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Communicated by Naoki Saito This paper investigates links between the eigenvalues and eigenfunctions of the Laplace-Beltrami

operator, and the higher Cheeger constants of smooth Riemannian manifolds, possibly weighted
and/or with boundary. The higher Cheeger constants give a loose description of the major
geometric features of a manifold. We give a constructive upper bound on the higher Cheeger
constants, in terms of the eigenvalue of any eigenfunction with the corresponding number of nodal
domains. Specifically, we show that for each such eigenfunction, a positive-measure collection
of its superlevel sets have their Cheeger ratios bounded above in terms of the corresponding
eigenvalue.
Some manifolds have their major features entwined across several eigenfunctions, and no single
eigenfunction contains all the major features. In this case, there may exist carefully chosen linear
combinations of the eigenfunctions, each with large values on a single feature, and small values
elsewhere. We can then apply a soft-thresholding operator to these linear combinations to obtain
new functions, each supported on a single feature. We show that the Cheeger ratios of the level
sets of these functions also give an upper bound on the Laplace-Beltrami eigenvalues. We extend
these level set results to nonautonomous dynamical systems, and show that the dynamic Laplacian
eigenfunctions reveal sets with small dynamic Cheeger ratios.

1. Introduction

The classical static Cheeger problem is an optimisation problem in Riemannian geometry, which has been studied extensively in
relation to the eigenvalues of the Laplace-Beltrami operator [10,18,49,63]. Given an n-dimensional Riemannian manifold (M, g) with

volume measure V' and induced n — 1-dimensional Hausdorff measure V,_;, the Neumann Cheeger ratio of a set A C M with suitably

V,_1(0Anint M)
V(4)

over sets A C M satisfying V' (A) < @ The resulting minimal ratio is known as the Neumann Cheeger constant for M. For compact

smooth boundary is the ratio Jy (A) := . The Neumann Cheeger problem consists of finding a set that minimises J (A)

n-dimensional submanifolds M C R”, a Neumann Cheeger ratio minimiser is a set A ¢ M which is separated from M \Z by an
optimal ‘bottleneck’. We give an example in Fig. 1(a). The Dirichlet Cheeger ratio of a set A C M with suitably smooth boundary is
: ._ Vu1004)
the ratio Jp(A) := v
The resulting minimal ratio is known as the Dirichlet Cheeger constant for M. A Dirichlet Cheeger ratio minimiser is a region with

, and the Dirichlet Cheeger problem consists of finding a set that minimises J,(A) over subsets A C M.
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(a) The Neumann Cheeger ratio for A C M is minimised ~ (b) The Dirichlet Cheeger ratio for A C M is minimised
when A and M\ A are separated by the narrowest part  when A contains most of the open space of M, but only
of the bow-tie figure. extends partway into the corners of M [56, Example 4.2|.

Fig. 1. Neumann and Dirichlet Cheeger minimisers for M C R? equipped with the Euclidean metric.

an optimal balance between large volume and small boundary. For n-dimensional M C R" endowed with the Euclidean metric and
A C M, Jp(A) decreases by a factor of s when we dilate A by a factor of s in each dimension, so minimisers for .J,,(A) always contact
0M ([66, Theorem 3.5]). We give an example in Fig. 1(b).

The Cheeger problem can be extended to seek collections of subsets, each of which have small Cheeger ratios. Given a collection
of k disjoint sets Aj,...,A; C M, the Neumann and Dirichlet Cheeger ratios of {A;,...,A;} are given by Jy({A;,...,A;}) :=
max, ;< In(A4;) and Tp({Ay, ..., A }) 1= max <, Jp(A;), respectively, i.e. the Cheeger ratio of a collection of disjoint subsets of
M is the maximum Cheeger ratio among the subsets. For each k > 1, the kth Neumann or Dirichlet Cheeger problem consists of finding a
collection of k disjoint sets { A, ..., A, } which minimises Jy({Ay,...,A}) or Ip({A;, ..., A }). The first Dirichlet Cheeger problem
is exactly the classical Dirichlet Cheeger problem, while the second Neumann Cheeger problem corresponds to the classical Neumann
Cheeger problem. The kth Cheeger problems for larger k are called the higher Cheeger problems, and the infima are called the higher
Cheeger constants.

Exact minimisers for the Cheeger problem have only been computed for a few sets or classes of sets (see e.g. [6,14,54,55]). In
particular, [55, Theorem 1.4] obtains an expression for the Cheeger-minimising set of any subset of R? without a ‘neck’. We are
instead interested in using the Cheeger problem to identify necks, and the approach of [55] does not extend to sets with necks
(see e.g. [55, Figs 1-2]). There are some algorithms for solving Cheeger problems numerically (see e.g. [11-13,15,47]), but these
algorithms apply only to the classical Cheeger problems, not the versions with k > 2 (in the Dirichlet case) or k > 3 (in the Neumann
case). These algorithms have not been studied on Riemannian manifolds other than full-dimensional subsets of R”. Understanding
the connectivity of more general Riemannian manifolds is important in settings such as manifold learning (e.g. [19,40]), where one
studies the geometry of a low-dimensional submanifold embedded in some high-dimensional Euclidean space. The second Dirichlet
Cheeger problem is studied in [5], where the authors solve this problem for one specific subset of R? (an annulus).

Approximate minima and minimisers for the higher Cheeger problem, and upper bounds on the higher Cheeger constants, can be
found using the eigenfunctions and eigenvalues of the (possibly weighted) Laplace-Beltrami operator. Miclo [62] and others have given
upper bounds on the kth Cheeger constant on boundaryless manifolds, up to a non-explicit factor depending cubically on k. Miclo
improves this dependence on k to sub-logarithmic, by using (for example) the 2kth eigenvalue to bound the kth Cheeger constant. We
prove an alternative upper bound on the kth Cheeger constant (Theorem 3.7), extending a result from the graph setting [23, Theorem
5], in terms of the eigenvalue of any eigenfunction with k or more nodal domains, up to a small constant factor independent of k. Thus,
we can obtain a much tighter upper bound on the kth Cheeger constant whenever the appropriate eigenfunction has sufficiently many
nodal domains. Our bound also applies to manifolds with nonempty boundary, under Neumann or Dirichlet boundary conditions.
Moreover, our bound is constructive - we show that any (possibly weighted) Laplace-Beltrami eigenfunction has superlevel sets within
each nodal domain whose Cheeger ratios are also bounded above. A similar approach is used in the graph setting in e.g. [45, sec
1.1], to obtain a 2-partition of a graph with a low conductance from the first nontrivial graph Laplacian eigenvalue. Our approach is
primarily useful in situations where Laplacian eigenfunctions on a manifold are calculated or approximated explicitly.

An important question in the study of nonautonomous dynamical systems is how to divide the phase space into regions which
interact minimally with each other. In purely deterministic dynamics, any two disjoint regions have no interaction with each other,
so we instead consider regions whose boundaries remain small, relative to their size, as they evolve with the deterministic dynamics.
The ratio of a region’s time-averaged boundary size to its overall size is called its dynamic Cheeger ratio. Sets with small dynamic
Cheeger ratio are called coherent sets, and the infimal dynamic Cheeger ratio is called the dynamic Cheeger constant [28,30]. We can
obtain an upper bound on the dynamic Cheeger constants using the eigenvalues of an operator, which acts on the domain of the
dynamical system, called the dynamic Laplacian. We show that k disjoint coherent sets with quality guarantees — upper bounds on
their dynamic Cheeger ratios — can be obtained from any eigenfunction with k nodal domains (Theorem 3.19).

