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Introduction

This is a collection of mostly unrelated open questions, at various levels of
difficulty, related to exponential and multiplicative character sums. One may
certainly notice a large proportion of self-references in the bibliography. By
no means should this be considered as an indication of anything else than
the fact that the choice of problems reflects the taste and interests of the
author. Thus it is not surprising that many (but not all) of the problems are
related to some previous results of the author.
One can find the necessary background and a wealth of information about
exponential and character sums in [95] (mainly in the context of finite fields)
and in [85] (in a more general contexts), see also [91, 93, 117, 137].
Some of the problems below are likely to be very difficult, some may
constitute a feasible long term project (such as doctoral thesis), some are
not so hard and may be used by the beginners in this area as an entry
point to gain some immediate “hands-on” experience with exponential and
character sums. In particular, part of the motivation for writing this list of
problems has been the frequent requests to the author to suggest a research
problem on exponential sums.
One can also notice that most of the problems fall into two major categories. In one category we talk about obtaining new bounds of exponential
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and character sums, while in the other category we seek new applications.
Often problems from the first group are motivated by a problem from the second group. Besides in Section 3.14 we present some other problems, which,
at least the first glance, have nothing to do with exponential or character
sums.
As a general rule, the well known problems, which are described in the
literature, are not presented. We have also avoided open ended problems of
the form “Improve the result of . . . ” unless we are able to give some ideas
about how it may be possible to achieve this.
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Notation

For an integer m ≥ 1, we denote
em (z) = exp(2πiz/m).
We always follow the convention that arithmetic operations in the arguments
of em are performed modulo m.
We use (n/m) to denote the Jacobi symbol modulo an odd integer m ≥ 3
(that is, the Legendre symbol in that case that m = p is prime).
The letter p (possibly subscripted) always denotes a prime; k, m and n
always denote integers (and so do K, M and N ).
As usual, we say that n ≥ 2 is y-smooth is all prime divisors p of n satisfy
p ≤ y.
We use ε to denote a small positive parameter on which implied constants
may depend.
Calligraphic letters, for example, A = (an ), usually denote sets or sequences of integers.
For a prime power q, we use IFq to denote the finite field of q elements.
For an integer m, we use ZZm to denote the residue ring modulo m.
We use some standard notations for most common arithmetic functions.
For m ≥ 2 be an integer, we denote by:
• P (m) the largest prime divisor of m,
• ϕ(m) the Euler (totient) function of m,
• ω(m) the number of distinct prime divisors of m,
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• τ (m) the number of positive integer divisors of m.
We also define P (1) = ω(1) = 0 and τ (1) = ϕ(1) = 1.
Letting x ≥ 0 be a real number, we denote by:
• π(x) the number of primes p ≤ x,
• π(x; q, a) the number of primes p ≤ x such that p ≡ a (mod q).
We use the Vinogradov notation ‘f (x)  g(x)’ which is equivalent to
the Landau notation f (x) = O(g(x)), but easier to chain as, for example,
f (x)  g(x) = h(x). If convenient, we also write g(x)  f (x) instead of
f (x)  g(x). We also write f (x)  g(x) if f (x)  g(x)  f (x).
Finally, log x denotes the natural logarithm; we always assume the argument is large enough for the whole expression to make sense (as well as in
the case of iterated logarithms).
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Problems

3.1

Exponential functions

Problem 1. Obtain analogues of the results of J. Bourgain, A. A. Glibichuk
and S. V. Konyagin [35] for multiplicative character sums
X

χ(x1 . . . xk + a)

and

x1 ,...,xk ∈X

N
X

χ(g x + a)

x=1

with very small values of N relative to p, where X ⊆ ZZp , gcd(g, p) = 1 and
χ is a nonprincipal multiplicative character modulo p, see also [22, 23, 24,
25, 27, 28, 30, ?].
Problem 2. Obtain explicit forms, with all constants explicitly evaluated,
of the results of J. Bourgain [22, 23, 24, 25, 27, 28], J. Bourgain and M.C. Chang [30], J. Bourgain, A. A. Glibichuk and S. V. Konyagin [35] and
several other similar results on short exponential sums with exponential functions
N
X

em (a1 g1x

+ ... +

ak gkx ),

and

x=1

M X
N
X
x=1 y=1

3

em (ag x + bg y + cg xy ),

where a1 , . . . , ak , a, b, c ∈ ZZ, gcd(gg1 . . . gk , m) = 1, M, N ∈ ZZ, and with the
products
X
X
...
em (ax1 . . . xk ),
a ∈ ZZ,
x1 ∈X1

where X1 , . . . , Xk ⊆

xk ∈Xk

ZZ∗m .

