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Abstract

The numerical approximation of Perron—Frobenius operators allows efficient determination of the physical invariant measure of chaotic
dynamical systems as a fixed point of the operator. Eigenfunctions of the Perron—Frobenius operator corresponding to large subunit eigenvalues
have been shown to describe “almost-invariant” dynamics in one-dimensional expanding maps. We extend these ideas to hyperbolic maps in
higher dimensions. While the eigendistributions of the operator are relatively uninformative, applying a new procedure called “unwrapping” to
regularised versions of the eigendistributions clearly reveals the geometric structures associated with almost-invariant dynamics. This unwrapping
procedure is applied to a uniformly hyperbolic map of the unit square to discover this map’s dominant underlying dynamical structure, and to the
standard map to pinpoint clusters of period 6 orbits.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction how quickly observables become temporally decorrelated or
how quickly the system “mixes”; see [24] for a description of

Uniformly hyperbolic dynamical systems 77 : M O broader classes of systems with this property.
experience an exponential decay of correlations. More Perron—Frobenius operator methods can often be used to

precisely, let M be a smooth compact manifold and 7' : M O estimate the rate of decay of linear correlations via their
be a transitive C* Anosov or Axiom A diffeomorphism. Then T spectrum, with the leading subunit eigenvalue governing the
possesses a unique SBR measure x and satisfies the following  rate of decay. Briefly this works as follows. Define P : B(M) ©
property’ [20]. For ¢, ¥ : M — R sufficiently regular (eg. C'), (o be the Perron—Frobenius operator of 7'

Coup ) = ' [ oot van— [ gau- | de’ Pf@) = £(T~1x)|det DT (o). ®)
M M M

If P acts on a suitable? Banach space (B(M), | - ||) then P

< K@.y)rt, . . . pace (B(M), |l - |) then P

is quasi-compact. Quasi-compactness implies that o (P) =

for some constant K = K (¢, ¥) > 0and 0 < r < 1. The rate Oess(P) U {A1,...,AL} U 1, where the essential spectrum

of decay of linear correlations for nonlinear systems describes oess(P) C {lz] < R} for some R < 1, and there are

a finite number (possibly zero) of eigenvalues Aq, ..., A; of

*Tol: +61 2 9385 7050: fax: 461 2 9385 7123, finite multiplicity with magnitude strictly between R and 1. We

E-mail address: g.froyland @unsw.edu.au.
1 Assuming T is topologically mixing; if T is not topologically mixing, then _—
(1) applies to T? where T cyclically permutes p disjoint subsets of M. 2 The authors [6,15,3] describe suitable Banach spaces for Anosov 7'.
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Fig. 1. Top left: Graph of an interval map 7 : [0, 1] O; Top right: Numerically computed spectrum of the Perron—Frobenius operator of T'. The largest 100 numerical
eigenvalues are shown; Bottom left: Numerical estimate of the unique invariant density /; Bottom right: Numerical estimate of the eigenfunction g corresponding
to the second largest eigenvalue A & 0.9875. The geometric rate of decay of correlations is very slow. This is due to the fact that it is relatively rare for a trajectory
to pass from one of the subintervals [0, 1/2], [1/2, 1] to the other. Each of these subintervals are close to being T-invariant; they are almost-invariant sets (see
Section 2 for more details). Note that the level sets of the eigenfunction g identify these two important geometric structures.

assume throughout the paper that the eigenvalue 1 is simple and
the corresponding eigenfunction,® denoted by #, is positive, of
bounded variation, and normalised so that f hdm = 1, where m
denotes the normalised Lebesgue measure on M. If L > 1, it is
maxi<¢<r, |A¢| that governs the geometric rate of decay in (1).

Rigorous numerical methods to directly approximate the
large subunit eigenvalues are described in [2,13,5]. Suppose
now that we are able to find an estimate of an eigendistribution®
g of P for large isolated spectral values. What dynamical
information can we extract from such an object?

If M is one-dimensional and 7 is uniformly expanding (and
typically many-to-one), these eigenfunctions can directly reveal
global properties of the system. For example, [8] describes a
family of expanding interval maps for which the second (real
and positive) eigenvalue may be as close as desired to 1. For
this class of maps there is a symmetry that produces the large
eigenvalue and moreover this symmetry can be detected by
observing the form of the eigenfunction; see Fig. 1.

In the case of uniformly hyperbolic maps, however, it
is far from clear what information is being carried by
the eigendistributions of large subunit eigenvalues. Theory
[6,3,15] and early rigorous numerics [14] suggest these

3 For transitive C2 Anosov T, anecessary and sufficient condition for i to be
absolutely continuous is that | det DTk(x)\ = 1 whenever T¥x = x; [19,22].
The density & of p satisfies Ph = h. The simplicity of the eigenvalue A = 1
follows from the ergodicity of .

4 For Anosov T, eigenprojections of PP corresponding to isolated eigenvalues
inside the unit circle map to distributions, not functions; see [6,15].

eigendistributions are striated along unstable directions.
Numerical calculations for the standard map, Anosov’s cat map,
and a uniformly hyperbolic map of the square are discussed
in [14].

The main aim of this paper is to develop theory and numerics
in the uniformly hyperbolic setting to aid the dynamical
interpretation of eigendistributions corresponding to large
eigenvalues. Our focus is not on the rigorous approximation
of eigendistributions, which is still a question of intense
research, but the manipulation of numerical eigendistribution
approximations to provide useful dynamical information.

2. A motivational example

Froyland [14] constructed an area-preserving piecewise lin-
ear hyperbolic bijection T of the unit square with the property
that P : B([0, 1]?) O is quasi-compact with e (P) C {z € C :
|z| < 1/4 46,8 > 0} and an eigenvalue A = 1/2. Moreover,
0 (P) = {0ess(P), 1/2, 1}. This is borne out by a numerical cal-
culation of the largest 100 eigenvalues of a finite approximation
of P; see Fig. 2. The map T stretches uniformly by a factor of
4 in the vertical direction and compresses by a factor of 4 hori-
zontally; see Example 1 in Section 6 and [14] for a detailed def-
inition of T. These facts account for the bound reg(P) < 1/4.
We shall see that the isolated eigenvalue 1/2 corresponds to
the slow dynamics between the left and right halves of the unit
square. These two halves are the almost-invariant sets of 7.

