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Abstract

We consider discrete, di�erentiable dynamical systems T : M

�

�

�

where M is a

smooth d-dimensional manifold embedded in Euclidean space, and shall be con-

cerned with ergodic averages of real-valued functions g : M ! R. Such averages

may be performed by arithmetically averaging g along an in�nitely long single orbit

(time averaging) or by integrating g with respect to an ergodic invariant measure

(space averaging). We are particularly interested in the situation where these two

methods yield identical answers for a large number of orbits, as in this situation the

invariant measure has some physical signi�cance.

A dynamical indicator that arises as an ergodic average are the Lyapunov ex-

ponents of T . These quantities describe asymptotic rates of local stretching (or

contraction) of phase space under T . Chapter 1 of this thesis describes in detail a

new method of computing Lyapunov exponents from either an experimental set of

data or a known map T , using a spatial average rather than the conventional time

average. Our approach involves calculating the Lyapunov exponents of a related

Markov chain, with the unique invariant density of this random system providing us

with an estimate of the physical invariant measure of T . Numerically computing the

estimates of both the Lyapunov exponents and the physical invariant measure is a

matter of solving two eigenvalue problems. A detailed application of the technique

is given for the two-dimensional H�enon system.

In Part II of this thesis we consider the question of whether the density of our

induced Markov chain is indeed approximating the \physical" invariant measure of

our deterministic system. Following an idea of Ulam [72], the transition matrix gov-

erning our Markov chain is simply constructed from the one-step interactions of sets

in a �nite partition of phase space. In Chapter 2 it is shown that this Markov chain

may be viewed as a small random perturbation of T , and that as the magnitude of

these perturbations go to zero, the limiting zero-noise measure is an invariant mea-

sure of T . Our argument in Chapter 1 was that since our approximation arises as a

zero-noise limit of random perturbations of T , this limiting measure is in some sense

robust with respect to small perturbations and is therefore of physical signi�cance.

We examine our invariant measure approximation in more detail, and include en-

couraging numerical examples for the H�enon system and a nonlinear torus map. It is

then shown via counterexamples that not all limits of randomly perturbed systems

are physical measures; in light of this it seems that our particular perturbation has

some special properties not enjoyed by other perturbations.

Chapter 3 shows that this is indeed the case, with a proof of the fact that

our approximation converges to the physical invariant measure of d-dimensional

expanding maps and two-dimensional Anosov systems, provided that the partition

used to generate our transition matrix is a Markov partition for T . By using Markov



ii

partition sets, the entries of the transition matrix governing our induced Markov

chain take on a special meaning concerning the rate of local stretching of T . To my

knowledge, this result represents the �rst proof that Ulam's approximation may be

applied to Anosov systems to approximate physical measures.

The requirement in Chapter 3 that a Markov partition be used is rather restric-

tive for computer implementation of the approximation. Chapter 4 attempts to

extend the result of the previous chapter to more general partitions using simple

observations concerning the structure of the transition matrix. It is noted that our

transition matrix is close to a special transition matrix whose invariant density pro-

duces the physical invariant measure in the limit as our partition is re�ned. The

problem now boils down to one of how sensitive the invariant density of the special

transition matrix is to perturbations of the entries in the matrix. For two classes

of maps we prove that this special transition matrix is su�ciently insensitive to

guarantee convergence of our approximate invariant measures to the physical invari-

ant measure. For more general maps, we present numerical results to support our

conjecture on robustness of the transition matrices.

The sensitivity of the special transition matrix is dependent on how quickly the

Markov chain approaches equilibrium; in other words, its rate of mixing. In Chapter

5 we conjecture that maps that display certain mixing properties produce transition

matrices that are also strongly mixing. A comparison of the mixing rates of various

model maps (and 
avours of mixing) with the mixing rates of the corresponding

transition matrices is made in an e�ort to �nd which particular mixing property of

the map controls the mixing properties of the induced Markov chains. We conclude

with a technique for linking the induced Markov chains constructed from a partition

and its re�nement, and put forward arguments as to why our extension of Ulam's

approximation may be considered to be the best possible �nite approximation of the

dynamics of T .
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k

n
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Chapter 1

Estimation of Lyapunov

Exponents of Dynamical Systems

using a Spatial Average

1.1 Lyapunov Exponents of Deterministic

Dynamical Systems

Let T : M ! M be a C

2

di�eomorphism of a smooth Riemannian manifold. Lya-

punov exponents arise as possible values of the limit

lim

n!1

1

n

log kDT

n

(x)vk (1.1)

for various initial points x 2 M and vectors v 2 T

x

M . The above limit, if it

exists, represents the long term local stretching of an orbit beginning at x in the

direction v. If x is �xed, and v varied over all of T

x

M , only a �nite number of values

�

1

(x) � �

2

(x) � � � � � �

d

(x) are possible for a d-dimensional system.

When experimentalists talk about \the Lyapunov exponents" of a given dynam-

ical system, they assume that Lebesgue almost all initial points in a neighbourhood

of the \attractor" produce orbits that exhibit the same nontrivial ergodic invariant

measure �; nontrivial in the sense that the support of the measure is more com-

plicated than a periodic orbit. Such an assumption is only known to be true for

relatively simple systems such as Axiom A di�eomorphisms [62]. For continuous

maps, the existence of an ergodic invariant measure is assured [74]. As we intend

to treat more general (non-uniformly hyperbolic) systems than Axiom A, we must

assume that there exists an \important" ergodic invariant measure �. It is the

Lyapunov exponents of � with which we shall concern ourselves. From Oseledec's

Multiplicative Ergodic Theorem [58], we have that for �-almost all starting points

x, equation (1.1) will produce the same d values. For simplicity, we assume that the

measure � has d distinct exponents. Oseledec's theory also guarantees the pointwise

0

The material in this chapter has appeared in Froyland et al. [25].

3
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existence of d linearly independent unit vectors w

(i)

x

; 1 � i � d; satisfying

lim

n!1

1

n

log kDT

n

(x)w

(i)

x

k = �

i

(1.2)

To obtain the i

th

Lyapunov exponent, we must evaluate (1.2).

1.1.1 Calculation of Lyapunov Exponents using a Time

Average

The traditional method of computing the largest Lyapunov exponent is to try to

directly evaluate the limit in (1.2) using a randomly chosen x and v; see for example,

[7, 76, 29]. This involves rewriting DT

n

(x) as DT (T

n�1

(x))DT (T

n�2

(x)) � � �DT (x)

and then following the orbit of x around for n steps, multiplying together all of the

Jacobian matrices in sequence (or alternatively, iteratively applying the matrices

to a starting vector). Because the direction associated with the largest exponent

stretches more (on average) than the other directions, a randomly chosen vector

will nearly always be dragged into line with the correct direction after a number of

iterations. This technique, known as time-averaging, is fraught with both practical

and fundamental theoretical problems. The length of orbit and computing time

required for su�cient convergence of the computed exponent to a certain value may

be very large. The multiplication of this large number of matrices (either directly,

or indirectly by keeping track of a sequence of vectors) may also be numerically

inaccurate.

Even if we have in�nite precision computations, there is no guarantee that the

chosen starting point for the long orbit will produce a \typical" orbit of the system;

it may for instance be a very long periodic orbit. Alternatively, the orbit may

be transient for a long time and not have settled down to \typical" behaviour by

the end of the computed time series. For example, Gambaudo and Tresser [28]

describe a map which behaves \chaotically" for around 600 000 or 1:5�10

6

iterations

(depending on the computer used) before falling into a sink of period 11. If one

were to estimate the Lyapunov exponents of such an orbit using a time average,

a stable value would be reached after 250 000 iterations and maintained up until

the point where the orbit falls into the periodic orbit. Such an example highlights

the dangers of estimating Lyapunov exponents, which are descriptions of limiting

behaviour, using a time average of �nite length. The space average overcomes these

di�culties by giving an explicit approximation of the invariant measure from which

we obtain the Lyapunov exponents. In this way, we do not select starting points

outside the support of the \interesting" measure. Perhaps most importantly, there

is little theoretical understanding of what is really going on in the time-averaging

procedure. To overcome these potential di�culties, we instead propose to calculate

the exponents using a space average rather than a time average.
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1.1.2 Calculation of Lyapunov Exponents via Spatial

Averaging

We propose to average local expansion and contraction spatially, using an invariant

measure of the dynamical system. Such a technique is commonly used in one-

dimensional systems, though the extension to higher dimensions is not widely known.

By collecting together the vectors w

(i)

x

over all of phase space, we de�ne a set

of d vector �elds fw

(i)

x

g, that vary measurably with x, for each i = 1; : : : ; d. These

vectors w

(i)

x

are the crucial objects for the spatial averaging technique. They satisfy

the important relation

DT (x)w

(i)

x

= a

(i)

(x)w

(i)

T (x)

(1.3)

where a

(i)

(x) is a scalar function of x; see [74, 63]. The a

(i)

(x) represent the amount

of stretching or shrinking that occurs along the special directions w

(i)

x

. Now,

lim

n!1

1

n

log







DT

n

(x)w

(i)

x







= lim

n!1

1

n

log







DT (T

n�1

(x)) � � �DT (x)w

(i)

x







= lim

n!1

1

n

log ka

(i)

(T

n�1

(x)) � � � a

(i)

(x)w

(i)

T

n

(x)

k

= lim

n!1

1

n

log

n�1

Y

j=0

�

�

a

(i)

(T

j

(x))

�

�

(1.4)

= lim

n!1

1

n

n�1

X

j=0

log

�

�

a

(i)

(T

j

(x))

�

�

= lim

n!1

1

n

n�1

X

j=0

log kDT (T

j

(x))w

(i)

T

j

(x)

k

=

Z

log







DT (x)w

(i)

x







| {z }

contribution from x

d�(x) (1.5)

using transformation (1.3), and the Birkho� theorem for the �nal equality. The

spatial average takes a contribution to the i

th

exponent from each point x in phase

space (the amount of stretching in the appropriate direction w

(i)

x

) and weights this

contribution according to the invariant measure �. The invariant measure we want

to use is the natural measure of the system which weights areas of high density more

heavily than areas of low density.

In simple cases like �xed points and periodic orbits, it is easy to compute the

w

(i)

x

, using transformation (1.3) and equation (1.4).

Example 1.1: Let x be a �xed point, and arrange the eigenvalues of DT (x) in

descending order according to their moduli.

(i) If the i

th

eigenvalue is real and of unit multiplicity, then the logarithm of

the modulus of this eigenvalue is the i

th

Lyapunov exponent and w

(i)

x

is the

corresponding (normalised) eigenvector.
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(ii) If the eigenvalues i up to i + j � 1 are real and equal (multiplicity j), then

rather than a vector, we have a j-dimensional subspace W

(i)

x

associated with

the i

th

exponent, which is equal to the logarithm of of the modulus of the

eigenvalues. The subspaceW

(i)

x

is spanned by the j eigenvectors corresponding

to eigenvalues i up to i+ j � 1.

(iii) If the eigenvalues i up to i+ j� 1 are complex and of equal modulus, then we

again have a j-dimensional subspace W

(i)

x

associated with the i

th

exponent.

The i

th

exponent is equal to the logarithm of the modulus of the eigenvalues.

Example 1.2: If x is a periodic point of period p, then x is a �xed point of

T

p

. For simplicity, assume that DT

p

(x) has all its eigenvalues real and distinct.

The w

(i)

x

are then normalised eigenvectors of DT

p

(x). By writing DT

p

(x) in the

form DT (T

p�1

(x))DT (T

p�2

(x)) � � �DT (x) and cyclically permuting the order of the

matrices, the w

(i)

T

j

(x)

may be obtained for j = 1; : : : ; p � 1. From (1.4), it is readily

seen that the corresponding exponents are given by the logarithms of the moduli of

the products of the a

(i)

(T

j

(x)), that is, �

(i)

= log

�

Q

p�1

j=0

�

�

a

(i)

(T

j

(x))

�

�

�

1

p

:

As a more complicated example, the vector �elds fw

(1)

x

g and fw

(2)

x

g have been

approximated and plotted for the H�enon map in Figure 1.1. The H�enon system has

two distinct exponents, one positive and the other negative. The positive exponent

generates the vector �eld fw

(1)

x

g and fw

(2)

x

g is generated by the negative exponent.

Note that the w

(1)

vectors appear to be tangent to the attractor, which contains the

unstable manifold of the �xed point.

-1 -0.5 0 0.5 1
-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

Figure 1.1: The vector �elds for the H�enon map; fw

(1)

x

g (solid) and fw

(2)

x

g (dotted).

To compute the vector corresponding to the largest exponent for the point x,

we iterate x backwards a few times (3 or 4) and choose a random vector. We then

apply the Jacobian matrices in sequence to \push forward" the random vector to the

point x. Clearly, this method is not guaranteed to work for non-uniformly hyperbolic



1.1 Lyapunov Exponents of Deterministic Dynamical Systems 7

systems such as H�enon as you may hit a contracting region where there should be

expansion, but \most" of the time the computed vector looks roughly correct. To

compute the smallest exponent, one reverses the procedure, iterating forward and

then \pulling back" a random vector with Jacobian matrices. A brief discussion of

the \folding up" of vectors is given in Wolf et al. [76].

The existence of the vector �elds fw

(i)

x

g addresses the problem identi�ed in the

widely referenced paper [76]. \The apparent multivaluedness of the most rapidly

growing direction in some regions of the attractor shows that this direction is not

simply a function of position on the attractor." We also remark that the authors of

[76] appear to suggest that what we are proposing to do is not possible. \Attempts

to estimate exponents by averaging local contraction and expansion rates of phase

space are likely to fail at the point where these contributions to the exponents are

combined...We conclude that exponent calculation by averaging local divergence

estimates is a dangerous procedure."

Preliminary spatial average estimates of the Lyapunov exponents of the H�enon

map were computed in Froyland et al. [26] by using equation (1.5) directly. To do

this, we divide a bounded subset of R

2

(containing the H�enon attractor) into a �ne

grid. For each grid set, we choose some point x

j

(j = 1; : : : ; N) in the set and

assign the special directions w

(i)

x

j

, i = 1; 2, to all points in that grid set (under the

assumption that the vector �elds fw

(i)

x

g do not vary too much over short distances);

see Figure 1.1. A weight is given to each grid set, either by constructing a histogram

from a long orbit, or by using a matrix approximation of the natural measure (see

later). Equation (1.5) may now be computed approximately as a �nite sum

�

i

�

N

X

j=1

(weight given to grid set j) � log kDT (x

j

)w

(i)

x

j

k: (1.6)

The results obtained from this procedure were very encouraging, however we were

after a nicer \package" for exponent estimation from a �nite set of experimental

data. As our procedure stood, we would �rst somehow reconstruct a map from the

data, complete with an estimate of the Jacobian matrices in some form. A grid

would then be formed, possibly determined by the position of the data points. The

directions w

(i)

x

would be estimated using the \push-forward/pull-back" method with

the approximate Jacobian matrices, and some estimate of the \natural" invariant

measure would be computed. We would then evaluate (1.6). All of this seemed a

little hodge-podge; I left these encouraging preliminary results in search of a more

integrated method. This new method forms the bulk of this chapter and will be

introduced in section 1.2.

1.1.3 Invariant Measures of Dynamical Systems

The main practical di�culty with the spatial averaging technique is that it requires

an estimate of the \physical" or \natural" invariant measure of the dynamical sys-
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tem. Such notions have precise mathematical de�nitions only in very simple and

well understood systems, such as expanding or unimodal maps in one dimension and

Axiom A di�eomorphisms in higher dimensions. For Axiom A systems, it is known

that there is a unique \physical" measure, known as the Sinai-Bowen-Ruelle (SBR)

measure, which is exhibited by orbits of Lebesgue almost all starting points in a

neighbourhood of the attractor. In the non-uniformly hyperbolic case, very little is

known about the existence of \physical" measures. For example, it has only recently

been shown [6] that the H�enon map (with parameters b > 0 �xed and su�ciently

small, and a 2 �

b

, a set of positive measure) admits an SBR measure. However,

nothing can yet be said about \physical" measures for the H�enon map with the

usual parameters, a = �1:4; b = 0:3. So the situation is very di�cult and to say

anything precisely, strong assumptions have to be laid down.

For general dynamical systems, the natural measure is usually taken by ex-

perimentalists to mean the limiting distribution of long orbits that show up on

a computer for almost all initial points. This description is far from satisfactory

as it depends on machine properties that vary from computer to computer. Two

problems with computer modelling are round-o� errors and the fact that the com-

puter operates on a �nite, discrete state space. The �nite state space means that

all orbits are eventually periodic; a property that may be in stark contrast to the

real system. The round-o� error (combined with sensitive dependence on initial

conditions) means that computer orbits may be completely di�erent to true orbits

of the system. The shadowing lemma is often cited as justi�cation of computer

modelling, but even in cases where it may be applied, there is no guarantee that

the shadowing orbit exhibits the \important" measure. Minimal progress has been

made on relating convergence of computer orbits (under increasing computer preci-

sion) to \important" invariant measures of the true system. Most of the work has

centred on one-dimensional systems, where absolutely continuous invariant mea-

sures are considered to be the \important" measures. In the case of maps of the

unit interval which admit a unique absolutely continuous invariant measure, G�ora

and Boyarsky [31] have shown that histograms produced by long computer orbits

approach the histogram given by the invariant measure as the computer precision

increases. This result depends on the existence of long, non-periodic orbits whose

length grows at a rate proportional to the cardinality of the set of computer distin-

guishable numbers, an assumption which appears to be false even in simple cases [5].

Diamond et al. [18] have given a characterisation of invariant measures exhibited by

the \circle-doubling" map under various symmetric random perturbations of binary

arithmetic, showing that the binary arithmetic leaves Lebesgue measure invariant in

the in�nite precision limit only for special perturbation values. Further numerical

experiments for the circle-doubling map are detailed in [17].

We do not concern ourselves with these problems. Our method of approximat-

ing the invariant measure, discussed in the following section, is to compute invariant

measures of systems which are subjected to small random perturbations. The mag-
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nitude of our perturbations will be much greater than the machine epsilon of our

computer so that we ignore perturbation e�ects due to roundo�. As the perturba-

tions go to zero, we extract a limitingmeasure which is invariant for the unperturbed

system. We argue that invariant measures that arise as limits of invariant measures

of perturbed systems have physical signi�cance as they are in some sense robust

with respect to small perturbations.

1.2 Practical Estimation of Lyapunov Exponents

of Deterministic Dynamical Systems

At the outset, we wish to make it clear that our proposed space-averaging technique

is far from superseding the time-average as the experimentalist's preferred method

of computing Lyapunov exponents. Rather, it presents an alternative to the tra-

ditional method; one which provides greater theoretical and, it is hoped, intuitive

understanding of what Lyapunov exponents are and how they are calculated.

In practice, there are two positions from which one wants to estimate Lyapunov

exponents. Either the map is known, or it is unknown and only a set of data gen-

erated by the map is available. The di�culty with directly applying the spatial

averaging method to the deterministic system is that one does not have an easily

accessible estimate of the invariant measure. By representing the reconstructed de-

terministic system as a random dynamical system governed by a Markov chain, we

obtain an approximation of the invariant measure, namely the invariant density of

the chain. For practical purposes, we need a �nite state Markov chain for calcula-

tions to be done by a computer. To de�ne the Lyapunov exponents of a Markov

chain, we require a matrix to be associated with each state, which means a �nite

number of Jacobian matrices. In other words, our map, reconstructed or not, should

be piecewise linear. The invariant density we obtain will assign a weight to each

portion of linearity. We produce a sequence of increasingly accurate piecewise linear

approximations/reconstructions of our map, which induces a sequence of Markov

chains. In the case of an unknown map, the sequence of reconstructions, may be

enumerated, for example, as more data points become available. We require that

the sequence of Jacobian matrices of our piecewise linear maps converge uniformly

to the Jacobian matrices of the true map. We also want the Markov chains to be

small random perturbations [43] of the true map. The hope is that the computed

exponents of the Markov chains approach the Lyapunov exponents of the true de-

terministic map. Lai-Sang Young [77] has pointed out that in fact such a statement

is, for non-uniformly hyperbolic systems, just a hope. That is, take a non-uniformly

hyperbolic di�eomorphism T . If we vary T continuously in the C

1

topology, then

the Lyapunov exponents need not vary continuously also. In other words, by ap-

proximating a map, we do not necessarily approximate its Lyapunov exponents.

This lack of continuity is not a failure of the space averaging method; it is a
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general fact of Lyapunov exponents. Lyapunov exponents are commonly estimated

in the physics literature using time averages of approximate maps under the (false)

implicit assumption that approximate maps possess similar exponents. However,

computer experiments seem somehow to hide such pathological behaviour, and for

numerical estimation of Lyapunov exponents, we will turn one blind eye and not

discourage spatially averaging exponents of approximate maps.

In our example we estimate exponents from a �nite set of data. We use the

method of triangulation (Mees, [54]) to provide us with an approximation of the true

system. Initially, the convex cover of the data points, denoted by C is triangulated

using d-simplices; see Figure 1.2.

−1.5 −1 −0.5 0 0.5 1 1.5
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

Figure 1.2: Triangulation of an 80 point orbit of the H�enon map; data points are

shown as circles.

On each simplex, the map is approximated linearly, so we obtain a continuous

piecewise linear approximation to the system. From the reconstructed map, the

derivative may also be computed, and will be constant on each simplex.

1.2.1 Approximating the Invariant Measure

Having split the space up into n disjoint simplices, we look for an approximation

of the invariant measure which gives a weight to each simplex. The approximation

that we introduce here shall be used throughout this thesis in one form or another.

We give a very simple interpretation of it in this chapter; later we shall re�ne and

expand our point of view.

The image of the vertices of each simplex is known, and since the map is a�ne on

each simplex, the image of any simplex will be the convex cover of the image of its

de�ning vertices. The transition probability from simplex i to simplex j represents

the probability that the image of a point in simplex i lies in simplex j, and is denoted
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by P

ij

. Appealing to the linearity of the map on simplices, a suitable approximation

of transition probabilities is obtained by putting

P

ij

=

m ((image of S

i

) \ S

j

)

m (image of S

i

)

; (1.7)

where S

i

denotes simplex i and m is the natural Riemannian volume. From this

de�nition, it is readily seen that

n

X

j=1

P

ij

= 1; for i = 1; : : : ; n

and

P

ij

� 0; for i; j = 1; : : : ; n;

so that P is a stochastic matrix. The matrix P represents the evolution of our

system from a probabilistic point of view. Instead of a starting point for an orbit,

we now have an initial distribution on our n states, p

(0)

= (p

(0)

1

; p

(0)

2

; : : : ; p

(0)

n

), and

subsequent distributions are given by

p

(i)

= p

(i�1)

P = p

(0)

P

i

:

The invariant distribution we seek will satisfy p = pP , and so is just a left eigenvector

of P with unit eigenvalue. Associated work has been done in Mees et al. [55] where

invariant measures are estimated on tori using a related technique. Figure 1.3 shows

the approximation to the invariant measure for the map reconstructed from the 80

data point orbit.

-1.5 -1 -0.5 0 0.5 1 1.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0
0.02
0.04

Figure 1.3: Approximation of the invariant measure of the H�enon map using an 80

point orbit. The measure is a �nite combination of delta measures shown as spikes

on the two-dimensional plot. The base of the spike represents the position of the

delta measure, and the height represents the relative weight given to the centroid.

The Markov process governed by P

ij

can be thought of as a deterministic map-

ping on the �nite space fx

1

; : : : ; x

n

g of centroids of simplices with random noise
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added after each computation. After computing the true image of x

i

, the result

is randomly perturbed so that the resulting value is one of the points fx

j

g with

P

ij

6= 0. Because of the way P

ij

is de�ned, as the distance between points decreases

the \radius" of perturbation also lessens. It will be shown in the next chapter that

the Markov chain de�ned with transition matrix P

ij

as above is a small random

perturbation of the true deterministic system. We now describe how to compute

the Lyapunov exponents of the induced Markov chain.

1.3 Lyapunov Exponents of Random Dynamical

Systems

In this section we shall de�ne Lyapunov exponents of random dynamical systems

and show how they may be estimated in the situation where the random dynamical

system is a �nite state Markov chain. The material in this section is slightly more

technical than the rest of this chapter.

We assign to each state an invertible d � d matrix. The abstract states of the

Markov chain may be thought of as the simplices in our triangulation, and the d�d

matrix as an approximation of the Jacobian matrix of T in the region of a simplex.

As we follow a (random) orbit of our chain, we multiply together the matrices from

our �nite set of matrices, just as we did for an orbit of our deterministic system.

Denote by X the set of states f1; : : : ; ng and by 
 the space of all histories


 = fx

~

= (: : : ; x

�k

; : : : ; x

0

; : : : ; x

k

; : : :) : x

i

2 f1; : : : ; ng; i 2Zg

= f1; : : : ; ng

Z

= X

Z

:

De�ne the left-shift map � : 


�

�

�

by [�(x

~

)]

k

= x

k+1

, k 2 Z. We choose F =

�

2

f1;:::;ng

�

Z

=

Q

1

i=�1

2

f1;:::;ng

as the �-algebra for 
. Our Markov chain with n � n

transition matrix P is assumed ergodic with �xed vector p. De�ne a measure P on


 by

P([x

k

; : : : ; x

k+r

]) = p

x

k

P

x

k

;x

k+1

� � �P

x

k+r�1

;x

k+r

;

and extend P to F in the usual way. P is �-invariant.

We include the following version of the Multiplicative Ergodic Theorem for com-

pleteness [1].

Theorem 1.3 (Multiplicative Ergodic Theorem): Let (
;F;P; �)be an ergodic

dynamical system, and let the random variable A : 
! GL(d;R) satisfy

log

+

kA(�)k 2 L

1

(P) and log

+

kA(�)

�1

k 2 L

1

(P):

Consider the matrix cocycle

�(k; !) =

8

>

<

>

:

A(�

k�1

!) � � �A(!); k > 0,

Id; k = 0,

A(�

k

!)

�1

� � �A(�

�1

!)

�1

; k < 0.
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Then there exists a �-invariant set

~


 2 F of full Pmeasure, constants �

1

> � � � > �

r

and d

i

2 N with

P

r

i=1

d

i

= d such that for each ! 2

~


 the following holds: There

exists a splitting

R

d

= E

1

(!)� � � � � E

r

(!)

of R

d

into random measurable subspaces E

i

(!) with dimE

i

(!) = d

i

, which satisfy

the invariance condition

�(k; !)E

i

(!) = E

i

(�

k

!); k 2Z: (1.8)

One also has

lim

k!�1

1

k

log k�(k; !)vk = �

i

() v 2 E

i

(!) n f0g: (1.9)

Convergence is uniform with respect to v 2 E

i

(!) \ RP

d�1

, where RP

d�1

denotes

d � 1-dimensional real projective space.

1.3.1 Calculation of Lyapunov Exponents of a Markov Chain

via Spatial Averaging

We wish to avoid computing the �

i

using the time average of (1.9) for the same

reasons as those cited in the deterministic case. If it is possible, we would prefer to

integrate some function (measuring local stretching) over the �nite state space X (as

opposed to the in�nite space of histories 
) to obtain the exponents. This is what

we did in the deterministic situation, where the function was the logarithm of the

local stretching in a single special direction, namely the one-dimensional subspace

in R

d

given by W

x

. For Markov chains, things turn out to be more complicated; the

appropriate function is the logarithm of the local stretching, weighted over many

directions. This weighting of directions will be represented as a probability measure

on RP

d�1

.

Remark 1.4: Elements of RP

d�1

are equivalence classes of vectors in R

d

, where

two vectors are considered equivalent if they are real scalar multiples of one another.

RP

d�1

can be thought of as the \top" half of S

d�1

embedded in R

d

, with opposing

points on the \diameter" being identi�ed as equal. In fact, we always adopt this

point of view, with the statement v 2 RP

d�1

meaning v is a unit vector in R

d

. We

use barred vectors, v, to denote unit vectors. When we speak of the action of a d�d

matrix on an element of RP

d�1

, we mean matrix multiplication of the unit vector

representing the point in S

d�1

.

In the sequel we shall be discussing measures � on the spaceX�RP

d�1

and their fac-

torisations �

i

with respect to p, where p is the probability measure on X representing

the invariant density of P ; that is, p(fx

k

= ig) = p

i

. The set of probability measures

de�ned on (X � RP

d�1

; 2

X


B(RP

d�1

)) will be denotedM(X � RP

d�1

). Just as

the spaces W

(1)

x

had to obey (1.3), we shall see that these probability measures �

i
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on RP

d�1

(one for each state i = 1; : : : ; n) must obey a similar transformation law.

Some of the following may be found in [32] in a somewhat less transparent form. My

inability to read French, let alone French mathematics, encouraged me to construct

the necessary arguments myself, adapting the treatment to our situation of a �nite

state Markov chain. The transformation law (1.17) is not explicitly derived in [32].

The Primary Method of Determining the Largest Lyapunov Exponent

We begin with a lemma.

Lemma 1.5 (Guivarc'h [32]): There is a v

0

2 RP

d�1

such that

1

k

log k�(k; !)v

0

k ! �

1

P-a.e.

Proof: See [32]. 2

We write

1

k

Z




log k�(k; !)v

0

k dP(!) (1.10)

=

1

k

Z




log kA(�

k�1

!)A(�

k�2

!) � � �A(!)v

0

k dP(!)

=

1

k

Z




log

 

k�1

Y

i=0

kA(�

i

!)A(�

i�1

!) � � �A(!)v

0

k

!

dP(!)

=

1

k

Z




k�1

X

i=0

log kA(�

i

!)A(�

i�1

!) � � �A(!)v

0

k dP(!)

=

1

k

Z




k�1

X

i=0

log kA(x

i

)A(x

i�1

) � � �A(x

0

)v

0

k dP(!) as A(!) = A(x

0

): (1.11)

De�ne F : X � RP

d�1

! R by F (x

i

; v) = log kA(x

i

)vk. Further de�ne a linear

operator H : C

0

(X �RP

d�1

;R)

�

�

�

by

H(F )(x

i

; v) =

n

X

j=1

F (x

j

; A(x

i

)v)P

x

i

x

j

(1.12)

Then

(1:11) =

1

k

k�1

X

i=0

Z




F (x

i

; A(x

i�1

) � � �A(x

0

)v

0

) dP(!)

=

1

k

k�1

X

i=0

0

@

n

X

x

i

=1

n

X

x

i�1

=1

� � �

n

X

x

0

=1

F (x

i

; A(x

i�1

) � � �A(x

0

)v

0

) p

x

0

P

x

0

x

1

� � �P

x

i�1

x

i

1

A

=

1

k

k�1

X

i=0

 

n

X

x

0

=1

(H

i

F )(x

0

; v

0

)p

x

0

!

=

Z

X�RP

d�1

 

1

k

k�1

X

i=0

H

i

F (l; v) d (p(l)� �

v

0

(v))

!

=

 

1

k

k�1

X

i=0

(H

�

)

i

(p� �

v

0

)

!

(F ); (1.13)
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where H

�

:M(X�RP

d�1

)

�

�

�

is de�ned by

R

X�RP

d�1

F d(H

�

�) :=

R

X�RP

d�1

H(F ) d�.

The following de�nition (modi�ed for our purposes) is from [1].

De�nition 1.6: De�ne

M

p

(X �RP

d�1

) = f� 2 M(X �RP

d�1

) : � has marginal p on (X; 2

X

)g:

We call a function �

�

(�) : X � RP

d�1

! [0; 1], (i; E) 7! �

i

(E) a factorisation (or

disintegration) of � with respect to p, if

(i) for all E 2 B(RP

d�1

), i 7! �

i

(E) is 2

X

measurable.

(ii) for p-a.a. i 2 2

X

, E 7! �

i

(E) is a probability measure on (RP

d�1

;B(RP

d�1

)).

(iii) for all B 2 2

X

�B(RP

d�1

), �(B) =

R

X

R

RP

d�1

�

B

(i; v) d�

i

(v)dp(i).

We write symbolically d�(i; v) = d�

i

(v)dp(i).

It is known that every such � with marginal p has a (p a.s. unique) factorisation

provided RP

d�1

is a Polish space with its Borel �-algebra.

Denote by � any weak limit point of the sequence

1

k

P

k�1

i=0

(H

�

)

i

(p � �

v

0

). By

Lemma 1.5 and (1.13), we see that

�

1

= �(F ) =

Z

X�RP

d�1

F (i; v) d�(i; v)

=

Z

X�RP

d�1

log kA(i)vk d�(i; v): (1.14)

Lemma 1.7 will tell us that � has marginal p on X, so that by factorising � with

respect to p, we obtain

�

1

=

n

X

i=1

Z

RP

d�1

log kA(i)vk d�

i

(v)

| {z }

contribution from state i

p

i

(1.15)

Note that (1.15) is a generalisation of the spatial average formula for deterministic

systems (1.5). In (1.15) we �rst average the stretching induced by state i's matrix

A(i) over a smear of directions given by the probability measure �

i

, before weighting

this contribution according to the Markov chain's invariant measure p.

Our job now is to learn more about the properties of the factor measures �

i

in

order to arrive at some method of computing them.

Lemma 1.7: � has marginal p on (X; 2

X

) and is H

�

-invariant.

Proof: To check that � has marginal p on X, we note that (H

�

)

i

(p � �

v

0

) has

marginal p for all i � 0. For let g : X � RP

d�1

! R depend only on the �rst

coordinate (g(i; v) = g(i) for all v 2 RP

d�1

). Then

Z

X�RP

d�1

g(i) d(H

�

(p� �

v

0

)) =

Z

X�RP

d�1

Hg d(p� �

v

0

)
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=

Z

X�RP

d�1

n

X

j=1

g(j)P

ij

dp(i)d�

v

0

(v)

=

X

i=1

p

i

P

ij

n

X

j=1

g(j)

=

X

j=1

g(j)p

j

=

Z

X

g dp

Thus (H

�

)

i

(p � �

v

0

) has marginal p on X for all i � 0, and so too does any

convex combination of these measures, namely �

k

:=

1

k

P

k�1

i=0

(H

�

)

i

(p � �

v

0

). To

prove that a weak limit � has marginal p on X, we integrate an arbitrary function

g 2 L

1

(X �RP

d�1

) that depends only on the �rst coordinate, that is, g(i; v) = g(i).

We proceed as follows, choosing a continuous function g

c

also dependent only on the

�rst coordinate, such that that the �rst and third terms of the inequality below are

smaller than �=3 for some given �.

�

�

�

�

Z

X�RP

d�1

g(i) d�(i; v)�

Z

X�RP

d�1

g(i) dp(i)

�

�

�

�

�

�

�

�

�

Z

X�RP

d�1

(g(i)� g

c

(i)) d�(i; v)

�

�

�

�

+

�

�

�

�

Z

X�RP

d�1

g

c

(i) d�(i; v)�

Z

X�RP

d�1

g

c

(i) d�

k

(i; v)

�

�

�

�

+

�

�

�

�

Z

X

g

c

(i) dp(i) �

Z

X

g(i) dp(i)

�

�

�

�

The second term may be made smaller than �=3 by choosing k su�ciently large.

To show H

�

invariance, we choose some g : X �RP

d�1

! R continuous (where

g is continuous in the �rst coordinate by default as X is �nite with the discrete

topology). By weak convergence, we know that

�

�

�

�

�

Z

X�RP

d�1

g d

 

1

k

k�1

X

i=0

(H

�

)

i

(p � �

v

0

)

!

�

Z

X�RP

d�1

g d�

�

�

�

�

�

! 0 as k !1; (1.16)

choosing a subsequence if necessary. We note that H : C(X � RP

d�1

;R)

�

�

�

is a

continuous linear operator. Now,

�

�

�

�

Z

X�RP

d�1

g d� �

Z

X�RP

d�1

g d(H

�

�)

�

�

�

�

=

�

�

�

�

Z

X�RP

d�1

g d� �

Z

X�RP

d�1

Hg d�

�

�

�

�

�

�

�

�

�

�

Z

X�RP

d�1

g d� �

Z

X�RP

d�1

g d

 

1

k

k�1

X

i=0

(H

�

)

i

(p � �

v

0

)

!

�

�

�

�

�

+

�

�

�

�

�

Z

X�RP

d�1

1

k

k�1

X

i=0

H

i

g d(p� �

v

0

)�

Z

X�RP

d�1

1

k

k�1

X

i=0

H

i+1

g d(p � �

v

0

)

�

�

�

�

�
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+

�

�

�

�

�

Z

X�RP

d�1

Hg d

 

1

k

k�1

X

i=0

(H

�

)

i

(p� �

v

0

)

!

�

Z

X�RP

d�1

Hg d�

�

�

�

�

�

The �rst and third terms go to zero by weak convergence, and the second term is

equal to

1

k

�

�

�

�

Z

X�RP

d�1

g d(p� �

v

0

)�

Z

X�RP

d�1

H

k

g d(p � �

v

0

)

�

�

�

�

and also tends to zero as k !1. Thus � is H

�

-invariant. 2

We now proceed to interpret theH

�

invariance of � in terms of its factor measures

�

i

.

Lemma 1.8: The factor measures �

j

2 M(RP

d�1

) satisfy

�

j

(E) =

n

X

i=1

�

i

(A(i)

�1

E)P

�

ji

; j = 1; : : : ; n; E 2 B(RP

d�1

) (1.17)

where P

�

ji

= P

ij

p

i

=p

j

is the transition matrix for the reversed Markov chain.

Proof: As

R

X�RP

d�1

HF d� =

R

X�RP

d�1

F d� must hold for all integrable

F : X �RP

d�1

! R, we choose F (i; v) = �

j

0

(i) � �

E

(v). Then

Z

X�RP

d�1

F d� =

n

X

j=1

Z

RP

d�1

�

E

(v)�

j

0

(j) d�

i

(v) p

j

=

Z

RP

d�1

�

E

(v) d�

j

0

(v) p

j

0

= p

j

0

�

j

0

(E)

and

Z

X�RP

d�1

HF d� =

n

X

i=1

Z

RP

d�1

 

n

X

j=1

�

j

0

(j)�

E

(A(i)v)P

ij

!

d�

i

(v) p

i

=

n

X

i=1

Z

RP

d�1

�

E

(A(i)v)P

ij

0

d�

i

(v) p

i

=

n

X

i=1

Z

RP

d�1

�

A(i)

�1

E

(v)P

ij

0

d�

i

(v) p

i

=

n

X

i=1

�

i

(A(i)

�1

E)P

ij

0

p

i

So

�

j

0

(E) =

n

X

i=1

�

i

(A(i)

�1

E)P

ij

0

p

i

=p

j

0

=

n

X

i=1

�

i

(A(i)

�1

E)P

�

j

0

i

:

2
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Equation (1.17) has the following interpretation. Suppose that we have three states

i

1

; i

2

; i

3

that have nonzero probability of moving to state j in one step. To calculate

the \correct" weighting of a set E 2 RP

d�1

for state j (described by �

j

(E)), we

pull our set E back to the states i

1

; i

2

; i

3

with A(i

1

)

�1

; A(i

2

)

�1

; A(i

3

)

�1

respectively,

evaluate the correct weightings for these pull-back sets separately (using �

i

1

; �

i

2

; and

�

i

3

), and then combine the values, weighting them according to the probability of

moving from j back to i

1

; i

2

; i

3

under the reverse process; see Figure 1.4. Compare

this with the deterministic case where X =M and �

x

= �

w

x

for x 2M .