Comments: J. Bourgain and M. Z. Garaev [?] and M.-C. Chang and
C. Z. Yao [45] have recently obtained a series of very interesting results in
this direction.
Problem 3. Obtain stronger bounds for the sums of Problem 2 on average
over prime moduli m = p.
Comments: The ideas used in the proof of [91, Theorem 5.5] and of [5,
Lemma 2.10] can possibly be of help.
Problem 4. Use the method of [91, Chapter 5] to estimate exponential sums
N
X

em (ag x ),

a ∈ ZZ,

x=1

where gcd(g, m) = 1, for very small values of N relative to m, for “almost
all” m.
Comments: There are amazingly strong and general results of J. Bourgain
and M.-C. Chang, see [24, 25, 30], which apply to very short and general sums
and thus have significantly reduced the interest to this question. On the other
hand, the method of [91, Chapter 5] may lead to more explicit and stronger
bounds (but which hold only for “almost all” m rather than all m).
Problem 5. Estimate exponential sums
T
X

 2

ep ag x + bg x ,

a, b ∈ ZZ,

x=1

where T is a multiplicative order of g modulo p with gcd(g, p) = 1.
Comments: J. Bourgain [27] has obtained a nontrivial estimate for a large
class of primes p, but in the general case there is no nontrivial bound (even if
g is a primitive root modulo p). In the case of b = 0 these sums are estimated
in [64], provided T ≥ p1/2+ε , see also [68, 96]. Bounds of similar sums with
a composite denominator m can be found in [67].
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Problem 6. Estimate exponential sums
N
X


em ag bf (x)c ,

a ∈ ZZ,

x=1

where f (X) ∈ IR[X] is a polynomial with real coefficients or some sufficiently
smooth function.
Comments: In the case of polynomials f (X) ∈ ZZ[X] with integers coefficients and prime m = p such that `2 | p − 1 for another prime ` ≥ pε
(with arbitrary ε > 0) a nontrivial bound on the above sums are given by
M.-C. Chang [41]. Also for f (X) ∈ ZZ[X] and prime m = p, in [122],
a nontrivial bound is given “on average” over all primitive roots g modulo
p. In fact in both [41] and [122] more general sums over arbitrary finite
fields are estimated. The general case of polynomials, even for polynomials
f (X) ∈ ZZ[X], probably requires some new ideas. On the other hand, the case
of smooth and slowly growing functions f (X) can probably be studied by the
method of [16]. Results of these type have a natural interpretation of studying
polynoially growinng sequences on orbits of the dynamical system generated
by the map u → gu in the ring ZZm , see [17, 69, 70] and references therein
for various results of similar flavour in the settings of ergodic theory.
Problem 7. Estimate incomplete exponential sums
N
X


em ag 1/x ,

a ∈ ZZ,

x=1
gcd(x,T )=1

where T is a multiplicative order of g modulo m with gcd(g, m) = 1.
Comments: For a prime m = p and T ≥ pε this has been done by
J. Bourgain and I. E. Shparlinski [38], a more explicit estimate in the case
of T ≥ p1/2+ε is given in [125], see also [110, 129] for several more related
results.
Problem 8. Estimate complete exponential sums
T
X


em ag x + bg 1/x ,

a, b ∈ ZZ,

x=1
gcd(x,T )=1

where T is a multiplicative order of g modulo m with gcd(g, m) = 1.
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Comments: Even the case of prime m = p is of interest. Also, for a prime
m = p, some bounds on average over a, b ∈ IFp are given in [119].

3.2

Short character sums

Problem 9. Extend the Burgess bound, see [85, Theorems 12.6], in full
generality, to the settings of arbirary finite fields.
Comments: Very promising results in this direction have recently been
obtained by J. Bourgain and M.-C. Chang [31], M.-C. Chang [42, 43] and
S. V. Konyagin [90].
Problem 10. For a prime p and integer n ≥ 2, estimate character sums
h
X

χ(α + x)

x=1

for h ≤ p1/2 log p, where χ is a multiplicative character of IFpn α is such
IFpn = IFp (α).
Comments: In [111] the above sums have been estimated as O(np1/2 log p)
with an absolute implied constant has been used in [42]. Its any improvement
with lead to new results in Problem 9.
Problem 11. Prove that
max

0≤a<b≤p−1


h 
X
(x + a)(x + b)
p

x=1

= o(h)

for any h ≥ pα with some fixed α < 1/2.
Comments: V. Shoup [114] gives a factorization algorithm for polynomials over IFp of complexity O(n2+o(1) p1/2+o(1) ) (where n is the degree of the
polynomial f (X) ∈ IFp [X] to be factored), which is based on the Weil bound
max

0≤a<b≤p−1


h 
X
(x + a)(x + b)
x=1

p


= O p1/2 log p .

Any improvement of this bound immediately leads to a better complexity estimate. Even obtaining such a bound only for “almost all” p is already of
great interest.
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Problem 12. Extend the result and method of A. A. Karatsuba [88] to
double character sums modulo a composite.
Problem 13. Estimate sums with Jacobi symbols over the solutions to the
congruence xy ≡ a (mod m) in a given box, that is,
 
X
x
,
a ∈ ZZ,
y
xy≡a (mod m)
1≤x≤X,1≤y≤Y
y≡1 (mod 2)

for X and Y reasonably small compared to m.
Comments: For very small m some results of this kind can be extracted
from the work of G. Yu [140], see also [139] for applications of results of this
kind to studying the distribution of Selmer groups of some families of elliptic
curves.
Problem 14. Assuming the Generalised Riemann Hypothesis, estimate the
sums
N
X
Sm (χ, N ) =
χ(n)
n=1

with a nontrivial multiplicative character χ modulo m.
Comments: The bound Sm (χ, N ) = N 1/2 mo(1) has been a part of folklore
and in particular is quoted in [99, Bound (13.2)] as a consequence of the
weaker Generalised Lindelöf Hypotheis. One can also derive it from [80,
Theorem 2]. However, it is interesting to get an explicit expression for the
term mo(1) .

