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Abstract. The behaviors of trajectories of nonlinear dynamical systems are notoriously hard to
characterize and predict. Rather than characterizing dynamical behavior at the level of trajectories,
we consider following the evolution of sets. There are often collections of sets that behave in a
very predictable way, in spite of the fact that individual trajectories are entirely unpredictable. Such
special collections of sets are invisible to studies of long trajectories. We describe a global set-oriented
method to detect and locate these large dynamical structures. Our approach is a marriage of new
ideas in modern dynamical systems theory and the novel application of graph dissection algorithms.
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1. Introduction. Let T : X → X be a mapping defining a chaotic dynamical
system on its chain recurrent set X. Throughout this paper, we shall assume that T
is chain transitive on its chain recurrent set; for definitions, see [23], for example. The
property of transitivity allows one to view the dynamics as one seething evolution on
the entire chain recurrent set. While transitivity is a pleasant simplifying property,
it does not provide information about the interaction of different subsets of the chain
recurrent set. For example, it may be that a dynamical system is nearly uncoupled in
the sense that it is possible to decompose the chain recurrent set into a finite number
of subsets such that there is a very small probability that trajectories beginning in
each subset will leave that subset in a short time. These almost-invariant sets define
macroscopic structures preserved by the dynamics. Analogously in the discrete time
case it is possible, for example, that there exist one or several almost-cycles, where
almost all trajectories beginning in one subset move to another subset under one iter-
ation. The identification of the cardinality and arrangement of such a decomposition
is clearly of great importance for the analysis of the corresponding system.

In the case of nearly decoupled systems, there is in principle an obvious way to
decompose the phase space (“phase space” is to be understood to be the chain recur-
rent set) according to the natural decoupling. However, it is in general a nontrivial
task to identify this macroscopic structure numerically or experimentally. Moreover,
most systems are not nearly decoupled, but still would benefit from an analysis of
their macroscopic behavior. By identifying and locating subsets which are “opti-
mally almost-invariant” or “optimally almost-cyclic” in some appropriate sense, we
will glean important information on the large-scale dynamics.
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Our work begins in this direction, with a formal definition in section 2 of what
is meant by optimal almost-invariance. This definition must be selected carefully
in order to provide the dynamicist with useful decompositions. Our approach to
identifying an optimal decomposition is to first discretize the dynamics to produce
a large, finite-state Markov chain. We then create a directed, weighted graph from
the transition matrix of the Markov chain and reformulate the decomposition prob-
lem into one of minimal graph cuts. This is the content of sections 3.1–3.2. The
problem of finding minimal graph cuts with balancing constraints is NP-hard, so in
section 3.3 we introduce a heuristic in use in graph theory that provides fast solutions
that we find to be close to optimal in practice. Section 4 illustrates the methods
for the logistic map to find an optimal decomposition of the unit interval into two
almost-invariant sets. General convergence results for our discrete approximation are
presented in section 5. The solution is compared with results obtained from com-
binatorial searches. Section 6 introduces a second type of almost-invariance, more
closely connected with the statistics of long orbits. In section 7.2, we study the
Lorenz system with a view to determining the best number of and the location of
almost-invariant sets. Finally, we briefly discuss almost-cycles and give an example in
section 8.

We stress that this present contribution is far from a complete theory of almost
invariant sets and their detection and identification. Rather, it is an important first
step towards this goal. Our methods are drawn from sophisticated techniques in
Perron–Frobenius theory and graph partitioning theory. Fundamental questions re-
garding the approximation of the Perron–Frobenius operator and its spectrum are
the focus of current research efforts by experts in that field. Likewise, the quality
of graph partitions found using heuristic methods is not precisely known and also
the subject of intense research. In this paper, we have endeavored to use the latest
results, when known, and use promising heuristics to achieve a numerical algorithm
of seemingly high quality. It is not our intention, and beyond the scope of this current
research, to solve fundamental questions in these two fields. We have attempted to
inject theory and rigor wherever possible while maintaining our focus on numerical
implementation.

Related work includes [6], where the eigenvectors of a discretized Perron–Frobenius
operator are used to divide the phase space into pairs of almost-invariant sets and into
almost-cycles. This current work should be viewed as a refinement of the ideas in [6],
principally, the formalizing of “optimal almost-invariance” and related convergence
results, and the introduction of a heuristic method which produces quantifiably supe-
rior results. The papers of [24, 8] also consider the decomposition of phase space into
multiple almost-invariant sets for systems whose discretization produces a reversible
Markov chain. All three of the cited papers are concerned with systems which are
nearly decoupled. A further advantage of our approach is that it can be successfully
applied to systems which are far from being nearly decoupled, and so provide infor-
mation on the relative dynamics of different regions of phase space in a wide variety
of situations.

2. Problem formulation and method of solution. We begin by describing
what we mean by optimal almost-invariance. Let T : X → X be a continuous mapping
that defines a discrete time dynamical system on its chain recurrent set X ⊂ R

n.
There are three reasons for this choice: First, the chain recurrent set is large enough
to contain all of the almost-invariant sets of interest. Second, the chain recurrent set
is a good model of sets observed in computers, since it is a limit of computations



ALMOST-INVARIANT SETS AND CYCLES 1841

with small errors. Third, there exists a rigorous computational algorithm for its
approximation [7].

Intuitively, we think of an almost-invariant set as a set A ⊂ X such that T (A)
is not very different from A. We quantify this notion by considering the fraction of
Lebesgue measure (denoted by m) that stays within A. (From now on, A will always
be a Borel measurable set with positive Lebesgue measure.) Formally, we define the
ratio

ρ(A) :=
m(A ∩ T−1A)

m(A)
,(2.1)

where T−1 is used to guarantee measurability of the sets.
Remark 2.1. Dissipative systems have chain recurrent sets with zero Lebesgue

measure. In such cases, we consider X to be an ε-neighborhood of positive Lebesgue
measure of the chain recurrent set of T . This neighborhood will arise naturally in our
construction of our approximation to the chain recurrent set.

Remark 2.2. This notion of m almost-invariance is introduced to quantify almost-
invariance in a “topological” sense. Lebesgue measure m is used to uniformly weight
subsets of equal volume. In section 6 we will introduce µ almost-invariance (µ is the
natural or physical invariant measure of the system) to quantify almost-invariance in
a statistical or metric sense.

If A1, . . . , Aq−1 all satisfy ρ(Ak) ≈ 1, for k = 1, . . . , q−1, then since X is invariant,

ρ(X \ ⋃q−1
k=1 Ak) must also be close to one. Thus, in general, we seek a partition of

X into q sets A1, . . . , Aq (each with positive Lebesgue measure), such that the ρ(Ak)
are all close to one. If q is prescribed beforehand, we seek to maximize the quantity

ρ(A1, . . . , Aq) =
1

q

q∑
k=1

ρ(Ak),(2.2)

by varying the q subsets A1, . . . , Aq, under the restrictions that Ak∩A� = ∅, k �= �, and⋃q
k=1 Ak = X. In order that each set Ak is nontrivial, we apply the additional con-

straint that m(Ak) > s for k = 1, . . . , q, where the value of 0 < s ≤ 1/q is prescribed.
In what follows, we will use s = 1/(q + 19); this guarantees that m(Ak)/m(A�) < 20
for k, � = 1, . . . , q.

While the ratios ρ(A1), . . . , ρ(Aq) can be combined in other ways, we believe that
(2.2) is a natural assessment of the almost-invariance of a collection of sets. If there
exists a partition {Â1, . . . , Âq} such that

ρ(Â1, . . . , Âq) = sup {ρ(A1, . . . , Aq) : {A1, . . . , Aq} is a measurable partition of X

and m(Ak) > s for k = 1, . . . , q} ,

we call {Â1, . . . , Âq} an optimal almost-invariant decomposition. At this stage, we
have not shown that there is a solution (unique or otherwise) to the maximization of
(2.2). Because of its technical nature, this question is taken up in section 5.

