0 and g > 0 such

that
1 p
n(e,s) < C<5> s1

for all s € N and ¢ € (0,1]. It is strongly polynomially tractable if this
inequality holds with ¢ = 0, that is, if

n(e,s) < c(i)p.
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Many other variants of tractability are defined in the cited works, but
these two will suffice for our present purposes.

The following theorem mimics Theorem 4.1 in the preceding subsection,
but there is an important difference: whereas for the ‘only if’ part of the the-
orem we previously allowed only QMC integration rules, here all algorithms
Ay s are allowed, making the statement considerably stronger.

Theorem 4.5 (strong polynomial tractability). For product weights,
and for the weighted anchored or unanchored Sobolev space of Sections 4.2
and 4.3, the integration problem is strongly polynomially tractable if and
only if

o0
Z’yj < 0.
j=1

A necessary and sufficient condition for polynomial tractability is as fol-
lows.

Theorem 4.6 (polynomial tractability). For product weights, and for
the weighted anchored or unanchored Sobolev space of Sections 4.2 and 4.3,
the integration problem is polynomially tractable if and only if

. Zj’:l i
limsup ———
$—00 log(s + ].)

The preceding theorem may give the impression that non-trivial weights
are needed in order to have (polynomial) tractability, but the remarkable
result discussed in the next subsection shows that, while this is true for the
Hilbert spaces we have met so far, it is not true for the classical L, version
of the anchored spaces.

But the Hilbert spaces retain one great advantage, namely that the worst-
case error for a given QMC rule is computable, something that turns out (as
we shall see in the next two sections) to be helpful in construction. The star
discrepancy (whether weighted or not), on the other hand, is notoriously
difficult to compute: see Gnewuch, Srivastav and Winzen (2009).

In this subsection we have so far restricted ourselves to product weights.
Tractability results for general weights were first considered by Sloan et al.
(2004). For example, for general weights 7, and the unanchored Sobolev
space it is shown that the integration problem is strongly polynomially

tractable if
3 (@M <o,

Ju|<oo

where now the sum is over all finite subsets of the natural numbers. For
other tractability results for general weights and variants of the weights, we
refer the reader to Novak and Wozniakowski (2010).
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4.6. Tractability of star discrepancy

A surprising result established in Heinrich, Novak, Wasilkowski and Woznia-
kowski (2001) is that there exists a point set P in [0, 1]° consisting of n points
such that its star discrepancy, given by (3.16), satisfies

DX(P) < 0\/3 (4.10)

for some constant C' > 0 which is independent of n and s. Aistleitner (2011)
showed that C can be chosen as 10, for instance. A lower bound by Hinrichs
(2004) states that the infimum of D} (P) over all point sets P is bounded by

S
inf D*(P) > mi =
P01} Pl=n nl )mm<co’cn>’

where the constant ¢ > 0 is independent of s and n and

1
- 32¢27

as stated in Gnewuch and Rosca (2009).

In the following we prove a slightly weaker version of (4.10). The proof is
based on Hoeffding’s inequality, a special case of which we describe in the
following. Let Xg, X1,...,X,_1 be independent and identically distributed
random variables with mean p and X; € [—1, 1] almost surely for 0 < i < n.
Let

€0

Then
P(|X —pul >9) < 20792 for all § > 0.

We need an additional lemma.

Lemma 4.7. Let P = {to,t1,...,t,—1} C [0,1]® be a point set consisting
of n elements. Let 6 > 0 and m = [s/d]. Let I';,, be the equidistant grid on
[0,1]° with mesh size 1/m (and therefore cardinality (m + 1)®). Then

D} (P) < max |Ap(x)| + 4.
xely,

Proof. Let n > 0. Then there is a vector «* = (z7,...,z%¥) € [0,1]® such
that

Dy (P) < [Ap(x®)] + 1.
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Let y,z € I'y;, be such that y; < x* <zjand z; —y; = m~!. Then we have

{1 5((10) () - (1) (1))

=Z< I1 - )(Hyj> —y) < <6,

r=1 \j=r+1

where the empty product is set to 1. Thus we have

HZJ—*Zloz 5<H$——210w
SHyj_%Zl[O,y)(t2)+6
j=1 i=0

which implies the result. L]

We are now ready to prove the following slightly weaker version of (4.10),
which is Theorem 1 of Heinrich et al. (2001).

Theorem 4.8. For every n,s € N there exists a point set P consisting of
n points in [0, 1]%, whose star discrepancy satisfies

1 log 2.
\/ 4logl+)+og

Proof. Let tg,ty1,...,t,—1 be independently and uniformly distributed ran-
dom variables in [0, 1]°. Let P = {#o,t1,...,t,—1}. Then for each = € [0, 1]*

AtL(w) = 1[0,m)(tz) — X1 Ts

is a random variable with mean 0 and |A¢, ()| <1 for 0 <1 < n. Further,
we have

1 n—1
Ap(x) =~ > Ay(@).
1=0

Thus we can use Hoeffding’s inequality, which implies that
P(D;,(P)) < 20) ZP<m%x Ap(@)| <4)
xecl

>1—2(m+1)% "2,

We now choose the parameters such that 1 — 2(m + 1)%¢ =92 > 0, or

equivalently
5n
log2 + slog(m+ 1) — - < 0.
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Since m = [s/d], this holds for all § > 09 = do(n, s), where Jy satisfies
53 = 2n"*(slog([s/d] + 1) + log 2).

1 [ n
— < 7
6o — '\ 4log2

52 < o0~ (stog( | =Y | 1) +10g2).
0 <2n <sog<[ Tlog 2 + + log
Thus for any é > g there exist points tg,%1,...,t,—1 such that
Dy ({to,t1,...,th—1}) < 20.
Hence there is a point set P = {t¢,t1,...,t,—1} such that D} (P) < 26y. I

This implies that

and therefore

4.7. Notes

Weighted spaces were first introduced by Sloan and Wozniakowski (1998),
and subsequently generalized by Sloan and Wozniakowski (2001, 2002), Dick
et al. (2006) and Sloan et al. (2004). A non-technical introduction to the
weighted space setting and lattice rules is given in Kuo and Sloan (2005).
For the standard reference on tractability see the recent three-volume work
by Novak and Wozniakowski (2008, 2010, 2012).

The ‘only if’ parts of Theorems 4.5 and 4.6 were proved by Novak and
Wozniakowski (2001) for the anchored Sobolev space, and also for the more
general class of ‘decomposable’ kernels. For the unanchored Sobolev space
the second parts of the theorems were proved by Sloan and Wozniakowski
(2002), using results from Hickernell and Wozniakowski (2001) and in turn
Hickernell and WozZniakowski (2000). See also Wasilkowski and Wozniakow-
ski (2004).

A classic paper on numerical integration and discrepancy is by Hick-
ernell (1998a), who defined discrepancies which include lower-dimensional
projections and introduced the reproducing kernel machinery for numerical
integration. Sufficient conditions on the weights for which Sobol’, Halton,
and Niederreiter sequences achieve strong tractability have been studied
by Wang (2002, 2003). Tractability of so-called ‘finite-order weights’ has
been shown by Sloan et al. (2004). Strong tractability of scrambled digital
nets and sequences has been studied by Yue and Hickernell (2005, 2006).
Tractability questions for the weighted star discrepancy have been con-
sidered by Hinrichs, Pillichshammer and Schmid (2008). A strategy for
choosing the weights in finance applications has been considered in Wang
and Sloan (2006, 2007). The concepts of ‘effective dimension’, ‘truncation
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dimension’ and ‘superposition dimension’ have been introduced in Caflisch
et al. (1997). The effective dimension of problems arising from financial
applications have been studied by Wang and Fang (2003) and Wang and
Sloan (2005) in the context of QMC.

The equidistant grid '), used in Lemma 4.7 is a special d-cover or (essen-
tially) bracketing cover. The notion of bracketing is well established in em-
pirical process theory (see van der Vart and Wellner 2009, for example), and
to achieve better results than in Theorem 4.8 one needs better bracketing
covers than I'y,. In fact, the results from Aistleitner (2011), together with
the results on probabilistic discrepancy estimates from Gnewuch and Rosgca
(2009), Aistleitner and Hofer (2012) and Gnewuch (2009), as well as theo-
retical arguments from Doerr, Gnewuch and Wahlstrom (2009) and Doerr,
Gnewuch, Kritzer and Pillichshammer (2008) for constructing small discrep-
ancy samples, all rely on the constructive bracketing covers and the induced
upper bounds on bracketing numbers from Gnewuch (2008). Aistleitner
(2011) and Aistleitner and Hofer (2012) also use Bernstein’s inequality and
the technique of dyadic chaining.

Attempts have been made to find constructions of point sets whose star
discrepancy grows only polynomially with the dimension: see for instance
Doerr, Gnewuch and Wahlstrém (2010) and Doerr et al. (2008). An im-
plementation and numerical experiments have been reported in Doerr et al.
(2009). However, the construction cost of these algorithms depends expo-
nentially on the dimension. An essential problem in these algorithms is
the estimation of the star discrepancy of a given point set, which is itself
intractable as shown by Gnewuch et al. (2009). Algorithms for estimating
the star discrepancy have been further investigated by Gnewuch, Wahlstrém
and Winzen (2012).

Let n(e,d) be the smallest number necessary to reduce the d-dimensional
L discrepancy ||Apl||2 by a factor of €. The exponent of discrepancy is then
the smallest number p such that n(e,d) < Ce™P for all d > 1. It has been
shown that 1.0669 < p < 1.41274 for the classical Lo discrepancy, where the
lower bound is by Matousek (1998a) and the upper bound by Wasilkowski
and Wozniakowski (2010).

5. Lattice rules

In Section 2 we gave a brief introduction to lattice rules. We defined rank-
one lattice rules and explained how randomly shifted lattice rules can be
used for practical error estimation. We also introduced the component-by-
component (CBC) construction for obtaining good lattice rule generating
vectors. Here in this section we provide the theory behind the CBC con-
struction, including error analysis of randomly shifted lattice rules and the
fast implementation of the CBC algorithm. We will also discuss extensible
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lattice sequences, which turn lattice rules from ‘closed’ point sets to ‘open’
sequences, making them more flexible for practical applications.

For most of this section, we will consider the weighted anchored or unan-
chored spaces of Section 4, which contain integrands with square-integrable
mixed first derivatives. The lattice rules constructed for these function
spaces can achieve close to O(n~!) convergence rate, with implied constants
that can be independent of the dimension s if the weights of the function
space satisfy a certain condition. We will also discuss the use of the baker’s
transformation to obtain close to O(n~2) convergence rate when the inte-
grands have square-integrable mixed second derivatives, again with implied
constants that can be independent of s. We will also outline other strategies
for obtaining even higher orders of convergence using lattice rules, but now
the error bounds known so far have exponential growth in s.

5.1. A brief background on the classical theory of lattice rules

Lattice rules were originally designed for periodic functions. It is customary
to assume that the integrand f has an absolutely convergent Fourier series

flx)=Y" fhyerh= 2= _1, (5.1)
heZs

with Fourier coefficients

~

_ —2rih-@
fim= [ @

where h - = hix1 + - - + hsxs denotes the usual vector dot product. It
follows from the absolute (and hence uniform) convergence of (5.1) that f is
necessarily continuous and also one-periodic with respect to each variable,
that is, f(x)|z;=0 = f(®)|z;=1 forall j =1,...,s.

Theorem 5.1 (the lattice rule error). Let @,  denote a lattice rule
(not necessarily rank-one) and let £ denote the associated integration lat-
tice. If f has an absolutely convergent Fourier series (5.1), then

Qus(H)—L(H= . fh)

helLL\{0}

where £+ :={h € Z* : h-x € Z for all x € L} is the dual lattice associated
with L.

We will prove this result for rank-one lattice rules (see (2.3)), that is, for

QMC rules of the form
1o [ (iz
Qns(f) =~ ZO f<{n}>
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In this case, L+ = {h € Z* : h-z =0 (mod n)}. A proof for general lattice
rules is given in Sloan and Joe (1994).

Theorem 5.2 (rank-one lattice rule error). Let @, denote a rank-
one lattice rule with generating vector z. If f has an absolutely convergent
Fourier series (5.1), then

Qus(N) = L= > fh).
hezs\{0}
h-z=0 (mod n)

Proof. Using the Fourier series (5.1), we can write

Quslh) ~ 1(F) ;gf({’jf}) [, S
- Y ) <;7§egmkh.z/n> -y f(h)/ 2mihw g
k=0

heZs hezs [0,1]*

The result then follows from the elementary properties
/ e27rih,-m do — 1 if h = 97
[0,1]5 0 otherwise,

l nz:l eQwikh-z/n _ 1 ifh-z2=0 (HlOd ’I’L),
n 0 otherwise.

and

The property (5.2) is sometimes referred to as the ‘character property’ of
lattice rules with respect to the exponential functions. It is one of the key
properties we need for the error analysis of lattice rules.

In the classical theory of lattice rules, one considers a class F,(c) of
functions whose Fourier coefficients satisfy, for « > 1 and ¢ > 0,

o~ cC . _
It follows that
1
’Qn,s(f) _Is(f)’ <c Z ﬁ, fOI‘fEEa(C).
heZs\{0} 1 8

h-2=0 (mod n)
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This leads to the definition of a quality measure called P,,

1
Pa(z,n) = Z —_— =, a > 1, (53)
hers (hl ce hs)a
€z5\{0}
h-z=0 (mod n)
and the goal is to choose z so that P,(z,n) is as small as possible. By using
the character property (5.2) (or by recognizing that P, is the integration

error for a function f with Fourier coefficients f(h) = 1/(hy---hs)®), one
can express P, as

n—-1 s 27r1k:hz]/n
P.(z,n)=—1+ — ZH(H > ) (5.4)

k=0 j=1 heZ\{0}
n—1 s i .
1 e2mikhz; /n
=1+ =1 +2¢ 1 A
T+ 200 H(+ pppay ]
j=1 i heZ\{0}
where
Sy b (5.5)
hm’ )
h=1

is the Riemann zeta function. For practical computation, « is often taken
to be an even integer. This is because the Bernoulli polynomial of degree «,
with a an even integer, has the Fourier series
(—1)%“04! o2miha

(2m)° hez\{0} he

B,(x) = for x € [0, 1], (5.6)

so that in this case we can write

it/ (-1)Eiene ({’2@}) (5.7)

|| al

heZ\{0}

This allows P, in (5.4) to be computed in O(ns) operations. One may
therefore use the Korobov construction in Example 2.9 to search for a lattice
generating vector z, using the criterion that P, be as small as possible.

It is well known that the rate of decay of the Fourier coefficients of a
function is related to the smoothness of the function. For instance, if o > 1
is an integer and all partial derivatives

aq1 ++q.sf
ozl - Oz’
exist and are continuous on [0, 1]*, then there exists ¢ > 0 for which f €

E,(c). Thus the class E,(c) is essentially a class of functions with smooth-
ness determined by «, therefore the parameter « is called the smoothness

OSQ1)"'JQS§&7
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parameter. 1t is known that a convergence rate of
Py(z,n) = O0(n" % (logn)*?®)

can be achieved. There are also other related quality measures for lattice
rules (Niederreiter 1992a, Sloan and Joe 1994).

We shall not discuss the classical theory further, because in the classical
error analysis all error bounds grow exponentially with dimension. In the
following, we will carry out error analysis in the weighted function space
setting of Section 4.

5.2. Shift-averaged worst-case error

In this subsection we discuss a general strategy for the error analysis of ran-
domly shifted QMC rules, as a preparation for our later analysis of randomly
shifted lattice rules.

For any QMC point set P = {to,...,t,—1} and any shift A € [0,1]%, let

P+A={{ti+A}:i=0,1,...,n—1}

denote the shifted QMC point set, and let @, s(A; f) denote the corre-
sponding shifted QMC rule. Then, for any integrand f belonging to some
normed space H, it follows from the definition of the worst-case error (see
Definition 3.4) that

’Is(f) - Qn,s(Aa f)‘ < 6n,s(P + A§ H) Hf”H

We deduce a bound for the root-mean-square error

VEIL() = Qus(A ) < (P H) ||

where the expectation E is taken over the random shift A which is uniformly
distributed over [0, 1]°, and where the quantity

el (P H) = \/ / e2 (P+ A;H)dA (5.8)
[0,1]

is referred to as the shift-averaged worst-case error.

The shift-averaged worst-case error (5.8) will be used as our quality mea-
sure for randomly shifted QMC rules. For any given point set P, the aver-
aging argument guarantees the existence of at least one shift A for which

ens(P+ A H) < e (P H).

The following theorem gives an explicit formula for the shift-averaged
worst-case error when the function space is an RKHS.
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Theorem 5.3 (formula for the shift-averaged worst-case error).
The shift-averaged worst-case error (5.8) for a QMC point set P in an RKHS
H,(K) satisfies

n—1n—1
(e (P; H, (K))]? / K y)dwdy + 5 >0 5 K™t 1),
0,1] J[0,1]* i—0 k=0
(5.9)
where
Kz, y) = K({xz+A},{y+A})dA forallxz,y € [0,1]°. (5.10)

[0,1]*

Proof. Using the definition (5.8) and applying the formula (3.9) for the
worst-case error e, (P + A; Hy(K)), we obtain

[exs (P; Hs(K)))?

/ Kacyda:dy—Z/ K({t; + A},y)dAdy
0,1]s J[0,1]* [0,1]¢

—1n-—1
%ZZ K({t: + A}, {ty + A})dA
=0 k

[0,1]°

With a change of variables & = {t; + A}, the double integrals in the second
term turn into the double integral in the first term. The result then follows
from the definition (5.10). O

The function K*" defined by (5.10) is actually a reproducing kernel, with
the shift-invariant property

Kz, y) = K"({z + A}, {y + A}) forallz,y, A €[0,1],
or equivalently
Kz, y) = K'({x —y},0) forallz,y e |0,1]°.

Furthermore, it can be verified that the shift-averaged worst-case error
eiL}jS(P; H,(K)) is precisely the worst-case error of the QMC point set P

in the RKHS with K" as the reproducing kernel, that is,
[ P+ ALK AA = & (P H(KD)).
[0,1]°

In words, the average over all possible shifts of the squared worst-case error
for a shifted QMC rule in a Hilbert space with reproducing kernel K is
equal to the squared worst-case error of the original unshifted QMC rule
in a Hilbert space with reproducing kernel K. This important connection
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provides a powerful tool for analysing randomly shifted QMC rules, because
it is often easier to work with a shift-invariant kernel. We refer to the kernel
K" as the shift-invariant kernel associated with K.

Further, we note that for the reproducing kernels we consider below, the
reproducing kernel K" has the same smoothness properties as K. As the
smoothness properties of the reproducing kernel determine the convergence
rate of the worst-case error, one obtains the same convergence rate of the
worst-case error for Hy(K*") as for Hy(K).

5.83. Randomly shifted lattice rules in weighted Sobolev spaces

We are now ready to analyse randomly shifted lattice rules in the weighted
anchored or unanchored Sobolev space of Section 4. First we derive the
associated shift-invariant kernel needed for the shift-averaged worst-case
error.

Lemma 5.4. Let H (K ) be the weighted anchored or unanchored Sobolev
space of Section 4. The shift-invariant kernel associated with K . is

KL (@y)= > w]][Balz; —uil) +8), (5.11)

uC{l:s} Jj€u

where 3 = ¢ — ¢ + 1/3 for the anchored variant with anchor ¢, and 8 = 0
for the unanchored variant.

Proof.  From the definitions (5.10) and (4.3), we have

K (2 Z%H/ (s + A, {yy + A;}) dA;,

uC{l:s} Jje€u

where the function 7 can be written in the common form (4.8) for both the
anchored and unanchored spaces. Using the symmetry Bs(x) = Ba(1 — x)

and fol a(z)dz = 0, we obtain
1
JRCEESNETERNIER
1
— 4B~ + [ (fo+ A} =) (ly+A) - )da+ 5

Therefore it remains to show that
I(z,y) :=/ ({z+ A} = 1) ({y+ A} — 1)dA = LBy(a — y).

Since Z(x,y) = Z(y, x), without loss of generality we assume that x < y.
There are three possible arrangements of the values of x + A and y + A
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for z,y, A € [0,1):

T+ A<y+A<l=A<]—y,
T+ A<1I<y+A=1-y<A<l-uzu,
I1<z+A<y+A=1-—z<A.

Thus we have

I@y%:41%m+A—ﬂy+A—MA

+[T7x+A_xy+A_1_mA

+/1i (z4+A-1-3)(y+A-1-3)dA

=3 —2)’—3—2)+ iy =5(lr -y~ lr —yl+ ).

This completes the proof. U]

2

For simplicity, let
e (2) = 6751}715<P3H(Ks,'7))

n,s

denote the shift-averaged worst-case error for a rank-one lattice rule with
point set P and generating vector z in our weighted anchored or unanchored
space. The following lemma gives an explicit expression for [e5,(2)]?.