3.3

Smooth numbers, S-units and primes

Problem 15. Estimate exponential and multiplicative character sums
X
X
em (f (n))
and
χ(f (n))
n≤x
n is y-smooth

n≤x
n is y-smooth

with a polynomial f (T ) ∈ ZZ[T ], where a ∈ ZZ and χ is a multiplicative
character modulo m.
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Comments: Several bounds for exponential sums over smooth numbers are
given by É. Fouvry and G. Tenenbaum [62] and, more recently, by R. de la
Bretèche and G. Tenenbaum [39]. Character sums in the case of a linear
polynomial f (T ) = T − a are estimated [121]. The approach of [121] has also
been used by K. Gong [78] for more general sums. The arguments of [39, 62]
and [78, 121] are quite different and it is quite possible that combining them,
or using them in different scenarious, one can obtain many new interesting
results about exponential and character sums over y-smooth integers in wide
ranges of the parameters m, x and y.
Problem 16. For a set S = {p1 , . . . , ps } of s primes and an integer N we
denote by U(S, N ) the set of integer S-units up to N , that is, the set of
integers u ≤ N composed out of primes from the set S. Estimate character
sums
X
Uk (S, N ) =
χ (a1 u1 + . . . + ak uk ) ,
a1 , . . . , ak ∈ ZZ,
u1 ,...,uk ∈U (S,N )

and
Wk (S, N ) =

X

χ (a1 u1 + . . . + ak uk + 1) ,

a1 , . . . , ak ∈ ZZ,

u1 ,...,uk ∈U (S,N )

with a multiplicative character χ modulo m.
Comments: In the case s = k = 1 the sums Wk (S, N ) are estimated by
E. Dobrowolski and K. S. Williams [55] and H. B. Yu [141] (in fact in this
case the only generator p1 need not be prime. Note that we ask for estimates
which make use of larger values of s or k in a substantial way rather than
merely reduce the question to the case s = k = 1. There should be a strong
connection between estimates on Uk+1 (S, N ) and Wk (S, N ).
Problem 17. In the case of a positive solution to Problem 16 use its result
together with the square sieve of D. R. Heath-Brown [81] to estimate the
number of perfect squares of the form
u1 + . . . + uk

and

where u1 , . . . , uk , w1 , w2 ∈ U(S, N ) and similar.
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w1 − 1
w2 − 1

Comments: The question is related to some finiteness conjectures about
the number of perfect squares and higher powers of the above and similar
types made by P. Corvaja [53]. As for Problem 38, only sums with the Jacobi
symbol modulo products of two distinct primes m = p1 p2 are relevant.
Problem 18. Make use of the Burgess bound, see [85, Theorems 12.6], in
the argument of Z. Kh. Rakhmonov [112] in order to improve the bound [112]
on the sums
X
χ(p + a),
a ∈ ZZ,
p≤N

with an arbirary nontrivial multiplicative character χ modulo m, where
gcd(a, m) = 1. Obtain a result which is nontrivial for N ≥ m1−α+ε with
some fixed α > 0.
Comments: Z. Kh. Rakhmonov [112] uses the Pólya–Vinogradov bound;
accordingly, his estimate is nontrivial only for N ≥ m1+ε , see also a result of
A. A. Karatsuba [87] for the case of prime modulus m = p which is nontrivial
starting with N ≥ p1/2+ε . For primitive characters such a result is given
in [63], which is nontrivial for N ≥ m8/9+ε . Most certainly the method
of [63] can be extended to all nontrivial characters but this has to be worked
out in detail.

3.4

Kloosterman sums

Problem 19. Obtain an explicit estimate of double Kloosterman sums
X X

αk βm ep akm + bk −1 m−1 ,
k∈K m∈M

modulo a prime p, where K = [I, I + K] and M = [J, J + M ] are intervals
of lengths K and M , satisfying
KM ≥ p1/2+δ
for a fixed δ > 0, and αk and βm are some complex numbers with
|αk | ≤ 1, k ∈ K,

and

|βm | ≤ 1, m ∈ M.

Comments: A bound of such sum in the above range has been given by
J. Bourgain [21, Theorem A.1] with some power saving p−η over the trivial
bound, where η > 0 depends on δ, however the dependence of η on δ has not
been made explicit.
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Problem 20. Estimate Kloosterman sums over squarefree and smooth numbers
X
X
em (as−1 + bs)
em (as−1 + bs),
and
s≤N
s y−smooth

s≤N
s squarefree

modulo an arbitrary integer m.
Comments: To estimate the sum over square free numbers one can use the
inclusion principle in a very straight forward fashion. However we ask about a
more an argument that goes beyond this approach. For a prime denominator
m = p, a bound on Kloosterman sums over primes
X
Sm (a, b) =
em (a`−1 + b`),
`≤N
` prime

has been given by É. Fouvry and Ph. Michel [60] and in a wider range (but
in a less explicit form by J. Bourgain [21]. The result of M. Z. Garaev [71]
has improved the result of [60] for b = 0. It has been shown in [61] that
the method of M. Z. Garaev [71] also works for composite moduli m and can
be further improved on average over m. Finally, R. C. Baker [4] obtained
a fully explicit version of a result of [21] (for b = 0) and extended it from
prime denominators to a much larger class of moduli, including all squarefree
intgers. R. C. Baker [4] also improved the estimate of [61] about the bound of
the sums Sm (a, b) on average over m. These results together with the Vaughan
identity [138] can be used to estimate the sums over smooth numbers.
Problem 21. Find nontrivial bounds of the sums
X
X
χ(a`−1 + b`),
and
χ(as−1 + bs)
s≤N
s y−smooth