We do not go into detail here about the precise definition
of B([0, 11%), apart from stating that the elements of B([0, 1]%)



842 G. Froyland / Physica D 237 (2008) 840-853

0.8 ! ! ‘ ! ‘ T

0.6F

04 b

0.2+

-1 -08 -06 -04 -02 O 02 04 06 08 1
Fig. 2. The 100 largest (in magnitude) spectral values obtained from a
numerical approximation of 7P based upon a fine grid of 16384 squares and
64 test points per square. The circle of radius 1/4 denotes the bound for the
essential spectral radius. A numerical eigenvalue 0.5 approximates the isolated

eigenvalue 1/2. The remaining numerical eigenvalues are 1 and a cluster of 98
eigenvalues near 0. See Section 5 for more details.
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Fig. 3. Numerical eigenfunction corresponding to numerical eigenvalue 0.5.
Constructed from an eigenvector of a finite-dimensional approximation of P
using 16384 grid squares and 64 points per square. The shade of the figure
denotes the value of the eigenfunction, with white corresponding to +1 and
black to —1.

are Holder in unstable directions and distribution-like in stable
directions; for further details see [14,6]. A numerical estimate
of the eigendistribution g for the eigenvalue A = 1/2 is shown
in Fig. 3. The numerical estimates of this eigendistribution and
the eigenvalue A = 1/2 converge to the theoretical objects [14].
There is some dynamical sense to this eigendistribution; if one
stained phase space with a blob of black ink and iterated, a
similar picture would appear. However, the complexity of the
eigendistribution masks any underlying dynamical structure.

A related observable, which is arguably more revealing of
the dynamics is the following: Define

j— 1’
80 = -1,

We now discuss the importance of this function in relation to
analysing the map 7.

x €1[0,1/2) x [0, 1];

x e [1/2,1] x [0, 1]. )

(1) Decay rate: The function gp has the property that

Ceo/h.go/n (k) = / gooTr godu =1/2%,
M

where u = m is T-invariant. The fact that this decay rate is
slow compared to the local rate of expansion (a factor of 4
at each iteration of 7') is used in the proof of Theorem 1 [14]
to demonstrate that P has an isolated eigenvalue A = 1/2.

(2) Eigendistribution generation: The function gp can be
considered as a generator of g as it is shown in [14]° that
g = lim,_ oo 2"P"go. In fact a similar result is true if gg
is replaced by any go with zero m-integral that does not lie
in a co-dimension 2 subspace associated with the essential
spectrum.

(3) Almost-invariance: The function gg describes the dominant
underlying geometric structure of the dynamics of T. We
recall the heuristic argument from [9] for converting an
eigenfunction® of P into two almost-invariant sets A+ and
A~ Since any eigenfunction g of P with eigenvalue A such
that [A| < 1 must have [,, g dm = 0, define

At ={g>0} and A” ={g <O} 4)

The sets A" and A~ are called almost-invariant. This
heuristic is precisely the one used in Fig. 1. In our example,
this heuristic would yield sets AT = [0, 1/2) x [0, 1]
and A~ = [1/2, 1) x [0, 1]. These sets are key geometric
structures for this map, as the dynamics between the left and
right halves of the square are slower than suggested by the
local expansion rate. More formally, the proof of Theorem
1 [14] demonstrates that the action of T on the sets AT, A~
is effectively a 2-state Markov chain with dominant subunit
eigenvalue 3/4. In terms of how invariant these sets are, the
conditional probability

quantifies the likelihood that a point in .4 will remain in .4
after one iteration. In this example p,(AT) = p, (A7) =
3/4. Almost-invariant sets may be viewed as a set-wise
version of the slow geometric decay of correlations of
observables with p,, (A™) playing the role of Cg,/p,go/n(1)-

In this example, it is reasonably obvious from the structure of
the map T how to construct the function gg with the properties
outlined above. However, for an arbitrary hyperbolic map it is

5 The notation hy and h used in [14] correspond to g, and g.

6 Small smooth random perturbations are added to P in the setting of [9] so
that the resulting Perron—Frobenius operator is compact and its eigenprojections
are eigenfunctions, not eigendistributions.



G. Froyland / Physica D 237 (2008) 840-853 843

not at all obvious, and it would be extremely useful to have a
numerical method that could approximate a function go with the
above properties. In the sequel, we describe a method by which
a function go with the properties (1)—(3) above can be recovered
from a numerical estimate of a raw eigendistribution g.

3. An introduction to unwrapping

In this section we define the action of the unwrapping
operator P on integrable functions and state results analogous
to the three properties outlined in our motivational example.
Denote by U : L*(M, i) © the Koopman operator of T, with
actionUy = Y oT, ¥ € L°(M, ). Let | - |1 be the standard
norm in LY(M, m).

Definition 1. Let g € L! (M, m). We call
A 8
Gy — 7 .749 (2
Plg=h-U (h) )
the g-th unwrapping of g.

Remark 1. For invertible maps, 75A= Pl see Proposition 2.
We have deliberately represented P in terms of I/ rather than
P~1 as we shall see in Section 5, so that we may obtain
a numerical approximation to { from an approximation of
P “for free”. Numerically approximating P~! would require
a new set of numerical calculations. We have borrowed the
notation "~ from Markov chain theory, where ~ denotes reverse
time dynamics.

We note that P preserves the L (m) norm.

Lemmal. If ¢ € L'(M,m) then Pig € L'(M,m) and
IP9gl = liglh-

Proof. See the proof section. [J

We now demonstrate three key relationships between
ﬁqg /h and g/ h in analogy to the three relationships between
go/ h and g/ h listed in Section 2. Firstly, that the decay of linear
correlations experienced by P4 f/h and ﬁqg / h is identical to
that experienced by f/h and g/h.

Proposition 1 (Decay Rate). Let f € L®°(M,m),g €
LY (M, m). Then for q > 0,

Cha pynprgyn® = Crrng/n(®)  forall k = 0. (6)

Proof. See the proof section. [J

Secondly, we show that we can exactly recover any function
g € L'(M, m) from P?g by pushing forward ¢ steps with P.
Proposition 2 (Invertibility). Suppose that g € L' (M, m) and
that |det DT (x)| > ¢ > 0, x € M. Then

(1) PIPig =g,
2) PiPlg =g.

Proof. See the proof section. [J

Thirdly, we characterise almost-invariant sets obtained from
Plg, and demonstrate that the ratio p, is unchanged by the
unwrapping procedure.

Proposition 3 (Almost-Invariance). Let g € L'(M,m) with
[y & dm = 0. Define A™ as in (4) and set

A1t = (Plg > 0}.
Then

(1) A9+ =T794F
(2) pu(AT) = pu(AT).

