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Abstract
Let X be a closed linear subspace of the Lebesgue space LP({2, 1) for some 1 <
p < o0, and let —A be an invertible operator that is the generator of a bounded
holomorphic semigroup 73 on X. Then for each 0 < a < 1 the maximal function
Sup; |T¢ f(x)| belongs to LP(2, i) for each f in the domain of A%. If moreover
iA generates a bounded Cp—group and A has spectrum contained in (0, 00), then

A has a bounded H®° functional calculus.

1. Introduction and main result

Let €2 be a complete and separable metric space, and p be a o-finite and positive Radon
measure on 2. Let X be a closed linear subspace of the Lebesgue space LP(£; i), where
1 < p < co. For a closed and densely defined linear operator A in X, we are concerned
with the Cauchy initial value problem for v(z,t) and initial datum f € X,

v

Tl —Av, v(z,0) = f(x), (t>0;z € Q). (1.1)
This has a unique solution v(x,t) = T} f(z) in the sense of Hille and Phillips [14, p. 622]
whenever T} is a Cy—semigroup on X with generator —A; one writes T} = e~ [14, p.
321]. In order to ensure that v(z,t) converges p-almost everywhere to f(x) as t — 0+, it
is often necesary to impose further conditions on f. For any closed linear operator V in
X, we recall that the domain of V' is the Banach space D(V) = {f € X : Vf € X} with
the graph norm || f||pcvy = || fllee + [V fllr. For 0 < a < 1, we can define a fractional
power A® such that D(A%) contains D(A), and A~ is bounded whenever A has bounded
inverse; see [20, Theorem 2.3.1].

In many cases of interest, T; extends to a bounded holomorphic semigroup on the
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sector X9 = {z € C\ {0} : |argz| < 0} for some 6 with 0 < 6 < 7/2. We write arg A for
the principal value of the argument.

A bounded holomorphic semigroup [12, p. 59] on Yy is a family of bounded linear
operators T, on X for each z € 3y, that satisfies:—
(i) T.T¢ = Toq¢ for all 2, € Xg;
(ii) for each §’ with 0 < @’ < 0 there exists K (') such that ||T.| < K(¢') for all z € Y¢/;
(iii) T, is a holomorphic function of z € Xy;
(iv) T, f — f for each f € X as z — 0 with z € ¥y.

THEOREM 1.1. Suppose that —A generates a bounded holomorphic semigroup T, = e %4

on Yy for some 0 with 0 < 6 < w/2. Suppose further that A is invertible and that
0 < a < 1. Then for each f € D(A®) the maximal function M (f(x)) = supgcscoo |12 ()|
belongs to LP(Q; u); further, there exists K (A, «,p) independent of f such that

/ M(f(2))Pu(dr) < K(A, a,p) / (A F@)P + A f@)P)u(dz).  (12)
Q Q

If —A is the generator of a bounded holomorphic semigoup, then for each s > 0 the
operator —(sI + A) is invertible and also generates a bounded holomorphic semigroup; so
the invertibility assumption in Theorem 1.1 does not restrict the usefulness of the result.

In many examples there is a dense subspace Y of smooth functions such that T} f(z) —
f(x) as t — 0+ holds p-almost everywhere for f € Y. One can then use the Theorem to
show by approximation that almost everywhere convergence holds for all f € D(A™%) N
D(A%). The hypotheses are easy to verify in applications. Whereas we do not claim that
the result is optimal in any particular case, it covers cases outwith the scope of the special
results of Stein [18, p. 65| for symmetric diffusion semigroups and the results that require
growth conditions on the imaginary powers A® as in [9,5,6].

The proof of Theorem 1.1 depends upon a functional calculus argument which we
present in section 2. This was suggested by the H°® functional calculus of McIntosh and
his co-authors [15, 10|, but we present a self-contained proof for the sake of completeness.
In section 3 we conclude the proof of the Theorem and in the final section 4 we consider

examples.

2. Functional calculus

In this section we work with the space of bounded linear operators on X with the operator

norm || ||. A closed and densely defined linear operator A is said to be sectorial of type ¢
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if its spectrum is contained in X, for some ¢ € (0,7) and for each w € (p, ) there exists
#(w) such that [|A(AI — A)7}| < k(w) holds for all A € C\ ,; see [10].

For the remainder of this section, we suppose that A is as in Theorem 1.1. By [12, p.
2] A is densely defined and closed. We recall from [13, p.44] that, for a Banach space Y,
a function G : R — Y is Bochner-Lebesgue integrable if G is strongly measurable and if

|G (z)||y is integrable.