3. Computation of an optimal discrete decomposition. Finding measur-
able sets A1, . . . , Aq maximizing ρ is an infinite-dimensional optimization problem.
We reduce this to a finite-dimensional optimization problem by creating a fine box
partition P = {B1, . . . , Bn} of a covering of the chain recurrent set of T . This box
partition satisfies

n⋃
i=1

Bi ⊃ X.
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We will optimize over the collection

Cn =

{
A ⊂ X : A =

⋃
i∈I

Bi, I ⊂ {1, . . . , n}
}

,

seeking Ân
1 , . . . , Ân

q ∈ Cn such that Ân
1 , . . . , Ân

q partition a tight1 covering of X, satisfy

the size constraints m(Ân
k ) > s for all k = 1, . . . , q, and are optimally almost-invariant

in the sense that

(3.1)

ρ(Ân
1 , . . . , Ân

q ) = max
An

1 ,...,A
n
q ∈Cn

{
ρ(An

1 , . . . , An
q ) : m(An

k ) > s for all k = 1, . . . , q
}

.

This covering
⋃n

i=1 Bi of the chain recurrent set X is the ε-neighborhood alluded to
in section 2; as n → ∞, ε → 0.

3.1. A transition matrix and the evaluation of ρ. The box collection Cn
may be used to define a (weighted) transition matrix for our dynamical system. We
think of discretizing the smooth dynamics to form a finite state Markov chain with
transition matrix Pij given by

Pij =
m(Bi ∩ T−1Bj)

m(Bi)
.(3.2)

The construction of the matrix P can be efficiently performed and has been automated
with the GAIO package.2

A partition {An
1 , . . . , An

q } of a covering ofX corresponds to a partition {I1, . . . , Iq}
of the set of integers {1, 2, . . . , n} by An

k =
⋃

i∈Ik
Bi. Given this partition {I1, . . . , Iq},

we can calculate ρ(An
1 , . . . , An

q ) from the transition matrix P in O(n)time.3

Proposition 3.1. Using the notation above,

ρ(An
1 , . . . , An

q ) =
1

q

q∑
k=1

∑
i,j∈Ik

m(Bi)Pij∑
i∈Ik

m(Bi)
.

If m(Bi) = 1/n for all i = 1, . . . , n, then

ρ(An
1 , . . . , An

q ) =
1

q

q∑
k=1

∑
i,j∈Ik

Pij

|Ik| .(3.3)

Proof.

ρ(Ak) =
m(Ak ∩ T−1Ak)

m(Ak)

=

∑
i,j∈Ik

m(Bi ∩ T−1Bj)∑
i∈Ik

m(Bi)

=

∑
i,j∈Ik

m(Bi)(m(Bi ∩ T−1Bj)/m(Bi))∑
i∈Ik

m(Bi)

=

∑
i,j∈Ik

m(Bi)Pij∑
i∈Ik

m(Bi)
.

Setting m(Bi) = 1/n yields the second claim.

1We will call a collection of coverings {Sn}, where Sn =
⋃n

i=1
Bi of X, tight if m(Sn�X) → 0 as

n → ∞. For brevity we often call individual coverings tight if they are members of a tight collection.
2Available from http://www.upb.de/math/∼agdellnitz/gaio.
3Due to the sparseness of P .
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3.2. Graphs and minimal cuts. The transition matrix P has a corresponding
graph representation, where nodes of the graph correspond to states of the Markov
chain (and boxes in our phase space). If Pij > 0, then there is an arc between nodes i
and j in the graph with weight Pij . The problem of decomposing the phase space into
collections of boxes so that there is minimal communication between box collections,
subject to the size constraints on the collections, is similar to that of finding a minimal
cut (with balancing constraints) for this graph. A rough formulation of the minimal
cut with balancing problem is, “Given a graph, a predetermined number of pieces q,
and balancing conditions, how can one separate the graph into q disjoint nonempty
subgraphs by cutting edges in a way that the total weight of edges cut is minimal,
and size restrictions on the subgraphs are met?” Since weights of arcs correspond
to conditional probabilities of moving from one box to another, finding a solution
to a minimal cut problem with balancing will probably give a good solution for our
optimally almost-invariant set problem.

Example 3.2. Consider the following map; see Figure 1.

Tx =




2x, 0 ≤ x < 1/4,

3(x − 1/4) + 1/4, 1/4 ≤ x < 1/2,

3(x − 3/4) + 3/4, 1/2 ≤ x < 3/4,

2(x − 1) + 1, 3/4 ≤ x ≤ 1.

(3.4)

We seek to find a decomposition of X = [0, 1] chosen from the collection P = {[0, 1/4],
[1/4, 1/2], [1/2, 3/4], [3/4, 1]} that maximizes ρ. The transition matrix on the sets
B1, . . . , B4 is

P =




B1 B2 B3 B4

B1 0.5000 0.5000 0 0
B2 0 0.3333 0.3333 0.3333
B3 0.3333 0.3333 0.3333 0
B4 0 0 0.5000 0.5000


.

This transition matrix induces the weighted directed graph shown in Figure 2.

Fig. 1. Graph of the interval map (3.4).



1844 GARY FROYLAND AND MICHAEL DELLNITZ

✒✑
�✏

✒✑
�✏

✒✑
�✏

✒✑
�✏

B1 B2

✛✘
✙✛

1/3

B3

✚✙
✘✛

1/2

B4

✚✙
✛✲

1/3

✲
1/2

❄

1/3

✛

1/2

✻

1/3

�
�

�
�

�
�

�
�✒

1/3 �
�

�
�

�
�

�
�✠

1/3

✛✘
✚✲

1/2

Fig. 2. Weighted, directed graph for (3.4) and the partition C4.

It may be verified directly (by testing all combinations of the four sets) that
decompositions giving minimal cuts and maximizing ρ are Â4

1 = [0, 1/4], Â4
2 = [1/4, 1]

(and Â4
1 = [0, 3/4], Â4

2 = [3/4, 1] by symmetry). One has ρ(Â4
1, Â

4
2) = 0.6945.

Unfortunately, the problem of finding a minimum cut with balancing constraints
is NP-hard [2], and so a complete combinatorial search over Cn is not feasible for large
n. We therefore will develop a heuristic using ideas from graph theory that produces
good answers in practice.

3.3. A spectral method for approximating minimal graph cuts. In this
section, we describe how to adapt a spectral method for finding minimal graph cuts
[10, 17] to a heuristic approach for determining optimal almost-invariant sets. The
spectral methods will produce a graph cut that is close to minimal and satisfies some
balancing constraints on the number of nodes in each partition set. From experience,
we find that minimal graph cuts with node number constraints provide partitions that
give close to maximal values for ρ.

For simplicity, we describe the case of q = 2. Let P be the transition matrix
computed from GAIO; see (3.2). Suppose we have chosen a bisection of the nodes of
the graph into two disjoint subsets An

1 and An
2 with corresponding index sets I1, I2

(that is, An
1 =

⋃
i∈I1

Bi and An
2 =

⋃
i∈I2

Bi). This bisection may be described by a
vector x ∈ {±1}n, with x(i) = 1 if node i is in I1 and x(i) = −1 if node i is in I2. A
standard approach [17, 5, 2] to the minimal cut bisection problem is to consider the
form

min
x(i)∈{±1}∑

i
x(i)=0

n∑
i,j=1

Pij(x(i)− x(j))2.(3.5)

The condition that
∑

i x(i) = 0 forces both I1 and I2 to contain the same number
of elements; later we will relax this condition. Note that we will get a contribution
to (3.5) only if two nodes i and j are in different index sets; this contribution will
be directly proportional to the conditional probability that our dynamical system
moves from state i to state j. Thus, by minimizing (3.5), we should get a reasonable
candidate bisection that will produce a large value of ρ.
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At this point we note that by replacing Pij by its symmetrization (Pij + Pji)/2,
we do not change the value of (3.5) or (3.3). Making this replacement in (3.5), after
some simple algebra, we obtain

n∑
i,j=1

Pij(x(i)− x(j))2 = 2x
Lx,(3.6)

where L is the Laplacian [10, 9] of the symmetric matrix (Pij + Pji)/2, defined by

Lij =

{−(Pij + Pji)/2, i �= j,∑n
k=1,k �=i(Pik + Pki)/2, i = j.