3

j

i

i

A

A

A

(

(

(

i

i

3)

i2)

1)

-1

-1

-1

2

i1

Figure 1.4: Interpretation of (1.17).

At this point we know that we can in principle compute the largest Lyapunov

exponent �

1

using equation (1.15). We also have a condition on the factor measures

�

i

. Our plan is to use the invariance condition (1.17) to compute approximations of

the �

i

, just as we used (1.3) to help approximate the directions w

(1)

x

.

In what we have called the primary method, we average the stretching induced

by the original Jacobian matrices to calculate the largest exponent. The next sub-

section describes the use of the inverse Jacobian matrices to calculate the largest

exponent. This is known as the secondary method. The roles of the original and

inverse Jacobian matrices are exchanged for the primary and secondary methods of

calculating the smallest Lyapunov exponent. For now though, we push ahead with

�nding a computational method of evaluating �

1

.

We wish to reduce the second integral over RP

d�1

in (1.15) to a �nite sum

using a suitable approximation. Denote our �nite number of states by x

1

; : : : ; x

n

.

Associated with each of these states is a matrix DT (x

k

). For want of a better

method, we approximate measures on RP

d�1

using histograms. To avoid confusion,

we denote the approximation to �

i

by

^

�

i

. For simplicity, we only describe the case

where d = 2, so that RP

1

is just one side of S

1

, with the ends being identi�ed as

the same point. Split the semi-circle up into N equal segments s

j

; j = 1; : : : ; N , and

consider the action of a �xed matrix A 2 GL(2;R) on RP

1

. Let

^

� be the measure on

this discretised space, with the density on the j

th

segment s

j

being uniform. Figure

1.5 shows a density function of an absolutely continuous measure on RP

1

overlayed
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with a possible histogram approximation on 100 segments. Now

0
0.2

0.4
0.6

0.8
1

-1

-0.5

0

0.5

1
0

0.2

0.4

0.6

0.8

1

Figure 1.5: Approximation of a measure on RP

1

using 100 bins.

^

�(A � s

j

) =

X

i

^

�((A � s

j

) \ s

i

)

^

�(s

i

)

^

�(s

i

)

=

X

i

(fraction of s

i
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ij

^

�(s
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); (1.18)

by uniformity of the density on s

i

. The matrix t

ij

is stochastic and represents the

action of the matrix A on projective space. We may fully describe the approximate

measure

^

� by its measure of each segment s

j

. Put

^

�

j

:=

^

�(s

j

), where the

^

�

j

are

real numbers and

P

j

^

�

j

= 1. De�ning

^

�

0

=

^

� � A, the density of

^

�

0

is given by

^

�

0

j

=

P

i

^

�

i

t

ij

.

We now describe a method of approximating the family of measures satisfying

�

j

(E) =

n

X

i=1

�

i

(DT (x

i

)

�1

E)P

�

ji

for all E 2 B(RP

d�1

) and 1 � j � n.

Denote by t

(i)

, the stochastic matrix approximating the action of DT (x

i

)

�1

on pro-

jective space. For clarity, we abbreviate the states x

1

; : : : ; x

n

as the integers 1; : : : ; n.

In our approximate setup, (1.17) becomes

^

�

j

(s
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) :=

^

�
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=

n

X
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�
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=
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N
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^
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=

n
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�
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N

X
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^

�
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t

(i)

k`

(1.19)
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for all j = 1; : : : ;m and ` = 1; : : : ; N . Note that these are all strict equalities. For

a general connected measurable set A � RP

d�1

, we proceed as follows.

^
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N
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)

�

n

X
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P

�
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^

�

i

(DT (i)

�1

A):

Our approximation is exact for sets that are unions of full individual bins s

`

, but is

inexact for sets covering parts of bins. The set of n�N linear equations (1.19) may

be given a matrix representation as below,

(
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^

�

n;1

: : :
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where each entry displayed in the matrix is an N � N block. More succinctly,

^

� =

^

�M. The required vector of length nN is an eigenvector of unit eigenvalue for

the nN � nN matrixM. All components of this eigenvector must be non-negative,

as each component represents the measure of a slice of projective space. Another

important restriction that must be placed on this vector is that

P

`

^

�

j;`

= 1 for all

j = 1; : : : ; n. We require this because

^

�

j

is a probability measure for each j and

hence

P

`

^

�

j

(s

`

) = 1. The following proposition shows that the matrixM has a left

eigenvector of eigenvalue one, satisfying the above requirements.

Lemma 1.9: The matrix M has a nonnegative left eigenvector u of eigenvalue 1

satisfying

N

X

`=1

u

(j�1)N+`

= 1; for each j = 1; : : : ; n:

Proof: The subspace

L

n

=

(

u 2 R

N�n

: u � 0;

N

X

`=1

u

(j�1)N+`

= 1; j = 1; : : : ; n

)
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is a convex subset of R

N�n

. We use the standard k � k

1

vector norm in what follows.

De�ne

L

1

= fu 2 R

N

: u � 0;

X

`

ju

`

j = kuk

1

= 1g:

These sets are closed and hence so is L

n

= L

1

� � � � � L

1

| {z }

n times

. L

n

is bounded as kuk

1

= n

for all u 2 L

n

. Thus L

n

is a nonempty, compact, convex subset of R

N�n

. The matrix

M induces a continuous functional L : L

n

! R

N�n

; we wish to show that L maps

L

n

into itself. From (1.19) we have

(Lu)

(j�1)N+`

=

n

X

i=1

P

�

ji

N

X

k=1

u

(i�1)N+k

t

(i)

kl

:

Let u 2 L

m

. Clearly (Lu)

(j�1)N+`

� 0 for all j = 1; : : : ; n and ` = 1; : : : ; N . Also

N

X

`=1

(Lu)
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=

N

X

`=1

n

X
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ji

N

X
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X
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u
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N
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n

X
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P

�

ji

N

X

k=1

u

(i�1)N+k

=

n

X

i=1

P

�

ji

= 1;

as required. Thus by Schauder's Fixed Point Theorem, L has a �xed point in L

n

.

That is,M has a left eigenvector of unit eigenvalue with all components nonnegative

and satisfying

P

`

�

j;`

= 1 for all j = 1; : : : ; n. 2

As M is an nN � nN matrix, memory constraints could become a problem for

computer routines that calculate eigenvalues. It would be nice if the eigenvalue one

were the largest eigenvalue in modulus as we could then use the power method to

approximate the eigenvector. This would only require the storage ofM itself, which

is typically sparse, and the vector of length nN . Fortunately, it may be shown that

the moduli of all eigenvalues of M are bounded by unity.

Lemma 1.10: The spectral radius of M is unity.

Proof: We use the theory of matricial norms; see Deutsch [16]. A matricial norm

is a generalisation of the standard matrix norms. Rather than mapping an n � n

matrix into the nonnegative reals, a matricial norm maps an n� n matrix into the

set of k � k nonnegative matrices. Given a standard matrix norm  : M

N�N

!

R

+

[f0g, we may construct a matricial norm k �k

M

:M

nN�nN

!M

+

n�n

. Decompose
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R

Nn

= R

N

� � � � �R

N

, and de�ne �

i

: R

Nn

! R

N

to be the projection onto the i

th

block of R

N

. The product �

i

M�

j

projects M onto the (i; j)

th

N �N block. Set

kAk

M

= [ (�

i

A�

j

)]

i;j=1;:::;n

: (1.20)

We choose  to be the maximum row sum norm. The (i; j)

th

block of M is an

N � N stochastic matrix t

(i)

multiplied by P

�

ji

, so that  

row

(�

i

M�

j

) = P

�

ji

, and

kMk

M

= (P

�

)

y

. By Proposition 7 in [16], r

�

(A) � r

�

( (A)) for any matricial

norm  and square matrix A, where r

�

denotes spectral radius. Thus r

�

(M) �

r

�

( 

row

(M)) = r

�

�

(P

�

)

y

�

= r

�

(P

�

) = 1. But we have already shown that an M

has a unit eigenvalue, so that the spectral radius of M is one. 2

Remark 1.11: Anthony Quas has noticed that the matrixM may be brought to

a stochastic matrix by a similarity transformation. One �rst rewritesM as
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; (1.21)

using the de�nition of P

�

as in Lemma 1.8. Now, de�ne D

ij

= p

i

�

ij

, and note that

the matrix DMD

�1

is simply equal to the matrix (1.21) with both p terms in each

block removed. Once these terms are removed, it is easy to see that the resulting

matrix is stochastic. This observation provides an alternative proof to Lemmata 1.9

and 1.10.

By choosing a starting vector with all positive entries, say all ones, we can be certain

that the power method will provide us with an eigenvector that satis�es (1.19). This

follows from Perron-Frobenius theory for nonnegative matrices. Now that we know

how to �nd a solution to (1.19), we would like to see that it does in fact represent

a good approximation of a measure satisfying (1.17).

Lemma 1.12: Let P

N

denote a partition of RP

d�1

into N sets of equal volume

and diameter. Denote by f�

(N)

i

g the approximation of �

i

obtained as a solution of

(1.19) and set

~

�

i

to be a weak limit point, taken as N !1. If there is a constant

M

0

<1 such that

�

(N)

i

(E

j;N

); �

i

(E

j;N

) �

M

0

N

(1.22)

for all E

j;N

2 P

N

; j = 1; : : : ; N; i = 1; : : : ; n, then

~

�

i

satis�es (1.17).

Proof: It is not necessary that P

N

be an equipartition; it just simpli�es our

discussion. So long as the partition sets are all roughly the same size and shape,

and the diameters of the sets go to zero, everything goes through. We show that
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the limiting factor measures

~

�

i

, i = 1; : : : ; n satisfy (1.17) by integrating an ar-

bitrary function g 2 L

1

with respect to the measures given by the left and right

hand sides of (1.17). We write a continuous approximation (in L

1

(RP

d�1

;

~

�

j

) and

L

1

(RP

d�1

;

P

n

i=1

P

�

ji

~

�

i

�A(i)

�1

)) to g as g

c

and a simple function approximation (on
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Let � > 0. Choose g

c

such that the �rst and last terms are less than �=6. Note that

the diameters of the sets in P

N

are bounded by C

1

=N

1=d

for some constant C

1

, and

that the largest weight given to any element of P

N

by the measures �

(N)

i

and

~

�

i

,

i = 1; : : : ; n is no greater than M

0

=N . Thus
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c
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� N �
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Lip g
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: (1.23)

We may choose N su�ciently large that (i) the third and fourth terms are less than

�=6 (by virtue of (1.23) for the fourth term, and a similar bound for the third term),

and (ii) the second and �fth terms are smaller than �=6 by weak convergence of �

(N)

i

to

~

�

i

. This completes the proof. 2

The Secondary Method of Determining the Largest Lyapunov Exponent

It is possible to repeat the entire procedure just outlined using the inverse matrices

A(i)

�1

to �nd the largest exponent. We note that if w = Av, then

kAvk =

1

kA

�1

wk

; (1.24)

where the bar denotes normalisation. So we may rewrite (1.11):
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By analogy with (1.11) we choose a new integrand

F

2

(i; v) = log kA(i)

�1

vk; (1.27)

and a new operator

(H

2

F )(i; v) =
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: (1.28)
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where the factor measures f�

2

i

g
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We now have two di�erent families of measures (namely f�

i

g

n

i=1

and f�

2

i

g

n

i=1

) that

will provide us with the largest Lyapunov exponent of our Markov system.

All of the theory in the previous section applies to the approximation for �

2

and

also to the remaining two families of measures �

3

and �

4

that we deal with in the

next two subsections. We approximate the family of measures f�

2

i

g, as we did with

f�

i

g.
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for all j = 1; : : : ; n and ` = 1; : : : ; N . This set of linear equations has matrix

representation,
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The Primary Method of Determining the Smallest Lyapunov Exponent

By running our system backwards we may obtain the smallest Lyapunov exponent,

as the smallest exponent of the forward system is equal to the negative of the largest

exponent of the reversed system if we replace the matrices associated with each of

the states with their inverses. Recall that this is also the case for deterministic

systems. To elaborate, the smallest exponent of the forward system is given by
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where �

R

1

denotes the largest exponent for our reversed Markov chain, replacing

the matrices A(i) with their inverses A(i)

�1

. Lemma 1.5 implies the existence of a

v

1
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such that
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1

P-a.e. as k ! �1.

As in the primary method for determining the largest Lyapunov exponent, we

write (for k < 0)

1

k

Z




log k�(k; !)v

1

k dP(!)

=

1

k

Z




log

 

k�1

Y

i=0

kA(�

�i�1

!)

�1

A(�

�i

!)

�1

� � �A(�

�1

!)

�1

v

1

k

!

dP(!)

=

1

k

Z




k�1

X

i=0

log kA(�

�i�1

!)

�1

A(�

�i

!)

�1

� � �A(�

�1

!)

�1

v

1

k dP(!)

=

1

k

Z




k�1

X

i=0

log kA(x

�i�1

)

�1

A(x

�i

)

�1

� � �A(x

�1

)

�1

v

1

k dP(!): (1.33)

as A(!) = A(x

0

).

Our integrand shall be

F

3

(i; v) = log kA(i)

�1

vk; (1.34)
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and we de�ne a new operator

(H

3

F )(i; v) =

n

X

j=1

F (j;A(i)

�1

v)P

�

ij

: (1.35)

We may now write

�

r

= �

n

X

i=1

Z

RP

d�1

log kA(i)

�1

vk d�

3

i

(v) p

i

; (1.36)

where the factor measures f�

3

i

g

n

i=1

satisfy

�

3

i

(E) =

n

X

j=1

�

3

j

(A(j)E) P

ij

for all i = 1; : : : ; n. (1.37)

For the remaining two families f�

3

g and f�

4

g, we need to approximate the action

of A(i) rather than A(i)

�1

; the approximation of the action of A(i) is denoted by

t

(i)

0

. To approximate the family of measures f�

3

g, we use equation (1.37).

^

�

3

i
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^

�

3

i;`

=

n

X
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^

�

3

j

(DT (j)s

`

) P

ij

=

n

X
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N

X

k=1

t

(j)

0

k`

^

�

3

j

(s

k
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ij

=

n

X

j=1

P

ij

N

X

k=1

^

�

3

i;k

t

(j)

0

k`

for all i = 1; : : : ; n and ` = 1; : : : ; N . The matrix we seek a left unit eigenvector of
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The Secondary Method of Determining the Smallest Lyapunov Exponent

We may now rewrite (1.33) using (1.24) to obtain

�

R

1

=

1

k

Z




k�1

X

i=0

� log kA(x

�i�1

)A(x

�i

)

�1

A(x

�i+2

)

�1

� � �A(x

�1

)

�1

v

1

k dP(!): (1.38)

By choosing

F

4

(i; v) = log kA(i)vk; (1.39)

and de�ning

(H

4

F )(i; v) =

n

X

j=1

F (j;A(j)

�1

v)P

�

ij

; (1.40)
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one has

�

r

=

n

X

i=1

Z

RP

d�1

log kA(i)vk d�

4

i

(v) p

i

: (1.41)

The factor measures f�

4

i

g

n

i=1

satisfy

�

4

i

(E) =

n

X

j=1

�

4

j

(A(i)E) P

ij

for all i = 1; : : : ; n. (1.42)

As in the case of the largest exponent, we have two di�erent families of measures

(namely f�

3

i

g

n

i=1

and f�

4

i

g

n

i=1

) that provide us with the smallest Lyapunov exponent

of our Markov system.

To approximate the family of measures f�

4

g we use equation (1.42).
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=
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^
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=
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for all i = 1; : : : ; n and ` = 1; : : : ; N . The matrix we seek a left unit eigenvector of
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1.3.2 How to Obtain all the Lyapunov Exponents

To obtain all of the exponents, the above theory may be repeated using the q

th

exterior powers ^

q

R

d

of R

d

. The matrices DT (x) are replaced by the induced linear

maps DT

^q

: ^

q

R

d

! ^

q

R

d

. The top Lyapunov exponent of this new system is

equal to �

1

+ �

2

+ � � � + �

q

, where �

1

; : : : ; �

q

are the q largest exponents of the

original system. By varying q we may obtain the sum of the q largest exponents for

q = 1; : : : ; d, and hence all of the separate exponents. From a computational point

of view it may be di�cult to resolve the negative exponents. This may be overcome

by measuring all of the positive exponents, then reversing the system and measuring

all of the (now) positive exponents, which were originally the negative ones.

We remark at this point that is very simple indeed to obtain the sum of all of

the exponents for our Markov system. For a d-dimensional Markov system with n

states,

�

1

+ � � �+ �

d

=

n

X

i=1

p

i

log jdet(A(i))j; (1.43)

where A(i) is the matrix associated with state i.
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1.4 The Relationship between the Lyapunov

Exponents of the Random and Deterministic

Systems

As the diameters of the triangles in our triangulated map go to zero by virtue

of there being more data points made available, three important properties of the

sequence of Markov chains converge to properties possessed by the true deterministic

map. Firstly, the Jacobian matrices of the piecewise linear approximation converge

uniformly to the Jacobian matrices of the true map. Secondly, the evolution of the

Markov chains becomes increasingly similar to that of the true map. Finally, the

invariant measures of the sequence of Markov chains approach an invariant measure

of the true map. These three properties suggest that the Lyapunov exponents of

our random systems approach those of the original deterministic system as the

simplex diameter decreases. This however, is not true in general. An example

of the discontinuity of Lyapunov exponents in Pollicott [61] shows that a family of

C

1

di�eomorphisms fT

�

g

�2[0;1]

(depending continuously on � in the C

1

norm) may

have all zero Lyapunov exponents for � 62 Q, but with nonzero exponents for � 2 Q.

Thus by varying the map T and its Jacobian matrices continuously, the Lyapunov

exponents may vary discontinuously. The discontinuity in this example is due to

the reference invariant measure � switching between being ergodic and non-ergodic.

Further, it is mentioned in Young [78] that if we �x a map T : (M;�)

�

�

�

and de�ne

a matrix-valued function A

0

:M !M

n�n

, the map

A

0

7! �

1

(A

0

) = lim

k!1

1

k

Z

M

log kA

0

(T

k�1

x) � � �A

0

(Tx)A

0

(x)k d�(x)

is upper semi-continuous but not always continuous. Thus by simply varying our

Jacobian matrices continuously, the Lyapunov exponents may still vary in a dis-

continuous manner. On the positive side, Young [78] describes a similar situation,

where the matrix-valued function A

0

is subjected to an i.i.d. perturbation at each

iteration. She shows in two dimensions that Lyapunov exponents of the perturbed

cocycle approach those of the unperturbed cocycle as the perturbations go to zero.

If one is in the situation where T :M

�

�

�

is a C

2

di�eomorphismwith SBRmeasure

� satisfying the condition that each of the Lyapunov subspaces W

(i)

x

, i = 1; : : : ; r,

appearing in the Oseledec's theorem vary continuously with x 2 M , then the Lya-

punov exponents of (T; �) are close to those of (T

0

; �

0

) where T

0

is a su�ciently small

C

2

perturbation of T , and �

0

is the SBR measure of T

0

. This result was communi-

cated by Lai-Sang Young [77]; to her knowledge a proof has not yet appeared in the

literature.

For our situation, if one assumes that the (twice continuously di�erentiable)

true map satis�es the condition above regarding the continuity of the Lyapunov

subspaces, and that the limiting invariant measure of our approximations is the

SBR measure of the system, Young believes that that the exponents of the sequence
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of Markov chains approach the Lyapunov exponents of the true map. It should be

pointed out that neither Young nor the author know of a proof of this convergence.

Such a result may be applied to any sequence of piecewise linear approximations

which are small random perturbations of the true system and whose Jacobian ma-

trices uniformly converge to the Jacobian matrices of the true map.

These convergence results may also be used in the case where one has only a

�nite set of data or a �xed piecewise linear approximation. For the purpose of

description, we consider a �xed triangulation in two dimensions obtained from a

�nite set of points. We may decrease the random perturbation of the system by

breaking up the triangles into four identical triangles, each similar to the original.

These new triangles will have a diameter half that of the original. An upper bound

for the perturbation of the triangulated map is half the diameter of the largest

triangle plus half the diameter of the largest image triangle. Triangles whose image

is large or are themselves large should be targeted for the splitting up procedure. As

the maximum diameter of the triangles goes to zero, the exponents of the Markov

system approach the Lyapunov exponents of the triangulated map, under the above

assumptions on the limiting measure and the map. We can not expect to �nd the

Lyapunov exponents of the true map as no new information about the Jacobian

matrices is obtained through our splitting up technique; for this we require more

data points. Similar splitting procedures may be performed in higher dimensions.

The same principle may also be applied to general piecewise linear approximations,

not arising from triangulations.

1.5 Examples and Results

We use the much studied H�enon map to illustrate the performance of the techniques

described in this paper.

1.5.1 Time Series Data

The spatial averaging technique was �rstly applied to reconstructions of the H�enon

map obtained from time series of varying lengths. Recall that the accuracy of both

the reconstruction and the estimates of the exponents depends on the diameters of

the triangles rather than the number of data points.

The estimate of �

2

has been calculated indirectly, by subtracting the estimate of

�

1

from the estimate of �

1

+�

2

. As the number of data points increases, the estimates

can be seen to improve for both exponents. We conjecture that the estimates of

the larger exponent are much better than the estimates of the smaller exponent

because all data points lie near the unstable manifold of the �xed point. Thus we

are obtaining information about the stretching in preference to information about

contraction. To expect better estimates of the smaller exponent we would require

some transient data to provide the contraction information. To compute the time
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Table 1.1: Estimates of Lyapunov exponents for the H�enon Map using Data from

Time Series.

Number of Number of Estimate Estimate Estimate of \Time Average"

Data Points States of �

1

of �

2

�

1

+ �

2

Estimate of �

1

24 29 0.09 �0:86 �0:7702 0.5221

44 60 0.27 �1:01 �0:7325 0.4412

80 120 0.39 �1:25 �0:8630 0.4013

80 123 0.42 �1:35 �0:9250 0.4080

201 336 0.42 �1:37 �0:9496 0.3981

Accepted values are �

1

� 0:418, �

2

� �1:62

average of the exponents, we assumed the H�enon map to be known, and multiplied

together the Jacobian matrices of the �nite orbits of length 24, 44, 80 and 201.

This product was then applied to unit vectors in uniformly distributed directions

in RP

1

and the results averaged over the starting vectors. As the determinant of

the Jacobian matrices of the H�enon map is constant (log 0:3), the \time average"

estimate of �

2

may be obtained by subtracting �

1

from log 0:3. These values are

included as a guide to the relative accuracy of various techniques. Of course, once

we have our reconstructed map, we could perform the standard time average on

arbitrarily long orbits. However, this defeats our purpose, as one is once again

dogged by the problems alluded to in Section 1.1.

Before continuing, we should check that the computed values for the Lyapunov

exponents of the Markov chains are accurate. This can be tested experimentally

by estimating the exponents using a time average. That is, we run out a long

\random" orbit of our Markov chain on computer, and multiply this sequence of

matrices together to compute the top Lyapunov exponent of the Markov chain as in

(1.9). To compute �

1

using the time average (1.9), the estimates from a collection

of between 5 and 10 orbits with lengths ranging between 1000 and 10 000 were used.

The accuracy of our space average is quite remarkable; see Table 1.2. If nothing else,

our space averaging technique provides an e�cient and accurate way of computing

Lyapunov exponents of Markov chains.

It is interesting to observe how the measures �

i

on projective space correspond

to the Lyapunov directions w

(1)

x

. Let us suppose that the vector �eld fw

(1)

x

g varies

continuously (this is the case for two-dimensional uniformly hyperbolic systems). We

would then not expect the vectors w

(1)

x

to vary a great deal over a given simplex in our

triangulation, provided our simplices are of su�ciently small diameter. Recall that

just as the vector w

(1)

x

tells us the direction to measure local stretching in at a point

x 2 M , the measure �

i

tells us how to weight the stretching observed in di�erent

directions for the matrix associated with state (or triangle) i. If our Markov chain

has successfully modelled our deterministic system we would expect the measure �

i
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Table 1.2: Comparison of the values of the top Lyapunov exponents of the Markov

chains (i) computed using the spatial average, and (ii) computed from the time

average of a collection of long \random" orbits

Number of Number of bins Computed value Computed value of �

1

States used to estimate of �

1

by a by time averages

factor measures �

i

space average (� 1 standard deviation)

29 500 0.087 0:089 � 0:010

60 400 0.273 0:278 � 0:019

120 300 0.388 0:389 � 0:003

123 300 0.420 0:407 � 0:006

336 300 0.415 0:414 � 0:004

(where x is contained in triangle i) to weight directions near w

(1)

x

more heavily than

those away from w

(1)

x

. This can be seen to be the case in Figure 1.6, where the

density of an approximation of �

i

(generated using (1.19) on a partition of 500 bins)

is plotted for each i = 1; : : : ; 29 (the data being obtained from the 24 point orbit

listed in Table 1.1).

1.5.2 Fixed Data Sets: Reducing the Perturbation

The magnitude of the perturbations that our deterministic system is subjected to is

an important factor a�ecting the accuracy of our computed exponents (along with

the closeness of our approximate Jacobian matrices to the real ones). In order to

quantify the magnitude of the perturbations associated with each Markov chain,

we introduce the maximum and mean perturbation. The maximum perturbation is

given by

Max: Perturbation = max

1�i;j�n

fradius of triangle i + radius of T (triangle j) : P

ij

> 0g

This value is an upper bound for any perturbation of the triangulated map. The

mean perturbation is a weighted average of the perturbations,

Mean Perturbation =

n

X

i=1

p

i

n

X

j=1

P

ij

d

ij

;

where d

ij

is the distance between the centroids of T (S

i

) and S

j

.

Because of the shape of the H�enon attractor and the action of the map, these

perturbations are quite large for the triangulations obtained from time series; see

Table 1.4. For example, triangles that are mapped to the \top" and \bottom" edges

of the attractor are often stretched into long, thin triangles with large diameters.

The large gap on the left hand side of the attractor also creates large triangles,

although the triangles spanning this gap are not as large as they look because of the
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Figure 1.6: Plot of the density of the approximation of �

i

for i = 1; : : : ; 29. RP

1

has

been identi�ed with the interval (��=2; �=2] (x-axis), and the relative weight given

to a bin of width �=500 is shown by the height of the plot (y-axis). The vertical

dotted lines indicate the position of w

(1)

x

where x is taken as the centroid of the i

th

simplex.

di�erence in scaling in the x and y directions. We need to split up these triangles

to reduce the perturbation. For our example of the splitting procedure, we chose a

suitable set of data points for which the original perturbation was relatively small,

rather than a data set arising from a time series; see Figure 1.7. This choice is

merely to reduce computing time and data storage. The splitting principle works

equally well on any set of data; it just takes longer in some cases. The H�enon map

was reconstructed from a set of 87 data points, and the splitting procedure applied

twice. The results of our algorithms are shown in Table 1.3.

For this example, the estimates of both exponents were directly calculated, so

that the sum of the two estimates could be compared with the estimate of the

sum of the exponents. Comparing the results of Tables 1.1 and 1.3, we see that

the estimated sum of the exponents is much better for the less perturbed map and

is improving as the perturbations decrease. This e�ect is not entirely due to the

perturbations; the Jacobian matrices obtained from the reconstruction also play a

part and depend on the position of the data points. These results suggest that the
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Figure 1.7: Triangulation of 87 data points with triangles not intersecting the image

triangulation removed.

Table 1.3: Estimates of the Lyapunov exponents of the H�enon map from a sequence

of re�nements of a �xed triangulated map.

Number of Number of Estimate Estimate Est. of �

1

Estimate of

Data Points Non-Transient of �

1

of �

2

+ Est. of �

2

(�

1

+ �

2

)

States

87 86 0:3652 �1:6660 �1:3008 �1:3001

87 314 0:3531 �1:5845 �1:2314 �1:2302

87 708 0:3705 �1:5845 �1:2140 �1:2138

Accepted values are �

1

� 0:418, �

2

� �1:62. The sum of the exponents is exactly

log 0:3 � �1:2040

average area contraction has been accurately described by the reconstructed map.

We remark that it may not be necessary to split up the entire convex cover of

the data points. After computing the transition matrix, it may be easily seen that

there may be some triangles which have empty intersection with the image of the

triangulation. These triangles may be immediately neglected and need not be split

up. After each splitting, this process may be repeated to rid the triangulation of

unnecessary triangles. In our example, the original triangulation contained 139 tri-

angles. Computation of the transition matrix revealed that 86 triangles intersected

the image triagulation, and that all of these were non-transient. The 86 triangles

were then split up into 482 triangles to reach a prescribed level of perturbation. Of

these, 339 intersected the image, and only 314 were non-transient. The 339 triangles

were split again to produce a lower, pre-determined level of perturbation. The val-

ues of the maximum and mean perturbations for associated with the Markov chains

for our second system are signi�cantly less than those arising from time series data;
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see Table 1.4.

Table 1.4: Perturbation values for the H�enon map using (i) data from time series

of varying lengths, and (ii) re�ned triangulations from a �xed set of data

Number of Number of Maximum Mean

Data Points States Perturbation Perturbation

24 29 0.6585 0.1265

44 60 0.6630 0.1657

80 120 0.4728 0.0853

80 123 0.5829 0.0845

201 336 0.4411 0.0521

87 86 0.4169 0.0866

87 314 0.1647 0.0349

87 708 0.0990 0.0191

An approximation of an invariant measure of the �xed triangulated map is shown

in Figure 1.8. Compare Figure 1.8 with Figure 1.2; clearly, decreasing the pertur-

bations provides a much more accurate approximation.
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Figure 1.8: Singular approximation of the invariant measure using 708 states. The

measure is a convex combination of 708 delta measures, which are shown as spikes

in this two-dimensional plot. The base of the spike represents the position of the

support of the measure and the height represents the relative weight given to the

centroid.
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1.6 Discussion

To our knowledge, the only other attempt at practical estimation of Lyapunov ex-

ponents in multidimensional systems using a spatial average is that of Kim and Hsu

[44]. This method has a number of shortcomings, however. It only produces an esti-

mate of the largest exponent and even for this it requires that the map be known. It

also lacks theoretical justi�cation for the computation of the appropriate directions

to measure stretching in and has no results on convergence of the exponents to the

true values. In one dimension, similar work has been done by Boyarsky [10] for

piecewise monotonic expanding maps and unimodal maps with negative Schwarzian

derivative. Such maps admit absolutely continuous invariant measures. Boyarsky

approximates these maps with piecewise linear maps to obtain estimates of the ab-

solutely continuous invariant measure and the single Lyapunov exponent. In one

dimension, the problem of discontinuity of the single exponent does not arise, and

it is true that C

1

-close maps have nearby exponents, provided that the approximate

map possesses an ergodic invariant measure close to the original.

We again make the point that as our techniques stand, they are not as easy to

use, nor as quick or memory-e�cient as the traditional time-average. However, it is

hoped that they will form a basis for a new methodology of exponent calculation in

the future; one which has a �rmer mathematical footing than the current accepted

practice. The major stumbling block at the moment is a rigorous treatment of

characterising and approximating invariant measures of dynamical systems. The

existence of \physical" measures has only been shown in special cases, and little is

known about the relationship between the invariant measure of the real system and

the long cycles produced by the computer representation of the system on a �nite

state computer. The remainder of this thesis is concerned with showing that the

invariant measure of our perturbed systems are indeed good approximations of the

\physical" measure of the original system, whatever that may turn out to be.
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Chapter 2

Computing Invariant Measures via

Small Random Perturbations

2.1 Introduction

In dynamical systems, one is often interested in the statistical properties of orbits

of some dynamical system (M;T ), where T : M

�

�

�

, and typically M � R

d

is some

smooth, compact manifold. The invariant measures of T describe the asymptotic

behaviour of orbits of T for various starting points in the following sense. Suppose

that g : M ! R is some integrable test function that we wish to average along an

orbit of T beginning at x. That is, we want to compute the time average

T

g

(x) = lim

n!1

1

n

n�1

X

i=0

g(T

i

x): (2.1)

For any ergodic T -invariant probability measure �, the Birkho� ergodic theorem

says that the time average T

g

(x) of g along the orbit of x, is �-almost everywhere

equal to the space average S

g

of g, where

S

g

=

Z

M

g(x) d�(x): (2.2)

Substituting g = �

E

, where �

E

is the characteristic function of some measurable set

E �M , we obtain

lim

n!1

1

n

cardfi 2 [0; n� 1] : T

i

x 2 Eg = lim

n!1

1

n

n�1

X

i=0

�

E

(T

i

x)

=

Z

M

�

E

(x) d�(x) = �(E); (2.3)

for �-almost all x 2M . Thus �(E) tells us the fraction of time an orbit of x spends

in E � M for �-almost all x. If it so happens that � has very small support (for

example � has support on a periodic orbit), then the Birkho� theorem does not give

us any information about orbits not starting in this small set. Clearly the amount

of information we get depends very much on our choice of �.

0

The material in this chapter (excepting x2.5) has appeared in Froyland et al. [27].
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2.1.1 Background on Physical Measures

For many chaotic systems it appears, at least in computer simulations, that there

is a special distribution that nearly all orbits of T exhibit. In other words, if one

plots the orbit fT

i

xg

N

i=0

in M (N large), one obtains roughly the same picture for

nearly all starting points x 2M (excepting orbits beginning on a periodic point, for

example). We would like to use this invariant measure that appears to be exhibited

in computer simulations by the orbits of almost all \randomly" chosen starting

points to perform our space averages S

g

. For certain systems, including transitive

expanding maps and Axiom A di�eomorphisms there is a unique ergodic invariant

measure �

SBR

such that (2:1) = (2:2) for x belonging to a large subset of M in the

sense of Lebesguemeasure. Such a measure is know as the Sinai-Bowen-Ruelle (SBR)

measure of T . In the Anosov case, where the invariant hyperbolic set � is all of M ,

one has that (2:1) = (2:2) for Lebesgue almost all x 2M . For Axiom A attractors,

the SBR measure has its support contained in the attractor, is absolutely continuous

in unstable directions and is the limiting distribution for Lebesgue almost all orbits

starting in an attracting (or fundamental) neighbourhood U of the attractor �. The

SBR measure is generally considered to be the \physical" measure for hyperbolic

systems. For most dynamical systems that are studied, however, the situation is not

so clear.

Our transformation T is not necessarily expanding or hyperbolic; it is merely

continuous with the assumption that the orbits of T eventually lie near some limiting

set � � M . Whether � is an attractor strictly contained in M , or is the whole

of M , we do not care. A further assumption is that our map T is topologically

transitive (this is to give some reason for hoping that almost all orbits have the

same limiting distribution) and that T is non-singular with respect to Lebesgue

measure (m(A) = 0 =) m(T

�1

A) = 0). We of course do not know a priori

whether a physical measure exists for our map T . For the purposes of this chapter

we sometimes don't even know the function T itself; a reconstruction must be made

from experimental data. What we are after in this case is \the next best thing" to

an SBR measure for our map, reconstructed or not, whatever that may be.

2.1.2 Outline

Our plan is to subject our system to a small amount of noise, creating a random

dynamical system. The way in which we add the noise produces a random system

that may be described as a Markov chain with a unique invariant measure. By

decreasing the noise level to zero, we generate a sequence of Markov chains, each

corresponding to a di�erent noise level and each with a unique invariant measure.

We extract the limiting zero-noise measure and show that this limiting measure is

T -invariant. In this way we have selected a single T -invariant measure from the

uncountably in�nite set M(M;T ) of T -invariant Borel probability measures, as a
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limit of noisy (M;T ) systems with the noise level going to zero. We argue that since

the limit measure arises as a limit of noisy systems, it is in some sense robust with

respect to random perturbations, and is therefore of \physical" signi�cance. Later

we shall see that this argument is not always valid.

This chapter is a preliminary one for the investigation of how well the \physical"

invariant measure of a system (M;T ) may be approximated using the matrix P

introduced in x1.2.1. Detailed numerical examples of the approximation are given

for the H�enon map and a nonlinear di�eomorphism of the 2-torus. It will also be

shown via examples that one must be careful with the particular type of noise used

to perturb a system. We shall see that any old sort of noise will not always give us

the invariant measure we want. The treatment is relatively informal and sets the

stage for subsequent chapters.

2.2 The Procedure

We assume at the outset that we have been given a �nite time series of data that has

been successfully embedded in Euclidean space. This time series would have been

a �nite sequence of scalar values obtained from some readout function evaluated at

various points in the state space of the dynamical system. The embedding theorem

(Sauer and Yorke [66] Theorem 2.7 for example) says that, under some assumptions

on the underlying map, nearly every smooth readout function allows the time series

to be embedded using the simple delay-coordinate technique. We do not concern

ourselves with the technical matters of embedding; from now on we assume that the

time series has been represented as an ordered sequence of points lying in R

d

, and

proceed to reconstruct a map on R

d

from this ordered sequence.

The convex hull of the embedded data points is triangulated using d-dimensional

simplices as in Figure 1.2. For arbitrary �nite d, there are computer routines to do

this; Watson [75]. Because the embedded points fy

1

; : : : ; y

r

g are ordered so that

T (y

i

) = y

i+1

, 1 � i � r � 1, there is a natural way to de�ne a reconstruction

of T ; Mees [54]. In two dimensions, say, choose any simplex; it is fully described

by its three vertices. The images of each of its vertices are known, and we de�ne

the image of the simplex under the reconstructed map to be simplex described

by the images of the vertices. The reconstruction obtained from the triangulation

approximates the map linearly on each simplex, producing a continuous, piecewise

linear approximation, which we also denote by T (for reconstructed maps we shall

never use the real T that generated the data, so there is no confusion). We describe

in detail a technique of approximating an invariant measure of T .
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2.2.1 Representation of the Deterministic System as a

Random System

In order to obtain an approximation of an invariant measure of T , we represent our

deterministic system as a random dynamical system governed by a Markov chain

with �nite description. Let fA

1

; : : : ; A

n

g be a partition of M (the convex hull of

our data points), which is comprised of d-dimensional simplices in our case. We �rst

de�ne a transition matrix

P

n;ij

=

m(A

i

\ T

�1

A

j

)

m(A

i

)

: (2.4)

This is very similar to the de�nition (1.7); and in fact for our example computa-

tions with reconstructed maps, we use (1.7) rather than (2.4). This is because our

particular construction of the piecewise linear approximation T already provides us

with a neat partition P

n

of M (into simplices) and a neat description of T (P

n

).