`≤N
` prime

with nontrivial multiplicative characters modulo an arbitrary integer m.
Comments: See the references in the comments to Problems 18 and 20.
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3.5

Combinatorial sequences

Problem 22. Let PL be that set of all palindromes of length L, that is, the
set of n for which the base g ≥ 2 representation
n=

L−1
X

ak (n)g k ,

k=0

where
ak (n) ∈ {0, 1, . . . , g − 1}, k = 0, 1, . . . , L − 1,

and

aL−1 (n) 6= 0,

satisfies the symmetry condition:
k = 0, 1, . . . , L − 1.

ak (n) = aL−1−k (n),

Estimate exponential and character sums
X
em (f (n))
and

X

χ(n),

n∈PL

n∈PL

where f (X) ∈ ZZ[X] and χ is a multiplicative character modulo m.
Comments: W. Banks, D. Hart and M. Sakata [8] have used bounds of
twisted Kloosterman sums to estimate exponential sums with palindromes in
the case f (X) = X, see also [10]. However, the method of [8] does not
seem to apply to either exponential sums with more general polynomials or
character sums. Even the case of prime m = p is still open.
Problem 23. Obtain nontrivial upper bounds on exponential and character
sums with factorials modulo a prime p, such as
N
X
n=1

ep (an!)

and

N
X

χ(n! + a),

a ∈ ZZ,

n=1

where χ is a multiplicative character modulo p.
Comments: Double exponential sums with m!n! and single multiplicative
character sums as above with a = 0 are estimated in [72] and [73], respectively.
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Problem 24. Estimate double exponential sums with binomial coefficients
N X
n
X

  
n
ep a
,
m
n=0 m=0

a ∈ ZZ,

for 0 ≤ N < p.
Comments: Several estimates of single and double exponential and character sums with binomial coefficients and other combinatorial numbers are
given by M. Z. Garaev, F. Luca and I. E. Shparlinski in [72, 73, 74, 75].
Problem 25. Estimate exponential sums
N X
n
X

em (as(n, k))

and

n=1 k=0

N X
n
X

em (aS(n, k)) ,

a ∈ ZZ,

n=1 k=0

with Stirling numbers of the first and second kind, respectively.
Problem 26. Estimate exponential sums
X
X
en (awn )
and
eP (n) (awn ) ,
2≤n≤x

a ∈ ZZ,

2≤n≤x

where w1 = 1 and
 


2n − 1
1 2n
,
wn =
=
2 n
n−1

n ≥ 2.

Comments: This question has also been posed in [40].
Problem 27. Obtain nontrivial upper bounds on exponential and character
sums with nn modulo an integer m, such as
N
X
n=1

n

em (an )

and

N
X

χ (nn + a) ,

a ∈ ZZ,

n=1

where χ is a multiplicative character modulo m.
Comments: Probably the case of prime m = p and the range N = p − 1 is
of most interest. In this case the bound O p48/25+o(1) of [3] on the number
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of solutions to the congruence k k ≡ nn (mod p), 1 ≤ k, n < p, is equivalent
to the estimate of the average values
p−1
p
1X X
em (ann )
p a=1 n=1

2

p
p−1
1X X
χ (nn + a)
p a=1 n=1

2

and

3.6

≤ p48/25+o(1)

≤ p48/25+o(1) .

Polynomial discriminants

Problem 28. Estimate exponential and character sums
X
X
em (aD(f ))
and
deg f =n, H(f )≤H
f ∈ZZ[X] monic

χ (D(f )) ,

deg f =n, H(f )≤H
f ∈ZZ[X] monic

with a ∈ ZZ and nontrivial multiplicative characters χ modulo m over discriminants D(f ) of monic polynomials
f (X) = X n + an−1 X n−1 + . . . + a0 ∈ ZZ[X]
of degree n and height H(f ) = max{|a0 |, . . . , |an−1 |} ≤ H.
Comments: Certainly the determinant is a polynomials of degree n in
the coefficients a0 , . . . , an−1 . So many general estimates for exponential and
character sums with polynomials can be applied. For example, for a prime
m = p, an immediate application of the Weil bound implies that for H ≤ p
each of the above sums is O(H n−1 p1/2 log p). Certainly only estimates which
are better than such bounds and makes use some special properties of D(f )
are of interest. We also recall that if f ∈ IFp [X] is squarefree then by the
Stickelberger theorem, see [18, Theorem 6.68]


D(f )
= (−1)n−s ,
p
where n = deg f and s is the number of distinct irreducible factors of f .
Therefore if χ is the Legendre symbol then the corresponding sum is a polynomial analogue of the sum of Möbius function.
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Problem 29. Estimate double character sums
N X
n−1
X
χ (∆(n, k)) ,
n=1 k=1

for a nontrivial multiplicative character modulo m, where
∆(n, k) = (−1)n(n−1)/2 nn − (−1)n k k (n − k)n−k



is the discriminant of the trinomial X n + X k + 1.
Comments: The question is of interest for even prime m = p, and especially for m = p1 p2 which is a product of two primes since in this case one can
use the square sieve of D. R. Heath-Brown [81] to study the squarefree part
of ∆(n, k), see [100, 124] for some related problems about the discriminants
of trinomials. If such a bound is obtained then again the Stickelberger theorem, see the comments to Problem 28 can be used to extract some nontrivial
information about factorisations of trinomials.