(3.7)

To find the minimal value of (3.5) is NP-hard [2]. A common heuristic is to remove
the condition that x(i) ∈ {±1}, while retaining x
 · 1 = 0. The solution to this
analogous continuous minimization problem is well known (see Theorem X.11 of [15],
for example) and forms the basis of most spectral graph partitioning methods.

Theorem 3.3. Let the adjacency matrix (P + P
)/2 define a connected graph.
Then

λ1 = min∑
i
x(i)=0

x
Lx

x
x
,

where λ1 is the second smallest eigenvalue of L. Moreover, this minimum is realized
when x = x̂1, where x̂1 is the eigenvector corresponding to λ1.

Proof. See Lemma 3.2 in [10].
The vector x̂1 is often called the Fiedler vector of the graph. One may consider the

Fiedler vector x̂1 as an ordering of the box indices {1, . . . , n}. A bisection is obtained
by selecting a dividing point c ∈ R and defining I1 = {j ∈ {1, . . . , n} : x̂1(j) ≤ c}
and I2 = {j ∈ {1, . . . , n} : x̂1(j) > c}. A good value of c is chosen either by obvious
clustering of elements of x̂1 into two regions, or by an exhaustive search, evaluating
ρ(
⋃

i∈I1
Bi,

⋃
i∈I2

Bi) via (3.3).

ρµ(A1, A2) =

∑
i,j∈I1

piPij∑
i∈I1

pi
+

∑
i,j∈I2

piPij∑
i∈I2

pi
.

Example 3.4. Continuing with Example 3.2, we construct the Laplacian matrix:

L =




0.4167 −0.2500 −0.1667 0

−0.2500 0.7500 −0.3333 −0.1667
−0.1667 −0.3333 0.7500 −0.2500

0 −0.1667 −0.2500 0.4167


 .

The eigenvalues of L are 0, 0.4064, 0.8333, and 1.0936. The eigenvector corre-
sponding to the second smallest eigenvalue is x̂1 = [0.7018, 0.0864,−0.0864,−0.7018].
The Fiedler vector x̂1 gives an ordering on the sets B1, B2, B3, B4 (in this case, ordered
as B4, B3, B2, B1 for ascending values of x̂1). We find via evaluating ρ directly for can-
didate index sets I1, I2 with varying c, that the optimal c is −0.7018 < c < −0.0864,
giving I1 = {4} and I2 = {1, 2, 3} (and A4

1 = B4, A4
2 = B1 ∪ B2 ∪ B3). This corre-

sponds to cutting the arcs to and from node B4 in Figure 2 and in this case is also a
solution to the minimal cut problem. Recall that this decomposition also agrees with
those found by searching all possible combinations.
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4. Numerical example: Bisection of [0, 1] into two almost-invariant
sets. We now consider the logistic map Tx = 4x(1 − x) and attempt to find a
decomposition of [0, 1] into two optimal almost-invariant sets. We choose boxes Bi

from an equipartition of [0, 1] into n = 512 sets.
We apply the spectral algorithm to find two approximately optimal almost-invariant

sets and compare the selected decompositions with those obtained from greedy com-
binatorial searches. All three algorithms are described for the q = 2 case and seek to
maximize ρ.

The idea of the first algorithm is that one builds decompositions of different sizes
by shifting nodes greedily from one subset to the other; in other words, it is a form
of “hill climbing.”

Algorithm 1 (simple greedy).
Begin with I1 = ∅ and I2 = {1, . . . , n}. Set ρmax = 0.
WHILE |I2| > 1,

FOR each j ∈ I2,

set Ĩj,1 = I1 ∪ {j} and Ĩj,2 = I2 \ {j}, and calculate ρj := ρ
using (3.3) for this decomposition.

Select j∗ such that ρj∗ = maxj∈I2 ρj,
and set I1 = I1 ∪ {j∗} and I2 = I2 \ {j∗}.

IF ρj∗ > ρmax,
∑

i∈I1
m(Bi) > s, and

∑
i∈I2

m(Bi) > s,

THEN set ρmax = ρj∗ and set Î1 = I1 and Î2 = I2.
RETURN A1 =

⋃
i∈Î1

Bi, A2 =
⋃

i∈Î2
Bi, and ρmax (= ρ(A1, A2)).

The next algorithm (based on an algorithm [19] to select basis functions for time
series modelling) is identical to the former one, except that for each decomposition of
fixed size, one is allowed to shuffle nodes in and out to improve the decomposition.
One then moves on greedily to the next decomposition size. This algorithm may also
be viewed as a more sophisticated form of hill climbing.

Algorithm 2 (greedy with shuffling).
Begin with I1 = ∅ and I2 = {1, . . . , n}. Set ρmax = 0, and flag=1.
WHILE |I2| > 1,

WHILE flag=1,
Set flag=0.
BEGIN moving “best” node from I2 to I1

FOR each j ∈ I2,

set Ĩj,1 = I1 ∪ {j} and Ĩj,2 = I2 \ {j}, and calculate ρj := ρ
using (3.3) for this decomposition.

Select j∗ such that ρj∗ = maxj∈I2 ρj,
and set I1 = I1 ∪ {j∗} and I2 = I2 \ {j∗}.

END moving “best” node from I2 to I1

BEGIN moving “best” node back from I1 to I2

FOR each k ∈ I1,

set Ĩk,1 = I1 \ {k} and Ĩk,2 = I2 ∪ {k}, and calculate ρk := ρ
using (3.3) for this decomposition.

Select k∗ such that ρk∗ = maxk∈I1
ρk.

END moving “best” node back from I2 to I1

IF j∗ �= k∗,
THEN set I1 = I1 ∪ {k∗}, I2 = I2 \ {k∗} and flag=1

IF ρj∗ > ρmax,
∑

i∈I1
m(Bi) > s, and

∑
i∈I2

m(Bi) > s,

THEN set ρmax = ρj∗ and set Î1 = I1 and Î2 = I2.
RETURN A1 =

⋃
i∈Î1

Bi, A2 =
⋃

i∈Î2
Bi, and ρmax (= ρ(A1, A2)).
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Table 1
Data for partitions of [0, 1] into two m almost-invariant sets for the logistic map.

Method ρ Bisection size CPU time
Algorithm 1 0.9649 49—463 5.2 s
Algorithm 2 0.9749 43—469 20.9 s
Algorithm 3 0.9696 34—478 3.64+0.97 s

We remark that Algorithm 2 can get stuck in an infinite shuffling loop, for in-
stance, in cases where the dynamical system possesses some symmetry. There are
several modifications to get around this problem, but the simplest is to randomly
perturb the transition matrix P by a small amount to remove any symmetries; such
a perturbation was necessary for the logistic map as it possesses some symmetry.

For completeness, we summarize the Fiedler heuristic algorithm as used in this
example.

Algorithm 3 (Fiedler heuristic).
Compute the Fiedler vector x̂1 (the eigenvector of L corresponding to the

smallest nonzero eigenvalue).
Let {I(1), . . . , I(n)} be a permutation of the set {1, . . . , n} so that

x̂1(I(l)) ≤ x̂1(I(l + 1)) for all l = 1, . . . , n − 1. Set j = 0.
FOR j=1 TO n

Compute ρj := ρ using (3.3) with the decomposition I1 = {I(1), . . . , I(j)}
and I2 = {I(j + 1), . . . , I(n)}.

Find j∗ so that ρj∗ = max1≤j≤n−1 ρj,
subject to

∑
i∈I1

m(Bi) > s and
∑

i∈I2
m(Bi) > s,

and set Î1 = {I(1), . . . , I(j∗)}, Î2 = {I(j∗ + 1), . . . , I(n)}, and ρmax = ρj∗ .
RETURN A1 =

⋃
i∈Î1

Bi, A2 =
⋃

i∈Î2
Bi, and ρmax (= ρ(A1, A2)).