Proof. See the proof section. O

An analogous result holds for Ad— = (Pa g < 0}. Thus
by Proposition 3(2), the set A4 inherits the almost-invariance
properties of AT, and we see that by Proposition 3(1), the
operator P pushes around the sets A+ and A~ via T~

3.1. A geometrical interpretation of unwrapping

Each application of P to a function g amounts to a stretching
of {g > 0} in the stable direction and a compression of {g > 0}
in the unstable direction. We have already discussed the fact that
eigendistributions of P are “striated” along unstable directions.
Thus the application of P to regularised versions of these
eigendistributions will serve to increase their regularity. We
expect that if g is a regularised version of an eigendistribution
of P then the set {Pg > 0} will be more “regular” than
the set {g > 0}, while both sets share identical almost-
invariance properties. In fact, we may think of the sets {{P4 g >
ONgez = {flq+}qez as belonging to a single equivalence
class of Borel measurable sets, where A ~ B if dg € Z
so that A = T~9B. By Proposition 3(2) all elements of this
equivalence class are equally almost-invariant, but there will
be a particular g that maximizes the regularity of P?g. As
greater regularity is accompanied by a lack of striation in either
stable or unstable directions, we argue that P4 g should more
clearly reveal dynamical structures associated with almost-
invariance than g, even though both functions effectively carry
the same information. We demonstrate this in Section 6 via two
examples.

4. Formalities and regularisations

We now describe in more detail the formal assumptions we
will operate under.

Assumption 1. Assume that we have selected a Banach space
of distributions (B(M), || - ||) so that P : B(M) O is quasi-
compact. We assume that the nontrivial isolated spectrum is
nonempty; that is, there is an eigenvalue A with regs(P) < |A] <
1. Denote by g the eigendistribution corresponding to X, so that
Pg = Lg where g € B(M).

We have assumed that we are in a setting where the
Perron-Frobenius operator is quasi-compact for two reasons.
Firstly, quasi-compactness implies the exponential decay of



844 G. Froyland / Physica D 237 (2008) 840-853

correlations with respect to suitably regular observables and
the rate of decay is intimately connected with the spectrum.
Secondly, the numerics we employ in Section 5 are finite
in nature and we can reasonably expect to only approximate
spectral values that are isolated and finite in multiplicity;
in other words, that part of the spectrum that lives outside
the essential spectrum and governs the rate of decay. Even
more succinctly, our numerical approximations are compact
operators and can therefore only approximate the compact part
of P. Classical Banach spaces on which P is quasi-compact
and B(M) is a function space are:

e M =1[0,1], T : [0, 1] © is piecewise Cc? expanding,
B(M) = {¢ : [0, 1] —> R, ¢ has bounded variation},

|-l =1 - Il 1 + var(-) (see eg. Theorem 1 [16]).

e M CRY T : M ©is C'H expanding, B(M) = {¢p : M —
R, ¢ is «-Holder} and || - || is the standard a-Holder norm
(see eg. Theorem 3.2 [21]).

As mentioned in the introduction, in the one-dimensional ex-
panding setting the almost-invariant set analysis of eigenfunc-
tions corresponding to large eigenvalues is relatively well un-
derstood and the techniques we describe here are not necessary.
We are concerned with the hyperbolic setting, for which the dy-
namical interpretation of eigendistributions is not at all clear.
An example of a Banach space on which P is quasi-compact
and B(M) is a space of distributions is:

e M =T2T:T%is C3 Anosov,
B(M) = {distributions that are “smooth in unstable directions”}

(see Theorem 1 [6] or Theorem 2.3 [15]; see also [3]).

Because of the contracting dynamics in stable directions,
from a spectral point of view it is not useful to consider P
to act on smooth function spaces with standard strong norms.
By considering Banach spaces of distributions as above with
a norm that is strong in unstable directions and weak in
stable directions, a desirable spectral picture can be obtained.
However, the weakness of the norm in the stable directions
allows for eigendistributions of infinite irregularity in stable
directions.

In Section 3 we defined P on integrable functions; moreover
the heuristic described in (4) and the results of Propositions 1-3
only make sense when applied to integrable functions. In fact,
the geometrical arguments at the conclusion of Section 3 rely
on the fact that the function g has finite irregularity. Clearly, we
cannot apply the unwrapping formalism to eigendistributions
of P. In analogy with the geometric arguments given at the
end of Section 3 we instead propose to apply the unwrapping
operator P to a function g of finite irregularity that is close
to an eigendistribution of P in terms of the norms of eg. [6,
15]. Such a function g may also be arrived at by applying
a suitable regularisation directly to the eigendistribution g.
In Section 6 we will argue informally that eigenfunctions of
numerical approximations of P provide good regularisations
of g. For concreteness, we briefly outline here an alternative
approach to regularising g, however, we emphasise that this is
not the practical approach we take in Section 6.

Definition 2 (/6]). Define a smooth averaging operator Q. by

QJ@:A/umwwmm, ™

where g.(x,y) = e‘dQ((x — y)/€), € € (0,1] and ¢ is
nonnegative, smooth, with support contained in the unit ball in
R? centred at the origin, chj dm = 1 and inf{g(x) : [x] <
1/2} > 0.

Form a smoothed Perron—Frobenius operator Pe = QP.
Theorem 2 [6] states that the isolated spectrum outside
the bound for regs(P) given in Theorem 1 [6] is stable
under the smooth perturbations of Definition 2, as are the
eigenprojections corresponding to these spectral values with
respect to a suitable norm. Thus, by adding a very small random
perturbation we may approximate eigendistributions g of P by
smooth eigenfunctions g. of P.. While in principle, this is an
elegant method of creating regularised versions of g, we do
not pursue this approach in Section 6 as it is not amenable to
numerical computations.

5. Numerically unwrapping a regularised version of an
eigendistribution

We explore the possibility of numerically unwrapping
regularisations g of eigendistributions g of P. Our approach
is to use Ulam’s method [23] as a basis for our new
unwrapping method, as Ulam’s method and its various
extensions have proven to be efficient and effective means
of numerically studying the ergodic properties of piecewise
smooth transformations. We begin by providing relevant
background information on Ulam’s method.

5.1. Ulam approximation

Let T satisfy Assumption 1. Let B3, = {Ay, ..., A,} denote
a measurable partition of M with m(A;) > 0 and A; connected
for i = 1,...,n. The standard Ulam approximation of P
is 7w, P where 7, : L"(M,m) — sp{xa,,---» Xa,} 1s the
canonical projection onto the span of characteristic functions
on elements of 3, defined by

n gdm
Tag =y L 84m (8)

XAy -
S (A T

When restricted to sp{xa,, - .
described by the matrix’ [18]

., XA, ), the action of m,P is

m(A; NT'A))

9
m(A) €))

Py ij =
The left eigenvector p, satisfying p, P, = p, and normalised

so that 2?21 pn.im(A;) = 1 defines a density function £, on
M’

n
hn =Y PniXais (10)
i=1

7 The practical numerical calculation of (9) may be carried out efficiently
using the algorithms described in [7] and the software GAIO.
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that is used to approximate the fixed point 2 of P. We denote
by w, the approximate T-invariant probability measure with
density h,. As the system (7, @) is mixing, Proposition 2.3 [12]
guarantees that z, > 0. Convergence of 4, to the T-invariant
density 4 in the LY(M, m) norm has been demonstrated in a
variety of settings [18,11,10].