LEMMA 2.1. Let 0 < ¢’ <0 and let 7/2 — ¢ <w < 7/2.
(i) Then A is sectorial of type /2 — 0'; so that, each A # 0 with |arg\| > w lies in the

resolvent set of A and satisfies
AN — A)7H| < K(6)cosec(w + 0’ — m/2). (2.1)

(i) Similarly the Yosida approximants As = (sI + A)~'sA where s > 0 are sectorial of
type ©/2 — 0'; so that,

IAMAL — Ag) 7| < (cosecw/2) (14 K (8") cosec (w + 0" — 7/2)) (2.2)

holds for each A\ # 0 such that |arg \| > w.

Proof. (i) A standard estimate on the resolvent: one turns the line of integration in the

Bochner-Lebesgue integral [12, p. 61]

MM —A)7Hf = —/ NeA A fdy (f € X) (2.3)
0
so that m > |arg A + argz| > w + 0 > 7/2 and then one bounds the integral using the
triangle inequality.

(ii) By (i), —s lies in the resolvent of A for each s > 0 and one can check that Ay is a

bounded linear operator which satisfies

AN — Ay =

A S As (8)\

S 1_aA) 4
)\—s+s—)\s—)\ B ) ' (24)

—A

The linear fractional transformation p(A) = As/(s — A) takes {A # 0 : |arg \| > w} into
itself and by (2.4) we have

A - a7 < |12

+ i le e =7 (2.5)

and the stated result follows from (2.1) since |\ — s| > (sinw/2)(|A| + s).
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For 0 < v < 1 we can define

Ao - STQ /OO I+ AT At (F e X) (2.6)
T 0
and ) -
Aof = Smm/ 1 YA(L+ A" fdt  (f € D(A)). (2.7)
™ 0

One can easily check that these integrals converge in the sense of Bochner—Lebesgue on
the stated linear subspaces as a consequence of Lemma 2.1.
We define the fractional power z* = exp(alog|z| +icvarg z). Then for u € R\ {0} we

introduce the functions

zl—a Zl—f—oz
(I)u<2) = m and \PU(Z) = uz—_’_zz, (28)
which are holomorphic on {z : 2 > 0}. The curve v with parametric form
Y(t) = —te ™, —oo < t < 0;
te', 0<t<oo (2.9)
lies in the resolvent set of A by Lemma 2.1.
LEMMA 2.2. Let
Ky =27'K(0")cosec (w + 0" — 7/2) cosecw sec(ma/2), (2.10)
Ky =2""(1+ K(#)cosec (w + 0" — m/2))cosecw/2 cosecw sec(ma/2).
(i) Then the Bochner—Lebesgue integral
1
D, (A) = -— [ Qu(2)(zI —A)"'d 2.11
()= 57 | PuleT —A) e (211)
defines a bounded linear operator on X such that
12u ()] < Kilul7'7%  (uwe R\ {0}). (2.12)

Likewise ®,,(As) may be defined by such an integral to give a bounded linear operator
such that ||®,(A,)| < Ka|u|717 for all u € R\ {0}.
(ii) Similarly the Bochner—Lebesgue integral

U, (A) = L / U, (2)(2I — A) " tdz

- 2mi
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defines a bounded linear operator on X such that
[Tu (A < Kilu[7H (we R\A{0}). (2.13)

Likewise ¥, (As) may be defined by such an integral to give a bounded linear operator
such that ||, (A,)|| < Ka|u|~t** for all u € R\ {0}.

(iii) The above definitions of ®,(As) and ¥, (Ay) are consistent with the Riesz functional
calculus for bounded operators.

(iv) For all f € X,

O, (As)f = P (A)f and Y, (As)f = Y, (A)f as s— oc.

Proof. (i) We shall verify that the integral is absolutely convergent. The integrand is
continuous in B(X), hence is measurable in the sense of Bochner, and by the triangle

inequality we have
1 Zlia 1 oo tlfa '
Ry 5 5 I—A_ld H<—/ - t’LwI_A—l
” 2mi [y u? 4 22 (2 )z < o Jo |22 4+ 2| (Il(te )l
+[(te™ 1 — A)7H|)dt, (2.14)

so we can use Lemma 2.1(i) and plane trigonometry to obtain

cosec w — m/2) cosecw —_—
- o7 o ur+t>t
The latest expression involves a beta integral and reduces to
K0 1 1-—
( >cosec (0 + w—7/2) cosecw F< —12—a>F( 2a>u_1_o‘. (2.15)
™

The bound (2.12) follows directly when we compare (2.15) with (2.10). The proof of the
bound on ®,(Ay) is similar, except that one uses Lemma 2.1(ii) to bound the resolvents.