We compare the results obtained using the Fiedler heuristic with the greedy
searching algorithms described above. The CPU time for Algorithm 3 has been sep-
arated into the time taken for step (i) (the time to find the 2 smallest eigenvectors)
and the time taken for the remainder of the algorithm (time to repeatedly evaluate ρ).
The Fiedler heuristic compares well in this example; see Table 1. The resulting bisec-
tions from the various approaches are shown in Figure 3. Because of the sparseness
of the transition matrix P , Algorithm 1 can be coded to run in O(n2) time. Algo-
rithm 2 typically takes longer, though the exact order is unpredictable because of the
extra shuffling. The ρ evaluation part of Algorithm 3 is O(n) and the eigenvector
finding part is also O(n).4 In small examples where it is feasible to run the greedy
search algorithms, we find that the Fiedler heuristic typically arrives at an answer
lying between the best values obtained by the two greedy algorithms.

5. Convergence of optimal discrete decompositions to the optimal de-
composition. We now consider the question of whether the discretization introduced
will produce optimal estimates in the limit of our box diameters going to zero.

Definition 5.1. Define the notation

ρmax = sup {ρ(A1, . . . , Aq) : {A1, . . . , Aq} is a measurable partition of X and

m(Ak) > s for k = 1, . . . , q} .(5.1)

4Iterative methods such as Lanczos methods [16] may be applied to the sparse symmetric matrices
under consideration. Each iteration of the method takes O(n) time.
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Fig. 3. Two m almost-invariant sets (the bisection is indicated as A1 = black region and A2 =
white region). From bottom to top are the results of Algorithms 1, 2, and 3, respectively.

Theorem 5.2. Suppose that T satisfies a “uniform nonsingularity” condition:
there exists l > 0 such that m(T−1E) ≤ l · m(E) for all measurable E ⊂ X. Let Cn,
n ≥ 1, denote a sequence of partitions of a tight collection of coverings {Sn} of X,
with maxB∈Cn

diamB → 0 as n → ∞. Then,

max
An

1 ,...,A
n
q ∈Cn

{
ρ(An

1 , . . . , An
q ) : {An

1 , . . . , An
q } is a partition of Sn

that satisfies m(An
k ) > s for k = 1, . . . , q}

→ ρmax,(5.2)

as n → ∞. In the event that the condition m(An
k ) > s for all k = 1, . . . , q cannot be

met, ρ(An
1 , . . . , An

q ) is understood to be zero.
Proof. The proof of Theorem 5.2 can be found in Appendix A.
We remark that there may be no unique optimal decomposition; we cannot rule

out the possibility that there are several very different decompositions {A1, . . . , Aq},
each with ρ(A1, . . . , Aq) arbitrarily close to ρmax.

6. µ almost-invariance. m almost-invariance ignores the fact that orbits of
dynamical systems often tend to spend more time in some areas of phase space than
others. Each set Ak in the m-optimal decomposition contains a portion that leaks
out of Ak, namely Ak \ T−1Ak. It may be that orbits of T spend a lot of time in this
region, and therefore the average “duration of stay” in Ak for single trajectories may
be a lot less than suggested by ρ(Ak). Almost certainly, another decomposition will
be optimal.

We intend to calculate probabilities orbitwise, meaning that we are interested in
the quantity

ρµ(Ak, x) = lim
N→∞

#{0 ≤ t ≤ N − 1 : T tx ∈ Ak, T
t+1x ∈ Ak}

#{0 ≤ t ≤ N − 1 : T tx ∈ Ak} .(6.1)
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Assuming that there is a single, distinguished probability measure µ that describes
the distribution of Lebesgue almost all long orbits (commonly known as a natural or
physical invariant measure), one can write this fraction independently of x:

ρµ(Ak) =
µ(Ak ∩ T−1Ak)

µ(Ak)
.(6.2)

Again, in analogy to (2.2), we wish to maximize

ρµ(A1, . . . , Aq) =
1

q

q∑
k=1

ρµ(Ak).(6.3)

Remark 6.1. Since suppµ ⊂ X, one has µ(X) = 1, so it is possible to select
A1, . . . , Aq ⊂ X such that µ(Ak) > 0 for k = 1, . . . , q, and thus ε-neighborhoods of X
are not needed as for m almost-invariance.

Definition 6.2.

ρmax
µ = sup {ρµ(A1, . . . , Aq) : {A1, . . . , Aq} is a measurable partition of X and

µ(Ak) > s for k = 1, . . . , q} .(6.4)

In order to evaluate candidate partitions, we must have an estimate of the natural
invariant measure µ. A particular advantage of our approach is that we are automati-
cally furnished with an approximate natural measure. Given a partition {B1, . . . , Bn}
and the corresponding transition matrix P (from (3.2)), an approximate natural mea-
sure µn is defined by

µn(E) =

n∑
i=1

m(E ∩ Bi)

m(Bi)
pi,(6.5)

where E ⊂ X and p is the (assumed unique) 1×n vector satisfying pP = p. The vector
p is normalized so that

∑n
i=1 pi = 1. We have used the invariant density of the induced

Markov chain (governed by the stochastic matrix P ) to provide an approximation of
the natural measure µ. In particular, the measure µn gives a weight of pi to the box
Bi ∈ Cn. In order to prove a good approximation result for µ almost-invariance in
analogy to Theorem 5.2, we assume that µn → µ strongly (see Lasota and Mackey
[21] for a definition). If our deterministic dynamical system is perturbed by a small
amount of random noise, it is shown in [6] that µn → µ strongly. Purely deterministic
situations where one can expect strong convergence of µn to µ are described in [12, 13].

Theorem 6.3. Let Cn, n ≥ 1, denote a sequence of partitions of a tight collection
{Sn} of coverings of X, with maxB∈Cn

diamB → 0 as n → ∞. If µn → µ strongly,
then

max
An

1 ,...,A
n
q ∈Cn

{
ρµn(A

n
1 , . . . , An

q ) : {An
1 , . . . , An

q } is a partition of Sn and

µn(Ak) > s for k = 1, . . . , q}
→ ρmax

µ .(6.6)

In the event that the condition µn(A
n
k ) > s for k = 1, . . . , q cannot be met, ρµn(A

n
1 , . . . ,

An
q ) is understood to be zero.

Proof. The proof of Theorem 6.3 can be found in Appendix A.
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In practice, the evaluation of ρµn
(An

1 , . . . , An
q ) is carried out via the formula in

the following proposition.
Proposition 6.4. Using the notation in the paragraph preceding Proposition 3.1,

ρµn(A
n
1 , . . . , An

q ) =
1

q

q∑
k=1

∑
i,j∈Ik

piPij∑
i∈Ik

pi
.

Proof. Let Ak ∈ Cn, k = 1, . . . , q. Then

ρµn(Ak) =
µn(Ak ∩ T−1Ak)

µn(Ak)

=

∑
i,j∈Ik

µn(Bi ∩ T−1Bj)∑
i∈Ik

µn(Bi)

=

∑
i,j∈Ik

µn(Bi)(µn(Bi ∩ T−1Bj)/µn(Bi))∑
i∈Ik

µn(Bi)

=

∑
i,j∈Ik

piPij∑
i∈Ik

pi
,

since µn has a constant density on each Bi.
To find approximately optimal almost-invariant decompositions into two sets, we

employ Algorithm 3, substituting ρµn for ρ. In certain situations (particularly those
where the density of µn is highly variable, that is, where maxi pi/mini pi is large),
the balancing strategy of section 7.2 may also be used.

The subject of µ almost-invariance will be treated in greater depth in a subsequent
paper [14].

7. Identifying the number and location of almost-invariant sets. In sec-
tion 4 we have illustrated the use of the Fiedler heuristic for decomposing X into
two almost-invariant sets. We now consider the more general problem of determining
precisely how many different sets we should choose for our decomposition and the
precise positioning of the boundaries between them.

7.1. Identifying q invariant sets. We motivate our approach to identifying
the location of q almost-invariant sets (q > 2) by considering the case where the
transition matrix P is of the form



P (1) 0 · · · 0

0 P (2) · · · 0

...
. . .

...