The remainder of this article is structured as follows. In section 2, we provide some basic definitions and define the higher
Cheeger constants. In subsections 3.1-3.2, we summarise prior upper bounds on the Cheeger constants in terms of Laplace-Beltrami
eigenvalues. We also state our own constructive upper bounds, which depend on properties of the eigenfunctions (Theorem 3.7 and
Proposition 3.8). In subsection 3.4, we generalise these results to the dynamic setting. Lastly, in section 4, we give some examples
comparing our bounds to bounds from the literature.
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2. Preliminaries
2.1. Higher Cheeger constants

Let (M, g) be a smooth Riemannian manifold, possibly with nonempty boundary, i.e. a second-countable Hausdorff space where
each point of M has a neighbourhood diffeomorphic to a relatively open subset of {x € R" : x,, > 0}. Except where otherwise noted,
we assume all Riemannian manifolds are n-dimensional (n > 2), C*°, compact and connected, and have smooth boundary if they
have a nonempty boundary. Let V' and dV denote the volume measure and volume form on M induced by g. Let (M, g, u) be a
weighted manifold, i.e. a Riemannian manifold (M, g) equipped with a measure u satisfying du = e® dV for some ¢ € C*(M). Note
that we can treat any Riemannian manifold as a weighted manifold by taking u =V, so all our results for weighted manifolds extend
directly to unweighted manifolds (i.e. manifolds where ¢ = 0 everywhere). On each n — 1-dimensional submanifold X c M, let V,_,
and dV,,_, denote the n — 1-dimensional Riemannian volume measure and volume form on X, and let y,_; be the measure satisfying
dp,_y i=e®dV,_;.

For a set A C M, we let 3™ A denote the relative topological boundary of A in M, i.e. the set of points p € M such that every
neighbourhood of p contains both points in A and points in M\ A. For example, if M := {(x,y) €R? : x> +)y* <1} and A := {(x,y) €
M : y>0}, then 0M A consists of the interval {(x,0) : —1 < x < 1} but not the semicircle {(x,y) € M : x* + y* = 1}. We define the
Neumann and Dirichlet Cheeger constants as follows.

Definition 2.1. Let %y (M) denote the collection of nonempty, relatively open subsets A C M such that ™ A is a codimension-1,
C® submanifold of M with boundary (3™ A) =™ AN dM. Let F,(M) denote the collection of nonempty, relatively open subsets
A C M such that AnOM =@, and 0A is a codimension-1, C*® submanifold of M. Then for k > 1, a Neumann, resp. Dirichlet k-packing
is a set Ay :={Aj,...,A;} such that each A; € P (M), resp. A; € Pp(M), and the A; are pairwise disjoint. Let & y (M), resp.
F..p(M) denote the set of Neumann, resp. Dirichlet k-packings for M.

Definition 2.2 (Higher Cheeger constants). For k > 1, the Neumann Cheeger ratio of a Neumann k-packing {A,, ..., Ay} € & y(M) is

Hao1(0M A)

A, LAY = _ 1
In{AL . ALY b S—ore: @

The Dirichlet Cheeger ratio of a Dirichlet k-packing {A,..., A} € % p(M) is

. Hp_1(0A;)
JD({z‘h,-..,Ak})-—llrsll;ils)§c (A 2)
The kth Neumann and Dirichlet Cheeger constants of M are

hy n o= inf Ap, ... A 3
kN {Als---sAk}€=@k,N(M)JN({ 1 ) 3
hep: Ip{Aqs.... A D). 4)

= inf
{A},... ALY ER, p(M)

We will sometimes write Jy (A) and Jp(A) instead of Jy({A}) and Jp({A}) for convenience. By this definition, we always have
hy n =0, aligning with our notation where 4; 5 = 0. In the special case M = @, we write J; and h, 4, respectively for Jy and h; v,
respectively, and refer to J and £, 4 as the boundaryless Cheeger ratio and constant.

Our Dirichlet Cheeger constants generalise Cheeger’s original constant for manifolds with boundary [18], while our Neumann
Cheeger constants generalise the boundaryless Cheeger constant of [18], the Neumann Cheeger constant of [9], and the kth bound-
aryless Cheeger constants [62] for k > 1. Our A, 4 is exactly that defined in [62, p.326]: Miclo requires that the A; are connected and
that each connected component of M\ A; contains some A; for j # i, but Miclo notes that this does not change the value of A, .

Cheeger [18] and Buser [9] (see also [71, p.499]) consider A, 4 and hk’N for k =2 only, and they require that {A;,A,} are a
2-partition for M (up to sets of measure zero) with 3™ A, = 9™ A,, instead of allowing 2-packings of M. This does not affect the
value of h, y. To see this, choose any {A, A,} € P (M) with p,_; (0™ A}) < p,_; (0™ A,), and define the 2-packing {4, 4,} by
A= A_l\aMA_l, Ay = M\A_l Then 0™ A; =M A,, and {A,, A, } is a 2-partition for M. The fact 9™ A; c 0™ A, implies {4, A,} €
P (M), and since p,,_ (0™ A) < py_1 (0™ Ay) < p,_1(0M Ay) and p(Ay) 2 p(A,), we have Ty (A}, Ay }) < Ty ({A, A ).

Our Cheeger constants are defined slightly differently from those in [5,26], who take the infimum over arbitrary packings of M
and use perimeter instead of Hausdorff measure. Bobkov and Parini’s Cheeger constant is equal to &, j, for unweighted full-dimensional
submanifolds of R" ([5, Proposition 3.6] and e.g. [1, Proposition 3.62]), while &, y gives an upper bound on de Ponti and Mondino’s
Cheeger constant on unweighted Riemannian manifolds by [70, Proposition 2.37] ([70] defines perimeter differently to [26], but they
are equal on unweighted manifolds by e.g. [70, remark on Definition 2.33 and Theorems 2.38-2.39]). Yau [71, p.499] also defines
a variant of h, y which does not require each dA; to be smooth. The paper [68], published after the first version of this manuscript
was submitted, extends much of the work in [5] to minimisers of more general functionals than the maximal Cheeger ratio, and to
the more general settings described in [27].
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2.2. Eigenvalues of the weighted Laplace-Beltrami operator

Let W12(M; ) denote the Sobolev space of L>(M;u) functions f with L?*(M;u)-integrable weak derivatives V£, and let

12,77, N 2 a2 2 ™ :
VVO (M ; u) denote the completion in the Sobolev norm || ||W]12(M;M) = ||L2(M;M) + |||V |||L2(M;M) of the set of C®(M) func
tions with compact support in int M (see e.g. [16, pp.14-15]).

For any C I vector field X on M, let div X denote the divergence of X with respect to dV (defined in e.g. [37, p.96] or [17, Prop.
I11.7.1 and proof]). Writing the Radon-Nikodym derivative of u as du = e? dV/, let div u X denote the weighted divergence div, X :=

e~?div(e? X) (see e.g. [37, p.96]). Then the weighted Laplace-Beltrami operator A . is defined for f € C%(M) by

A, f i=div, Vf=e?div(e?V ). (5)

We consider the Neumann and Dirichlet eigenproblems for A,,. The Neumann eigenproblem is as follows: find u € C*(M) and 1€ R,
such that

A”u = Au, (6)
subject to the Neumann boundary condition (if oM # @)

% _0 onoM, @

on

where n denotes the outward unit normal to dM. Solutions u and 4 are called eigenfunctions and eigenvalues of A,,. There is an
orthogonal Schauder basis for L2(M; u) consisting of eigenfunctions of (6) satisfying (7) (see e.g. [46, Theorem 4.3.1] or [4, ch.
III, Theorem 18]). The corresponding eigenvalues form a non-positive decreasing sequence accumulating only at —co (see e.g. [46,
Theorem 4.3.1] or [41, Theorems 11.5.1-11.5.2]). We denote the eigenvalues as 0=24; y > Ay y 2 A3y 2 ..., 0ras 0=4; 4> Ay g >
A34 > ... in the special case dM = @. The eigenvalue ordering induces an ordering on the corresponding eigenfunctions, so we will
occasionally write the basis of eigenfunctions as u;,u,, ....