The two matrices coincide if T is invertible, and is linear on each partition set A

i

;

otherwise they are roughly similar. The idea is the same; we take the inverse image

for technical reasons.

Remark 2.1: The matrix (2.4) was �rst suggested as a means of approximating

invariant densities of maps by Ulam [72], who considered it as a �nite dimensional

approximation of the Perron-Frobenius operator

1

From this transition matrix, we may form a transition function P

n

:M �B(M)!

[0; 1], de�ned by

P

n

(x;E) =

n

X

j=1

m(E \A

j

)

m(A

j

)

� P

n;i

x

j

; (2.5)

where A

i

x

is the unique partition set containing x. This transition function governs

the evolution of our random dynamical system on M . To calculate the random

image of a point x 2 M , we see which sets A

j

satisfy m(A

i

x

\ T

�1

A

j

) > 0. The

probability that the random image of x lies in A

j

is equal to P

i

x

j

. Once an image

simplex has been chosen by toss of a weighted die, the image point y 2 A

j

is chosen

using a uniform distribution on A

j

; see Figure 2.1. We shall be interested in invariant

measures of this Markov chain.

De�nition 2.2: A Borel probability measure �

n

is said to be invariant under P

n

if

�

n

(E) =

Z

M

P

n

(x;E) d�

n

(x) for all E 2 B(M): (2.6)

Two important properties of P

n

are that

(i) it has a �nite description, namely the transition matrix P

n;ij

, and

1

for details on the Perron-Frobenius operator, see Lasota and Mackey [47].
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T

Tx

x

Figure 2.1: Our random perturbation. Darker tiles represent a higher probability

of containing the random image of x.

(ii) it has an easily computable invariant measure, namely

�

n

(E) =

n

X

i=1

m(E \A

i

)

m(A

i

)

� p

n;i

(2.7)

where p

n;i

is the left eigenvector of P

n

with eigenvalue 1.

The invariant measure �

n

distributes weight uniformly on each partition set A

i

.

The total weight of the partition sets are given by the eigenvector elements p

n;i

.

�

n

is the unique invariant measure of P

n

if the matrix P

n

is ergodic (irreducible

and aperiodic). The following proposition tells us when we can be sure that our

transition matrix is ergodic.

Proposition 2.3: Let � � m be a T -invariant Borel probability measure and P

n

be constructed from an arbitrary partition fA

1

; : : : ; A

n

g of M into sets of positive

Lebesgue measure.

(i) If (T; �) is ergodic, then P

n

is irreducible.

(ii) If (T; �) is mixing, then P

n

is aperiodic (and therefore ergodic).

Proof: To prove (i) we suppose that P

n

is reducible and then show that (T; �)

cannot be ergodic. Without loss, suppose that P

n

is of the form

P

n

=

 

A 0

B C

!

:

The r� r matrix A governs transitions between the sets fA

1

; : : : ; A

r

g and the (n�

r) � r and (n � r) � (n � r) matrices B and C govern transitions out of the sets

fA

r+1

; : : : ; A

n

g. We decompose M into two disjoint sets A

1

=

S

r

i=1

A

i

and A

2

=

S

n

i=r+1

A

i

. Since m(A

1

\T

�1

A

2

) = 0 and �� m, we have �(A

1

\T

�1

A

2

) = 0 also.

Clearly then,

�(A

1

4T

�1

A

1

) = 0: (2.8)

Now 0 < �(A

1

) < 1 as � � m, and by (2.8) and Walters [74] Theorem 1.5 we see

that (T; �) is non-ergodic.
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To prove (ii), we suppose that P

n

is periodic with period D. Then P

D

n

has block

diagonal form:

0

B

B

B

B

@

B

1

0 � � � 0

0 B

2

� � � 0

.

.

.

.

.

.

.

.

.

.

.

.

0 0 � � � B

D

1

C

C

C

C

A

:

We construct a new stochastic matrix P

n

by lumping together (see x5.4 for details)

all the states within each block B

1

; : : : ; B

D

. This amounts to P

n

being de�ned by

P

n;ij

=

m(B

i

\ T

�1

B

j

)

m(B

i

)

;

where B

i

�M is the set corresponding to the collectionB

i

of states, i = 1; : : : ;D. As

each blockB

i

returns to itself afterD iterations, we see that P

D

n

is the D�D identity

matrix. It is a simplematter to show that the probability of a point x 2 B

1

moving to

T

D

B

1

in D iterations of the Markov chain (passing through TB

1

; T

2

B

1

; : : : ; T

D�1

B

1

)

is unity. However, as all the mass returns to B

1

, we see that m(B

1

4T

D

B

1

) = 0. By

(i) (T

D

; �) is non-ergodic, and hence non-mixing. Thus (T; �) cannot be mixing.

2

Sometimes our \physical" measure � will not be equivalent to Lebesgue measure. In

practice, one would be unlucky to produce a non-ergodic P

n

; we shall always assume

we are not unlucky.

2.2.2 Small Random Perturbations

We now wish to show that as we decrease the diameters of the simplices by re�ning

our partition fA

1

; : : : ; A

n

g, the evolution of our Markov chain becomes increasingly

similar to the evolution of T . To make this precise, we have the following de�nition.

De�nition 2.4 (Khas'minskii [42], Kifer [43]): A family of Markov chains with

transition functions P

n

:M �B(M)! [0; 1] is called a small random perturbation

of T :M

�

�

�

if

lim

n!0

sup

x2M

�

�

�

�

Z

M

g(y)P

n

(x; dy)� g(Tx)

�

�

�

�

= 0 (2.9)

for every continuous g :M ! R.

The LHS of the di�erence in (2.9) represents the e�ect of random \noise" which is

added after applying the function T to the point x 2M . The integral averages the

value of g over the allowed noise neighbourhood. The requirement for a Markov

process to be a small random perturbation of T is roughly that the noise neigh-

bourhood applied after a transition from x coalesces about the deterministic image

Tx.
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Lemma 2.5: Our family of transition functions P

n

(�; �) is a small random pertur-

bation of T .

Proof: The idea of the proof is as follows. Set � = max

1�i�n

diamA

i

. A point

x 2 A

i

only has allowed transitions to points in simplices A

j

if m(TA

i

\ A

j

) > 0,

as T (A

i

\ T

�1

A

j

) = TA

i

\ A

j

and T is assumed non-singular. So if z 2 A

j

is the

random image of x 2 A

i

, kTx�zk � !

0

T

(�)+� where !

0

T

(�) represents the maximum

diameter of a set in T (P

n

).

Formally, de�ne

!

g

(�) = sup

x;y2M

kx�yk<�

jg(x)� g(y)j;

!

0

T

(�) = sup

x;y2M

kx�yk<�

kT (x)� T (y)k and

!

00

T

�1

(�) = sup

x;y2M

kx�yk<�

kT

�1

(x)� T

�1

(y)k:

�

�

�

�

Z

M

P

n

(x; dy) g(y)� g(Tx)

�

�

�

�

=

�

�

�

�

�

Z

M

n

X

j=1

�

A

j

(y)P

n;i

x

j

g(y) dm(y)� g(Tx)

�

�

�

�

�

=

�

�

�

�

�

n

X

j=1

Z

A

j

P

n;i

x

j

g(y) dm(y)� g(Tx)

�

�

�

�

�

�

n

X

j=1

Z

A

j

�

�

�

�

m(A

i

x

\ T

�1

A

j

)

m(A

i

x

)

g(y)� g(Tx)

�

�

�

�

dm(y)

�

n

X

j=1

Z

A

j

!

g

(!

0

T

(�(n) + !

00

T

�1

(�(n)))) dm(y)

= !

g

(!

0

T

(�(n) + !

00

T

�1

(�(n))))! 0 as n!1

If m(A

i

x

\ T

�1

A

j

) > 0 then A

i

x

and T

�1

A

j

intersect, and the greatest distance a

point in such an A

j

can be from Tx is less than !

0

T

(diamA

i

x

+ diamT

�1

A

j

) ; which

is less than !

0

T

�

�(n) + !

0

T

�1

(�)

�

. 2

For completeness we reproduce here the simple proof of Khas'minskii [42] that weak

limit points of invariant measures of small random perturbations are invariant mea-

sures of the unperturbed map. This is why we are so interested in small random

perturbations.

Proposition 2.6: Let f�

n

g

1

n=n

0

be a sequence of invariant measures obtained from

a sequence of transition functions fP

n

g

1

n=n

0

, and suppose that �

n

! ~� weakly. If

the family fP

n

g

1

n=n

0

is a small random perturbation of T , then ~� is T -invariant.

Proof: Let g 2 C(M;R).

�

�

�

�

Z

M

g(Tx) d~�(x)�

Z

M

g(x) d~�(x)

�

�

�

�

�

�

�

�

�

Z

M

g(Tx) d~�(x)�

Z

M

g(Tx) d�

n

(x)

�

�

�

�
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+

�

�

�

�

Z

M

�

g(Tx)�

Z

M

P

n

(x; dy)g(y)

�

d�

n

(x)

�

�

�

�

+

�

�

�

�

Z

M

g(x) d�

n

(x)�

Z

M

g(x) d~�(x)

�

�

�

�

:

The �rst and third terms go to zero by weak convergence and the middle term goes

to zero as the family fP

n

g is a small random perturbation. 2

We choose as our approximation of the physical invariant measure of T , the abso-

lutely continuous invariant measure �

n

of the Markov chain governed by P

n

.

Remark 2.7: After completing this work, I learned that G�ora [30] has also noted

that the Ulam formula may be thought of as representing a small random pertur-

bation of the map T . His transition function (translated into our language) reads

P(x;E) =

m(E \A

j

)

m(A

j

)

where Tx 2 A

j

: (2.10)

Although his perturbation is in a sense \tighter" than ours, it has the same unique

invariant measure (2.7) and may be described by the same matrix (2.4). G�ora does

not use the result of Khas'minskii, rather he just follows the proof of [50] in his

transition function framework.

2.2.3 A Simpler Representation of the Approximation

If our purpose of computing an estimate of a T -invariant measure is to perform a

space average of some continuous test function g :M ! R as in (2.2), our absolutely

continuous representation may be not the most suitable candidate for the estimate.

That is, it may be di�cult to numerically evaluate

Z

M

g d�

n

=

n

X

i=1

p

n;i

m(A

i

)

Z

A

i

g dm: (2.11)

Because ~� is merely a weak limit of the sequence f�

n

g

1

n=n

0

, at each �nite stage

we may vary �

n

by changing the distribution of mass within each partition set A

i

,

i = 1; : : : ; n, without changing the limit ~�. A simple redistribution would be to place

all the mass given to a partition set A

i

at a single point c

i

2 A

i

. The position of the

point c

i

within A

i

is unimportant; a simple choice in our situation would be to make

c

i

the centroid of the simplex A

i

. The new representation of our approximation

reads

�

n

(E) =

n

X

i=1

p

n;i

� �

c

i

(E): (2.12)

This is a convex combination of delta measures with each delta measure positioned

at a centroid of partition simplex. We have already seen an example of such a

measure in Figures 2.3 and 1.8. The end result of this singular representation is the

same as in x1.2.1, however our point of view here is slightly more sophisticated as
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we have considered a Markov chain with state space all of M , rather than a �nite

state Markov chain hopping between a �nite number of points as in Chapter 1. The

integration of a continuous test function g :M ! R may now be performed as

Z

M

g d�

n

=

n

X

i=1

g(c

i

)p

n;i

: (2.13)

2.3 Increasing the Accuracy of the

Approximation

We seek to estimate the measure ~� that arises as a weak limit of the invariant

measures f�

n

g of small random perturbations of T . Lemma 2.5 tells us that in

order to decrease the perturbations, we should decrease the maximal diameter of the

simplices in our partition. By appropriately re�ning our triangulation, we are able

to reduce the perturbations acting on T , and the evolution of the random system will

become increasingly similar to that of the deterministic system. Consider a sequence

of triangulations, with maximal radii �

1

> �

2

> � � � > �

n

� � �, such that lim

n!1

�

n

= 0.

Denote the corresponding transition matrices and their invariant densities by P

n

and

p

n

respectively. From the eigenvector p

n

we construct a probability measure �

n

using

either (2.7) or (2.12). The sequence f�

n

g

1

n=1

lies in M(M), the space of all Borel

probability measures on M . Since M is compact, so too is M(M) in the weak

topology, and we may extract a weak limit ~� from the sequence f�

n

g

1

n=1

, taking a

subsequence if necessary. We have just shown via Proposition 2.6 that ~� is in fact

an invariant measure of the map T . However, at this stage, it is di�cult to say

anything else, with regard to ~� having physical signi�cance.

2.3.1 How to Decompose the Simplices

The size of the perturbations are governed by the radii of the triangles, not the

volumes, so that any simplex decomposition technique must be radii reducing and

not simply volume reducing. In two dimensions, one may split a triangle up into four

identical triangles, each similar to the original, with half its diameter; see Figure

2.2.

Figure 2.2: Decomposition of simplices in two dimensions. Each of the smaller

triangles has a diameter half that of the original.

The vertices of the smaller triangles will consist of the original vertices as well as
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the midpoints of the sides of the original triangle. Since the images of all the points

in the original triangle are known, the images of the smaller triangles are easily com-

puted. In three dimensions, the decomposition problem is not as straight-forward,

as there is no regular splitting of a tetrahedron. By placing similar tetrahedrons of

half-diameter at each of the four corners of the original tetrahedron, one is left with

an octahedron in the middle. The octahedron may then be decomposed into four

more tetrahedra. The splitting methods we use are ones which reduce the diameter

of the simplex while not producing too many subsimplices. In any dimension there

is a natural way of splitting simplices called barycentric subdivision. However, this

subdivision reduces the diameter too slowly and produces too many subsimplices.

For example, in two dimensions, six subsimplices are created for a diameter reduc-

tion to two-thirds the original; our method produces four subsimplices for a diameter

reduction of one half. In three dimensions, barycentric subdivision would produce

24 subsimplices for a diameter reduction to only three-quarters the original. The

situation worsens in higher dimensions; in general, barycentric subdivision produces

(d + 1)! subsimplices for a diameter reduction of d=(d + 1) in dimension d.

In order to decrease the maximum perturbation, simplices whose image is large

or are themselves large should be targeted for splitting up. Because of the typically

large variation in simplex diameter, splitting up the larger simplices �rst is more

e�cient than blindly splitting up all the simplices the same number of times. Some

simplices may initially need to be split repeatedly a number of times in order to

reduce their diameter to a level comparable to most simplices in the triangulation.

We may make the simplices as small as we desire, (subject to computer time and

memory constraints), thus reducing the perturbations, and increasing the accuracy

of our estimate of the invariant measure.

2.4 Examples

For ease of presentation, we restrict our examples to the two-dimensional case, and

estimate invariant measures of the H�enon map T

1

:M

�

�

�

, M � R

2

T

1

(x; y) = (�1:4x

2

+ y + 1; 0:3x) (2.14)

and a nonlinear torus map T

2

: S

1

� S

1

�

�

�

T

2

(x; y) = (y + 0:1 sin(2�x) + 2x+ 0:2 cos(2�x); x+ 0:1 cos(2�x)) (mod 1):(2.15)

We give three examples, two for the H�enon map and one for the torus map.

2.4.1 H�enon

The �rst example is an estimation of the physical invariant measure of the H�enon

map from an 80 point orbit. The triangles and centroids of the non-transient states
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of the induced Markov chain are shown in Figure 1.2. To decrease the radii of the

triangles, each of the triangles were split up twice, so that the resulting maximal

triangle diameter was a quarter of its original value. After computing the transition

matrix, it is easy to see that some states may be neglected immediately. If the

transition matrix has a column of zeros, that is, P

ij

= 0 for all i = 1; : : : ; n for some

j, then state j may be thrown away. This is because a column of zeros in the j

th

position means that all image simplices have empty intersection with A

j

; that is,

nothing is mapped into A

j

. After throwing away such states, there are still other

states which do have pieces of simplices mapped into them, but these may only be

visited �nitely many times by the chain. That is, with probability 1, the Markov

chain enters a state from which it is impossible to return to these states. These

states are called transient and have zero weight; we are concerned only with the

non-transient states as they are the ones that contribute to the approximation of the

invariant measure. In this example, the original triangulation had 124 triangles, 4 of

which corresponded to zero column sums of the transition matrix. These four were

neglected, and the remaining 120 split up twice, discarding simplices not intersecting

the image triangulation after the �rst splitting. This produced 628 triangles, 437 of

which intersected the image triangulation, 366 of these being non-transient. Both the

singular and absolutely continuous representations of the estimates of an invariant

measure of a reconstruction obtained from the 80 point orbit are shown in Figures

2.3 and 2.4.
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Figure 2.3: Singular approximation of an invariant measure of the H�enon map using

an 80 point orbit. The measure is a convex combination of 366 delta measures, which

are shown as spikes in this two-dimensional plot. The base of the spike represents

the position of the support of the measure and the height represents the relative

weight given to the centroid.

Our second example is an illustration of what e�ect smaller perturbations have
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Figure 2.4: Absolutely continuous approximation of the invariant measure of the

H�enon map using an 80 point orbit and 366 triangles. Darker shades of grey represent

regions of higher density.

on the estimates of the invariant measures. Here we use 87 data points, chosen so

that the triangles are smaller than those arising from a typical orbit of 87 points. The

non-transient triangles are shown in Figure 1.7. We are able to remove 53 triangles

straight away without any splitting. The H�enon attractor has a large gap between

the two \arms" on the left hand side, so that triangulations arising from a time series

always produce large triangles spanning this gap. It should be noted, however, that

these triangles are not as large as they appear, because of the di�erence in the

scaling of the two coordinates. The action of the map is also such that triangles

that are mapped onto one of the \arms" are stretched into long, thin triangles with

large diameter. By choosing points which are more equally spaced throughout the

convex hull of the data points, these problems are avoided. Of course, we can split

up the triangles generated by a time series so that they are as small as we please; it

just takes time. Starting with specially chosen data points speeds things up.

We applied the splitting procedure twice, preferentially targeting larger triangles

and triangles with large images. The �rst splitting produced 482 triangles, 339

of which intersected the image, with 314 of these being non-transient. The 339

triangles were again split up to obtain 1047 simplices, with 764 intersecting the

image triangulation and 708 non-transient. Both representations of the estimates

of the measures are shown in Figures 1.8 and 2.5. The values of the maximum and

mean perturbation for both reconstructions of the H�enon map are shown in Table

1.4.

Kohda and Shinji [46] have estimated an invariant measure of the H�enon map us-

ing a related method. They approximate the in�nite dimensional Perron-Frobenius

operator by a �nite dimensional operator, and compute the �xed point of this simpler

operator. Fixed points of the Perron-Frobenius operator correspond to absolutely
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Figure 2.5: Absolutely continuous approximation of the invariant measure using

708 states. Darker shades of grey represent regions of higher density.

continuous invariant measures, and they informally argue that the density obtained

from their �nite dimensional approximation is close to an important invariant mea-

sure of the H�enon system. We shall be considering the Perron-Frobenius operator

approach later.

2.4.2 Nonlinear Torus Map

Our third example estimates the invariant measure of the nonlinear torus map (2.15).

We use an 11 point orbit to reconstruct the piecewise linear approximation, with

the resulting triangulation containing 20 simplices. For calculation and pictorial

representation of the invariant density, we unwrap the torus onto the unit square,

identifying opposing edges and giving them the same orientation. An orbit of length

10 000 generated by the piecewise linear map is shown in Figure 2.6; an almost

identical distribution appears for long orbits generated by the true map. Figure

2.7 is the absolutely continuous approximation of the invariant density, using the

original 20 triangles. The 10 000 point orbit was then used to compute a histogram

on the 20 set partition, the result is shown in Figure 2.8.

Comparing Figures 2.7 and 2.8 we see that even with large perturbations the

approximation on this coarse partition is not too bad. The partition was re�ned by

splitting up the triangles as before to reduce the maximal diameter. The splitting

produced 200 triangles, all of which are non-transient. The corresponding pictures

to Figures 2.7 and 2.8 are shown in Figures 2.9 and 2.10.

Again we see that these densities are not very di�erent, suggesting that the

approximation of Figure 2.9 is reasonable. One should keep in mind that this ap-

proximation has been generated from an orbit of only eleven points. Table 2.1 shows

the perturbation values for the original and split triangulations.

Similar work has been done in Mees et al. [55], where the invariant density of
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Figure 2.6: Orbit of length 10 000 generated by the piecewise linear approximation

to (2.15) using an orbit of length 11. The piecewise linear approximation is a good

one in the sense that long orbits generated by the true map have similar distributions.

Here the torus has been unwrapped onto the unit square.
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Figure 2.7: Absolutely continuous approximation of the invariant measure of (2.15)

using an 11 point orbit and a partition of 20 triangles. Darker shades of grey

represent regions of higher density. The torus has been unwrapped onto the unit

square.

(2.15) is estimated from 11 and 101 point orbits using the technique of [46]. The

method used to �nd the forward image of the triangulation on the torus is detailed

in [55].

2.4.3 \Pushing Forward" the Approximation

As a possible way of increasing the accuracy of the approximations, one could map

the approximate measure forward one step. For example, in the case of the singular
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Figure 2.8: Histogram generated by the 10 000 point orbit in Figure 2.6 using the

20 set partition shown in Figure 2.7.
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Figure 2.9: Absolutely continuous approximation of the invariant measure of (2.15)

using an 11 point orbit and a partition of 200 triangles.

approximation, we take the spike with base c

i

and reposition it at T (c

i

). In the

case of the absolutely continuous approximation, the weight given to A

i

is now

spread uniformly over T (A

i

). All of this amounts to a mapping T

�

: M(M)

�

�

�

from the space of Borel probability measures on M to itself, given by T

�

(�) =

� � T

�1

. By de�nition, the exact invariant measure will be a �xed point of T

�

, so

good approximations of the exact invariant measure will not change a great deal

under T

�

. Because the dynamical system typically has an attractor, it is reasonable

to suppose that mapping the measure forward will increase the accuracy of the

support of the measure, because it will be attracted towards the attractor. This

argument has been made rigorous [43] p.143 for uniformly hyperbolic attractors

using shadowing properties. For Axiom A attractors, it is known that the (unique)
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Figure 2.10: Histogram generated by the 10 000 point orbit in Figure 2.6 using the

200 set partition shown in Figure 2.9.

Table 2.1: Perturbation Values of the Original and Split Triangulations of the

Nonlinear Torus Map.

Number of Number of Maximum Mean

Data Points Non-Transient States Perturbation Perturbation

11 20 0.4932 0.1753

11 200 0.2456 0.0621

limit point of repeated push-forwards of any absolutely continuous measure with

support contained in the basin of attraction is the SBR measure [62]. So roughly

speaking, pushing forward our absolutely continuous approximation enough should

improve its accuracy. To satisfy the reader's curiosity, Figures 2.11{2.13 show the

results of mapping forward the approximations to the invariant densities of our three

examples. As far as the accuracy of the support goes, Figures 2.11 and 2.12 show

marked improvements. Figure 2.13 compares favourably with Figure 2.6.

2.5 Does Any Small Random PerturbationWork?

Our numerical experiments have been encouraging. They seem to suggest that as we

reduce the magnitude of the special type of noise we are applying to our deterministic

system (M;T ), the sequence of unique invariant measures of the perturbed systems

converge to the \physical" invariant measure of T , or at least the measure that

seems to show up upon computer iteration of T . At this stage, we may be feeling

particularly con�dent and suggest that all small random perturbations will behave

in this way, somehow magically seeking out the physical measure in their zero-noise
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Figure 2.11: Singular approximation of the invariant measure of the H�enon map

using an 80 point orbit. The measure is a convex combination of 366 delta measures,

constructed by placing the weight given to the centroid c

i

at the position T (c

i

). In

other words, if �

n

is the measure shown in Figure 2.3, then this measure denoted

�̂

n

equals �

n

� T

�1

.

-1 -0.5 0 0.5 1

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0
0.01
0.02

Figure 2.12: Singular approximation of the invariant measure of the H�enon map

using 87 data points to produce a convex combination of 708 delta measures. If �

n

is the measure shown in Figure 1.8, then this measure denoted �̂

n

equals �

n

� T

�1

.

limit. Sadly this is not true as the following simple (slightly modi�ed) example from

Keller [39] illustrates.

Example 2.8: Consider the C

2

expanding circle map T : S

1

�

�

�

, given by x 7! 2x

(mod 1). Lebesgue measure on S

1

is the unique absolutely continuous invariant

measure for T . Our map has a �xed point at zero, so the idea is to come up with

a sequence of small random perturbations with the limiting zero-noise invariant
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Figure 2.13: Absolutely continuous approximation of the invariant measure of the

nonlinear torus map (2.15) using an 11 point orbit. This measure is constructed by

spreading the weight given to A

i

uniformly throughout T (A

i

). In other words, if �

n

is the measure shown in Figure 2.9, then this measure denoted �̂

n

equals �

n

� T

�1

.

measure being �

0

. Let P

n

= fA

0

; : : : ; A

n

g be a partition of S

1

into subintervals with

0 2 A

0

. For x 62 A

0

we don't really care what P

n

(x; �) is, so long as it's a probability

measure with support near Tx (to make it a small random perturbation). We will

let our perturbed orbits run around until they enter A

0

, and then the orbit will

become trapped in A

0

. For example, de�ne

P

0

n

(x; �) =

�

normalised Lebesgue measure on A

0

. x 2 A

0

�

Tx

x 62 A

0

(2.16)

Clearly, the unique invariant measure �

0

n

of P

0

n

is normalised Lebesgue measure on

A

0

. We have �

0

n

! �

0

weakly as the equipartition P

n

is re�ned, thus producing a

non-physical measure as a limit of noisy systems.

Remark 2.9: Eckmann and Ruelle [22] have a discussion on zero-noise limit mea-

sures, stating that they were suggested by Kolmogorov as candidates for physical

measures. It is mentioned in [22] that for Axiom A systems, these Kolmogorov mea-

sure are well de�ned and coincide with the invariant measures that are exhibited by

the orbits of Lebesgue almost all points inM . They must have been talking about a

particular type of noise (probably uniform i.i.d. perturbations), as we shall see that

by changing our noise, we may produce an in�nity of ergodic non-physical measures

in the zero-noise limit.

Example 2.8 is rather contrived and one may be tempted to say that this sort of thing

wouldn't happen when we use the perturbation given by (2.5). Our perturbations

satisfy the following two properties.

(i) If T is expanding, m(suppP(x; �)) > m(A

i

x

), where A

i

x

is the unique partition

set containing x.
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(ii) For every x 2 X, P(x;B

�

(Tx)) > 0 for every � > 0, or, putting it another way,

x 2

S

i

IntA

i

=) B

�

(Tx) � suppP(x; �) for all su�ciently small �.

Property (i) says that our perturbations are continually spreading out mass, since

TA

i

x

� suppP(x; �), and if T is expanding, m(TA

i

x

) > m(A

i

x

). This means that

the perturbed image of a point x 2 A

i

x

may lie in a number of other partition sets, as

the image of A

i

x

is usually stretched to cover more than just one partition set. Such

a stretching argument also holds for hyperbolic maps, where it is common to have

m(suppP(x; �)) > m(A

i

x

). If our physicalmeasure is absolutely continuous (as in the

case of expanding maps and Anosov maps that admit absolutely continuous invariant

measures), shouldn't this continual spreading out of mass remove the possibility of

picking up a singular (and hence non-physical) measure as a limit point?

The modi�ed example of Keller does not satisfy property (i) nor (ii). His per-

turbation does not in any way \spread out" the mass in phase space. In addition,

whenever x 2 A

0

, he always perturbs Tx onto some point in A

0

, which may not lie

in a small �-ball about Tx. However, we shall see that even when one considers small

random perturbations satisfying (i) and (ii), there are still examples that provide us

with a non-physical limit measure.

2.5.1 An \Uncontrived" Numerical Example

We present an example of a random perturbation satisfying (i) and (ii) that ap-

pears numerically to have a non-physical measure at its zero-noise limit. Suppose

that we only used the fact that partition sets and their inverse images intersected

to construct our transition matrix P , and ignored the information concerning the

Lebesgue measure of these sets. We consider constructing a transition matrix using

(2.4) and then setting each of the nonzero entries in a row to be equal. Precisely,

P

0

ij

=

(

0; if m(A

i

\ T

�1

A

j

) = 0

1= cardfj : m(A

i

\ T

�1

A

j

) > 0g; otherwise.

(2.17)

Under this random perturbation, points would move into any of the allowable im-

age sets with equal probability, rather than being weighted according to areas of

intersection. The map T : [0; 1]

�

�

�

we shall use for this example is piecewise C

2

.

De�ne

Tx =

(

2x=(1 � x); 0 � x < 1=3,

(1� x)=2x; 1=3 � x � 1.

(2.18)

T has a unique absolutely continuous invariant measure � with density h(x) =

2=(1 + x)

2

. Transition matrices P

n

and P

0

n

were constructed according to (2.4) and

(2.17) respectively on equipartitions of the unit interval of cardinality n = 3; 6, 12,

24, 48, 96, and 192. Approximate invariant measures �

n

and �

0

n

were calculated from

the left eigenvectors of the two matrices. In the cases n = 24; 96, and 192, orbits

of the perturbed system (of length 12 000, 48 000 and 96 000 respectively) were
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computed and histograms formed on the corresponding equipartitions; see Figures

2.14 and 2.15. We denote by �

n

and �

0

n

the densities of �

n

and �

0

n

respectively;

these densities are piecewise constant (constant on each partition set). To evaluate

the accuracy of these measures we compute the L

1

norm of �

n

� h

n

, where h

n

is

best piecewise constant L

1

approximation to h, formed by averaging h over each

partition set.
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Figure 2.14: Approximate invariant densities for the map (2.18) using an equipar-

tition of 24 subintervals. The plots in the left column are respectively, from top to

bottom, (i) the approximate density as calculated from a left eigenvector of P

0

24

(un-

weighted); the true density h(x) = 2=(1+ x)

2

is shown dotted, (ii) the approximate

density as calculated from a random orbit of length 12 000 and histogrammed on

the 24 sets, and (iii) a plot of x

k+1

vs. x

k

for the truncated random orbit fx

k

g

10000

k=1

.

The second column shows the same quantities calculated from the (weighted) matrix

P

24

.

On inspection of Figure 2.14 alone, we may think that our unweighted perturba-

tion is approaching the absolutely continuous invariant measure h, albeit at a much

slower rate than the weighted approximation given by P

n

. This slower rate of ap-

proach could be due to the fact that we have thrown away some information (namely

the ratios of lengths of intersections of the partition sets with their inverse images),

so that in e�ect P

0

n

represents some \lower order" approximation to T . However,

looking at the 96 subinterval case raises some doubts, as �

0

96

doesn't appear to be

any nearer to h than �

0

24

. Certainly the numerical results in Table 2.2 do not at all

suggest that �

0

n

is converging to h in the L

1

norm (in other words �

0

n

6! � strongly).

Now we know that f�

0

n

g has a cluster point in the weak topology, and that this
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Figure 2.15: Approximate invariant densities for the map (2.18) using an equipar-

tition of 96 subintervals. The plots in the �rst column are respectively, from top

to bottom, (i) the approximate density as calculated from a left eigenvector of P

0

(unweighted); the true density is shown dotted, (ii) the approximate density as cal-

culated from an orbit of length 48 000 and histogrammed on the 96 sets, and (iii) a

plot of x

k+1

vs. x

k

for the truncated orbit fx

k

g

10000

k=1

. The second column shows the

same quantities calculated from the (weighted) matrix approximation P .

cluster point is a T -invariant measure. We conjecture that �

0

n

is converging to some

other T -invariant measure, perhaps just as quickly as �

n

approaches h. To test this

numerically is a little tricky as we are dealing with weak convergence, and there is

no easily computable metric that generates this topology onM(M)

2

. By de�nition,

�

n

! � weakly if

R

M

g d�

n

!

R

M

g d� as n ! 1 for every g 2 C(M;R). We

make a rough attempt at testing if the distance between �

0

n

and �

0

n

� T is going

to zero by comparing the measures on a coarser histogram. Precisely, we gener-

ate matrices P

768

and P

0

768

(using an equipartition of cardinality 3 � 2

8

= 768) and

compute �

768

and �

0

768

, as well as T

�

�

768

and T

�

�

0

768

. From these measures, his-

tograms �

(50)

768

; �

0

(50)

768

; (T

�

�

768

)

(50)

; and (T

�

�

0

768

)

(50)

are generated on an equipartition

of 50 sets; see Figure 2.16. Producing a histogram on a coarser partition is meant to

simulate the \smoothing" e�ect on the measure induced by integrating a continuous

function. The L

1

vector norms of �

(50)

768

� (T

�

�

768

)

(50)

and �

0

(50)

768

� (T

�

�

0

768

)

(50)

were

calculated to be 0.0452 and 0.0511 respectively, indicating that �

0

768

is almost as

close to being T -invariant as �

768

is. As �

0

768

is quite di�erent from �

768

it appears

that �

0

n

is converging to a non-physical invariant measure.

2

see Walters [74] and Diamond et al. [19] for examples of such metrics.
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Table 2.2: Numerical data obtained from computed \random" orbits of (2.18) gen-

erated using P

n

and P

0

n

from equipartitions of cardinality n =3, 6, 12, 24, 48, 96,

and 192. The values in the \Error" columns are computed using the left eigenvec-

tors of P

0

n

and P

n

; those in parenthesis are computed from a random orbit of length

500n and the resulting histogram on n bins. The average perturbation is calculated

from an arithmetic average of the perturbations encountered along the random test

orbits.

Number of Unweighted Weighted Average Average

subintervals Perturbation Perturbation Perturbation Perturbation

n Error Error (unweighted) (weighted)

n k�

0

n

� h

n

k

1

k�

n

� h

n

k

1

3 0.1000 0.0480 - -

6 0.1156 0.0236 - -

12 0.2237 0.0168 - -

24 0.2067(0.2046) 0.0071(0.0313) 0.0395 0.0348

48 0.2231 0.0033 - -

96 0.2366(0.2486) 0.0019(0.0366) 0.0102 0.0088
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Figure 2.16: Approximate invariant measures for the map (2.18) generated from

P

0

768

. The plots on the left are, from top to bottom, (i) the approximate density as

calculated from a left eigenvector of P

0

768

(unweighted); (ii) The push-forward of the

measure shown in (i). The plots on the right are the histograms produced on an

equipartition of 50 sets, designed to \smooth out" the corresponding plots on the

left.
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2.5.2 A Contrived Counterexample

We now present an example of a family of random perturbations obtained by varying

the non-zero entries of our matrix P

n

. It is proven that the zero-noise limit measure

is singular. We use the transformation T : S

1

�

�

�

de�ned by

Tx =

(

3x; 0 � x < 1=3,

3

2

x�

1

2

; 1=3 � x < 1,

(2.19)

and choose fP

n

g

1

n=n

0

to be a family of increasingly re�ned Markov partitions. The

following construction works for C

2

expanding maps (in d-dimensions) and Anosov

di�eomorphisms (in two dimensions). Our 2

n

� 2

n

transition matrix P

n

is

P

n;ij

=

8

>

<

>

:

1=3; j � 2i� 1 (mod 2

n

),

2=3 j � 2i (mod 2

n

),

0 otherwise.

(2.20)

By inserting the matrix P

n

into equation (2.5), we obtain our transition function

P

n

(�; �). To construct our counterexample, we make use of the coding of T through

its Markov partition and de�ne its (unweighted) transition matrix,

P

0

n;ij

=

8

>

<

>

:

1=2; j � 2i� 1 (mod 2

n

),

1=2 j � 2i (mod 2

n

),

0 otherwise.

(2.21)

The unique �xed vector of P

0

n

is p

0

n

= [

1

2

n

; : : : ;

1

2

n

]. We again construct a small

random perturbation P

0

n

(�; �) by inserting the matrix P

0

n

into equation (2.5). Note

that suppP

0

n

(x; �) = suppP

n

(x; �) for every x 2 M , and each n = 1; : : : : The

invariant measures

�

0

n

=

2

n

X

i=1

m(E \A

i

)

m(A

i

)

� p

0

n;i

=

2

n

X

i=1

m(E \A

i

)

m(A

i

)

�

1

2

n

;

converge to a limiting measure �

0

, which is invariant. As �

0

gives each partition set

in P

n

weight 2

�n

, and the smallest partition set in P

n

has length 3

�n

, it is possible

to construct sets of arbitrarily small Lebesgue measure that have �

0

-measure at least

1/2. Thus �

0

is not absolutely continuous with respect to Lebesgue measure (see

also Remark 2.10 (i)).

This example was implemented on computer for n = 5, by constructing the

matrices P

5

and P

0

5

, each de�ning a transition function as above. The invariant

densities of both random perturbations were calculated as a left eigenvectors of the

transition matrices. In addition, perturbed orbits of length 121 500 (500�243) were

computed, and a histogram formed on a equipartition of 243 = 3

5

sets (the size of

the smallest subinterval in P

5

is 1=243.); see Figure 2.17.
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Figure 2.17: Attempts at approximating the absolutely continuous invariant mea-

sure of (2.19) using transition functions obtained from the transition matrices P

5

and P

0

5

. In the left column, from top to bottom, (i) the invariant density of the sys-

tem governed by P

5

, computed as a left eigenvector, (ii) the (approximate) invariant

density of the system governed by P

5

, computed from an orbit of length 121 500 and

histogrammed on a equipartition of cardinality 243, and (iii) a plot of x

k+1

vs. x

k

for the truncated orbit fx

k

g

10000

k=1

of the system governed by P

5

. In the right column

we have the same objects, calculated using P

0

5

in place of P

5

.

Remarks 2.10:

(i) The invariant measure �

0

just constructed is the equilibrium state

3

of T corre-

sponding to the weight function � � 0. As such, �

0

is the measure of maximal

entropy for T , is ergodic, and singular with respect to Lebesgue measure. In

the case where T is C

2

expanding or Anosov, there is a unique (ergodic) equi-

librium state for every H�older weight function �. More generally, if T is an

expansive homeomorphism of a compact metric space and the topological en-

tropy h(T ) < 1, then there is a dense subset of C(X;R) for which T has a

unique (ergodic) equilibrium state; see [74] Theorems 8.2, 9.13 and Corollary

9.15.1. We may thus construct in the same way as above an in�nity of random

perturbations, with none of the limiting invariant measures being absolutely

continuous. This has been achieved by just slightly varying the non-zero en-

tries in the stochastic matrices P

n

.