0 0 · · · P (q)


 ,(7.1)

where each P (k), k = 1, . . . , q, is an irreducible ni × ni transition matrix with∑q
k=1 nk = n. Here the states {1, . . . , n} decouple into q subsets with no interac-

tion between these subsets. For each k = 1, . . . , q, define a vector ek ∈ R
n by

ek(i) =

{
1 if nk−1 + 1 ≤ i ≤ nk,

0 otherwise,
(7.2)
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where n0 = 0 by definition. The following result is an immediate consequence of
perturbation results for eigenvalues (see [20], for example, and [8], where nearly un-
coupled Markov chains are considered).

Theorem 7.1.
(i) Let P be as in (7.1) and L calculated from (3.7). Then L has exactly q eigen-

values 0, corresponding to the invariant subspace Sq = sp{e1, . . . , eq}.
(ii) If P undergoes a sufficiently small perturbation to form the stochastic matrix

P̃ with P̃ irreducible, then L̃ (again calculated from (3.7)) has one eigenvalue
0 with constant eigenvector and q− 1 eigenvalues close to 0 with eigenvectors
in a q − 1-dimensional subspace close to ProjZ Sq, the orthogonal projection
of Sq onto Z = {v ∈ R

n : v · 1 = 0}. For sufficiently small perturbations,
these q − 1 eigenvalues are the smallest eigenvalues of L.

Theorem 7.1 suggests that one should study the subspace Ŝq belonging to the q−1
smallest eigenvalues of L to identify the almost decoupled states of P corresponding
to almost-invariant sets of T . In practice we will typically use fewer than q − 1
eigenvectors and will also be able to deal with situations where the perturbation of P
away from block diagonal form is quite large.

7.2. Numerical example: The Lorenz attractor. We will illustrate the var-
ious ideas with a numerical example. We consider the Lorenz system of ODEs [25],

ẋ = −σx+ σy,

ẏ = ρx − y − xz,(7.3)

ż = −βz + xy,

with standard parameter values σ = 10, ρ = 28, and β = 8/3, and seek to detect
the number and location of optimally almost-invariant sets. It is known [25] that
the attracting invariant set for this flow is contained in a compact region of R

3. We
cover this compact region by 5025 boxes using GAIO and also use GAIO to construct
a transition matrix P for a flow time of t = 0.2 time units. As the Lorenz system
is dissipative, its attracting invariant set has Lebesgue measure zero. We therefore
consider X to be the union of the 5025 boxes covering the attractor, as discussed in
Remark 2.1. An approximation of the natural invariant measure µ is obtained as a
left eigenvector of P corresponding to the eigenvalue 1.

Identifying the number of almost-invariant sets. The eigenvalues5 of P are
of great use in identifying the number of almost-invariant sets (and also in identifying
almost-cycles). However, the eigenvectors of P (as used in [6]) are not as efficient as
those of L for sorting the phase space into these sets. A first indicator of a good num-
ber of almost-invariant sets is suggested by a clumping of positive, real eigenvalues of
P close to 1 [6, 8].6 In particular, if there are q real eigenvalues close to 1 (including 1
itself), then we search for q almost-invariant sets, in analogy with Theorem 7.1. This
clumping approach may also be used for eigenvalues of L close to zero. Theorem 7.1
tells us that when P is a small perturbation of the form (7.1), the number of eigen-
values of P that are close to one coincide with the number of eigenvalues of L that

5Numerical experiments indicate that the outer spectrum of P is stable under repeated refinement
of the box covering. If a small amount of additive noise is introduced to the deterministic system,
the Perron–Frobenius operator [21] of T becomes compact in L2 and various spectral approximation
results may be proven; see [6] and related work in [11, 4].

6It should be remarked that [8] applies to situations where the transition matrix P describes a
reversible Markov chain.
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(a) The 40 largest (in magnitude) spectral
values of the 5025×5025 matrix P obtained
from the Lorenz system (plotted in the com-
plex plane). The five largest positive real
eigenvalues shown are 1 (largest), 0.9555
(4th largest), 0.9543 (5th largest), 0.9000
(12th largest), 0.8912 (15th largest), and
0.8259 (40th largest). These values could
represent a clump of 3 or 5 eigenvalues.

(b) Small spectral values of the 5025×5025
Laplacian matrix L for the Lorenz system.
The values of the smallest 10 eigenvalues
are 0, 0.0036, 0.0073, 0.0209, 0.0314, 0.0479,
0.0496,0.0499, 0,0508, and 0.0509, suggest-
ing clumps of 3, 4, or 5 eigenvalues. On the
basis of the observations in Figures 4(a) and
(b), we consider a 3-way cut to be optimal,
with a 5-way cut also reasonable.

Fig. 4. Selecting the number of almost-invariant sets.

are close to zero; see Figure 4. We will use Theorem 7.1 as a guide even in situations
when P may be far from (a similarity transformation of) the form (7.1).

Identifying the location of almost-invariant sets. While one may identify a
suitable number of almost-invariant sets as described in section 7.2, we stress that this
procedure is completely independent of determining the location of a given number of
almost-invariant sets. If one has an a priori number q given, one may proceed directly
to the resolution of their location.

When searching for a near-optimal bisection of the phase space into 2 almost-
invariant sets, the exhaustive ordered search of Algorithm 3 along the Fiedler vector
x̂1 for a suitable cut-point was very efficient. However, if we are looking for de-
compositions into q > 2 almost-invariant sets, an exhaustive search for the optimal
q-way cut of the Fiedler vector becomes much more time consuming. We therefore
propose to use information from other eigenvectors x̂2, x̂3, . . . of L corresponding to
small eigenvalues λ2 < λ3 < · · ·, where λr denotes the (r+1)th smallest eigenvalue of
L. These other eigenvectors provide (heuristically speaking) suboptimal orderings of
the phase space in analogy to the heuristically optimal ordering property of x̂1 given
in Theorem 3.3. Since L is symmetric, its eigenvectors are mutually orthogonal, and
thus the phase space ordering provided by each vector contains different information.
Rather than simply use the one-dimensional ordering given by x̂1, we intend to look
for clusters in the set of points V� := {(x̂1(i), x̂2(i), . . . , x̂�(i)) : i = 1 . . . , n} ⊂ R

�. As
each x̂r, r = 1, . . . , �, is a continuous relaxation of a vector of 0s and 1s, we expect to
resolve up to 2� clusters from � eigenvectors. Therefore, to separate the phase space
into q almost-invariant sets, we seek a q-way cut of the graph, where the q different
subsets of the graph are given by q clusters of V� ⊂ R

�, where � = �log2 q�. (�y� is the
smallest integer greater than or equal to y.) Formally, our algorithm is as follows.
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Algorithm 4 (Fiedler heuristic for q-way cut).
(i) Compute the eigenvectors of L, x̂1, . . . , x̂�, that correspond to the � smallest

nonzero eigenvalues, where � = �log2 q�. Normalize each eigenvector to have
an l2-norm of 1.

(ii) Identify q clusters in the data set V� = {(x̂1(i), x̂2(i), . . . , x̂�(i)) : i = 1 . . . , n} ⊂
R

�.
(iii) Denote Ik = {i ∈ {1, . . . , n} : (x̂1(i), x̂2(i), . . . , x̂�(i)) ∈ cluster #k}, k =

1, . . . , q.
(iv) Set Ak =

⋃
i∈Ik

Bi, k = 1, . . . , q, and check that m(Ak) > s for k = 1, . . . , q.
The cluster identification in step (ii) may be performed by any clustering algo-

rithm that clusters according to distance. We have found that the fuzzy c-means
algorithm [3] produces very good results (both in terms of high ρ values and sets Ak

such that m(Ak) > s for k = 1, . . . , q) and is relatively efficient in terms of computing
time.