Lemma 5.5 (shift-averaged worst-case error for lattice rules). The
shift-averaged worst-case error for a rank-one lattice rule in the weighted
anchored or unanchored Sobolev space satisfies

= Y (ZH[Bz({kz]})Jrﬂ]—ﬁ”), (5.12)

0#AuC{1:s} k=0 j€u

where 3 = ¢? —c+1/3 for the anchored variant with anchor ¢, and 8 = 0 for
the unanchored variant. For product weights, the expression simplifies to

[esh(2)])? = H1 1+7;8) 7;Z;f[1<1+% [Bz<{k })+5D (5.13)

Proof. Substituting t; = {iz/n} into (5.9) and using (4.5) and (5.11), we
obtain

== 3 e n S8 vl [m({502)) ]

As i and k range from 0 to n — 1, the values of (i — k) mod n are just
0,...,n—1 in some order, with each value occurring n times. Thus we can
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reduce the double sum in [¢5(2)]? to a single sum. Grouping the sum over
u and then cancelling the u = ) term yields the formula for general weights
above. The formula for product weights follows from the identity (4.2). [

5.4. Component-by-component construction

Recall that the components of the generating vector z can be restricted to
the set

U,={2€Z:1<z<n-—1and ged(z,n) =1},
whose cardinality is given by the Euler totient function
on)=U,|={z€Z:1<z<n-—1and ged(z,n) =1}|. (5.14)

When n is prime ¢(n) takes its largest value n—1, hence there are altogether
up to (n — 1)® possible choices for z, far too many to allow an exhaustive
search for the best one.

The CBC construction below, already foreshadowed in Example 2.10,
provides a feasible way to obtain good lattice generating vectors. The first
component z; is arbitrarily set to 1, since all choices in one dimension lead
to the same rectangle rule.

Algorithm 5.6 (CBC construction). Given: n, spyax, and weights 7.

(1) Set z; = 1.

(2) For s =2,3,..., Smax, choose z; in U, to minimize [effjs(zl, oo zs)]2

With general weights ~,, the cost of the CBC algorithm is prohibitively
expensive, thus when discussing implementation we will always assume there
is some special structure, such as product weights, order-dependent weights,
finite-order weights, or POD weights. We will discuss the implementation
of CBC in later subsections.

In this subsection we focus on error bounds resulting from the CBC con-
struction. The CBC error bounds are proved by induction: under the in-
duction hypothesis that the desired bound holds in s — 1 dimensions, we
show by the averaging argument that the algorithm picks a next component
zs, for which the bound holds in s dimensions.

To illustrate the general argument, we first prove that in the simplest
case of product weights and prime n, a generating vector constructed by
the CBC algorithm beats the QMC mean (see (3.13) together with (4.5))

Epo(Ksy) = % <H1 (1 +% </a’ + é)) - -ﬁl(l + %ﬂ)),

which yields a convergence rate of O(n~/2). We will prove a better, if more
complicated, result in Theorem 5.8 below.
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Theorem 5.7 (CBC error bound beats QMC mean). Consider the
weighted anchored or unanchored Sobolev space with product weights v, >
Yo > --- > 0, and suppose that n is a prime number satisfying

n>__ 1

~6(1+mpB)’
where 3 = ¢ — ¢+ 1/3 for the anchored variant with anchor ¢, and 8 = 0
for the unanchored variant. The generating vector z € U} constructed by
the CBC algorithm, minimizing the squared shift-averaged worst-case error
[e%}s(z)]Q in the weighted anchored or unanchored Sobolev space in each
step, satisfies

(5.15)

[ents(2)]” < Bp o (Ksy)- (5.16)

n,s

Proof. For the inductive step we need to show, under the assumption
S

e (21 zan)2 < B2,y (Kaory), that [0 (2)) < E2,,(K.n) when

n,s

zs € U, is chosen to minimize [eff’ls(z)]z.

To proceed, we rewrite (5.13) as

(G = (1428 eecs (1 2o+ Il (1 I <ﬂ " é>>

RPN ()

Jj=1

where we separated out the k¥ = 0 term and used B3(0) = 1/6. Next we
average over all possible choices of zg, forming

n—1

plens - zen) = e S [ ()]

n

zs=1

Since By(x) = (1/27?) 2_hez\ {0} e?mihz /p? for x € [0, 1], for any integer k
from 1 to n — 1 we can write

272 n—1 kzs 1 n—1 e?ﬂ'ihkz/n
n—lZZ:;Bz({ n }) :n—lz Z Rz

z=1 heZ\{0}
1 1 1
= X mal X e
heZ\{0} hezZ\{0}
h=0 (mod n) h#0 (mod n)
1 1 1 1
= 2 moao ( 2 w2 m)
heZ\{0} heZ\{0} heZ\{0}

h=0 (mod n) h=0 (mod n)
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n 1 1 1
T n—1 Z 2 on-—1 Z h2
hez\{0} hezZ\{0}
h=0 (mod n)
21%n 22 22

T 6nin—1 6(n—1  6n’

where we used Y 7>, 1/h* = 72/6. Thus we conclude for any integer 1 <

k <n —1 that
n—1
1 kzs 1
B — =——. 5.17
n—1 Z 2<{ n }) 6n ( )

zs=1

Combining the expressions yields

/’L(zh (RN 23_1) = (1 + P)/Sﬁ) [62}:371(2:17 v 7z8—1)]2

(oo 8)) - e ST (e e ({52)) +4)).

j=1 k=1j=1

Rewriting the third expression in terms of 631,5_1(21, ...,2s—1) and then

collecting similar expressions, we obtain

Mo, 7a) = (1 - gn> € (e zen)?

s—1 s—1
Vs Vs ¥s \ 1 1
_ 6ng(l +7,8) + (6 + 6n>nj131(1+’}’j<ﬂ+ 6)).

The condition (5.15) ensures that 1 + vs8 — vs/(6n) > 0. Applying the
induction hypothesis and dropping a negative term, we finally arrive at

w(zi, .oy 25-1) < E72175(KS77).

Since fu(z1,...,2s—1) is the average of [e5(2)]? over all z, € Uy, the
choice of z; that minimizes [ef}}s(z)]z must satisfy

(e (2)]2 < ey ooy 7o) < B2y (Ko).

n,s

To complete the proof by induction we note that the error bound (5.16)
is easily satisfied for s = 1: indeed we may adapt (5.17) to obtain

P = 25 (K s (o ny o
ml n \n n\6  6n 6n% — 6n’

This completes the proof. O

We now show, through a more complicated averaging argument in the
induction proof, that the CBC algorithm yields a convergence rate arbitrar-
ily close to O(n~1). The result holds for general n (not necessarily prime),
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and holds for the unanchored space with general weights (including product
weights), but holds for the anchored space only with product weights. For
the anchored space with general non-product weights, the same error bound
holds, but a modification to the search criterion in the CBC construction
is needed. We therefore state the results for the unanchored and anchored
spaces separately.

In the following theorems, the choice of z; at each step is independent of
the parameter A, and the error bound holds for all values of A\ € (1/2,1].
The optimal convergence rate close to O(n~!) is obtained with A — 1/2,
but note that A = 1/2 is not permitted because ((2X) — co as A — 1/2.
The implied constant in the big-O bound can be independent of s under an
appropriate condition on the weights. For example, in the case of product
weights, a sufficient condition to obtain close to O(n™!) convergence with

the implied constant independently of s is >0 =1 ’yjl < .

Theorem 5.8 (optimal CBC error bound: the unanchored case).
The generating vector z € U; constructed by the CBC algorithm, minimiz-
ing the squared shift-averaged worst-case error [e%}s(z)]Q for the weighted
unanchored Sobolev space in each step, satisfies

[\ /A
[ei*}s(z)]“'g(SO(lm > %T(?gg;)) ) , (5.18)

0AuC{l:s}

for all A € (1/2,1], where ((+) is the Riemann zeta function (5.5), and ¢(n)
is the Euler totient function (5.14).

Proof. We prove this by induction on s. The base step s = 1 is straight-
forward to verify for all A € (1/2,1]. Assume now that we have chosen the
first s — 1 components z1, ..., zs_1 and that (5.18) holds with s replaced by
s — 1. We separate the terms in (5.12) (remembering that 8 = 0 for this
unanchored space), depending on whether or not the element s is included
in the set u, to obtain the recursive expression

[eSh (21, 261, 25)]2 = [62}3371(215 oz )2 4 0(2), (5.19)
with (suppressing the dependence of 6 on z1,...,25_1)
k:zj
)= Y 4 Z I3
seuC{l:s} k 0j€u
e27rikhu-zu/n
= > (272) |u|< Z > .o i2
seuC{l:s} k=0 h,e(z\{0}) JeEU g
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_ W _ b
= > (272)l ( 2. cu hz)
seu§{118} hue(Z\{O})‘u‘ ’ ’

hy -2y =0 (mod n)

= ¥ Gam N o
e (%2)11'( > hs 2 H'Eu\{S}h2),
seuC{l:s} hs€Z\{0} hu\{s}G(Z\{O})M_l 7 3

by {5} Zu\ {5} =—hszs (mod n)

where we made use of the Fourier expansion of By and the character prop-
erty (5.2).
If z¥ denotes the value chosen by the CBC algorithm in dimension s, then

(since the minimum is always smaller than or equal to the average) we have
for all A € (0,1] that

D < o T BEP S s S Y G

2s€U, 25€Un seuC{1:s}
1 1
X Z ) Z , DYE
|hs| [Licw sy 11
hs€Z\{0} hu\{s}e(z\{o})\u\*l

hu\{s}'zu\{S}E—hszs (mOd n)

where we used the inequality (sometimes referred to as Jensen’s inequality)

A
<Z ak> < Zk:ag, ar >0, X e (0,1]. (5.20)

k

Next we separate the terms depending on whether or not hg is a multiple
of n, to obtain

A
(/63 G i SN > o
(27%) " [Liew gsy 1l
seuC{1l:s} hu\{s}E(Z\{O})|“|‘1 J
P\ (s} Zu (53 =0 (mod n)

+7ZZ Z |u|>\

ZsGUn c=1 seuC{l: s}

1 1
\h5| H cu\{s} |hJ|
he€Z\{0} hu sy €2\ T
he=—cz3 ! (mod n) P\ {5} 2w\ {s} =¢ (mod n)

where 21 denotes the multiplicative inverse of zg in U, that is, zsz; !

1 (modn). For fixed c satisfying 1 < ¢ < n— 1, we have {cz;! mod n : 2z,
U,} = {czmodn : z € U,}. Let g = ged(¢,n). Then ged(c/g,n/g) =

=l
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and
1
Sy ey Y b
2s€UR hs€Z\{0} z€Un  h,eZz\{0}
he=—czg ! (mod n) hs=—cz (mod n)
—2/\
%U: mze:Z |m”—02‘” %U: 2 < |m(n/g) - C/Q)ZI”
n/g—1 1
_ ,—2)
=g > b B |2/\ <99 > ) R
2€Un heZ\{0} a=1l  phez\{0}
h=—(c/g)z (mod n/g) h=a (mod n/g)

=g' 72020 (1= (n/g) ™) < 2¢(2N),

where the last step holds because ¢ > 1 and A > 1/2. (The condition
A > 1/2 is needed to ensure that ((2)\) < co.) Hence

A
A g 2¢(2)) !
PEP < Y G o S | Py M
' 7r _ jeul\{s} I
scuC{1:s} by (3 €(Z\{O}) M1
hy\ {5320\ {s3=0 (mod n)

IS PV > —
p(n) (272) A [Licw sy 171

seuC{lis} by sy €(Z\{0}) M~

R\ s} %0\ {5} Z0 (mod n)
1 2¢(27)\
<—— D %T( . A) .
So(n) seuC{l:s} (27T )

Now we use (5.19), the induction hypothesis and another use of (5.20) to
obtain (5.18). O

Theorem 5.9 (optimal CBC error bound: the anchored case). A
generating vector z € U? can be constructed by a (modified) CBC algorithm
such that the squared shift-averaged worst-case error eSh .(2) in the weighted
anchored Sobolev space with anchor c satisfies

W\ 1A
[ezmz)]?s(@(lm > (e o) )

0AuC{1:s}

for all A € (1/2,1], where 3 = ¢ —c+1/3, ¢(*) is the Riemann zeta function
(5.5), and ¢(n) is the Euler totient function (5.14). For product weights,
the algorithm minimizes [eSh (2)])? step by step as usual. For general non-

n,s
product weights, the algorithm minimizes an auxiliary quantity en s, a(Z)



HIGH-DIMENSIONAL INTEGRATION: THE QUASI-MONTE CARLO WAY 205

depending on s,

Chsal2) = D %m( ZHBZ<{kZ]})>, (5.21)

P#£0C{1:d} k=0 jEv
step by step for each d = 2,3,...,s, with auxiliary weights defined by
Vs,p 1= Z Y ML C {1k s} (5.22)
vCuC{l:s}

Note that the latter algorithm is not extensible in s.

Proof. 1In the previous proof we made use of the Fourier expansion of By,
which has no constant term. To allow us to use essentially the same argu-
ment here, we start from (5.12), adapting the identity (4.2) and swapping
the order of sums, to obtain

[ez*}s<z>]2=—z S Y0 A ] By ({’“}) SY s
k=0uC{1l:s} vCu jev uC{l:s}
12 kz
_! A TT B ({ a}) I
" l;) UQ%S} Ugghs} g i ug{gs}

> e I15a({2}) -0

k=00C{1:s} JEL

L5 R, e

0#0C{1:s} k=0 jev

where we introduced the auxiliary weights defined in (5.22).

This last expression takes the same form as the squared shift-averaged
worst-case error in the unanchored space. However, there is a vital difference
that the auxiliary weights 7, depend on the dimension s. Consequently, a
recursive formula of the form (5.19) does not hold.

Case 1. Consider first the case of product weights v, =[] jeuVi- 1t follows
from the definition (5.22) that, for s ¢ v, we have

§S7U = Z Tu BM_'UI + Z YuVs B\ul—\UH—l = (1 + 'VSﬁ)?VJsfl,n-
vCuC{1l:s—1} oCuC{l:s—1}

Thus, by separating the terms depending on whether or not the element s
is included in the set v, we obtain

[ei}js(z)}Q = (1 + 75/8)[651},1571(217 s 728—1)]2 + 0(28)7
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where

~ k:zJ

0(zs) = Z Vs,0 ZHBZ
senC{l:s} k: 0j€ev
The induction hypothesis is now
1/A
1 N 2¢(2A)\ "
[entsm1 (215 25m)]? < ( > '7;\1,0(2)\>
(n) D#vC{l:s—1} (2m%)

for all A € (1/2,1]. For the quantity 6(z5) we follow the averaging argument
in the previous proof, to obtain

R o (2620
b < oy 2 vs,t,((%g)A) .

sevC{l:s}

Combining the estimates, we obtain

lo| 1/
[ez*;(z)]?g(lmﬂ)(@ > v(fgﬁ)ﬁ)))

P#£0C{1:s—1}

e o (260
+<¢(n) 2 ”Sv“(@ﬂ)k)) |

sevC{l:s}

Applying (5.20) then yields

|o| 1/
[ei}fs(z)Pg((p(lm > (28 ) G

P#0C{1:s}

Finally we express the result in terms of the original weights. Using (5.22)
and (5.20), we have

5 ()

D#vC{1:s}

o]
S0 DR S (A ((;2?)) Y

nC{l s}oCuC{l:s} uC{1:s}

o)
= Y Ay e (;3)”) Y

uC{1:s} vCu uC{l:s}
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u
= 2. %(?;(r))ﬂLﬁA) - > s

uC{1:s} uC{1:s}
20(2) | 2\
< . .
< > vu<(27r) +8 (5.25)
0AuC{1:s}

That the bound holds for s = 1 follows as before, completing the proof for
the case of product weights.

Remark. For the case of product weights, the use of auxiliary weights is
only needed in the proof and has no bearing on the actual CBC construc-
tion. It is also possible to prove the result by working directly with the
simplified worst-case error expression for product weights (see (5.13)) with-
out introducing auxiliary weights. We have chosen to prove the result this
way to provide valuable insights into the more complicated case of general
non-product weights.

Case 2. Now we consider the case of general non-product weights. Due to

the lack of structure in general weights, we are unable to relate [eS",(2)]?

ns
to [efl}jsfl(zl, ..., 2s—1)]? in a meaningful way. We therefore switch to a

modified CBC construction based on the auxiliary quantity (5.21). Note
that the auxiliary weights depend only on the final dimension s and not on
the induction index d in (5.21). This allows us to write

é?z,s,d(zl? RN Zd) = E?%,s,d—l(zl’ R Zd—l) + g(zd)’
where
~ k:zj
0(za) = D oo Z [15:
devC{1:d} k 0j€ev
Note that
'é%&s(z) = ei7s(z), but %787d(z1, ceey2d) F 6721@(21, cooy2q) ford < s.

Hence the CBC construction based on the auxiliary quantity is not the same
as the original CBC construction. We prove by induction that the CBC

construction based on the auxiliary quantity yields, for each d = 1,2,...,s,
1 ac2a) P
/é%%g’d(zlv"wzd) < Z %sin( 92 )\>
o) 2z o\ er)

for all A € (1/2,1]. Since the auxiliary weights do not change with the
induction index d, the proof is essentially the same as the previous proof for
the unanchored space. At the final step d = s we recover the error bound
(5.24), which can be expressed in terms of the original weights following
(5.25). This completes the proof. O



208 J. Dick, F. Y. Kuo AND I. H. SLOAN

The following theorem illustrates how we can apply the theory of this
section to a given integration problem.

Theorem 5.10 (CBC integration error). Suppose that a given inte-
grand f belongs to either our weighted anchored or unanchored Sobolev
space. A lattice rule generating vector z € U can be constructed by a
CBC algorithm such that, for all A € (1/2,1],

1 2¢(2)) CAA
\/Ells(f)—Qn,s(-;f)PS(M > %?((W)AMA) ) 1f ls.v

P#uC{1:s}

where the expectation is taken with respect to the random shift which is
uniformly distributed over [0,1]%, 3 = ¢ — ¢+ 1/3 for the anchored variant
with anchor ¢ and § = 0 for the unanchored variant, {(-) is the Riemann
zeta function (5.5), and ¢(n) is the Euler totient function (5.14).

We conclude this subsection with the remark that a different analysis can
be used for the anchored Sobolev space if, roughly speaking, the auxiliary
weights (5.22) are dominated by the original weights, that is, if

Z ’YuBM_‘n' < Cv

[u|<oo
vCuCN

for all finite subsets v C N, where C' > 0 is independent of v. A similar
result holds if the weights are of the following special POD form:

((lul+0)Y) H'Yja
JEU

where £ is a non-negative integer and a is a positive real number. We explain
the alternative analysis for this case below.

Recall that for the anchored space the CBC algorithm must work with
auxiliary weights (5.22) which do not preserve the POD structure of the
original weights. We can write

Yoo = Z ((lu[ +O)1) H'Y]
vCuC{1l:s} JEu
ul + )N\
wieor(I) 2 () 1
FISY vCuC{1:s} o jeu\n

()3 (S T

FISY wC{1l:s}\v
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Using the simple inequality

+
(r+a)! _ (pta <pi P+ _ g
plq! p )~ k ’

k=0

we obtain

Yso < ((Jo] +0)1) (H’yj) Z (\m\!2|0|+|m|+4)a1—[%

jEv wC{l:s}\v jEW

H(M))zaf S (o) [T @) = can Fo.

jEv wC{l:s} JjeEw

< (o) +£>!>a<

where

Fo = (ol + 0D [](2%). and eoq =2 3~ () JT2").

jev wC{1l:s} JjEW

Thus from (5.23) we can write

@ @E <, Y 3 ( ZHB({’“})) (5.26)

P#0C{1:s} k=0 jeo

Hence, we can use the expression on the right-hand side of (5.26) (without
the factor cs ) as the search criterion for the CBC construction. The benefit

is that the new weights 7, are also of the POD form, and they do not depend
on the dimension s. This means that a fast implementation is possible (see
Section 5.6) and that the algorithm is extensible in s. The resulting error
bound would be slightly worse (each factor in the product part of the weights
would be scaled by 2%, and there is an additional factor of c;/.g in the overall
error bound in Theorem 5.10), but the convergence rate and the dependence

of the implied constant on the dimension s remain the same as before.

5.5. Fast CBC' construction for product weights

In this subsection we explain how to implement the CBC construction effi-
ciently for product weights. We begin by presenting a naive implementation
of Algorithm 5.6 as a pseudocode (Pseudocode 1, overleaf). Then we discuss
the techniques to speed up the computation.

The reader should keep in mind that the general approach described in
this subsection applies to all shift-invariant kernels: we can replace Ba(x)
by any generic function whose integral over [0, 1] is 0.

Recall that

Lp ={2€Z:0<z<n-—1},
U, :={z € Zy, : gcd(z,n) = 1},



210 J. Dick, F. Y. Kuo anD I. H. SLOAN

Pseudocode 1 (CBC: naive implementation)

for s from 1 to sy.x do
for all z, € U,, do

s n—1 s
1 kz;
== Tl0 e+ 5 T (10 [ ({52}) +)
j=1 k=0 j=1
end for
zs = argmin, .y, e2(z)
end for

with ¢(n) := |U,|. In the pseudocode we used the simplified notation

sh(

eg(zs) = e Zl,...,Zs)]2

to highlight the fact that z, is the only component to be determined at
step s; all previous components z1,...,2s—1 have already been fixed. To
simplify the exposition, we included z; in the search as well, even though
all choices in the first dimension are equivalent.

The computational cost of this naive implementation is O(n? s2,,.) oper-
ations. There are a number of ways to reduce this cost. Firstly, due to the
symmetry Bo(z) = Ba(1 — ), we have e2(zs) = e?(n — 2,), thus we only
need to search through half of the elements in U,. Secondly, at step s we
can write

e3(zs) = (14 7s8) s (5.27)
n—1 24 s—1 2
S Tll=({5) )
Qn (26,k) ps—1(k)

The n values ps—1(k) do not depend on zs, and can be stored during the
search. This reduces the construction cost to O(n2 Smax) Ooperations, at the
expense of O(n) storage.