(ii) This is similar to (i).

(iii) The spectrum of Ay, denoted o(As), is contained in ¥, by Lemma 2.1(ii). We shall
prove that ®,(As), defined as in (2.11), equals the operator AL1=*(u?I + A2?)~! as defined
by the Riesz functional calculus. The Riesz functional calculus for bounded operators is
essentially unique as a consequence of Runge’s theorem.

Now Ay is a bounded linear operator with ||As|| < s(1 + K(0)). For small § > 0 and
R > (1 + K(0))s, we introduce the simple contour (J, R) that consists of the circular
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arcs {de® : w < 9 < 27 —w} and {Re™ : —w < ¢ < w} connected by the intervals

(e~ Re~™] and [Re™, §e']. This contour winds round o(A,); hence

1
Ai_o‘(u21+ Ag)_1 = —/ D, (2) (2] — Ag) " tdz (2.16)
2M0 ) (5,R)
holds by the Riesz functional calculus. Using simple estimates, one can let § — 0+ and

R — oo to replace (4, R) by v in (2.16), so we deduce that

D, (A,) = i / D, (2)(2] — Ay) tdz = AL (WPT + A% 7L (2.17)
2mi J,
(iv) We shall now prove that ®,(As) converges strongly to the operator ®,(A) as
s — 00; the case of ¥,, is similar. The Yosida approximants A, satisfy ||Asf]| < K(0)||Af||
for all s > 0, and A,f — Af as s — oo for f € D(A) since s(sI + A)~! — I strongly as
s — 0o by Lemma 2.1(ii) and the density of D(A).
Since D(A) is a dense linear subspace, and ®,(A4;) (s > 0) are uniformly bounded as
in (i), it now suffices to show that ®,(As)f — ®,(A)f as s — oo for f € D(A). By (2.2),
we can take the limit of (2.17) and deduce from the dominated convergence theorem [13,
p.45] that @, (As)f — ®,(A)f as s — 00. One can deal with ¥, similarly.

REMARK. Lemma 2.2(iv) justifies the formula (2.11) as a means of defining
Atmo(u?] + A?%)~L
3. Proof of the maximal theorem

PROPOSITION 3.1. Let A, o and f be as in Theorem 1.1. Then

et f = %/1 et (A)A™Y fdu + %(/__1+/1w>eit“@u(A)Aafdu (3.1)

-1
holds, where the integrals converge in X in the sense of Bochner—Lebesgue.
Proof. We begin by proving a version of (3.1) for A;. For R > s(1 + K(0)) we let ' be
the semicircular contour [—R, R] ® Sg, where S is the semicircular arc with centre 0 that
goes from R to —R in the upper half-plane. Since I'r winds round o(iAg), but does not
wind round any point in o(—iAs), we have by the Riesz functional calculus

e—tAsf:i,/F et ((ul —iA) N — (ul +iA) ) fdu  (FeX).  (32)

271

For t > 0, we can let R — oo and use Jordan’s lemma to deduce that

et f = %/OO (Wl + AT Asfdu (f € X), (3-3)
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and hence

e_tASf:%/l e, (A)AT Y fdu + = / / ”“@ A A% fdu (3.4)

-1

where the integrals are absolutely convergent in X.
Next we shall check that we can take limits of each term in (3.4) as s — oo, and thus
deduce (3.1). One can use the identity
2

S 1 s st st -1 1
M+ 4)" - W +4) _s+t+(s+t)2<s+t)(s+tI+A> tEl+ A)

and Lemma 2.1(i) to obtain

(s+1t)2

As a consequence of this bound, it follows from (2.7) and the dominated convergence
theorem that ASf — A%f as s — oo for f € D(A); see [13, p. 45]. Further, we have
A% = (s(sI+A)71)* A~ and hence || A% f|| < K3||A%f|| for all f € D(A) and some constant

K3. Now we can let s — 0o and obtain the limits of the terms in the integrand of (3.4):

1 S

s+t (st t)2K(O>2 (,t>0).  (35)

H(tI+ AT - 5(tI+ A)™ H

(WL + A3) T A = Do (AATf = W (AT (f e D(ATY), (3.6)

(W' + AD) T A = Du(ADATS — u(A)AYf  (f € D(A)). (3.7)

The final step is to apply the dominated convergence theorem to (3.4) and thus deduce
that (3.1) holds for f € D(A) N D(A™!) = D(A). Let K; be as in (2.10) and observe that

1
A f|ldu A®
R ¢ I S L

< 2K1/ aul|ATf|| + 2K1/ u” T du|| A £ (3.8)
0 1
Hence the right-hand side of (3.1) converges in X, for f € D(A%) N D(A~%) = D(A®).
The left-hand side of (3.4) converges to e *4 f by [12, p. 80].