The Dirichlet eigenproblem consists of finding u € C*°(M) and 4 € R which solves (6), subject to the Dirichlet boundary condition,

u=0 onoM. 8)

We assume dM # @ when we consider Dirichlet boundary conditions. There is also an orthogonal Schauder basis for L>(M; i) of
eigenfunctions of (6) satisfying (8). In this case, the eigenvalues form a strictly negative decreasing sequence accumulating only at
—oo, and we denote them 0> 4, p> A p 243 p 2 ...

The eigenvalues of A, have the following variational characterisation (the proof of [16, p.16] extends directly to the weighted
case).

Theorem 2.3. Let (M, g, u) be a weighted manifold, and let u,,u,, ... denote a complete orthogonal basis of Neumann (resp. Dirichlet)
eigenfunctions of A, corresponding to Ay A ... (resp. Ay p, 4, p,...). Then for each k > 1, we have

2
o _ NV
KN = inf — 9)
FEW2(M) I 2 p
Jyg i f du=0¥ie(1,... k1) (Mip0)
resp.
NV sz, .
Ap=— Hllfz % (10)
FeWy () 12 0y

Jag wif du=0vi€ (L, .. k—1})

with equality if and only if f is a Neumann (resp. Dirichlet) eigenfunction of A, with eigenvalue A, y (resp. Ay p)-

A nodal domain of a function f € C%(M) is a maximal connected component of M where f is positive or negative. The number
of nodal domains in the kth eigenfunction of A, under Dirichlet or Neumann boundary conditions is bounded above by k. Courant
[21, p.452] proves this bound assuming each nodal domain has piecewise smooth boundary. Chavel [16, pp.19-23] gives a proof
in the boundaryless and Dirichlet cases which avoids the piecewise smooth boundary requirement via an approximation argument.
Using a more general version of Green’s formula [39, Proposition 5.8 and remark after Proposition 5.10], we prove Courant’s nodal
domain theorem in the Neumann case without the piecewise-smooth boundary assumption, since we could not readily find this in
the literature.

Theorem 2.4 (Courant’s nodal domain theorem). Let (M, g, ) be a weighted manifold. Then the kth Neumann or Dirichlet eigenfunction
u, of A, on M has at most k nodal domains.
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Proof. We prove only the Neumann case; the proof in [16, pp.19-23] for the Dirichlet case extends immediately to weighted mani-
folds. Let Gy, ...,Gy, G4y, ... denote the nodal domains of u, . For each j =1,...,k, define v; € W1~2(M;/4) by

L ”lej> on G,
V.=

0, elsewhere.

Using Chavel’s approximation argument [16, pp.21-22] and the version of Green’s formula in [39, Proposition 5.8 and remark after

vz,

Proposition 5.10], as in (24)-(26) below, for each j we have WL(GM) = —/Jgn- One can select constants a;, ..., a; € R, not all
2@

zero, such that

k
f= Z ay;
j=1
satisfies
/“;f du=0,
M

foreachi=1,...,k—1 (see e.g. [16, p.17]). Noting that the y; are disjointly supported, we have

2 kK 2 2 k2 2
INZ{TE D /0 [ A PP N R 21

2 TNk 2 2 T k2 2 T kN
A2 a0 i G120 i Gl

Thus, Theorem 2.3 implies f is an eigenfunction of A, with eigenvalue 4, y vanishing identically on Gy,,. But then Aronszajn’s
unique continuation principle [2] implies that f vanishes identically on M, which is a contradiction. []

3. Classical and higher Cheeger inequalities
3.1. Cheeger inequalities for the first nonzero eigenvalue

The classical Cheeger inequalities provide an explicit bound away from 0 for 4, j, or 4, y, in terms of 2, j, or h, y. Cheeger [18]
proves the boundaryless and Dirichlet cases, while Maz’ya [60] (summarised in English in e.g. [35, Sec. 6]) independently proves a
slightly stronger result some years prior. Yau [71, Sec. 5, Corollary 1], and later Buser [9, Theorem 1.6], prove the Neumann case.
The Cheeger inequality can also be extended to metric measure spaces (including weighted manifolds). De Ponti and Mondino [26,
Theorem 3.6] and Funano [32, Lemma 7.1] give variants of the Cheeger inequality for metric spaces (including weighted manifolds),
with a Rayleigh quotient in place of an eigenvalue.

Several other upper bounds on eigenvalues of A exist, which do not depend on the Cheeger constant (see for example [38] and
references therein). Fewer bounds exist on the Cheeger constant: Ledoux [49, Theorem 5.3] and Milman [63, Theorem 1.5] have
obtained bounds on the Cheeger constant in terms of concentration inequalities, while Dai et al. [22, Theorem 1.4] have obtained an
upper bound on the Cheeger constant on convex manifolds in terms of the manifold’s dimension, Ricci curvature and diameter.

Theorem 3.1 (Cheeger’s inequality).
« [18]: Let (M, g) be an unweighted, boundaryless, compact smooth Riemannian manifold. Then
1.2
g S—th. an

« [18,60] (see also [35, Sec. 6]): Let (M, g) be an unweighted, connected, compact smooth Riemannian manifold with nonempty, smooth
boundary. Then

1
Mp <=0 (12)

+ [71, Sec. 5, Corollary 1], [9, Theorem 1.6]: Let (M, g) be an unweighted, compact smooth Riemannian manifold with nonempty, smooth
boundary. Then

1
oy S=7h N (13)

The proofs of equations (11)-(13) all proceed similarly, using the coarea formula to relate the geometry of the level sets of
an eigenfunction u to its Dirichlet energy |||Vu|||?. Similar techniques are used in e.g. [36,44,69]. These results extend directly to
weighted manifolds, and even to more general metric measure spaces (see e.g. [26, Theorem 3.6]), as well as to eigenvalues of the
p-Laplace operator (e.g. [52,59]). On boundaryless manifolds with Ricci curvature bounded below by —K < 0, the leading eigenvalue
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A, 4 and the Cheeger constant h, 4 satisfy 1, 5 > —2.2\/E hyg— 4.4h§ ﬂ) (see [10,26,48,49], stated here with the constants from [26]).
Thus, 4,4 and h, 4 are comparable, in the sense that if one approacfles zero then the other must also approach zero [9].

We prove that some of the superlevel sets within any nodal domain of any eigenfunction of A have an upper bound on their Cheeger
ratio, in terms of the corresponding eigenvalue (Theorem 3.2). This yields a constructive version of Theorem 3.1 (Corollary 3.3), and
also allows us to prove a constructive higher Cheeger inequality (Theorem 3.7).

For any nodal domain G of a function f € CO(M), we let range(f?|s) := {s? : s € f(G)}, and for any s € range(f?|s), we define
the s-superlevel set of f2 on G as

G,:={peGCG: f(p)*>s). 14

Theorem 3.2. Let (M, g, u) be an n-dimensional weighted manifold. Let u be some nonconstant Neumann, resp. Dirichlet, eigenfunction of
A, with eigenvalue A. Let G C M be any nodal domain of u. Then the set

Sy 1= {s € range(i|g) : G, € Py(M), A < —AlrJN(GS)Z } , (15)
resp.