The values of (5.27) for all z; € U, can be expressed as a ¢(n) x 1 vector

€3 = [e3(2s)]zsevas

which can be computed in terms of a matrix—vector product, with the p(n) x
n matrix

kz mod n
Qn = [Qn(2’7 k)]zeUn = I:BQ <):| 26Uy, (5.28)
k€Zn n kEZn
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Pseudocode 2 (CBC: matrix—vector form)

Py =1

e% =0

for s from 1 to sy, do
ez = (1+70)el | + % Qnps_q > compute
zs = argmin,cyy_e2(z) > select
es = ez(2s) > set
bs = (1 + Y5 (R (25, 1) + /6))* Ps—1 > update

end for

and the n x 1 vector
Po—1 = [Ps—1(k)lkez, -

This yields our second pseudocode. Here Q,,(zs, :) means taking a particular
row of the matrix, while .* means element-wise vector multiplication. Also,
1=(1,...,1) and B8 = (B,..., ) are vectors with the appropriate length.

At the update stage, the vector p,_; can be overwritten by the vector p,.
Thus the memory requirement is of order O(n).

The trick now is to order the indices z € U, and k € Z, in (5.28) in a
clever way in order to allow fast matrix—vector multiplication. Below we
explain how this is achieved for the simpler case when n is prime.

When n is prime and using the Rader factorization, the matrix €2,, can be
reordered such that it has a circulant submatriz C,, of size (n —1) x (n—1).
This is achieved by taking the indices in the order

z=¢" and k= (¢ ") for0<i,i'<n-—2,

where ¢ is a primitive root of n (i.e., g is a generator for the cyclic group
U,) and g~! denotes its multiplicative inverse. We denote this particular
ordering of €, by Qﬁfw. Thus, for n prime, the element Q,@ (i,7') in the
(i + 1)th row and (¢ + 1)th column of QY is given by

0l9)

n

(i,i) = (g’ (g7H)") if0<i i’ <n-2,
’ 0 ifi' =n—1,

where ¢¢, (g~ 1)" € U, for 0 <i,i’ <n —2. A graphical illustration of the
effect of reordering the indices is given in Figure 5.1. We present a concrete
illustration of the reordering in the next example.
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Figure 5.1. (Image by Dirk Nuyens.) The structure of the matrix
Q53 for the fast CBC construction of lattice rules. (a) Original
ordering of indices, and (b) after a reordering of indices.

Example 5.11. Take n = 11. Then Uy = {1,2,3,4,5,6,7,8,9,10}. The
natural ordering of the indices z € Uj; and k € Z1; gives the 10 x 11 matrix

001 2 3 4 5 6 7 8 9 107
0 2 4 6 8 10 1 3 5 7 9
03 6 9 1 4 7 10 2 5 8
04 8 1 5 9 2 6 10 3 7
1105 10 4 9 3 8 2 7 1 6
u=B17106 1 7 2 8 3 9 4 10 5
07 3 106 2 9 5 1 8 4
08 5 2 10 7 4 1 9 6 3
09 7 5 3 1 10 8 6 4 2
(010 9 8 7 6 5 4 3 2 1 |

The generator for the group U;; can be taken to be g = 2. The ordering for
the z indices is then

[¢°:0<i<9=11,2,4,8,5,10,9,7,3,6].

For the ordering of the indices k # 0 we take the powers of g~ = 6,

(g7 :0<i' <9 =[1,6,3,7,9,10,5,8,4,2],
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which, leaving aside the index 1, is the reverse order of the z indices. This
reordering, together with a column of zeros for k = 0, gives the matrix

T 1 6 3 7 9 10 5 8 4 2 |07

2 1 6 3 7 9 10 5 8 4 |0

4 2 1 6 3 7 9 10 5 8 |0

8 4 2 1 6 3 7 9 10 5 |0

o2 _p |1 5 8 4 2 1 6 3 7 9 10 |0
11 11l 105 8 4 2 1 6 3 7 9 (o]l

9 10 5 8 4 2 1 6 3 7 |0

7 9 10 5 8 4 2 1 6 3 |0

3 7 9 105 8 4 2 1 6 |0

. 6 3 7 9 10 5 8 4 2 1 |0

Ci1

where the 10 x 10 submatrix C'{; is circulant.

We can halve the number of rows and the number of columns of the
circulant submatrix C; due to the symmetry Ba(x) = B2(1 —x), to obtain
the reduced form (denoted by a ~ instead of =)

16 37 9 [0]
216370
Q¥ ~B|—=| 4216 3|0]],
11
8 4 216 |0
58421 |0
6:jll

where we remember that the full matrix Q§21> can be obtained by doubling

the 5 x 5 circulant submatrix C1; vertically and horizontally up to the
double bar. This concludes our simple example.

If we express the reordering of indices induced by ¢ as permutations H;
and II,—1 on the rows and columns of the matrix €2, then we obtain

-1
y=Qp,_, = H; y= (H§ 2, Hg—l) (H}l Pe_1) = ngg) pgg 1 g

Since the initialization of p, = 1 is unaffected by any permutation, we only
need to work with the permuted vector throughout. We just need to make
sure that the correct index z; is chosen at the select stage.
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A matrix—vector multiplication with a circulant matrix C,, of size m xm,
with first column ¢, can be obtained by

Cnx=F,"diag(F,,c) F,, x
=IFFT(FFT(c).x FFT(x)),
where
Fp, = [exp(—=27ipg/m)lo<pg<m—1

is the Fourier matrix of size m x m, and

_ 1 .
le = - [exp(2mip Q/m)]OSpqum—l-

Using FFT and IFFT, this matrix—vector multiplication takes O(mlogm)
operations instead of the usual O(m?), and uses O(m) memory.

Using permutation together with FF'T, the cost for the CBC construction
can be reduced to O(nlog n smax) operations, at the expense of O(n) storage.
This approach is called the fast CBC construction, and is due to Nuyens
and Cools (2006a, 2006b).

For composite n, the general idea is that the complete matrix €2,, can be
partitioned in blocks which have a circulant or block-circulant structure.

We summarize the fast CBC algorithm in the pseudocode below. We

stress again that the key point is to use FFT to compute the matrix—vector

product leg ) p._1, taking care to select the correct z; under the correspond-

ing permuted set of indices.

Pseudocode 3 (Fast CBC: matrix—vector form with permuted matrix)

Py =1
e2=0
for s from 1 to sy, do
e§<g> = (1+7:8)e2_; + Js Q9 p, > compute — use FET
n
2z, = argmin,cy_e2(z) > select — pick the correct index
e2 = e2(z) > set
p, = (1 + %(Q%w (2zsy:) + B))* Ps_1 > update
end for

5.6. Fast CBC construction for POD weights

Here we explain how the fast CBC construction can be extended to POD
(product and order-dependent) weights (see (4.4)), covering order-depen-
dent weights as a special case. For completely general weights 7, the cost
for evaluating [e}l'(2)]? in (5.12) is prohibitively expensive, whereas for
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POD weights their special structure enables us to compute [e5,(z)]* using
a recursive argument starting from dimension one.

We restrict ourselves to the unanchored Sobolev space. (Recall that the
CBC algorithm for the anchored Sobolev space minimizes an auxiliary quan-
tity that depends on the auxiliary weights (5.22). The POD form of the
original weights is not preserved under the auxiliary weights, thus the strat-
egy to be described here is not applicable to the anchored space setting; see
also the remark at the end of Section 5.4 for cases where fast CBC for POD
weights can be used.) However, the approach can be generalized to other
shift-invariant kernels if By is replaced by another function that integrates
to zero.

With POD weights v, = ')y Hjeu| 74, we can write the shift-averaged
worst-case error at step s (using again the simplified notation of the previous
subsection) as

ei(zs)=*z > F|u|H<%32<{kzj}>>

k=0 0#uC{1:s} JEu

nZlZ > UH(% Bz({kzj}>> (5.29)

k 0¢=1 uC{1:s} JEuU
[u]=¢

ps,@(k)

We split the sum over u into two depending on whether s € u, to obtain

e2(z) = ;ZZ[ 2 WH@ B<{kn}>>

k=0 £=1 LuC{1:s—1}  je€u
[u|=¢
ps—l,((k)

Iy kzg kz;
a2 b))
uC{l:s—1} j€u
|u]=¢—1

~~

Qn(257k) psfl,éfl(k)

S

n—1
s r
=€l 1+ % > (2, k) <Z w L i 1(1<;)> (5.30)
k=0 -

The computation of (5.30) for all z; € U,, can be expressed in matrix—
vector form as
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with the update formula

L'y
Peg=Ds 10+ ﬁ’}’s Qn(2s,:). % ps_1 -1 forl=1,....s,

starting from
Pso=1 and p,,=0 foralls>1and?l>s.

We need to store the vectors py , for £ =1,..., s, each of length n. These
s vectors correspond to the s possible values of |u| for ) # u C {1 : s}. These
vectors can be overwritten for dimension s 4+ 1. Thus we require O(n Smax)
storage overall. The update cost for dimension s is O(n s) operations.

If we permute the rows and columns of the matrix €, and use FFT to
carry out the matrix—vector multiplication as in the case of product weights,
then the search cost for each dimension is O(nlogn) operations. The overall
cost, combining search and update in all dimensions up to spyax, is

O(nlogn Smax + n s> )

max

operations.

If the weights are of finite order ¢, that is, I'y = 0 for all £ > ¢, then the
update cost for every dimension is capped at O(n ¢) operations, with O(n q)
memory requirement, and the overall cost combining search and update in
all dimensions up to smax is reduced to

O(n log N Smax + N ¢q Smax)

operations.

The reader may question why we did not leave out the factor I'y from
the definition of ps (k) in (5.29). Indeed, the expression (5.30) and the
update formula would have been simpler if we had defined p, ¢(k) that way.
The problem is that for certain POD weights we may have ['y growing very
quickly with increasing ¢ and v; decaying with increasing j: for example,

Tu = (‘u“)4/3 Hj_zl-
JEU
For weights of this kind, the alternative approach would be numerically

unstable. The approach we outlined here works with the ratio I'y/Ty_1,
thus avoiding the potential problem of overflow when working with I'y.

5.7. Eaxtensible lattice sequences

The CBC construction yields a lattice rule which is extensible in dimension,
but not extensible in the number of points. Recall that the formula for
obtaining the ith point of an n-point lattice rule with generating vector z is

£ — {;z} (5.31)
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In an extensible lattice sequence we take z to be a vector of b-adic numbers

Yot gard”, where a, € {0,1,...,b — 1}, and allow n to increase. In an
extensible lattice sequence with base b > 2, the formula (5.31) is changed to
ti = {¢b(l) Z}, (5.32)

where ¢(-) is the radical inverse function in base b (or the Gray code variant
in which the successive indices differ only in one b-ary digit). The formula
(5.32) does not require you to know n in advance, and so in practice you can
add more points to your lattice rule approximation until you are satisfied
with the error.

When n = b™ for any m > 1, the formulas (5.31) and (5.32) produce the
same set of points, only the ordering of the points is different. Therefore,
to obtain the points of an extensible lattice rule only at exact powers of the
base, one can avoid the radical inverse function and still use the formula
(5.31). For example, if we take b = 2 and denote by L,, the lattice point
set with 2™ points, then we can illustrate the lattice sequence as follows:

to=0, t1 = I, to,t3, ts, b5, ts, by, ts, to, t10, t11, tio, 13, tua, tus, -
—— ~——

Lo AL, AL ALs AL,
Ly
Lo
Ls
Ly

The number of points in L,, doubles as we move along the sequence, and
the set of additional points AL,, = Ly, \ Ly—1 is generated by {iz/2™}
with ¢ running through all the odd numbers up to 2™ — 1. In Table 5.1 we
show how the points are ordered under radical inverse and the Gray code
variant.

Empirical searches for extensible lattice sequences were considered in
Hickernell, Hong, L’Ecuyer and Lemieux (2000). Then it was proved by
Hickernell and Niederreiter (2003) that good generating vectors exist for
extensible lattice sequences, but the proof was non-constructive.

Cools, Kuo and Nuyens (2006) constructed embedded lattice rules that are
good for n in a large practical range ™ < n < ™2, They used a modified
CBC algorithm to construct a generating vector z, minimizing as much as
possible the search criterion

()
X z):= max ——
m1,m2,S( ) m1<m<ma 62}71”,5<z(m)) 5

where 62}727 S(z(m)) denotes the shifted-averaged worst-case error for the gen-

erating vector obtained by the original CBC construction for b points,
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Table 5.1. Ordering of lattice points.

i

Natural order

Radical inverse

Gray code variant

Ly 0 0 0 0
AL 1 1/2=05 (0.1), =05 (0.1, = 0.5
AL, 2 1/4=0.25 (0.01) = 0.25 (0.11)3 = 0.75

3 3/4=0.75 (0.11), = 0.75 (0.01); = 0.25
AL; 4  1/8=0.125 (0.001); =0.125  (0.011), = 0.375
5 3/8=0.375 (0.101); = 0.625  (0.111); = 0.875
6  5/8=0.625 (0.011); =0.375  (0.101); = 0.625
7 7/8=0.875 (0.111), = 0.875  (0.001)y = 0.125
ALy 8 1/16=0.0625 (0.0001)y = 0.0625 (0.0011)y = 0.1875
9 3/16=0.1875 (0.1001); = 0.5625 (0.1011); = 0.6875
10 5/16=0.3125  (0.0101); = 0.3125 (0.1111), = 0.9375
11 7/16=0.4375  (0.1101), = 0.8125 (0.0111), = 0.4375
12 9/16 =0.5625 (0.0011)y = 0.1875 (0.0101)y = 0.3125
13 11/16 =0.6875 (0.1011)y = 0.6875 (0.1101), = 0.8125
14 13/16=0.8125 (0.0111); =0.4375 (0.1001); = 0.5625
15 15/16 = 0.9375  (0.1111); = 0.9375  (0.0001); = 0.0625

which is used as the reference error to provide a good normalization. The
components of z can take values up to "2 — 1. Due to many structures in
the embedding, the computational cost for the modified CBC algorithm is
only a factor of O(mg) more than the cost for constructing a lattice rule with
a fixed number of points. Figure 5.2 illustrates the embedding structure.
Numerically, it is found in Cools et al. (2006) for 210 < n < 229 s up
to 360, and a number of different choices of product weights and order-
dependent weights, that the quantity Xy, m,.s(2) resulting from the modi-
fied CBC construction is at most 1.6, indicating that the embedded lattice
rules achieve the near-optimal rate of convergence of lattice rules with a
fixed number of points, but with an implied constant up to 1.6 times larger.
Dick, Pillichshammer and Waterhouse (2008) introduced a sieve algorithm
to obtain extensible lattice sequences. The general principle is to begin
with a number of generating vectors that are good for some value of n, drop
those vectors that are not good for a larger value of n, and then repeat
this process for larger and larger values of n. Some parameters need to be
specified beforehand to ensure that the sieve process leaves a non-empty set
of generating vectors. Note that this sieve algorithm yields lattice sequences
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(1) natural ordering of the indices (4) symmetric reduction after application
of By kernel function

(2) grouping on divisors ‘ (3) generator ordering of the indices ’
Figure 5.2. (Image by Dirk Nuyens.) The structure of the matrix ;94 for
the fast CBC construction of lattice rules, illustrating the reordering of

indices and the reduction due to symmetry. The matrices ,, for n = 2™
with m < 7 are embedded in Q25.

that are extensible in n but the algorithm is very expensive to implement.
Dick et al. (2008) also introduced a cheaper version called the CBC sieve
algorithm, which yields embedded lattice rules that work for a finite set of
n and are extensible in s. This theory can also be modified to provide the
theoretical justification for the algorithm from Cools et al. (2006).

5.8. Lattice rules in weighted Korobov spaces

In the previous subsections we have presented the lattice rule results for
weighted anchored or unanchored variants of Sobolev spaces containing
functions with square-integrable mixed first derivatives. Analogous results
were originally obtained in a different function space setting, the weighted
Korobov spaces of periodic functions.

We now briefly review the essential ingredients and results for weighted
Korobov spaces, with the motive of understanding how one might achieve
better than order-one convergence rate for non-periodic integrands. In the
Korobov space setting, there is a smoothness parameter o > 1/2. (The
parameter « as used here differs by a factor of two from the usage in Sloan
and WozZniakowski 2001.) The Korobov space can be viewed as an Ly version
of the Korobov class E,(c) mentioned in Section 5.1. It again contains one-
periodic functions with absolutely convergent Fourier series (5.1) but with
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the inner product now given by

. hil?2e -
(Foghoan = 3 Wiz 1 5 2

hels Tu(h)

with u(h) := {j € {1: s} : hj # 0}. The reproducing kernel is

e27‘(‘ihj(.’2]'—yj)
Ks,a,‘y(xyy) = Z 711H< Z W
uC{1:s}  jeu \n,;ez\{0} J
eZﬂihj(xj*yj)
= Z Tu(h) H W
hezs jeu(h) J
_ _ ) 2rihe(z-y)
iz Weun) 113>

From this last expression it is easy to verify the reproducing property.

The parameter o moderates the rate of decay of the Fourier coefficients,
and is related to the smoothness of the functions. To illustrate this point, we
note that when « is an integer, the norm in one dimension can be written as

9 _ 1 2 1 1 (a) )
= ([ s000) + e [ (r00)at

Thus « is precisely the number of available square-integrable derivatives.
When « is an integer, we can use the property (5.7) to rewrite the kernel
as

Kena@w) = 3wl gl —n)). 63)

uC{l:s} Jj€u

where By, (-) is the Bernoulli polynomial of degree 2a. Our earlier results
in the Sobolev space setting were originally obtained by observing that
the associated shift-invariant kernel (see (5.11)) is in fact the kernel for a
Korobov space with a = 1 but with some redefined weights.

It is straightforward to deduce, using Theorem 3.5, that the worst-case
error for a rank-one lattice rule in a weighted Korobov space satisfies

e2mihkz; /n

Z Z %HZ ||2a

" =0 04uC{1is}  jCu hez\{0}

For product weights, the expression simplifies to

n-1 s e2mihkz;/n
( :—1+ ZH(l‘i"Yy Z |h|2a>,

k=0 j=1 heZ\{0}
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which is precisely the formula for P, when all 7; =1 (see (5.4)), but with
a replaced by 2.

The following theorem summarizes the error bound for lattice rules con-
structed by the CBC algorithm in weighted Korobov space. We remark
that the result holds for unshifted lattice rules, but since the reproducing
kernel is shift-invariant, the result applies also to shifted lattice rules. The
best convergence rate is obtained by taking A — 1/(2«a/), which yields close
to O(n~%) convergence.

Theorem 5.12 (optimal CBC error bound in Korobov spaces).
The generating vector z constructed by the CBC algorithm in Korobov
spaces, minimizing e%vg(z) in each step, satisfies

1/A
e (2) < <1 3 mc(w))'“‘)
0AuC{1:s}

for all A € (1/(2«), 1], where ((-) is the Riemann zeta function (5.5) and
©(n) is the Euler totient function (5.14).

Proof. Using the character property (5.2), we can write

1
€q2z,s(z) = Z ’Yu( Z 71_[ |h'|20‘>.
0AuC{1:s} hue(z\{opl T
hy-zy=0 (mod n)
The rest of the proof follows the proof of Theorem 5.8, which is essentially
the case a = 1, but with weights scaled by (27)/!. O

The results for Korobov spaces are not often usable in practice because
integrands are typically not fully periodic. However, the analysis in Korobov
spaces provides the fundamental framework for the lattice rule analysis in
Sobolev spaces. There we achieved order-one convergence via shifting: the
shift-averaged worst-case error in Sobolev spaces of smoothness one is re-
lated to the Korobov space with & = 1. Our aim now is to achieve higher
convergence rates for non-periodic functions by linking with the results in
Korobov space with a > 1.

5.9. The baker’s transformation

Extending Example 3.8 to s dimensions and introducing weights as in Sec-
tion 4, we obtain the reproducing kernel for the weighted and unanchored
Sobolev space of smoothness a:

Koom(@y)= Y fyuH<BQ‘* ‘fjl +Z yﬂ)). (5.34)

uC{1l:s} Jj€u
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Comparing with (5.33), we see that this kernel has additional terms involv-
ing the lower-degree Bernoulli polynomials By,..., B,. We already know
that in the case of smoothness one (o = 1) the associated shift-invariant
kernel does not involve the lower-degree polynomial Bj; in short, shifting
removes By. In this subsection we explain how shifting followed by folding
removes Bs.

The baker’s transformation makes use of the function

2t ift <
2-2t ift>

)

¢(t)::1—|2t—1|:{

[ I

It is called the baker’s transformation since it emulates how a baker stretches
and folds bread dough. In one dimension, if we apply the baker’s transfor-
mation to the n points of a left-rectangle rule 0,1/n,2/n,...,(n — 1)/n,
where n is even, then we obtain the points

0

2 4 1 n—2 n—4 2
7n7n7"'7 ) n ) n 7""n7
which are the points for a trapezoidal rule. A rectangle rule has quadra-
ture error O(n~1), but a trapezoidal rule has quadrature error O(n=2) if
the integrand is sufficiently smooth. This is the underlying motivation for
considering the baker’s transformation. Its application in the context of
QMC is due to Hickernell (2002). In the following, we refer to the process
of applying the baker’s transformation as folding and the resulting point set
as the folded point set.