Conclusion of the proof of Theorem 1.1. For 1 < p < oo, let ¢ = p/(p — 1). Now
let L(2, u; LY((0,00),dt)) (or briefly LI(L')) be the space of measurable real functions
g(z,t) such that the norm

lolzrcen = { [ ([ lote. i) e} (39
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is finite. Let LP(, p; L*>°((0,00),dt)) be the space of equivalence classes of measurable

real functions v(x,t) such that the norm

1/p
lollzo ey = § / ess sup oz, 1) Pu(dr) } (3.10)

t>0

is finite. Then by [13, p.97] LP(L>°) is linearly isometrically isomorphic to a closed linear
subspace of the dual of L9(L'), and hence

follrimy = sun] [ [ ota gt dtutan)] - g € L@ gl <1} B11)
g 0

We shall prove that, for f as in Theorem 1.1, v(x,t) = T} f(z) defines a bounded linear
functional on LI(L1).
The preceding estimates justify the various applications of Fubini’s Theorem in the

following calculations, where we use (3.1) to write

// g(z, )T, f (2)dt p(d) / / / ”“dt)\If( VA= f () p(da) du
+%( /_ + /1 ) /Q ( /O gl,t)e M dt) By (A) A f(x)u(der) du. (3.12)

The modulus of the first term on the right-hand side of (3.12) is

/ / / g(w,1) |dt>|‘1’ (A)A™ f(z)|u(dz) du, (3.13)

and we can apply Holder’s inequality to the p-integral to show this is

1 [t .
< 2 [ bl 1904 Sl

By Lemma 2.2(ii), we can conclude that the latest expression is

2K v
< _IHQHL‘I(LI)HA fHLp/ U 1du, (314)
0
One can deal with the other terms in (3.12) likewise, and obtain the bound
> 2K, o e
[ w0z dentan]| < 2 gl (14l + 147 1) (319
0

By the duality formula (3.11), sup,.q|7:f(z)| belongs to LP and its norm satisfies the
stated inequality (1.2).



4. Examples and bounded H*° functional calculus

In this section we consider which semigroups lie within the scope of Theorem 1.1.

1. When p = 2 and X is a Hilbert space, there is a natural source of examples given by
normal operators N that are densely defined and have spectrum in the sector X, /2-6-
Then for any bounded and invertible linear operator S on X, the operator A = S™!NS
satisfies the hypotheses of Theorem 1.1. See also [8].

2. Let —A be the generator of a symmetric diffusion semigroup 7; on a probability space
(€2, ) in the sense of Stein [18, p. 67] so that:—
(a) Ty (t > 0) is a contraction semigroup on LP (€, ) for 1 < p < oc;
(b) Ty (t > 0) is a Co—semigroup of self-adjoint contraction operators on L?(Q, u1).
Then T3 is a Cp—semigroup on LP for 1 < p < oo by [17, Theorem X.55], and a
weak-* continuous semigroup on L°°; the example of the Hermite semigroup shows that
the semigroup of T} : L>° — L need not be strongly continuous at 0. Further, T} extends
to define a holomorphic semigroup 7, on LP for 1 < p < oo and z € ¥y for
0 < m(1—|(2—p)/p|)/2; so that, T, satisfies axioms (i), (iii) and (iv) of section 1. Moreover,
the imaginary powers A~ generate a Co—group on LP(Q, u) for 1 < p < oo with [|A™|| <
Cpe”|“|/2 for all u € R.

For such semigroups the maximal operator is bounded LP(Q, u) — LP(, p) for 1 <
p < oo. Stein’s proof makes use of the spectral theorem for self-adjoint operators, and
thus of axiom (b). Instead of self-adjointness, the maximal theorems of [1] are obtained
by transference and involve a hypothesis similar to: f > 0= T;f > 0.

The prototypical example of a symmetric diffusion semigroup is the heat semigroup
n o2
7j=1 Bw?