3.7

Arithmetic functions

Problem 30. Estimate exponential sums with the divisor function
N
X

em (aτ (n)),

a ∈ ZZ,

n=1

for an odd m ≥ 3.
Comments: One can use the fact that “typically” τ (n) = 2k a for a small
a and rather large k. Then one can try to use bounds of exponential sums
with exponential function from [22, 23, 24, 25, 27, 28, 30, ?, 35, 91]. In fact
the case of m = pk where p is fixed can be a good starting point where one
can use the result of N. M. Korobov [92] for the relevant exponential sums.
Problem 31. Estimate exponential and character sums with the largest
squarefree divisor of n and with the squarefree part of n, that is,
N
X

em (aQ(n))

and

n=1

N
X

em (aS(n)),

a ∈ ZZ,

n=1

where
Q(n) =

Y

p

and

S(n) = min{s :

p|n
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p
n/s ∈ ZZ}.

Comments: Bounds of character sums with these functions are given by
H. Liu and W. Zhang [97], but the method of [97] does not apply to exponential sums. Exponential sums with P (n) have been estimated in [7]; exponential
and character sums with the Euler function are estimated in [2, 9, 13].
Problem 32. For an integer g > 1 estimate exponential sums
N
X


en a(g n−1 − 1) ,

a ∈ ZZ.

n=1
n composite

Comments: This question has also been posed in [5] where one can also
find estimates of some other related sums with fractions (g n−1 − 1)/n and
alike.

3.8

Beatty sequences

Problem 33. Extend the bounds of character sums with Beatty sequences
bαn + βc of W. D. Banks and I. E. Shparlinski [11, 12] to composite moduli.
Problem 34. Obtain explicit versions of the bounds of character sums with
Beatty sequences bαn + βc of W. D. Banks and I. E. Shparlinski [15] in the
case when α is of approximation type 1.
Problem 35. Estimate character sums with Beatty sequences bαp + βc over
primes p ≤ x.
Problem 36. Estimate character sums with Beatty sequences bαs + βc over
y-smooth integers s ≤ x.
Problem 37. Estimate double character sums with Beatty sequences
X X
χ (bα(k + m) + βc)
k∈K m∈M

on sumsets, where χ is a multiplicative character modulo m ≥ 2 and K and
M are sufficiently dense sets of integers of the interval [1, N ]. Even the case
of m = p and very large N is still open.
Problem 38. In the case of positive solutions to Problems 33 and 34 use
their results together with the square sieve of D. R. Heath-Brown [81] in
order toget a lower 
bound on the number of distinct quadratic fields of the
p
bαn + βc , n = 1, . . . , N .
form Q
15

Comments: Only sums with the Jacobi symbol modulo products of two
distinct primes m = p1 p2 are relevant.
Problem 39. Extend the bounds of multiplicative character sums with integer parts bf (n)c of “smooth” functions of W. D. Banks and I. E. Shparlinski [16] to composite moduli.
Problem 40. Estimate multiplicative character sums with integer parts
bf (n)c of a polynomial f (X) ∈ IR[X].
Problem 41. In the case of a positive solution to Problem 39 use its result together with the square sieve of D. R. Heath-Brown [81] in order to
get a lower 
bound on the number of distinct quadratic fields of the form
p
Q
bf (n)c , n = 1, . . . , N .
Comments: As for Problem 38, only sums with the Jacobi symbol modulo
products of two distinct primes m = p1 p2 are relevant.

3.9

Sparse polynomials

Problem 42. Obtain analogues of the result of T. Cochrane, C. Pinner and
J. Rosenhouse [48] on exponential sums
m
X


em a1 xk1 + . . . + as xks ,

a1 , . . . , as ∈ ZZ,

x=1

with sparse polynomials of large degree, containing only s monomials, modulo
a composite m ≥ 2.
Comments: The result of T. Cochrane, C. Pinner and J. Rosenhouse [48]
is a generalisation of the bound of S. V. Konyagin [89] which corresponds to
the case s = 1. Extending the bound of [89] to composite moduli is already an
interesting problem. The bound of [48] has been applied to various problems in
number theory [10], computer science [130] and cryptography [131]. Several
other bounds (stronger, but more restrictive on the class of polynomials to
which they apply) on exponential sums with sparse polynomials can be found
in [23, 29, 49, 116].
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Problem 43. Obtain analogues of the result of on bounds exponential sums
with sparse polynomials (see Problem 42) for exponential sums along an
along an algebraic curve
X