Remark 7.2. The choice of the number of eigenvectors � = �log2 q� is taken
purely on heuristic grounds. If time allows, we recommend repeating Algorithm 4
for all values of � between 1 and �log2 q�. Since the information contained in the
eigenvectors x̂r decreases with increasing r, it is often possible to obtain very good
results by using fewer eigenvectors than one would expect based on the “relaxation
of 0s and 1s” argument.7

Remark 7.3. The use of multiple eigenvectors x̂1, . . . , x̂� considered as points in
R

� was first suggested in Hall [17] in the context of placement of points in R
� so as

to minimize a “connection” cost function. Chan, Schlag, and Zien [5] provide a very
readable introduction to the approach of finding a q-way minimal graph cut using
several eigenvectors of L and introduce a different cluster identification heuristic.

Alpert, Kahng, and Yao [2] introduce the MELO (multiple eigenvector linear or-
dering) algorithm to approximate minimal graph cuts, which combines several eigen-
vectors of L to form a single linear ordering. This ordering also tends to take compo-
nents from one cluster in R

� and then move on to the next cluster when the previous
cluster is exhausted. The MELO ordering takes O(n4) time to compute and so is
slow compared to the fuzzy clustering approach we have used. (This remark is based
on numerical experience; since the fuzzy clustering algorithm is iterative one cannot
assign an order of time complexity.)

The “clustering” approach taken by [8] may also be of use if one is searching for a
large number of almost-invariant sets. It is rather crude but may be faster than more
exhaustive approaches.

Returning to the Lorenz system, Figures 5 and 6 show the colorings induced by
x̂1, x̂2, and x̂3, respectively. The interpretation of these colorings is that pairs of boxes
with similar colors communicate with each other (transitions are frequent) while those
with different colors communicate little with each other (transitions do not occur or
are infrequent). Thus Figure 5(a) shows that there are infrequent transitions between
the left and right wings of the Lorenz attractor, while Figure 5(b) shows a similar lack
of communication between the internal part of the attractor and its outer reaches.

Considered in combination, these colorings guide us as to how one should decom-
pose the box collection; boxes with the same or similar colors should be placed in the
same almost-invariant set.

7One could consider searching for clusters in Ṽ� = {(α1x̂1, . . . , α�x̂�)}, where the αk’s are de-
creasing weights depending on the eigenvalues λr as in [2]. However, rather than introducing more
arbitrariness, we consider clustering using different values of � a more robust alternative (the αk’s
are binary in this case).
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(a) Ordering induced by Fiedler vector x̂1.
Coloring corresponds to the value assigned
to each box by the eigenvector.

−20

−15

−10

−5

0

5

10

15

20

−25
−20

−15
−10

−5
0

5
10

15
20

25

0

20

40

(b) Ordering induced by Fiedler vector x̂2.
Coloring corresponds to the value assigned
to each box by the eigenvector.

Fig. 5. Colorings induced by Fiedler vectors x̂1 (left) and x̂2 (right).
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Fig. 6. Ordering induced by Fiedler vector x̂3. Coloring corresponds to the value assigned to
each box by the eigenvector.

We plot the sets V� for � = 1, 2 in Figure 7. Clusters have been found using the
fuzzy c-means algorithm. The numerical values for ρ and ρµ obtained from the 3-way
decompositions determined by the one-, two-, and three-dimensional clustering of the
sets V1, V2, and V3, respectively, are shown in Table 2.

Figure 8 shows the near optimal almost-invariant decomposition determined by
the one-dimensional clustering of Figure 7(a).
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(a) One-dimensional plot of V1. Bound-
aries of the three clusters are indicated
by the dotted vertical lines. From
this clustering we obtain decompositions
{A1, A2, A3} with almost-invariance values
ρ(A1) = 0.9731, ρ(A2) = 0.9631, ρ(A3) =
0.9731 and ρµ(A1) = 0.8437, ρµ(A2) =
0.9792, ρµ(A3) = 0.8436. The numbers of
boxes contained in the sets A1, A2, A3 are
1322, 2381, and 1322, respectively.

(b) Two-dimensional plot of V2. Bound-
aries of the three clusters are indicated
by the solid lines. Note that there are
three visually clear clusters (at the lower
left, upper center, and lower right of the
plot), in agreement with the choice of
q = 3 from the eigenvalues of P . From
this clustering we obtain decompositions
{A1, A2, A3} with almost-invariance values
ρ(A1) = 0.9734, ρ(A2) = 0.9696, ρ(A3) =
0.9734 and ρµ(A1) = 0.8326, ρµ(A2) =
0.9890, ρµ(A3) = 0.8326. The numbers of
boxes contained in the sets A1, A2, A3 are
1157, 2712, and 1157, respectively.

Fig. 7. Three-way clusterings of V1 and V2.

Table 2
Data for 3 almost-invariant sets of the Lorenz system.

Method ρ ρµ ρµ (from (6.1)) Trisection size CPU time8

Algorithm 4 (� = 1) 0.9699 0.8888 0.8893 1322/2381/1322 39+67 s
Algorithm 4 (� = 2) 0.9721 0.8847 0.8748 1157/2712/1157 25+47 s
Algorithm 4 (� = 3) 0.9676 0.8741 0.8586 1079/2866/1080 20+240 s
Algorithm 3 (symmetric) 0.9723 1138/2749/1138 39+94 s
Algorithm 3 (symmetric) 0.9091 0.7532 629/3767/629 39+97 s

Comparison with a symmetric exhaustive search. The final two rows of
Table 2 describe data obtained from a three-way cut of x̂1 determined by an exhaustive
search for the maximal value of ρ and ρµ as we performed earlier for the logistic
map (Algorithm 3). Since the Lorenz system is invariant under the transformation
(x, y, z) �→ (−x,−y, z), we expect a symmetry in our choice of almost-invariant sets,
and indeed the vector x̂1 does display such a symmetry. We can therefore simplify

8In both the computation of the eigenvectors of L and the identification of the fuzzy clusters,
we have used very high precisions, and similar results could be obtained in significantly less time if
lower precisions were used.
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Fig. 8. A near-optimal cut using the data from Figure 7(a).

the search for a three-way cut of x̂1 to a search for an optimal two-way cut using
this symmetry, and an exhaustive search proceeds relatively quickly as for the logistic
map. Using Algorithm 3, we find that the best obtainable values are ρ(A1, A2, A3) =
0.9723 and ρµ(A1, A2, A3) = 0.9091 (see Table 2). In the m almost-invariant setting,
Algorithm 4 (� = 2) produces very similar results to Algorithm 3 (symmetric) (ρ =
0.9721 vs. ρ = 0.9723), while in the µ almost-invariant setting, the exhaustive search of
Algorithm 3 (symmetric) slightly improves over the Algorithm 4 (� = 1) (ρµ = 0.9091
vs. ρµ = 0.8888). These results show that our simple clustering approach is working
extremely well.

Further interpretation. To provide further insight into the dynamics associ-
ated with our almost-invariant decompositions, we calculate the 32 possible transition
probabilities between the 3 almost-invariant sets we have found. The aggregated tran-
sition matrix (m almost-invariance) for the two-dimensional clustering of V2 is




A1 A2 A3

A1 0.9734 0.0262 0.0004
A2 0.0152 0.9696 0.0152
A3 0.0004 0.0262 0.9734


.

The aggregated transition matrix (µ almost-invariance) for the one-dimensional clus-
tering of V1 is




A1 A2 A3

A1 0.8437 0.1563 0
A2 0.0104 0.9792 0.0104
A3 0 0.1564 0.8436


.
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One obtains higher values for ρ than for ρµ in Table 2 because the high density areas
(with respect to the natural measure µ) of the Lorenz attractor are around the shared
boundary regions of A1 and A2 and A3 and A2 (the areas near the boundaries of the
“disks” at the “ends” of the sets A1 and A3 in Figure 8), and it is these that leak
into the middle set (transitions from A1 → A2 and A3 → A2). This leaking is more
pronounced when the weighting from the invariant measure is taken into account.

Balancing the Laplacian. In the discrete minimization (3.5), we insist that∑
i x(i) = 0, thus forcing the two collections I1 and I2 to have the same number of

elements. Even though the continuous version of this minimization as described in
Theorem 3.3 has this condition removed, we have seen in our examples that near op-
timal solutions arising from this continuous problem often have collections I1, . . . , Iq
with roughly equal numbers of elements (here “roughly” means within an order of
magnitude). When each element of Ii corresponds to a box Bi in phase space of
equal volume, roughly equal numbers of elements in I1, . . . , Iq translate into sets
A1, . . . , Aq of roughly equal volume. This means that our condition that m(Ak) > s
is always satisfied, except in tightly constrained cases where s is very close to m(X)/q.