(ii) Hsu [36] has a �nite method (called Generalised Cell Mapping) of estimating

3

This will be discussed further in Chapter 3.
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the physical invariant measure of a map, though he does not refer to it as

such. He splits the space into a grid of cells, and selects a number of test

points (m � 10 � 25) in each cell. A transition matrix is constructed by

setting

P

ij

= fraction of selected points in cell i mapped into cell j by T . (2.22)

The long term distribution of an orbit of T is approximated by the \cell proba-

bility vector", computed as the �xed vector of P . By an unfortunate selection

of test points within each cell, Hsu's method will fail. If the entries of the

transition matrix are suitably chosen, arguments similar to those in this sec-

tion will show that Hsu's cell probability vectors converge to a non-physical

invariant measure.

2.6 Discussion

We have described a method of approximating an invariant measure of a reconstruc-

tion of a dynamical system from a �nite set of data. The measure is constructed

as a zero-noise limit of a sequence of noisy systems each with a unique invariant

measure. The approximation may be made as accurate as desired, subject to com-

puting accuracy, time and memory. Although we have only considered estimating

an invariant measure of the reconstructed system, we can do better than this if we

have more data points at our disposal. If the diameter of the triangles goes to zero,

by virtue of there being more data points made available, rather than splitting them

up, the limiting measure is an invariant measure of the true system. This is because

the accuracy of the reconstruction also depends on the diameter of the triangles.

Splitting the triangles increases the accuracy of the Markov chain representation,

but adds no new information to the reconstruction. To expect a better approxima-

tion of an invariant measure of the true map, one requires more information in the

form of more data points.

We argued earlier that the measure � we extract has physical signi�cance as it

arises as a limit of noisy systems and so is in some sense robust with respect to small

random perturbations. Though our H�enon and 2-torus numerical examples appeared

encouraging, we saw in x2.6 that this argument was naive and 
awed. Invariant

measures arising as limits of invariant measures of noisy systems are certainly robust

with respect to the particular random perturbations we apply to compute them, but

they are not robust with respect to any random perturbation. While we were able to

�nd perturbations that produced a non-physical invariant measure in the zero-noise

limit by varying the non-zero entries in our matrices P

n

, we have not been able to

�nd a map T possessing an SBR measure such that our approximations �

n

do not

approach it.

In the case where T has an Axiom A attractor there are some known results.

Kifer [43] has a number of technical hypotheses on the transition function P

n

that
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guarantees that the limiting measure is the SBR measure. An example of a pertur-

bation that satis�es his hypothesis is P

n

(x; �) = Symmetric Gaussian distribution

centred on Tx. Young [79] considers random perturbations generated by i.i.d. ran-

dom compositions of maps T

k

� T

k�1

� � � � � T

1

where each T

i

is C

1

-near T . At

each iteration, one reaches into a \bag of maps", selecting one with probability

according to a probability measure �

�

on C

1

(M;M). As �

�

! �

T

(noise goes to

zero), the invariant measures �

�

on M for the noisy systems approach the SBR

measure of T . An example of this sort of perturbation is one with transition func-

tion P

�

(x; �) = uniform distribution on an �-ball centred on Tx. Our Markov pro-

cess (2.5) may also be rewritten as an i.i.d. random composition of maps near T ,

however these maps are only C

0

-close to T . Furthermore is may be shown that in

the one-dimensional expanding case, our transition function P

n

does not admit a

representation � on C

1

(M;M) using only expanding maps C

1

-close to T , and so a

proof along the lines of [79] is not possible.

A property common to both Kifer's and Young's transition functions is that they

are continuous in the �rst variable (x 7! P(x; �) is continuous in the weak topology).

This is a natural assumption if one is considering perturbed systems based on real-

world noise. The di�culty with using such transition functions to compute the SBR

measures of a map T is that calculating the (unique) invariant measure of P

n

is

no easier than calculating �

SBR

itself. For numerical purposes one really needs a

discontinuous random perturbation (or a �nite-dimensional approximation of the

Perron-Frobenius operator). Our class of perturbations are decidedly discontinuous

in the space variable, jumping as we cross the boundaries of our partition sets.

I believe that the reason our construction seems to work so well is because it is

something more than just \any old random perturbation". The entries of the matrix

contain more information than merely \yes/no" intersection information. We pursue

this extra information idea in the next chapter.



Chapter 3

Finite Approximation of

Sinai-Bowen-Ruelle Measures for

Anosov Systems in Two

Dimensions

3.1 Introduction

We have seen that the estimation of physical measures is a very di�cult problem;

even the existence of a physical measure is unproven for most systems. In this

chapter, we restrict ourselves to systems which are known to possess a unique phys-

ical measure. We shall also use special partitions of M which give the entries of

our matrices P

ij

a new interpretation, capturing something of the dynamics of T .

In one dimension, absolutely continuous invariant measures are considered to be

important from a computational point of view because it is absolutely continuous

measures that show up on computer simulations for most starting points. If � is an

ergodic absolutely continuous invariant probability measure for any Borel measur-

able T : [0; 1]

�

�

�

, then by the Birkho� Theorem [53, 74] we have

lim

n!1

1

n

n�1

X

i=0

g(T

i

x) =

Z

[0;1]

g d�; (3.1)

for � almost all x 2 [0; 1] and any continuous g : [0; 1] ! R. If � � Leb, (� �

Leb and � � Leb), we may as well say that (3.1) holds for Lebesgue almost all

x 2 [0; 1]; � is clearly the unique measure with this property. In this sense, it seems

natural to call absolutely continuous measures \physical" measures, and ignoring

round-o� errors, it is not so surprising that such measures commonly show up in

computer simulations. There is an analogue of absolutely continuous measures for

well-behaved higher dimensional systems, such as Anosov and Axiom A maps. This

measure is known as a Sinai-Bowen-Ruelle (SBR) measure [8, 9, 62], denoted �

SBR

0

The material in this chapter has appeared in Froyland [24].

64
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and has the property that it is exhibited by Lebesgue almost all initial points in the

Anosov case and Lebesgue almost all points in a fundamental neighbourhood for

Axiom A maps. More formally, we have the following theorem

Theorem 3.1 (Bowen, Ruelle [8, 9, 62]): For T : M

�

�

�

a C

2

Axiom A dif-

feomorphism with fundamental neighbourhood U � M satisfying fU � U , and

invariant attracting set � =

T

1

i=0

T

i

U , we have

lim

n!1

1

n

n�1

X

i=0

g(T

i

x) =

Z

M

g d�

SBR

(3.2)

for Lebesgue almost all x 2 U and any given continuous g :M ! R. In the case of

Anosov di�eomorphisms, U = � =M .

Throughout this chapter, T satis�es the conditions of this theorem.

In 1976, Tien-Yien Li [50] resolved a conjecture of Ulam [72] by showing that

the unique absolutely continuous invariant measure of a one-dimensional piecewise

C

2

expanding map could be estimated using a �nite-rank approximation of the

Perron-Frobenius operator. The unit interval was partitioned into a �nite number

of subintervals fI

i

g

m�1

i=0

and the length of overlap of inverse images of the subintervals

produced the matrix approximation

P

ij

=

` (T

�1

(I

j

) \ I

i

)

`(I

i

)

(3.3)

to the in�nite-dimensional Perron-Frobenius operator acting on the �nite-dimensional

function space with basis f�

I

1

; : : : ; �

I

n

g; ` is one-dimensional Lebesgue measure.

The �xed left eigenvector of P de�ned a piecewise constant approximation of the

absolutely continuous invariant measure. As the maximum length of the subin-

tervals went to zero by re�ning the partition, strong limit points of the piecewise

constant approximations gave the unique absolutely continuous invariant measure.

Our goal was to extend this construction to dimensions � 1 to provide us with a

�nite approximation of the SBR measure of a given system, when it exists. Li's

proof depended on bounded variation arguments, in particular the Lasota/Yorke

inequality [48], which says that for expanding interval maps, the Perron-Frobenius

operator does not increase the variation of densities too much. Even if we could use

some higher dimensional version of bounded variation, such a result is simply not

true for the Perron-Frobenius operator of di�eomorphisms. A completely new proof

technique had to be devised. To my knowledge the work in this chapter is the only

rigorous extension of the Ulam approximation to non-expanding systems.

Keeping with the construction of Chapter 2, we partition the space M into n

sets fA

i

g

n

i=1

with

S

n

i=1

A

i

=M and IntA

i

\ IntA

j

= ; for i 6= j and de�ne

P

ij

=

m (T

�1

(A

j

) \A

i

)

m(A

i

)

;
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where m is normalised Riemannian volume on M . For the purposes of this chapter,

we insist that the partition P

n

= fA

1

; : : : ; A

n

g is a Markov partition. As before, we

re�ne our partition, decreasing the diameter of the partition sets. At each stage we

compute a measure �

n

as a left eigenvector of P

n

and extract a limiting measure �.

Our main result is that � is the physical (SBR) measure of T . Precisely,

Theorem 3.2 (Main Result): Let T : M

�

�

�

be a C

2

Anosov di�eomorphism

(resp. expanding C

2

map) of a smooth compact 2-dimensional (resp. d-dimensional)

Riemannian manifold M , and denote by m normalised Riemannian volume. Let

P

n

= fA

1

; : : : ; A

n

g, n = 0; 1; : : : be a sequence of Markov partitions of M with

max

1�i�n

diamA

i

< �(n) for all n � 0 and �(n)! 0 as n!1. De�ne

P

n;ij

=

m (T

�1

(A

j

) \A

i

)

m(A

i

)

: (3.4)

Let p

n

be the normalised left eigenvector of P

n

of eigenvalue 1, that is, p

n

P

n

= p

n

,

and de�ne

�

n

(E) =

n

X

i=0

m(E \ A

i

)

m(A

i

)

� p

n;i

: (3.5)

The sequence f�

n

g converges to the SBR measure of T .

Remarks 3.3: We persist with our abuse of notation, talking about P

n

, P

n

, P

n

,

and �

n

for n = 1; 2; : : :, suggesting that the cardinality of P

n

takes on every positive

integer value as we re�ne the partition. This is not the case. In practice we clearly

must choose sparsely distributed values of n, perhaps doubling or quadrupling the

cardinality of P each time we construct a matrix. For brevity, we avoid indexing

the cardinality of P

n

with a sequence fn

i

g and prefer just to say that P

n

has n sets.

Parentheses about the set A

j

in de�nition (3.4) have been added in this chapter as

we shall encounter slightly more complicated notation later. The order of the sets

A

i

and T

�1

A

j

has been reversed in this chapter; it is hoped that does not overly

inconvenience the reader.

We give an outline of our approach. To show that the limitingmeasure is T -invariant,

we appeal to Proposition 2.6. We then introduce equilibrium states (special invariant

measures) of T with respect to weight functions �. It is known [8, 9, 62] that for

a special weight function, namely � log(local expansion in unstable directions), the

equilibrium state of T is the SBR measure. We use the relative areas of intersection

of the partition sets with their inverse images to provide us with an approximation of

the special weight function. It then turns out that the appropriate matrix equation

to solve to obtain an approximate equilibrium state is none other than (3.4).
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3.2 Equilibrium States

We consider the pressure of T with respect to a weight function � :M ! R de�ned

by

�

T

(�) = sup

�2M(M;T )

�

h

�

(T ) +

Z

M

� d�

�

(3.6)

where h

�

(T ) is the measure-theoretic entropy of T , and M(M;T ) is the space

of all T -invariant Borel probability measures. For the weight function �

(u)

(x) =

� log

�

�

detDT (x)j

E

u

x

�

�

, where E

u

x

is the unstable subspace at x, the measure which

maximises the quantity h

�

(T ) +

R

M

�

(u)

d� is the SBR measure [8, 9]. We will use

symbolic dynamics to compute an approximation to this maximal measure, known

as the equilibrium state for the weight function �

(u)

. De�ne

B

ij

=

�

0; if T

�1

IntA

j

\ IntA

i

= ;

1; otherwise.

Let �

n

= f1; : : : ; ng

Z

, and de�ne the right shift � : �

n

�

�

�

as in x1.3. The matrix B

de�nes a �-invariant subset �

B

= fx

~

2 �

n

: B

x

i

x

i+1

= 1 for all i 2 Zg of allowable

sequences. Given a bi-in�nite sequence (: : : ; x

�1

; x

0

; x

1

; : : :) 2 �

B

, there is a unique

point in x 2 M with the property that T

i

(x) 2 A

x

i

for all i 2 Z. We denote the

mapping from a sequence x

~

2 �

B

to its corresponding point x 2M by �. We have

the following commutative diagram; � : �

B

!M is continuous and surjective.

�

B

�

�! �

B

?

?

y

�

?

?

y

�

M

T

�! M

If T is transitive (resp. mixing) then � is transitive (resp. mixing); see Proposi-

tion 3.19 [8]. If we remove the boundary points of the partition, along with all of

their forward and inverse images, � is bijective on the remaining (residual) set; see

Theorem 3.18 [8]. That is, � is bijective on M n

S

j2Z

T

j

(

S

n

i=1

@A

i

).

For � :M ! RH�older, there is a unique equilibrium state (Theorem 4.1 [8]) and

the equilibrium state for � is the projection of the equilibrium state for ' = � � � :

�

B

! R under �; that is, �

�

= �

�

�

'

. Thus, we may �nd the equilibrium state for

the smooth dynamical system (M;T ) with H�older weight function �, by projecting

down the equilibrium state from a suitably chosen subshift of �nite type (the one

derived from a Markov partition) and weight function (the one de�ned by ' = ���).

In fact what we are going to do is use the relative areas of intersection of the partition

sets with their inverse images to provide us with a weight function �

n

: M ! R

that will approximate �

(u)

. We then lift this �

n

to a '

n

: �

B

! R, calculate the

corresponding equilibrium state �

'

n

, and map this down to the equilibrium state

�

�

n

for �

n

. In the next section, we see how to approximate the weight function �

(u)

using only the Markov partition and its inverse images.
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3.3 Approximation of the Weight Function

3.3.1 The Expanding Case in d-dimensions

To begin with, we deal with the much simpler case of expanding maps to give an

idea of the direction we'll take for the Anosov case.

Lemma 3.4: If T :M

�

�

�

is expanding, then with the above notation,

�

n

:= log

�

m(T

�1

(A

x

1

) \ A

x

0

)

m(A

x

1

)

�

� �

�1

! �

(u)

uniformly as n!1.

Proof: In the expanding case, �

(u)

(x) = � log jdetDT (x)j as all directions are

expanding. We want to estimate the Jacobian of T over the set T

�1

(A

j

) \ A

i

.

Let m(E) denote the Riemannian volume of a Borel subset E of our Riemannian

manifold M . Clearly,

inf

x2T

�1

(A

j

)\A

i

jdetDT (x)j �

m(A

j

)

m(T

�1

(A

j

) \A

i

)

� sup

x2T

�1

(A

j

)\A

i

jdetDT (x)j; (3.7)

as either T

�1

(A

j

) � A

i

or T

�1

(Int(A

j

)) \ Int(A

i

) = ; for all 1 � i; j � n, since

P

n

= fA

1

; : : : ; A

n

g is a Markov partition. From (3.7) we have

inf

x2T

�1

(A

j

)\A

i

1

jdetDT (x)j

�

m(T

�1

(A

j

) \A

i

)

m(A

j

)

� sup

x2T

�1

(A

j

)\A

i

1

jdetDT (x)j

;

and since T is C

2

, as the diameter of the partition sets goes to zero,

m(T

�1

(A

j

) \A

i

)

m(A

j

)

!

1

jdetDT (x)j

T

�1

(A

j

)\A

i

j

uniformly. If we put

'

n

(x

~

) = log

�

m(T

�1

(A

x

1

) \A

x

0

)

m(A

x

1

)

�

;

then �

n

= '

n

��

�1

:M ! R is an approximation of �

(u)

with �

n

! �

(u)

uniformly as

n!1 (since T is C

2

and �

�1

is uniformly continuous on its domain of de�nition).

Note that �

n

(x) is a piecewise constant approximation of jdetDT (x)j; constant on

each of the sets in P

n

_ T

�1

P

n

. 2

3.3.2 The Anosov Case in two dimensions

We restrict ourselves to two dimensions as Markov partitions of Anosov di�eomor-

phisms in dimension three or above are di�cult to deal with

1

. Each set in our

1

The boundaries of our Markov partition sets may not be locally di�erentiable for dimensions

d � 3; see Ma~n�e [53], pp. 182{184.
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partition has two sides which are segments of stable foliations and two sides that

are segments of unstable foliations; see Palis & Takens [59], Appendix 2. For any

point on one of the stable boundaries, we have an unstable foliation running through

the point, and across to an \opposing" point on the other stable boundary. We have

a similar situation for the unstable boundaries.

Let `

u

i

be the \average" unstable length of the partition set A

i

, calculated by

averaging the unstable lengths by integrating along one of the stable boundaries of

A

i

. More precisely, let 
 : [0; 1] ! A

s

i;left

be a parametrisation of the \left" stable

boundary of A

i

, and let `

u

i;�

: A

s

i;left

! R

+

denote the length of the unstable foliation

passing through x 2 A

s

i;left

. Then

`

u

i

:=

Z

1

0

`

u

i;
(t)

dt:

Here, length means the length of the curve representing a segment of the unstable

u
i,xl

Eu

sE

x

AA ii,left
s

Figure 3.1: De�nition of `

u

i

, the \average" unstable length of a Markov partition

set A

i

.

foliation from one stable boundary to the other. Similarly de�ne `

s

i

.

De�ne `

u;max

i

to be the maximal length of an unstable foliation traversing the

partition set A

i

(from one stable boundary to the other), and put `

u;min

i

as the

minimal such length. Similarly de�ne `

s;max

i

and `

s;min

i

. Throughout this proof we will

be �nding upper and lower bounds of lengths and areas. Without loss of generality,

we calculate everything in local coordinates, as the upper and lower bounds will still

be such for the average values when everything is transferred back to the manifold.

At each point x 2 A

i

, we may calculate the sine of the angle between the stable and

unstable subspaces at x, E

s

x

and E

u

x

. Put sin �

max

i

as the supremum of these values

taken over all of A

i

, and similarly de�ne sin �

min

i

. Finally de�ne

A

max

i

:= `

u;max

i

`

s;max

i

sin �

max

i

;

A

min

i

:= `

u;min

i

`

s;min

i

sin �

min

i

;



70 CHAPTER 3: COMPUTING SBR MEASURES FOR ANOSOV SYSTEMS

and denote by A

i

, the area of A

i

. Clearly,

`

u;min

i

� `

u

i

� `

u;max

i

`

s;min

i

� `

s

i

� `

s;max

i

A

min

i

� A

i

� A

max

i

The important thing is that as the diameter of the partition sets decreases to zero,

we have convergence of the maximum and minimum values to the average values.

That is,

`

u;min

i

! `

u

i

 `

u;max

i

`

s;min

i

! `

s

i

 `

s;max

i

A

min

i

! A

i

 A

max

i

as the partition is re�ned. This is because the boundaries of our partition sets are

C

2

, and the angle function is H�older

2

.

Lemma 3.5: If T :M

�

�

�

is Anosov, then with the previous notation,

�

n

:= log

�

m (T

�1

(A

x

1

) \A

x

0

)

m(A

x

0

)

�

`

u

x

0

`

u

x

1

�

� �

�1

! �

(u)

(3.8)

uniformly as n!1.

Proof: We want to put some bounds on the value of the Jacobian of T restricted

to the unstable subspace. De�ne � : M ! R

+

by �(x) =

�

�

1=DT (x)j

E

u

x

�

�

We denote

by �

i

, an \average" value of the restriction of � to A

i

. This average is calculated

by integrating �(x) over A

i

, using suitably normalised Riemannian volume. We

wish to estimate the value of �

T

�1

j\i

; this is the average value of �(x) restricted to

T

�1

A

j

\ A

i

.

Upper bounds �rst. We have that

�

T

�1

j\i

�

`

u;max

T

�1

j

`

u;min

j

; (3.9)

as the right hand side is greater than or equal to the average value of �(x) restricted

to any of the unstable foliations passing through A

j

; see Figure 3.2. We claim that

`

u;max

T

�1

j\i

`

u;min

j

�

A

max

T

�1

j\i

A

min

i

�

`

u;min

i

`

u;min

j

�

A

max

T

�1

j\i

A

min

i

�

`

u;max

i

`

u;min

j

: (3.10)

2

For aC

2

di�eomorphismof a C

2

manifoldwith a closed hyperbolic invariant set �, the functions

x 7! E

u

x

and x 7! E

s

x

are H�older continuous; see Shub [70], p.48.
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A j

lu,min
j

lu,max

T j
-1

Eu

sE

-1T

i

-1
j

A

AT 

Figure 3.2: An upper bound for �

T

�1

j\i

The second inequality is obvious; the �rst is true i�

`

u;max

T

�1

j\i

�

A

max

T

�1

j\i

A

min

i

� `

u;min

i

() `

u;max

T

�1

j\i

�

`

u;max

T

�1

j\i

`

s;max

T

�1

j\i

sin �

max

T

�1

j\i

`

u;min

i

`

s;min

i

sin �

min

i

� `

u;min

i

() `

s;min

i

sin �

min

i

� `

s;max

T

�1

j\i

sin �

max

T

�1

j\i

;

and the �nal inequality always holds. Thus we have proved our claim.

For the lower bound, we have that

`

u;min

T

�1

j

`

u;max

j

� �

T

�1

j\i

; (3.11)

and we wish to show that

A

min

T

�1

j\i

A

max

i

�

`

u;min

i

`

u;max

j

�

A

min

T

�1

j\i

A

max

i

�

`

u;max

i

`

u;max

j

�

`

u;min

T

�1

j\i

`

u;max

j

: (3.12)

Again, the �rst inequality is obvious; the second is true i�

A

min

T

�1

j\i

A

max

i

� `

u;max

i

� `

u;min

T

�1

j\i

()

`

u;min

T

�1

j\i

`

s;min

T

�1

j\i

sin �

min

T

�1

j\i

`

u;max

i

`

s;max

i

sin �

max

i

� `

u;max

i

� `

u;min

T

�1

j\i

() `

s;min

T

�1

j\i

sin �

min

T

�1

j\i

� `

s;max

i

sin �

max

i

:
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The �nal inequality is always true, so (3.12) holds.

By (3.9) and (3.10), and (3.11) and (3.12) we have

A

min

T

�1

j\i

A

max

i

�

`

u;min

i

`

u;max

j

� �

T

�1

j\i

�

A

max

T

�1

j\i

A

min

i

�

`

u;max

i

`

u;min

j

(3.13)

and clearly also,

A

min

T

�1

j\i

A

max

i

�

`

u;min

i

`

u;max

j

�

A

T

�1

j\i

A

i

�

`

u

i

`

u

j

�

A

max

T

�1

j\i

A

min

i

�

`

u;max

i

`

u;min

j

: (3.14)

In fact, as the diameters of the partition sets go to zero, the left and right hand

sides of the inequality (3.14) converge to the average (centre) value. Thus, as the

diameters of the partition sets go to zero,

�

�

�

�

�

T

�1

j\i

�

A

T

�1

j\i

A

i

�

`

u

i

`

u

j

�

�

�

�

! 0: (3.15)

By putting

'

n

(x

~

) = � log

�

A

T

�1

x

1

\x

0

A

x

0

�

`

u

x

0

`

u

x

1

�

(3.16)

and

�

n

= '

n

� �

�1

; (3.17)

we see that �

n

! �

(u)

uniformly

3

as n!1. Again, �

n

is just a piecewise constant

approximation of �

(u)

, constant on the sets P _ T

�1

P. 2

Remarks 3.6: There is a simple interpretation of the above estimate for �

T

�1

j\i

.

We are essentially approximating `

u

T

�1

j\i

by (A

T

�1

j\i

=A

i

) � `

u

i

. Since the sets in the

Markov partition are almost parallelograms (if they are small enough), and because

of the way inverse images of partition sets overlap, it is simple to see how this works

(see Figure 3.2). Also note the similarity between the expressions for the estimates

of �

T

�1

j\i

for the expanding and hyperbolic cases. Recall that for T expanding we

had

�

T

�1

j\i

�

A

T

�1

j\i

A

j

: (3.18)

Our estimate of �

T

�1

j\i

in the Anosov case reduces to the above estimate for ex-

panding maps as here all directions are expanding, and so `

u

i

coincides with A

i

.

3

T is C

2

, and �

�1

is uniformly continuous on M n

S

j2Z

T

j

(

S

n

i=1

@A

i

), (the set on which � is

invertible).
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3.4 Computing the Approximate Equilibrium State

For n large enough, �

n

is a good approximation of �

(u)

. Recall that the equilibrium

state for �

n

is equal to the projection of the equilibrium state for '

n

under �. So

let's calculate the equilibrium state for '

n

; it's a locally constant function depending

only on the two symbols to the right of centre, and we know how to do that.

Theorem 3.7 (Keane [38]): Let (�

B

; �) be mixing so that B is irreducible and

aperiodic. Suppose that we have a weight function ' : �

B

! R which depends only

on the two symbols to the right of centre, that is, '(x

~

) = '(x

0

; x

1

). De�ne

G

ij

=

�

0; if B

ij

= 0

e

'(x)

; if B

ij

= 1 and x

0

= i; x

1

= j.

(3.19)

Let u; v be the left and right eigenvectors respectively, corresponding to the maximal

non-negative eigenvalue �, so that uG = �u and Gv = �v. Further, de�ne

P

ij

=

G

ij

v

j

�v

i

: (3.20)

The Markov measure �

'

generated by P is the equilibrium state for '. That is, if

pP = p, then �

'

(fx

~

2 �

B

: x

0

= a

0

; : : : ; x

k�1

= a

k�1

g) = �

'

([a

0

; a

1

; : : : ; a

k�1

]) =

p

a

0

P

a

0

a

1

: : : P

a

k�2

a

k�1

.

We shall now see that this stochastic matrix P is an old friend of ours.

Lemma 3.8: The stochastic matrix generating the Markov measure that is the

equilibrium state for '

n

is given by

P

ij

=

m(T

�1

A

j

\A

i

)

m(A

i

)

:

Proof:

Expanding case: By Theorem 3.7,

P

ij

=

G

ij

v

j

�v

i

; (3.21)

where

G

ij

= e

'

n

(i;j)

=

m(T

�1

A

j

\A

i

)

m(A

j

)

(3.22)

Now note that G = LQL

�1

, where L

ij

= �

ij

m(A

i

) and Q

ij

= m(T

�1

A

j

\

A

i

)=m(A

i

). Since Q is stochastic and irreducible, we know that the unique

(up to scalar multiples) right eigenvector with nonnegative eigenvalue is the

vector (1; 1; : : : ; 1) with eigenvalue 1, and so v = (m(A

1

);m(A

2

); : : : ;m(A

n

)),

and � = 1. Thus

P

ij

=

m(T

�1

A

j

\A

i

)

m(A

j

)

�

m(A

j

)

1 �m(A

i

)

=

m(T

�1

(A

j

) \A

i

)

m(A

i

)

; (3.23)

by (3.21) and (3.22).
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Anosov case:

G

ij

= e

'

n

(i;j)

=

m(T

�1

A

j

\ A

i

)

m(A

i

)

�

`

u

i

`

u

j

: (3.24)

As in the expanding case, note that G = LQL

�1

, where L

ij

= �

ij

`

u

i

and Q

ij

=

m(T

�1

A

j

\A

i

)=m(A

i

). Since Q is stochastic and irreducible, we know that the

unique (up to scalar multiples) right eigenvector with nonnegative eigenvalue

is the vector (1; 1; : : : ; 1) with eigenvalue 1, and so v = (`

u

1

; `

u

2

; : : : ; `

u

n

), and

� = 1. Thus

P

ij

=

m(T

�1

A

j

\A

i

)`

u

i

m(A

i

)`

u

j

�

`

u

j

1 � `

u

i

=

m(T

�1

A

j

\A

i

)

m(A

i

)

; (3.25)

by (3.21) and (3.24).

2

This means that the equilibrium state �

'

n

is given by the Markov measure

�

'

n

([a

0

; : : : ; a

k�1

]) = p

n;a

0

P

n;a

0

a

1

� � �P

n;a

k�2

a

k�1

;

where p

n

is the invariant density of P

n

. To obtain the equilibrium state �

�

n

for �

n

,

we merely project down via �; that is, �

�

n

= �

�

�

'

n

.

Remark 3.9: In practice, for E � B(M) we will most likely take

�̂

�

n

(E) :=

n

X

i=1

m(E \A

i

)

m(A

i

)

� p

n;i

: (3.26)

�̂

�

n

has a uniform density on each of the partition sets, and �̂

�

n

(A

i

) = �

�

n

(A

i

) for

each 1 � i � n. What we are doing is taking the weight given to each partition

set by �

�

n

and distributing it uniformly (according to the natural volume measure)

over the entire partition set to obtain the measure �̂

�

n

. This extra error goes away

as the size of the sets decreases since the distribution of mass within a partition set

does not a�ect weak limits.

At this stage we know that our transition matrix P

n

provides us with an approx-

imation �

n

to the special weight function �

(u)

. We can thus �nd an approximate

equilibrium state of an Anosov di�eomorphism, simply by computing P

n

and its left

eigenvector p

n

. Our �nal step is to show that we do indeed have an approximation,

in the sense that if �

n

is close to �

(u)

in the uniform topology (C

0

close), then �

�

n

is close to �

�

(u)

in the weak topology.
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Lemma 3.10: �

�

n

! �

SBR

weakly as �

n

! �

(u)

uniformly.

Proof: Let �

n

be a sequence of approximations of �

(u)

obtained from shift systems

so that k�

n

� �

(u)

k

1

! 0. The following argument is from the proof of [73] Lemma

4.9. Choose some convergent subsequence �

�

n

i

! ~�, with ~� being T -invariant. We

know that �

T

(�) is Lipschitz with respect to the C

0

topology for �, provided �

T

(�)

is �nite; (see [73] Theorem 2.1(v) or [74] Theorem 9.7(iv)).

�

T

(�

(u)

) = lim

n!1

�

T

(�

n

) by the Lipschitz property

= lim

n!1

�

h

�

�

n

(T ) + �

�

n

(�

n

)

�

� lim

n!1

�

h

�

�

n

(T ) + �

�

n

(�

(u)

) + k�

n

� �

(u)

k

1

�

= lim

n!1

h

�

�

n

(T ) + ~�(�

(u)

) by weak convergence

� h

~�

(T ) + ~�(�

(u)

);

where the �nal inequality follows from the upper semicontinuity of the entropy map

� 7! h

�

(T ) for expansive T ; see [73] Lemma 4.5 or [74] Theorem 8.2. Now, by (3.6),

we see that �

T

(�

(u)

) = h

~�

(T ) + ~�(�

(u)

). In other words, ~� is the unique equilibrium

state for �

(u)

, and so we must have ~� = �

�

(u)
= �

SBR

. 2

So in our setup, as we re�ne the partition, the weight function �

n

converges to �

(u)

,

and we know from perturbation arguments that the approximations �

�

n

converge to

an invariant measure ~�. What Lemma 3.10 tells us is that ~� is in fact the equilibrium

state for �

(u)

. The measure that we obtain as a weak limit of our approximations

is the unique invariant measure that is exhibited by Lebesgue almost all starting

points in phase space. All that is used to estimate this measure are the areas of

intersections of Markov partitions with their inverse images.

Proof of Main Result: Using Proposition 2.6, Lemmata 3.4, 3.8, 3.10 and

Remark 3.9, we are done. 2

Remarks 3.11:

(i) Theorem 3.2 holds if

P

n;ij

=

�(T

�1

(A

j

) \A

i

)

�(A

i

)

;

where � is any probability measure equivalent to m (� � m and m� �).

(ii) The preceding theory may be extended to two-dimensional AxiomA attractors

by suitably de�ning a \Markovian" partition of M .

3.5 Discussion

In this chapter we have shown that Ulam's formula may be used to approximate

the SBR measure in two-dimensional Anosov systems and expanding maps in d-

dimensions, provided the partitions are Markov. To show this, we used the relative



76 CHAPTER 3: COMPUTING SBR MEASURES FOR ANOSOV SYSTEMS

volumes of inverse images of partition sets to estimate the Jacobian of the map in the

expanding directions. The resulting piecewise constant approximation generated a

stochastic matrix P

n

which in turn de�ned our estimate �

n

of the physical invariant

measure �

SBR

. This stochastic matrix was nothing other than the higher dimen-

sional generalisation of Ulam's approximation. Our approximate invariant measure

�

n

may be viewed as either the �xed point of an approximate (�nite dimensional)

Perron-Frobenius operator or as an invariant measure of a (special) small random

perturbation of the original map. Work on the former interpretation was done by

Li for one-dimensional piecewise C

2

expanding maps. A Markov partition was not

necessary; using bounded variation arguments, Li's work [50] showed any �nite par-

tition into subintervals would do. Boyarsky and Lou [12] extended Li's result to

Jablonski transformations (a special class of piecewise expanding transformations)

in d-dimensions. Jablonski transformations satisfy a type of separability condition,

and Boyarsky and Lou used Li's bounded variation arguments to obtain the result.

After completing this work, I learned of a recent result by Ding and Zhou [20, 21],

that generalised Li's result to d-dimensional C

2

expanding maps. Their proof is

modelled on the one-dimensional result of [50] and uses a higher dimensional ver-

sion of bounded variation, and a corresponding Lasota-Yorke type inequality. They

consider the action of the Perron-Frobenius operator on a basis of piecewise lin-

ear approximations, rather than the piecewise constant basis of Li. Our method

of proof is entirely new, and to my knowledge provides the only rigorous compu-

tational procedure of �nitely approximating the SBR measures of Anosov systems.

While in principle we have a rigorous method of approximating the SBR measure

by computer, the fact that Markov partitions need to be constructed is a signi�-

cant restriction for practical applications. We take up the problem of relaxing the

Markov condition in the next chapter.



Chapter 4

Approximating Physical Invariant

Measures of Mixing Dynamical

Systems in Higher Dimensions

4.1 Introduction

In this chapter we aim to generalise Theorem 3.2 by relaxing the requirement that

the partitions P

n

be Markov partitions. As soon as we throw away the Markov

property, we are no longer able to code our dynamical system as a subshift of

�nite type. In addition, the entries of the matrix P no longer have the pleasant

interpretation as an approximation to the rate of stretching in unstable directions.

We are back to square one, and must devise a completely new method of proof that

does not rely on coding at all.

We will be mainly concerned with C

1+Lip

Anosov systems, however, the multi-

dimensional expanding case is also covered. The properties of T that we are after

are:

(i) T possesses a unique absolutely continuous invariant measure � with density

h.

(ii) T is mixing with respect to �.

(iii) h is strictly positive

(iv) h is Lipschitz

Theorem III.1.1 of Ma~n�e [53] guarantees that these four properties are satis�ed by

our class of expanding maps. We work with the class of transitive C

1+Lip

Anosov

maps that posses an absolutely continuous invariant measure �; Bowen [8] Theorem

4.14 and Corollary 4.13 then guarantee that properties (ii)-(iv) are satis�ed. The

main result of this chapter also holds for C

1+


maps, 0 < 
 < 1, (with corrections

0

The material in this chapter will appear in Froyland [23].

77
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to the rate of convergence), however for clarity of presentation we restrict ourselves

to the Lipschitz derivative case.

Our construction will remain the same. We have a sequence of �nite partitions

fP

n

g subject to very mild assumptions outlined in the next section. We construct

matrices

~

P

n;ij

:=

m(A

i

\ T

�1

A

j

)

m(A

i

)

: (4.1)

and probability measures

~�

n

(E) :=

n

X

i=1

m(E \A

i

)

m(A

i

)

� ~p

n;i

: (4.2)

Our aim is to show that the sequence f~�

n

g

1

n=n

0

converges strongly to the unique

absolutely continuous invariant measure �.

Remark 4.1: The tilde above our matrices

~

P

n

and vectors ~p

n

is due to a change

in how we view things. We shall henceforth think of the matrix

~

P as a small

perturbation of some special matrix now denoted by P .

4.2 Outline of Method

We �rst list our assumptions for the class of partitions that are considered.

Assumption 4.2: Let fP

n

g = ffA

n

1

; : : : ; A

n

n

gg

1

n=1

be a sequence of partitions

with the maximum diameter of the partition sets going to zero as n!1. Standing

hypotheses for this chapter are that

(i) the elements of P

n

are connected and Lebesgue measurable with positive mea-

sure for every n = 1; 2; : : : :

(ii) there is a constant � < 1 such that a d-dimensional hypercube with edge

length D

n

= max

1�i�n

A

n

i

may cover at most � of the sets fA

n

1

; : : : ; A

n

n

g for

each n = 1; 2; : : : :

(iii) there is a constant � < 1 such that max

1�i;j�n

m(A

n

i

)=m(A

n

j

) � � for n =

1; 2; : : : :

Assumption 4.2 (ii) is a geometric condition that ensures that our partition sets

are roughly the same shape and not too thin or spiky. It also guarantees that the

partition sets are spread out though M in a roughly uniform manner, without large

numbers of sets occupying small regions of M . Assumption 4.2 (iii) just says that

the partition sets are all roughly the same size. These hypotheses are very mild and

are there to rule out any pathological cases. Almost any sequence of partitions that

one is likely to use for computational purposes will satisfy these conditions.
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Example 4.3: Suppose we have a simple partition ofM into n cubes in a standard

grid-like formation. Clearly Assumption 4.2 (i) is satis�ed; we show (ii). Each

partition set has the same diameter, say D

n

, and a hypercube of diameter D

n

may

not cover more than 2

d

cubes, where d is the dimension of M . Thus � = 2

d

in this

case. Finally (iii) holds with � = 1.

Observation 4.4: If we were to de�ne a new matrix P by

P

ij

=

�(A

i

\ T

�1

A

j

)

�(A

i

)

(4.3)

then the vector p = [�(A

1

); �(A

2

); : : : ; �(A

n

)] would be the left eigenvector of P of

unit eigenvalue due to the invariance of �.

A simple calculation shows that p

j

=

P

n

i=1

p

i

P

ij

.

n

X

i=1

p

i

P

ij

=

n

X

i=1

�(A

i

) �

�(A

i

\ T

�1

A

j

)

�(A

i

)

=

n

X

i=1

�(A

i

\ T

�1

A

j

)

= �(T

�1

A

j

)

= �(A

j

) by T -invariance of �

= p

j

So if we knew beforehand what � was, we could use (4.3) to calculate the exact value

of �(A

i

) for each i = 1; : : : ; n. This observation alone seems of little value as our

problem is to estimate �.

Observation 4.5: The elements of

~

P are not very di�erent from those of P .

This requires some thought, but is due to the fact that � and m are equivalent

measures. It is easy to see in one dimension. In Figure 4.1, the density on left is

identically equal to unity (Lebesgue measure) and the density on the right is the

density for our absolutely continuous invariant measure �. Because the density h

is Lipschitz and bounded away from zero, the fraction of the heavily shaded region

contained in the shaded region is roughly the same in both pictures. As the length

of the subintervals A

i

and T

�1

A

j

decreases, these ratios converge to the same value.