a1 , . . . , as ∈ ZZ,
ep a1 xk1 y m1 + . . . + as xks y ms ,
f (x,y)≡0

(mod p)

with a nontrivial polynomial f modulo a prime p ≥ 2.
Comments: In the case of dense polynomials in the exponent, such a bound
is given in the celebrated work of E. Bombieri [20].
Problem 44. Obtain bounds on exponential sums
m
X

em (f (x)/g(x)) ,

x=1
gcd(g(x),m)=1

with sparse rational functions f (X)/g(X), where
f (X) = a1 X h1 + . . . + ar X hr

and

g(X) = b1 X k1 + . . . + bs X ks ,

which are better than general estimates of T. Cochrane and Z. Y. Zheng [50]
depending only on the degrees of f and g, see also [51].
Problem 45. Use the bound of W. D. Banks, A. Harcharras and I. E. Shparlinski [6] on analogues of short Kloosterman sums with polynomials over
finite fields to sharpen the Brun-Titchmarsh theorem over IFq [X], see [84].
Comments: One may try to imitate the approach of J. B. Friedlander and
H. Iwaniec [65].

3.10

Analogues of Heilbronn sums

Problem 46. Estimate exponential sums with two types of Fermat quotients
!
s−1
X
X
(n + j)p−1 − 1
ep
aj
p
j=0
n≤N
and
X
n≤N

ep

s−1
X

(n + j)p − (n + j)
aj
p
j=0

where gcd(a0 , . . . , as−1 , p) = 1.
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!
.

Comments: For s = 1, the first sums has been estimated by D. R. HeathBrown [82] and D. R. Heath-Brown and S. V. Konyagin [83] and the second
by A. Ostafe and I. E. Shparlinski [109]. For any s and N ≥ p1+ε the first
sum is also estimated in [109], but the case of N ≤ p seems to be very difficult.
Problem 47. Estimate exponential sums
X  ntp (n) − 1 
ep a
p
n≤N
where tp (n) is the multiplicative order n modulo p.
Problem 48. Estimate multiplicative character sums

 p−1
X  np − n 
X
n
−1
and
χ
χ
p
p
n≤N
n≤N
gcd(n,p)=1

for N ≥ p1/2+ε , where χ is a multiplicative character modulo p.
Comments: In [126] a nontrivial estimate on the first sum is given in
the case of N ≥ p5/4+ε , see also [77]. M. C. Chang [44] has obtained an
nontrivial estimate already for N ≥ p3/4+ε . The same approach also works for
the second sum. However obtaining nontrivial estimates for N ≤ p appears
to be very difficult.
Problem 49. Estimate multiplicative character sums



p−1
X
(n + 1)p − np − 1
χ n(n + 1)
,
p
n=1
where χ is a multiplicative character modulo a prime p.
Comments: Despite a somewhat unattractive shape, these character sums
appear naturally (at least for a quadratic character χ) in the study of the
Shafarevich–Tate groups of the curves Y p = X s (1 − X), see [94, 98].
Problem 50. Estimate multiplicative character sums
 p−1

X  `p − ` 
X
`
−1
χ
and
χ
p
p
`≤N
`≤N
`6=p prime

` prime

where χ is a multiplicative character modulo p, for N ≥ p1+ε ,
18

Comments: For N ≥ p3/2+ε it is done in [44], see also [126, 127, 128], for
some previous results via the Vaughan identity, see [85, Section 13.4], and
estimates of bilinear character sums


X
(mn)p−1 − 1
αm βn χ
p
m≤M
n≤N
gcd(mn,p)=1

with arbitrary complex weights αm and βn , using the congruence
(mn)p−1 − 1
mp−1 − 1 np−1 − 1
≡
+
p
p
p

3.11

(mod p),

gcd(mn, p) = 1.

Nonlinear recurrence sequences

Problem 51. For a given polynomial f ∈ IFq [X] and u0 ∈ IFq we define the
following sequence of elements of IFq
un = f (un−1 ) ,

n = 1, 2, . . . .

Clearly this sequence eventually becomes periodic, that is, un+T = un for
some T ≥ 1 whenever n ≥ N0 . In fact, without loss of generality, one can
assume that it is purely periodic, that is, N0 = 0. Improve the bound of
H. Niederreiter and A. Winterhof [105] on character sums
N
X

ψ(aun ),

a ∈ IF∗q ,

n=1

with a nontrivial additive character ψ of IFq and N ≤ T .
Comments: The bound of [105] develops some ideas suggested in [136]
and also improves the previous result of [101]; however it is still nontrivial only if T is very close to its largest possible value p. Even constructing
some special (but general enough) families of polynomials for which such improvement is possible is of interest. In the multidimensional case (that is, for
iterations of multivariate polynomials) such families are constructed in [107],
see also [108]. Furthermore, A. Ostafe [106] has modified the construction
of [107] in a way that the method of [103] applies to this constructions and
19

has led to much better results “on average” over all initial values. Unfortunately the constructions of [106, 107, 108] do not work in the univariate
case. This problem has close links with pseudorandom number generation,
see [102, 104, 136] for these links and further references.
Problem 52. For a prime p, a primitive root g modulo p and an integer v0 ,
the following sequence of integers
vn ≡ g vn−1

(mod p), 0 ≤ vn ≤ p − 1,

n = 1, 2, . . . .