Sg 1= {s € range(i?|¢) : G, € Pp(M), A < —iJD(GS)Z} , (16)
has positive Lebesgue measure satisfying the lower bound

A 2
WA = bl angeqi e 1412 .,
2(h — 0 et ) NH(G)

where h, h and P are defined in the proof below.

Leb(S¢) > a7

Proof. We prove only the Neumann case; the Dirichlet case follows similarly. Firstly, we use the coarea formula to find an expression
(21) for the weighted average (20) of Jy(G,). Secondly, we use a Rayleigh quotient argument to bound 4, y in terms of this weighted
average (equation (27)). Lastly, we obtain our lower bound on the measure of S;.

The coarea formula (see e.g. [8, 13.4.2]) implies

[v@na= [ warec:ie=snes as)
G range(u?|)
It follows immediately from Sard’s theorem (e.g. [50, Theorem 6.10]), [64, Theorem 6.2.8] and the reasoning for [64, Lemma 6.2.7]

that G, € Py(M) and M G, = {p € G : u(p)* = s} for almost every s € range(u?|;). For such s, we have y,_({pE€G : u(p)> =s}) =
yn_l(dMGS) =JIn(GHu(Gy), by the definition (1). Hence, we have

/IV(uz)Idu= / InN(G)u(Gy)ds. (19)
G range(u?|)

Define
A S

IIMIIi2 o
(G range(?| )

In(GHu(G)ds, (20)

then  is the weighted average of Jy (G,) over range(u?|g), according to the probability measure P on range(u?|;) given by P(L) :=

Jf, 26 _ 4. Then (19) and (20) yield
II“”LZ(G:m

Jo IV du
2
L2(Gop)

=h. (21)
[l

Now, the Cauchy-Schwarz inequality implies

2|||Vu|IILz(G;M)IIuIILz(G;”)22/u|Vu|dy=/|V(u2)|d/4, 22)
G G

Using (22) and (21), we obtain

Valll?, V)| du)?
LG (fg V@) dp) Y (23)
lul|? Ajull*

L%(G3p) L2(G3p)
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We can write ||| Vu|||? ) as
L>(Gyu)
|||Vu|||L2(G » /(Vu~Vu)d;4=/Vu-(e‘1’Vu)dV. (24)
G G

Applying Green’s formula (e.g. [39, Proposition 5.8 and remark after Proposition 5.10]) to e?uVu on G via a short approximation
argument,’ recalling (5) and noting that u = 0 on 0™ G and g—: =0 on 0G NoM (where n denotes the outward normal of M), we
obtain

/Vu-(e¢Vu)dV=—/u-A”udM+0. (25)

G G

Since u- A u= Au?, we have

_/u.A”udy— M'“”LZ(G e (26)
G
Hence (24)-(26) and (23) imply

1Vull?,
A=— ¢5 l}lz. 27)
llull? 4

L2(Gsp)

But & is a weighted average over s € range(uzlG) of Jn(Gy), so the set S’G ={se range(uzl(;) T IN(GY) < h} has positive measure.
By (27) and the definition (15), we have S’G C S, so S must also have positive measure.
We can put a lower bound on the measure of S, as follows. Let h(s) := Jy(G,). Then we have

17 =il 1 rangequ| o))

/ (A —h(s ))lu"l G 4= / (i = h(s))dP(s) =

5 ,
LG
and
- , G. )
/(h-h(s))LdK/—( D s (h— inf h(s)>
J W Wi sermngelo)

G

< Leb(S),) —=—— #(G) <71— inf h(s)>

llull? LG serange(v?|g)

gLeb(SG)ﬂ (h - inf h(s)>,

lull?, G serange(u?|g)

which we can rearrange to yield (17). A similar result holds in the Dirichlet case, replacing J with J in the definition of h,h,P,
and noting that G,NdM =0 for all s#0. []

Corollary 3.3. Let (M, g, u) be a weighted manifold. For each Neumann eigenfunction u corresponding to A, y, there is a nodal domain G
of u such that the set S defined in (15) has positive measure and satisfies (17), and for each s € S, defining G, as in (14), the 2-packing
G, M\G,} satisfies

han S =3 In(G M\G,)P. (28)

If OM # 0, there is a unique Dirichlet eigenfunction u corresponding to 4, p (up to scaling), and this u has only a single nodal domain
G = M\OM. The set S defined in (16) has positive measure, and for each s € Sg, the set G defined in (14) satisfies

hp <=7 Tp(G>, 29

! We apply Green’s formula via an approximation argument, similarly to e.g. [16, pp21-22]. We showed above that G, € %y (M) for almost every s € range(u’|g;),
but it does not follow that G € %y (M), or that G has locally finite perimeter. Instead, choose some sequence s,,s,,... € range(uzla) converging to 0, such that

G,, € Zy(M) for each j. Then taking u; :=u —s; and applying Green’s formula to u;e?Vu; on G,,, and recalling (5), yields fG” Vu; - (e?Vu))dV = _/G\, uj -

au . . M _ M ou .
Au;du+ /(‘)'"Gw JoMnG,)) i o Ay where n is an outward unit normal to dM or GX/. Butu; =0 on 9 ij and =+ =0o0ndMn GSJ, so the second integral

disappears, and taking j — oo, we obtain (25).
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Proof. By Theorem 2.4 and e.g. [46, Propositions 4.5.8-4.5.9], the eigenfunction corresponding to 4; , has one nodal domain
G = M\0oM, while each eigenfunction corresponding to 4, 5 has two nodal domains, and Theorem 3.2 immediately yields (29).
In the Neumann case, let G denote whichever nodal domain of u satisfies u(G) < u(M \E). Then for each s € S, the 2-packing
{G,, M\G,) satisfies Jy({G,, M\G,}) = Jn(G,), and Theorem 3.2 yields (28). []

3.2. Higher Cheeger inequalities

On boundaryless manifolds, Miclo [62] and Funano [32] have proven Cheeger inequalities for A, 4 for all k > 3. Both papers make
use of higher Cheeger inequalities for the graph Laplacian on finite graphs [51], following a procedure outlined by Miclo in [61,
Conjecture 13]. Miclo states these results for unweighted manifolds, but notes that they also apply to weighted manifolds with C*
measures [62, p.327].

Theorem 3.4 ([62, Theorem 7]). There is a universal constant # > 0 such that, for any boundaryless weighted manifold (M, g, ) and for
all k> 1,

2
hep <=5l (30)

Theorem 3.5 ([62, Theorem 13]). There is a universal constant n such that, for any boundaryless weighted manifold (M, g, u) and for all
k>1,

n 2
Iy S —— B2 . 31
20 =" og(k + 1) k¥ (31

The factor of 2 in the 4, 4 in the previous theorem is arbitrary. Indeed, one can obtain the following from Miclo’s proof of the
previous theorem: there is a universal constant # such that, for any boundaryless weighted manifold (M, g, u) and for all k > 1 and
0<é6<1,

s -
M9 < gl + 1) 0oL (32)

In particular, taking 6 = %, we have

g < —mhiﬂ. (33)
We are not aware of a closed-form expression for the constants in (30)-(32). On boundaryless manifolds with nonnegative Ricci
curvature, Liu [57, Theorem 4.1] and Funano [32, Theorem 1.7] have each proposed higher Buser inequalities, showing that Ay 4
goes to 0 if and only if 4, 4 goes to 0 (on a sequence of such manifolds).
Parini [65, Theorem 5.4] notes that the classical proof of the k = 2 Neumann Cheeger inequality (13) extends to the k = 2 Dirichlet
case. Parini states his inequality for eigenfunctions of the p-Laplacian for 1 < p < co on subsets of R"” with Lipschitz boundary, but
the same argument applies on weighted manifolds.