In a completely analogous way, we may attempt to approx-
imate eigendistributions of P corresponding to eigenvalues of
magnitude strictly less than one using eigenvectors v,, satisfying
vy Py = Ay Py with || < 1. This is precisely the method we
used to construct the numerical eigenfunction shown in Fig. 3
where P, was a regular 128 x 128 partition of [0, 1]? into
squares. After numerically determining the entries in the ma-
trix P;,q2 we computed the eigenvector v ,¢2 corresponding to
the eigenvalue A 55 ~ 1/2. This eigenvector v,,q2 defined a

piecewise constant function g,,q2 = leiglz v; x4, which was
shown [14] to converge to the eigendistribution g satisfying
PG = 3/2.

This convergence result relied upon the partition elements
being aligned with the stable and unstable directions of T
and the ability to separate the action of 7 into two one-
dimensional dynamics; one expanding and one contracting. The
approximation of eigendistributions corresponding to subunit
eigenvalues is less well studied than the approximation of
the leading fixed eigenfunction of P. For expanding maps
of the interval without periodic turning points, Blank and
Keller [5] showed that any eigenvalue of P lying outside the
essential spectral radius may be approximated by eigenvalues
of the Ulam matrix; this extended a corresponding result for
convolution-type perturbations [4].

In the Anosov setting Froyland [13] proved an equivalent re-
sult when the Ulam partition is a Markov partition, while Blank
et al. [6] demonstrated the convergence of a highly smoothed
Ulam approximation, where the size of the smooth perturbation
is € and the partition set diameters approach zero as €. Coun-
terexamples to the stability of the spectrum for a pure Ulam
method (that is, using precisely Eq. (9)) are described in [6,
5], however, in all cases, there are no isolated eigenvalues for
Ulam’s method to approximate. Froyland [14] presented some
positive numerical experiments for a pure Ulam’s method in the
presence of an isolated eigenvalue. The Ulam approximation
of subunit spectral values and eigendistributions in the Anosov
setting is a difficult open question that we do not consider here.
Our focus is on attempting to extract further information from
the results of Ulam’s method.

5.2. Approximating ﬁqg

_ By analogy with Ulam’s method, a natural approximation of
P4g as defined in (5) is

Plg =y - ((nnuﬂ <’2g)) (1)

For brevity, we write 7,8 = Z?:l 8n.i X4A,;- The action of 7,U
on sp{xa,,---, Xa,} is described by the matrix [14]
m(A;NT~1A)

I’I’l(Aj)

Uij =

As we have vector and matrix representations of 4,, w,U, and
T,g, We can rewrite our approximation to P9g in the matrix
form as

5 - i(U3) ji&n,)
Ple = Z (M) XA (12)

inj=1 Pn.j

Definition 3. Define the n x n stochastic matrix P, by

R (U i
Py ji = M (13)
Pn,j

As (ﬁ,f)ji = pn’i(Uf,’)ji/p,,,j, we may write

n

ﬁgg = Z (gn,jﬁ,ﬁji) XA; - (14)
=1

5.3. Properties of the approximation 75,‘11 g

We seek to demonstrate that g and Pl g enjoy relationships
similar to those of g and P4 g described in Propositions 1-3.
Because our numerical constructions are finite in nature, we
will see that we recover exactly these corresponding properties
only in the n — oo limit.

A natural approximation of C/p g/n(1) == | [3,(f/h) o T -
g/hdu| =| fM U(f/h) - g/hdu]| is the computable quantity

T b1
Cot g (1) = V nnU( "f), 8
M hn hy,

dun| .

Assumption 2. Assume that |det DT| > ¢ > 0. Let f €
L®M, 1), g € LI(M,m), with f,g < F < 00. Assume
that h < H < oo, and that ||k, — h|; — 0asn — oo.

The following proposition states the property corresponding to
(6) for our numerical approximations.

Proposition 4 (Decay Rate). Under Assumption 2,
ey
1Cp, /1 Bug/inn D = Conf/ g/ 1.n (D] =0

asn — oo. (15)
(2)
Cr, f/hnsing/hun(1) = Crrpg/n(1) asn — oo. (16)

Proof. See the proof section. [

The following proposition states the analogous property to
Proposition 2(1), and formalises the sense in which the matrices
P and P are “inverses” of one another.

Proposition 5 (Invertibility). Under Assumption 2,
ey
g = (T P)Pagli — 0 asn — oo.
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(2) Writing w,8 = Y i'_| 8n.iXA;» then equivalently,

182 (1dy — By Py)ll1n — O asn — oo, (17)

where 1d, is the n x n identity matrix and |w|1, =

doiy lwilm(A).
Proof. See the proof section. [

Proposition 6 states that applying the almost-invariant set

heuristic described in Section 2 to P, g results in a set that is
contained in a small neighbourhood of the preimage of the set
formed by the heuristic applied to g.

Proposition 6 (Almost-Invariance). Let g € L'(M,m) with
[y & dm = 0. Denote 8, = max<i<, diam(A, ;) and let
Bs,(A) ={y e M :infyca llx — y|| < 8,}for A C M. Then

Al = {P,g > 0} C Bs, (T Bs, ({g > O)).

Proof. See the proof section. [

A similar result holds for A,ll_ = {75n g < 0}.

Remark 2. In Propositions 4—6 we have stated and proved the
results for g = 1. Similar proofs may be given for any finite g.

6. Numerical implementation and results

The purpose of the unwrapping procedure is to transform a
function g that is a regularised version of an eigendistribution of
‘P into a related function 75,? g that reveals important geometric
information about the dynamics of the map via almost-invariant
set considerations. In practice, we will construct the function g
as an eigenfunction g, of w,P.

Remark 3. Strictly speaking, we should apply Pltoa g that
arises via a regularisation as outlined at the conclusion of
Section 4. However, the accurate numerical modelling of such
regularisations on top of the numerical discretisation would
be prohibitively expensive. We point to the positive numerical
and theoretical results of [14] to support the approach of using
eigenfunctions of 7,P as regularisations of eigendistributions

of P.

We regard the properties described in Propositions 1, 2,

4 and 5 as relevant consistency checks on the relationship
between g, P g, and 75,7 g, ensuring that the unwrapped
functions retain important dynamical properties. It is not our
intention to explicitly compute C75n F/hn Prg /hmn(k) for some
f and g as this tells us no more than an estimate of Cy (k)
would, and the outer spectral values of 7, may already (for
an appropriate functional analytic setting) suggest an estimate
of the rate of decay. Similarly, we do not intend in practice to
numerically re-generate g from P g; nevertheless in principle it
is important to know that one could do so. Our primary practical
objective is to apply the unwrapping procedure to discover
almost-invariant and almost-cyclic structures. Propositions 3
and 6 describe how the almost-invariant sets defined by g are
related to those defined by P?g¢ and P, g.

