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Abstract. Granular flows are highly complex interconnected dynamical systems that are deterministic, but difficult to predict
at a microscopic level over even modest periods of time. One of the most useful mathematical approaches to analyse such
microscopically chaotic systems is based upon considering the flow of densities (or ensembles of particles) rather than
individual particles. In recent years, these techniques have been honed to offer an efficient means of identifying stable
macroscopic structures despite the unpredictability at the microscopic level. The numerical methodology is based around
the concept of a transition matrix that describes the dynamics on a user-selected state space. For example, in granular flows,
the state space may be a continuous space of particle stabilities, or a discrete space describing particle-neighbour interactions,
or any one of many other possibilities; the transition matrix describes transitions between different particle states. These
methods have previously been applied in a variety of other application settings, including molecular dynamics and physical

oceanography.
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INTRODUCTION

We begin by considering dynamical systems in a flexible
abstract framework that is adaptable to myriad settings
in granular flow. For our purposes, a dynamical system
(X,T) consists of a domain X, and a map T : X — X
that describes the dynamics on the domain by mapping
a particular point x € X to T(x) € X, representing the
passage of one unit of time. In the granular flow context,
the set X might be (i) a discrete set of individual granular
particle motifs representing local neighbour topologies,
or (ii) an interval of possible stability values of individual
granular particles computed from local neighbours, and
T is the effect of some external input/forces on the states
x € X of individual granular particles. Figure 1 shows the
motifs of a central particle before and after k steps of the
dynamics.

The domain X will be endowed with a metric D :
X x X — R, which quantifies the “distance” between
two points in X. In the motif example, D is a discrete
metric on the motifs; D(x,x) = 0and D(x,y) = 1 if x # y,
while in the other examples, D is the usual Euclidean
metric. The diameter of X can be defined as D* :=
max, yex D(x,y).

Complex dynamical systems often display behaviour
that is complicated and difficult to predict over short
time-frames. By the system (X,7) being “difficult to
predict” we mean that if D(x,y) is initially small relative
to D* then D(T*x,T*y) typically grows rapidly for k =
1,...,K at which point D(TXx,TXy) becomes of the
order of D* (note that K depends on x and y). Thus,
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FIGURE 1. A central particle and its contacting neighbours
define an individual motif x € X. Throughout deformation in
response to the load, particles rearrange to form a new configu-
ration after k loading steps T*x. We are interested in quantify-
ing the number of different motifs (size of set X), the frequency
with which different motifs occur, and the frequency of motif-
to-motif transitions.

if there is a small error in an initial state x, due to
experimental observation or other source, so that the
recorded state is x’, under iteration of the dynamics,
the distance between T*(x) and T*(x') grows rapidly
until it reaches D*; after this time future predictions are
meaningless; these notions go back to Lorenz [1] and
contemporaneous works. One frequently observes that
the rapid growth from k= 1,..., K can be best modelled
as geometric growth, so that D(T*x, T*y) ~ Cp*D(x,y),
k=1,...,K(x,y) for amodest constant C and p > 1. It is
this geometric growth property that makes prediction of
individual particle trajectories difficult beyond the short
term.

In terms of granular flow dynamics, one wishes to
choose X in such a way that a single point x € X is a good



descriptor of the current state of the granular particles.
The choice of metric D is up to the modeller and should
reflect the fact that two points in X are close according
to D if the corresponding properties of the two granular
particles are similar.

ENSEMBLES AND COARSE-GRAINING

Despite the unpredictability of individual trajectories
x,T(x),T?(x),..., if one considers an ensemble of initial
points in X, then the evolution of this ensemble under the
dynamics is typically highly predictable, converging to a
stationary ensemble that is invariant under the dynamics.

For simplicity, and sympathy with our numerical cal-
culations, we will consider discrete ensembles formed by
coarse-graining X. This coarse-graining is constructed
by partitioning X into regions (called boxes) By,...,B,
so that B;NB; =0, i # j, and [J_; B; = X. We will also
like each B; to be representative of a particular “region”
of the domain X and so ideally, the diameter of each B;
should be small, according to the metric D.

We now begin to build a probabilistic model of T
(in fact, a Markov chain) on the coarse-grained partition
{Bi,...,B,}. This probabilistic model will be governed
by an n X n transition matrix P, where the number P,;
is the (conditional) probability of a point x € B; moving
to B; under the action of T, given the information that
X € B;. Since the boxes partition X, and T(x) has to
lie in one of the boxes, one has Y/ | P;; = 1 for each
i=1,...,n

If X is a discrete, finite set {xj,...,x,} then we define

p.— #{k X € Bl-,T(xk) S Bj}
v #{x; € B;} ’

ey

where #A denotes the cardinality of the set A. In the con-
text of granular flows where X is an interval of particle
stabilities, we use exactly the above construction.