More precisely, we have the following lemma.

Lemma 4.6: Let fP

n

g

1

n=n

0

= fA

n

1

; A

n

2

; : : : ; A

n

n

g

1

n=n

0

be a sequence of partitions of

a compact set M � R

d

satisfying Assumption 4.2. Let

~

P

n

and P

n

be the matrices

obtained from these partitions as above. Then j

~

P

n;ij

� P

n;ij

j = O(n

�1=d

).

Proof: Suppose �rst that m(A

n

i

\ T

�1

A

n

j

) = 0. Then one has �(A

n

i

\ T

�1

A

n

j

) =

0 also as � � m, and the di�erence

~

P

n;ij

� P

n;ij

= 0. In the situation where
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A

T-1A j

A ii

T-1A j

Graph(1)
Graph(h)

Figure 4.1: The plot on the left is the graph of the density function for Lebesgue

measure and the one on the right is the graph of the density function of the T -

invariant measure �.

m(A

n

i

\ T

�1

A

n

j

) 6= 0, we proceed as follows.

j

~

P

n;ij

� P

n;ij

j =

�

�

�

�

m(A

n

i

\ T

�1

A

n

j

)

m(A

n

i

)

�

�(A

n

i

\ T

�1

A

n

j

)

�(A

n

i

)

�

�

�

�

=

m(A

n

i

\ T

�1

A

n

j

)

m(A

n

i

)

�

�

�

�

1�

�(A

n

i

\ T

�1

A

n

j

)

m(A

n

i

\ T

�1

A

n

j

)

�

m(A

n

i

)

�(A

n

i

)

�

�

�

�

=

m(A

n

i

\ T

�1

A

n

j

)

m(A

n

i

)

�

�

�

�

�

�

1�

�

1

m(A

n

i

\T

�1

A

n

j

)

R

A

n

i

\T

�1

A

n

j

h dm

�

�

1

m(A

n

i

)

R

A

n

i

h dm

�

�

�

�

�

�

�

�

m(A

n

i

\ T

�1

A

n

j

)

m(A

n

i

)

�

�

�

�

�

1�

 

sup

x2A

n

i

\T

�1

A

n

j

h(x)

!

�

�

inf

x2A

n

i

h(x)

�

�1

�

�

�

�

�

� 1 �

�

inf

x2A

n

i

h(x)

�

�1

�

�

�

�

�

sup

x2A

n

i

\T

�1

A

n

j

h(x)� inf

x2A

n

i

h(x)

�

�

�

�

�

�

�

inf

x2A

n

i

h(x)

�

�1

�

�

�

�

�

sup

x2A

n

i

h(x)� inf

x2A

n

i

h(x)

�

�

�

�

�

�

�

inf

x2M

h(x)

�

�1

Lip(h) max

1�i�n

diam(A

n

i

);

where Lip(h) is the Lipschitz constant of h. Note that inf h > 0 as h > 0 and M is

compact. We now wish to bound D

n

= max

1�i�n

diam(A

n

i

) in terms of the number

of partition sets n. Put q

n

= [diam(M)=D

n

] + 1, where [�] denotes integer part. We

may cover

1

M with q

d

n

cubes of side length D

n

. Thus the number of partition sets

n is bounded by q

d

n

�. So

n � q

d

n

� ()

�

n

�

�

1=d

� q

n

�

diam(M)

D

n

+ 1

1

The fact that a set of diameter one may be covered by a hypercube of edge length one is a result

of a Helly-type theorem of Klee (Theorem 6.5 in Lay [49] for example). This result reduces the

proof to showing that a d-dimensional simplex of diameter one may be covered by a d-dimensional

hypercube of edge length one.
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=)

diam(M)

(n=�)

1=d

� 1

� D

n

;

and we have

j

~

P

n;ij

� P

n;ij

j �

Lip(h) diam(M)

�

(n=�)

1=d

� 1

�

inf h

(4.4)

�

C Lip(h) diam(M)�

1=d

inf h

� n

�1=d

(4.5)

for some constant C > 0. 2

We are aiming for a bound on the matrix 1-norm of the error matrix E

n

:=

~

P

n

�P

n

.

This norm is induced by the standard L

1

vector norm under left multiplication and

kE

n

k

1

is equal to the maximal row sum of j

~

P

n

�P

n

j

ij

. The following two observations

help us in this direction.

Observation 4.7: Since � andm are equivalentmeasures, the matrixE

n

=

~

P

n

�P

n

will only have nonzero entries where P

n

(and

~

P

n

) are nonzero.

Observation 4.8: There is a universal bound for the number of nonzero entries

in each row of P

n

, n = 1; 2; : : :, depending only on � and Lipschitz constant of T .

To see this, �x i and count the number of nonzero entries in the i

th

row of P . If

m(A

i

\ T

�1

A

j

) > 0, then T (A

i

) \ A

j

6= ;. So for a �xed i, how many sets A

j

can

T (A

i

) intersect? The diameter of T (A

i

) is bounded by Lip(T ) diam(A

i

), and so we

may bound the number of A

j

's that can be intersected by T (A

i

) using �; this will

be shown in detail in the following proof. We now put Observations 4.7 and 4.8 and

Lemma 4.6 together to bound kE

n

k

1

.

Lemma 4.9: Under the hypotheses of Lemma 4.6, kE

n

k

1

= O(n

�1=d

).

Proof: All we need to show is that the number of nonzero entries in any row of

E

n

is bounded by some constant value for all n � 0. The result then follows from

Lemma 4.6. Note that T

�

A

n

i

\ T

�1

A

n

j

�

= T (A

n

i

)\A

n

j

, so that if �(A

n

i

\T

�1

A

n

j

) > 0,

then A

n

i

\T

�1

A

n

j

6= ; and so too must T (A

n

i

)\A

n

j

6= ;. So if we count up how many

times TA

n

i

\ A

n

j

6= ;, for a �xed i, this will be an upper bound for the number of

nonzero entries in row i of E

n

.

The maximum number of sets that the image of any single set can touch is no

greater than

([kDTk] + 1)

d

� � (4.6)

where kDTk := sup

x2M

kD

x

Tk. This is because the diameter of any set of the form

T (A

n

i

) is bounded above by kDTk �max

1�i�n

diam(A

n

i

). We may cover a set with
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diameter kDTk �D

n

by ([kDTk] + 1)

d

cubes of edge length D

n

, and the bound (4.6)

follows. So using Lemma 4.6 we �nally have

kE

n

k

1

�

�

(kDTk+ 1)

d

�

�

�

C Lip(h) diam(M)�

1=d

inf h

n

�1=d

�

=

C (kDTk+ 1)

d

�

1+1=d

diam(M) Lip(h)

inf h

�

1

n

1=d

(4.7)

2

At this stage, we know that

~

P

n

and P

n

are close in the matrix 1-norm sense, and

have an estimate of their rate of convergence. Since

~

P

n

and P

n

are close, so too are

~p

n

and p

n

. In the next section we see that if k~p

n

� p

n

k

1

! 0 then ~�

n

! � strongly,

where ~�

n

is our approximate invariant measure given in (4.2).

4.3 L

1

and Strong Convergence

Lasota and Mackey [47] p.402 show that strong convergence

2

of a sequence of ab-

solutely continuous probability measures �

n

to an absolutely continous probability

measure � is equivalent to strong convergence (L

1

-norm convergence) of the density

function �

n

of �

n

to the density function h of �.

Our plan of action is as follows. To show that k~�

n

� �k goes to zero as n!1,

(k�k is the norm for the strong operator topology), we show separately that k~�

n

��

n

k

and k�

n

� �k go to zero.

Lemma 4.10: The following are equivalent.

(i) kp

n

� ~p

n

k

1

! 0 as n!1, where p

n

and ~p

n

are vectors of length n.

(ii) ~�

n

! �

n

strongly where �

n

is the measure de�ned by �

n

(E) =

P

n

i=1

m(E\A

n

i

)

m(A

n

i

)

�

p

n;i

, and ~�

n

(E) =

P

n

i=1

m(E\A

n

i

)

m(A

n

i

)

� ~p

n;i

.

Proof: We have the associated densities for �

n

and ~�

n

.

�

n

(x) =

n

X

i=1

p

n;i

m(A

n

i

)

�

A

n

i

(x) and

~

�

n

(x) =

n

X

i=1

~p

n;i

m(A

n

i

)

�

A

n

i

(x):

k�

n

�

~

�

n

k

1

=

Z

M

j�

n

�

~

�

n

j dm

=

Z

M

�

�

�

�

�

n

X

i=1

p

n;i

� ~p

n;i

m(A

n

i

)

�

A

n

i

�

�

�

�

�

dm

2

The de�nition of strong convergence of measures in [47] is equivalent to norm convergence in

(C(M;R))

�

, the space of all continuous linear functionals on C(M;R); see, for example, Conway

[14] Appendix C. Since (C(M;R))

�

may be identi�ed with the space of all regular Borel measures

on M , strong convergence as de�ned in [47] is strong convergence in the usual sense of norm

convergence on (C(M;R))

�

.
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=

Z

M

n

X

i=1

jp

n;i

� ~p

n;i

j

m(A

n

i

)

�

A

n

i

dm as we have a sum over disjoint sets;

=

n

X

i=1

jp

n;i

� ~p

n;i

j

= kp

n

� ~p

n

k

1

Using the result in [47], we are done. 2

Lemma 4.11: De�ne �

n

:B(M) ! R

+

by �

n

(E) =

P

n

i=1

m(E\A

n

i

)

m(A

n

i

)

� �(A

n

i

). If � is

absolutely continuous, then �

n

converges strongly to � as n!1.

Proof: The density of �

n

is �

n

(x) =

P

n

i=1

�

R

A

n

i

h dm

�

=m(A

n

i

) � �

A

n

i

(x), where h

is the density of �. Note that �

n

is really just a discretised version of h, taking on

the average values of h over each partition set. The proof that �

n

! h strongly goes

through as in [50] Lemma 2.2 and the result follows. 2

Finally, we have

Proposition 4.12: Let p

n

be the unique positive left eigenvector of P

n

, the n� n

transition matrix generated using �, and ~p

n

be the corresponding eigenvector of

~

P

n

,

the transition matrix generated using Lebesgue measure. Let ~�

n

: B(M) ! R

+

be

de�ned by

~�

n

(E) =

n

X

i=1

m(E \ A

n

i

)

m(A

n

i

)

� ~p

n;i

:

If kp

n

� ~p

n

k

1

! 0 as n!1, then ~�

n

converges strongly to �.

Proof: Immediate from Lemmata 4.10 and 4.11. 2

We now have something to aim for, namely to show that k~p

n

� p

n

k

1

! 0 as

n !1. But does norm convergence of

~

P

n

to P

n

tell us that k~p

n

� p

n

k

1

! 0? It is

not obvious that this is so, as

~

P

n

and P

n

are n � n matrices and grow in size as n

increases. To try to answer this, we treat the stochastic matrices

~

P

n

as transition

matrices of �nite state Markov chains, and consider the sensitivity of these chains

to perturbations of their transition probabilities.

4.4 Sensitivity of Finite Markov Chains

In this section, we drop the n dependence on the matrices P

n

, and just consider a

�xed transition matrix. The sensitivity of a �nite Markov chain is a measure of how

much the invariant density changes in response to a perturbation of the elements

of the transition matrix. An important equality concerning this sensitivity due to

Schweitzer [67] (see also Haviv and Van der Heyden [33] and Seneta [68]) is,

~p � p = ~p(

~

P � P )(I � P + P

1

)

�1

(4.8)
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where ~p and p are the normalised left eigenvectors associated with the eigenvalue

one for

~

P and P respectively. P

1

denotes the transition matrix that has p as its

rows. Equation (4.8) may be checked using simple matrix arithmetic. The matrix

Z := (I � P + P

1

)

�1

is the fundamental matrix of the Markov chain governed by

P ; see Kemeny and Snell [41]. This matrix exists as P � P

1

has spectral radius

strictly less than unity, and so Z may be represented as

Z = (I � (P � P

1

))

�1

=

1

X

k=0

(P � P

1

)

k

(4.9)

From (4.8) we immediately get the inequality,

k~p� pk

1

� k

~

P � Pk

1

� kZk

1

: (4.10)

Recall that the matrix 1-norm is the maximum row sum of the absolute values of

the entries as we are doing left multiplication (normally it's the maximum column

sum). We have seen that 1-norm convergence of ~p

n

to p

n

is equivalent to strong

convergence of ~�

n

to �, where ~�

n

is the measure de�ned by (4.2), and � is the

absolutely continuous measure. Since we know the rate at which the �rst term of

the RHS of (4.10) goes to zero, our remaining task is to prove that the second term

grows strictly slower than O(n

1=d

). Our aim is to show that kZ

n

k = O(log n), where

Z

n

is the fundamental matrix for the Markov chain with transition matrix P

n

, as

this will guarantee convergence of our approximate measure ~�

n

to the absolutely

continuous measure � in any dimension d. In fact the remainder of this chapter is

devoted entirely to this di�cult objective. A proof of such a result for Anosov maps

is still lacking. In later sections, we discuss classes of maps for which we are able

to obtain rigorous convergence results. For more general maps we provide heuristic

arguments and cite numerical results to support our conjecture of logarithmic growth

of Z

n

.

4.5 Factors in
uencing kZ

n

k

1

Roughly speaking, the norm of Z

n

is a measure of how rapidly initial distributions

approach equilibrium.

De�nition 4.13: A Markov chain with transition matrix P is uniformly ergodic if

max

1�i�n

kP

k

(i; �)� p(�)k

1

! 0; as k !1: (4.11)

Remark 4.14: We will interchangeably use the notation P

ij

and P (i; j) to repre-

sent the i; j

th

element of the matrix P .

Since all of the maps under consideration are ergodic with respect to the absolutely

continuous measure �, the transition matrices generated by (4.1) will be irreducible;
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n

k

1

85

see [37]. We further assume that the transition matrices are aperiodic; as our map

T is assumed mixing with respect to �, this is not unreasonable. Irreducibility and

aperiodicity make P ergodic, and the notion of uniform ergodicity and ergodicity

coincide for �nite state Markov chains. It is known that �nite state ergodic Markov

chains enjoy the property of exponential mixing (see [57] for example).

Theorem 4.15: If a Markov chain with transition matrix P is uniformly ergodic,

then there exist constants R <1, 0 < r < 1 such that

max

1�i�n

kP

k

(i; �)� p(�)k

1

� Rr

k

: (4.12)

The constant r is referred to as the rate of mixing of the Markov chain, and is equal

to the second largest (in absolute value) eigenvalue of P . To see that the norm of

Z = Z(P ) is related to the rate of mixing of P , we note the following result, whose

proof may be found in Kemeny and Snell [41].

Theorem 4.16: For any ergodic Markov chain with transition matrix P ,

Z = I +

1

X

k=1

(P

k

� P

1

) (4.13)

By using the bound

kZk

1

� 1 +

1

X

k=1

kP

k

� P

1

k

1

� 1 +

1

X

k=1

Rr

k

� 1 +

Rr

1 � r

; (4.14)

we see how the rate of mixing r may in
uence the norm of Z. Recall that we are

interested in the growth of the norm of Z

n

:= Z(P

n

) with n. For each n, Theorem

4.15 guarantees the existence of constants R

n

and r

n

such that (4.12) is satis�ed with

these constants, upon insertion of P

n

and p

n

. We continue under the assumption

that r

n

may be universally bounded away from unity, that is, there exists r

0

< 1

such that r

n

� r

0

for all n � n

0

. This seems plausible as the dynamical systems we

are dealing with are exponentially mixing with respect to the \physical" measure.

This matter will be discussed later. For the moment, we consider the growth of R

n

.

We require the following special case of Theorem 16.2.4 [57].

Lemma 4.17 (Meyn and Tweedie [57]): Let P be an ergodic (irreducible, ape-

riodic) n � n transition matrix and p its unique invariant density. Set m to be the

least nonnegative integer such that

(P

m

)

ij

�

p

j

2

for all 1 � i; j � n: (4.15)

Then

max

1�i�n

kP

k

(i; �)� p(�)k

1

�

�

1

2

�

k=m

for all k = 0; 1; : : : (4.16)
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This lemma gives a bound for the asymptotic rate of convergence of the Markov

chain governed by P to equilibrium. The only information that is used is the time

(m steps) that it takes an initial mass concentrated in a single state i to be spread to

within \half of equilibrium" at j. It is important to note that the estimate here does

not involve a constant as in (4.12). The hypothesis of the lemma may seem a little

unusual, and to remedy this, we have the following alternative, with the hypothesis

stated in terms of the matrix 1-norm.

Lemma 4.18: For any uniformly ergodic Markov chain with transition matrix P

and invariant density p, if

max

1�i�n

kP

m

(i; �)� p(�)k

1

�

min

1�i�n

p

i

2

for some m � 0; (4.17)

then

max

1�i�n

kP

k

(i; �)� p(�)k

1

�

�

1

2

�

k=m

; for all k � 0:

Proof: This is clear because

jP

m

ij

� p

j

j � max

1�i�n

kP

m

(i; �)� p(�)k

1

�

min

1�i�n

p

i

2

�

p

j

2

;

and jP

m

ij

� p

j

j �

p

j

2

implies P

m

ij

�

p

j

2

. The result now follows from Lemma 4.17.

2

At this stage, we note that if kP

k

� P

1

k

1

�

�

1

2

�

k=m

, then

kZk

1

�

1

1 �

�

1

2

�

1=m

; (4.18)

using the �rst inequality of (4.14). We need the following easily proven facts.

Lemma 4.19:

(i)

�

�

�

�

1

1 � a

1=bx

�

�

bx

log

1

a

+

1

2

�

�

�

�

�

! 0 as x!1; 0 < a < 1; b 6= 0 (4.19)

(ii)

1

1 � a

1=bx

�

bx

log

1

a

+ 1 x � 0; 0 < a < 1; b 6= 0: (4.20)

Let m

n

be the minimal integer m appearing in either Lemma 4.17 or 4.18 corre-

sponding to the transition matrix P

n

. We now have from (4.18) that

kZ

n

k

1

�

1

1 �

�

1

2

�

1=m

n

�

m

n

log 2

+ 1;
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for all n � 0 and so

kZ

n

k

1

= O(m

n

): (4.21)

Thus we have reduced the problem to showing that the integer m

n

in either Lemma

4.17 or 4.18 grows logarithmically. As this number seems di�cult to get one's hands

on, we have the following, perhaps more direct characterisation of convergence of

the invariant densities.

Proposition 4.20: Let f

~

P

n

g

1

n=n

0

be a sequence of (n � n) transition matrices

generated by (4.1) from a sequence of partitions fP

n

g

1

n=n

0

satisfying Assumption

4.2 whose maximal element diameter goes to zero as n!1. If the constants R

n

; r

n

corresponding to P

n

(as in Theorem 4.15) satisfy

(i) r

n

� r

0

, for all n � n

0

and some r

0

< 1, and

(ii) R

n

= O(n

p

); p > 0

then the sequence of invariant measures f~�

n

g

1

n=n

0

de�ned by (4.2) converges strongly

to the unique absolutely continuous measure � of T . The rate of convergence is

O(log n=n

1=d

).

Remark 4.21: Note that the constants R

n

and r

n

we are looking at belong to

the matrix P

n

and not

~

P

n

. We choose to work with P

n

as it is the \special" �nite

approximation of the Perron-Frobenius operator whose left eigenvector p

n

gives the

exact weights for the partition sets A

n

i

. We believe that these constants will be better

behaved for P

n

than for the rather arbitrary �nite dimensional approximation

~

P

n

using Lebesgue measure.

Proof of Proposition: We show that kZ

n

k

1

= O(log n). This, combined with

Lemma 4.9 and equation (4.10) will prove that kp

n

� ~p

n

k

1

! 0. We then refer to

Proposition 4.12 to see that this implies ~�

n

! � strongly.

Fix n. We want to �nd the minimal m

n

such that

R

n

r

m

n

n

�

min

1�i�n

p

n;i

2

; (4.22)

as this will allow us to apply Lemma 4.18 using m

n

.

Sublemma 4.22:

p

n;i

= �(A

n

i

) �

inf h

�n

for all n � n

0

and 1 � i � n.

Proof:

min

1�i�n

�(A

n

i

) � (inf h) min

1�i�n

m(A

n

i

)

� (inf h)

max

1�i�n

m(A

n

i

)

�

by Assumption 4.2 (iii).

� (inf h)

m(M)

�n

=

inf h

�

�

1

n

2
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Let us �nd the minimal m

n

satisfying

R

n

r

m

n

n

�

inf h

2�n

; (4.23)

as such an m

n

will also satisfy (4.22). Taking logs of both sides of (4.23), we obtain

logR

n

+m

n

log r

n

� log inf h� log 2 � log � � log n;

and so

m

n

�

(logR

n

+ log n) + (log 2 + log � � log inf h)

log 1=r

n

:

We may therefore set

m

n

=

�

(logR

n

+ log n) + (log 2 + log � � log inf h)

log 1=r

0

�

+ 1;

and (4.22) will be satis�ed. Here [�] denotes integer part, and note also, the re-

placement of r

n

with r

0

. Thus R

n

= O(n

p

), for �xed p > 0 will give us that

m

n

= O(log n) and by (4.21) we have that kZ

n

k

1

= O(log n). By Lemma 4.9, we

have k~p

n

� p

n

k

1

= O(log n=n

1=d

).

It remains to show that k��~�

n

k = O(log n=n

1=d

). Denote by �

n

;

~

�

n

, the densities

of �

n

; ~�

n

respectively.

k�� ~�

n

k = kh�

~

�

n

k

1

see [47] p.402

� kh� �

n

k

1

+ k�

n

�

~

�

n

k

1

= kh� �

n

k

1

+ kp

n

� ~p

n

k

1

as in the proof of Lemma 4.10 (4.24)

� Lip(h) �

�

max

1�i�n

diam(A

n

i

)

�

+O(log n=n

1=d

)

� Lip(h) �

C�

1=d

diam(M)

n

1=d

+O(log n=n

1=d

) as in Lemma 4.6

= O(log n=n

1=d

)

2

Remarks 4.23:

(i) Notice that if we were to blindly use the bound given by the RHS of (4.14), we

would obtain the far worse estimate that kZ

n

k

1

= O(R

n

), rather than kZ

n

k

1

=

O(logR

n

). The bound of kZ

n

k

1

= O(R

n

) would not give us convergence of ~p

n

to p

n

, as we expect R

n

to grow polynomially with n.

(ii) Bounds for kZk

1

and/or max

i;j

jz

ij

j are considered in Meyer [56], and Seneta

[68, 69]. The bound in [56] is far too conservative for our requirements; it

shows that P having large diagonal elements and many eigenvalues close to

one contribute to Z having large norm. To apply the results of [68], the matrix

must be scrambling (have at least one positive column), so that the ergodicity

coe�cient is strictly less than unity; this is of no use to us as our matrices

are far from scrambling. Finally, [69] bounds the norm of Z

n

by its trace, but

computer experiments show that the trace grows linearly with n; too fast for

our purposes.
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4.6 The Behaviour of R

n

; r

n

; and Z

n

for Two Classes

of Maps, and Numerical Results

We have not yet addressed whether the assumptions (i) and (ii) in the preceding

proposition are likely to be true. In the �nal three subsections, we consider two

situations where we have good control over the behaviour of R

n

and r

n

and �nish

with some numerical results for more general maps.

4.6.1 Piecewise Linear Expanding Markov Maps

In this section, we consider a particularly simple class of maps that allow us to have

good control on the growth rate of the constants R

n

and r

n

. Our map T : M

�

�

�

is

a piecewise linear expanding Markov map on some compact subset M of R

d

. More

precisely, our map belongs to a class K described below.

De�nition 4.24: A map T : M

�

�

�

belongs to class K if there exists a family of

(Lebesgue) measurable, connected sets fA

1

; : : : ; A

n

g such that

(i) IntA

i

\ IntA

j

= ; for i 6= j.

(ii)

S

i

A

i

=M .

(iii) For each 1 � i � n, there is a collection of indices J

i

= fj

i

1

; : : : ; j

i

r

g such that

T (A

i

) =

S

j2J

i

A

j

(mod 0).

(iv) For every x 2

S

i

IntA

i

, the derivative of T exists and satis�es kD

x

Tk > 1.

On each A

i

, D

x

T is constant.

(v) T possesses a unique invariant measure equivalent to Lebesgue.

The family of measurable sets fA

1

; : : : ; A

n

g is referred to as a Markov partition.

When d = 1, the partition sets are intervals, and when d = 2, we imagine the

boundaries of these sets being formed by piecewise smooth lines running across

M . We de�ne a stochastic process fx

i

: i = 0; 1; 2; : : :g on the discrete space

S = f1; : : : ; ng, by

Probfx

0

= i

0

; x

1

= i

1

; : : : ; x

r

= i

r

g = �(A

i

0

\ T

�1

A

i

1

: : : \ T

�r

A

i

r

);

for i

k

2 S; k = 0; 1; : : : ; r: This probability represents the measure of the set of

points that lie in A

i

1

, have their �rst iterate in A

i

2

, their second iterate in A

i

3

, and

so on. Since � is T -invariant, this stochastic process is stationary.

Lemma 4.25: fx

i

g, i = 0; 1; 2; : : : is a Markov process.

Proof: For this to be true, the Markov property must hold; that is, we must have

Probfx

2

= kjx

1

= j; x

0

= ig = Probfx

2

= kjx

1

= jg; for all 1 � i; j; k � n;
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or in other words,

ProbfT

2

x 2 A

k

jTx 2 A

j

; x 2 A

i

g = ProbfT

2

x 2 A

k

jTx 2 A

j

g; (4.25)

for all x 2M , and 1 � i; j; k � n.

In terms of measures (4.25) reads

�(T

�2

A

k

\ T

�1

A

j

\A

i

)

�(T

�1

A

j

\A

i

)

=

�(T

�2

A

k

\ T

�1

A

j

)

�(T

�1

A

j

)

: (4.26)

Now

�(T

�2

A

k

\ T

�1

A

j

)

�(T

�1

A

j

)

=

�(T

�1

A

k

\A

j

)

�(A

j

)

by T -invariance of �, so we need only show that

�(T

�2

A

k

\ T

�1

A

j

\A

i

)

�(T

�1

A

j

\ A

i

)

=

�(T

�1

A

k

\ A

j

)

�(A

j

)

: (4.27)

We note that T (A

i

\T

�1

A

j

) = A

j

and T (A

i

\T

�1

A

j

\T

�2

A

k

) = A

j

\T

�1

A

k

because

fA

1

; : : : ; A

n

g is a Markov partition. Since T is linear on each A

i

, and the density

of � is piecewise constant on each A

i

(Boyarsky and Haddard [11]), the ratio of the

measures of the heavily shaded regions to the lightly shaded regions in Figure 4.2 is

preserved, and equation (4.27) holds. 2

A kA j

A j T-1A k

A i

A i T-1A j

A i T-1A j T-2A k

linear

Figure 4.2: The ratio of the measures of the heavily shaded regions to the measures

of the shaded regions is preserved.

Since fx

i

: i = 0; 1; 2; : : :g is a Markov process, we have that

�

P

k

�

ij

= Probfx

k

= jjx

0

= ig = ProbfT

k

x 2 A

j

jx 2 A

i

g

=

�(A

i

\ T

�k

A

j

)

�(A

i

)

: (4.28)

We may however, show (4.28) directly by induction.

Assume that

�

P

k

�

ij

= �(A

i

\ T

�k

A

j

)=�(A

i

). Then



4.6 The behaviour of R

n

; r

n

; and Z

n

91

(P

k+1

)

il

=

n

X

j=1

(P

k

)

ij

P

jl

=

n

X

j=1

�(A

i

\ T

�k

A

j

)

�(A

i

)

�(A

j

\ T

�1

A

l

)

�(A

j

)

=

n

X

j=1

�(A

i

\ T

�k

A

j

)

�(A

i

)

�(T

�k

A

j

\ T

�(k+1)

A

l

\A

i

)

�(T

�k

A

j

\ A

i

)

by (4.26)

=

n

X

j=1

�(T

�(k+1)

A

l

\ T

�k

A

j

\A

i

)

�(A

i

)

=

�(A

i

\ T

�(k+1)

A

l

)

�(A

i

)

= ProbfT

k+1

x 2 A

l

jx 2 A

i

g;

and so by induction, we obtain (4.28).

As we re�ne our partition, we insist that it remains Markov, that is, it satis�es

(i)-(iii) of De�nition 4.24. To this end, we re�ne our partition P by taking joins

with successive inverse images of itself. Set the re�ned partition P

0

= P _ T

�1

P _

� � � _ T

�l

P, (of cardinality n

l

) and denote an element of P

0

by A

i

0

, i

0

2 f1; : : : ; n

l

g,

where A

i

0

= A

i

1

\ T

�1

A

i

2

\ � � � \ T

�l

A

i

l+1

, i

k

2 S; k = 1; : : : ; l + 1. Our transition

matrix for this re�ned partition is de�ned by

P

0

i

0

j

0

:=

�(A

i

0

\ T

�1

A

j

0

)

�(A

i

0

)

:

We are interested in how much longer it takes our re�ned system to reach equilibrium

as compared with the system corresponding to the original partition P.

Lemma 4.26:

max

1�i

0

�n

l

k (P

0

)

k+l

(i

0

; �)� p

0

(�)k

1

= max

1�i�n

kP

k

(i; �)� p(�)k

1

:

Proof:

�

(P

0

)

k+l

�

i

0

j

0

= ProbfT

k+l

x 2 A

j

0

jx 2 A

i

0

g

= ProbfT

k+l

x 2 A

j

1

; : : : ; T

k+2l

x 2 A

j

l+1

jx 2 A

i

1

; Tx 2 A

i

2

; : : : ; T

l

x 2 A

i

l+1

g

= Probfx

k+2l

= j

l+1

; : : : ; x

k+l+1

= j

2

; x

k+l

= j

1

jx

l

= i

l+1

; : : : ; x

1

= i

2

; x

0

= i

1

g

(in random variable notation)

= Probfx

k+2l

= j

l+1

; : : : ; x

k+l+1

= j

2

; x

k+l

= j

1

jx

l

= i

l+1

g (Markov property)

= Probfx

k+2l

= j

l+1

jx

k+2l�1

= j

l

g � � �Probfx

k+l+1

= j

2

jx

k+l

= j

1

g

�Probfx

k+l

= j

1

jx

l

= i

l+1

g

= P

j

l

j

l+1

� � �P

j

1

j

2

(P

k

)

i

l+1

j

1
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Now we see that

max

i

0

k (P

0

)

k+l

(i

0

; �)� p

0

(�)k

1

= max

i

0

X

j

0

j (P

0

)

k+l

(i

0

; j

0

)� p

0

(j

0

)j

= max

i

1

;:::;i

l+1

X

j

1

;:::;j

l+1

j(P

k

)

i

l+1

j

1

P

j

1

j

2

� � �P

j

l

j

l+1

� p

j

1

P

j

1

j

2

� � �P

j

l

j

l+1

j

= max

i

1

;:::;i

l+1

X

j

1

;:::;j

l+1

P

j

1

j

2

� � �P

j

l

j

l+1

j(P

k

)

i

l+1

j

1

� p

j

1

j

= max

i

l+1

X

j

1

j(P

k

)

i

l+1

j

1

� p

j

1

j

= max

i

kP

k

(i; �)� p(�)k

1

;

2

Thus if our partition is re�ned by taking joins with l inverse iterates of the original

partition, then after an extra l iterations of the \re�ned" random system, we are

just as far from equilibrium as we would be in the original random system. This

is roughly because we may make our starting distributions more concentrated by

putting all the initial mass in a smaller re�ned partition set. It then takes longer

for this more concentrated distribution to spread out.

As before, we �nd constants R; r > 0 such that

max

1�i�n

kP

k

(i; �)� p(�)k

1

� Rr

k

for all k � 0: (4.29)

After re�ning P to obtain P

0

, we expect the Markov system generated by the cor-

responding transition matrix P

0

to take longer to settle to equilibrium. We shall

show that the exponential rate of convergence to equilibrium is the same for each

re�nement of P, and that the corresponding constants R

n

grow polynomially with

the cardinality of the partition n.

Proposition 4.27: As we re�ne our Markov partitions, R

n

grows polynomially

with n and r

n

= r

0

for all n � 0.

Proof: Let R

0

be the constant associated with the original partition P and R

l

be

the constant for the partition P

0

. We have that

max

1�i

0

�n

l

k(P

0

)

k+l

(i

0

; �)� p

0

(�)k = max

1�i�n

kP

k

(i; �)� p(�)k � R

0

r

k

0

= (R

0

=r

l

0

)r

k+l

0

;

for all k; l � 0. Thus we may take R

l

= R

0

=r

l

0

and r

l

= r

0

. This tells us how R

l

grows with the number of inverse image re�nements, but we really want to know

how it grows with the number of partition sets.

Put �

min

= inf

x

kD

x

Tk, noting that 1 < �

min

. There exists a constant C

1

such that C

1

�

l

min

cardP � cardP

0

, so �

l

min

� C

�1

1

n

l

=n

0

, where n

0

= cardP and

n

l

= cardP

0

. We choose q > 0 such that 1=r

0

< �

q

min

. Then

R

l

= R

0

r

�l

0

� R

0

�

ql

min

� R

0

�

n

l

C

1

n

0

�

q

=

�

R

0

(C

1

n

0

)

q

�

n

q

l

;
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and R

n

grows polynomially with n as required. 2

Proposition 4.20 cannot be directly applied to this system, as the sequence of Markov

partitions P do not satisfy Assumption 4.2 (ii) and (iii). This is because the size

of the Markov partition sets shrink at di�erent geometric rates (see the example of

x2.5.2 and Figure 2.17). Assumption (ii) may be suitably modi�ed to read:

(ii') There is a constant � such that T (A

n

i

) covers at most � of the sets

fA

n

1

; : : : ; A

n

n

g for each i = 1; : : : ; n.

without changing the proof of Lemma 4.9. In this situation, the partitions are tied

to the dynamics of T , so that at each re�nement the maximum number of sets an

image of a partition set can cover is bounded by the same number. The algebraic

lower bound of Assumption (iii) for �(A

n

i

) cannot be simply �xed; indeed min

i

�(A

n

i

)

decreases geometrically with n as the partitions are re�ned. This does not really

matter though, as our invariant density h is piecewise constant on each partition

set, and so the di�erence j

~

P

n;ij

� P

n;ij

j in Lemma 4.6 is in fact zero, as is the �rst

term of (4.24) in the proof of Proposition 4.20. Thus we obtain the exact answer �

at the �rst approximation stage. The fact that the sequence of invariant measures

~�

n

de�ned by (4.2) converge weakly to the unique absolutely continuous invariant

measure � follows as a special case of Theorem 3.2.

The situation described in this section is a rather trivial one, since � may be

computed exactly without using any of our extra perturbation machinery. This is

because the Perron-Frobenius operator has an exact �nite dimensional description.

We have however, learnt a good deal more about our matrix construction and have

given an example of when we have complete understanding of how the constants R

n

and r

n

behave.

4.6.2 Piecewise C

1+Lip

Expanding Maps of [0; 1]

In this section we describe another setting where we have control of the constants R

n

and r

n

. T : [0; 1]

�

�

�

is piecewise C

1+Lip

expanding and possesses a unique invariant

measure � equivalent to Lebesgue with density h. The Perron-Frobenius operator

P : L

1

([0; 1];m)

�

�

�

of T is de�ned by

P(f)(x) =

X

y2T

�1

x

f(y)

jdetDT (y)j

; (4.30)

or equivalently,

Z

A

Pf dm =

Z

T

�1

A

f dm for all Lebesgue measurable A � [0; 1]: (4.31)

We restrict the Perron-Frobenius operator to the Banach space of functions of

bounded variation (BV; k � k) where BV = ff 2 L

1

([0; 1];m) : var f < 1g and

k � k = k � k

1

+ var(�). Lasota and Yorke [48] guarantee the existence of an abso-

lutely continuous invariant measure �; we assume that it is unique and equivalent
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to Lebesgue (by making T mixing with respect to �, for example Keller [40]). By

the uniqueness assumption on �, P has exactly one �xed point h.

We outline what we are about to do. Our maps T will have a large and slowly

varying derivative in order that the Perron-Frobenius operator is a contraction in

the k � k norm when restricted to test functions of zero mean. Our �nite rank

approximation will be a \projection" of the Perron-Frobenius operator acting on

some �nite dimensional function space. Restricted to this �nite dimensional space,

P may be represented by our matrix P de�ned in (4.3). The norm of our projection

is bounded above by unity, so that our �nite rank operator is also a contraction

in the k � k norm when restricted to test functions of zero integral. From this, we

immediately obtain a bound for our \R

n

's" and \r

n

's" for our matrix approximation.

Preliminary Lemmata

Some of the initial lemmata are based on ideas in Rychlik [64]. It will become ap-

parent later that we must deal with P

�

, the Perron-Frobenius operator with respect

to the unique absolutely continuous invariant measure �, de�ned by

P

�

f(x) =

X

z2T

�1

x

f(z)h(z)

jdetDT (z)jh(Tz)

: (4.32)

This operator may be also by de�ned by

Z

A

P

�

f d� =

Z

T

�1

A

f d�; for all measurable A � [0; 1]: (4.33)

From (4.33), it is easy to see that f � 1 is an eigenfunction of eigenvalue one.

Compare equations (4.32) and (4.33) with the more usual de�nition of the Perron-

Frobenius operator with respect to Lebesgue measure in (4.30) and (4.31). Note

that kfk

1

is given by

R

jf j d� in this subsection. In all of what follows, g(x) =

h(x)=(jT

0

(x)j � h(Tx)); in Rychlik's paper, g is simply 1=jT

0

j. Denote by C

?

�

those

functions with zero �-mean, that is,

C

?

�

=

�

f 2 BV :

Z

f d� = 0

�

: (4.34)

Sublemma 4.28: If f 2 C

?

�

, then var f � kfk

1

� kfk

1

.

Proof: Assume f 2 C

?

�

is not identically equal to zero. There exists x

+

2 [0; 1]

such that the positive part of f , namely f

+

= maxff; 0g, is zero at x

+

. For if not,

f > 0 for all x 2 [0; 1] and

R

f d� > 0. Similarly, the graph of f

�

touches the x-axis.

Thus

var f

+

� sup f

+

�

Z

f

+

d�; and

var f

�

� sup f

�

�

Z

f

�

d� =

Z

f

+

d�:
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Noticing that var f = var f

+

+ var f

�

, one has

var f � sup f

+

+ sup f

�

� sup jf j �

Z

jf j d�;

and we are done. 2

Next we give a bound for the norm of P

�

for expanding maps of the circle.