As we have chosen to use eigenfunctions g, of m,P
as regularisations of eigendistributions, the regularity of g,
depends on the fineness of the partition {Aq, ..., A,} used in
the numerical calculations. The choice of ¢ in the unwrapping
procedure therefore also depends upon the fineness of this
partition; a finer partition generally means a larger value of ¢
is required to remove the finer striation and greater irregularity.
We employ a variation-minimizing criterion described in
detail in Section 6.1. The variation-minimizing criterion for
selecting ¢ has worked very well in all of the cases we have
tested. The ability to visualise the raw eigenfunction g, and
its unwrappings Pl gn 1is also important for interpreting the
resulting unwrapped function.

Main algorithm

Preliminaries

(1) Partition state space M into {Aq, ..., A,}.

(2) Construct Ulam matrix P, according to (9).

(3) Compute the unique fixed left eigenvector p, and construct
the matrix 13,, according to (13).

(4) Compute the outer spectrum of the sparse matrix P, .

(5) Eigenvalues A that lie outside the theoretical bounds for the
essential spectral radius® have a chance of approximating
isolated spectral values of P. Ideally, one would compute
spectra for several different fine partitions {Ay,..., A,}
and try to observe some numerical stability of a particular
numerical eigenvalue.

(6) Select an eigenvalue A, and its corresponding eigenvector
vy, defining the eigenfunction g,,.

Unwrapping

(1) If T is hyperbolic, visual inspection of the values of g,
should reveal striation along unstable directions; see eg.
Fig. 3.

(2) Unwrap g, to produce Pe gn for some low values of ¢ and
compute the variation of Pa gn to identify a local minimum
at ¢ = g*; see Section 6.1 for details. Visual inspection

of 75,({ ' gn should reveal no strong striation in either the
unstable or stable directions. If the values of ﬁf{ gn are
striated along stable directions, one has unwrapped too far
and g should be reduced; see eg. Fig. 7. Most meaningful
results are achieved when ¢ is selected so that the variation
of 75,(1] gn is minimized and there is no obvious striation in
either unstable or stable directions; see eg. Figs. 5 and 6.

(3) For the selected value of ¢ visually inspect Pl gn- The
function P} gn should be viewed as “separating” regions
in M. The sets flf and AZ_ create two regions in M
separated by the sign of 75,({ gn- An extension of this idea is
to consider sets {ﬁggn > ¢} and/or {ﬁggn < c} forc # 0.
If there are regions of M highlighted by a peak or trough
in the value of P/ g,, these regions are important and are
captured by a suitable choice of c.

81n the setting of [6], ress(P) < o, where ¢ > max{)gl, Af}, |DT"
(x)‘ES(x)H < C}»?, ||DT7n(x)‘Eu(X)H < C}»;n foralln > Oand x € M,
and 0 < B < 1; see [6] for precise details.
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(4) If A, is real and positive the identified regions AL are
expected to be almost-invariant; that is,

p(AT T 1AL
(AL
is close to 1; the closer A, is to 1, the closer this ratio will
be to 1. This is illustrated in Example 1 below.
If A, is an sth root of a real, positive number, then the

identified regions leJr form part or all of an s-cycle. That
is, there is a collection of regions {4y, ..., Ay} such that

(A N T Ag1mod 5))
w(A;)
is close to one. Again, the closer |A,]| is to one, the closer

these ratios will be to one. This is illustrated in Example 2
below.

, oi=1,...,8

6.1. Selecting an appropriate value for q

The issue of “how much to unwrap” a given regularised
eigenfunction is in practice often best resolved by visual
inspection of the unwrappings. We aim for the unwrapping
procedure to eliminate all of the striation along unstable
directions without introducing striation along stable directions.
A quantitative argument sympathetic with this idea is as
follows: by unwrapping we hope to convert the complicated
striated numerical eigenfunction g, into a “simpler” function
P4 gn that reveals more clearly the almost-invariant dynamics.
By “simpler” we mean “more regular”, and we propose to select
g by minimizing a quantity that measures the regularity of
P/l g,. As g, and its numerical unwrappings are step functions,
an obvious approach is to calculate the variation of Pl &n-

For brevity, we describe the two-dimensional case where M
is either boundaryless (for example, a torus) or has a boundary
whose elements are aligned with the two coordinate axes.
Further, we assume that the partition B, = {A,..., A,}
has rectangular elements with boundaries aligned with the
coordinate axes; in other words 3, is a “grid-like” partition.
This setup covers the two examples we present in this section.
Fori =1, ..., n denote by A?ght and A;Op the partition sets that
share the right-hand and top boundary (respectively) with A;. If
the set A; is at a right-hand or upper boundary of M, we will say
that A?ght and A;Op do not exist and in particular do not appear
in (18) below. Let x;, )cl.nght and ximp represent candidate points
in the interiors of A;, Alr.lght, and A;Op, respectively and denote
by £(3"€"A;) and £(3'°PA;) the one-dimensional length of the
right-hand and upper boundaries of A;, respectively. Then the
variation of P g, is given by

n . )
var(Pign) = > 1P gn(xi) — Pl gu 1EM) | - (@72 Ay

i=1

+ 1Pl gn(xi) — Plga(xiP)| - £(3PA;).  (18)

Higher-dimensional situations may be treated in an analogous
way.

1r
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Fig. 4. Result of one application of the unwrapping procedure applied to the
numerical eigenfunction shown in Fig. 3. The shade of the figure denotes the
value of the function, with white corresponding to 41 and black to —1.

Example 1: The Quadbaker map

We return to the map 7" considered in Section 2. The map
T : [0, 112 ¢ defined below has been studied in detail in [14].

(x/4, 4y),

(x/4+1/8,4y — 1),
(x/4+1/4,4y - 2),
(x/441/2,4y =3),

((x —1/2)/443/8,4y = 3),
((x = 1/2)/4 4 5/8, 4y),

((x = 1/2)/443/4,4y = 1),
((x —1/2)/4471/8,4y = 2),

x €[0,1/2),y €0, 1/4);

x €[0,1/2),y € [1/4,1/2);

x €[0,1/2),y € [1/2,3/4);

x €[0,1/2),y € [3/4,1]; (19)
x e[1/2,1],y € [3/4,1];

x €[1/2,1],y €10, 1/4);
xe[l1/2,1],y €[1/4,1/2);

x e[1/2,1],y €[1/2,3/4).