As before we note that this sequence eventually becomes periodic with some
period T and we also assume that it is purely periodic. Estimate exponential
sums
N
X
ep (avn ),
a ∈ ZZ,
n=1

for N ≤ T .

3.12

Computational and algorithmic problems

Problem 53. Let us define the constants
A(n) = sup

q
X

max

m≥1 gcd (a,m)=1

em (axn ) m−1+1/n .

x=1

Compute
A = max A(n).
n≥2

Comments: S. B. Stechkin [134] has given the bound

A(n) = exp O(ln ln n)2 )
and conjectured that A(n) = O(1). This conjecture is proved in [115] in the
following stronger form A(n) = 1 + O(n−1/4+o(1) ), which is improved to
A(n) = 1 + O(n−1 τ (n) log n)
in [91, Theorem 6.7]. Thus the constant A is correctly defined, and recent
explicit estimates of Gauss sums of [47], make it to be a feasible task (but it
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may still require quite significant efforts). Problem 53 is also posed as [91,
Question 6.9]. Finally, we recall that by [91, Theorem 6.8]


log n
−1
A(n) ≥ 1 + n exp 0.43
log log n
for infinitely many n.
Problem 54. Find an algorithm to evaluate or approximate Kloosterman
sums
X
ψ(x + ax−1 ),
a ∈ IF∗q ,
x∈IF∗q

with an additive character ψ of IFq more efficiently than directly from the
definition.
Comments: This question has some connections with quantum computing, see [46]. Results of [120, 123] imply lower bounds on the complexity of
computation of Kloosterman sum in some standard computational models.

3.13

Exponential sums and cryptography

Problem 55. We recall that the Very Smooth Hash function, VSH, introduced by S. Contini, A. Lenstra and R. Steinfeld [52] works as follows. Let
pi denote the ith prime number and let
Qk =

k
Y

pi

i=1

denote the product of the first k primes and set Rk = Qk+1 . Assume that
integers k and n satisfy Qk < n ≤ Rk . Let ` < 2k , the message length, be
a positive integer whose k-bit representation (including all leading zeros) is
` = λ1 . . . λk that is
k
X
`=
λi 2i−1 .
i=1

Then VSH takes an `-bit message m = µ1 . . . µ` (with some leading zeros
appended, if necessary) and hashes it (in a very efficient way, via a simple
iterative procedure) to
hn (m) ≡

k
Y

pei i

(mod n),

i=1
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0 ≤ hn (m) < m,

where L = d`/ke, µs = 0, for ` < s ≤ Lk, µLk+i = λi , for 1 ≤ i ≤ k, and
ei =

L
X

µjk+i 2L−j ,

i = 1, . . . , k.

j=0

It is important for cryptographic application to study the distribution of this
function which lead to the problems of estimating exponential sums
X
en (ah(m)), a ∈ ZZn ,
m≤M

on some reasonably small M < 2` .
Comments: Some number theoretic properties of this function have been
studied in [19].

3.14

Miscellania

Problem 56. Let (fk ) be the sequence of totients, that is, the increasing
sequence of all values of the Euler function:
{fk : k = 1, 2, . . .} = {ϕ(n) : n = 1, 2, . . .}

and

f1 < f2 < . . . .

Study the distribution of the differences dk = fk+1 − fk .
Comments: We certainly ask about the results which do not immediately
follow from the known facts about the distribution of primes [85] and the
counting results for the number of totients up to x, see [59].
Problem 57. Given a polynomial
F (X) =

d
X

ad X d ∈ ZZ[X],

ad 6= 0,

j=0

we define its Mahler measure M (F ) as
Y
M (F ) = |ad |
max{1, |α|}
F (α)=0
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where the product is over all roots α of F taken with their multiplicities.
We also define rad(F ) as the product of all irreducible factors of F , ignoring
multiplicities. Given three polynomials f, g, h ∈ ZZ[x] with
f +g =h
estimate M (rad(f gh)) in terms of max{M (f ), M (g), M (h)}?
Comments: The question is yet another example of many possible polynomial analogues of the abc-conjecture. However instead of the degree deg F as
the measure of the size of F , see [133], it refers to M (F ).
Problem 58. Obtain upper and lower bounds for the number of squarefree
palindromes up to x.
Comments: Using the standard inclusion-exclusion principle and known
asymptotic formulas and estimates on the number of palindromes up to x in
a given arithmetic progression, see [8, 10], is not enough, but just barely.
Problem 59. Obtain an asymptotic formula for the number of “hyperbolic”
squarefree numbers s ≤ N , that is, for the number of vectors of positive
integers (n1 , n2 , n3 , n4 ) with n1 n4 − n2 n3 = 1 for which s = n21 + n22 + n23 + n24
satisfies s ≤ N and is squarefree. One can also address a similar question
with smooth s or with s having only a fixed number of prime divisors.
Comments: J. B. Friedlander and H. Iwaniec [66] obtained conditional
lower and upper bounds of the right order of magnitude for a much harder
question with primes p = n21 +n22 +n23 +n24 . The assumption in [66] is a conjecture on the distribution of rational primes in arithmetic progressions that interpolate between the Bombieri-Vinogradov theorem and Elliott–Hallberstam
conjecture, see [85, Section 17.1]. However for squarefree s = n21 +n22 +n23 +n24
one may expect an unconditional asymptotic formula with a power saving in
the error term. It also seems that the method of [66] can work for s that are
products of at most three primes.
Problem 60. Consider a set of positive integers A = {a0 = 1, a1 , . . . , aN },
where for 1 ≤ n ≤ N we have an = ar + as with some integers r, s < n.
Obtain a good upper bound for



WN (A) = ω 


Y
1≤m,n≤N
an 6=am
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(an − am )
.