If X is a continuum, we need to impose a little more
structure; the easiest case is where X C R? and X inherits
the standard notion of volume in Euclidean space. In this
case, we define

vol(B;NT~'B))

P~ s =
Y vol(B;)
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Notice that in both (1) and (2), the numerator represents
the size of the set of points that are currently in B; and
will be in B; after one application of the dynamics 7.
For the situation where X is a collection of particle
motifs, we have to slightly modify the above construc-
tions because there can be several particles that share
the same motif. Formally, there is a motif function 7 :
{1,...,r} — X that maps each one of the granular par-
ticles to its motif, and this function 7 is not one-to-one.

Thus, we must count the motif transitions with particle
multiplicity and define
- #{1<k<r:=m(k)€B;,n(K)€B,}
v #H1<k<r:m(k)€B;} ’
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where (k') refers to the property of particle k after one
time-step. Because 7 isn’t one-to-one there is no formal
description of a map 7 on X, but from the point of view
of probabilistic modelling, this is not a problem.

The coarse-grained matrix constructions above have a
long history, going back to Ulam [2]. Hsu [3] introduced
the related cell-to-cell mapping for dynamical systems,
Dellnitz et al. [4] introduced an efficient computational
framework; see [5] for a survey of these methods.

Ensemble dynamics

An ensemble on our coarse-grained space {Bj,..., By}
is represented by an n x 1 probability vector p, where
p >0, and Y | p; = 1. The number p; represents the
probability that a randomly chosen point in X is con-
tained in B;.

Given some initial ensemble p°, we can apply the map
T at the level of ensembles by matrix multiplication by
P; that is p' = p°P. The new ensemble p! is the result
one obtains by taking the ensemble p° and applying 7 to
every point in that ensemble. If we wish to calculate p
for some large /, we construct the matrix P from a single
iteration of 7, and then by vector/matrix multiplication
iteratively apply the rule p**! = pkP, k =0,... 0 — 1.
The mechanics of this operation is incredibly simple and
fast once the transition P has been constructed. It is much
more efficient than individually applying 7 to all points
x € X and then finally coarse-graining.

THE INVARIANT ENSEMBLE

Under rather mild conditions, namely that there is some
k > 0 for which P¥ > 0 (dynamically, this roughly means
that the k-fold images of each box B; are eventually in-
tersecting all other boxes B), the Perron-Frobenius theo-
rem [6] guarantees that the coarse-grained dynamics has
a unique, stable, invariant ensemble p™. The ensemble
p” has the property that any initial ensemble p® eventu-
ally converges to it: p’P¥ — p>, and the property that it is
invariant under the coarse-grained dynamics: p*P = p~
(p™ is the unique eigenvector with eigenvalue 1).

The invariant probability vector or invariant ensemble
p~ is trivial to compute as the eigenvector of eigenvalue
1 of P. This ensemble describes the time-asymptotics of
the dynamical system, not only in the sense of ensemble
dynamics (all initial ensembles, when evolved forward
in time, converge to p~), but also has an interpretation
in terms of the dynamics of (X, T). Select an x € X and



compute an infinite trajectory x, T (x), T?(x), . ... Now for
any box B;, calculate the relative frequency with which
the trajectory enters B;:

#lk:TF(x) €B,0<k<{—1}
7 :

Then freq; ~ p; and under certain conditions it can be
proved that freq; — p; as the diameters of the boxes B;
go to zero (the coarse-graining is refined); see the survey
[5] for details and further references. Thus, the invari-
ant ensemble p> provides valuable time-asymptotic in-
formation that would otherwise be expensive to estimate
by explicitly computing long trajectories. In the context
of granular flow, the invariant ensemble provides impor-
tant information on the relative frequencies at which eg.
different motifs and stability values occur.
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ALMOST-INVARIANT SETS

In this section we describe how to decompose X into
regions that are close to invariant under short periods of
time. We say that a set A C X is invariant if A=T~'A.In
the context of particle motifs, an invariant set would be
a subcollection of motifs that cycle amongst themselves
under the shear action, never turning into a motif outside
the subcollection, while in the context of particle stability
values, an invariant set would be a subinterval of stability
values which remains unchanged under the shear action.

We will use our boxes {Bj,...,B,} to construct these
regions; if the diameters of our boxes are small, we can
well-approximate any subset of X by unions of boxes.
Let A = ;¢ Bi, where I C {1,...,n} is the set of in-
dices of boxes that make up the set A. We will call the set
A almost-invariant (the definition below is a refinement
of the original notion [7]; see [8]) if
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is close to 1. The numerator in (4) represents the condi-
tional probability (according to p*) of a trajectory of T
being in A at the present time, and one step in the future,
given that the trajectory is currently in A. Obviously the
closer p(A) is to 1, the larger the almost-invariance and
the closer A is to being invariant.