While from the point of view of m almost-invariance this allocation of roughly
equal volume to the sets A1, . . . , Aq is a pleasant property, we could consider situations
where (i) our box covering contains boxes of varying volumes and/or (ii) rather than
sets of roughly equal volume, we are interested in sets of roughly equal measure (when
considering µ almost-invariance, for example). In both cases, one can assign a weight
wi to each box Bi (the volume of the box in case (i), and the measure of the box
in case (ii)). We now briefly discuss a modification9 [18] to take these weights into
account so that resulting solutions of the continuous minimization tend to favor box
collections A1, . . . , Aq with equal total weights.

Let wi > 0, i = 1, . . . , n, be a vector of weights (for example, the volume of Bi

or the measure of Bi with respect to some measure µ) and Wii = wi be a diagonal
matrix. By defining L̄ = W−1/2LW−1/2 and setting x̄1 to be the eigenvector of
L̄ corresponding to the second smallest eigenvalue, one has that x̄1 is orthogonal
to the eigenvector w (with zero eigenvalue) and that further eigenvectors x̄2, x̄3, . . .
belonging to different eigenvalues are mutually orthogonal. Once these eigenvectors
have been computed, one transforms back and sets x̂i = x̄i/

√
wi; one now uses x̂i in

Algorithms 3, 4, or 5.

Balancing in practice. A natural application of this balancing procedure is to
find decompositions with each set having roughly equal measure, where the natural
invariant measure µ of the system T is used. For most dissipative chaotic systems, this
natural invariant measure will assign to many boxes a measure that is very near to
zero. If one uses weights defined by wi = pi, then the extreme variability of the wi will
lead to a numerically unstable eigenvector problem, since L̄ is a small perturbation of
a low rank matrix, and this tends to produce many eigenvalues near zero, making the
calculation of small eigenvalues more difficult. We therefore recommend “truncating”
wi—setting wi = max{pi, (maxi pi)/100}, for example. This has been carried out for
the Lorenz example, and the results are shown in Table 3. Not only do we improve
slightly on the values of ρµ from Table 2, but the weights of the three sets A1, A2,

9This modification was put forward in the context of finding minimal graph cuts of graphs with
weighted nodes such that solutions tended to favor disjoint subgraphs with roughly equal total node
weight.
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Table 3
Data for 3 almost-invariant sets of the Lorenz system using balancing.

Method ρµ Trisection size Trisection weight
Algorithm 4 (� = 1) 0.8911 1920/1184/1921 0.2539/0.4922/0.2539
Algorithm 4 (� = 2) 0.9022 1648/1730/1648 0.1495/0.7011/0.1495
Algorithm 4 (� = 3) 0.9029 1446/2133/1446 0.0907/0.8186/0.0908
Algorithm 3 (symmetric) 0.9068 1690/1645/1690 0.1708/0.6585/0.1708

and A3 (according to the natural measure µ) are roughly the same, in contrast to the
decompositions found without the balancing procedure.

8. Almost-cycles and their identification. One may definem almost-cyclicity
and µ almost-cyclicity in analogy to almost-invariance. Corresponding to equations
(2.2) and (6.3) are the definitions

σ(A1, . . . , Aq) =
1

q

q∑
k=1

m(Ak ∩ T−1Ak+1)

m(Ak)
,(8.1)

and

σµ(A1, . . . , Aq) =
1

q

q∑
i=1

µ(Ak ∩ T−1Ak+1)

µ(Ak)
,(8.2)

where the indices of Ak are taken modulo q. We wish to maximize either σ or σµ.
Definition 8.1.

σmax = sup {σ(A1, . . . , Aq) : {A1, . . . , Aq} is a measurable partition of X and

m(Ak) > s for k = 1, . . . , q} ,(8.3)

σmax
µ = sup {σµ(A1, . . . , Aq) : {A1, . . . , Aq} is a measurable partition of X and

µ(Ak) > s for k = 1, . . . , q} .(8.4)

Theorems analogous to Theorem 5.2 and 6.3 may be proven in the obvious way.
Theorem 8.2. Let Cn, n ≥ 1, denote a sequence of partitions of a collection

{Sn} of tight coverings of X, with decreasing maximal diameter.
(i) Suppose that T satisfies a “uniform nonsingularity” condition: there exists

l > 0 such that m(T−1E) ≤ l · m(E) for all measurable E ⊂ X. Then as
n → ∞ (maxB∈C diamB → 0),

max
An

1 ,...,A
n
q ∈Cn

{
σ(An

1 , . . . , An
q ) : {An

1 , . . . , An
q } is a partition of Sn

that satisfies m(An
k ) > s for k = 1, . . . , q}

→ σmax.(8.5)

In the event that the condition m(An
k ) > s for k = 1, . . . , q cannot be met,

σ(An
1 , . . . , An

q ) is understood to be zero.
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(ii) If µn → µ strongly, then

max
An

1 ,...,A
n
q ∈Cn

{
σµn(A

n
1 , . . . , An

q ) : {An
1 , . . . , An

q } is a partition of Sn

that satisfies µn(A
n
k ) > s for k = 1, . . . , q}

→ σmax
µ .(8.6)

In the event that the condition m(An
k ) > s for k = 1, . . . , q cannot be met,

σ(An
1 , . . . , An

q ) is understood to be zero.

8.1. Identifying pure q-cycles. It is instructive to first consider the case where
the transition matrix P describes a pure q-cycle; that is, P is of the form (8.7), where
each P (k) is an nk × nk stochastic matrix, k = 1, . . . , q,

P =




0 P (1) 0 · · · 0

0 0 P (2) · · · 0

...
...

. . .
...

...
... P (q − 1)

P (q) 0 0 · · · 0




.(8.7)

Again, define ek, k = 1, . . . , q, as in (7.2), and Sq = sp{e1, . . . , eq}. In analogy to
Theorem 7.1 we have the following theorem.

Theorem 8.3. Let P be of the form (8.7) with each P (k) doubly stochastic. Then
Sq is an invariant subspace for L (as calculated from (3.7)). The subspace Sq varies
continuously under small perturbations of P .

8.2. Identifying the number of almost-cyclic sets. As suggested in [6], to
detect the presence of an almost q-cycle, we look for eigenvalues of P that are close
to qth roots of unity; for example, an eigenvalue near to −1 indicates the presence of
an almost two-cycle.

When q = 2, it is clear that a suitable decomposition of X into an almost two-
cycle may be achieved through the maximization problem defined by replacing the
minimization of (3.5) with a maximization. In other words, we search for a bal-
anced maximal cut of the induced weighted, directed graph. Approximate solutions
of this discrete optimization problem may be obtained via eigenvectors x̌1, . . . , x̌� of
the Laplacian matrix L corresponding to the � largest eigenvalues (using (3.6) and the
“maximal version” of Theorem 3.3).

8.3. Identifying the location of almost-cyclic sets. While one may identify
a suitable number of almost-cyclic sets as described in section 7.2, we stress that this
procedure is completely independent of determining the location of a given number of
almost-cyclic sets. If one has an a priori number q given, one may proceed directly to
the resolution of their location.

For q = 2, an exhaustive maximization of σ or σµ may be carried out by varying
the cut value c along the largest eigenvector x̌1 of L, as done earlier for the logistic
map example (Algorithm 3). For q ≥ 2, one may separate the almost-cyclic sets via
the clustering approaches described in section 7.2 using the eigenvectors x̌1, . . . , x̌�,
where � = �log2 q� as before.
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Fig. 9. Coloring of a box collection covering the Ikeda attractor, where shading is defined by
the vector x̌1. Regions with similar colors should be placed in the same sets.