Comments: It is obvious that
WN (A) 

N3
.
log N

The question is related to lower bounds on generic algorithms for computing
orders of elements in generic groups, see [135].
Problem 61. For a positive integer g ≥ 2, an arbitrary integer h and a
polynomial f (X) ∈ ZZ[X] obtain lower and upper bounds on
λ(Ph (x)),

λ(Ff (x)),

λ(Gg,h (x)),

where
Ph (x) =

Y

(p − h),

Ff (x) =

Y

|f (n)|,

Gg,h (x) =

n≤x
f (n)6=0

h<p≤x

Y

(g n − h) ,

n≤x

and λ(k) is the Carmichael function, that is
 ν−1
p (p − 1),
if p ≥ 3 or ν ≤ 2;
ν
λ(p ) =
ν−2
2 ,
if p = 2 and ν ≥ 3;
and for an arbitrary integer n ≥ 2,

λ(n) = lcm λ(pν11 ), . . . , λ(pνkk ) ,
where n = pν11 · · · pνkk is the prime factorization of n.
Comments: Certainly the behaviour of λ(Ph (x)) and λ(Gg,h (x)) depends
quite dramatically whether h = 0 or h 6= 0. A lower bound ω(Ph (x))  x0.3596
is given in [14].
Problem 62. Prove that any integer n can be represented as n = m + s
where m is squarefree and s is very smooth.
Comments: The case when s = 2k corresponds to the conjecture of Erdős,
which is shown by A. Granville and K. Soundararajan [79] to be related to the
nonvanishing of (ap − a)/p modulo p). It is quite possible that a combination
of [79, Proposition 3] with the results about nonvanishing Fermat quotient
of [32, 132] may lead to a result with a rather smooth s.
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Problem 63. Design and efficient algorithm, that for given x and y generates
a “random” y-smooth number n ≤ x, that is, the output is always y-smooth
and any y-smooth number appears with probability close to 1/ψ(x, y) where
as usual
ψ(x, y) = #{s ≤ x : s is y-smooth}.
Comments: E. Bach [1] has proposed an algorithm to generate random factored integers, that is, an algorithm that outputs any integer n ≤ x with probability close to 1/x, and also outputs a full factorisation of n. A. T. Kalai [86]
has improved this algorithm.
Problem 64. We say that an integer s is k-digit smooth to base g (for a
fixed integer g ≥ 2) if it can be written as a product s = s1 . . . sm , where each
factor si contains at most k nonzero digits in its g-ary expansion. Obtain
upper and lower bounds on
Ωg (x, k) = #{s ≤ x : s is k-digit smooth to base g}.
Comments: Perhaps one can derive a nontrivial upper bound Ωg (x, k) via
the Rankin method.
Problem 65. We say that a monic polynomial f ∈ ZZ[X] is degenerate if
for two distinct roots λ and µ of f the ratio λ/µ is a root of unity. Obtain
an sharp upper bound on the number Dn (H) of degenerate polynomials of
degree n and of height at most H, that is,
Dn (H) = #{f (X) = X n + a1 X n−1 + . . . + an ∈ ZZ[X] :
f is degenerate, |ai | ≤ H, i = 1, . . . , n}.
Comments: Degenerate polynomials play an important role in the theory of
linear recurrence sequences, see [58]. Trivially, we have Dn (H) = O(H n−1 ).
Indeed, for a fixed n there are O(1) roots of unity that are ratios of two
algebraic numbers of degree at most n, see [56, 113] for a more precise result.
If f (X) = X n + a1 X n−1 + . . . + an is degenerate then f (X) and f (ρX), where
ρ is one of these possible roots of unity, have a common root. Hence the
resultant
Rρ (a1 , . . . , an ) = Res(f (X), f (ρX)).
vanishes. Clearly Rρ (a1 , . . . , an ) is a non-zero polynomial as otherwise f (X)
and f (ρX) have a common root for any monic polynomial f of degree n. Thus
the equation R(a1 , . . . , an ) = 0 has O(H n−1 ) integer solutions in variables
|a1 |, . . . , |an | ≤ H.
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Problem 66. Prove that for any ε > 0 there exists `(ε) such that for any
u ∈ IFp , an arbitrary λ ∈ IFp can be represented as
1
1
+ ... +
≡ λ (mod p)
x1
x`(ε)
with u + 1 ≤ x1 , . . . , x`(ε) ≤ u + pε .
Comments: The question is a generalisation of the Erdős-Graham problem [57], that corresponds to u = 0 and has been solved in [118], see also [26,
54, 76]. It is possible that the recent results of Bourgain and Garaev [34]
can be of some use but the problem seems to be very difficult and certainly
requires more new ideas. Even the case of ε = 1/2 is already difficult.
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