A shifted and then folded QMC rule takes the form

n—1

QA ) == S F(6({ti+ A}).

=0

Note that this can also be viewed as applying a shifted lattice rule to a
transformed integrand g = f o ¢. However, this interpretation is not helpful
because the transformed integrand g does not have sufficient smoothness to
get higher-order convergence.

As in Section 5.2, for a given point set P we let ¢(P + A) denote the
shifted and then folded QMC point set. Then, for a given shift A we have

1I(f) — Qb o(A; )] < ens(o(P+ A); H) ||,

and for a randomly shifted and folded rule we have

VEIL(f) — Qha(As PP < (P HY | £,
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where

es?(P; H) \// d(P+ A); H)dA. (5.35)
[0,1)¢

Theorem 5.13 (formula for the shift-averaged and folded worst-
case error). The shift-averaged and folded worst-case error (5.35) for a
QMC point set P in an RKHS H(K) satisfies

n—1ln—1

[ehn? (P; Hy(K)))? / K(x,y) d:l:dy-|- ZZKS}W (ti, 1),
[0,1]s J[0,1]* prdwrt

K9 (. y) = /[0 . K(¢p{x + A}, o{y + A})dA for all z,y € [0,1]°.
’ (5.36)

Proof. Using the definition (5.35) and applying the formula (3.9) for the
worst-case error e, s(¢(P + A); Hy(K)), we obtain

[ens? (Ps Hy ()]

/ Kmyda:dy—Z/ (6({t: + AY),y) dA dy
0,15 J[0,1]s [0,1]5
n—1ln—1

3 Z > o({ti + A}), o({tr + A}))dA

i—0 k=0 [01]

With a change of variables w = {t; + A}, the double integral in the sec-
ond term becomes f[o,l}s f[O,l]S K(¢(w),y)dwdy, which is easily seen to

equal f[O,l]S f[ﬂ,l]s K(z,y) dz dy. The result then follows from the definition
(5.36). O

We now demonstrate the effect of shifting followed by folding for the case
a = 2. To obtain the shifted and folded kernel K¢ associated with (5.34),
we need to evaluate the following integrals:

1

Ty(e.y) = /0 Bi(o({z + A}) Bu(é({y + A})dA
1

Ty(z,y) = /0 Ba(o({z + A})) Ba(é({y + A})) dA

1
Ti(z,y) = /0 Ba(lé({z + A}) — 6({y + A})) dA

By using the Fourier series expansion (5.6) of the Bernoulli polynomials,
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it can be shown (Hickernell 2002) that

Tiwy) = —5Ballz — ) + 3 Ba({z —y — 1)),

Tolw,y) = 5 Ballz — ) — 3Bz —y 1)),

Tiwv) = 2 Bil{e ) - 3Ba{e —y - 1)
+@Bﬁ<{x—y} -5 Balle -y - 1))

Since the lowest-degree Bernoulli polynomial in the above expressions is By,
we conclude that the shifted and folded kernel is related to the kernel of the
Korobov space with smoothness parameter o« = 2. This indicates that we
get a convergence rate close to O(n=2).

In addition, it can be shown that the CBC construction yields lattice rules
achieving a convergence rate close to O(n~2), and that the implementation
can be done in a fast way for product or POD weights. We omit the details.

It is possible to generalize the baker’s transformation to obtain even higher
rates of convergence, but there is a seemingly inevitable dependence on s,
prohibiting the strategy for practical use in high dimensions.

5.10. Periodization

From the results for the Korobov space, we know that lattice rules can
yield higher rates of convergence for periodic integrands. This brings us to
consider strategies for transforming a non-periodic integrand to a periodic
integrand.

We now briefly explain one periodization strategy. Let w : [0,1] — R be
a smooth function, with

1
w(0)=w(l)=0, w(y)>0 forallye (0,1), and /0 w(y)dy = 1.

Then 1 is an increasing function satisfying

V(y) =wly), ¥0)=0 and Y(1)=
The periodization transformation is essentially a change of variables & =

Y(y) = (¥(y1),...,¥(ys)) so that
Ii(f) = f(z)dz = F(y)dy = Is(F),

[0,1]* [0,1]*
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with

F(y) = f(b(w) [Jw(yy).
j=1

The function F' is periodic since w vanishes at the end points.

Popular choices of w include the family of polynomial transformations
of Korobov (1963) and the family of trigonometric transformations of Sidi
(1993); see also Laurie (1996). For example, the former family is given by

o) = 2o+ 1) (2 )y

for a positive integer a. In particular, we have w((0) = w()(1) for all r <
«a—1. With this choice of w, and if f is sufficiently smooth, the transformed
integrand F' belongs to the Korobov space with smoothness parameter «,
and the lattice rule convergence rate is therefore close to O(n™).

The problem with the periodization strategy is that the norm of the
transformed integrand F' can be exponentially large in s, thus is generally
only feasible for small to moderate s.

As we explained in the previous subsection, the baker’s transformation
can also be viewed as a transformation of the integrand. The baker’s trans-
formation makes the end points of the function take the same value by re-
flection. The periodization strategy, on the other hand, makes the function
value and perhaps also some derivatives vanish at the end points.

5.11. Notes

Lattice rules date back to the works of number theorists Korobov (1959)
and Hlawka (1962). There is an extensive literature up to the late 1990s,
which we refer to as the classical results; these are reviewed in detail in the
books by Niederreiter (1992a) and Sloan and Joe (1994); see also Hickernell
(1998b). The modern consideration of lattice rules can be said to have begun
with Sloan and WozZniakowski (2001), who proved the existence of good
lattice rules for periodic integrands in weighted Korobov spaces, and via
the shift-invariant kernel, they showed that there exist good shifted lattice
rules for non-periodic integrands in weighted Sobolev space of smoothness
one. Although the results were non-constructive, they demonstrated that
lattice rules have a role to play for truly high-dimensional integration as
well as for non-periodic integrands.

The CBC construction was first considered by Korobov (1959) (see also
Korobov 1963), who proved error bounds for P, of order n~td for any
6 > 0 and for arbitrary n. The modern analysis of CBC construction
for the lattice rule generating vector began with Sloan and Reztsov (2002)
for the classical (unweighted) criterion P, in the periodic setting. Sloan,
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Kuo and Joe (2002a) then introduced the CBC algorithm to construct a
deterministic shift alongside the generating vector for integration in the
non-periodic weighted Sobolev spaces. Subsequently, the CBC algorithm
for constructing randomly shifted lattice rules in weighted Sobolev spaces
(see Algorithm 5.6) was introduced in Sloan, Kuo and Joe (2002b). In
these earlier works only O(n~'/2) convergence rate was proved. The fact
that the CBC algorithm achieves the (optimal) convergence rate close to
O(n~%) in weighted Korobov and close to O(n~!) in weighted Sobolev spaces
with smoothness one was later proved by Kuo (2003). Extensions of these
results from prime n to composite n were given in Kuo and Joe (2002)
with convergence rate of O(n~'/2), and Dick (2004) with convergence rate
close to O(n~1). Other considerations include the CBC construction of
intermediate-rank lattice rules (Kuo and Joe 2003), and a modified CBC
algorithm making use of the prime factorization of n for the purpose of
speeding up the construction (Dick and Kuo 20044, 2004b). All of the above
results were originally proved in the setting of product weights. Results for
general weights in Korobov spaces were obtained in Dick et al. (2006), and
the corresponding results for weighted Sobolev spaces were obtained in Sloan
et al. (2004), again via the shift-invariant kernel.

The fast CBC construction was first introduced for prime n in Nuyens
and Cools (2006a) and later extended to composite n in Nuyens and Cools
(2006b). The special case of n being a power of 2 is discussed in Cools
et al. (2006). Fast CBC for POD weights was first considered in Kuo,
Schwab and Sloan (2011). Some good generating vectors for lattice rules can
be downloaded from http://www.maths.unsw.edu.au/~fkuo/lattice/. Imple-
mentation of fast CBC constructions for various forms of weights can be
obtained from http://people.cs.kuleuven.be/~dirk.nuyens/fast-cbc/.

Extensible lattice sequences were considered in Maize (1980), Korobov
(1982), and Hickernell et al. (2000), but the first theoretical result proving
that good extensible lattice sequences exist was proved by Hickernell and
Niederreiter (2003). Cools et al. (2006) introduced a fast CBC construc-
tion for embedded lattice rules, while Dick et al. (2008) analysed a sieve
algorithm and also provided the theoretical justification for the algorithm
in Cools et al. (2006). An algorithm was introduced in Niederreiter and
Pillichshammer (2009) which constructs the lattice rule digit by digit. Hick-
ernell, Kritzer, Kuo and Nuyens (2012) investigated strategies for applying
a lattice sequence point by point.

Joe (2004) introduced a CBC construction of lattice rules based on an
error criterion called R, which is part of an upper bound to the classical
star discrepancy. This was later extended to the weighted setting for prod-
uct weights in Joe (2006), and to composite n in Sinescu and Joe (2008).
General weights were considered by Sinescu and Joe (2007) for prime n, and
by Sinescu and L’Ecuyer (2011) for composite n. The analysis for general
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weights presented difficulties. (Recall that the CBC construction for the
anchored space with general non-product weights must work with an auxil-
iary quantity. There is a similar difficulty here.) Thus, instead of working
with weighted-R, the last two papers considered a related quantity which
we shall refer to as weighted-R, and which forms part of a different up-
per bound to the weighted star discrepancy. This argument holds under a
restrictive monotonicity assumption on the weights that

Yo = whenever v Cu. (5.37)

Switching from weighted-R to Weighted—é does not require a redefinition of
weights. Thus any structure in the weights, such as the POD form, would
be preserved. Note, however, that the given POD weights may not satisfy
the monotonicity requirement (5.37) needed to allow for this switch from
weighted-R to weighted-R. (We remark that imposing condition (5.37) does
not appear to eliminate the need to work with the auxiliary quantity in the
anchored space with general non-product weights.)

The baker’s transformation (which is called ‘tent transformation’ in er-
godic theory) for shifted lattice rules was first introduced by Hickernell
(2002) to gain an extra order of convergence for non-periodic integrands,
that is, from nearly O(n~!) to nearly O(n=2). The recent work by Dick
et al. (2013) generalizes this strategy to obtain even higher rates of con-
vergence. There is, however, an inevitable dimension dependence. This is
similar to the issue with periodization in high dimensions, which was dis-
cussed in Kuo, Sloan and WozZniakowski (2007). An interesting discovery
by Dick et al. (2013) is that the baker’s transformation can be applied to
an unshifted lattice rule, to achieve close to O(n~!) convergence for non-
periodic integrands, without the need to use random shifts. This is different
from most of the results discussed in this section.

Randomly shifted lattice rules for integrands over unbounded domains
(including R®) were considered in Kuo, Wasilkowski and Waterhouse (2006b)
and Kuo et al. (2010a). The strategy is to transform the integrals to the
unit cube by a change of variables, using the inverse of the cumulative
distribution function of some univariate probability density function. The
transformed integrands over the unit cube typically do not belong to the
standard Sobolev space setting, and this is why new theory is needed. It is
proved that good lattice rules can be constructed by a CBC algorithm in a
similar way to the standard theory in Sobolev spaces.

Another branch of lattice rule analysis focuses on the trigonometric degree
and similar quantities; see for example Cools and Lyness (2001), Lyness and
Serevik (2006), Cools and Nuyens (2008) and the references therein. Recent
constructions in terms of trigonometric degrees include the works by Cools,
Kuo and Nuyens (2010), Achtsis and Nuyens (2012) and Kdmmerer, Kunis
and Potts (2012).
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Other search criteria for lattice rules were reviewed in L’Ecuyer and
Lemieux (2000), Lemieux and L’Ecuyer (2001) and L’Ecuyer and Munger
(2012), while L’Ecuyer, Munger and Tuffin (2010) considered the distribu-
tion of the integration error with respect to the random shift.

Lattice rules with exponential convergence rates in (modified) weighted
Korobov spaces were considered in Dick, Larcher, Pillichshammer and Woz-
niakowski (2011).

Approximation of functions by lattice rules was considered in Li and Hick-
ernell (2003) and Zeng, Leung and Hickernell (2006). CBC constructions of
lattice rules for the approximation of functions were analysed in Kuo, Sloan
and Wozniakowski (20064, 2008b) and Kuo, Wasilkowski and WoZniakowski
(2009).

The choice of weights in relation to the application of lattice rules were
considered in Wang and Sloan (2006), Dick (2012) and Kuo et al. (2012).

The character property (5.2) is based on the following general algebraic
structure: The set ([0,1)%, &) with addition modulo 1 given by @ y :=
{x + y} forms an abelian group, and the set of lattice points P,s = {t; =
{kz/n} : 0 < k < n} is a finite subgroup. The set K of functions xp, :
[0,1)* = {2z € C:|z| =1}, h € Z, given by

Xh(m) — e27rih~m
constitute a group homomorphism of the group ([0, 1)*, @) called characters.
They themselves form a group via the multiplication xp X%k = Xh+k Which
is isomorphic to the group (Z°,+). The character-theoretic dual lattice of
the lattice point set P, is given by the set of characters

LY ={xn:hecZ xn({kz/n}) =1forall 0 < k < n},

9

which is a subgroup of the set of characters. This can be used to define
the quotient group Plit = KC/L£*, which can be viewed as the dual group of
characters of a lattice point set P,. Since the characters of ([0,1)%, @) are
the basis functions of Fourier series, it is natural to study lattice rules for
numerical integration of Fourier series. We will use an analogous algebraic
structure in the next section.

6. Digital nets and sequences

In the previous section we discussed the modern theory of lattice rules.
Many of the ideas there apply also to polynomial lattice rules, or more
generally, to nets and sequences. For lattice rules we have seen that Fourier
series play an important role. For polynomial lattice rules and nets this role
is played by Walsh series, which we introduce in the following subsection.

Throughout this section we denote by Ny the set of non-negative integers
and N the set of positive integers.
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6.1. A brief discussion of numerical integration of Walsh series

Walsh (1923) introduced a system of functions denoted by {waly : k € No},
which is in some way similar to the trigonometric function system {e?™® :
k € Z} that is connected to the well-known Fourier theory.

Definition 6.1 (Walsh functions in one dimension). For b > 2 we
denote by wy, := >/ the primitive bth root of unity. Let k € Ny with b-
adic expansion k = kg+r1b+- - -+ k,_10" L. The kth b-adic Walsh function
waly : R — C, periodic with period one, is defined by

walk(:n) — w5051+51§2+"'+5r71§r
for z € [0,1) with b-adic expansion z = &b~ + &b~ 2 + -+ (unique in the
sense that infinitely many of the digits & must be different from b — 1).

In the literature the function system defined above is often called the
generalized Walsh function system and only in the case b = 2 one speaks of
Walsh functions.

One of the main differences between Walsh functions and the trigonomet-
ric functions is that Walsh functions are only piecewise continuous. This is
clear, since Walsh functions are step functions as we now show.

Let k € N with b-adic expansion k = kg + k1b + -+ + k10" L. Let
J =[a/b",(a+1)/b"), with integers r > 1 and 0 < a < b", be a so-called
elementary b-adic interval of order r. Let a have b-adic expansion of the
form a = ag + a1b+ -+ + a,_1b" . Then any x € J has b-adic expansion

t=ar b b 4 b+ &b Y
for some digits 0 < & <b—1for i > r+ 1, and hence
Walk(.T) _ wé‘:oar—l+Hlar—2+"'+lir—16¥0 _ Walk(a/br).

We summarize this result in the following proposition.

Proposition 6.2 (Walsh functions are step functions). Let £k € N
satisfy b"~! < k < b" for some r € N. Then the kth Walsh function waly,
is constant on elementary b-adic intervals of order r of the form [a/b", (a +
1)/b") with value walg(a/b"). Further, waly = 1.

Now we generalize the definition of Walsh functions to higher dimensions.

Definition 6.3 (Walsh functions in s dimensions). For dimension s >
2, and k1,...,ks € Ny we define the s-dimensional b-adic Walsh function
walg, .k, 1 R® — C by

s
Walkl,...,ks (xl, ey -Ts) = H walkj (:L'j)
7j=1
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For vectors k = (k1,...,ks) € N§j and @ = (z1,...,25) € [0,1)° we write,
with some abuse of notation,

walg(x) = walg, g (21,...,2s).

The system {waly, : k € N3} is called the s-dimensional b-adic Walsh func-
tion system.

Since any s-dimensional Walsh function is a product of one-dimensional
Walsh functions, it is clear that s-dimensional Walsh functions are step
functions too.

Let P = {to,t1,...,tym_1} be a digital (¢,m, s)-net constructed over Z,
as introduced in Section 2.6. The set P is an additive group whose dual
group of characters is given by the Walsh functions in the same base b, that
is, we have the following character property:

pm_1 . — — —
1 1 ifClki+-+Clks=0
— () = ! sTE T 6.1
bm Z waly () { 0 otherwise, (6.1)

where for a vector li € Ny with b-adic expansion k& = kg + K1b+ -+ +
Km_ 1™ we write k = (Ko, K1,...,km_1)". This leads to a similar result
to Theorems 5.1 and 5.2 for lattice rules.

Theorem 6.4 (integration error for digital net). Assume we are given

a Walsh series
Z f Walk
keNg

where the Walsh coefficients f(k) are given by
flk) = /[ | f(x)walg(z) d.
0,1]*

The integration error of approximating the integral of f using a QMC rule
Qpm s based on a digital net with b points is given by

Qums(f) —L(f)= > flk)
keD\{0}

where o o o
D:={keN5:C/k+---+CJk, =0} (6.2)

is the dual net associated with the digital net.

Proof. We have
bm—1 bm—1

bm Z F(ti x)dz =Y flk Z walg(t;) — f(0),

[0 1]“ keNg i—0

The result then follows immediately from the character property (6.1). [
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~

We consider now the case where the Walsh coefficients f(k) decay with a
certain rate. For k£ € Ny let

0 ifk=0
k) := ’ 6.3
(k) { a ifk=ro+ -+ K101 ko1 #0. (6:3)

(Later in Section 6.6 we generalize the function g to pa.) For vectors
k= (ki,...,ks) € Nj let

a(k) = pur (k1) + -+ pa ko).
Let
Eps(c) = {f:[0,1]° = R:|f(k)| <cb """ forall k e N§},
for some ¥ > 1 and ¢ > 0. Then we obtain

Qo s(f) = I(HI < > b7 E) forall f e By (o).

keD\{0}
The quantity

Ty:= Y b /mk 9>, (6.4)
keD\{0}

depends only on the function class Ey 4(1) and the digital net and can be
understood as the ‘worst-case error’ for this function class. Thus, for the
function class Fy 4(1) one aims at finding digital nets for which Ty is small.
Thus the quantity Ty plays a similar role to the quantity P, for lattice rules
(see (5.3)).

We briefly describe the connection between the quantity Ty and the qual-
ity parameter t of the digital net. Lemma 2.14 implies that if k € D\ {0},
then py(k) > m — t. If the digital net is a strict (¢,m, s)-net, then there
exists a k € D\ {0} such that p;(k) = m—t+1. Thus, the largest summand
in (6.4) is of the form b=?(m=+1) On the other hand it can also be shown
that the quantity Ty is dominated by its largest term, that is, there is a

constant ¢ > 0 such that
N(m _ t)s_l
Ty=c po(m—t+1)

Thus digital nets for which m — ¢ is large yield a small value of Ty and are
therefore useful for numerical integration of Walsh series.

6.2. Digitally shift-averaged worst-case error

In this subsection we discuss the general strategy for the error analysis of
randomly digitally shifted QMC rules not specific to digital nets (similar to
Section 5.2), and then focus on digital nets in the next subsection.
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For any QMC point set P = {to,...,t,—1} and any digital shift A €
[0,1]%, let
PeA={tieA:i=0,1,...,n—1}
denote the digitally shifted QMC point set, and let @, s(BA; f) denote
the corresponding digitally shifted QMC rule, where & denotes digit-wise
addition modulo b already defined in Section 2.9. Then, for any integrand

f belonging to some normed space H, it follows from the definition of the
worst-case error that

[Is(f) — Qn,s(@A’fﬂ < en,S(P@ AsH) | flla-

We consider the root-mean-square error

VEIL() = Que(@A, )2 < e8P 1) |11

where the expectation E is taken over the random digital shift A which is
uniformly distributed over [0, 1], and where the quantity

edsh(p; H) \// J(P® A H)AA (6.5)
[0,1]

is referred to as the digitally shift-averaged worst-case error.

The digitally shift-averaged worst-case error (5.8) will be used as our
quality measure for randomly digitally shifted QMC rules. The averaging
argument guarantees the existence of at least one digital shift A for which
ens(P & A H) < elh(P;H).

Analogously to Theorem 5. 3, the following theorem gives an explicit for-
mula for the digitally shift-averaged worst-case error when the function
space is an RKHS.