Theorem 3.6. Let (M, g, u) be a weighted manifold. Then

1
lp<=7h (34)

Parini’s result applies uniformly to all Riemannian manifolds, because the second eigenfunction of A, always has two nodal
domains (as an immediate corollary of Theorem 2.4). This uniform bound does not generalise directly to higher k, since the
eigenfunctions corresponding to 4, y or 4, j, can sometimes have far fewer than k nodal domains. Indeed, for any boundaryless
n > 3-dimensional manifold and any k > 1, there is a metric g on M such that the second eigenspace is k-dimensional [20, p.254],
and hence A, 4= 4,4

Madafiglio’s (unpublished) Honours thesis [58] provides a generalisation of Theorem 3.6. Madafiglio observes that if some eigen-
function with eigenvalue 4; ; has r; > 2 nodal domains, then 4, , gives an upper bound on h, p, applying similar reasoning as
in the proofs of [65, Theorem 5.4]—and the classical works in Theorem 3.1—to the nodal domains of higher eigenfunctions. The
Neumann case follows by similar reasoning. Using Theorem 3.2, we can obtain a constructive version of Madafigilio’s result.

Theorem 3.7 (Higher Cheeger inequality). Let (M, g, i) be a weighted manifold. For each k > 1, let r) denote the number of nodal domains
in any Neumann (resp. Dirichlet) eigenfunction u of A,, with eigenvalue A<A; y (resp. A<Ay p)-

1. We have ((36) due to [58])

1
Ay < —thk’N, (35)
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|

2 (36)

2. Let u be any Neumann (resp. Dirichlet) eigenfunction of A u with r, nodal domains, and let G 1 ...,G" C M denote the nodal domains
of u. For each i and each s € range(u?| ), let Gé denote the s-superlevel set of u*> on G, and define Sg; as in (15) or (16). Then each
S has positive Lebesgue measure satisfying (17), and for each {s, ... 3 Sr } € Sg1 X ... X Sgri, the collection A,k = {G;l, ’G;l:k }

Agp S —

is a Neumann (resp. Dirichlet) r\-packing of M satisfying A, y < —iJN (A, )? (resp. Ay p < _ZI;JD(Ark )2).

Proof. The sets Gll, GZ’: for each {s,..., Sr, } €Sgi,...,Sgr are pairwise disjoint, since G, ...,G"* are pairwise disjoint, and
s Sry

each G’Y € Py (M) (resp. G’Y € Pp(M)) by the definitions (15)-(16). Hence A,k = {Gi1 ey Gr’r‘k } is a Neumann r-packing for M

N
satisfying A < _JTJ N(A,k )2 (resp. a Dirichlet r,-packing for M satisfying A < _JTJ D(A,k )2), and (35) (resp. (36)) follows immedi-
ately. [

We can rewrite part 1 of Theorem 3.7 as follows: for k > 1, let 7, be the index of a Neumann (resp. Dirichlet) eigenfunction of A,
with > k nodal domains, when the eigenfunctions are ordered by decreasing eigenvalue. Then

Lo
Irn <=7y 37)

and
1
'lfk,D <- 4 hi,D’ (38)

respectively. We can rewrite equations (75)-(76) similarly.

Theorem 3.7 is intended for situations where an eigenfunction of A, has been calculated explicitly, so that the number of nodal
domains can be identified. The leading eigenfunctions of Laplacians on compact submanifolds of R” can be well approximated with
numerical schemes underpinned by convergence theory, such as finite element methods, spectral methods, hpFEM, and so on. When
the number of nodal domains is known, Theorem 3.7 has the twin advantages that it applies to manifolds with boundary, and that
the constant in (35) is explicit and small. This allows relatively tight bounds on & 5 or h , to be computed even for large k,
particularly when 7, is close to k. Asymptotically for large k, Pleijel’s nodal domain theorem [3,25,53] implies that r; cannot exceed
a dimension-dependent fraction of k, strictly less than k, across a wide range of spaces. One can still obtain useful asymptotic results
from Theorem 3.7, as described in Section 4.

3.3. Creating more nodal domains using linear combinations of eigenfunctions

Theorem 3.7 only allows us to obtain one feature from each of the nodal domains of a single eigenfunction of A ,. Sometimes,
there are / < k features of interest which appear spread among the first k eigenfunctions, but no single eigenfunction has all / features
appearing in separate nodal domains. One may be able to extract these / features and obtain a corresponding bound on 4, y or h; p,
by applying an operator known as soft thresholding to certain linear combinations of the first k eigenfunctions. Soft thresholding
with parameter a > 0 is the map 7, : COM) - COM), 7,(f)(p) :=sign(f(p)) max{|f(p)| — a,0}. Soft thresholding does not increase
W12.norm, and is support-decreasing, in the sense that if f~1(0) & {@#, M}, then supp(z,(f)) G supp(f). For some manifolds, there
are parameters « := {a;; : 1 <i <[,1 <j <k} for which the / linear combinations f;,, := Zle a;u;, i=1,...,1 of the first k
(Neumann or Dirichlet) eigenfunctions of A, are L2-close to a collection of / functions with pairwise disjoint supports [24, Theorem
19]. When the eigenfunctions can be computed or approximated explicitly, the parameters « can be chosen using an algorithm such
as sparse eigenbasis approximation [31], as discussed after the proof of Proposition 3.8. Each f;., has support covering all of M, as a
consequence of the unique continuation theorem [2],% but the thresholded functions 7,(f} o). ..., 7,(f],) may have pairwise disjoint
supports. Increasing a decreases the supports of 7,(f} ;) .-, 7,(f} o), S0 one chooses a as small as required to achieve pairwise disjoint
supports for 7,(f ), ..., 7,(f] o) In Proposition 3.8 below, we give upper bounds on A, y or A, p,, and prove that some of the level sets
of 7,(f1 4)s -+ »Ta(f1 o) yield Cheeger /-packings whose Cheeger ratios are bounded above, in terms of Ag.n Or A p and the proportion
of mass lost in the thresholding step. We illustrate Proposition 3.8 in Example 1.

Proposition 3.8. For any weighted manifold (M, g, u), let uy, ..., u; denote the first k Neumann, resp. Dirichlet, eigenfunctions of A, on
M for k > 1. For any 1 <1 <k and any a € R™*, define f 4, .... fio bY fiq := Zj;l a;;u;. Suppose that for some a > 0, the functions

T.(f1,4)s -+ »T4(f1,) are nonzero and have pairwise disjoint supports. Then each t,(f;,) has a nodal domain G' such that letting Gi for
s €range(7,(f; 4)*|¢i) denote the s-superlevel set of 7,(f; ,)* on G,, the set

) , » ”lVTa(fi,a)”liz(Gi‘u) 1 ~iN2
S5 1= {s e range(r,(f, ) |g) : G € Py (M), —2 > ZJN(G;) }’ (39)
||Ta(fi,a)”L2(G"im)

2 The function f; , satisfies |A, f; .| < |4 n11fiql OF |A, f; 4| <14 pllfiql, s0 the main theorem of [2] implies that if f,, cannot be zero in an open neighbourhood
unless it is zero everywhere.
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(b) Three linear combinations f1,a, f2,a, [3,a of the eigenfunc-

tions. The regions where each function takes values > 0.84
are pairwise disjoint.