Lemma 4.29: Let T : S

1

�

�

�

be C

1

and expanding. Then for f 2 C

?

�

,

varP

�

f � (kgk

1

+ var g) var f (4.35)

and

kP

�

j

C

?

�

k � 2 (kgk

1

+ var g) : (4.36)

Proof: If we plot the graph of T on [0; 1], identifying the endpoints, the graph

consists of a �nite number of branches, progressing from 0 at the bottom to 1 at the

top, with the next branch reappearing at 0 directly below where the previous one

was 1. These branches partition the unit interval into subintervals � = fB

1

; : : : ; B

r

g,

with T (B

i

) = [0; 1], i = 1; : : : ; r.

Let B 2 �. To begin with, we note that the action of P

�

on f � �

B

is roughly

to \multiply it by g and stretch it across the whole unit interval". This is just the

push forward of the density f � �

B

. Precisely, P

�

(f � �

B

)(x) = f(T

�1

x) � g(T

�1

x),

where the single branch of T

�1

corresponding to B is taken. As T j

B

is monotonic,

clearly,

var

�

f � T j

�1

B

� g � T j

�1

B

�

= var

TB

�

f � T j

�1

B

� g � T j

�1

B

�

= var

B

f � g; (4.37)

noting that TB = [0; 1]; see [47] for properties of variation. Let f 2 C

?

�

,

varP

�

f = var

X

B2�

P

�

(f � �

B

) by linearity of P

�

�

X

B2�

varP

�

(f � �

B

) as var(f

1

+ f

2

) � var f

1

+ var f

2

=

X

B2�

var

B

(f � g) by (4.37) (4.38)

= var(f � g)

� var fkgk

1

+ kfk

1

var g general inequality

= (kgk

1

+ var g) var f by Sublemma 4.28:

Also

kP

�

j

C

?

�

k = sup

f2C

?

�

kP

�

fk

1

+ varP

�

f

kfk

1

+ var f

� sup

f2C

?

�

2 varP

�

f

var f

as P

�

f 2 C

?

�

, and by Sublemma 4.28

� 2 (kgk

1

+ var g)

2
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The next step is to talk about piecewise C

1+Lip

expanding maps of [0; 1] whose

branches don't all progress from the bottom to the top of the graph. The main

di�erence in the analysis of this case is that equality in (4.38) becomes an inequality

(the wrong way round), as we have to worry about the jumps at the endpoints of

TB.

Lemma 4.30: Let T : [0; 1]

�

�

�

be piecewise C

1+Lip

and expanding. Denote by N

1

the number of branches that start at either the top or the bottom of the graph of T

but do not traverse the unit interval fully, and by N

2

the number of branches that

meet neither the top nor the bottom of the graph. Then for f 2 C

?

�

,

varP

�

f � ((2N

2

+N

1

+ 1)kgk

1

+ var g) var f; and, (4.39)

kP

�

j

C

?

�

k � 2 ((2N

2

+N

1

+ 1)kgk

1

+ var g) (4.40)

B1 B2 B3 B4

Figure 4.3: Graph of an interval map T . In this example N

1

= 2 and N

2

= 1.

Proof: As in the proof of Lemma 4.29, we have varP

�

f �

P

B2�

varP

�

(f � �

B

).

Recall that P

�

(f ��

B

) was \f ��

B

stretched out and multiplied by g". In the proof

of Lemma 4.29, TB was the entire unit interval, so that varP

�

(f ��

B

) was equal to

var

B

(f � g). However, in our more general situation, we must add in the jumps at

the endpoints of TB. So our new inequality is

varP

�

(f � �

B

) � var

B

(f � g) + �kfk

1

kgk

1

;

where � = 1 if TB has one of 0 or 1 as an endpoint and � = 2 if the endpoints of

TB are neither 0 nor 1. If one endpoint of TB is 0 and the other is 1, then � = 0

and we are in the situation of Lemma 4.29. Thus

varP

�

f �

X

B2�

varP

�

(f � �

B

)



4.6 The behaviour of R

n

; r

n

; and Z

n

97

�

X

B2�

var

B

(f � g) + (2N

2

+N

1

)kfk

1

kgk

1

� (kgk

1

+ var g) var f + (2N

2

+N

1

)kgk

1

var f

= ((2N

2

+N

1

+ 1)kgk

1

+ var g) var f

Inequality (4.40) follows as in Lemma 4.29. 2

De�nition 4.31: De�ne the averaging operator A

�

: BV ! Const, where Const

is the one-dimensional space of real-valued constant functions on [0; 1], by

(A

�

f) (x) =

�

Z

f d�

�

�

[0;1]

(x):

Lemma 4.32: Let T be as in Lemma 4.30 and suppose that


 := 2 ((2N

2

+N

1

+ 1)kgk

1

+ var g) < 1:

Then the operator P

�

�A

�

is a contraction on (BV; k � k) of factor 
.

Proof: Let f 2 BV be given, and note that (P

�

� A

�

)f = P

�

f �

R

f d� =

P

�

(f �

R

f d�) as P

�

1 = 1. Put f

0

= f �

R

f d�, and apply Lemma 4.30 to f

0

. One

obtains k(P

�

�A

�

)fk = kP

�

f

0

k < 
kf

0

k � 
kfk, with the �nal inequality following

as var f

0

= var f and kf

0

k

1

� kfk

1

. 2

Bounding the Norm of the Matrix Approximation

We suppose that our map T : [0; 1]

�

�

�

is expanding so strongly and uniformly, that

P

�

restricted to functions with zero �-mean is an immediate contraction in the

k �k = k �k

1

+var(�) norm. In other words, kP

�

j

C

?

�

k � 
 < 1. Clearly kP

�

�A

�

k � 


also.

De�nition 4.33: Given some partition of [0; 1] into subintervals fA

1

; : : : ; A

n

g, we

de�ne

F =

(

f 2 BV : f =

n

X

k=1

a

k

�

A

k

; a

k

2 R; k = 1; : : : ; n

)

;

a �nite dimensional vector space of piecewise constant functions, constant on each

A

k

. Further de�ne a projection �

�

: BV ! F by

�

�

(f) =

n

X

k=1

�

1

�(A

k

)

Z

A

k

f d�

�

�

A

k

;

where �

�

(f) on A

k

takes on the value of f averaged over A

k

.

Note that P

�

A

�

= A

�

, �

�

A

�

= A

�

, that �

�

P

�

is a �nite-rank operator, and that

k�

�

k � 1. The latter is clear as var �

�

f � var f , and k�

�

fk

1

� kfk

1

. Consider

�

�

(P

�

� A

�

) and note that k�

�

(P

�

� A

�

)k � k�

�

kkP

�

� A

�

k � 1 � 
. We wish to
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restrict �

�

P

�

and �

�

A

�

to the space F so that we may obtain a matrix represen-

tation for them with respect to the basis of F , namely the characteristic functions

f�

A

1

; : : : ; �

A

n

g. We will denote the matrix representations by [�

�

P

�

] and [A

�

] re-

spectively.

Lemma 4.34: Under left multiplication, [�

�

P

�

] and [A

�

] have matrix representa-

tion

3

[�

�

P

�

]

ij

=

�(A

i

\ T

�1

A

j

)

�(A

j

)

; (4.41)

and

[A

�

]

ij

= �(A

i

): (4.42)

Proof: Let f =

P

n

i=1

a

i

�

A

i

2 F .

�

�

P

�

 

n

X

i=1

a

i

�

A

i

(x)

!

=

n

X

j=1

 

1

�(A

j

)

Z

A

j

 

P

�

 

n

X

i=1

a

i

�

A

i

(x)

!!

d�

!

�

A

j

=

n

X

j=1

 

1

�(A

j

)

Z

T

�1

A

j

n

X

i=1

a

i

�

A

i

d�

!

�

A

i

=

n

X

j=1

 

n

X

i=1

a

i

�(A

i

\ T

�1

A

j

)

�(A

j

)

!

| {z }

a

0

j

�

A

j

:

So a

0

j

=

P

i

a

i

[�

�

P

�

]

ij

, where a

0

j

:= [(�

�

P

�

)f ]

j

.

To obtain the matrix representation for A

�

, we proceed as follows. As before,

let f =

P

n

i=1

a

i

�

A

i

2 F .

A

�

 

n

X

k=1

a

k

�

A

k

!

=

 

Z

n

X

k=1

a

k

�

A

k

d�

!

�

[0;1]

=

 

n

X

k=1

Z

A

k

a

k

d�

!

�

[0;1]

=

 

n

X

k=1

a

k

�(A

k

)

!

�

[0;1]

Thus [A

�

]

ij

= �(A

i

), under left multiplication. 2

Our goal is to describe how the R

n

and r

n

in equation (4.12) vary. To do this we

need to transfer the information about the di�erence

4

(�

�

P

�

�A

�

)

k

= (�

�

P

�

)

k

�A

�

in the BV norm to information about the di�erence [�

�

P

�

]

k

� [A

�

] in an appropriate

matrix norm (the standard L

1

matrix norm, for example).

3

This has been noticed by Li [50] for the standard Perron-Frobenius operator with respect to

Lebesgue measure.

4

To show this equality, one follows the argument for matrices given in the proof of Theorem

4.16 in [41].
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We may represent an element of F in vector form as an ordered n-tuple of

the step function values a

1

; : : : ; a

n

. To begin with, we de�ne a vector norm k � k

w

by k[a

1

; : : : ; a

n

]k

w

= kfk

1

, where f =

P

n

i=1

a

i

�

A

i

(keeping in mind that k � k

1

is integration of jf j with respect to �). This vector norm will induce a matrix

norm in the standard way, which we also denote by k � k

w

. Now if a step function

f 2 F has k � k

w

norm 1, how big can its k � k norm be? Well, by de�nition,

kfk

1

= 1, and one sees that var f � 2kfk

1

=min

1�i�n

�(A

i

). Thus for f 2 F ,

kfk � kfk

w

+ 2kfk

w

=min

1�i�n

�(A

i

), and so

�

1 + 2= min

1�i�n

�(A

i

)

�

�1

kfk � kfk

w

� kfk:

Let f 2 F , and in what follows, continue to think of f as a step function and a row

vector interchangeably. When we write [�

�

P

�

]f we mean left multiplication of the

matrix [�

�

P

�

] by the row vector [a

1

; : : : ; a

n

] where f =

P

i

a

i

�

A

i

.

k[�

�

P

�

]

k

� [A

�

]k

w

= sup

f2F

k([�

�

P

�

]

k

� [A

�

])fk

w

kfk

w

= sup

f2F

k([�

�

P

�

]� [A

�

])

k

fk

w

kfk

w

� sup

f2F

k(�

�

P

�

�A

�

)

k

fk

(1 + 2=min

1�i�n

�(A

i

))

�1

kfk

� sup

f2F

(1 + 2=min

1�i�n

�(A

i

))k(�

�

P

�

�A

�

)k

k

kfk

kfk

�

�

1 + 2= min

1�i�n

�(A

i

)

�




k

(4.43)

The observant reader may have noticed that the matrix [�

�

P

�

]

ij

is not exactly

the matrix P

ij

we were studying in earlier sections. We must perform a similarity

transformation on [�

�

P

�

] and [A

�

] to make these matrices stochastic. We will use

a di�erent norm k � k

m

for these matrices, this time the matrix norm induced by

the standard L

1

vector norm, namely k[a

1

; : : : ; a

n

]k

m

=

P

n

i=1

ja

i

j. In fact for a

matrix B, kBk

m

= kBk

1

in our earlier notation, but we use k � k

m

to avoid confusion

with the k � k

1

norm for functions. Let's suppose that our f 2 F has k � k

w

norm

1 and ask \how big can kfk

m

be?". It is easy to see that the most kfk

m

can be

is 1=min

1�i�n

�(A

i

) (we put all the mass of f into the smallest partition set to

get the greatest height). Thus kfk

m

� 1=min

1�i�n

�(A

i

)kfk

w

. Now how small

can kfk

m

be? By similar reasoning, kfk

m

� 1=max

1�i�n

�(A

i

)kfk

w

, so putting

c

n

= min

1�i�n

�(A

i

) and C

n

= max

1�i�n

�(A

i

) we have

C

�1

n

kfk

w

� kfk

m

� c

�1

n

kfk

w

:

We de�ne the diagonal matrix Q

ij

= �(A

i

)�

ij

, and the stochastic matrix

P

ij

:= (Q

�1

[�

�

P

�

]Q)

ij

=

�(A

i

\ T

�1

A

j

)

�(A

i

)

:
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We also de�ne

A

ij

:= (Q

�1

[A

�

]Q)

ij

= �(A

j

):

Note that A

ij

= p

j

where p is the �xed left eigenvector of P . We wish to bound kP

k

�

Ak

m

. Note �rst that kQk

m

= max

1�i�n

�(A

i

) and kQ

�1

k

m

= 1=min

1�i�n

�(A

i

) so

that

kQk

w

= sup

f2F

kQfk

w

kfk

w

� sup

f2F

C

n

kQfk

m

c

n

kfk

m

� � max

1�i�n

�(A

i

);

where we have used Assumption 4.2 (iii). Reverting to our old L

1

matrix norm

notation, we have

max

1�i�n

kP

k

(i; �)� p(�)k

1

= kP

k

�Ak

m

:

Now,

kP

k

�Ak

m

= sup

f2F

k(P

k

�A)fk

m

kfk

m

= sup

f2F

kQ

�1

([�

�

P

�

]

k

� [A

�

])Qfk

m

kfk

m

� sup

f2F

kQ

�1

k

m

k([�

�

P

�

]

k

� [A

�

])Qfk

m

kfk

m

� sup

f2F

c

�1

n

� c

�1

n

k[�

�

P

�

]

k

� [A

�

]Qfk

w

C

�1

n

kfk

w

� sup

f2F

c

�2

n

k[�

�

P

�

]

k

� [A

�

]k

w

kQk

w

kfk

w

C

�1

n

kfk

w

� c

�2

n

(1 + 2c

�1

n

)


k

� C

2

n

by (4.43)

� �

2

(1 + 2c

�1

n

)


k

� �

2

(1 + 2�n)


k

as 1=n � C

n

� �c

n

.

= R

n

r

k

where R

n

= �

2

(1 + 2�n) and r = 
.

Thus R

n

has polynomial (in fact, linear) growth rate with n, as required. We now

apply Proposition 4.20 to prove

Proposition 4.35: Suppose that T : [0; 1]

�

�

�

is a piecewise C

1+Lip

expanding in-

terval map such that 
 := 2((2N

2

+ N

1

+ 1)kgk

1

+ var g) < 1. Let f

~

P

n

g

1

n=n

0

be a

sequence of (n� n) transition matrices generated by (4.1) from a sequence of inter-

val partitions fP

n

g

1

n=n

0

satisfying Assumption 4.2 whose maximal element diameter

goes to zero as n ! 1. The sequence of invariant measures f~�

n

g

1

n=n

0

de�ned by

(4.2) converges strongly to the unique absolutely continuous measure � of T . The

rate of convergence is O(log n=n).

Extending the Class of Maps

The condition that 
 < 1 in Lemma 4.32 is rather restrictive; in this section we

brie
y outline how to extend the class of maps to which our results may be applied.
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In order to decrease kgk

1

and var g, we might consider T

k

in the place of T for some

k > 1. Setting g

k

(x) = h(x)=

�

j(T

k

)

0

(x)jh(T

k

x)

�

, we may make kg

k

k

1

as small as

we like by taking k large enough as T is expanding. However, there is no guarantee

that var g

k

will decrease as k becomes large, so we must abandon the simple bounds

of Lemmas 4.29 and 4.30 and turn to some known results in spectral theory.

In our setting of piecewise C

1+Lip

expanding mappings of the interval, the spec-

trum of the Perron-Frobenius operator P : BV

�

�

�

consists of a �nite number of

eigenvalues on the unit circle, with the remainder bounded away from the unit cir-

cle; see Hofbauer and Keller [34]. As we are assuming that T is mixing, P will

have just one eigenvalue on the unit circle of unit multiplicity, namely unity; see

Keller [39]. We have an invariant splitting BV = fhg � C

?

m

, where Ph = h and

C

?

m

= ff 2 BV :

R

f dm = 0g, so that Pj

C

?

m

has spectral radius strictly less than

one. Thus there exist constants H > 0 and 0 < q < 1 such that kPj

k

C

?

m

k � Hq

k

.

The relationship between the operators P and P

�

is

P

k

�

f =

P

k

(f � h)

h

; for all f 2 L

1

: (4.44)

If f 2 C

?

�

, then f � h 2 C

?

m

, and we may choose k so large that kP

k

�

fk = kP

k

(f �

h)=hk � H

0

q

k

kfk = 
kfk for all f 2 C

?

�

and some 
 < 1.

The idea is to apply Proposition 4.35 to T

k

to approximate an absolutely con-

tinuous T

k

-invariant measure �

k

. We have assumed that � is the unique ACIM for

T , and clearly � is also T

k

-invariant. Since T is mixing with respect to �, T

k

is also

mixing and hence ergodic for k � 1. Thus, there can only be one invariant measure

for T

k

that is equivalent to Lebesgue, and it is � = �

k

. All that we required to show

the polynomial growth of the R

n

's was that kP

�

j

C

?

�

k < 1, so we may now apply 4.35

to T

k

and P

k

�

. We construct a matrix

~

P

n;k;ij

=

m(A

i

\ f

�k

A

j

)

m(A

i

)

;

and compute ~p

n;k

, the unique left eigenvector of unit eigenvalue. From ~p

n;k

we de�ne

a probability measure ~�

k

n

as in (4.2). Proposition 4.35 now states that ~�

k

n

! �

k

as n ! 1 with the error being O(log n=n). As we have just noted, �

k

= �.

Similar ideas are contained in Hunt and Miller [37] who consider �nite-dimensional

approximation to quasi-compact

5

Perron-Frobenius operators of interval maps. The

results in this subsection provide an alternative proof to the main result of [37];

one which avoids the use of sophisticated spectral perturbation theory. Our rate of

convergence is, however, weaker.

5

The Perron-Frobenius operator is called quasi-compact if it may be written as P = C + D,

where C has �nite-dimensional range, simple eigenvalues on the unit circle in C , and no other

eigenvalues (except possibly 0), and the operator D has spectral radius strictly less than unity.



102 CHAPTER 4: PHYSICAL MEASURES OF MIXING SYSTEMS

4.6.3 Numerical Results for a Higher Dimensional Anosov

Di�eomorphism

For general multidimensional Anosov di�eomorphisms, to obtain estimates or even

bounds on the rate of mixing is very di�cult. Further work in this direction is

contained in the following chapter. In this section, we present some numerical results

for a common linear automorphism of the 2-torus. Throughout, our map T : T

2

�

�

�

is

de�ned by T (x

1

; x

2

) = (2x

1

+ x

2

; x

1

+ x

2

) (mod 1). We initially partition the torus

into 5 polygons, then re�ne this partition to 25, 50, 100, 200, 400, and 800 triangles.

The partition of cardinality 50 is shown below, where the torus has been unwrapped

onto the unit square, identifying opposing edges. To analyse this example, we will:

−0.2 0 0.2 0.4 0.6 0.8 1
−0.2

0

0.2

0.4

0.6

0.8

1

Figure 4.4: The partition of cardinality 50 for the 2-torus. The torus has been

unwrapped onto the unit square.

(i) directly evaluate the matrix 1-norm of the fundamental matrices Z

n

for n =

5; 25; 50; 100; 200; 400; and 800 to demonstrate its logarithmic growth with n,

(ii) directly evaluate max

1�i�n

kP

k

n

(i; �) � p

n

(�)k

1

for n = 5; 25; 50; 100; 200; 400;

and 800 and k = 1; : : : ; 30 to calculate:

(a) r

n

and R

n

, where max

1�i�n

kP

k

n

(i; �) � p

n

(�)k

1

� R

n

r

k

n

, to demonstrate

that r

n

is bounded above by some constant r

0

, and that R

n

grows poly-

nomially with n.

(b) m

n

, where m

n

is the minimalm such that max

1�i�n

kP

m

n

(i; �)�p

n

(�)k

1

�

min

i

p

n

(i)=2, to demonstrate the logarithmic growth of m

n

with n.
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A direct evaluation of kZ

n

k

1

is plotted against log

10

n in the �rst plot of Figure

4.5, for n = 5; 25; 50; 100; 200; 400; and 800. The presence of an almost linear graph

suggests that in this case, kZ

n

k is of O(log n).
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Figure 4.5: Plots of kZ

n

k

1

; R

n

; and m

n

respectively vs. n.

To calculate the minimal R

n

and r

n

, we �rst set r

n

to equal the second largest

(in magnitude) eigenvalue of P

n

. This is because the second largest eigenvalue

determines the rate of mixing for the Markov chain governed by P

n

. We then

choose R

n

as small as possible, while still keeping max

i

kP

k

n

(i; �)�p

n

(�)k

1

� R

n

r

k

n

for

k = 1; : : : ; 30. The results of these calculations are shown in Table 4.1 and the second

plot of Figure 4.5. Notice that r

200

is unusually small, and this is the reason that R

200

has been forced up. This \glitch" is an example of the complications involved with

trying to draw relationships between the rate of mixing of a deterministic system

and the rate of mixing of stochastic models of that deterministic system.

Calculating m

n

was just a simple matter of increasing k until max

i

kP

k

n

(i; �) �

p

n

(�)k

1

� min

i

p

n

(i)=2. These results are displayed in Table 4.1 and the third plot

in Figure 4.5. From the graphs it appears that R

n

is growing polynomially and m

n

is growing logarithmically with n as required.
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Figure 4.6: Plot of max

1�i�n

kP

m

n

(i; �)� p(�)k

1

vs. k for n =50, (the lowest line),

100, 400, 800 (the highest line). The dotted lines represent minimal bounding lines

of the form R

n

r

k

n

. The slope r

n

is set to be the second largest (in magnitude)

eigenvalue of P

n

. Once r

n

is �xed, R

n

is chosen to be the minimal constant satisfying

max

1�i�n

kP

k

n

(i; �)� p(�)k

1

� R

n

r

k

n

for k = 1; : : : ; 30.

Table 4.1: Numerical tabulation of mixing indicators for Anosov's cat map.

Number of Matrix 1-norm of y-intercept slope Steps required

states or the fundamental of the of the to be \half-way"

triangles matrix of P

n

bounding lines bounding lines to equilibrium

n kZ

n

k

1

R

n

r

n

m

n

5 1.70 2.34 0.30 3

25 3.79 6.38 0.42 7

50 4.94 9.46 0.45 9

100 5.73 11.59 0.51 11

200 6.87 25.95 0.50 13

400 8.17 23.83 0.55 16

800 9.51 26.30 0.58 19

We remark that even a linear toral automorphism with an arbitrary partition

provides us with quite a complex system when it comes to estimating its rate of

mixing. A linear system has been chosen so that Lebesgue measure is the absolutely

continuous measure; this simpli�es computations, but does certainly does not mean

that the results here are a special case. As our partition is in no way tied to the
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dynamics of T , we expect no extra complications with nonlinear Anosov di�eomor-

phisms.

4.7 Discussion

The main thrust of this chapter is to present a new method for proving the conjecture

of Ulam that the matrix

~

P in (4.1) is a good approximation of the Perron-Frobenius

operator P, in the sense that an estimate of the �xed point of P may be obtained

from the �xed vector of

~

P . This conjecture was �rst shown to be true for piecewiseC

2

expanding mappings of the interval by Li [50]. More recently, Ding & Zhou [20, 21]

produced a similar convergence result for multidimensional piecewise C

2

expanding

maps. They used a higher order method with piecewise a�ne functions forming the

�nite dimensional basis rather than our piecewise constant basis. They also needed

mild conditions on how the boundaries of the partition sets meet. The proofs of [50]

and [20, 21] both rely on bounded variation arguments, and so may only be used to

attack expanding mappings which \stretch" or \smooth out" density functions at

each iteration. I believe that such strong behaviour may not be required of the map,

and that Ulam's conjecture, or some variant, may also be true for maps that \mix"

su�ciently quickly with respect to their physical measure. More precisely, maps for

which an initial distribution of mass approaches the unique absolutely continuous

invariant measure exponentially fast; uniformly hyperbolic systems such as Anosov

di�eomorphisms enjoy such a property.

Our method is based on a few simple observations on the structure of the matrix

approximation, and an appeal to perturbation theory of �nite state Markov chains.

The idea is that although our matrix

~

P is slightly di�erent to the special matrix P ,

this error does not matter because the invariant density p is su�ciently insensitive

to perturbation of the elements of P ; thus ~p is close to the \correct" density p. This

robustness comes from the Markov chain associated with P being exponentially

mixing. The di�culty comes in putting universal bounds on the rates of mixing of

the Markov chains arising from the increasingly larger matrices P as we re�ne our

partitions of M . In some special cases, we have been able to obtain bounds using

properties of the map T , but in general, to obtain rates of mixing of stochastic models

of deterministic systems from the original system is a very di�cult problem. Our

numerical results for a more complicated higher dimensional map are encouraging,

however.

The advantages of this method are that no special partitions are required, one is

not restricted to one dimensional systems, and that only a modest mixing assump-

tion is required of the map. We hope that this method provides a new avenue of

opportunity for extending Ulam-type convergence results to a larger class of maps.



Chapter 5

Mixing Properties and

Aggregation

In this �nal chapter we look at the relationship between the rates of mixing of a

map and the rate of mixing of �nite state Markov chain approximations of the map.

It is assumed that

(i) T has a unique absolutely continuous invariant measure �,

(ii) All transition functions P

�

(or P

n

) represent small random perturbations of T

and have unique absolutely continuous invariant measures �

�

(or �

n

).

As before, our Markov chain approximations will be of the form

P

ij

=

�(A

i

\ T

�1

A

j

)

�(A

i

)

;

where fA

i

; : : : ; A

n

g is some partition of M . We shall refer to such matrices as

(T; �) transition matrices. In computer experiments we observe that for many maps

with some sort of mixing properties (soon to be made precise), the spectra (apart

from unity) of the (T; �) transition matrices seem to be concentrated in some ball

of radius strictly less than one. The question we would like to answer is, \What

class of maps have all the non-unit spectral values of their (T; �) transition matrices

concentrated in some �xed ball of radius strictly less than one, for arbitrarily �ne

partitions of M?" We partially solve this by considering various sorts of exponential

mixing properties of T , and seeing through examples which properties may be related

to the position of the matrix spectra. We conclude this chapter with some further

arguments concerning aggregation, as to why we expect our matrix approximation

to be a good (or special) �nite dimensional approximation of the Perron-Frobenius

operator.

5.1 Classes of Mixing

We begin by making precise our various types of mixing.

106
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De�nition 5.1: Let F be a class of real valued functions on M .

(i) We say that the pair (T; �) is w-mixing of class (


0

;F) if there exists a C =

C(
; f; g) such that

�

�

�

�

Z

M

f � T

k

� g d� �

Z

M

f d� �

Z

M

g d�

�

�

�

�

� C


k

; (5.1)

for all 
 > 


0

, k � 0 and f; g 2 F .

We are only interested in the case 


0

2 (0; 1), and F will typically be L

1

(M;m),

BV ([0; 1];R) or C

r

(M;R); r � 1. We call 


0

the rate of w-mixing of T with

respect to the class of test functions F . If 


0

< 1 we say that the system (T; �)

is exponentially w-mixing with respect to F (in this situation, 


0

is commonly

called the rate of decay of correlations of T with respect to F).

(ii) If we have some perturbed system governed by a transition function P

�

(�; �) :

M�B(M)! [0; 1] with invariant measure �

�

then we say the process (P

�

; �

�

)

is w-mixing of class (


�

;F) if there is a C

�

= C

�

(
; f; g) such that

�

�

�

�

Z

M

�

Z

M

f(y)P

k

�

(x; dy)

�

� g(x) d�

�

(x)�

Z

M

f d�

�

�

Z

M

g d�

�

�

�

�

�

� C


k

(5.2)

for all 
 > 


�

, k � 0 and f; g 2 F .

We call 


�

the rate of w-mixing of P

�

with respect to the class of test functions F .

If 


�

< 1 we say that the system (P

�

; �

�

) is exponentially w-mixing with respect to

F .

De�nition 5.2: Let (F ; k�k) be a Banach space of real-valued functions containing

the unique invariant density h of T .

(i) We consider P : (F ; k�k)

�

�

�

, and de�ne �

h

: F ! spfhg by �

h

(g) =

�R

M

g dm

�

�

h where h 2 F . We say that (T; �) is o-mixing of class (


0

; (F ; k � k)) if there

is a constant C = C(
) such that

sup

f2F

kP

k

f � �

h

fk

kfk

= kP

k

� �

h

k � C


k

(5.3)

for all 
 > 


0

and k � 0.

If 


0

< 1 we say (T; �) is exponentially o-mixing with respect to (F ; k � k).

(ii) De�ne the perturbed Perron-Frobenius operator P

�

: (F ; k � k)

�

�

�

as the action

on real-valued test functions corresponding to the action of some transition

function P

�

on absolutely continuous signed measures. Pictorially

1

,

M

a

(M)

P

�

�! M

a

(M)

x

?

?

IF

?

?

y

RN

x

?

?

IF

?

?

y

RN

F

P

�

�! F

1

The map IF is the integrating function that takes a function in F to its corresponding absolutely

continuous signed measure in M

a

(M ), and RN is the Radon-Nikodym derivative map that takes

an element ofM

a

(M ) to its corresponding density. The perturbed Perron-Frobenius operator may

be de�ned by P

�

= RN �P

�

� IF.
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where M

a

(M) denotes the collection of absolutely continuous signed Borel

measures. We say that (P

�

; �

�

) is o-mixing of class (


�

; (F ; k � k)) if there is a

constant C

�

= C

�

(
) such that

sup

f2F

kP

k

�

f � �

h

�

fk

kfk

= kP

k

�

� �

h

�

k � C

�




k

(5.4)

for all 
 > 


�

and k � 0.

If 


�

< 1 we say that (P

�

; �

�

) is exponentially o-mixing with respect to F .

Remarks 5.3:

(i) We have called our �rst variety of rate of mixing w-mixing where \w" stands

for weak. We cannot call this type of mixing weak-mixing, as this is a standard

name of another type of measure-theoretic mixing. The pre�x \w" is there

to remind us that our de�nition is reminiscent of the condition in [47] that

is necessary and su�cient for (T; �) to be mixing in the usual ergodic theory

sense. Namely, (T; �) is mixing i�

lim

k!1

(f � T

k

; g) = (f; 1)(1; g) for f 2 L

1

(M;�), g 2 L

1

(M;�), (5.5)

where (f; g) :=

R

M

f(x)g(x) d�(x). This is equivalent to saying that f � T

k

converges to

R

M

f d� weakly in L

1

or that P

k

g converges to

R

M

g d� weakly

in L

1

.

In the case of F = L

1

(M;�), T being w-mixing of class (
; L

1

(M;�)), 
 < 1

means that the LHS of (5.5) approaches the RHS at a geometric rate, and

(T; �) is \exponentially" mixing in the ergodic theory sense. (In this situation,

we really should take F = L

2

(M;�) to avoid the technical problem of the

product f � T

k

� g being non-integrable. Such a change is not expected to

signi�cantly alter the rate of mixing.)

(ii) The second type of mixing is denoted o-mixing, where \o" stands for operator.

This is because we are looking directly at the spectrum of the Perron-Frobenius

operator, and we are considering convergence of P

k

f to h in the operator norm

topology.

(iii) Note that (T; �) is o-mixing of class (


0

;F) =) (T; �) is w-mixing of class

(


0

;F) for,

�

�

�

�

Z

M

f � T

k

� g d� �

Z

M

f d�

Z

g d�

�

�

�

�

=

�

�

�

�

Z

M

f � P

k

(g � h) dm�

Z

M

f d�

Z

M

g d�

�

�

�

�

=

�

�

�

�

Z

M

f

�

P

k

(g � h)� h

Z

M

g d�

�

dm

�

�

�

�

=

�

�

�

�

Z

M

f

�

P

k

(g � h)� �

h

(g � h)

�

dm

�

�

�

�
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� kfk � k(P

k

� �

h

)(g � h)k for each of the L

1

; BV , and C

r

norms

! 0

by operator norm (or strong) convergence of P

k

to �

h

. The same is true for

the perturbed system (P

�

; �

�

).

(iv) If our system is mixing of class (1;F) and the LHS of equation (5.1), (5.2),

(5.3) or (5.4) goes to zero as k ! 1, we call the system simply w-mixing or

o-mixing as appropriate. Clearly, being mixing of class (1;F) allows the LHS

to be merely bounded as k ! 1 and not approach zero. In this situation

we say that the system is not w-mixing or not o-mixing as appropriate, and

avoid saying that the system is (1;F) mixing as this seems to imply some

sort of mixing property; we reserve (1;F) mixing for systems that mix at a

sub-exponential rate.

The Banach spaces that we will consider are (L

1

(M;B; �); k � k

1

), (C

r

(M;R); k � k

r

)

and (BV ([0; 1];R); k � k), where k � k = k � k

1

+ var(�). The rates of both w-mixing

and o-mixing depend very much on the space of test functions F and, in the case of

o-mixing, on the norm.

There are two attacks to our problem that we consider; the �rst only brie
y.

5.2 Estimating the Rate of Mixing of Perturbed

Systems

We wish to relate the rate of either w-mixing or o-mixing of (T; �) to the rate of

mixing of some stochastically perturbed system. We are particularly interested in

the case where this stochastically perturbed system is a Markov chain with transition

function generated by a (T; �) transition matrix. The idea is to estimate the rate of

w-mixing of our perturbed system (P

�

; �

�

) for some class of functions F containing

those that are piecewise constant on the partition sets fA

1

; : : : ; A

n

g used to generate

P

�

. We then restrict the class of test functions F to this class of piecewise constant

test functions F

s

and apply the following lemma.

Lemma 5.4: Let P

n

= fA

1

; : : : ; A

n

g be a partition of M . Set F

s

= f

P

n

i=1

a

i

�

A

i

:

a

i

2 R; a

i

<1g, and let P

�

be the (T; �) transition matrix

P

�;ij

=

�(A

i

\ T

�1

A

j

)

�(A

i

)

;

where � is any Borel probability measure on M . Construct a transition function P

�

as in (2.5) and its absolutely continuous invariant measure �

�

as in (2.7). 


�

is the

minimal 
 such that P

�

is (
;F

s

) w-mixing i� 


�

is the second largest eigenvalue of

the matrix P

�

.
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Proof:

(i) (=

As P

�

has a unique invariant density, P

�

has a unique �xed vector p

�

, and by

standard �nite Markov chain theory, P

k

�;ij

! p

�;j

exponentially fast; that is,

max

1�i�n

jP

k

�;ij

� p

�;j

j � C


k

; for j = 1; : : : ; n; k � 0; and 


�

� 
 < 1; (5.6)

where 


�

is the second largest (in magnitude) eigenvalue of P

�

. In fact, 


�

is the

least 
 such that (5.6) holds. We choose arbitrary elements f =

P

n

j=1

a

j

�

A

j

and g =

P

n

i=1

b

i

�

A

i

of F

s

.

(5:2) =

�

�

�

�

�

Z

M

 

Z

M

P

k

�

(x; dy)

n

X

j=1

a

j

�

A

j

(y)

! 

n

X

i=1

b

i

�

A

i

(x)

!

d�

�

(x)

�

 

Z

M

n

X

j=1

a

j

�

A

j

d�

�

! 

Z

M

n

X

i=1

b

i

�

A

i

d�

�

!

�

�

�

�

�

=

�

�

�

�

�

Z

M

  

Z

M

P

k

�

(x; dy)

n

X

j=1

a

j

�

A

j

(y)

!

�

 

Z

M

n

X

j=1

a

j

�

A

j

d�

�

!! 

n

X

i=1

b

i

�

A

i

!

d�

�

�

�

�

�

�

=

�

�

�

�

�

Z

M

 

n

X

j=1

a

j

P

k

�

(x;A

j

)�

n

X

j=1

a

j

�

�

(A

j

)

! 

n

X

i=1

b

i

�

A

i

!

d�

�

�

�

�

�

�

=

�

�

�

�

�

Z

M

 

n

X

j=1

a

j

�

P

k

�;`

x

j

� p

�;j

�

! 

n

X

i=1

b

i

�

A

i

!

d�

�

�

�

�

�

�

(5.7)

�

 

n

X

j=1

a

j

C


k

! 

n

X

i=1

b

i

�

�

(A

i

)

!

�

 

n

X

i=1

a

i

!

�

max

1�j�n

b

j

�

C


k

= C

0

(f; g)


k

:

Since 


�

is the least 
 such that (5.6) holds, 


�

is the minimal rate of w-mixing

of P

�

with respect to F

s

.

(ii) =)

Let f = �

A

j

and g = �

A

i

. Then

(5:2) = (5:7) =

�

�

�

�

Z

M

�

P

k

�;`

x

j

� p

�;j

�

�

A

i

(x) d�

�

(x)

�

�

�

�

= jP

k

�;ij

p

�;i

� p

�;j

p

�;i

j

By hypothesis, there is a constant C(�

A

i

; �

A

j

) such that

jP

k

�;ij

� p

�;j

j �

�

C(�

A

j

; �

A

i

)


k

�

=p

�;i
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for all 1 � i; j � n and k � 0. By taking C

00

= max

i;j

C(�

A

i

; �

A

j

)=p

�;i

, we

have

jP

k

�;ij

� p

�;i

j � C

00




k

for all i; j = 1; : : : ; n, k � 0, and all 
 > 


�

, with 


�

being the minimal value

for which this statement holds. By standard matrix theory, 


�

is the second

largest (in magnitude) eigenvalue of P .

2

Our method of bounding the second largest (in magnitude) eigenvalue of P

�

would be to say that if P

�

is (


�

;F) w-mixing for some function class F containing

F

s

, then certainly P

�

is (


�

;F

s

) w-mixing and thus the second largest eigenvalue of

P

�

is bounded above by 


�

. The problem with this approach is that the �rst step,

namely relating the rate of mixing of (T; �) to the rate of mixing of a stochastically

perturbed system (P

�

; �

�

) is very di�cult. Some known results for small random

perturbations are listed below.

(i) T : S

1

�

�

�

is C

r

, r � 2 expanding with expansion constant � > 1 and unique

invariant density h. Perturbation transition function P

�

(x; �) = normalised

Lebesgue measure on B

�

(Tx); the perturbed system has unique invariant den-

sity h

�

and h

�

! h strongly. With F = C

r

(S

1

;R), denote the rate of o-mixing

for (T; h dm) by �

0

, and that for the perturbed system by �

�

. Baladi and

Young [4] show that if �

0

> 1=�

r�1

then �

�

! �

0

as �! 0.