Theorem 6.5 (formula for the digitally shift-averaged worst-case
error). The digitally shift-averaged worst-case error (6.5) for a QMC point
set P in an RKHS H,(K) satisfies

n—1n-1
e (P; H, ()2 / K, y) dedy + 5 3 3" K™ (1,15,
0,1)s J[0,1]° =0 =0
where
Kb (g, y) = KxoAyd A)dA forallz,y €[0,1]°. (6.6)

[0,1]°

The proof follows along the same lines as the proof of Theorem 5.3.
The function K% defined by (6.6) is actually a reproducing kernel with
the digitally shift-invariant property

K®(z,y) = K (@ A,ys A) forallz,y A c0,1]%
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or equivalently,
K% (g, y) = Kz o y,0) forallx,y e [0,1)°,

where © denotes digit-wise subtraction modulo b already defined in Sec-
tion 2.9. Asin Section 5.2, it can be verified that the digitally shift-averaged
worst-case error el (P; Hy(K)) is precisely the worst-case error of the QMC

point set P in the RKHS with K" as the reproducing kernel, that is,

/ en (P @ A Hy(K))dA = e} (P; Hy(K®").
[0,1]

This important connection provides a powerful tool for analysing randomly
digitally shifted QMC rules. We refer to the kernel K®" as the digital
shift-invariant kernel associated with K.

6.3. Randomly digitally shifted digital nets in weighted Sobolev spaces

The digital shift-invariant kernel K" in the previous subsection has Walsh
series expansion

K38z, y) Z KdSh k)ywalg(xz © y)
keNg

for some coefficients K9P(k) > 0. If K is the unanchored Sobolev space,
then it can be shown that the Walsh coefficients of the digital shift-invariant
kernel satisfy

K9 (k)| = b2 ) T vy

for some function vy(k) (see (6.9) below). This leads to an expression of the
digitally shift-averaged worst-case error for the unanchored Sobolev space
using a QMC rule based on a digital net.

Theorem 6.6 (digitally shift-averaged worst-case error for digital
nets). The digitally shift-averaged worst-case error for a digital net P in
the weighted unanchored Sobolev space H (K ) satisfies

et (P H(K )P = Y > b &) [Ton(ky), (6.7)

0AuC{1:s} kueD; JEU
where
Di = {kueN“" :ZCJTEJ:G}, (6.8)
JEuU
and

1 1 1
0 3 () o
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where k = ko161 + ko 202 + -+ kg with k.1 € {1,2,...,b—1}. In
particular, if b = 2 we have k,—1 = 1 and v,(k) is a constant independent
of k.

For the weighted anchored Sobolev space H (K~ ) with anchor ¢ we have

e (P H(Kap))P = D Faw D b7 [T (k). (6.10)

P#0C{1:s} ko€Dy jev

where vy (k) is defined as in (6.9) and 7, , are the auxiliary weights defined
in (5.22).

Note that (6.7) and (6.10) are essentially weighted versions of the quantity
Ty in (6.4), with some additional factors vy(k) and a change of weights for
the anchored Sobolev space.

The proof of Theorem 6.6 is somewhat intricate and was shown by Dick
and Pillichshammer (2005) for the unanchored Sobolev space and by Dick,
Kuo, Pillichshammer and Sloan (2005) for the anchored Sobolev space. In-
stead of giving the proof, we provide an example to show how the decay rate
of the Walsh coefficients is connected to the smoothness of the integrand.

Example 6.7. To illustrate how to prove a bound on the decay rate of
the Walsh coefficients we consider the simplest possible example. Let f :
[0,1] — R be absolutely continuous with

1
f(a:)—f(l)_/o ()1 () dt.

In this example let b = 2, and let k = 271 + Kk, 922 + ... + kg € N,
for some a > 1. Then walg(xz) € {—1,1} for all € [0,1). Note that waly
changes sign on intervals of the form [(27¢T1 (¢4 1)27%") for 0 < ¢ < 2071
i.e., it has the opposite sign on the interval [(27¢F1 27a+1 1 974) compared
to the interval [(279T! 4274 (¢ + 1)27%"1). Thus

a—1_1q 2—atlo—a

/E (@) — fe+279) da

27a+1

2
<

Fwi=|f ' fa)weli(@) de

=0

1-2-a
s/o (@) — fla+27%)|da

1 1-2—¢
<[ WOl e

—a ! !/ 1( ! !/ 2 >1/2
<9 /Olf(t)\dt<k /O\f(t)dt .

L
max(1, k)

Thus for any k € Ny we have

F(k)] < e
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where || - |z denotes the norm in the unanchored Sobolev space. This can
be generalized to arbitrary base b and dimensions s > 1.

In particular, if K : [0,1]2 — R is the reproducing kernel for the unan-
chored Sobolev space, then K has Walsh coefficients K (k, ) which satisfy

(K (k, 0)| < Corma®m)=m(@)

For the correspondmg dlgltal shift-invariant kernel defined by (6.6), it can
be shown that K dSh(k) K (k, k). We therefore obtain

KR (k)| = | K (k, k)| < Cb=2m k),

6.4. CBC construction of polynomial lattice rules

Analogous to lattice rules, no optimal explicit construction of polynomial
lattice rules is known beyond dimension 2. On the other hand, a CBC
approach is also possible for polynomial lattice rules. An essential ingredient
of the CBC algorithm is an easily computable quality criterion. We now
show that the digitally shift-averaged worst-case error (6.7) can be computed
efficiently.

Lemma 6.8. The digitally shift-averaged worst-case error for a digital
net P = {to,...,tym_1} in the weighted unanchored Sobolev space H (K )
satisfies

[ef o (P H (K mz S w ] estis) (6.11)

i=0 (#uC{l:s} j€u
with
oult) = 61— Tt jfo <<,
61 if t =0,

where, for ¢ € (0,1) with b-adic expansion ¢ = 71b~! + 79672 4 - -+ (unique

in the sense that infinitely many 7, are different from b — 1), ag = —|log, t|
is the smallest positive integer such that 71 = 70 = -+ = 74,1 = 0 and
Tag 7 0.

Proof. We can write from (6.7) that
[efnty (P H (K, >>>12

— Z b~ ™ Z Z b~ 2“1(k“)Hvb waly, (ti7)

0#AuC{1:s} =0 k,eNlul Jjeu
bm—1

=0y Y »YUHZb 21y (k)waly (t;, ;) (6.12)

1=0 P#uC{l:s} JeEuk=1
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To simplify the proof we only consider the case b = 2 in the following.
Then vy (k) = 1/3 for all k € N. Let wy = e*™/2 = —1. Then we have

29—1
YRR ) (D PRSI SRl
k=2a-1 r=1kKr_1=0 Ka—1=1
ga—1 ifnn=mn=-—=71,=0,
= —ga—1 if’i‘1=7'2="':7'a—1:077—a7é07
0 otherwise.
Thus
2¢—1
3 o2 Wl Z 220 3 waly ()
k=1 k=2a—1
ap—1
— Z 2—2a2a—1 _ 2—2(102(10—1 — 2—1 _ 2—0,0(1 + 2—1).
a=1

For t = 0 we have

> 27 Wyal(0) = ) 272020 =
k=1 a=1

The result now follows from (6.12). O

The expression (6.11) can be easily evaluated by a computer. Thus we
can use the following CBC algorithm to construct polynomial lattice rules.
In the following we write

e (P; H(Ks )] = [egns (@) = [e5s (a1, -, g6))
if the digital net is a polynomial lattice rule with generating vector q =
(q1,--..4s) € (Gy,,)°, where G} | = {q € Zp[z] \ {0} : deg(q) < m}.
Algorithm 6.9 (CBC construction). Given: m, spax, and weights .
(1) Set ¢1 = 1.
(2) For s =2,3,..., Smax, choose g5 in G}, to minimize [eg,ihs(ql, o))

The next theorem states that the CBC algorithm yields a convergence
rate close to O(b~™).

Theorem 6.10 (optimal CBC error bound). The generating vector g
constructed by the CBC algorithm, minimizing the shift-averaged worst-case

error for the unanchored Sobolev space egﬁlh s(q) in each step, satisfies

12
[625315((1)]%(%1_1 > vi(pb(/\))'“'>

P#uC{1:s}
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for any 1/2 < XA <1, where
1

A _ m fOI' b = 2,
= (b—1)(b* - 9)>\ forb > 2
A2 — b) ‘

Proof. Since the algorithm constructs the polynomial lattice rule induc-
tively with respect to the dimension, the proof also uses induction. The ar-
gument follows along the same lines as for the lattice rule case. To simplify
the proof we only consider b = 2 in the following. In this case va(k) = 1/3
for all £ € Nin (6.7).

First note that we have for 1/2 < A <1 that

oo o 1
=2 (k) _ —2Xaga—1 _

Z 2 = Z 2 2 T 92X _ 9

k=1 a=1

and
o0 oo o0 1
Z 272)\;141(]6) — Z 272)\;“ (b™) — Z 272)\m272/\u1(£) — 272)\71’7, et
k=1 =1 =1
2™k
For a polynomial lattice rule with generating vector (qi, ..., ¢s) and mod-

ulus p, the set D in (6.8) is given by

D; = {ku e Nl . Ztrm(kj)qj =0 (mod p)},
JEu
where for k; = kj 0+ K512+ -+ € Ng we set try,(kj) = kjo0+ Kj12 + -+

m—1
Rjm—1T .
In dimension one we have

[eg (q)]? = yqy3™t Y 272 k)

k=1
2m |k

o0
— 2—2m,y{1}3—1 Z 2—2#1(5) — 3—12—2m—17{1}.
(=1

Thus the result holds for dimension one.
Suppose, for some 1 < d < s, we have (¢q1,...,qq) € (G;m)d and

1/
s 1 1 [u]
[egnﬁd(QL e Qd)]2 < <2m 1 Z "}/L)l\ <3>\(22>\_2)> > , (613)

0AuC{1:d}
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for all 1/2 < A < 1. Now we consider (q1,.-.,qd,qq+1). We have

[egff?,d—&-l(ma -y 4d; qd+1)]2
— Z ,yug—lul Z 9—2u1(ku) | Z 7113—\“\ Z 921 (ku)
0AuC{1:d} kue€Dy; {d+1}CuC{1:d+1} k.eDy
=[S a(qr, - - qa)]* + 6(qas1), (6.14)
where

Ogas) = >, oy, bt

{d+1}CuC{1:d+1} ku€D]
According to the algorithm, ¢44; is chosen such that the mean-square
worst-case error [eds! 441(@1:- -+, 4d,94+1)]? is minimized. Since the only
dependency on ¢gy1 is in 6(gat1), we have 0(qay1) < 6(q) for all ¢ € G3 ,,,

which implies that for any 1/2 < A < 1 we have (qqy1)* < 6(q)* for all
q € G5, This leads to

1/A
0(qa+1) < <2m1 > 0 ) '

qGG*

We obtain a bound on 6(gq+1) through this last inequality.
For A satisfying 1/2 < A <1 it follows from Jensen’s inequality that

Q(q)A < Z ,73\3—)\|u| Z 9—2Au1 (ku)
{d+1}CuC{1:d+1} kueDy
The condition k, € D} is equivalent to the equation

tr (k1)qr + - - + trp(ka)ga = —trp(kgr1)g  (mod p).

If k441 is a multiple of 2™, then try, (k44+1) = 0 and the corresponding term in
the sum is independent of ¢. If k441 is not a multiple of 2™, then try,(kg+1)
can be any polynomial in G;m. Moreover, since g # 0 and p is irreducible,
tr (kgs1)q is never a multiple of p.

By averaging over all ¢ € G3,,, with the above discussion in mind, we

obtain
> o
qEGEym
o0
Z 9—2Ap1 (kdt1) Z 73U{d+1}37)\(|u‘+1) Z 9—2Au1 (k)
kgy1=1 @;ﬁug{lid} kuENlul
2" kg4t trm (ku)-q,=0 (mod p)
e 221 (k
n Z 2 w1 (kat1) Z 71/1\u{d+1}3_)\(|u|+1) Z 9—2Au1 (ku)
kd+1 1 @fug{l:d} kueN\u\

2™ kg1 trym (ku)-q, 70 (mod p)



HIGH-DIMENSIONAL INTEGRATION: THE QUASI-MONTE CARLO WAY 239

1
—2\m A —2 1 (ku)
=2 S 2 — ) > ey >, 2w

OAuC{1:d} ky el
trm (ku) g, =0 (mod p)

2m — 1 3A(jul+1) (22X — 2) Yuu{d+1}

BAuC{Ld} koenl
trym (ku)-q,#Z0 (mod p)

1 1 A — 2 (e
S S 7 (a2 Z Tuu{d+1} Z g~k
2 13 (2 2)
0AuC{1:d} kyeNIul

1 N 1 [u]
:2m_1 Z 711(3)\(22/\_2)> :

{d+1}CuC{1:d+1}

Thus we conclude that

1 ) ) /A
0(qa+1) < <2m ] Z i <3>\(22/\_2)> )

{d+1}CuC{1:d+1}

which, together with (6.13) and (6.14), yields

legm a1 (q1s - -5 s qas1))? = lepmalar, - - ) + 0(qaa)

1 A 1 [u]
< ———— .
—9om _ 1 Z Tu (3)\(22>\_2)>

0AuC{1:d+1}

Hence the result follows by induction. Ul

The choice of ¢4 at each step is independent of A and therefore the error
bound holds for all values of A € (1/2,1]. The optimal convergence rate
close to O(b™™) is obtained with A — 1/2.

6.5. Fast CBC construction of polynomial lattice rules

In the previous subsection we showed how to construct, for a given modulus
p, a generating vector g which yields a polynomial lattice rule that achieves
a small integration error using a CBC algorithm. We have seen in Sec-
tion 5.5 that FFT can be used to reduce the construction cost of the CBC
construction of lattice rules. We now show that the same technique can be
used for polynomial lattice rules by outlining the key differences from lattice
rules. For product weights, it is possible to construct, for a given polyno-
mial p with deg(p) = m, an s-dimensional generating vector g in O(smb™)
operations, compared to O(s?b?™) operations for a naive implementation
of the CBC algorithm.

Let b be a prime. Throughout this subsection we consider the polynomial
p € Zy[z] with deg(p) = m to be irreducible. We restrict ourselves to
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product weights v, = Hjeu 74, for a sequence of positive real numbers ;.
The extension to POD weights can be done as in the lattice rule case: see
Section 5.6.

Using Algorithm 6.9 we construct, component by component, a generating
vector ¢ = (q1,--.,¢s) € (G},,)° such that for all 1 < d < s the quantity

e2(qa) = [e‘gfnh’d(ql, .o, qd—1,qq)])? is minimized with respect to qq for fixed
q1,---,qd—1- Assume that qi,...,q4_1 are already constructed. Then we
have to find ¢ € G;,,, which minimizes

TT5Z1 (1 +7;66(0))
bm

63(61) = [621%71(611, e 7Qd71)]2 + Ya0u(0)

+ bli b:gl Na—1(%)Pn (Um <q<$)l($))> 7

p(z)

where we used Theorem 2.21, separated out the ¢ = 0 term and introduced
the column vector 1y = (na—1(1),...,ma—1(b™ — 1))T, where
d—1
na—1()) = [JQA+vdultiy), i=1,...,0m 1.
j=1
Note that the vector m,_; remains fixed for fixed d regardless of the choice

of polynomial g. We set o = (1,...,1) € R¥"~1. The vector 1,_; can be
computed as part of the CBC algorithm with the update formula ny_1(i) =

Na—2(1)(1 + Ya—195(ti,d—1))-
For short we write w := ¢y, 0 vy, from now on. We define the (b™ — 1) x

(b™ — 1) matrix

-1

Further, let €3 = (e3(1),...,€2(b™ — 1)) be the column vector collecting
the quantities e2(¢) and let 1 be the (b™ — 1)-dimensional column vector
whose components are all 1. Then we have

Hc'l:1(1 + ’Yj@bb(o)) Yd
er=eq i+~ i 1 an”pUd-r

As we are only interested in which ¢ minimizes eg(q), but not the value of

e2(q) itself, we only need to compute €2,m,_;.
q(@)i(z)

p\T
of the non-zero polynomials g and 7 has to be evaluaée)d in the field Zy[z]/(p),
and thus modulo p. Since the multiplicative group of every finite field is
cyclic, we can find a primitive element g which generates all elements of
the multiplicative group (Zy[z]/(p))* (= (Zp]z]/(p)) \ {0}). That is, there

The entries of the matrix €2, are of the form w( ) , where the product
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is a g € (Zy[x]/(p))* such that (Zy[x]/(p))* = {¢° g', 9%, ...,¢"" ~'}. Thus,
we can write the product of any non-zero polynomials q,i € Zy[x]/(p) as a
power of the polynomial g. Nuyens and Cools (2006a, 2006b) then suggest
permuting the rows of {2, by the positive powers of the primitive polynomial
g and the columns by the negative powers of the same primitive polynomial.
This procedure is often called Rader transform, since it goes back to an idea
of Rader (1968).

We now describe the Rader transform in detail. Let g(z) be a primitive
element in (Zy[x]/(p))*. We define a (0™ — 1) x (b™ — 1) matrix II(g) =
(7h,e(9)) 1<k 0<tm, Where

reald) = { 1 if k(z) = g(x)’  (mod p(x)),

0 otherwise.

Here k(x) denotes the polynomial which is associated with the integer k.
Since ¢ is a primitive element it follows that each row and each column of
II(g) has exactly one entry, which is 1, and the remaining entries are 0.
Further, II(g)II(g) " = I, the identity matrix. In fact, the matrix II(g) is a
permutation matrix. That is, for any (6™ — 1) x (0™ — 1) matrix C, II(g)C
just changes the order of the rows of C' and CII(g) only changes the order
of the columns of C.
Let C' = (Ck7g)1§k7g<bm and

C = (T(g)) " Q,11(g™").
Then

o %—:1 iy (g)w<u<x>v<x> )%,Z(gq) _ w<g<fc>’°gW>

p(x)

o (io(éc); ) '

Observe that ¢, = ¢ for all r,7/ € Z with r = ¢/ (mod b™ — 1), since
g(z)?"~1 = 1. Then we have Cky = Ck—¢, and therefore C' is circulant (cf.
Section 5.5).

Note that the circulant matrix C' is fully determined by its first column
c = (co,c1,02,..., cbm,Q)T. Such matrices have a similarity transform which
has the Fourier matrix as its eigenvectors. For n € N, let F}, := ( fk,é)Z,Zio be

u,v=1

Let

the Fourier matrix of order n given by fi » = w,, Kl where wy, = ¢*™/"  Note
that F;, is symmetric and %FnFn = I, the identity matrix. Furthermore, let

diag(ai,...,a,) be the n x n diagonal matrix A = (Ai’j)gszl with 4;; = a;
for 1 <i<nand A;; =0 for i # j. Then we have (cf. Section 5.5)
1 — _
Q, = I1(g)Fym_1DFym_11I(g™) 7,

bm —1
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where TI(g),II(¢g~')T are permutation matrices, Fym_; is a Fourier ma-
trix, Fym_; its complex conjugate, and D is the diagonal matrix D =
diag(Fym_1 c).

For any vector = (21,...,2pm_1)' € (C*"~1 T the matrix-vector mul-
tiplications I1(g)x, Dz, and II(¢g~!) T« can be done in O(b™) operations (in
fact, in the implementation of the algorithm the permutations using II(g)
and II(g~!) can be avoided altogether: see Section 5.5). Further, Fym_ix
and Fym_12 can be computed in O(mb™) operations using the fast Fourier
transform.

Therefore a fast CBC algorithm requires only O(smb™) operations by
using O(b"™) memory space. This is a significant speed-up compared to a
straightforward implementation. Only through this reduction of the con-
struction cost does the CBC algorithm become applicable for the generation
of polynomial lattice point sets with reasonably large cardinality.

6.6. Integration of smooth functions

It is well understood that the convergence rate for numerical integration
depends on the smoothness of the integrand. In the following we consider
the weighted unanchored Sobolev space of smoothness o > 1, H(K;~,q),
already encountered in Section 5.9; see also Example 3.8 for the one-dimen-
sional case. The reproducing kernel is given by (5.34), and the inner prod-
uct is

<f7g>8,’7,o¢: Z %le Z

uC{l:s} oCu pyc{1:a—1} vl

Qlrelitalulof £ )
) g dwy,
/[o,l]u\n </[0,1]{1:s}\u /[o,l]n O (0 1 o) T L

a|7‘n\1+o¢\u\n|g o d |
% — 4Ty ATy T\ b,
</[0,1}{1=s}\u /[0,1]u| am(om’a) o {1 }\u> u\vb

where |ry|1 := )., |rj], and

JjEL
dlrelitalulvf £
0T (0,r,cx)

stands for the partial derivatives of f of order r; for j € v, of order « for
j € u\ v and order 0 otherwise, where r, = (7;);jco. Let the corresponding
norm be denoted by || fls~.a = V/{f, [)s.a-

For functions in H(Ks~,) it is known that a convergence rate of or-
der n=**% for any § > 0 can be achieved with a suitable algorithm. In
the previous subsections we have used the decay of the Walsh coefficients
for functions in H(K,~,1) to show a convergence rate of order n~H9. To
generalize this approach to higher order we need to investigate how the
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Walsh coefficients of smooth functions decay. Since the proof is involved we
describe the main idea, leaving out technical details.

To simplify the notation we restrict ourselves to base b = 2. Let k € N
be given by k=2m—1490m—14 . 490=1forq >ay>-->a, >0 We
define for o > 2 an integer

. if k
oty = { GO ey TR
0 if k=0.

This generalizes the definition of (k) given by (6.3). Note that the Walsh
functions in base b = 2 only take on the values 1 or —1. Thus in the following
we write waly instead of waly.