0.5 N

0.5 o Talfre)lr ()4 Gen)
Ta(fra) ' A Ta(f20)l (1,00 1(8)
Ta(fla) “‘ “\ Ta(fs’a)|7'n(fxn)"(§gu)
Ta(f?:,a) |

Y

(c) The three pairwise disjointly supported functions (d) Solid lines: restrictions of each 7,(fi,o) to the set Ta,(f),,(y)il(’igéi)‘
Ta(f1,0)s Ta(f2,0), Ta(f3,a), With a := 0.84 obtained by ~Dotted lines: for i = 1,2,3, each dotted line is a superlevel set G%. of
soft thresholding.

Ta(fi,a) for five choices of s; € 5’@,.

Fig. 2. Eigenfunctions (a), linear combinations (b), thresholded functions (c) and superlevel sets for levels in S}: (d), for the first three eigenfunctions of A on [0, 7]

resp.
IV, (filI1?
~ ~i La L2 G, 1
Sgi = {s € range(z,(f;oPlgi) : G € Pop(M), ————LC > 170G, )2} (40)
[RGB
has positive measure satisfying
. ||hi HL'(range( 7o (fi.)?lgi )iP;) lIzq (f’“)”LZ(G’ M)
Leb(Sgi) > — - —, (41)
2 <hi - infserange(ra(fiyﬂ)zb-,-) hi(s)) u(G")
where 71_,-, b, and P; are defined in the proof below. Moreover, for each {s|,...,s;} € Sg1 X ... x Sz, the collection A, := {G~§1 yeees G~é[}
is a Neumann [-packing for M satisfying
[EXGI e [EXEZ] [
Ay S— JN( )2 1< <[ ﬂ < _ihlz,zv 1n<1a<[ &7 (42)
SNl SN a0

resp. a Dirichlet I-packing for M satisfying

7o (f7.112, 7, (f; I
2 L2(M;p) 1., J @ 2(M )
Ao == JM L AT ST TP ‘ “2)
Jja L2(M;p) <= L2(M:p)

Example 1. Let (M, g, 1) denote the interval [0, 7] equipped with Euclidean distance and Lebesgue measure Leb!, and let Uy, Uy, Uz

denote the first three Dirichlet eigenfunctions of A on [0, z] (shown in Fig. 2(a)). Using sparse eigenbasis approximation [31, Algorithm

077 0 —0.64

3.1], we take a := (0.45 —-0.71 0.54 > Then the linear combinations fia = 2 1 Qs J = 1,2,3 of uy,u,,u; (shown in Fig. 2(b)) are
045 071 054

L?-close to disjointly supported functions. Applying soft thresholding 7, with a :=0.84 yields pairwise disjointly supported functions
T (f1.a)s > Ta(f34) (shown in Fig. 2(c)). B 5 5

Each 7,(f;,) has a single nodal domain G', and the corresponding positive-measure intervals S are given by Sg1 ~ (0,0.51],
Sz = Sa = (0,0.55] (to two decimal places). We show some of the sets G;i for s; € Sgzi, i =1,2,3, in Fig. 2(d). Proposition 3.8
guarantees that each Sg has positive measure, and that each A; :

= {G;I,G?z,éi} for {s1,5,,53) € Sg1 X Sg2 x Ses satisfies
JIp(A3) <2

1f3.all ;2 1 . . . . . . c e
-3 DM 7.3. Some choices for {s,s,,53} give rise to packings .4; with Cheeger ratios significantly
D leaFrl 2001 Le0hy

10
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smaller than this upper bound. Note that for this example, u; already has 3 nodal domains, so we could use Theorem 3.7 to obtain a
3-packing instead.

Proof. We consider only the Neumann case; the proof of the Dirichlet case is similar. For each 1 <i </, let G' :=
Nz, (I

L2(Gip)
llza(f; ,X)IILZ(G -
(z,(fi )™ 1(0), are level sets of fia € C®(M), so GNi € Py (M) for almost every s € range(z,(f; a)zlc-[) by the reasoning after (18).

By applying the reasoning from Theorem 3.2 ((18)- (23) and after (27)) to 7,( fiq)on G, it follows 1mmedlately that SG, has positive
measure satisfying (41) below, and that {G1 G } € 9 y(M) for each {s|,....s,} € S X ... xS¢i.

We now proceed to prove (42). Choose any i € { l, ..., 1}. Note that for each nodal domain G of = (f, «)> wehave |||Vz,(f; )l 12

argming , where the minimum is taken over nodal domains G of 7,( fiqa)- The level sets of 7,(f;,), other than

L2(Gspr)
Ve (fill2,
2 |lz, (fla)lle(GmWw Hence
a\Jia 126 0
vz, (fla)llle(M . Y vz, (f,a)IIILz(G W vz, (f,a)IIILZ(G, » 4
llz, (f,a)lle(M 0 ¢z, (f,a)lle(G » Iz, (f,a)IILZ(G, )
MY £l

WLZ(M") (by e.g. [46, first equation of Proposition 4.5.4], which extends
ia LZ(M 0

directly to the weighted case). Hence, since || |VTa(fi,a)”|L2(M) < |Vfi,a|||L2(M)’ (44) implies

Recalling that f; , = yk

j=1 %;juj, we have that 4y y < —

o W MR N
KN ST
il pre Ieafid Py MialPagpr
NV (fi 2 N7l
< L2(G' 1) L(M;l). (45)
Ieafid Py MialPapr
Hence, by the definition of S in the proposition statement, for each s; € Sz, we have
7o (f;. 112
1 i T, i LZ(M ")
by S =3 IN(G] P ———
17, auLz(M .
Applying this reasoning for each i € {1, ..., k} and recalling that 7,(f} ,), ..., 7,(f; ) have pairwise disjoint supports yields (42).

1
JN(GQ)M(Gg)dS and hl-(s) 1= JN(GL), and we define the probability measure IPi on range(ra(flya) IG,) CcR by

Lastly, we state our lower bound on the measure of each Sgs:. Similarly to Theorem 3.2, we define h

-/range(ra(f,v,a)2 lgi)

~ G . . . . L .. .

P,(L) := f I # ds. Then the reasoning for (17) implies (41). A similar result applies in the Dirichlet case, replacing
alball o G

Jy with Jp, in the definitions of 7,,h,,®,. []

In numerical calculations, the «;; in Proposition 3.8 can be readily computed using the sparse eigenbasis approximation algorithm
of [31, Algorithm 3.1]. The orthogonal matrix R produced by that algorithm can be used as the matrix «. The resulting f} 4, ..., fi o
form an orthogonal basis for span{u, ..., 4}, such that for some fixed a > 0, each 7,(f; ;) (defined before Proposition 3.8) is sparse,

i.e. each supp(z,(f;,)) is small. Using a larger a’ > a will create further support reductions.
3.4. The dynamic Cheeger inequalities

3.4.1. Preliminaries on higher dynamic Cheeger constants and dynamic Laplacian eigenvalues

We can generalise Theorems 3.4-3.7 into the setting of non-autonomous, advective dynamical systems. Many fluidic and geo-
physical flows can be modelled using purely advective dynamics. Such flows can be represented as a collection of time-indexed
diffeomorphisms acting on an initial-time manifold, where each diffeomorphism sends a point in the initial-time manifold to its posi-
tion at the corresponding future time. These diffeomorphisms are physically meaningful, because they describe the fluid motion and
evolve subsets of the initial-time manifold according to this motion.