(ii) T : [0; 1]

�

�

�

piecewise C

2

expanding with unique invariant density. Perturba-

tion as above; bounds for the limiting rate of o-mixing are given in [4]

(iii) T : [0; 1]

�

�

�

is a piecewise C

1+Lip

, expanding, mixing Markov map that has

a unique invariant density h. (T; h dm) is o-mixing of class (�;BV ([0; 1];R),

where 1 > � > � = lim

k!1

�

sup 1=j(T

k

)

0

j)

�

1=k

. Rather than apply stochastic

perturbations, Baladi et al. [2] consider the rates of o-mixing of piecewise a�ne

approximations to T (each of which has a unique invariant density). It is shown

that the rates of o-mixing of the piecewise a�ne approximations converge to

� as the graphs of the approximations approach the graph of T .

(iv) Results on bounds for limiting rates of w-mixing and o-mixing of random com-

positions of C

r

maps may be found in [3].

In each of these cases, the transition functions P

�

(x; �) are continuous in the weak

topology on measures as x 2 M is varied. Such a property is not enjoyed by

our transition functions generated from (T; �) transition matrices. In view of the

technical di�culties involved with estimating rates of mixing even with simple maps

and pleasant transition functions, we abandon trying to estimate rates of mixing of

our transition functions from those of the original maps.
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5.3 Projected Perron-Frobenius Operators

The second approach that we shall discuss essentially skips the construction of a

perturbed Perron-Frobenius operator on the whole function space F . Set F

s

as in

Lemma 5.4. We de�ne a projection �

n

: F ! F

s

by

�

n

(f) =

n

X

i=1

�

Z

A

i

f d�

�

�

A

i

(5.8)

Following the proof of Lemma 4.34, the operator (�

n

� P)j

F

s

has matrix represen-

tation P

n

with respect to the basis f�

A

1

; �

A

2

; : : : ; �

A

n

g for F

s

. Our interest is in

how the spectrum of (�

n

� P) j

�

n

F

is related to the spectrum of P. In analogy

to the �nite-dimensional situation, the minimal rate of o-mixing of the Perron-

Frobenius operator may be determined as supfjzj : z 2 �(P) n f1gg, or in other

words, the spectral radius of P � �

h

. This is because if 


0

= r

�

(P � �

h

), then




0

= lim

k!1

k(P � �

h

)

k

k

1=k

by the spectral radius formula. But as in the proof of

Theorem 4.3.1 [41], we have (P � �

h

)

k

= P

k

� �

h

, so lim

k!1

kP

k

� �

h

k

1=k

= 


0

.

This is equivalent to the property that 


0

is the minimal number for which for all


 > 


0

there is a C = C(
) such that kP

k

� �

h

k � C


k

.

As described in an earlier chapter, we want to have the spectrum of P

n

consisting

of unity, with the other spectral values contained in a ball in the complex plane

of radius strictly less than one centred about the origin. Just as the rate of o-

mixing of P varies with the function space F and the norm, so too does the entire

spectrum of P. This is in contrast to the spectrum (and hence the rate of mixing)

of (�

n

� P)j

�

n

F

which is not a�ected at all by a change in F or the norm because

of the huge information loss through the projection �

n

. The question now is, \what

combination of (T; �);F ; and k � k guarantee that the spectrum of P

n

is of this

form for arbitrarily �ne partitions?" In the next section, we compare the rates

of w-mixing and o-mixing for four maps T

1

; : : : ; T

4

with the spectra of the (T

i

; �)

matrices, i = 1; : : : ; 4. The maps have been chosen to be respectively non-ergodic,

ergodic, mixing, and exact to give a sample of di�erent dynamical behaviours. For

each of the of the maps in question, normalised Lebesgue measure m is the unique

absolutely continuous invariant measure �. The (T

i

;m) matrices are constructed

on partitions that have not been carefully chosen in any way. For all intents and

purposes they are \arbitrary" partitions. Results in the following section are meant

as a guide only and no general theorems are proved.

5.3.1 Comparison of w-mixing and o-mixing rates with the

Spectra of (T; �) Matrices

We wish to decide which rate of mixing (that is, w-mixing or o-mixing, and which

function space and norm) is the most informative about the rates of mixing of our

matrices P

n

. In this section we consider the spectra of four maps in the Banach

spaces (L

1

(M;m); k � k

1

), (BV ([0; 1]); k � k), and (C

r

(M;R); k � k

r

). The maps are:
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(i) T

1

: S

1

�

�

�

, T

1

x = x+ �, � 2 Q, ((T;m) not ergodic).

(ii) T

2

: S

1

�

�

�

, T

2

x = x+ �, � 62 Q, ((T;m) ergodic, not mixing).

(iii) T

3

: T

2

�

�

�

, T

3

(x

1

; x

2

) = (2x

1

+ x

2

; x

1

+ x

2

), ((T;m) mixing, not exact).

(iv) T

4

: S

1

�

�

�

, T

4

x = 2x, ((T;m) exact).

We describe the rate of o-mixing and w-mixing for each of these four maps in each

of the three Banach spaces listed above. These rates will then be compared with

the spectrum (and rate of mixing) of the projected Perron-Frobenius operator on a

randomly chosen partition of M .

Rational Rotation of the Circle: x 7! x+ �;� 2 Q

We begin with a spectral analysis of the Perron-Frobenius operator for T

1

. T

1

pre-

serves Lebesgue measure m and the Perron-Frobenius operator is simply (Pf)(x) =

f(T

�1

x) = f(x � �).

Lemma 5.5: Let � = p=q, where gcd(p; q) = 1. (T

1

;m) is neither w-mixing nor

o-mixing with respect to each of the three Banach spaces.

Proof: We divide S

1

into q equal pieces f[0; 1=q); [1=q; 2=q); : : : ; [(q�1)=q; 1)g and

choose any f

0

: [0; 1=q) ! R in F as a \generating" function. We then de�ne a

function f : S

1

! R by f(x) = f

0

(r) where x = i � q + r; i 2 Z

+

; 0 � r < 1=q,

(making sure that the \ends" match up in the C

r

case). To show that (T

1

;m) is not

w-mixing for each of the three Banach spaces we simply choose the f in De�nition 5.1

to be the function just constructed. Thus (T

1

;m) is neither w-mixing nor o-mixing

in any of our three test Banach spaces (as o-mixing is stronger than w-mixing).

2

In the case of � = 1=2 and � = 1=3, we see in Figure 5.1 that there is no clear

bound away from the unit circle in C in the (T

1

;m) matrix spectrum.

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

Figure 5.1: Spectral plots for (T

1

; m), transition matrices generated from a random

partition of S

1

into 100 subintervals. On the left, T

1

x = x+ 1=2, and on the right,

T

1

x = x+ 1=3.
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Irrational Rotation of the Circle: x 7! x+ �;� 62 Q

Lemma 5.6: (T

2

;m) is neither w-mixing nor o-mixing with respect to each of the

three Banach spaces.

Proof: To show that (T

1

;m) is not exponentially w-mixing, select continuous

functions f; g in De�nition 5.1. These test functions reside in each of our three

Banach spaces. As the sequence fk�g

1

k=0

is dense in S

1

, we may select a subsequence

k

1

; k

2

; : : : such that T

k

i

! Id uniformly as i!1 (as k

i

�! 0). Then

Z

S

1

f � T

k

i

� g d�!

Z

S

1

f � g d�; as i!1

and so (5.1) does not approach zero. Thus (T

2

;m) cannot be w-mixing with respect

to test functions chosen from either of the two Banach spaces under consideration.

Clearly (T

2

;m) cannot be o-mixing either. 2

For � = 1=

p

2 and 1=

p

3, we again see that there is no clear gap in the (T

2

;m) matrix

spectrum away from jzj = 1. It seems that the spectra of the (T

2

;m) transition

matrices tend to be distributed evenly throughout the unit circle.

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

Figure 5.2: Spectral plots for (T

2

; m) transition matrices generated from random

partition of S

1

into subintervals. On the left, T

2

x = x + 1=

p

2 (100 subintervals),

and on the right, T

2

x = x+ 1=

p

3 (200 subintervals).

Anosov's Cat Map: (x

1

; x

2

) 7! (2x

1

+ x

2

; x

1

+ x

2

)

The Perron-Frobenius operator for T

3

is simply (Pf)(x) = f(T

�1

3

x) as T

3

is invert-

ible. T

3

: T

2

�

�

�

preserves two-dimensional Lebesgue measure.

Lemma 5.7:

(i) (T

3

;m) is not o-mixing in L

1

(T

2

;m) and C

r

(T

2

;R)

(ii) (T

3

;m) is w-mixing of classes (1; L

1

(T

2

;m)) and (1=�

r

; C

r

(T

2

;R)).

Proof:

(i) As the action of P on densities is just a repositioning that does not a�ect their

integral, that is

R

jPf j dm =

R

jf j dm), we see that kP

k

f � �

1

fk

1

is constant
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for all k 2Z, (�

1

denotes projection onto h � 1). Thus (T

3

;m) is not o-mixing

in (L

1

(T

2

;m); k � k

1

). Although the L

1

norm of P

k

f does not vary, the C

r

norm of P

k

f certainly does, as the action of T

3

is to stretch with factor � in

one direction and contract with factor 1=� in another. Thus kP

k

fk

r

, r � 1

will increase for large enough k (and kP

k

fk

C

0
will remain unchanged). It is

clear that (T

3

;m) cannot be o-mixing in (C

r

(T

2

;R);k � k

r

).

(ii) For w-mixing, we use the results of Crawford and Cary [15] regarding autocor-

relation functions for T

3

. Their autocorrelation function is identical to (5.1)

if g is chosen to equal f . Exponential decay for the autocorrelation function

with test functions taken from C

r

(M;R) may be shown to be equivalent to

exponential w-mixing in C

r

(M;R).

Sublemma 5.8: The following are equivalent:

(a) For every f 2 C

r

(M;R) there exists a constant C = C(f) such that

�

�

�

�

�

Z

M

f � T

k

� f d��

�

Z

M

f d�

�

2

�

�

�

�

�

� C


k

:

(b) For every pair f; g 2 C

r

(M;R) there exists a constant C

0

= C

0

(f; g) such

that

�

�

�

�

Z

M

f � T

k

� g d� �

Z

M

f d� �

Z

M

g d�

�

�

�

�

� C

0




k

: (5.9)

Proof: This proof is modelled o� the proof of Theorem 5.5 [60] (a result

originally due to R�enyi). We show that (a) implies (b); the converse is obvious.

Since M is compact and �(M) = 1, C

r

(M;R) � L

2

(M;B(M); �). Let (�; �) :

L

2

(M;�)�L

2

(M;�) ! R denote the standard inner product in L

2

(M;�). Fix

f 2 C

r

(M;R) and set

G

f

= fg 2 L

2

: 9 C

0

(f; g) such that j(f � T

k

; g)� (f; 1) � (1; g)j � C

0

(f; g)


k

g:

G

f

is a closed linear subspace that contains f and all of the constant functions.

Also g 2 G

f

=) g � T 2 G

f

as

j(f � T

k

; g � T )� (f; 1) � (1; g � T )j = j(f � T

k�1

; g)� (f; 1) � (1; g)j

� (C

0

(f; g)=
)


k

:= C

0

(f; g � T )


k

:

We claim that G

f

= L

2

(M;�). If not, choose g

0

2 G

?

f

; then (1; g

0

) = 0,

(f � T

k

; g

0

) = 0 for all k � 0. But this implies g

0

2 G

f

as equation (5.9)

is zero for all k � 0. Thus for each f 2 C

r

(M;R), we have shown we may

�nd a constant C

0

(f; g) such that (5.9) holds for every g 2 L

2

(M;R) and in

particular for every g 2 C

r

(M;R). The proof is complete. 2
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The proofs of [15] use number theoretic methods that are particular to linear

toral automorphisms. Their results, translated into our language, are that

(T

3

;m) is w-mixing of class (1=�

r

; C

r

(T

2

;R)) and (1; L

1

(T

2

;m)). To show

the latter rate, we have noted that [15] have found a continuous, nowhere

di�erentiable function f 2 L

1

such that the autocorrelation function decays at

an algebraic rate (j

R

f �T

k

3

� f dm�

�R

f dm

�

2

j = 2=k

2

). Lasota and Mackey

[47] show that T

3

is mixing in the usual ergodic theory sense; thus by Remark

5.3 (i), T

3

is w-mixing of class (1; L

1

(T

2

;m)).

2

In the case of the mixingAnosov map, we see that there appears to be a gap in the

spectra of the (T

3

;m) transition matrices; see Figure 5.3. This gap in the spectrum is
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Figure 5.3: a) (top left) is the spectral plot for a (T

0

3

; m) matrix generated from a

partition of 20 triangles, where T

0

3

is the slightly nonlinearly perturbed version of T

3

examined in Chapter 2. b) (top right) is the corresponding plot for a partition of

200 triangles (re�ning the 20 triangle partition). c) (bottom left) is the spectral plot

for a (T

3

; m) matrix generated from a partition of 50 triangles. d) (bottom right)

is the corresponding plot for a partition of 800 triangles (re�ning the 50 triangle

partition).

despite the fact that (T

3

;m) is not o-mixing with respect to either of the two Banach

spaces under consideration. The system (T

3

;m) is exponentially w-mixing with

respect to C

r

(T

2

;R) only. Of each of the four types of mixing considered, w-mixing

with respect to C

r

(T

2

;R) seems to be the most closely connected to the mixing rate

of our transition matrix. The precise nature of the connection is, however, not clear.

That is, a connection between the rate of mixing of the transition matrix and the

minimal rate of w-mixing with respect to C

r

(T

2

;m) has not been found. This is a

di�cult problem. We remark that as T

3

is an invertible map, its Perron-Frobenius
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operator is of little theoretical use and is seldom considered. It is interesting that

despite its invertibility, we somehow still obtain a de�nite exponential rate of mixing

from its approximate counterpart.

Remark 5.9: Anthony Quas has pointed out that the system (T

3

;m) is Bernoulli

(and thus also a Kolmogorov automorphism). Kolmogorov automorphisms are the

invertible versions of exact endomorphisms, so that the system (T

3

;m) really does

have strong mixing properties, and it may be unfair to consider the system (T

3

;m)

to have weaker mixing properties that those of (T

4

;m). It is possible that the plots

of the (T

3

;m) transition matrices in Figure 5.3 would not display such pronounced

spectral gaps if (T

3

;m) were neither Bernoulli, nor a K-automorphism, but sim-

ply mixing. Such an example is di�cult to arrange, however, as mixing Anosov

di�eomorphisms always possess Bernoulli physical measures; see Bowen [8] p.103.

Circle Doubling Map: x 7! 2x

The Perron-Frobenius operator for T

4

is (Pf)(x) =

1

2

(f(x=2) + f(x=2 + 1=2)).

Lebesgue measure is preserved by T

4

: S

1

�

�

�

.

Lemma 5.10:

(i) (T

4

;m) is w-mixing of class (1; L

1

(S

1

;m)), (1=2; BV (S

1

;R)), and (1=2

r

; C

r

(S

1

;R)).

(ii) (T

4

;m) is not o-mixing in (L

1

(S

1

;m); k�k) and o-mixing of classes (1=2; (BV (S

1

;R);

k � k)), and (1=2

r

; (C

r

(S

1

;R); k � k

r

)).

Proof:

(i) We deal with the BV and C

1

case. Denote by fA

1

; : : : ; A

2

k
g the Markov

partition for T

4

formed by

W

k�1

i=0

T

�i

4

f[0; 1=2); [1=2; 1)g. We have

�

�

�

�

Z

f � T

k

4

� g dm�

Z

f dm

Z

g dm

�

�

�

�

(5.10)

�

2

k

X

i=1

�

�

�

�

Z

A

i

f � T

k

4

� g dm�

Z

f dm

Z

A

i

g dm

�

�

�

�

: (5.11)

Note also that

1

2

k

Z

jf j dm � inf

A

i

g �

Z

A

i

f � T

k

4

� g dm �

1

2

k

Z

jf j dm � sup

A

i

g;

and

1

2

k

Z

jf j dm � inf

A

i

g �

Z

f dm

Z

A

i

g dm �

1

2

k

Z

jf j dm � sup

A

i

g:

Combining (5.11) with these observations, we arrive at

(5:11) �

2

k

X

i=1

1

2

k

Z

jf j dm �

�

sup

A

i

g � inf

A

i

g

�

(5.12)

�

1

2

k

kfk

1

sup jg

0

j (5.13)
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Thus (T

4

;m) is w-mixing of class (1=2; C

1

(S

1

)). We may replace (sup

A

i

g �

inf

A

i

g) by var

A

i

g in (5.12) to show that (T

4

;m) is w-mixing of class (1=2; BV ).

The C

r

; r > 1 case will follow from the proof of (ii).

Lasota and Mackey [47] state that all C

2

expanding maps are asymptotically

stable in L

1

, which means that kP

k

f � �

1

fk

1

! 0 as k !1 for any f 2 L

1

.

Clearly this implies that T

4

is w-mixing in L

1

, but exponentially so? Anthony

Quas has described a method for showing that T

4

is not exponentially w-mixing

in L

1

or C

0

(we show the C

0

case from which the L

1

case follows). Select a

sequence of integers n

i

such that n

i

" 1 very rapidly. De�ne f(x) = cos 2�x

and g(x) =

P

1

i=0

�

i

f � T

n

i

, where

P

1

i=0

�

i

<1. Now consider

�

�

�

�

Z

S

1

f � T

n

� g dm �

Z

S

1

f dm

Z

S

1

g dm

�

�

�

�

(5.14)

=

1

X

i=0

�

i

Z

S

1

cos 2

n+1

�x � cos 2

n

i

+1

�x dx (5.15)

=

(

�

i

0

R

S

1

(cos�x)

2

dx = �

i

0

=2; if n = n

i

0

for some i

0

,

0; if n 62 fn

i

g

1

i=0

.

By setting �

i

= 2

�i

for example, and choosing n

i

to approach 1 rapidly

enough, we see that the integral (5.14) does not approach zero exponentially

fast. This argument may be generalised for systems with a countable Lebesgue

spectrum, that is, a set of functions ff

i

g

1

i=0

such that ff

i

� T

j

g, i = 0; 1; : : :,

j 2 Z, form an orthonormal basis for L

2

(M;�). One takes f =

P

i=0

�

i

f

i

,

and g =

P

i=0

�

i

f

i

� T

n

i

in (5.1) and repeats the above argument. It is known

(Proposition 5.11 Petersen [60], for example) that every Kolmogorov automor-

phism acting on a measure space (M;�) with L

2

(M;�) separable, possesses a

countable Lebesgue spectrum. Thus no K-automorphism can be exponentially

w-mixing in L

1

.

(ii) We treat L

1

�rst. Given any k � 0, I can come up with an f

k

such that

kP

k

f

k

� �

1

f

k

k = 1 as follows. Partition S

1

into 2

k+1

subintervals of equal

length, and let f

k

take on the value 2 at the even numbered intervals and be

zero at the odd numbered intervals. The function P

k

f

k

will be 2 on [0; 1=2)

and 0 on [1=2; 1), so that kP

k

f

k

� �

1

f

k

k

1

= 1 for all k � 0. Thus P

k

does not

converge to �

1

in the operator norm topology and (T

3

;m) is not o-mixing in

L

1

.

For BV (S

1

), we evaluate directly kP

k

f � �

1

fk for some f 2 BV . We may

write kP

k

f � �

1

fk = kP

k

f

0

k where f = f

0

+ f

1

and

R

S

1

f

0

dm = 0. Now,

varPf(x) �

1

2

var f(x=2) +

1

2

var f(x=2 + 1=2)

=

1

2

�

var

[0;1=2)

f(x) + var

[1=2;1)

f(x)

�

=

1

2

var f(x)
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By induction, varP

k

f � var f=2

k

. So,

sup

f2BV

kP

k

f � �

1

fk

kfk

� sup

f

0

2BV

kP

k

f

0

k

kf

0

k

� sup

f

0

2BV

kP

k

f

0

k

1

+ var(P

k

f

0

)

var f

0

� sup

f

0

2BV

�

1

2

k

var f

0

+

1

2

k

var f

0

�

= var f

0

(kf

0

k

1

� var f

0

)

=

1

2

k�1

The C

r

case is mentioned in [4]

2

In the case of the doubling map x 7! 2x we again appear to see a clear gap in

the spectrum of the (T

4

;m) transition matrix; see Figure 5.4. This is now perhaps
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Figure 5.4: On the left is the spectral plot of a (T

4

; m) transition matrix, generated

from a partition of 100 random subintervals of S

1

. On the right is the corresponding

plot for a 300 random subinterval partition.

not so unexpected, as (T

4

;m) is exponentially o-mixing with respect to the func-

tion spaces BV (S

1

;R) and C

r

(S

1

;R), and our transition matrix approximates the

Perron-Frobenius operator in some sense. In this case, the spectrum of the transition

matrices (beside unity) are contained inside the ball jzj = 1=2. A connection be-

tween the rate of mixing of the transition matrices and that of the Perron-Frobenius

operator in BV or C

r

has not yet been found. Our results are tabulated below.

5.3.2 Minimal Rates of Mixing and Tighter Comparisons

In the last subsection, we noted that there seemed to be a correspondence between

(T; �) being exponentially w-mixing with respect to C

r

functions and the spectra

of (T; �) transition matrices being bounded away from the unit circle. L

1

functions

were far too broad a class to give much information on the mixing rate of T , but BV

functions seemed to be useful in the one-dimensional case. Here we study further

the C

r

and BV classes of test functions, and exactly determine the minimal rates
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Table 5.1: Rates of mixing for our sample maps: \N" means the map is not mixing

(the LHS (5.1) or (5.3) does not approach zero). Note that these rates are not

necessarily the minimal rates.

T

1

T

2

T

3

T

4

w-mixing in L

1

(M;m) N N 1 1

w-mixing in BV (M;R) N N na 1/2

w-mixing in C

r

(M;R) N N (2=(

p

5 + 3))

r

1=2

r

o-mixing in L

1

(M;m) N N N N

o-mixing in BV (M;R) N N na 1/2

o-mixing in C

r

(M;R) N N N 1=2

r

matrix mixing rate 0.9992 0.9993 .5769 0.5

cardinality of partition set 100 200 800 300

of w-mixing and o-mixing of a simple class of one-dimensional expanding transfor-

mations. From these exact determinations, we conjecture which rate of mixing is

approximated by the non-unit spectrum of the transition matrices.

The family of maps under consideration are the piecewise linear interval maps

T

s

: [0; 1]

�

�

�

T

s

x =

(

x=s 0 � x < s

x=(1� s)� s=(1 � s); s � x � 1

(5.16)

each of which leaves normalised Lebesgue measure on [0; 1] invariant. We begin by

computing the minimal rate of o-mixing for T

s

.

Lemma 5.11: The minimal rates of o-mixing for (T

s

;m) are:

(i) s

2

+ (1� s)

2

with respect to C

1

functions,

(ii) maxfs; 1� sg with respect to BV functions.

Proof: First note that for f 2 L

1

([0; 1]),

Pf(x) = s � f(sx) + (1� s) � f(s+ (1 � s)x): (5.17)

(i) Let f 2 C

1

([0; 1];R). We wish to evaluate

kP

k

f � �

1

fk

C

1
= max

(

sup

x2[0;1]

jP

k

f � �

1

f j; sup

x2[0;1]

j

�

P

k

f � �

1

f

�

0

j

)

;

where �

1

is the projection given by �

1

f =

�

R

[0;1]

f dm

�

� �

[0;1]

onto the one-

dimensional subspace spanned by the invariant density �

[0;1]

. Put f

0

= f��

1

f ;

then P

k

f � �

1

f = P

k

f

0

. From (5.17), one has

sup

x2[0;1]

j (Pf

0

(x))

0

j � s sup

x2[0;1]

jf

0

0

(sx)j+ (1 � s) sup

x2[0;1]

jf

0

0

(s+ (1� s)x)j

� s

2

sup

x2[0;1]

jf

0

0

(x)j+ (1� s)

2

sup

x2[0;1]

jf

0

0

(x)j:



5.3 Projected Perron-Frobenius Operators 121

By induction,

sup

x2[0;1]

j

�

P

k

f

0

(x)

�

0

j � (s

2

+ (1� s)

2

)

k

� sup

x2[0;1]

jf

0

0

j: (5.18)

Since f

0

is C

1

and is zero for some x 2 [0; 1], we see from (5.18) that

sup

x2[0;1]

jP

k

f

0

j � sup

x2[0;1]

j

�

P

k

f

0

�

0

j � (s

2

+ (1 � s)

2

)

k

sup

x2[0;1]

jf

0

0

j:

Thus kP

k

f

0

k

C

1
� (s

2

+ (1 � s)

2

)

k

kf

0

k

C

1
for all k � 0, and so (T

s

;m) is o-

mixing of class (s

2

+ (1� s)

2

; C

1

([0; 1];R)). To show that these bounds are in

fact equalities, we demonstrate that the rate of mixing s

2

+(1� s)

2

is realised

for a particular test function. Choose f(x) = x; then f

0

(x) = x� 1=2.

Pf

0

(x) = (s

2

+ (1� s)

2

)x� (s

2

+ (1� s)

2

)=2;

and by induction,

P

k

f

0

(x) = (s

2

+ (1� s)

2

)

k

x� (s

2

+ (1 � s)

2

)

k

=2:

Thus kP

k

f

0

k

C

1
= (s

2

+ (1 � s)

2

)

k

= (s

2

+ (1 � s)

2

)

k

kfk, and so s

2

+ (1� s)

2

is the minimal rate of o-mixing for (T

s

;m) with respect to C

1

functions. In

other words, r

�

(P � �

1

) = s

2

+ (1� s)

2

.

(ii) We begin by noting that

varPf(x) = var (sf(sx) + (1 � s)f(s + (1� s)x))

� s var f(sx) + (1 � s) var f(s+ (1� s)x)

= s var

[0;s)

f(x) + (1� s) var

(s;1]

f(x)

� maxfs; 1� sg var f

By induction one has

varP

k

f � maxfs; 1 � sg

k

var f; (5.19)

and Sublemma 4.28 tells us that

kP

k

f

0

k

1

� varP

k

f

0

� maxfs; 1� sg

k

var f

0

;

where k � k

1

again denotes the L

1

norm. So

kP

k

� �

1

k = sup

f

0

2BV ([0;1])

R

[0;1]

f

0

dm=0

kP

k

f

0

k

1

+ varP

k

f

0

kf

0

k

1

+ var f

0

�

maxfs; 1� sg

k

var f

0

+maxfs; 1� sg

k

var f

0

var f

0

= 2maxfs; 1� sg

k
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Thus there exists a C > 0 such that (5.3) holds, and (T

s

;m) is o-mixing of

class (maxfs; 1�sg; BV ([0; 1])). We now show that this is the minimal rate of

mixing by demonstrating that this rate is realised for a particular test function.

Let f = f

0

= �

f0g

and without loss of generality suppose that s > 1� s. Then

P

k

�

f0g

= s

k

�

f0g

= maxfs; 1 � sg

k

�

f0g

, and so

kP

k

f

0

k

1

+ varP

k

f

0

= 0 +maxfs; 1� sg

k

= maxfs; 1� sg

k

(kf

0

k

1

+ var f

0

):

Since

maxfs; 1� sg

k

� kP

k

� �

1

k � 2maxfs; 1� sg

k

;

we have r

�

(P � �

1

) = lim

k!1

kP

k

� �

1

k

1=k

= maxfs; 1 � sg: 2

We note that the rate of o-mixing with respect to C

1

functions equals the reciprocal

of the Lyapunov number of T

s

with respect to Lebesgue measure, and that the rate

for BV functions is equal to the minimal slope of T

s

. In the case where s = 1=2, T

1=2

is the circle doubling map of the previous subsection, and the rate s

2

+(1�s)

2

= 1=2

as shown earlier. The minimal rate of w-mixing for C

1

test functions coincides with

the minimal rate of o-mixing.

Lemma 5.12: The minimal rate of w-mixing for (T

s

;m) with respect to C

1

func-

tions is s

2

+ (1 � s)

2

.

Proof: To show this, we need only �nd a test function for which this mixing rate

is realised, and then use Lemma 5.11. Put f(x) = g(x) = x� 1=2 in (5.1).

Z

[0;1]

f � P

k

f dm�

�

Z

[0;1]

f dm

�

2

=

Z

1

0

(s

2

+ (1 � s)

2

)

k

x

2

� (s

2

+ (1 � s)

2

)

k

x=2 dx � 0

= (s

2

+ (1� s)

2

)

k

=12:

We are done. 2

Computer experiments were performed to see which rate of mixing, if any, was

being approximated by the mixing rates of the (T;m) transition matrices. Transition

matrices for the maps T

s

, s = 0:6; 0:75; and 0.9 were constructed from subinterval

partitions of cardinality 100, 200, 300 and 400, with the subinterval endpoints being

chosen both randomly and equally spaced. The results are shown in the table below.

In the s = 0:6 and 0.9 cases, the sub-dominant eigenvalue of the transition matrices

that determines the Markov chain's mixing rate appears to be close to the true

mixing rate of (T

s

;m) with respect to C

1

functions. The data for s = 0:75 varied

signi�cantly, though even in this case the subdominant eigenvalue is closer to the

C

1

rate than the BV rate. Further work is required to prove a connection between

the numerical values.

We remark that similar bounds may be easily obtained for piecewise C

1

, expand-

ing interval maps.
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Table 5.2: Comparison of rates of o-mixing for the map T

s

, s = 0:6; 0:75; 0:9. The

errors are plus/minus one standard deviation.

numerical value from numerical value from minimal rate minimal rate

s transition matrix transition matrix for for

(random partition) (equipartition) C

1

functions BV functions

0.60 0:5201 � 0:0144 0:5104 � 0:0026 0.5200 0.60

0.75 0:6707 � 0:0509 0:6005 � 0:0128 0.6250 0.75

0.90 0:8294 � 0:0260 0:8000 � 0:0000 0.8200 0.90

Lemma 5.13: Let T : [0; 1]

�

�

�

be piecewise C

1

and expanding with N inverse

branches and invariant density h. Then

(i) kP � �

h

k

C

1
�

P

N

i=1

1

�

2

i

, where �

i

is the minimal slope on the i

th

branch of T .

(ii) kP � �

h

k

BV

�

1

inf

x2[0;1]

jT

0

j

5.3.3 Further Numerical Results

In this subsection, we present some other numerical results of interest.

Dependence of the Spectrum on �

We return to the map

T

5

x =

(

2x=(1 � x); 0 � x < 1=3

(1 � x)=2x; 1=3 � x � 1

(5.20)

and compute the spectrum of (T

5

; �) matrices for various �. We use the measures

m = Leb, the unique ACIM � with density 2=(1 + x)

2

, and a new probability

measure � with density x+1=2. In addition, we shall investigate the spectrum of P

0

as de�ned in (2.21). For ease of computation, I constructed the transition matrices

from equipartitions; I expect to obtain similar results if more general partitions are

used. In the case of P

0

and the (T

5

;m) matrix, we used a partition of cardinality

768 = 3 � 2

8

, and a partition of cardinality 192 = 3 � 2

6

for the (T

5

; �) and (T

5

; �)

transition matrices. The rates of mixing for the �nite state Markov chains governed

by these transition matrices are shown in Table 5.3 and Figure 5.5. It appears

that the mixing rates of the (T

5

;m), (T

5

; �), and (T

5

; �) transition matrices are each

1=2 (numerical experiments indicate that �ner partitions give mixing rates closer to

1=2). This is consistent with the basic argument of Chapter 4, namely that if � and

� are equivalent measures, then the (T; �) and (T; �) matrices are close, and their

left eigenvectors may approximate the same invariant measure.

The spectrum of P

0

is clearly more spread out than those of the (T

5

; �) matrices.

We claim that the mixing rates of these transition matrices are connected with the
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Figure 5.5: a) (top left) is the spectral plot for a transition matrix generated from

an equipartition of 192 subintervals of [0; 1] where each of the nonzero entries of a

given row is replaced with an equal value. b) (top right) is the corresponding plot

for a 768 subinterval equipartition. c) is the spectral plot for a (T

5

; m) transition

matrix generated from an equipartition of 192 subintervals. d) is the corresponding

plot for an equipartition of 768 subintervals. e) is the spectral plot for a (T

5

; �)

transition matrix generated from an equipartition of 96 subintervals, where � is

the unique absolutely continuous invariant measure for T

5

. f) is the corresponding

plot for an equipartition of 192 subintervals. g) is the spectral plot for a (T

5

; �)

transition matrix generated from an equipartition of 96 subintervals, where � has

density x+1=2. h) is the corresponding plot for an equipartition of 192 subintervals.

mixing rate (in particular w-mixing with respect to C

r

test functions) of the invariant

measure that their �xed left eigenvectors are approximating. This di�erent mixing

rate is further evidence to support our earlier conjecture that the measures �

0

n

of
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Table 5.3: Rates of mixing for four transition matrices for T

5

on equipartitions of

[0; 1]

Type of transition matrix P

0

(T

5

;m) (T

5

; �) (T

5

; �)

Rate of mixing 0.6537 0.5001 0.5 0.5004

Cardinality of equipartition 768 768 192 192

x2.5.1 were converging to some T

5

-invariant measure di�erent to � (cf. Figures 2.15

and 2.16). We conjecture that 0.6537 is an estimate of the rate of C

1

w-mixing for

(T

5

; �

0

).

Remarks 5.14: The �gure of 1=2 in Table 5.3 may be roughly explained by the fact

that T

5

is C

1

-conjugate to the tent map via the di�eomorphism g(x) = 2x=(1 + x);

see Kohda and Murao [45]. That is, we have the following diagrams:

[0; 1]

T

5

�! [0; 1] �

T

�

5

�! �

?

?

y

g

?

?

y

g

?

?

y

g

�

?

?

y

g

�

[0; 1]

S

�! [0; 1] m

S

�

�! m

:

Suppose that our (T

5

; �) transition matrix is constructed from a partition P =

fa

0

; a

1

; : : : ; a

n

g. The (i; j)

th

entry is given by

�((a

i�1

; a

i

) \ T

�1

5

(a

j�1

; a

j

))

�((a

i�1

; a

i

))

=

m(g(a

i�1

; a

i

) \ g � T

�1

5

(a

j�1

; a

j

))

m(g(a

i�1

; a

i

))

=

m(g(a

i�1

; a

i

) \ S

�1

� g(a

j�1

; a

j

))

m(g(a

i�1

; a

i

))

:

This last expression is exactly the (i; j)

th

entry for the (S;m) transition matrix

formed from the partition g � P. Thus by deforming our partition by an amount

bounded by the Jacobian of g, we are able to make identical transition matrices for

the tent map S and our map (5.20). It is therefore to be expected that the spectra

of the (T

5

; �) transition matrices in Figure 5.5 be similar to that shown in Figure

5.4. This is still only a rough explanation as we have no link between the mixing

rate of the (T

5

; �) transition matrix and the rate of w-mixing for the system (T

5

; �)

with respect to F = C

r

(M;R) as yet.

A similar trick may not be pulled with the skewed circle doubling maps T

s

of

the previous subsection. Maps in this family (excepting the s = 0; 1 cases) are

merely C

0

conjugate, with the conjugacy being de�ned via the one-sided full shift

on two symbols. Such conjugation mappings have a Cantor-like (devil's staircase)

structure and preserve Lebesgue measure. This Cantor structure of the conjugation

maps means that we cannot bound the amount of distortion required to transform

a transition matrix for T

s

into one for T

s

0

(s 6= s

0

) by a suitable repositioning of

the partition subintervals. Condition (iii) of Assumption 4.2 would fail for such a

transformed partition.
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H�enon, (x; y) 7! (�ax

2

+ by + 1; x)

We consider the spectrum of (T

6

;m) transition matrices where T

6

: R

2

�

�

�

is a piece-

wise linear approximation of the H�enon map and m is Lebesgue measure. As men-

tioned in Chapter 1, little is known theoretically about the existence of invariant

measures for the H�enon map with the original parameter values a = 1:4; b = 0:3.

The results here are even more speculative than those of previous sections. We use

the piecewise-linear approximation of the H�enon map from 87 data points, as shown

in Figure 1.7. The spectra of two (T

6

;m) transition matrices are shown in Figure

5.6. We use Lebesgue measure m to construct the transition matrices, even though

Lebesgue measure is not invariant under T

6

. Based on the results of the previous

subsection, we have reason to expect the mixing properties of these transition ma-

trices to be roughly the same as those that would be constructed from the true

\physical" measure (we implicitly assume that we do approximate the \physical"

measure of H�enon with our transition matrices). The perceived gap in the spectrum

is not quite as clear as in our earlier maps (all non-unit eigenvalues are contained

in jzj � 0:8823 in the second plot). It is conceivable that there is a gap, but it is

certainly not beyond reasonable doubt, as the spectra may �ll out further toward

the unit circle as our partitions are re�ned.
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Figure 5.6: On the left is the spectral plot for a (T

6

; m) transition matrix generated

from a partition of 86 triangles where T

6

: R

2

�

�

�

is a piecewise linear approximation

of the H�enon map.On the right is the corresponding plot for a partition into 708

partitions (re�ning the 86 triangle partition).

A plot of the spectra of a related �nite-dimensional approximation of the Perron-

Frobenius operator for the H�enon map is contained in Kohda and Shinji [46]. The

plot of [46] is qualitatively and quantitatively very similar to ours, even though their

partitions were uniform grids and quite di�erent to ours. This suggests that there is

some sort of robustness of the spectra of the projected Perron-Frobenius operators

with respect to the partition used for the projection. The fact that the rate of mixing

of the (T; �) transition matrices seems to be most closely connected with the rate

of w-mixing with respect to C

r

(M;R) functions means that we may expect H�enon

to be exponentially w-mixing with respect to C

r

(M;R).
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5.4 Aggregation

We close with a section on further reasons to support the belief that our (T; �)

transition matrices are in a sense the \best we can do" by way of a �nite approxi-

mation of T and its Perron-Frobenius operator. We begin by �nding a relationship

between the (T; �) transition matrices generated for a �xed map T on di�erent

partitions. Suppose that we have a partition P = fA

1

; : : : ; A

n

g which is a re�ne-

ment of some coarser partition P = fB

1

; : : : ; B

m

g, where m < n. Each element

of P may be represented as a union of elements of P ; that is, B

�

=

S

i2S(�)

A

i

.

Here S(�) � f1; : : : ; ng with the sets S(�); � = 1; : : : ;m partitioning the index set

f1; : : : ; ng. The transition matrix P generated by the partition P is

P

ij

=

�(A

i

\ T

�1

A

j

)

�(A

i

)

(5.21)

and the transition matrix P from the coarser partition P is

P

��

=

�(B

�

\ T

�1

B

�

)

�(B

�

)

: (5.22)

We may express P in terms of the elements of P:

P

��

=

P

i2S(�)

P

j2S(�)

�(A

i

\ T

�1

A

j

)

P

i2S(�)

�(A

i

)

=

P

i2S(�)

P

j2S(�)

P

ij

�(A

i

)

P

i2S(�)

�(A

i

)

(5.23)

=

P

i2S(�)

P

j2S(�)

P

ij

p

i

P

i2S(�)

p

i

(5.24)

=

X

i2S(�)

 

p

i

P

i2S(�)

p

i

!