Let f € H(Kspy,a) and Ji(x) := [ walg(t) dt. Then

N 1 1
Fik) = /0 f@ywali(x) de = [ () T(@)]_, /0 £(@)Jul(x) de
1
_ /0 (@) (@) dz, (6.15)

as fol walg(z) dz = 0.
We would now like to relate the Walsh coefficient f(k‘) to some Walsh

coefficient of f’. This is done by using the Walsh series expansion of Jj.
Let k' := k—2%~1 and hence 0 < k’ < 2¢1~1. Then it can be shown that

Jp(x) =270t <Walkr(ac) — Z 2_Cwa12a1+c1+k(:p)>.

c=1

Substituting this into (6.15), we obtain approximately

~ 1 ~
fk)~—27% /0 f(x)waly (z) doe = =274 f/(K').

In fact we obtain an infinite sum on the right-hand side, but the main term is
the first one: the remaining terms can be bounded by a suitable expression.

The above step can be repeated. To do so, let k" := k' — 2921 k" .=
k" —2%~1 and so on, where k") = 0 and k(") = 0 for 7 > v. We can repeat
the last step 7 times until either f(7) is no longer differentiable, or k(™) = 0,
that is, we can repeat it min(«,v) times. Hence

Flk) 27 PD) s 27 (D)

A~ 901~ —Gmin(a,v) J/c\(min(a,l/)) (k(min(a,u)) ) )
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Taking the absolute value and using some estimation we obtain
|f(k‘)| é 9=@1 =" Amin(a,v) |f(min(a,y))(k(min(a,v)))’
1
< 2—/1,a(k)’}i\(min(a,l/)) (k(min(a,u)))| < 2—,ua(k) / ’f(min(a,z/))(x)‘ da,
0
where we used
(min(a,v)

| j'\(min(a,’/)) (k(min(a,l/)) ) ) (x)Walk(min(oz,V)) (z)dz

1
S /0 }f(mln(()é,V)) (3}') ’ |Wa1k(min(a,u)) (.7))| dx
1 .
— / }f(mm(a,l/)) (1’)’ de.
0

Thus if f is a-times differentiable, we obtain
F(k)| 5 Cp2re®,

where C'y > 0 is a constant which depends only on f and a. By some
modification of the above approach it can be shown that the constant Cy
can be replaced by a constant which depends only on « (but not on f) and
the norm of f, that is, we have

1F(k)] < Call flly.a2 =)

The same holds for dimension s > 1 and integer base b > 2, where the
constant additionally depends on s and b, that is,

[F(R)| < Capsll flssr.ab e,

where o (k) = pa (k1) + - - - + pa(ks) for k = (k1,...,ks) and 1 is the set of
weights which are 1 for each projection. For some values of b, this constant
Cap,s goes to 0 exponentially as s increases.

We can now begin to investigate numerical integration of functions in
H(K~,o) using digital nets. From Theorem 6.4 we conclude that the inte-
gration error for a digital net P = {tg,...,tym_1} satisfies

bm—1

/[o,usf dx——Zf

where D is the dual net defined by (6.2).

The last inequality separates the contribution of the function from the
contribution of the QMC rule, that is, || f|s,1,o depends only on the function
f but not on the digital net, whereas > keD\{0} b—+a(k) depends only on the
generating matrices of the digital net and not on the function itself (only
on the smoothness of f, i.e., it is the same for all functions that have

< Copsllfllspa Y, bHe®)
keD\{0}
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smoothness «). Therefore, when considering the integration error we can
now focus on the term »_ycp\ (01 b ralk),

It is possible to also introduce weights in the approach above. A precise
result for the unanchored weighted Sobolev space H(K;~.q) for a > 1 is
the following.

Theorem 6.11. The square worst-case error for multivariate integration
in the weighted unanchored Sobolev space H (K~ o) of smoothness o > 1
using a QMC rule based on a digital net P can be bounded by

2
[€<P7H(KS,’7,Q))]2 < Z 'Yu(Da,b)M ( Z b“”‘(k“)> ,

PAuC{1:s} ky €D

where D} is defined by (6.8) and where
« 1 1 (772)_{. ) . 2 7(7_71/)
Da,b = 1r§nVa,§Xa ;((1 + g + 7[)([) n 1)> (2 sm(Tr/b)) > b

1 1 20—2 ( )
2(1+4 -+ 2sin(m/b)) 227 |
+ ( +b+b(b+1)> (2sin(m/b)) >
Baldeaux and Dick (2009) investigated the value of the constant D, ; and
showed that for b = 2 and 3 and 2 < a < 8 the constant D, j < 1.
Theorem 6.11 holds for any digital net, that is, any point set obtained via
the digital construction scheme as described in Section 2.6, including the
higher-order digital nets to be introduced in the next subsection.

6.7. Higher-order digital nets

The aim is now to find digital nets, that is, generating matrices C1,...,Cs €
Zy*™ such that

ST be® = O~ (logn)®),
keD\{0}

where the number of cubature points is n = ™. Note that we now use gen-
erating matrices with w rows, and we usually choose w ~ am as explained
below.
Roughly speaking, the sum Zkep\ (0} b—+«(k) is dominated by its largest
term. To find this largest term, define
*(Cq,...,Cs) = min k).
te (Ch s) keD\{O}'ua( )
The dependence on the generating matrices C1,...,Cs on the right-hand
side of the above equation is via the dual net D = D(Cy,...,Cs). The
largest term in ZkeD\{O} b=+a(k) js then b—Ha(C1Cs),
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In order to achieve a convergence of almost n™% = b~ we must have
that the largest term in ZkeD\{O} b—Ho (k) ig also of this order, that is, we
must have p (Cy,...,Cs) = am (or say p}(Ch,...,Cs) > am —t for some
constant ¢ independent of m). That this condition is also sufficient is quite
technical and was shown in Dick (2008, Lemma 5.2).

We can use some analogy to find matrices Ci,...,Cs € Z;'*™ which
achieve p,(C1,...,Cs) = am. Let C; = (é;fl, . .,E’;-:w)T, that is, ¢, € Zy"
is the fth row of C;. Then the matrices C1,...,Cs generate a classical

digital (t,m,s)-net if, for all i1,...,is > 0 with iy + --- +i5s < m — ¢, the
vectors

Cl,la‘- . ,C]_’h,...,Cs’]_,.. . 7cs,’i5

are linearly independent over Z;.

Now assume C1,...,Cs generate a classical digital (¢, m, s)-net and that
we are given a k € N§ \ {0} with pi(k) < m —t. Let i; = pi(k;) for
j=1,...,s, then C’lTl_z} 4+ CJES is a linear combination of the vectors
51’1,...,8171'1,...,5371,...,Es’is. Ask #0and iy + - +is < m —t, which
implies that ¢11,...,¢1,4,-..,Cs,1,...,Cs,i, are linearly independent, it fol-
lows that CJ k1 +---+Clks £ 0 € Z;*. Thus k ¢ D. This shows that
if C1,...,Cs generate a classical digital (¢,m,s)-net and k € D\ {0}, then
w1 (k) > m —t. This is precisely the type of result described above which
we also want to have for o > 1.

We now want to generalize this linear independence condition to a > 1,
that is, we want to have that if k € Nj \ {0} with puo(k) < am —t, then
the generating matrices should have linearly independent rows such that
Clki+-+Cks #0 € Z". Let k = (ki,...,ks), where kj = r;10%1 71 +
. -—I—Hj,yjbaj’yj_l, with a1l > > Ay > Oand 0 < Kjly ey Ky < b. First
note that if w < am — t, then k = (b",0,...,0) € D, but po(k) =w+1<
am — t. In order to avoid this problem we may choose w = am. Hence
we may now assume that aj; < w = am for j = 1,...,s, as otherwise
to(k) > am already and no independence condition on the generating
matrices is required in this case.

Now C| k1 + -+ + CJ kg is a linear combination of the rows

—

017111,17 . 7Cl,a1,ul PPN ,Cs7as’1, . 7657115,1/5'
Thus, if these rows are linearly independent, then
T T
Ciki+--+C, ks #0 € Zy",

and therefore k ¢ D.
Therefore, if C1,...,Cs € Zy™*™ are such that for all choices of aj; >
< >ajy, >0for j=1,...,s, with

a1l + -t Gimin(ap) T T st G min(aw) < am — 1,
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the rows

—

— — —
c].,a1717 R 7c].,a17y1 PR >Cs,as,1’ s 7057015’1_/5

are linearly independent, then k € D\ {0} implies that pus(k) > am — t.
(Note that we also include the case where some v; = 0, in which case we
just set aj1 4+ + @j min(aw;) = 0.)

We can now formally define such digital nets for which the generating
matrices satisfy such a property. The following definition is a special case
of Dick (2008, Definition 4.3).

Definition 6.12 (digital (¢, «, m, s)-nets). Let m,a >1,and 0 <t <
am be natural numbers. Let Zj; be the finite field of prime order b and let
Ci,...,Cs € Z™ ™ with Cj = ( 317-"7€J‘T,am)T- If for all 0 < @y, <--- <
aj.1, Where 0 S vj forall j =1,...,s, with

s min(vj,a)

Z Z aj¢ < am —t,
7j=1 /=1

the vectors
Cl,aLyl P 701,(11,1) cee 7CS,a5,yS DRI Cs,as,l

are linearly independent over Z, then the digital net with generating ma-
trices C1,...,Cs is called a digital (t, o, m, s)-net over Zy,.

The need for a more general definition in Dick (2008) arises as we assume
therein that the smoothness « of the integrand is not known, so one cannot
choose w = am in this case.

We have the following result.

Theorem 6.13 (worst-case error bound for digital (¢, a, m, s)-nets).
Let @ > 2 be an integer, and let b > 2 be a prime number. Then the worst-
case error of multivariate integration in the weighted unanchored Sobolev
space H(Ky~,o) of smoothness a > 1, using a QMC rule with a digital
(t,a,m, s)-net P over Zjy as cubature points, is bounded by

2
e(P, H(Ksy,a)) < b(“mt)< > WDy ap) am —t+a+ 2)2'”'a> ;
D#uC{1is)

where D/ (Da7b)|2ﬂb|u|a(b—1 +(1— bl/a—l)—|u|a)‘

[ul,a,b

We conclude from this theorem that a digital (¢, a, m, s)-net used as cuba-
ture points in a QMC rule will yield a convergence of the integration error
of order n=*(logn)®** for integrands with ||f||sy,a < co. The remaining
question now is: Do digital (¢, «, m, s)-nets exist for all given o, s > 1 and
some fixed ¢ (which may depend on « and s but not on m) for all m € N?
An affirmative answer to this question will be given in the next subsection.
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6.8. Construction of higher-order digital nets

We now present explicit constructions of digital (¢, «, m, s)-nets. Central to
this method is the digit interlacing function.

Definition 6.14 (digit interlacing function). The digit interlacing
function with interlacing factor a € N is given by

Do - [0,1) = [0,1)
(@1, Ta) = DY g O

a=1r=1

where z, = fmb_l +fr,zb_2+~ -« for 1 < r < a. We also define this function
for vectors by setting

Do [0,1)* — [0,1)°
(1, %as) = (Dal@1, - Ta)s -+ s DalT(s—Dat1) -+ > Tsar))-
Example 6.15 (construction of higher-order digital nets using point

sets). Let tg,t1,...,tym_1 € [0,1)%* be a digital (¢, m, sa)-net in base b.
Then the point set

Da(to), Da(tr), ..., Daltym_1)

is a digital (¢, «, m, s)-net in base b, where t is given by Theorem 6.17.
Higher-order digital sequences can be constructed in an analogous way.
To analyse the properties of higher-order digital nets, it is more convenient

to describe the above construction using the generating matrices rather than

the point set.

Example 6.16 (construction of higher-order digital nets using gen-
erating matrices). Let Cy,...,Cs, be the generating matrices of a digital
(t',m, sa)-net. Let C;j = (E’]-TJ, o ,EJTm)T for j = 1,...,sa; that is, ¢j, are

the row vectors of C;. Now let the matrix C’(a) be made of the first rows of
the matrices C(;_1)a41,- - - » Cja, then the second rows of C(; _1)a41, - -, Cja,

and so on. The matrix C](a) is then an am X m matrix, that is,

Ol = (@, d0 T
where
6_5’02) = 811,,117

with = (v—j)latu, 1 <v<m,and (j—1l)a<u<jaforl=1,...,am
and j = 1,...,s. Then the matrices Cfa), ce Céa) are the generating ma-

trices of a digital (¢, «, m, s)-net over Zj,, where t is given by Theorem 6.17.
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As we will see later, the choice of the underlying (¢',m, sa)-net has a
direct impact on the bound on the t-value of the digital (¢, a, m, s)-net.

To give the idea why this construction works we may consider the case
s = 1. Let @ > 1. To simplify the notation we drop the j (which denotes
the coordinate) from the notation for a moment. Let C(®) be constructed
from a classical digital (¢',m,«)-net with generating matrices C,...,Cy
as described above. Let am_(z) aq >_(a)2 > -+ > qa, > 1. Then we need

[0

. (63
to consider the row vectors ¢g,’, ..., ¢Cq, -

the vector Efff) may stem from any of the generating matrices C1,...,Cq.

L)

Without loss of generality assume that &)

Now by the construction above,

stems from C', i.e., it is the

Q)

i1th row of Cy, where i1 = [a;/a]. Next consider ¢y, . This row vector may
again stem from any of the matrices C1,...,Cy. If éff;) also stems from
Cq, then [az/a] < 1. If not, we may assume without loss of generality
that it stems from C5. Indeed, it will be the isth row of Cy, where i =
[az/a’]. We continue in this fashion and define numbers i3, iy, . . . , iy, where
1 < /¢ < a. Further, we set ip11 = -+- =i, = 0. Then by the (¢, m, «@)-net
property of C1, ..., C,, it follows that E(Cﬁ‘), e ,c“ﬁfj) are linearly independent
provided that 71 + --- + i, < m — t/. Hence, if we choose t such that
ar + -+ + Gmin(ap) < @m —t implies that iy + --- +1iq < m —t' for all
admissible choices of ay,...,a,, then the digital (¢,a, m,1)-net property of
C(@) follows.
Note that i; = [a1/a] and iy < [ag/a] for £ =2,...,«. Thus

W+ tia<[a/a]l+ -+ [aa/a] < (a1 + -+ aq+a(a—1))/a
:w—&-a—lgm—t/a—i—a—l.
(6

Thus, if we choose ¢ such that m —t/a+a —1 < m — t/, then the result
follows. Simple algebra then shows that

t=at' +ala—1)

will suffice.
A more general and improved result is given in the following.

Theorem 6.17. Let a > 1 be a natural number and let C4,...,Cs, be
the generating matrices of a digital (¢',m, sa)-net over the finite field Z; of
prime order b. Let Cfa), . C’éa) be defined as in Example 6.16. Then the

matrices C{a), ce Cs(a) are the generating matrices of a digital (¢, o, m, s)-

net over Z; with
-1
t= amin(m,t' + rmz)J>
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This shows that digital (¢, a, m, s)-nets can be explicitly constructed for
all &, m, s > 1 with ¢t bounded independently of m. Indeed, the dependence
of t on v and s is also known from Dick and Baldeaux (2009): namely, there
are constants ¢, C > 0 independent of o and s such that ca?s < t < Ca?s.

Using Theorem 6.17 we therefore obtain explicit constructions of higher-
order quasi-Monte Carlo rules which satisfy Theorem 6.13.

6.9. Geometric properties of higher-order digital nets

Figures 6.1-6.4 illustrate the properties of a digital (2,2, 4, 2)-net in base 2.
Figure 6.2 shows a partition of the square for which each union of the shaded
rectangles contains exactly two points. Figures 6.3 and 6.4 show that also
other partitions of the unit square are possible where each union of shaded
rectangles contains the ‘fair’ number of points. Many other partitions of the
square are possible where the point set always contains the fair number of
points in each union of rectangles (see Dick and Baldeaux 2009), but there
are too many to show all of them here. Even in the simple case considered
here there are 12 partitions possible, for each of which the point set is fair:
this is quite remarkable since the point set itself has only 16 points (we
exclude all those partitions for which the fairness would follow already from
some other partition, otherwise there would be 34 of them). In the classical
case we have 4 such partitions, all of which are shown in Figure 6.1. (The
partitions from the classical case are included in the generalized case; so out
of the 12 partitions 4 are shown in Figure 6.1, one is shown in Figure 6.2,
one is shown in Figure 6.4 and one is indicated in Figure 6.3.)

The subsets of [0,1)° which form a partition, each having a fair number
of points, are of the form

J(@z, dy)

s b—1

_ dj1 djn dja djm 1

_H U |:b+ +bam’b+ +bam+bam’
j=1 dj’[:O

Ze{l,...,am}\{aj,l,...,ajﬁyj}

where b > 2 is the base and where }%_, Sliaje < am—t For j =

1,...,s we again assume 1 < i, < -0 < aj1 < am for v; > 0 and
{aj1,...,a;,,} =0 for v; = 0. Further, we also use the following notation:

S
V= (v1,...,vs), [Th=) v
j=1
_’ﬁ = (al,l,.. .,a17,,1,...,as71,. . .,as’,,s),
dy e {0,...,b— 1}

N
v = (dl,iLla o adl,h,,,l PRI 7ds,is715 “e 7ds7i57ys>7
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Figure 6.1. Higher-order Sobol’ points: these 16 points are from a Sobol’
point set in dimension four with interlacing factor two (which yields a
two-dimensional point set).

Figure 6.2. Higher-order Sobol’ points: the shaded area in each square
contains exactly two points.

where the components a;j, and djs, £ = 1,...,v;, do not appear in the
vectors ay and d} for v; = 0.

Figures 6.1-6.4 give only a few examples of unions of intervals for which
each subset of the partition contains the right number of points. As the
subsets J(dy, dy) for fixed 7 and @y (with dp running through all possibil-
ities) form a partition of [0,1)%, it is clear that the right number of points
in J(@z dy) has to be b™Vol(J(@y,dy)). For example, the digital net in
Figure 6.2 has 16 points and the partition consists of 8 different subsets
J(@z, dz), hence each J(@z,dy) contains exactly 16/8 = 2 points. (In gen-
eral, the volume of J(@z,dy) is given by b7l see Dick and Baldeaux
2009.)
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Figure 6.3. Higher-order Sobol’ points: the
shaded area contains exactly two points.

Figure 6.4. Higher-order Sobol’ points: the
shaded area contains exactly half of the points.

6.10. Scrambled digital nets and sequences

We now discuss properties of Owen’s scrambling algorithm, which was in-
troduced in Section 2.10. First we show that a point x scrambled using
Owen’s algorithm is uniformly distributed in [0, 1)%.

Proposition 6.18. Let = € [0,1)® and let IT be a uniformly and i.i.d. set
of permutations. Then II(x) is uniformly distributed in [0,1)%, that is, for
any Lebesgue-measurable set G C [0,1)°, the probability that II(x) € G,
denoted by P[II(x) € G], satisfies P[II(x) € G] = A\s(G), where s denotes

the s-dimensional Lebesgue measure.

Proof. We follow Owen (1995, Proof of Proposition 2) in our exposition.
We use the notation from above and set y := II(x). Consider the case s = 1

first and let
a a+1
FE = [bf’ b£>

be an elementary interval where £ > 0 and 0 < a < b, A technical problem
which can arise in the proof below is when y is of the form

= yl,lb_l + -+ y1,gb_£ +(b— l)b_g_l +(b— 1)b‘€_1 4o,

since then we have y; = y1 1671+ + (y1.0+ 1)b=¢. We show that this only
happens with probability 0.
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The probability that there are u > jo > 1 such that ¥y, = y1jo+1 =
oo =y14 = b—11is given by ((b— 1)!)~(=%). Hence the probability that
Yijo = Yljo+1 = -+ = b —1, that is, all digits of y; are b — 1 from some
index jo onwards, is 0.

Let ab™* = ayb™' + agb 2 + --- + agb*. Then y; € E if and only if
Y1 = ai,y2 = as,...,y¢ = ag. Using (2.8), this is equivalent to

Tz, oo (TLE) = g, for 1 <k <4 (6.16)

For each 1 < k < /, the probability that (6.16) holds is b~!. Hence the
probability that y; € E is b—¢. The result therefore holds for all elementary
intervals of [0,1).

We now extend the result to the general case. First notice that the result
also holds for all subintervals [ub_g, vb‘f), where ¢ > 0and 0 < u < v < b ",
The endpoints of these intervals are dense in [0,1). A corollary of Chung
(1974, p. 28) extends the result Ply; € B] = A\1(B) to all Borel-measurable
subsets B C [0,1). The equality Ply; € B] = Ai(B) extends to Lebesgue-
measurable sets B since subsets of sets of measure zero have probability
zero of containing y.

Consider now s > 1. Let Bj,...,Bs be measurable subsets of [0,1).
Because the components y1,...,ys of y are independent, it follows that

Ply; € Bi,1 < i < s = [[M(By). (6.17)
=1

Finally, A\, is the unique measure on [0, 1)® which satisfies (6.17). O

Consider a (t,m, s)-net in base b consisting of points &, ..., tym_1, where
t, = (ti,h ce 7ti,s) and tij = tl'7j71b_1 + ti’j’gb_Q + --- . We shall denote the
scrambled points by yq,...,yYym_1, where y; = (yi1,...,%is) and y;; =
y%lb_l + yi,j,gb_Q + --- . Specifically, the scrambled points are given by
Yigk = Tjti jarti o (Ligk), for 0 <i <d™, 1 <j<s, and k > 1.

Similarly, if (¢o,%1,...) is a (¢, s)-sequence, then the scrambled sequence
will be denoted by (yq,y;,...), where, using the same notation as above,
again ik = it i1,tipo (Ligk)s foralli>0,1<j<s and k > 1.