Schrédinger operator €2 is unbounded on LP(R™, dx) for p # 2 and ¢ # 0 by [16, p. 107].
For the Schrédinger group €2 (t € R) on L?(R, dz), Carleson showed that the maximal
operator is bounded D(A%) — L? for a = 1/8, and Dahlberg and Kenig proved that this

exponent is optimal [7, 11].

e~ 2 generated by the Laplace operator —A = Y on R™; even in this case the

3. Let H>*(X,) be the Banach algebra of bounded and holomorphic functions F': £, — C
with the supremum norm || ||, and let H3°(X4) be the subalgebra of all F' such that
2| 75(1 + |2|)?*| F(2)] is bounded on X4 for some s > 0. We say that a sectorial operator
A of type w < ¢ admits a bounded H*>(X,) functional calculus if there exists a constant
k such that
F(A) = — / F(2)(zI — A 'dz  (F € HP(Zy)) (4.1)
gl
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defines a bounded linear operator on X with ||F(A)| < k|| F ||« and the functional calculus
map F' — F(A) extends to define a bounded homomorphism H>(X,) — B(X). See [10].

If A has a bounded H*>(X,) functional calculus for some ¢ such that 0 < ¢ < 7/2,
then the imaginary powers A™ form a Cy-group with |A™| < kel“!. In this case the
maximal function M(f) belongs to LP for each f € D(log A) by Theorem 3.1 of [6] — a
significantly weaker hypothesis on f than that required by Theorem 1.1 above.

Unfortunately, it is a stringent condition for A to have a bounded H>(X4) functional
calculus with ¢ < 7/2; Theorem 4.1 below gives a sufficient condition for an even stronger
property to hold. Baillon and Clement have exhibited, for each 0 < w < 7, a sectorial
operator A in Hilbert space of type w such that A% is unbounded for each t € R\ {0}; see
2, 15].

THEOREM 4.1. Let i¢A be the generator of a bounded Cy—group on a closed linear subspace
X of LP (2, ) for some p such that 1 < p < co. Suppose further that the spectrum of A is
contained in [0,00). Then A has a bounded H>(X,) functional calculus for each ¢ such
that 0 < ¢ < . Further, e ** and e~tA* define bounded holomorphic semigroups on g
for all 6 such that 0 < 0 < /2.

Proof. Berkson, Gillespie and Muhly have shown by transference that A is associated with
a resolution of the identity with respect to an increasing family F(s) (0 < s < o0) of
uniformly bounded projections in B(X) that is strongly right-continuous and has strong
left-hand limits; see [4]. Further there is an integral with respect to this spectral family,
and a bounded functional calculus map which we now describe.

Let Ay = [2F,28F1) (k € Z) be the standard dyadic decomposition of (0, 00) and for

a complex function F' let

N-1
var (F; Ag) = sup{ Z |F(sjp1) — F(s;)]: 2" <s1<--- < sy < 2k+1} (4.2)
j=1

be the total variation of F' over Ag. Then the Marcinkiewicz 1-multipliers are the functions

F such that the norm

[l (0,00) = sup [F(s)[ 4 sup var (F; A) (4.3)
$>0 kEZ

is finite. By Theorem 1.2 of [3] there is a bounded functional calculus map M!(0, c0) —
B(X):
F o F(A) = / F(s)E(ds). (4.4)
0
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If F is bounded and holomorphic in a sector ¥4 for some ¢ < 7/2, then z|F'(z)| <
| F'||cocosec ¢ holds for > 0 by the Cauchy integral formula, and hence the restriction
of F to (0,00) belongs to M!(0,00). We deduce that ||F(A)|| < (A4, @)||F|l« for some
k(A, ¢) which is independent of F'; hence A has a bounded H>(X,) functional calculus.

When ¢ lies in the open right half-plane, the functions F(z) = e~ and G(z) = e~

have total variation on (0,00) less than or equal to |t|/R¢; hence the uniform bounds
e < 5(A,0), [le™"|| <r(A,0)  (t€ %) (4.5)

hold for 6 < m/2.

4. Theorem 4.1 applies to the Poisson and heat semigroups on LP(R) (1 < p < o0), since we
can take for A the operator that is determined by the Fourier multiplier (Af)(§) = [¢| f &)
for f € C°(R). To see that this defines a Cy—group, we write

e M =P +U_(I-Py) (teR), (4.6)

where U, (t € R) is the translation group U; f(z) = f(x —t) and P, is the Riesz projection

~

onto the translation-invariant subspace {f € LP(R) : f(£) = 0,£ < 0}. Since P4 is bounded

t

on LP for 1 < p < oo, [19, Chapter 2] one can now easily check that e*4* is uniformly

bounded and strongly continuous.
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