0

@

X

j2S(�)

P

ij

1

A

;

where p is the invariant density of the �nite state Markov chain described by P . An

important thing to note is that

p

�

=

X

i2S(�)

p

i

: (5.25)

In other words, the stationary mass of a \lumped" state equals the sum of the sta-

tionary masses of the states that make up that lumped state. The p

i

terms may be

thought of as weighting terms, as P

��

is really a convex combination of

P

j2S(�)

P

ij

with weights p

i

=(

P

i2S(�)

p

i

). By choosing the special weights p

i

, we obtain the pleas-

ant property (5.25). If we choose other weights, this does not happen in general. For

example, if we construct

~

P and

~

P using Lebesgue measure m rather than the abso-

lutely continuous invariant measure �, it is not in general true that ~p

�

=

P

i2S(�)

~p

i

.

Thus for transition matrices constructed with non-invariant measures, we must stop
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at equation (5.23) and cannot progress to the more pleasant form of (5.24). That

is,

~

P

��

=

X

i2S(�)

 

m(A

i

)

P

i2S(�)

m(A

i

)

!

0

@

X

j2S(�)

~

P

ij

1

A

: (5.26)

Whether the measure used to construct our transition matrices is T -invariant or not,

we at least now know how to construct transition matrices corresponding to coarser

partitions without having to go through the time-consuming process of explicitly

creating a coarser partition and computing a new transition matrix directly from

this partition. In fact, to produce the data in Table 4.1 for n = 5 and 25, I \cheated"

by lumping together adjacent triangles in Figure 4.4 and using (5.26) to calculate

the smaller transition matrices P

5

and P

25

indirectly.

Remark 5.15: The representation of P in terms of elements of P and the invariant

density p is well known in the Markov chain literature. If one has a large transi-

tion matrix, computation of the stationary density may be infeasible. One plan of

action is to lump together states of the original chain into super-states to form a

new Markov chain governed by a smaller transition matrix. This smaller transition

matrix is given by (5.24). The stationary density of this lumped or aggregated sys-

tem is now computed and a guess made at how the mass is distributed within each

superstate to obtain an approximate invariant density of the original system. Of

course, to construct P exactly from (5.24), one needs to know the stationary vector

p (which is unknown). In practice, a guess at p is made; from inspection of (5.24)

it is clear that only the relative magnitudes of the p

i

, i 2 S(�) a�ect the value

of P

��

. Computational techniques for �nding invariant densities of large transition

matrices employ an iterative process of aggregating, solving for the invariant density

of the lumped system, disaggregating to obtain an approximate invariant density

of the original system, then re-guessing the distribution within super-states, until

convergence occurs; see [13, 71, 35]

5.4.1 Di�erences in Mixing Rates of Aggregated Matrices

Our main reason for considering aggregations is to try to link the behaviour of a

transition matrix with its counterpart on a re�ned partition. Recall that we wish

to estimate the behaviour of the constants R

n

and r

n

in the bound

kP

k

n

(i; �)� p

n

(�)k

1

� R

n

r

k

n

; (5.27)

as the number of partition sets n increases. The idea was to choose a starting par-

tition of cardinality n and calculate R

n

and r

n

. Then to lump together sets in this

partition to make a coarser partition of cardinality m and be able to estimate the

constants R

m

and r

m

via some relationship between the original and aggregated sys-

tem rather than directly. We wish to bound r

n

away from unity by some universal
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constant and to show that R

n

grows at most polynomially with n. If we could show

that r

n

doesn't decrease under aggregation (n decreasing) and that R

n

decreases

slower than Cn

p

for some C; p > 0 (n decreasing) then we would be done. Unfortu-

nately, the mixing properties of a Markov chain and its aggregate don't seem to have

a great deal to do with one another. Let P denote the aggregate of P . The main

problem is that P

k

6= P

k

for k > 1. That is, given the same initial distribution q

0

for

the original system, if one lumps these states, then runs the aggregated system for

k steps, one obtains a di�erent (lumped) distribution to that calculated by running

the original system for k steps then lumping after the k

th

step.

Example 5.16: The fact that P

k

6= P

k

may be simply illustrated with (T;m)

transition matrices taking T : S

1

�

�

�

to be a rational rotation of the circle. For

Tx = x + 1=2 (resp. Tx = x + 1=3), we compare the square (resp. cube) of the

(T;m) transition matrix with the transition matrix for T

2

= Id (resp. T

3

= Id).

It is also interesting to compare the spectra of these two matrices; see Figure 5.7.

The spectrum of an (Id;m) transition matrix consists of the single eigenvalue f1g,

whereas the spectrum of the square (or cube) of the (T;m) transition matrix seems

to �ll out [0; 1].
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Figure 5.7: a) (top left) is a \spy" plot showing the nonzero entries of the square of

the (x 7! x+ 1=2; m) (100� 100) transition matrix. b) (top right) is a plot showing

the nonzero entries of the cube of the (x 7! x+1=3; m) transition matrix. c) (bottom

left) is the spectrum of the matrix depicted in a); (square of the data in Figure 5.1).

d) (bottom right) is the spectrum of the matrix depicted in b); (cube of the data in

Figure 5.1).

The numerical results in Figure 4.5 and Table 4.1 suggest that R

n

and r

n

are be-

having as we would hope under aggregation. The transition matrices of section
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4.6.3 may be thought of as successive aggregations of the largest 800 � 800 transi-

tion matrix constructed. Numerical studies of (T; �) transition matrices where T

is de�ned by (5.20) also indicate that R

n

decreases slower than polynomially under

aggregation and that r

n

remains bounded away from unity.

5.4.2 Expanding a Markov Chain

We brie
y mention that aggregation is of direct use for estimating the growth rate

of the norm of the fundamental matrix Z

n

when one is in the situation of x4.6.1.

Pages 140{145 in Kemeny and Snell [41] describe a method of \expanding" a Markov

chain. What is done is to look at transitions between pairs of states (ij) and (jk) of

the original chain, so that a pair of transitions i! j and j ! k in the original chain

becomes a single transition from (ij)! (jk) in the expanded chain. The transition

probabilities of the expanded process are de�ned by

^

P

(ij)(k`)

= �

jk

P

jl

: (5.28)

As our transition matrices are de�ned by the volumes of intersection of partition

sets (identi�ed with states) with their inverse images, this expanded process may

be thought of as acting on a re�ned partition; namely the one that is constructed

as the join of P and T

�1

P. Let us evaluate the LHS and RHS of (5.28) in terms of

measures of our partition sets.

^

P

(ij)(jk)

represents the probability of a point moving

from A

i

to A

j

and then to A

k

, given that the point moved from A

i

to A

j

. This

probability is given by

^

P

(ij)(jk)

=

�(A

i

\ T

�1

A

j

\ T

�2

A

k

)

�(A

i

\ T

�1

A

j

)

: (5.29)

For equation (5.28) to hold, we must have

�(A

i

\ T

�1

A

j

\ T

�2

A

k

)

�(A

i

\ T

�1

A

j

)

=

�(A

j

\ T

�1

A

k

)

�(A

j

)

: (5.30)

We showed that such an equality holds in the case where T is a piecewise linear

Markov map, and P was a Markov partition. Thus the results of [41] may be

applied in this instance. The result that we are interested in is the following.

Theorem 5.17: The fundamental matrix for the expanded chain is

Z

(ij)(k`)

= �

(ij)(k`)

+ (Z

jk

� p

k

)P

k`

:

From this formula, we may estimate the norm of the fundamental matrix of the

expanded chain in terms of the norm of the fundamental matrix for the original

chain.
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Lemma 5.18: k

^

Zk

1

� kZk

1

+ 2. As a consequence, kZ

n

k

1

grows no faster than

logarithmically with n.

Proof: By writing

k

^

Zk

1

= max

1�i;j�n

n

X

k;`=1

j

^

Z

(ij)(k`)

j

� max

1�i;j�n

n

X

k;`=1

�

j�

(ij)(k`)

j+ jZ

jk

P

k`

j+ jp

k

P

k`

j

�

� 1 + max

1�i;j�n

n

X

k=1

jZ

jk

j+ 1

= kZk

1

+ 2;

the �rst statement is clear. As in x4.6.1, suppose that we have an initial partition

P, and construct a re�ned partition P

0

from P and its join with T

�1

P; : : : ; T

�l

P.

By induction, we see that the norm of the fundamental matrix Z

n

l

for the transition

matrix on this new partition can be no greater than the norm of kZ

n

0

k

1

+ 2l. As

in x4.6.1, we have that there exists a constant C

1

such that n

l

� C

1

�

l

min

. Since the

number of partition sets n

l

is growing exponentially with the number of re�nements l

and the norm of Z

n

l

is growing linearly with l, we see that kZ

n

k grows logarithmically

with the number of partition sets n.

kZ

n

l

k

1

� kZ

n

0

k

1

+ 2l

� kZ

n

0

k

1

+

2(log n

l

� logC

1

)

log �

min

:

2

Thus we have shown (in a more direct manner than before) that the norm of the

fundamental matrices grows at a su�ciently slow rate to guarantee convergence

of our approximate invariant measures to the physical invariant measure in this

situation.

5.4.3 Aggregating the Perron-Frobenius Operator

In this subsection, we note that our (T; �) transition matrices may be realised as

a generalised aggregation of the Perron-Frobenius operator P : L

1

(M;m)

�

�

�

for T .

The transition function P

0

:M�B(M)! [0; 1] de�ned by P

0

(x; �) = �

Tx

represents

deterministic evolution of T . Let k

0

(�; �) :M �M ! R

+

be the transition kernel for

P

0

. That is, P

0

(x;A) =

R

A

k(x; y) dy := �

T

�1

A

(x) for all x 2 M , A 2 B(M). We

may write

P

ij

=

R

A

j

R

A

i

k(x; y) d�(x) dy

R

A

i

d�(x)

; (5.31)

which is similar to the form of (5.24).
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Remark 5.19: In light of this, one can see that Li's convergence result for one-

dimensional systems in [50] holds if Lebesgue measure is replaced with any other

probability measure equivalent to Lebesgue. In that paper he has really just aggre-

gated the Perron-Frobenius operator with respect to Lebesgue, whereas the \correct"

aggregation is with respect to the invariant measure �. By replacing his \averaging

with respect to Lebesgue measure" operator Q

n

with an operator Q

0

n

that averages

with respect to some other positive, �nite density, we still have that kQ

0

n

f � fk

1

goes to zero as n!1 (subinterval size goes to zero). The rest of the proof follows

as before.

If we aggregate the Perron-Frobenius operator with respect to the unique absolutely

continuous invariant measure �, then according to (5.25) the �xed vector of the

resulting matrix P

n

(under left multiplication) is p = [�(A

1

); : : : ; �(A

n

)]. But if

we aggregate the Perron-Frobenius operator using some other (non-invariant) mea-

sure ~�, the �xed vector of the resulting matrix

~

P

n

will not in general be equal to

[�(A

1

); : : : ; �(A

n

)]. If the non-invariant measure used in the latter situation is close

to � then we would expect the �xed vector of

~

P to be close to [�(A

1

); : : : ; �(A

n

)].

In this way we have a perturbation argument for the �xed left eigenvector of P .

Namely, if we aggregate P with respect to � and ~�, where � and ~� are close, then

kP �

~

P k is small. It is important to note that � and ~� need only be considered close

on the scale of each individual partition set to produce similar transition matrices

via aggregation. This is analogous to the property that when aggregating transition

matrices it is only the distribution of the weight within each individual superstate

that a�ects the entries of the aggregated matrix (see Remark 5.15). Our �nite state

Markov chain theory of Chapter 4 told us that if

~

P was any transition matrix with

entries similar to P , then the invariant density of

~

P was close to p, with the norm

of the fundamental matrix Z(P ) telling us how close. In the current situation, we

are thinking of P and

~

P as being constructed from slightly di�erent generalised ag-

gregations of P (according to the measure � and ~�). As � and ~� are close, we know

that P and

~

P are close in some sense, and so too will be p and ~p. The point is that

P and

~

P arise from aggregates of P and therefore have some special structure that

was ignored in Chapter 4. We therefore seek some perturbation result that either

takes this structure into account, or avoids the construction of P and

~

P altogether,

simply moving from the statement that � and ~� are close to the statement that p

and ~p are close. Unfortunately, no further progress has been made in this direction.

5.4.4 The Best Finite-Dimensional Approximation?

We �nish with a heuristic argument as to why the matrix approximation

�(A

i

\ f

�1

A

j

)

�(A

i

)

is in some sense the best possible (one-step) �nite approximation to the dynamics

of T . We again consider the Markov chain with transition function P

0

(x;A) =
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�

T

�1

A

(x) representing deterministic evolution of T . Our task is to give some �nitely

describable approximation of P

0

. Let's begin by partitioning our space into a �nite

number of connected sets, A

1

; : : : ; A

n

. Given a pair of sets A

i

and A

j

, we have

to calculate the probability that a point in A

i

moves into A

j

under one iteration

of T . A reasonable thing for our approximation to say would be that all points

x 2 A

i

have the same probability of moving into A

j

in one step. To calculate

this common probability, a sensible thing to do would be to average the transition

probabilities P

0

(x;A

j

). How to do this? Why not average according to the physical

invariant measure; this would seem to be the most sensible weighting. Formally, I'm

suggesting that we set the approximate transition probability of a point in state i

to state j to be

1

�(A

i

)

Z

A

i

P

0

(x;A

j

) d�(x) =

1

�(A

i

)

Z

A

i

�

f

�1

A

j

(x) d�(x)

=

�(A

i

\ f

�1

A

j

)

�(A

i

)

(5.32)

which is exactly our variant of the Ulam approximation.

5.5 Discussion

We sought an understanding of the connections, if any, between the rates of mixing

of the Markov chains governed by our (T; �) transition matrices and the mixing

properties of our dynamical systems (M;T ) with respect to the physical invariant

measure �. We �rstly considered treating our transition matrices as special types

of small random perturbations of T . However known results [4, 2, 3] suggested that

this approach was infeasible. Instead, we thought of our transition matrices as �nite-

rank projections of the Perron-Frobenius operator. After introducing various types

of mixing, we set about comparing the spectra of the (T; �) matrices (representing

our projected Perron-Frobenius operator) with the mixing rates of the system (T; �)

(representing the true Perron-Frobenius operator) for a selection of model maps.

Based on these numerical results, it appeared that exponential w-mixing with respect

to C

r

functions was the most closely connected with the existence of a bound for the

non-unit spectrum of the (T; �) matrices away from jzj = 1. The precise relationship

is not clear, however. In some instances, like the circle doubling map (and its skewed

variants), and the rotations of the circle, the mixing rate for the transition matrices

appeared to coincide with the rate of w-mixing of the system (T; �) with respect

to C

1

functions. In other situations, for example Anosov's Cat Map, the precise

relationship between the numerical values for the matrix mixing rate and the C

1

w-mixing rate of the map is unknown. It does, however, seem that exponential

w-mixing for C

r

functions implies that the mixing rates of the transition matrices

are bounded away from 1. A next step would be to prove that the second largest

eigenvalue of (T; �) transition matrices is bounded away from 1 if T is Anosov or

expanding.
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Even if we were to �nd some relationship between the rate of w-mixing of (T; �)

and the spectra of the corresponding transition matrix, we still have not completely

solved the problem from Chapter 4; namely �nding general conditions for which

hypotheses (i) and (ii) of Proposition 4.20 are satis�ed. The growth rate of R

n

is

still in question.

We noted that transition matrices constructed on coarser partitions were related

via a simple formula to their re�ned counterparts. The Markov chains for the

two systems were, however, very weakly linked and this construction was of little

direct use in general. In the situation where the the dynamical system may be

modelled completely by a Markov chain, aggregation provided us with a simple

way of demonstrating that the bounds of Proposition 4.20 were satis�ed. We also

saw that our transition matrices arose as generalised aggregations of the Perron-

Frobenius operator and that this construction may provide useful information about

the matrices that was ignored in the perturbation analysis of Chapter 4. We �nished

with a heuristic argument as to why our variant of the Ulam approximation is in

some sense the best possible �nite description of the dynamics of T .
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We began with a new computational method for calculating Lyapunov exponents of

a dynamical system, either from data, or from a known map. Our motivation was

the unsatisfactory elements of conventional procedures of exponent estimation using

time averages of long orbits of randomly chosen initial points. These included: un-

certainty over the orbit length required for convergence of the exponent calculation;

the perhaps infeasible computing time for lengthy orbits; numerical instability of the

multiplication of hundreds of thousands of matrices; and uncertainty over whether

the \random" orbit chosen is a typical orbit of the system. Each of these was a very

real problem. It seemed that the natural way to overcome these di�culties was to

compute the exponents by integrating local divergence over phase space using an

estimate of the physical measure of the system, thus eliminating the need for long

orbits and the di�culties associated with them. As the Lyapunov exponents of a

system must be de�ned with respect to an invariant measure of the system, to ex-

plicitly use an estimate of the physical invariant measure in the computation again

seemed the natural thing to do. Our preliminary attempts at exponent calculation

using a spatial average were promising, and in fact this early algorithm not only

showed that \it could be done", but could also be used as a simple check of time

average computations. This early algorithm seemed a little hodge-podge though,

and so we moved on to a more integrated approach to the spatial averaging pro-

cedure. As we were already using what could be considered a �nite state Markov

chain to approximate the physical invariant measure, we looked for a way to de�ne

the Lyapunov exponents of this Markov chain so that they would be close to those

of the deterministic system. We identi�ed whole chunks of phase space in M with

a single state in our �nite state Markov chain. To each chunk of space we assigned

a single matrix that was close to the Jacobian matrices of T in that region of M .

We de�ned our transition probabilities in such a way that the random system de-

�ned by the Markov chain was a small random perturbation of T . As we reduced

the diameter of our chunks of space, we simultaneously re�ned our estimates of the

Jacobian matrices and reduced the magnitude of the random perturbations applied

to T , thus making the evolution of our Markov chain increasingly similar to that of

the deterministic system. It now seemed reasonable to suppose that the exponents

of our random system would be close to those of our deterministic system. Unfor-

tunately, there are technicalities which prevent this from begin true in general, even

135
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though numerical experiments supported such a claim. The technicalities sprung

from the fact that the Lyapunov exponents of C

1

-close maps are not necessarily

close. Such problems also arise for the time averaging algorithm, but are mostly

swept under the carpet. Under the conditions outlined in x1.4, Young [77] believes

that the exponents of our nearby random systems are close to those of the original

map.

The only information that is required for our technique is a time series of ex-

perimental data; our piecewise linear reconstruction provides us with estimates of

the Jacobian matrices, and a partition on which to de�ne the action of our Markov

chain. Having an explicit representation of the map at hand is a bonus that extra

use may be made of. From a computational point of view, we need only (i) construct

the transition matrix P (representing evolution of the system) and �nd its unique

�xed vector, (ii) construct the transition matrices t

(i)

, i = 1; : : : ; n, (representing

the action of the Jacobian matrices on projective space), and (iii) form the matrix

M from P and the t

(i)

and compute its �xed vector. These objects are then simply

combined using (1.15) to evaluate the exponents.

We had expected the probability measures �

i

that describe the directions in

which to measure the average stretching of the random system at state i to be

related to the special directions w

x

for the deterministic systems. If our perturbed

system was accurately describing the dynamics of T , we expected the probability

measure �

i

to heavily weight those directions lying near w

x

, where x lies in state i.

To my delight, Figure 1.6 con�rmed this. Our spatial average gives four di�erent

techniques to calculate the exponents of the Markov chains, based on combinations

of the forward and reverse chains, and using the Jacobian matrices and their inverses.

These alternative procedures may be used in situations where some (negative, for

example) exponents are di�cult to resolve computationally, or simply to double-

check a calculation. The sum of the Lyapunov exponents of the induced Markov

chain is extremely simple to calculate from (1.43). In addition to a method of

calculating Lyapunov exponents of deterministic systems, we have also developed a

very accurate method of estimating Lyapunov exponents of Markov chains. If one

were not performing a space average, the exponents of the Markov chain would have

to be computed by running out long computer-generated \random" orbits, and using

the conventional time average techniques with all of their associated problems. The

ability of computers to consistently generate truly random orbits is now an added

complication not present in the deterministic case. Our space average avoids all of

this.

Finally, we mention the only other multidimensional spatial averaging method

we are aware of; that of Kim and Hsu [44]. Their algorithm consisted of a crude

construction of a transition matrix on a �ne grid in phase space to model the dy-

namics of the map and provide an estimate of an invariant measure. When it came

to deciding which directions to measure the local stretching in, Kim and Hsu chose a

single direction, based on a heuristic formula. Their method provided no theoretical
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basis for the computations and no results on convergence of the computed exponents

to the true ones. Further, the map must be known in order to construct their tran-

sition matrix. Their method is much more computationally intensive when it comes

to the Markov chain description of the map. Their grids have on the order of 800 000

elements, with 2� 10

7

data points needed to construct the 810 000 � 810 000 tran-

sition matrix for their H�enon map example. Just to compute the invariant density

of this matrix is a serious undertaking. We can achieve results of similar accuracy

with transition matrices of around 100{1000 states, being constructed from 20{200

data points. This improvement is most likely due to the fact that for each state, we

have developed a method of measuring the stretching in a \smear" of directions as

should be done, rather than in just a single direction.

At the conclusion of Chapter 1, the issue of whether or not we were approximating

the \physical" invariant measure of our dynamical system had not been resolved.

As many of the dynamical systems for which we wanted to �nd physical invariant

measures did not have a well-de�ned notion of a physical measure, we needed a

process to make a suitable selection from the in�nity of T -invariant probability

measures. Our idea was to subject the system to small amounts of noise, and then

compute the (unique) invariant measure of this noisy system. As the noise level

went to zero, we extracted a limiting measure which was shown to be T -invariant.

As this limiting measure arose as a limit of noisy systems, we argued that it was

of physical signi�cance since it was robust with respect to small perturbations in

some sense. In this way, we selected a single T -invariant measure from the in�nity

available.

We began Chapter 2 by extending the rather simplistic de�nition of the �nite

state Markov chain in Chapter 1 to a Markov chain on the whole of the phase

space M with transition function P. Although our Markov chain now operated

on the whole of M , the transition function was still �nitely describable and had

an absolutely continuous invariant measure that was simply calculated as the left

�xed vector of the transition matrix P associated with P. It was shown that this

Markov chain was indeed a small random perturbation of T , and that we could

�nd invariant measures of T by extracting limit points from a sequence of invariant

measures of the perturbed systems with the noise level going to zero. At each �nite

stage, our approximate measure was absolutely continuous with respect to Lebesgue.

If this proved to be a di�culty for integrating continuous test functions with respect

to the approximate measure, we noted that a singular representation could also be

constructed, so that the two representations shared a common zero-noise limit point.

The integration of a test function now just boiled down to evaluating the function at

a �nite number of points. We identi�ed that the way to decrease the perturbations of

our random system was to re�ne the partition sets. Such a re�nement must reduce

the diameter of the sets, not just the volume, and we gave suitable re�nement

procedures in two and three dimensions that reduced diameters while not producing
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too many extra partition sets.

Three examples of constructing estimates of a physical measure from data were

given for the H�enon map (from both a time series, and a set of �xed data points and

their images), and a nonlinear torus map (from time series). The numerical results of

these experiments were very encouraging. The accuracy of the invariant measures

were tested by running out long orbits of the reconstructed systems and forming

histograms on the same partition sets as those used to construct the approximations.

Our approximate invariant measures and the histograms generated from long orbits

gave similar weights to the partition sets; thus our constructed invariant measures

appeared to be close to the \physical" ones (those exhibited by most long orbits). As

a further way of increasing the accuracy of our approximate measures, we considered

\pushing forward" our measures via the action of the reconstructed map T . In cases

where the notion of a physical measure has a precise mathematical meaning it may

be shown that this pushing forward does improve accuracy. Our estimate of the

physical measure of the nonlinear toral map in Figure 2.13 is an excellent result,

considering we only had a time series of 11 data points to work with.

Since we had been using added noise as a selection process for the physical mea-

sure, the question arose as to whether any old small random perturbation would

select a good candidate for a physical measure in the zero noise limit. We saw that

this was most certainly not the case via a simple example. We then considered a

broad class of perturbations: ones for which (i) the true image is contained in the

collection of possible random images and (ii) mass in phase space is spread out, that

is, the Lebesgue measure of the random image of a set is always larger than the

Lebesgue measure of the set itself. One may have expected that this class of pertur-

bations would always produce a physical measure, particularly in those cases where

the physical measure is absolutely continuous with respect to Lebesgue. However,

this was not the case. It was shown via two counterexamples that perturbations in

this class may produce non-physical measures in the zero-noise limit. The �rst coun-

terexample was a numerical experiment designed to be a \believable" example of

something that may actually go wrong. The second counterexample was a contrived

situation in which we were able to prove that a non-physical measure lay at the zero-

noise limit. Both of these \bad" perturbations were obtained from our perturbation

by slightly varying the non-zero entries in the transition matrices. We also noted

that this varying of the entries in the transition matrices provides a mechanism for

Hsu's method of estimating the physical invariant measure to fail as well. In light

of our good numerical results, it therefore seems that our perturbations have some

extra information that we are not using. As yet, we have no counterexample for our

class of perturbations. That is, we have yet to �nd a map with a well-de�ned phys-

ical measure, and a reasonable sequence of partitions, such that our perturbations

de�ned on this sequence of partitions produce a non-physical measure in the limit.

In Chapter 3 we sought a proof of the fact that our perturbed systems produced
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the physical measure in the zero-noise limit. We restricted ourselves to C

2

expanding

and transitive Anosov maps, as these systems have well-de�ned physical measures.

We were particularly interested in the Anosov case, as I was unaware of any rigorous

extension of Ulam's approximation to multidimensional Anosov systems. A Markov

partition was chosen as the partition fromwhich to construct our transition matrices.

With this partition, the entries of the transition matrices took on special meanings,

giving information on the rate of local stretching of T in unstable directions. The

Markov partitions also gave us greater control over the dynamics of T , allowing us

to code the dynamics as a subshift of �nite type. It was known that the physical

(SBR) measure arose as an equilibrium state of T for a special weight function,

namely � log jlocal stretching in unstable directionj. By using the relative volumes

of intersection between the partition sets and their inverse images, we were able to

construct a piecewise constant approximation to this special weight function. We

then lifted this piecewise constant weight function to our symbol space; it would now

be a simple matter to compute the equilibrium state of this function as the �xed

left eigenvector of a matrix. It turned out that the matrix that de�nes the Markov

measure that is our approximate equilibrium state is none other then our original

transition matrix. To �nish o�, we showed that as our Markov partition was re�ned,

the piecewise constant approximation to the special weight function became more

accurate, and that the equilibrium states for those approximate weight functions

converge to the equilibrium state for the special weight function.

We noted that Lebesgue measure need not be used to construct our transition

matrix; rather the same result could be achieved using any measure that is equiv-

alent to Lebesgue to construct our matrix. The result could also be extended to

Axiom A system by a suitable de�nition of a \Markovian" partition for M (not

the attractor of zero Lebesgue measure). We have taken a completely di�erent

line of proof to previous proofs for Ulam-type convergence results for expanding

maps [50, 12, 20, 21]. These proofs have exclusively relied on bounded variation

arguments appealing to the Lasota/Yorke inequality. This inequality says that the

Perron-Frobenius operator \smooths out" the variation of the density functions to

which the operator is applied. From this, a universal bound is found for the variation

of the sequence of approximate invariant densities, thus showing that this set of den-

sities is relatively compact, and allowing the extraction of a limiting density. As we

were after an extension of these convergence results to Anosov maps, a completely

new proof technique was necessary, as the Perron-Frobenius operators for Anosov

di�eomorphisms in no way smooth out density functions. Our result (3.2) represents

the �rst step that I am aware of toward rigorous computational approximation of

SBR measures of Anosov systems.

In Chapter 4 we sought an extension of the result in Chapter 3 to the situation

where Markov partitions are not used. Although the result of Chapter 3 in principle

provides us with a rigorous way to approximate the physical invariant measure on
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a computer, the fact that Markov partitions must be constructed means that the

method is time consuming to implement. Of course once we do away with our

Markov partitions, we no longer have the interpretation of our transition matrix

elements as estimates of the local stretching in unstable directions. In addition, we

lose the ability to code the system as a subshift of �nite type and all of the symbolic

dynamics formalism that goes with it. We had to start from scratch; our work in

Chapter 3 would not be of any help. We again considered C

1+Lip

expanding and

transitive Anosov maps, seeking to approximate the unique absolutely continuous

measure.

Our argument was based on a few simple observations; the �rst of which was

that if we used the absolutely continuous measure � rather than Lebesgue measure

m to construct our transition matrix, the probability measure that we compute as

a �xed left eigenvector would give exactly the right weight to each partition set.

This did not seem to be of much use initially, as we don't know beforehand what

� is. However, we then observed that since � was equivalent to m, the transition

matrices P (constructed from �) and

~

P (constructed fromm) were not very di�erent

entrywise. In fact, we were able to show that as the diameters of the partition sets

decreased, P and

~

P approached each other in norm at a rate of 1=n

1=d

where n

was the number of partition sets. Since P and

~

P were close, so too must be their

eigenvectors p and ~p. And as p gives the correct weight to each partition set, ~p must

give something close to the right weight to each partition set. Further, we showed

that if the vectors p

n

and ~p

n

converge in norm as n ! 1 (diameter of partition

sets goes to zero), then our approximate invariant measure (constructed from ~p)

converges to the physical measure of T . To bound the distance between ~p and p

we used the inequality (4.10) involving the fundamental matrix Z of the transition

matrix P . For us to achieve convergence of ~p

n

to p

n

as n!1, we needed to show

that the norm of Z(P

n

) grew at most logarithmically with n. We noted that the

norm of Z was tied to the rate at which initial densities approach equilibrium under

iteration of P . We expressed the growth rate of the norm of Z

n

in terms of both

the growth rate of the time to get \half-way" to equilibrium, and the growth rate of

the constant R

n

in equation (4.12). It was di�cult to say anything useful about the

growth rate of these quantities for general maps, so we turned to some cases where

we have more control on the mixing properties of the map.

We �rst dealt with the case where T was a piecewise linear Markov map, and

used a Markov partition to construction the transition matrix. Here we were able

to show that R

n

grew at a polynomial rate, and that r

n

could be bounded away

from unity by a universal constant, implying that in this situation our approximate

invariant measures converge to the physical invariant measure. We then turned

to piecewise C

1+Lip

expanding maps of the interval. We saw that if T stretched

phase space strongly and uniformly enough, we could make the Perron-Frobenius

operator for T (with respect to �) a contraction in the Banach space of functions

of bounded variation. From this it followed that we could bound r

0

away from



SUMMARY 141

unity and that R

n

grew linearly. This argument could be extended to expanding

maps that did not stretch su�ciently strongly or uniformly by constructing k-step

transition matrices from the map T

k

rather than T . In this way, we obtain an

alternative, simpler proof of the main result of [37]. Finally, we performed some

numerical experiments on a linear toral automorphism, �nding that kZ

n

k, R

n

and

m

n

appeared to grow logarithmically, polynomially, and logarithmically respectively.

Such behaviour implied that our approximate invariant measures converge to the

physical invariant measure as the diameters of the partition sets go to zero. We

expected to �nd similar behaviour for non-linear maps.

Our numerical results lent weight to my conjecture that strong expanding prop-

erties are not necessary to prove Ulam-type convergence results, and that su�ciently

strong mixing properties will be enough. These su�ciently strong mixing properties

were displayed by uniformly hyperbolic systems such as Axiom A or Anosov maps,

where initial distributions approach the physical equilibrium distribution exponen-

tially quickly. For our perturbation analysis to go through, we needed to show that

our transition matrix P is su�ciently insensitive to perturbation of its entries. This

meant that we had to appropriately link the dynamics of T to P ; something that

turned out to be quite di�cult to do. The computational advantages of our proof

are that (i) no special partitions are needed, (ii) the result holds in any dimension,

and (iii) only a modest mixing assumption on the map is needed. It is my hope that

this argument lays the foundation for a new way to extend Ulam-type convergence

results.

Chapter 5 was motivated by the desire to explore further the connection between

the mixing properties of our map T and those of the transition functions P that rep-

resent in some rough sense the action of T . We began by introducing two di�erent

types of mixing, namely w-mixing and o-mixing, the rates of which we expected to

vary depending on the space of test functions employed. We �rst brie
y considered

trying to link the rate of mixing of our original system to a stochastically perturbed

counterpart (with a view to particularising any result to the class of perturbations

generated by the transition matrices). However, this route was abandoned, as known

work indicated that this problem was a di�cult one, even for simple maps and pleas-

ant perturbations. Our transition matrices were then considered as representing the

action of the Perron-Frobenius operator projected onto a �nite-dimensional space of

test functions. This �nite-dimensional space consisted of piecewise constant func-

tions that were constant on each of our partition sets. We then asked the questions

\How is the spectrum of this projected Perron-Frobenius operator related to that

of the real one?" and \How is the rate of mixing of this projected Perron-Frobenius

operator related to the various types of mixing that the real one displays?". The

latter was of the most importance to us as really we were only interested in how

quickly initial distributions approached the equilibrium distribution. We calculated

the rates of w-mixing and o-mixing with respect to the functions spaces L

1

(M;�),
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BV ([0; 1; ];R) and C

r

(M;R) for a collection of four model maps. These maps dis-

played varying degrees of mixingness, being non-ergodic, ergodic, mixing (in the

measure-theoretic sense), and exact. We compared these six w-mixing and o-mixing

values with the value of the second largest eigenvalue of a transition matrix con-

structed on an \arbitrary" �ne partition. We were looking for a combination of

w-mixing or o-mixing with a set of test functions that gave a correspondence be-

tween exponential mixing of the system and the second largest eigenvalue bounded

away from unity in our transition matrix. Based on these results it seemed that

if T was exponentially w-mixing with respect to C

r

test functions, then the (T; �)

transition matrices would have their second largest eigenvalue bounded away from

unity for arbitrarily �ne partitions. We had no proof of this result however; further

work would involve proving that such a connection was there or not. We now wished

to investigate the precise connection between the numerical values of the rates of

w-mixing and the sub-dominant eigenvalue of the transition matrices. Transition

matrices were computed for a simple class of maps for which the minimal rates

of mixing with respect to C

1

and BV test functions could be easily calculated.

For one-dimensional maps, our earlier data of x5.3.1 could not distinguish whether

C

r

([0; 1];R) or BV ([0; 1]) test functions gave the most information about the spec-

trum of our projected Perron-Frobenius operators. This new data for the skewed

circle doubling maps suggested that the subdominant eigenvalue of our (T

s

;m) tran-

sition matrices was an approximation of the minimal w-mixing (and o-mixing) rate

of the system (T

s

;m) with respect to C

1

functions. It therefore seemed that C

1

test

functions quantify the mixing properties of our projected Perron-Frobenius opera-

tors more accurately than functions of bounded variation. Again, proofs are still

lacking. To prove convergence of the mixing rates of our projected operator to the

C

1

w-mixing rate of the true Perron-Frobenius operator (as our partition is re�ned)

will probably be quite di�cult and only immediately solvable in certain cases. Find-

ing the minimal rates of mixing for maps is still an unsolved problem for all but the

simplest transformations; see Rychlik [65] or Liverani [52, 51] for bounds.

The e�ect of the measures used to construct the (T; �) transition matrices on the

spectrum of the matrices was considered. We constructed transition matrices for the

map (5.20) using Lebesgue measure m, its unique absolutely continuous invariant

measure �, and another non-invariant measure � equivalent to Lebesgue. Each of

these transition matrices had almost identical rates of mixing, as expected from the

arguments of Chapter 4. The spectrum of the transition matrix from the numerical

counterexample of Chapter 2 was also investigated. This matrix was constructed

from the same map (5.20), however the nonzero entries of the matrix had been

slightly altered. We found that the rate of mixing of this new transition matrix was

signi�cantly di�erent to those of the three just constructed frommeasures equivalent

to Lebesgue. This �nding lent weight to our argument of Chapter 2 that we were

approximating a non-physical invariant measure with the eigenvectors of our altered

matrix. We then had a look at the spectrum of the transition matrices for the H�enon
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map, and conjectured that since the second largest eigenvalue seemed to be bounded

away from unity, that perhaps the H�enon map would display exponential w-mixing

with respect to C

r

functions.

Aggregation was introduced as a way of linking transition matrices on re�ned

partitions to those constructed from their coarser counterparts. It provided us with

a simple way of computing transition matrices for coarser partitions without having

to explicitly construct the coarser partitions and recalculate the areas of intersection.

We tried to use the process of aggregation to link the mixing properties of transition

matrices constructed from �ner partitions with those constructed from coarser ones.

Unfortunately, the multistep evolution of a Markov chain has very little to do with

that of its aggregate, and aggregation was of no direct use in this way for analysing

transition matrices of general maps. In the situation where the evolution of orbits of

T on a �nite partition may be completely described by the �nite state Markov chain

governed by our transition matrix, it was shown that aggregation did tell us a lot

about the norm of the fundamental matrix of the chain. Such situations occurred

when T was a piecewise linear expanding map, the partition used to generate the

transition matrix was a Markov partition for T , and T was linear on each partition

set. For such maps, the idea of aggregation was very useful for estimating the

Markov chain's rate of increase in sensitivity to perturbations with the number of

states.

We noted that Ulam's approximation to the Perron-Frobenius operator is in fact

a generalised aggregation of the operator. If we aggregated the Perron-Frobenius

operator \correctly" (using the physical invariant measure �), then we would obtain

our special transition matrix of Chapter 4. However, the operator is usually ([50,

12, 20, 21]) aggregated with respect to Lebesgue measure (though not recognised

as such). For this reason, the resulting matrix representation does not give the

correct weight to each partition set. This realisation that the Perron-Frobenius

operator arises as an aggregation allowed us to consider a perhaps more informed

perturbation argument than that proposed in Chapter 4. If two measures � and ~�

were close (in a weaker relative sense on each partition set, rather than globally),

then the two transition matrices that arose as aggregations of the Perron-Frobenius

operator would also be close, as would be their invariant densities. Further work

could involve developing a perturbation argument that took into account the special

structure of these matrices, or avoided the construction of the matrices altogether

and proceeded straight to the conclusion that the invariant densities were close.

Finally, we presented a heuristic argument as to why our special aggregation is in

some sense the best �nite representation of the dynamics of T .
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