T(x,y)=

We wish to reveal the geometric structures associated with the
eigenvalue 1 = 1/2. Because A is real and positive, we expect
to find sets which are almost-invariant. In fact, we hope to be
able to reconstruct the function go described in Section 2 which
perfectly detects the two almost-invariant sets [0, 1/2) x [0, 1]
and [1/2, 1] x [0, 1]. By producing Figs. 2 and 3, we have al-
ready completed the Preliminary steps of our Main Algorithm:
we have chosen n = 2! and {A1,..., Ay} is a partition of
[0, 1]? into equally sized squares. We have computed the matrix
P16334 using the software GAIO [7] and its outer spectrum us-
ing MATLAB. From Fig. 2 it is clear that the numerical eigen-
value A1g3z4 = 0.5 of Pjg384 is the one we should select to
estimate the isolated eigenvalue A = 1/2 of P.

Now to the Unwrapping part of our Main Algorithm. Fig. 3
displays the expected striation along unstable directions. Fig. 4
shows the result of unwrapping once (¢ = 1). Practically,
since h, = 1 and m(A;) = m(A;) foralli,j = 1,...,n,
we have ﬁ16384 = P£384, and so the unwrapping calculation
amounts to simply multiplying the eigenvector gi¢334 by the
transpose of Pjg384. There is still some striation along unstable
directions, although P1g384816384 is significantly more regular
in stable directions than gje3g4. Calculating the variation of
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Selecting the value of g for the Quadbaker map
140 T T T T T

120 . : SO R
100
80
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total variation of unwrapped eigenfunction
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Number of times eigenvector unwrapped (q)

Fig. 5. Determmlng a suitable value ¢ for the Quadbaker map by calculation
of variation of P16?84g|6384
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Fig. 6. Result of three applications of the unwrapping procedure applied to the
numerical eigenfunction shown in Fig. 3. The shade of the figure denotes the
value of the function, with white corresponding to 41 and black to —1.

75?6384316384 forg = 0,...,6 reveals a minimum at g = 3;
see Fig. 5. As suggested by the variation calculations, we
unwrap twice more, multiplying P163g4g163g4 by P16384 twice
to obtain 7)16384816384- The result is shown in Fig. 6. This
is a good place to stop; the function 73136384g16384 delineates
two large connected regions of [0, 1] with no striation along
unstable directions. Unwrapping further produces striation in
stable directions and increasing variation of 7316’6384g16384; see
Figs. 5 and 7. Applying the heuristic described in Unwrapping
step 3 to 7316384316384 with ¢ = 0, we obtain the almost-
invariant sets A3t = [0, 1/2) x [0, 1] and A3~ = [1/2, 1] x
[0, 1]; see Fig. 6. These sets geometrically separate the unit
square into precisely the two regions that are responsible

1
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0 0.2 0.4 0.6 0.8 1

0

Fig. 7. Result of five applications of the unwrapping procedure applied to the
numerical eigenfunction shown in Fig. 3. The shade of the figure denotes the
value of the function, with white corresponding to 41 and black to —1.

for the isolated eigenvalue A = 1/2, and for the slow
dynamics associated with this eigenvalue. This slow dynamics
and geometry have been detected by the Perron—Frobenius
operator and encoded by the isolated eigenvalue A = 1/2
and the corresponding eigendistribution g. However, this
information is only revealed in a useful geometric way when the
approximating eigenfunction g, is unwrapped to form 75,(11 &n.

For this example we obtain the following result that states
that for a suitably chosen partition, we can exactly recover
the desired function gp as an unwrapping of the numerical
eigenfunction g,,.

Theorem 1. Let {71, ..., Zg.44} equipartition the unit interval,
qg > 0, and let {J1,...,Js} partition the unit interval.
Fartition the unit square via {I, x Js}p=1,. 849:5=1,..5 =

{A;}i=1,..8.4a.5 and construct
» _m(ANTA))
8-44-S.ij = m(Al)

Compute the left eigenvector vg.4a.s corresponding to the
eigenvalue 1/2 and construct the function ggaa.s =

84S vaas.ixar-
defined by (3).

Ag+1 .
Then gy = 'Pg.M.Sgg.M.S, where go is

Proof. See the proof section. O
Example 2: The Standard map

We consider the Standard map S : T2 (9, defined by

Sx,y)=x+y,y+asin(x +y)) (mod2m).

We choose the parameter a = 8§; for such a choice, the
Lebesgue measure appears numerically to be ergodic and S
to be nonuniformly hyperbolic, in contrast with the invariant
KAM curves existing at lower parameter values (see, for
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Fig. 8. The 100 largest (in magnitude) spectral values obtained from the matrix
Pgs5 536 based upon 65536 grid sets and 1000 test points per grid set.

example, [1], p. 477). We choose n = 216 and partition the
flattened 2-torus into equally sized squares. The matrix Pgs536
is constructed and its outer spectrum computed. Fig. 8 displays
the 100 largest (in magnitude) eigenvalues of a matrix Pgs536.
The four largest real eigenvalues are approximately 1, 0.7032,
0.6817, and —0.6763. There appears to be a six-fold symmetry
present in the outer spectrum; the real eigenvalues 0.6817 and
—0.6763 form part of a six-member set of eigenvalues that are
approximately multiples of ¢"/3 of one other. We select the
eigenvalue Aegss36 &~ 0.6817 and expect that some almost-6-
cyclic behaviour is encoded in the numerical eigenfunction’
8265536 shown in Fig. 9. In Fig. 9 and subsequent figures,
we have conjugated S with a vertical translation (x,y)
(x,y 4+ m) to make the six-fold symmetry more apparent.
Fig. 10 indicates that by setting ¢ = 2 we can achieve a
significant reduction in the variation of X gn over that of g,.
Unwrapping twice (¢ = 2) we obtain 75625536g65536 shown in
Fig. 11. The six-fold symmetry is significantly more apparent
in Fig. 11 than Fig. 9. The unwrapping procedure has resulted
in a localisation of two collections of highlighted regions; one
highlighted in black, the other in gray. We focus on the black
highlighted regions as the gray regions do not appear in the
other 5 eigenfunctions in our family of 6 eigenfunctions. We
define sets A1, ..., Ag as the connected components of the set
{73625536 865536 > ¢} for a value of ¢ that extracts the highlighted
regions. Of course the choice of ¢ is somewhat arbitrary; a rule
of thumb is to choose ¢ as a natural “break point” where the
gradient of P625536 865536 1s large; in this example, we choose ¢
S0 as to extract the regions that our eye sees as “highlighted”.
By direct computation (filling the highlighted regions with
test points and iterating those points under S) we can verify
that the six highlighted regions form an almost-cycle; that is,
one iteration of S “almost-permutes” the collection Ay, ..., A¢

9 We remark that we make no claims of the existence of formal eigenvalues
and eigendistributions for PP; indeed a functional analytic formalism for this
setting has not been developed. Our intention is to perform a numerical study,
supported by the results of Section 5.

0 1 2 3 4 5 6

Fig. 9. Standard map: Numerical eigenfunction of x,P corresponding to
numerical eigenvalue 0.6817. Constructed from an eigenvector of a transition
matrix Pg5536 using 65536 grid sets and 1000 points per grid set. The shade of
the figure denotes the value of the function with black corresponding to +1 and
white to —1.