The global behaviour of many fluidic and geophysical flows can be understood by separating the phase space (the physical space
containing the fluid) into coherent sets [28], i.e. regions that are “as dynamically disconnected as possible” [29]. One approach in
purely advective, finite-time nonautonomous systems is to identify subsets of the phase space whose boundary measures remain small
over time, relative to the measures of those subsets. These volume ratios are known as dynamic Cheeger ratios [28-301, and sets which
locally minimise this ratio are known as coherent sets. The infima of these ratios are known as the dynamic Cheeger constants [28-30].
The dynamic Cheeger constants generalise the (static) Cheeger constants of Definition 2.2.

11
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Calculating a dynamic Cheeger constant exactly is generally impractical. Instead, approximate coherent sets can be obtained from
the eigenfunctions of a specific weighted Laplace-Beltrami operator called the dynamic Laplacian. There are existing upper bounds on
the first non-zero dynamic Cheeger constant in terms of the first non-zero eigenvalue of the dynamic Laplacian [28-30].

In practice, the higher eigenfunctions of the dynamic Laplacian reveal additional coherent sets (see e.g. [31]). Below, we introduce
higher dynamic Cheeger constants, analogous to the (static) higher Cheeger constants of Definition 2.2, to quantify these additional
coherent sets. We show that the higher dynamic Cheeger constants are bounded above by the eigenvalues of the dynamic Laplacian
(Theorems 3.17, 3.18 and 3.19), and in particular that the eigenfunctions of the dynamic Laplacian reveal coherent sets whose
dynamic Cheeger ratios are bounded above (Theorems 3.19 and 3.20).

Definition 3.9. A dynamical system T := (T, {(M,, g,)},e1» (@ };er) or T 2= (T, {(M,, & #,) }re1» (PP },e1) consists of the following:

* Atime index set T :={0,1,...,7 . }.

* A time-indexed family of Riemannian manifolds {(M,, g,)},ct or weighted manifolds {(M,, g,, #,)},cT, where in the unweighted
case, for t € T we take y, to denote Riemannian volume on M,.

+ A time-indexed family of C* diffeomorphisms {®® }seT> which are measure-preserving in the sense y, = yoo(tb(’))_l (we call such
@O yolume-preserving if each M, is Riemannian volume).

We use the following notation. Since ®® for ¢ € T is a measure-preserving diffeomorphism, the pushforward CDEJ) 1 C®(My) »
C®(M,) is given by @ f := fo(®®)~!, and the pullback (®©)* : C®(M,) — C®(M,y) is given by (®V)* f := fod®). We also define
the pullback Riemannian metric (®@®)*g, given by (®")*g, := g,(d®® . ,dd® .), where d®™ is the differential of @ (see e.g. [50,
p.55]). For t € T, we let (y,),_; denote the n — 1-dimensional Hausdorff measure on M, constructed from 4, and g;. For s,s +t €T,
we write 1 1= @G+ o (@)1,

We define the higher dynamic Cheeger constants as follows.

Definition 3.10 (Higher dynamic Cheeger constants). Consider a dynamical system 7 . For k > 1, the dynamic Neumann Cheeger ratio of
a k-packing {A},..., A} € H p(M)) is

T () (@DOM0 A,)

d .
Af,...,A = 46
Jy{A4, D max oA (46)
The dynamic Dirichlet Cheeger ratio of a Dirichlet k-packing {A;,..., A} € % p(M)) is
X ()1 (DD (0A,)
d . =0 \F't/n i
A, LAY =
Ip(AL . AD max Tlro(A) (47)
The kth dynamic Neumann and dynamic Dirichlet Cheeger constants for T are
d . ; d
1= Aq,... A
Pn = Al TN A AD 48)
hd = i T{ AL, .o Al 49
k.D {Al,”.,Alkn}e@k(MO)JD({ ! o (49)

For A € Py(M,), resp. A € Fp(M,)), we will occasionally write J]‘\’[(A) instead of .];f,({A}), resp. Jl‘;(A) instead of JI‘;({A}), for
convenience.

The Neumann dynamic Cheeger constant hg n Was originally defined requiring A, and A, to partition M, [28], whereas (48)

d
2,N’

since the @) are measure-preserving, we have |T|uy(4;) = Zizg‘ U (@D(A,)), i.e. the denominators in (46)-(47) are |T| times the
time averages of the measures of the 4;.

When considering dynamical systems, we let A, , ~denote the weighted Laplace-Beltrami operator on (M,, g;, ;). The dynamic
Laplacian [28,30] is

only requires them to form a packing of M,,. This does not change the value of & by the reasoning after Definition 2.2. Note that

Imﬂx
a._1 (1)y* 0]
Al = T ;_O(cb ) Ay L, @Y. (50)

We consider Dirichlet and dynamic Neumann eigenproblems for A. The dynamic Neumann eigenproblem is to find u € C*(M,)
and A € R, such that

A= Ju, (51)

subject to the dynamic Neumann boundary condition (if 0 M, # @)

12
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|
1 max a (t) _
i g‘a o (@©),u) =0 on aM,, (52)

where n, denotes an outward unit normal vector to 0 M, [28, Theorem 4.1] [30, Theorem 4.4]. Dynamic Neumann boundary con-
ditions are the natural boundary condition as discussed in [28, pp.9-10] and [30, p.16]. There is an orthogonal Schauder basis for
LZ(MO, Hy) consisting of eigenfunctions for (51) satisfying (52) [30, Theorem 4.4]. The corresponding eigenvalues form a non-positive
decreasing sequence accumulating only at —oco, and we denote them 0 = /Id > Ag N /l‘;’ N2

The Dirichlet eigenproblem is to find u € C*(M,) and 1 € R satlsfylng (51), subject to

u=0 ondM,. (53)

By standard variational arguments as in e.g. [46, Theorem 4.3.1] and elliptic regularity theorems as in [33, Theorem 8.14], there is
an orthogonal Schauder basis for L2(M,, uy) of C®(M,) eigenfunctions for (51) satisfying (53). The corresponding eigenvalues form

a negative decreasing sequence accumulating only at —oco0, and we denote them 0 > /ld > /lg - Ag’ p
We have the following variational formula for the eigenvalues, in the dynamic Neurnann setting [30]

Proposition 3.11. Let 7 be a dynamical system, and let ui’ u denote a complete orthogonal basis of dynamic Neumann eigenfunctions

20

of Ad corresponding to Al N° 12 N . (resp. Al D /lgD,. .). Then for each k > 1, we have
||V, @ £1112,
Hy=m —, o0
rew!2mo) ITIIIfIILz(M o)

/Mo ul f dpp=0vie(1,....k—1}

. L . . . . . . d . d
and the infimum is attained when f is a dynamic Neumann eigenfunction of A with eigenvalue A kN

Extending the reasoning in e.g. [16, pp.16-17] to the dynamic case yields that the infimum in (54) is attained if and only if f is a
dynamic Neumann eigenfunction of A? with eigenvalue A" . This proposition also extends directly to the Dirichlet case, by similar

. denote a complete orthogonal basrs of Dirichlet eigenfunctions of A¢ corresponding to /1 A ... (resp.

arguments. Let u 2N

2, .
ﬂ‘f D,/lg o ). Then for each k > 1, we have
max V q)(t)
iy T IV @I, -
TEW, P (My) TN/
Sty 4 f dug=0Vi€(1... k=1}

d
AkD

LZ(M M)

and the infimum is attained if and only if f is a Dirichlet eigenfunction of A¢ with eigenvalue /12 p- Since A? is an elliptic operator,
Courant’s nodal domain theorem (Theorem 2.4) extends to the eigenfunctions of A4,

Corollary 3.12 (to Theorem 2.4). For any dynamical system T, the kth dynamic Neumann (resp. Dirichlet) eigenfunction u, of A? has at
most k nodal domains.