We consider now the expected value of % Z?;Ol (y;). For any measurable
function f we have

1 n—1 1 n—1
E n;f(y,-)] = n;E[f(y@-)] = /[()71]Sf(y)dy,

since each point y; is uniformly distributed in [0, 1)® and hence

E[f(y;)] = o fly)dy for 0 <i<n.
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In other words, this means that a scrambled point set (note that the above
applies even if the underlying point set ¢, ..., t,—1 is not a digital net) used
in a QMC rule yields an unbiased estimator.

The second important property of the randomization algorithm we require
is that the (¢, m, s)-net structure of the points ¢y, ..., tym_1 is retained after
applying the scrambling algorithm. For some technical reason this does not
quite hold, but it holds with probability one, which is still sufficient. The
following proposition was first shown by Owen (1995).

Proposition 6.19. If tg,...,tym_1 form a (¢, m,s)-net in base b, then
Yo, - Ypm_1 18 & (t,m, s)-net in base b with probability one. If ¢g,¢1,. ..
are obtained from a (t,s)-sequence, then the scrambled points yg,yy,. ..
form a (¢, s)-sequence with probability one.

Proof. The probability that, for some 0 < ¢ <™, 1 < j <s,and £ € N, all
Yijk = b—1for all k > £ is 0. Equivalently, with probability one, infinitely
many digits in the b-adic expansion of y; ; are different from b—1. Therefore,
the probability that y; ; has infinitely many digits in the b-adic expansion
of y; ; are different from b — 1 for all 0 <7 < 0™ and 1 < j < s is 0, since
the union of a finite number of zero probability events has probability zero.
Hence this holds for each component of each point of a (¢, m, s)-net.

For a (t,s)-sequence the same applies, since a countable union of proba-
bility zero events itself has probability zero. Hence this also holds for each
component of each point of a (¢, s)-sequence.

Therefore we may, in the following, assume that infinitely many digits in
the b-adic expansion of y; ; differ from b — 1 for all i € Ny and 1 < j < s.

Assume we are given an elementary interval

J = [Jlab=%, (a; + 1)b~%),
j=1

where 0 < a; < b | d;j € No, and dy +--- +ds < m —t. Let ajb_dj =
aj71b_1 + aj72b_2 —+ -+ @j,d; b=di,
Then y;, € J if and only if y; ;1 = a;; for all 1 < k < d; and all

y f— . 3 1 .. f— _1 .
1 <j < s. Further, y; j . = a;; if and only if x; ;1 = Wj,ti,j,l,...,tiyjyk,l<aJ7k>'

Let a, = ﬂ,j_yt{,‘,j,l,n-,ti,j,kfl(aj7k)' Then y; € J if and only if
S
ticJ = [[ld;p~%, (af + 1)b~%),
j=1
where a}b*dﬂ' = a;’lb*1 + o+ djbfdj. As the points tg, ..., tym_1 form

a (t,m, s)-net, it follows that there are exactly b™ ¢ points of this net in
J' and hence there are exactly b™ ¢ points of yg,...,yym_; in J. Thus
Yo, - - - Ypym_q form a (t, m, s)-net with probability one.
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For a (t,s)-sequence tg,t1,... for all & € Ny and m > ¢ the point
set consisting of tgym, ..., tgymipm_1 forms a (t,m,s)-net which is again
a (t,m, s)-net after scrambling with probability one. Since the union of
countably many zero probability events has probability zero, the result for
(t, s)-sequences follows as well. O

6.11. Error analysis of scrambled digital nets

In this subsection we study upper bounds on the variance of scrambled
digital nets. To explain the result for scrambled digital nets, we introduce
the so-called nested ANOVA decomposition.

Theorem 6.20 (nested ANOVA decomposition). Consider a function
f € La([0,1]) with Walsh series expansion
F@) ~ " F(k)waly(z), (6.18)
k=0

where

R 1
Fik) = /0 £ (2)waly(@) de.

Define Sy := fol f(y)dy, and for £ > 1,

bt—1

Be(w):= Y flk)walp(z) and of(f) := Var[5].
Then we have the nested ANOVA decomposition of f
Varlf] = ) o} (f).
(=1

Notice that we do not necessarily have equality in (6.18), since the func-
tion f is only assumed to be in Lo([0,1]) (and hence may for example be

-~

changed arbitrarily on a set of measure zero without changing f(k) for any
k> 0).

Proof. Consider the b’-term approximation of f given by

bt—1 -1 . 1

> Fkwalia) = 3 [ fopwale o 9)dy = [ Sz o)
k=0 k=0 "0 0

where Dy is the Walsh—Dirichlet kernel given by

bl Wif 2 e [0,67),
0 otherwise.
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Hence we have

bt—1
> fwane) = / f(y) dy,
= Lybt )=t

where the integration is over all y such that |yb’| = |zb’|, that is, the first
¢ digits of x and y coincide. Therefore, for £ > 1 we have

Bu(a) = Vf / Fly)dy — b / F(y) dy.
Lybt]=|xb | Lybt—1]=[abt 1]

(Owen 1997b defined this function using Haar wavelets.) Notice that gy is
constant on intervals of the form [ub*, (u+1)b~*), so Be(z) = Be([bx|b~).
Then, because of the orthogonality of the Walsh functions we obtain

bl—1

/m Pdr= S |F(k)?

k=bt—1

and also
1 [
/ Be(x)Be (z)dx =0, forl £/,
0

Since f € L2([0,1]) and the Walsh function system is complete, we can
use Plancherel’s identity to obtain

1 oo N 0
Var(f] = / )~ By = 3 kP =3 o)
0 k=1 /=1

Therefore we have obtained a decomposition of the variance of f in terms
of the variances of 5. U]

Notice that Y -, |F(k)|2 = Var >, f\(k)walk]. Hence, as a by-product,
we obtain that for any f € La([0,1]), the variance of f and the variance of
its Walsh series coincide, that is,

Var[f] = Var Z F(k)waly, | .

k=0

For functions f : [0,1]® — R the nested ANOVA decomposition can be
applied component-wise. Let f € Ly(]0,1]*) have the following Walsh series
expansion:

Z f ywalg(x) =: S(x, f).

keNj
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Let £ = ({1,...,0s) € Ny and Ly = {k = (k1,...,ks) € N§ : b7 < kj <
bl for 1 < j < s}. Then let
=Y Jlk)waly(x

keLy

and

o3(f) i= Varlg] = /[0 Be()Pae = 3 |k

1 kel
For £ = ((1,...,05) € N3\ {0} let

1
o=z ZOH<b— 15t ]=1b"t 5] 11%'1ti,jJ:Lb4‘1ti/,jJ>’
1,i/=0j5=1
where t; = (ti1,...,tis) for 0 < i <n—1 and where 14_pis 1 if A= B
and 0 otherwise.
If kK € Ly, then

n—1
1
3 Z E[walg(y; © yy)] = G,

1,1’ =0

since the coordinates are randomized independently from each other. Owen
(1997b) called the numbers I'y := nGy gain coefficients, since, as we see
below, they determine how much one gains compared to the classical Monte
Carlo algorithm.

We now estimate the variance of the estimator

n—1
Qo) = > Flu) (6.19)
1=0

for integrands f € Lo([0,1]°) when the points yg,...,y,_; are obtained
by applying Owen’s scrambling to a (digital) (t,m,s)-net over Z;. (To
emphasize that (6.19) is a random variable, we use the notation @, s rather

than Q,s.)
For the following results see Owen (1997a, 19975, 1998).

Theorem 6.21 (variance of the integral estimator using scrambled
nets). Let f € L([0,1]°) and @ms(f) be given by (6.19). Let the point
set {¥g,---,Yn_1} C [0,1)® be obtained by applying Owen’s scrambling
algorithm to the point set {to,...,t,—1} C [0,1)®. Then the variance of the
estimator @ns( f) is given by

\/'atr[é)\ms(f)]:l Z Teay (f).

n
£eN;\{0}
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Theorem 6.22 (a bound on the variance in terms of gain coeffi-
cients). Let f € Ly([0,1]°) and Qy s(f) be given by (6.19). Let the points
{to,...,tym_1} be a digital (¢,m, s)-net over Zy. Then

Vat[On ()] < zrmﬂ(“ 1)8 )

b—1
LeNG
[]1>m—t

For MC one obtains a variance Var[@n,s(f)] =1 ZIZeNg\{O} o2(f). Hence

the gain of scrambled digital nets lies in the fact that we only sum over a%( f)
for which [€|; > m —t, although one incurs a penalty factor of b*((b+1)/(b—
1))*® using scrambled digital (¢, m, s)-nets. Notice that the gain coefficients
[g are 0 for £ € N with [£|; < m —t and Ty = b'((b+1)/(b—1))* for
£ € N§ with [£]; > m —t.

Theorem 6.22 shows that Var[@ms(f)] for a scrambled (0,m, s)-net is
always at most by a factor of ((b+ 1)/(b — 1))° larger than the variance
for a plain MC algorithm (see also Owen (19974, Theorem 1), who shows
that the gain coefficients are always bounded by e in this case). Further,
for scrambled (¢, m, s)-nets we have

mear@nsf =b b+l o2(f) =0 asm — oo.
El b_ 1 E
£eN
|Z|1>m7t

Hence, scrambled (¢, m, s)-nets outperform MC with respect to Var[@m s(f)]
asymptotically, as for MC we have nVar[Q, s(f)] = EeeNg\{o} o3 (f) for all
n € N.

If the integrand f has smoothness 0 < a < 1, then one can show that
loe(f)| < Cpo=m® . Scrambled (t,m, s)-nets can take advantage now,
since I'y = 0 for all £ € N§ with p1(£) < m—t and I'y is bounded otherwise.
Thus, asymptotically one obtains an improved rate of convergence in this
case. If the integrand is only in Ly([0, 1]%), then one still gets the MC rate
of convergence of n~=1/2

Definition 6.23 (generalized Vitali variation). We define the gener-
alized variation in the sense of Vitali of order 0 < a <1 by

2) 1/2

where the supremum is extended over all partitions P of [0, 1]° into sub-
intervals and Vol(J) denotes the volume of the subinterval J.

(s) = su o A(fv J)
V) Pp@j)v )| gt
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For o = 1 and if the partial derivatives of f are continuous on [0, 1]%, we
also have the formula
pe 2 1/2
f T d:c) .

(s)

V. _ _YJ

1 (f) (/[07113 8£U18135( )
Indeed we have

Alf )] =

o°f

(z)dx| = Vol(J )W(CJ)

for some ¢ ; € J, which follows by applying the mean value theorem to the
inequality

0% f
— 9T (2)] < Vol(J
rmnel? Oxy - 81‘3( Vo (w)dz
< _ .
ey | 0y --axs()

Therefore we have

> Vol(J ‘

JeP

2

Y

ZVI\ )

which is just a Riemann sum for the integral f[o 1e
the equality follows.

So far we have not taken into account projections to lower-dimensional
faces.

8z1 dz ‘ dx, and thus

Definition 6.24 (generalized Hardy and Krause variation). For ()

u C {1: s}, let Va('“‘)( fu;u) be the generalized Vitali variation with coeffi-
cient 0 < a < 1 of the |u|-dimensional function

R L

For u = () we have fy = f[o 1o f(@)d@ 1.5y and we define VOSW)I)(f@; 0) = |fol-
Then

1/2
Va(f) = ( > (va('"')<fu;u>)2>
uC{l:s}
is called the generalized Hardy and Krause variation of f on [0, 1]°.

A function f for which V,(f) < oo is said to be of finite variation of
order .

Theorem 6.25 (a bound on the variance in terms of variation).
Let f:[0,1]° — R have bounded variation V,(f) < oo of order 0 < o < 1.
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Then the variance of the estimator Var[@n, s(f)] using a randomly scrambled
digital (¢, m, s)-net over Z; is bounded by

p—(1+20) (m—t) (b — 1) Dsp2s (m —t+ 3>

Var[Qn s (f)] < VA(f) 2o (b~ 1)° s—1

where again (2« — 1)+ = max(2a — 1,0).

6.12. Simplifications of the scrambling scheme: affine matriz scrambling

The scrambling algorithm as introduced by Owen requires one to generate
and store all the necessary permutations used for the scrambling scheme.
Since the number of permutations needed is very large, this is not practical,
and therefore simplifications of this algorithm have been found for which
the main result still holds.

One version of such a simplified scrambling is the following: Let x; =
xj,lb_l + xmb—Q + --- denote the base b expansion of the jth coordinate
of € = (x1,...,25) € [0,1)°. Let y € [0,1)® denote the point which is
obtained after scrambling x. Assume that the jth coordinate has base b
expansion y; = yj1b~! + yj2b~2 + - . To obtain a simplified scrambling,
choose mj i ¢,05, € Zp for 1 <€ < k and mjpp € Zy \ {0} for 1 < j <'s
independently and uniformly distributed over their ranges. Then we set

k

Yik = ijijSUj/ + Oj.k (mod b) for 1 < j <s.
=1

This can also be written in matrix form. Set M; = (m k. ¢)k ¢, Where m; o =
0 for £ > k and &; = (o), . Note that M; is a lower triangular matrix.
Further, let & = (zj1,2j2,...) and ¥ = (y;1,Y;2,--.) . Then we have

yj = MZ;+ 0.
This method reduces the number of permutations significantly while still
preserving the main properties of Owen’s scrambling. This scrambling

scheme is called affine matriz scrambling. The results for Owen’s scram-
bling presented above still hold for the affine matrix scrambling.

6.13. Higher-order scrambling

We have seen that scrambling can improve the convergence rate of the vari-
ance to n=3/2%9_ for any § > 0, for instance for functions whose generalized
variation is bounded. Since there are higher-order nets which yield deter-
ministic QMC rules with convergence rates of n=**° for arbitrary § > 0
for functions with smoothness o > 1, the question also arises of how to
generalize Owen’s scrambling and its simplifications to achieve higher-order
convergence. We briefly describe this in the following.
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Let tg,...,tym_1 € [0,1)% be a randomly scrambled digital (¢, m, ds) net
over the finite field Z; of prime order b (here scrambling can mean Owen’s
original scrambling or any of the simplifications for which the same results
hold as for Owen’s scrambling). Then one simply uses the sample points

Y; = Da(x;) €[0,1)° for0<i<d™,

where %, is the digit interlacing function of order o > 1. The integral is
then estimated using

bm—1
N 1
Qns(f) =3 2 FWn).
n=0
This method again yields an unbiased estimator, that is,

E(@n,s(f)) = /[0 . f(il?)dil:

If the integrand has square-integrable partial mixed derivatives up to order
a > 1 in each variable, then the variance of @, s(f) satisfies

Var[@n,s(f)] = O(n*Q min(d,a),1+5)

for any § > 0, where n = b is the number of sample points.

6.14. Notes

Section 6.1 is taken partly from Dick and Pillichshammer (2010). Sec-
tions 6.4 and 6.5 are adapted from Dick and Pillichshammer (2010, Chap-
ter 10). Section 6.6 is based on Dick and Baldeaux (2009). Sections 6.7
and 6.8 are based on Dick (2009b). Sections 6.10 and 6.11 are based on
Dick and Pillichshammer (2010, Chapterl13).

The monographs by Niederreiter (1992a) and by Dick and Pillichsham-
mer (2010) give a comprehensive introduction to (digital) nets and (digital)
sequences, discrepancy theory and QMC rules based on such point sets and
sequences. More references can be found therein.

Walsh functions were introduced by Walsh (1923); see also Chrestenson
(1955) and Fine (1949). For information on Walsh functions in the context
of QMC integration, see Dick and Pillichshammer (2010).

Numerical integration of Walsh series using QMC rules based on digi-
tal nets was studied, for instance, by Larcher and Traunfellner (1994) and
Larcher, Schmid and Wolf (1994, 1996b), whereas numerical integration in
Haar wavelet spaces was studied by Sobol’ (1969) and Heinrich, Hickernell
and Yue (2004). Numerical integration in anchored and unanchored Sobolev
spaces using QMC rules based on digital nets was first studied by Dick and
Pillichshammer (2005).
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Polynomial lattice rules have been introduced by Niederreiter (1992b).
Shift nets are a subclass of digital nets which were introduced by Schmid
(1996) and further studied by Pillichshammer (2002). The so-called Salz-
burg tables provide a table of digital nets found by computer search with
small {-value. These computations are described by Hansen, Mullen and
Niederreiter (1993), Larcher, Lau$, Niederreiter and Schmid (1996a) and
Schmid (2000). An improvement of the method for computing the ¢-value of
digital nets has been studied in Pirsic and Schmid (2001). A table with many
of the currently best known ¢-values for (t,m,s)-nets and (¢, s)-sequences
for many values of m and s can be found at http://mint.sbg.ac.at/.

The CBC construction of polynomial lattice rules was introduced by
Dick et al. (2005) for anchored and unanchored Sobolev spaces and by
Dick, Kritzer, Leobacher and Pillichshammer (2007a) for the weighted star-
discrepancy. The case where the modulus is not necessarily irreducible was
considered by Kritzer and Pillichshammer (2007).

The fast CBC algorithm was introduced by Nuyens and Cools (2006a)
using FFT methods for the construction of classical lattice point sets. Due
to the similarities between ordinary and polynomial lattice point sets it
turned out that their methods can also be carried over to the polynomial
case: see Nuyens and Cools (2006b). Implementations of the fast algorithm
using Matlab can be found in Nuyens and Cools (2006¢).

Cyclic nets are another subclass of digital nets of size " which were
introduced by Niederreiter (2004). Hyperplane nets are a subclass of digi-
tal nets of size b which were introduced by Pirsic, Dick, Pillichshammer
(2006). The discrepancy of cyclic and hyperplane nets was considered in
Pillichshammer and Pirsic (2009). Extensible polynomial lattice rules were
studied by Niederreiter (2003) and a construction algorithm was introduced
by Dick (2007b). Extensible hyperplane nets were studied by Pirsic and Pil-
lichshammer (2011). Constructions of (digital) nets and (digital) sequences
based on existing constructions are called propagation rules: see Dick and
Pillichshammer (2010, Chapter 9) for a summary.

The basic construction principle of higher-order digital nets and sequences
appeared first in Dick (2007a) and was slightly modified in Dick (2008). A
bound on the decay of the Walsh coefficients has been studied in more
detail in Dick (2009a). Theorem 6.17 is a special case of Dick (2008, The-
orem 4.11), with an improvement for some cases from Dick and Baldeaux
(2009) (a proof of this result can be found in Dick and Baldeaux 2009,
Dick 2007a and Dick and Kritzer 2010). The CBC construction of higher-
order polynomial lattice rules was studied by Baldeaux, Dick, Greslehner
and Pillichshammer (2011) and Baldeaux et al. (2012). A CBC construc-
tion of higher-order scrambled polynomial lattice rules was studied by Goda
and Dick (2013). Propagation rules for higher-order digital nets were stud-
ied by Dick and Kritzer (2010). Tractability of higher-order polynomial
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lattice rules was studied by Dick and Pillichshammer (2007) and the exis-
tence of higher-order polynomial lattice rules with small ¢-value was stud-
ied by Dick, Kritzer, Pillichshammer and Schmid (2007b). Recently Mat-
sumoto, Saito and Matoba (2013) and Matsumoto and Yoshiki (2013) con-
structed QMC rules which achieve higher-order convergence for function
classes of very high smoothness.

Scrambling was introduced by Owen (1995) and further studied in Owen
(1997a, 1997b). Scrambled Niederreiter and Xing sequences were studied
by Owen (1998). The mean-square discrepancy of scrambled nets was stud-
ied by Hickernell and Yue (2000), whereas integration and approximation
using scrambled nets were studied by Yue and Hickernell (2001). The gain
coefficients of digital nets were further investigated by Yue and Hickernell
(2002). Strong tractability of scrambled Niederreiter sequences was studied
by Yue and Hickernell (2005), whereas strong tractability in Banach spaces
was studied by Yue and Hickernell (2006). Of particular interest in the con-
text of scrambled nets is also the result by Loh (2003), who shows that a
central limit theorem holds for the estimate @ns( f) for which the cubature
points are based on a scrambled (0,m, s)-net. This allows one to obtain an
approximate confidence interval from the variance estimates of @n s(f).

Simplifications of Owen’s scrambling algorithm were studied by Hickernell
(1996b), Matousek (1998b) and Tezuka and Faure (2003). In particular, the
affine matrix scrambling is from Matousek (1998b) and is implemented in
Matlab. Higher-order scrambling has been studied in Dick (2011a). A
construction of randomly scrambled polynomial lattice rules which have a
better dependence on the dimension has been studied in Baldeaux and Dick
(2011) for functions of smoothness at most 1.

7. Infinite-dimensional integration

In this section we consider briefly numerical integration for problems with
an infinite number of dimensions. We do not try to be definitive, because
the subject is developing and changing rapidly. Rather, we introduce some
themes likely to be of continuing importance. We concentrate here on ‘an-
chored’ function spaces, because anchoring is a natural idea for functions
that depend on an infinite number of variables. The section concludes with
a brief discussion of an application that is driving much recent interest in
infinite-dimensional problems.