It is natural to ask how best one can partition X into
two sets A and A° = X \ A so that both A and A have the
largest possible values for p(A) and p(A¢). That is, what
is maxs-x min{p(A), p(A°)}, where A is formed from a
union of boxes? An excellent heuristic to solve this op-
timisation problem uses the spectral information of the
transition matrix P. These techniques have been used in
the ocean dynamics [9] and molecular dynamics [10] set-
tings to accurately map oceanic gyres and find molecular
conformations, respectively, as almost-invariant sets.

To take advantage of optimality properties of eigen-

vectors of symmetric matrices, it is beneficial to intro-
. A A ooP',‘ .
duce the matrix P, defined by P; = d pm’ . The matrix

P is well-known in classical Markov chain theory (see
eg. [11]) as the reverse-time chain governed by P. The
matrices P and P share the same invariant probability
vector p~ and crucially, it is easy to check that if one
computes p(A) with P in place of P, the value of p(A)
is unchanged. Thus almost-invariance with respect to the
invariant ensemble p is independent of the direction of
flow of time.

We now define a matrix R = (P + P)/2, which is
row-stochastic, has p™ as its invariant probability vector,
satisfies R = R, and computing p(A) with R in place of P
yields no change. The matrix R is now symmetric with
respect to a weighted (by p™) inner product, has real
spectrum, and its eigenvectors enjoy certain optimisation
properties (Rayleigh-Ritz Minimax Theorem [11]). If
A2 r denotes the second largest eigenvalue of R, then

1= /1= Ao < maxmin{p(4),p(A)} < (1+ 4o)/2.
(5)

These bounds and the above constructions may be found
in [8] (justification for the “min” expression may be
found in [12]), and are based on conductance bounds for
reversible Markov chains [13, 11].

The second right eigenvector v, of R is used to parti-
tion X. In the simplest version of the heuristic, one par-
titions X as A = Uy, ,>0Bi and A° = U;,, o Bi. One
can improve on this by optimising the threshold to max-
imise the p values; that is, consider A, = U;.,, > Bi and
A, = Ui, ;<5 Bir and select b so that min{p(A), p(AS)}
is maximal.

Extending the above principle, one can use infor-
mation from eigenvectors v,,v3,...,vx of R to subdi-
vide X into k almost-invariant sets. One now has k —
1 “thresholds” to find. Considering the entries Vj :=
{(vay--yvki) 1i=1,...,n} as a set of points in R¥~1,
we group these points by a clustering algorithm to find a
partition. As in [8], we use a weighted fuzzy clustering
algorithm, weighted by the invariant ensemble weights
so that each cluster has small radius in R¥~! and approx-
imately similar weight.

We illustrate these ideas via a 2D constant volume
cyclic shear test of >1000 bidisperse photoelastic disks
(see [14] and references therein). In the context of par-
ticle motifs, Figure 2(a) shows Vj for k = 3 as a subset
(consisting of 28 points corresponding to the 28 motifs)
of R? with each cluster indicated by a different colour.
Figure 2(b) shows the results of the clustering algorithm
to partition the motif collection into ¢ sets by finding ¢
clusters in Vi, 1 <k </.

The determination of these almost-invariant sets of
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FIGURE 2. (a) The result of clustering the motifs into three
disjoint sets using the information in eigenvectors v, and v3. (b)
Almost-invariant set membership determination from eigen-
vector information. The information in v, is sufficient to de-
termine two almost-invariant sets. These sets can further par-
titioned into three or four disjoint subsets (square) using only
vy, however, exploiting additional eigenvectors can improve the
clustering (circle and triangle).

motifs is crucial for the formulation of robust predic-
tive continuum modelling. If we can identify the most
likely configurations a granular material can access and
determine the most likely configurational changes such
groups of particles take part in, then we can more
accurately scale up models to the macroscopic level.
For example, in [15], modelling only one configura-
tional change based on the confined buckling of force
chains successfully captured macroscopic trends. The
techniques presented herein and in [14] enable identifi-
cation of additional configurational changes and mecha-
nisms to consider when modelling from the particle-scale
to the macroscopic-scale.

In summary, the approach of constructing a Markov
chain model via coarse-graining is an extremely flexible

modelling approach, enabling one to efficiently estimate
invariant ensembles and almost-invariant sets. The latter
directly reveal stable macroscopic structures in the model
domain, which are virtually invisible to direct computa-
tional methods that use individual trajectory information.
Future work will consider mobile versions of almost-
invariant sets, allowing one to identify time-dependent
stable macroscopic structures from models with time-
varying dynamics.
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