Algorithm 5 (Fiedler heuristic to find almost-q-cycles).
(i) Compute the eigenvectors of L, x̌1, . . . , x̌�, that correspond to the � largest

eigenvalues, where � = �log2 q�. Normalize each eigenvector to have an l2-
norm of 1.

(ii) Identify q clusters in the data set V� = {(x̌1(i), x̌2(i), . . . , x̌�(i)) : i = 1 . . . , n}
⊂ R

�.
(iii) Set Ik = {i ∈ {1, . . . , n} : (x̌1(i), x̌2(i), . . . , x̌�(i)) ∈ cluster #k}, k =

1, . . . , q.
(iv) Set Ak =

⋃
i∈Ik

Bi, k = 1, . . . , q and check that m(Ak) > s for k = 1, . . . , q.
We again recommend repeating Algorithm 5 using all values of � between 1 and

�log2 q�.
8.4. Numerical example: Detection of a two-cycle. We will show how to

extract a region containing an almost two-cycle for the Ikeda map T : R
2 	✁✛

, defined by

T (x, y) = (δ + βx cos s − βy sin s, βy cos s+ βx sin s),

where s = γ −α/(1+x2 + y2), α = 5.4, β = 0.9, γ = 0.4, and δ = 0.92. The dynamics
of T appear numerically to be chaotic in a region around the origin and to possess a
chaotic attractor; see [1] for further details. We use GAIO to produce a covering of this
attractor10 made up of 26863 boxes of equal size; see Figure 9. A transition matrix
P on these 26836 boxes is produced using (3.2), and Figure 10 shows the 40 largest
(in magnitude) eigenvalues of this 26863 × 26863 matrix. Note the existence of an

10The Ikeda system is dissipative and so its attracting set has Lebesgue measure zero. We take
the union of the 26863 boxes covering this set as the neighborhood of positive Lebesgue measure
used to define m almost-invariant cycles; see Remark 2.1.
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Fig. 10. Eigenvalues of 26863× 26863 transition matrix P for the Ikeda map.

eigenvalue close to −1 (namely −0.7950), indicating the presence of an almost-two-
cycle. We construct the Laplacian matrix L from (3.7) and compute the eigenvector
x̌1 corresponding to the largest eigenvalue. Figure 9 shows a coloring based on the
eigenvector x̌1. Two regions stand out in Figure 9—a very dark boomerang-shaped
region near the top of the plot, and below this, a very pale, inverted boomerang-shaped
region. In fact, taken together, the very dark region and the very light region almost
exactly define a two-cycle. This is easily checked by calculating the image of the
dark region; one finds that the image is almost exactly equal to the light region. The
dark and light regions may be separated from the remaining uniformly grey area by
clustering x̌1 into 3 sets (namely, dark, light, and grey). Setting A1, A2 to be the dark
and light regions, respectively, one finds σ(A1, A2) = (0.9451 + 0.9408)/2 = 0.9430
and σµ(A1, A2) = (0.9043 + 0.9040)/2 = 0.9041. In this case, the largest eigenvector
of L has done an excellent job of extracting this two-cycle information.

Appendix A. Proofs of Theorems 5.2 and 6.3.
Proof of Theorem 5.2. Let {Sn} be a collection of tight coverings of X. Given

ε1 > 0, let Â1, . . . , Âq ⊂ X be such that ∪q
k=1Âk = X and ρ(Â1, . . . , Âq) + ε1 >

ρmax. We will now individually approximate the sets Â1, . . . , Âq using boxes from

our collection Cn such that m(Âk � Ân
k ) ≤ ε2 and m(Ân

k ) > s, where Ân
k ∈ Cn and

{Ân
1 , . . . , Ân

q } partition Sn. By showing that

|ρ(Âk)− ρ(Ân
k )| ≤ Const · m(Âk � Ân

k )/min{m(Âk),m(Ân
k )},

we will be done.
Given ε2 > 0 and A ⊂ X (measurable), by Theorem 5.5 [22], there exists N =

N(A, ε2) such that for all n ≥ N , there is a set Ān which is a union of atoms in Cn
satisfying m(A � Ān) ≤ ε2. Furthermore, by inspection of the proof of Theorem 5.5
[22], it is straightforward to see that Ān may be chosen so that Ān ⊂ A. Moreover,
by increasing N if necessary, m(Ān) > s for all n ≥ N . Our plan for constructing
Ân

1 , . . . , Ân
q is to construct approximating sets Ān

1 , . . . , Āq such that m(Ān
k � Ak) is

small, and Ān
k ⊂ Ak. The Ān

k will be pairwise disjoint, with ∪q
i=1Ā

n
k ⊂ X. The boxes

in X \⋃q
i=1 Ān

k are used to “pad out” the Ān
k to make the Ân

k ; the total measure of
these padding boxes is small.

Sublemma A.1. |ρ(E) − ρ(F )| ≤ Const · m(E � F )/min{m(E),m(F )} for
arbitrary measurable sets E,F ⊂ X of positive measure.
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Proof of Sublemma A.1.

|ρ(E)− ρ(F )| =
∣∣∣∣m(E ∩ T−1E)

m(E)
− m(F ∩ T−1F )

m(F )

∣∣∣∣
≤

∣∣∣∣m(E ∩ T−1E)

m(E)
− m(F ∩ T−1E)

m(F )

∣∣∣∣+
∣∣∣∣m(F ∩ T−1E)

m(F )
− m(F ∩ T−1F )

m(F )

∣∣∣∣
≤ 1

m(E)

∣∣m(E ∩ T−1E)− m(F ∩ T−1E)
∣∣+m(F ∩ T−1E)

∣∣∣∣ 1

m(E)
− 1

m(F )

∣∣∣∣
+

1

m(F )

∣∣m(F ∩ T−1E)− m(F ∩ T−1F )
∣∣

≤ 1

m(E)
m((E � F ) ∩ T−1E) +m(F )

∣∣∣∣m(E)− m(F )

m(E)m(F )

∣∣∣∣
+

1

m(F )
m((T−1E � T−1F ) ∩ F )

≤ m(E � F )

m(E)
+

m(E � F )

m(E)
+

m(T−1E � T−1F )

m(F )

≤ 2m(E � F )

m(E)
+

m(T−1(E � F ))

m(F )

≤ (2 + l)m(E � F )

min{m(E),m(F )} .

Applying Sublemma A.1 to Âk and Ân
k , noting that m(Ân

k ) is bounded below by

s uniformly in n for large n, we see that we may make ρ(Ân
k ) as close as we like to

ρ(Âk) and the result follows.
Proof of Theorem 6.3. We follow the proof of Theorem 5.2, replacing m by µ

(noting that (i) µn → µ and (ii) suppµ ⊂ X imply that µ(Sn�X) → 0 as n → ∞).
As before, define sets Ān. Given ε2 > 0 there is N(A, ε2) such that for all n ≥ N ,
µ(A � Ān) < ε2. This fact, combined with strong convergence of µn to µ (so that
µn(Ā

n) → µ(Ān)) yields µn(Ā
n) → µ(A) via the triangle inequality. So for sufficiently

large N , µn(Ā
n) > s for all n ≥ N . We now proceed as in the proof of Theorem 5.2,

constructing approximating sets Ân
k . Writing∣∣∣∣∣µn(Â

n
k ∩ T−1(Ân

k ))

µn(Ân
k )

− µ(Âk ∩ T−1Âk)

µ(Âk)

∣∣∣∣∣
≤

∣∣∣∣∣µn(Â
n
k ∩ T−1(Ân

k ))

µn(Ân
k )

− µ(Ân
k ∩ T−1Ân

k )

µ(Ân
k )

∣∣∣∣∣+
∣∣∣∣∣µ(Â

n
k ∩ T−1(Ân

k ))

µ(Ân
k )

− µ(Âk ∩ T−1Âk)

µ(Âk)

∣∣∣∣∣ ,
we may use a straightforward modification of Sublemma A.1 to show that the second
term on the right-hand side goes to zero as n → ∞. Since µ is T -invariant, T is
automatically “uniformly nonsingular” with respect to the measure µ. The first term
approaches zero by strong convergence of µn to µ.
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