7.1. The infinite-dimensional problem

The problem is to integrate real-valued functions f that have a countably
infinite number of variables,

flx1,29,...),
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with each component lying on the unit interval, z; € [0,1],j € N. Equiva-
lently we write f(x) with

oo
= (xj)jEN € [07 1]N = H[O7 1]'

j=1
To avoid formal problems associated with functions of an infinite number
of variables, we choose an ‘anchor’ ¢ € [0, 1], and in our algorithms only
allow function evaluation when at most a finite number of components of
x have values different from the anchor value c¢. Often ¢ = 0 is the most
natural choice for the anchor, but in some applications it is better to take the
midpoint ¢ = 1/2 as anchor. The components x; that have the value ¢ are
considered to be ‘inactive variables’ for the particular function evaluation,
in contrast to the ‘active variables’ z; # c.

If the set of active variables is @, we write the value of f as f(xy;c).
In this section we shall assume that f(a,;¢) is a continuous function of x,
on [0, 1] for every finite subset u of the natural numbers. The infinite-
dimensional integral may now be defined by

1 = lim x dxsi.q. 7.1
wo(f) i= lim o f(@psy;0)degrg (7.1)
In Section 7.4 we shall introduce a reproducing kernel Hilbert space setting
that ensures that this limit exists, and ensures also that f(x) is well defined
for all € [0, 1]N. For the present, however, we concentrate on algorithms
and costs.

Our algorithms for approximating this infinite-dimensional integral all

have the form

n—1
=Y wif @t e), (7.2)
=0

where w; € R, u; is a finite subset of N, and tl(:? € [0,1]1%]. Three kinds of
algorithms have been studied in the literature, which we introduce in the
following subsection.

7.2. Three kinds of algorithms

In this subsection we describe single-level (or fized-dimension), multi-level
and changing-dimension algorithms.

Example 7.1 (single-level algorithm). The single-level (SL) or fized-
dimension algorithm approximates the infinite-dimensional integral by an
s-dimensional QMC rule,

QSL Z f t%zl 5}7 7 (73)

in which the active variables are the leadlng variables x1, xo, ..., x;.
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Example 7.2 (multi-level algorithm). A different kind of algorithm
comes from adopting a multi-level (ML) approach (Heinrich 1998, Giles
2008). We define an infinite sequence of dimensions

0=s50 <81 <82 <+ <00,

and write the function as a collapsing sum,

[e.9]

f(w) = Z(f(w{lsg}a C) - f(m{lzw_l}; C)) + f(c)a

(=1
and similarly write the integral (7.1) also as a collapsing sum,

o0

Lo(f) = D (15, (f) = L5, 1 () + fle),

/=1
with Iy(f) = f(c), and

1,(f) == / F(@ 1y ©) A 1,0,
[0,1]°¢

We then approximate the collapsing sum up to level L > 0 by the cubature
formula

L
QM (f) = Qupa(We(f) = e—a(f)) + f (o), (7.4)

(=1

where ¢f(f) = f(m{lzsl}; C)v and
L= (g 0
Qu t(Wr(F) —ber () = o 2_; (rt 50 - £, i),

and where t?l)zsg} € [0,1]%, and t?l)zsg_l} contains the first s,_; components
of t?l)w}. For ny = 0 we assume that @, ¢(¥e(f) — ¥e—1(f)) = 0. The idea

of an ML scheme is that the successive terms in the collapsing sum for the
integral should be smaller and smaller, and hence can be well approximated
by a smaller number of points n, as £ increases, leaving only relatively low-
dimensional integrals needing a large number of points. We assumed in (7.4)
that the cubature rules @, are QMC rules, but other choices are clearly
possible.

Roughly speaking, ML algorithms are of particular advantage if for a
particular f the important subsets u involve only a small number of leading
variables (that is, in the language of Caflisch et al. 1997, if the ‘truncation
dimension’ is small).

Example 7.3 (changing-dimension algorithm). A third kind of algo-
rithm is the changing-dimension (CD) algorithm (Kuo, Sloan, Wasilkowski
and Wozniakowski 2010¢). In this approach a different cubature rule is
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applied to each term f, of the so-called ‘anchored’ decomposition of f. The
anchored decomposition has the form

|u|<oo

where for a finite set u the function f,, depends only on the set @, of active
variables x;,7 € u, and vanishes if any of those active variables has the
value ¢. The anchored decomposition has appeared under many different
guises: see for example Sobol’ (1969), Li, Schoendorf, Ho and Rabitz (2004)
and Griebel (2006). The terms in the anchored decomposition may be
defined recursively by

fu(mu) = f($u; C) - Z fD($U)7 (76)

oCu

where the sum is over the strict subsets of u. An explicit formula for f, in
terms of f is given by

ful@a) =Y ()Ml f (), (7.7)

vCu

where now the sum is over all subsets of u. The formula is established,
for example, in Theorem 1 of Kuo, Sloan, Wasilkowski and WozZniakowski

(20100).
The CD algorithms then take the form
QP(f) = Queulfu), (7.8)
Ju|<oco

where, for a finite subset u,

ny—1
Qnu,U(fu) = Z fu(tl(f))a
Y=o

with tl(f) € [0,1]M and we use the convention that Q, .(f,) vanishes if
ny = 0. Thus in the CD algorithm a different cubature rule is applied
to each component of the anchored decomposition. We assumed for sim-
plicity that the cubature rule @y, . is a QMC rule, but other choices are
clearly possible. Roughly speaking, this algorithm has a significant advan-
tage if for a particular f the important subsets u all have small cardinality
(that is, in the language of Caflisch et al. 1997, if the ‘superposition dimen-
sion’ is small).

7.8. Cost models and the choice of algorithms

In earlier sections we implicitly assumed that the cost of a single func-
tion evaluation is always the same, since in assessing cost we only counted
the number of function evaluations. Now that the number of variables is
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unbounded, it seems reasonable to allow the cost of evaluating f(zy;c) to
depend on the set u. We consider two different cost models.

e Model A: the cost depends on the highest index of the active variables
cost4(u) = $(maxu).
e Model B: the cost depends on the number of active variables
costp(u) = $(|ul).

Here the ‘dollar’ function $ : Ng — R is assumed to be positive and non-
decreasing. For example, $(k) = [max(1, k)] for some ¢ > 0. We note
that Model A is a simplification of a model introduced in Creutzig, Dereich,
Miiller-Gronbach and Ritter (2009) and Model B was introduced in Kuo
et al. (2010¢).

Whereas in previous sections we assumed that the cost of an algorithm is
simply the number of function evaluations, we now assume that the cost of
the algorithm given by (7.2) is

costx (Q) := Zcostx(ui), X € {A, B}. (7.9)

The aim now is to approximate the integral with accuracy € > 0 by an algo-
rithm with small cost (rather than a small number of function evaluations).
The costs of the SL and ML algorithms under both cost models are,

respectively,
L

costx (Q%) =n$(s) and costx(QM") = " ny(8(se) + S(se-1)),

(=1
while the cost of the CD algorithm under each cost model is

cost A ( QCD Z Ny Z $(maxv) Z ny $(max u) olul,

lu|<oo  0Cu Ju]<oo
costp(QP) = D myd $(o)) < > myS(juf) 2,
[uj<co  0Cu Ju|<oo

where the sum over v appears due to the need to compute f, using (7.7).
One cost model may be more appropriate than the other, depending on

the integrand for the application at hand. The choice of algorithm should

therefore also depend on the cost model for the given application.

7.4. A reproducing kernel Hilbert space setting

Now we restrict the function class further. Just as in the finite-dimensional
case, we restrict our considerations to functions that lie in a certain re-
producing Hilbert space (RKHS), because it is then possible to compute
worst-case errors, and to study tractability of the integration problem.
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Let 1 : [0,1]> — R be a reproducing kernel on the interval [0, 1] such that
there exists a ¢ € [0, 1] with n(c,c¢) = 0. Examples of reproducing kernels
satisfying this condition are min(x,y) (see (4.1) with ¢ = 0) or 1 —max(x, y)
(see (4.1) with ¢ = 1). Let the RKHS be denoted by H(n), the inner product

by (-,-) and the corresponding norm by || - ||. Assume that
M = sup |n(z,z)| < oc.
z€(0,1]
Then, since
Iz, y)l = [0 2)snC )] < G 2)llinC o)l = vale, 2)nly,y) - (7.10)
for all z,y € [0, 1], we have |n(z, c)| < /Mn(c,c) = 0.Thus
n(x,c) =0, forall z €0,1], (7.11)

and we have

f(C) = <fa77('7c)> = <f7 0> =0, forall fe H(n)

Thus all functions f € H(n) vanish at ¢, in particular, the only constant
function in H(n) is f = 0. This implies that the space of constant functions
H(1), defined by the kernel 1, is orthogonal to H(n). Moreover, the kernel
1 + n defines an RKHS which is the direct sum of constant functions and
functions in H(n). This implies that the space of constant functions H(1),
defined by the kernel 1, is orthogonal to H(n) in the space H(1 + 7).

To define the infinite-dimensional RKHS, for each set u C N with |u| < oo
let vy, be a non-negative real number, and for points x,y € [0, 1] let

w(Ty, yy) = Hn xj,y;) and K( Z YWEu(Ty, yy,), (7.12)

Jjeu Ju|<oo

where again the empty product is defined to be 1. In the following we
assume that

> MM < oo, (7.13)

Ju|<oo

Condition (7.13) ensures that the series expression for K (x,y) converges
absolutely and uniformly, since from (7.10) we have |n(z,y)| < M. The
kernel K, defines an RKHS H(K,) on [0, 1] and the kernel K., defines an
RKHS H(K) on [0,1]N. The inner products in H(K~) and H( w) will be
denoted by (-, )4 and (-, -), respectively, and the corresponding norms by
Iy and | - [

Note that a condition significantly weaker than (7.13) would be suffi-
cient to define infinite-dimensional integration, but to avoid some techni-
calities we shall be content with (7.13). In particular, our assumptions
imply that function evaluation is continuous at every point € [0, 1]N. The
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idea for weakening the conditions is to impose conditions such that infinite-
dimensional integration and function evaluation at finite-dimensional pro-
jections are continuous linear functionals. See the work by Gnewuch, Mayer
and Ritter (2013) for even weaker conditions.

A function f € H(Ky) can be decomposed into a sum of functions f, €
H(K,) by setting

fu(wu) = <f7 'YuKu('v a’u))’ya (7'14)

which implies

> Alm) = X onkala)y = (£, 5 wkim)) = fe)
~y

|u|<oo Ju|<oo |u|<oo
(7.15)
The decomposition f = >, fu is orthogonal in H(K), since H(n)
is orthogonal to the space of constant functions and for u # v either
there exists 7 € u,j ¢ b or there exists j € v,j ¢ u, implying that
(Ku(-,2y), Ko(-,yy))y = 0 and hence by (7.14) we have (fy, Ko(-,y,))~ = 0.
By orthogonality, the norm in H(K5) is related to the norm of the pro-
jections by the formula

IF13 = 7 A2 = D0 v Al
Ju|<oco Ju|<oo

We now study integration of functions defined on H(K). Let

)= [ Kbt =TT [ at0y5 s,

JEU

and

= Z Yuhu(Yy)

[u|<oo

From (7.13) we conclude that this series converges absolutely and uniformly.
The functions h, are orthogonal in H (K. ) (since hy € H(Ky)), from which
it follows that

1Rl5 = D bl = > v il (7.16)

[u|<o0 [u]<co

2 —1
x), Ky(, ded
|u|<oo /[01 ful /[01 Jul il <o wle Y

Z%H/ / n(z;,y;)de; dy; < 27M|u|<oo

[uj<oco  JEU Juj<oo

and thus h € H(K,). Note that this decomposition of h differs from the
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decomposition (7.15) (which holds for all functions in H(K<)) by a scaling
factor v, for each term hy,.
For f € H(K,) it follows from (7.1) and (7.12) that

/ f@yde=tim | f(zgey:o)de
[0,1]N

S§—00 [0 1]5

= lim 1 YKy (T, - > dx
s—r00 01]< Z ' ’ v

uC{1:s}
= lim <f, > %hu> = (f. h)- (7.17)
uC{l:s} Y
Since ||| = ||h]l4 < o0, it follows that I, is a bounded linear functional

on H(K,).

7.5. Error analysis in RKHS

The analysis of the worst-case error is based on the orthogonal decompo-
sition in the space H(K). The representer (see (3.11)) of the integration
error is given by

g(w) - K’Y(va) dy_Q(K‘Y('7x))a
[0,1]%
where, in general, @) is a cubature algorithm of the form (7.2) which is
applied to the first variable of K. (later we will consider only the SL, ML,
CD algorithms). As explained in Section 3.3, the worst-case integration
error is given by

e(Q; H(Ky)) = [[€]ly-

(In this subsection we use the notation e(Q; H(K~)) instead of e(P; H(K~))
as in Section 3.3, since we now allow unequal cubature weights in the algo-
rithm.) Analogously to (7.16), we can obtain an orthogonal decomposition
of the worst-case error

F(Q: H(KA)) = €5 = Y &l
|u|<oo
= = S et (@i HEL),
|u|<oo Ju|<oo

where e(Qy; H(K,)) is the worst-case error in the space H(K)) using the
cubature rule

Z wzfu ulﬂu§
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The relationship between f and its projection f is given by (7.6) and (7.7).
Note that if for u # () there does not exist at least one 0 < i < n such that
u C u;, then Qy(f) = 0 since fy(ty;¢) =0 for v C u and v # u. This orthog-
onal decomposition of the worst-case error is an essential tool in analysing
the integration error. We consider now the orthogonal decompositions of
the worst-case error for the SL, ML and CD algorithms in more detail.

For the SL algorithm we obtain

(QSL Z Tu € QLU Z Tu€ ))

uC{1l:s} [u|<oo
UZ{l'S}
(QSL Z ’Yu 7
Ju|<oco
ugZ{1:s}

where €2(0; H(K,)) is the squared initial error (see (3.10))

1 1
e’(0; H(Ky)) =mM, m :=/ / n(z,y)dedy < M,
0 0

and e?(Q%"; H(Ks.)) is the squared worst-case error of the cubature rule
for the finite-dimensional weighted space H (K ~) with reproducing kernel

K&’Y(wv y) = Z ’YuKu(.'Eu, yu)a 113, y € [07 1]8
uC{1:s}

We can then apply any estimate for e?(QS"; H(K s)) based on lattice rules
or digital nets from the previous sections. We can also use general cubature
rules other than QMC rules.

The ML algorithm approximates each level ¢ using a cubature rule with
ny points. To bound the ML cubature error, note that from (7.15) we have

f(w{lzsg}; C) - f(m{lzs(g_l}; C) = Z fu(wu) - Z fu(wu)'

uC{lise} uC{lisp—1}
Thus the error for the ML algorithm satisfies
QM H(KS))
L
—Y Y @@ HE) Y k(0 HKL)

=1 uC{Lsg) juf<oc
uZ{l:sp_1} uZ{l:sp}
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L
§ 2 E
€ an,@a 527’7 Sl 17'7 Tum
(=1

|u|<oo

uZ{l:sp}
L
Z anl’ Si,’v)) + Z Y™
= Ju|<oo
uZ{l:sp}

We then apply previous results for eQ(QW’g; H(Ks,~ — K, ,~)) or simply

62(Qng,é§ H(Kse,’y))'
For the CD algorithm we have

(QCD Z ’Yue Qnu,uv (Ku))

[u|<oo
u
E Yu € Qnu,m u)) + § Yu ™M
[u]<oo [u]<oo
ny >0 ny,=0

Again, we then apply known estimates for e?(Qpn, v; H(Ky)).

The idea now is to choose the number of cubature points (n for SL, ny
for ML, n, for CD) and the dimensions or sets of variables (s for SL, s, for
ML, active sets u for CD), such that the error is small for a given cost, or
conversely, the cost is small for a given required level of accuracy. One needs
to balance the error obtained by truncating the infinite-dimensional inte-
gral against the integration error. This leads to a constrained optimization
problem which in some cases can be solved using the technique of Lagrange
multipliers. For a given application, one would also need to determine suit-
able weights =y, so that the integrand not only belongs to the RKHS setting
but also has small norm || - ||.

7.6. An infinite-dimensional application

Do infinite-dimensional problems arise in practice? A class of infinite-dimen-
sional problems arises from partial differential equations with random fields
as coefficients, with one problem being the flow of a liquid (oil or water)
through a porous medium (such as rock). For a given pressure gradient, the
rate of flow at a particular location depends on the local ‘permeability’ of
the medium, which can vary rapidly from point to point. Engineers studying
the overall flow properties then have two choices: either to model the true
permeability as a rapidly varying function over the region, or (as is often
done in practice) to model the permeability as a ‘random field’” whose general
characteristics match those of the physical problem. A random field over
a two- or three-dimensional region may require a countably infinite num-
ber of independent random variables for its complete description, hence
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the infinite-dimensionality of the problem. Such problems are presently
tackled by a variety of methods, beginning with Norbert Wiener’s ‘polyno-
mial chaos’, and continuing to ‘generalized polynomial chaos’, ‘stochastic
Galerkin’, and ‘stochastic collocation’ methods. In all those methods the
probabilistic aspect of the problem is parametrized by a continuous variable
@ with a large (possibly infinite) number of components. The solution is ap-
proximated by truncation to a manageable number of components of x, and
an approximate solution depending on both the truncated & and the physi-
cal variables is then sought in a finite-dimensional function space. All such
methods face great challenges when the effective dimension is large (where
the effective dimension may be loosely defined as the number of components
of & needed to obtain a reliable approximation). For hard problems of this
type MC or QMC methods may be the engineer’s only choice (Ghanem and
Spanos 1991).

In a recent paper (Kuo et al. 2012) a QMC method (randomly shifted
lattice rule) was applied to a simple (but infinite-dimensional) model of a
partial differential equation with a random coefficient, using the methodol-
ogy of Section 5, after truncation to a finite dimension s. An interesting
feature of this work was the appearance for the first time of POD (product
and order-dependent) weights (see (4.4)), obtained by minimizing a certain
upper bound on the error of some functional (for example, the overall ef-
fective permeability) of the solution. An ML version of the same problem
was studied in Kuo, Schwab and Sloan (2013), using an ML scheme more
complicated than that above, in that a different spatial discretization was
employed at each level £.

7.7. Notes

Early studies of numerical integration for infinite-dimensional problems (and
ML methods) include the following: Wasilkowski and WozZniakowski (1995)
considered Feynman—Kac path integration, Wasilkowski and WozZniakowski
(1996) considered path integration, Heinrich (1998) studied ML in the con-
text of integral equations, Heinrich and Sindambiwe (1999) studied ML in
the context of parametric integration, Hickernell and Wang (2002) studied
QMC algorithms for infinite-dimensional integration. Giles (2008) consid-
ered ML, MC schemes for stochastic partial differential equations.

Creutzig et al. (2009) introduced the variable subspace sampling model
(which generalizes cost model A) and obtained optimality results for ML
algorithms for this model, which apply in particular to infinite-dimensional
integration of stochastic differential equations. Infinite-dimensional inte-
gration using randomized MC algorithms in a hierarchy of finite-dimen-
sional subspaces was studied by Hickernell, Miiller-Gronbach, Niu and Rit-
ter (2010). Niu, Hickernell, Miller-Gronbach and Ritter (2011) studied
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deterministic ML algorithms. Niu and Hickernell (2009) studied MC sim-
ulation of infinite-dimensional stochastic integrals arising in financial ap-
plications. The CD algorithm combined with QMC methods was intro-
duced in Kuo et al. (2010¢). The above results for ML and CD algorithms
were improved by Gnewuch (2012b). Plaskota and Wasilkowski (2011) con-
sidered the CD algorithm combined with Smolyak algorithms and studied
tractability in the worst-case and randomized setting. Higher-order con-
vergence using higher-order polynomial lattice rules in infinite-dimensional
anchored spaces was studied by Dick and Gnewuch (2013). Baldeaux (2012)
and Baldeaux and Gnewuch (2013) studied randomly scrambled polynomial
lattice rules for infinite-dimensional integration, the latter in unanchored
Sobolev spaces. Lower bounds were considered by Gnewuch (2013). A
probabilistic ML algorithm which yields an unbiased estimator was intro-
duced by Rhee and Glynn (2012).

The mathematics of random fields is well described in the book by Adler
(1981). For engineering applications of the MC method to problems of
porous flow: see for instance Ghanem and Spanos (1991). The ML MC
approach has recently been developed for elliptic problems with random
input data in Barth, Schwab and Zollinger (2011), Charrier, Scheichl and
Teckentrup (2011), Cliffe, Giles, Scheichl and Teckentrup (2011), Schwab
and Gittelson (2011) and Teckentrup, Scheichl, Giles and Ullmann (2012).
Application of QMC methods to these PDE problems has been considered
in Graham et al. (2011), Kuo et al. (2012, 2013) and Graham et al. (2013).

8. Concluding remarks

In this survey we have tried to capture key concepts and methods in the
rapidly developing field of high-dimensional numerical integration. We have
concentrated on equal-weight rules, not because they will always be the best
rules for a particular problem (indeed, in low dimensions we know that this
is certainly not the case), but because they can be used in practice for very
high-dimensional problems. We have not covered sparse grid methods, re-
viewed in a previous Acta Numerica article by Bungartz and Griebel (2004),
which also provide a well-understood approach to integration in moderately
high dimensions, and which are especially attractive for the related topic of
approximation of functions.

In this rapidly developing subject it is almost certain that future research
will give a different emphasis to the material covered in this survey, but we
think it likely that topics such as reproducing kernels, weighted function
spaces, component-by-component constructions, and discrepancy in all its
forms, will continue to play starring roles in the science of high-dimensional
numerical integration.
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