Selecting the value of g for the Standard map
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Fig. 10. Determining a suitable value ¢ for the Standard map by calculation of
the variation of 7’25536865536'

whereby under suitable indexing (modulo 6), S(A;) ~ A;1.
This is precisely what we would expect from a six-fold
symmetry in the outer spectrum of Pgs536.

Probing further the cause of this almost-6-cycle, we investi-
gate whether the regions Ay, ..., Ag contain a period 6 orbit.
We search for period 6 points in a neighbourhood of Ui6=1 A;.
We define such a neighbourhood by {73625536g65536 > '},
where ¢’ < c; the neighbourhood used is shown in Fig. 12.
Using a set-based approach [17] we find partition boxes in
the search neighbourhood that could possibly contain a pe-
riod 6 orbit. Those that cannot are discarded; the remaining
sets are refined and the test repeated. Proceeding until the par-
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Fig. 11. Standard Map: Result of two applications of the unwrapping procedure
applied to the eigenfunction of 7, P shown in Fig. 9. The shade of the figure
denotes the value of the function with black corresponding to +1 and white to
—1.

Fig. 12. Initial search neighbourhood in which we look for period 6 points.
tition sets are 2750 the area of the entire torus, we obtain
Fig. 13. These identified regions very closely match the sets
Al, ..., As. Zooming in on one collection reveals nine sep-
arate sets; see Fig. 14. Zooming further reveals that each of
the nine sets is in fact a connected collection of the boxes of
area 270 that of the torus. The dots shown in Fig. 15 are cen-
tre points of these regions. In summary, we can conclude rig-
orously that the only possible locations for period 6 points in
the region shown in Fig. 12 are contained in the tiny boxes
shown in Fig. 13. These numerical experiments strongly sug-
gest that there is a family of 9 period six orbits appearing in
clusters that are precisely highlighted by the unwrapped eigen-
function 73625536365536? compare Figs. 11 and 13. If these are
not true periodic orbits, we can say with certainty that there

: 5 N

¢ 5 : LS
N -
. S S N AR
0 1 2 3 4 5 6

Fig. 13. The regions in which numerical experiments strongly suggest period
6 points may lie. With certainty, there are at least nine §-pseudo-periodic orbits
of prime period 6 in these regions with § of the order of 2725,

4.8

4.7t

a4}

: : S

4.2 ‘ - . ‘ -
4.3 4.4 4.5 4.6 4.7 4.8 4.9

Fig. 14. A zoom of the rectangular region indicated in Fig. 13. We can clearly
see nine distinct regions.

are at least 9 §-pseudo-periodic orbits of prime period six with
8 < 272 . 27/2(max, .2 | DT (x)|| + 1). Again, this infor-
mation, while encoded in the raw eigenfunction ges53¢6 is only
revealed in a useful geometric way when the unwrapping pro-
cedure is applied to the eigenfunction.

7. Conclusion and final remarks

We have described a new method called “unwrapping” by
which eigendistributions of the Perron—Frobenius operator can
be transformed into functions that more directly reveal almost-
invariant structures in hyperbolic maps. This extends existing
work for one-dimensional expanding maps and provides a
new dynamical interpretation for eigendistributions of the
Perron—Frobenius operator for hyperbolic systems.
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Fig. 15. A zoom of one of the regions in Fig. 14. The dots are centre points of
boxes that are 270 the area of the 2-torus. The connected nature of this region
at such a small scale suggests that a single periodic point is contained in these
boxes.

We demonstrated our numerical method rigorously in
the case of a piecewise linear map of the square and
successfully identified the geometric structures responsible for
the slow geometric rate of correlation decay. By applying the
unwrapping method to the Standard map, we were able to
pinpoint clusters of period 6 orbits.

Total variation, a measure of regularity, was used to
determine how much unwrapping is required in particular
examples. Numerically we observed a single local minimum
in irregularity and this is intuitively reasonable. An interesting
question is whether one can prove that the variation (or a similar
measure of regularity) of P?g must have the form shown in
Figs. 5 and 10, namely a single local minimum.

In order to make the method rigorous in greater generality,
it will likely be necessary to make progress on the question
of rigorous numerical approximation of eigendistributions of
the Perron—Frobenius operator in a suitable functional analytic
setting. This question is still an area of intense research.
It is hoped that the new dynamical interpretation of the
eigendistributions of the Perron—Frobenius operator presented
here will further motivate this research effort.

8. Proofs
Proof of Lemma 1.
B lg o T
dm = | —du= | —d
flgl m / 5 4K T
hlg o T N

Proof of Proposition 1.

c

pa g pagn®) = / (Pif/hyoTt. (ﬁqg/h) du‘

- '/(f/h) o T (g/h) o T4 du’

= '/(f/h)oTk~(g/h)du
ZCf/h,g/h(k). O

Proof of Proposition 2. (1)
(PIPg)(x) = PI(h - U (g/h))(x)
h(T~9x) U9 (g/h)(T~9x))
- |det DT4(T—9x)|
h(T™%x)g(x)
= h(x)|det DT4(T—9x)]
= g(x),
since h satisfies h o T~9/(h -
2
PIPig =h-U(go T 9/(h-|det DT o T~1|))
=h-(g/(hoT9 |detDTY|))
= g7
since h/(ho TY -

|det DT4(T~)|) = 1.

|detDTY)=1. O
Proof of Proposition 3. 1. Let g™ = max{g, 0}. Note that
(Pig)t = (h-UI(g/h)T =h- U (g/M)*
=h-((goT?/(hoT)"
= (h/(hoT?h) - (goTHT.
Thus A9+ = {Pig > 0} = {go TY > 0} =

T—49A7, as required.
2. This follows directly from (i) by the T-invariance of . [

T 9{g > 0} =

Sublemma 1 (Duality of r,U and 70, P). Let f, g € L' (M, m).
T f Tn8 T f
n . d n —
/””(m) e /h
Proof. Let f; = (1/m(Ap) [y, [ dm and g = (1/m(A)
fA_ g dm.

T f Tng
Ind au,
[ () o

Z( )Ukl 2im(A;)
ZZ M( -

Py— =5 gim(A)
— o KAy ET
= Z i (Z g lk) m(Ax)
Dk i=1
_ / 7Tnf
= hn
Proof of Proposition 4. First, we prove (15). By Sublemma 1,

75nf 73ng
CBo st Bug/hun D = /”"u< T ) B

-, P(mpg) dm.  (20)

-y P(mpg) dm. O

dun

:/P}:‘f Ty P(Pprg) dm @21)
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/”"u (n;f> 2P (Pug) dm. (22)
n
Now,
Coro £/ hn g/ (1) = [nnu <n;f) Zn8 au,
n n
= /nnu <]T];lnf) 8 dm
= fraa () eom

Thus,

1Cp, #/my B/ nn (D = Con f/ g/ iy (D]
Tt N

w (Z5)] i PP -
hn ) s

Since |7,U|lcoc < 1, | flloo < F < 0o and h, > a for some
a > 0, the result will follow from Proposition 5.
Now we show (16).

<

|C7r,,f/h,,,7r,,g/h,,,n(1) - Cf/h g/h(l)|
Tuf ) T8 4 f g
= u . L).2
- / T\ o Pltag) dm — i - Pg dm
hn h
by Sublemma 1 and duality of P and U

< f (”}jf ) - (taP(Tag) — Pg) dm'

TTn f f
+ ‘/ (W— Z) ~77gdm‘

T f
Iy

=

|l7nP(ng) — Pglly

‘ o0

hy h

Considering the first term, we have h, > a for all n > 1 and
|| flloo < F.Furthermore,

+

IPgloo- (23)
1

7w P(ng) — Pglli < lmnP(mng) — mnPgli
+ 7 Pg — Pgli
< llmaPlhllmng — gl
+ 7 (Pg) — Pgli1- (24)

Noting that ||7,g — gll1 — O for g € L'(M,m)asn — oo
(Lemma 2.2 [18]), both terms in (24) approach zero as n — oo,
and hence the first term in (23) approaches zero as n — oo. For
the second term of (23), by hypothesis ||g|lcc < F and since
|det DT| > ¢ > 0 almost everywhere we have ||Pglloo < F/c
almost everywhere. The fact that || sl — Oasn —
oo follows similarly to the boundlng of (27) in the proof of

Proposition 5. This concludes the proof. O
Proof of Proposition 5. (1)

lg — T PPugll
= |P(hUU(g/ 1)) — 70a P (hnrtald (ng ) h)) |1

< [IP(htd(g/ h)) — P(htd(mng/ M)l

+ 111 = 7)) (P(hU (7w g/ ) 11

+ I P(hU (g / 1)) — hnstnld (10 g/ hn)) 1
<llg —mngl + (1 — wa)7nglls

+ |7 Pl (AU (7tn g/ h)) — hn7enld (7208 / hn) 1

The second term is zero and the first term approaches 0 as
n — oo by Lemma 2.2 [18]. We now tackle the third term.
Noting that ||z, Pl|; = 1,

I7n Plly - | (Rl (g / 1)) — hnTtnld (7108 / hn) 11
= 1-((hth(mng/ 1)) — hrUU (g /h) (25
+ Nhmnld (g / ) — hnmtnld (g / ) Il1 (26)
+ hnmtnld (Tag/ h) — hptnld (g / )l - (27)
We deal with (25)—(27) in turn.
Firstly (25):
(25) = Mool (X = 7)) UG g) / Bl -
The proof of the following sublemma will take care of (25).

Sublemma 2. [|(1 — 7)Y (%£) |l — Oasn — oc.

Proof. Let g. € C%(M, R) be a continuous L' approxima-
tion of g. Note that |[Ug|; < || det DT~ sllgll1.

= (5], = o (55) - ()1
# () = me ()]

+ Jmtt (55) ==t (5]

< || det DT o llmag/h — ge/ I
+1(1 = m)Uge/ W)
+ 11 det DT |lssllge/ b

_nng/h”L

Since U(ge./h) € L'(m), the second term approaches
zero as n — oo by Lemma 2.2 [18]. Finally, ||7,g/h —

ge/ bl < llmng/h —g/hll1 +1lg/h — &/ hll1 approaches
zero as n — oo by Lemma 2.2 [18] and the fact that we may
make ||g/h — g/ h|l1 as small as required is proved. [
Now (26):
(26) = Nlh = hpl1IA(Tng/ M) lloo
< 2= hulli iU llooll (Ta)lloo 11/ Alloo

— 0 asn — oo,

since ||h — hy||1 — 0 and the other terms are all bounded.
Lastly (27):
@7 = lhlloollmallilU(ng)/ B — (Tng)/ hi) 11
< |lhnllooll det DT lollmngllooll L/ 7 — 1/ Bl
— 0 asn — oo,
since ||h — hy|l1 — O, h and h,, are bounded uniformly

away from zero (M is compact), and the other terms are all
bounded.
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(2) Part (1) of Proposition 5 states that in terms of matrices,

3" (8040 = 7120 1,

k=1 1
Noting that

— 0.

n

> (800ds = BuP)) xa,

k=1 1

=12, (1d — Py P10

we are done. [

Proof of Proposition 6. First note that {r,g > 0} C Bs,({g >
0}). Secondly, as in the proof of Proposition 3, {7, g > 0} =
T Ym,g > 0}.

Combining these, {75,,g > 0} = {mUm,g > 0} C
By, (Umng > O) = By, (T g > 0) C
Bs,(T~'Bs,({g > 0})). O

Proof of Theorem 1. Let 7§ : [0, 1] O be defined by

4x, x €10, 1/8);
4x — 172, x €[1/8,1/4);
A -1, xe[1/4,1/2);
L =14r—2  xe [1/2,3/4); @9
4x —5/2, x €[3/4,7/%);
4x — 3, x €[7/8,1].

The expanding interval map 7 is dual to the contracting
dynamics of 7 and is linked with the full map 7 via the
observation [14]:

P(g(0)1(y)) = g(Ts(x)1(y). (29)

Denote by {1, ..., I3} the equipartition {[0, 1/8), ..., [7/8, 1]}
of [0, 1]. In the proof of Theorem 3 [14] it is demonstrated that
the eigenfunction gg.4¢.5 of 78.4¢.§P is given by gg.4q.5(x, y) =
G4 (x)1(y) where!”

Gy = |2 ifx€lioniglandiy €(1,2,3,5);
e T 1224, ifx elig---igland iy € {4,6,7,8)

and the cylinder [i - - - iy ] denotes the set [;; N --- N T, 4 L.

Since gg.4¢.5 is independent of S we may without loss of
generality assume that S = 1. In the proof of Proposition 2 [14]
it is noted that G, = 29Gg o Ty'. Thus

Ulgg.aa(x,y) = U (Gy(x) - 1(y))
=U?(29Goo T{ (x) - 1(y))
=29(Goo Ty - 1) o T (x, y).

Now, (29) implies (Go-1)oT ~9(x, y) = Go(T¥ (s))1(y). Com-
posing with 79 we obtain Go(x)1(y) = (Go(Td (s))1(y)) o TY.
We can now conclude that U9gg.44 (x,y) = 29Go(x)1(y) =
29g3(x, y). It is straightforward to check directly that one fur-
ther application of I/ to gg will yield 2gq (in an abuse of index-
ing notation where g is defined by (3)). O

10, [14], G4 is denoted by g4 and gg.49.5 by hg.
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