Proof. The proof is the same as that for Theorem 2.4, replacing M, u and A, 5 with M,, u, and A2 | replacing the Rayleigh

k,N?
M-I, SNV @2, o
quotients T(” as in Theorem 2.3 with dynamic Rayleigh quotients e 0- as in Proposition 3.11, and replacing
L2(50) L2(5p)

(24)-(26) with (67) and the reasoning used to obtain (69). []

The operator A? can be expressed as the weighted Laplace-Beltrami operator Ag 4y 00 (Mo, &, Ho), where g (called the geometry

of mixing metric [42]) is the ‘harmonic mean’ of the pullbacks (Q(’))*g, of the metrics g, to the initial-time manifold M, [42]. Note
that even if each g, is Riemannian volume on (M,, g,), 4, is not necessarily Riemannian volume on (M, g) [42, section 4.1.3].

Proposition 3.13 ([42, pp.1864, 1875]). In any dynamical system, A? is the weighted Laplace-Beltrami operator for the Riemannian
manifold (M, g, jg), i.e.

A=A, . (56)

3 g is defined via the inverse metric. The inverse metric of a Riemannian metric g on M, is given by g T MyxT*M, - R, g7 (1, ) := g(¥, %), where # denotes

raising an index (see e.g. [50, p.342]). Then § is the unique metric on M, for which ' (1, ) := 2:1“(; (@) )" (n, w).

im

13
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For any dynamical system 7, let V, and V; denote the gradient operator for the time- manifold (M,, g, ;) and the geometry

2
of mixing manifold (M, g, 4,), respectively. It follows immediately from the definition of g that |Vg f?= \Tl| ;;"g" Vglcbi’) f ‘ for
f € W12(M,). The Neumann boundary condition for the geometry of mixing manifold is the same as the dynamic Neumann boundary
condition [42, p.1864]. For A € % (M,)) or A € F(M,), respectively, we denote the (Neumann or Dirichlet) Cheeger ratio of A on

the geometry of mixing manifold by Jy (4; g, uy) or Jp(A; g, 1p), respectively. Then Jy (-; &, u) and Jp(+; &, ) give upper bounds on
the dynamic Cheeger ratios and dynamic Cheeger constants [43, Proposition 4.3]:

Tn(A) S In(A:8, 1), VA E Py(My) (57)
T3(A) S Tp(As g, ), VA E Pp(My). (58)

The bounds in Theorem 3.1 have been extended to the dynamic setting.

Theorem 3.14 (Dynamic Cheeger inequality [28-30]).
* [28, Theorem 3.2], [30, Theorem 4.5]: For any dynamical system, we have

d 1.4
My <=0 . (59)

+ [29, Theorem 2] For any dynamical system such that each (M,, g;, ) is an n-dimensional, C* submanifold of R" equipped with the
Euclidean metric and Lebesgue measure, we have

d L.a 2
Ap= _Z(hl,D) : (60)

Combining the approach from [30] and [29], equation (59) extends to dynamical systems on arbitrary weighted Riemannian
manifolds as in Definition 3.9.

Similarly to the static case, we can give constructive versions of the dynamic Cheeger inequality (Theorem 3.15 and Corollary 3.16).
Specifically, we show that within any nodal domain of an eigenfunction u of A?, a positive-measure collection of superlevel sets of
u have their dynamic Cheeger ratio bounded above by the corresponding eigenvalue (Theorem 3.15). This immediately yields a
constructive version of Theorem 3.14 (Corollary 3.16).

Theorem 3.15. Let T be a dynamical system, and let u be some Neumann, resp. Dirichlet, eigenfunction of A? with eigenvalue 1. Let G C M,
be any nodal domain of u. Then, defining

G, :={peG:u@p)’>s), (61)
the set
Sg 1= {s erange(?|;) : G, € Py(My), A < —iy,‘;(cs)z } , (62)
resp.
1
Sg = {s erange(?|s) : G, € Pp(My), A< —ZJS(GS)Z } ) (63)

has positive Lebesgue measure satisfying the lower bound

7d d 2
IA% =0 L1 gangeq g1t 1l 2 g,
2([_111 - infserange(uz|G) hd(s))MO(G)

where h?, h? and P? are defined in the proof below.

Leb(S¢) > (64)

Proof. The proof proceeds as for Theorem 3.2. For each t € T, define ¢, € C®(M,) via dy, = e?dV, and observe that
range((@i’)u)2|¢(r)(6)) = range(u?|;) and that for each s € range(u?|;), ®(G,) is the superlevel set of ®"u on ®?(G). Replacing
(M, g, ), ¢, G and u, respectively, with (M, g;, 4,), ¢;, ®D(G) and @i’)u, respectively, in each of (20), (23) and (24)-(25) yields

Jrangetu i In @G (@D(G ) ds

012
||q)>y u"LZ(zD(f)(G);ﬂ,)

, (65)

@112

Vg, ””lLZ(fD“)(G);ﬂr) S 1

0112 4
”q)* uHLz((I)(’)(G);y,)

2, (66)

14
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2 _ t
m%quwmm_/vﬁ&Mﬂ%Qmw

DN(G)
= - / u-(Ag oCDEp)udM,. (67)
DN(G)
. . (1) 2 . (1) 2 . . . . 7 .
Multiplying (66) by ||, u||L2((D(r)(G);”I), replacing |||V, ®, u| ||L2(®( D Gim) with the right-hand side of (67), and then replacing A& with

its definition (65), yields

) o) L2 a®12
B / (D* u <Agz~M1°(I)* )ud”t 2 Zh ”q)* u”Lz(d)(')(G);Mz)

D1(G)

2
(S IN @G (@G ) ds )

@112
4||q>* ulle(q)(’)(G);M,)

Since @ is measure-preserving, this is equivalent to

2

(fangettoy In @G oG s

_/u. ((q)(’))*oAg,,u,°‘1)Ef))“d#o > gl 5 .
Al

G (Gsup)

(68)

Now, definition (50) and our choice of u imply % Zt'““x ((¢(’))*0Agr, ”roCIDE:))u = A%y = ju, so summing (68) over ¢ and dividing by

t=0
- 2 i
Il g, vield

Tmax
1

2
U JN(¢<'>(GS>)uo(Gs)dS> : >
ATl .. | =0
L%(G:up) range(u?|G)

2
Using the relation — Zi“‘“x X2<-L (2’"‘“ x ) for x € RIT!, this bound becomes

=0 1 IT| \&r=0 7
2
Tmax
S_W 2 Tn @G )po(G)ds | == 22, (70)
L2(G:pp) '=Orange(u2|G)

where 29 := !

= fr ange(2]g) J 1‘\1/ (G,)uy(Gy)ds. Thus, by the reasoning after (27), the set .S; defined in (62) has positive measure.
" L2(Gpg)

Defining the probability measure P¢ on range(u?|s) by P4(L) := /, I “uﬁ?&

L2(Gipg)

ds, and letting h?(s) : = J,i’,(Gs), the reasoning for (17)

yields (64). [

Corollary 3.16. For any dynamical system T, and for any dynamic Neumann eigenfunction u of A? corresponding to Ag > there is a nodal

domain G of u such that the set S; defined in (62) has positive measure and satisfies (64), and for s € S, defining G, as in (61), the
2-packing {G;, M\G,} satisfies
1 J—
Ay S=7I8UG, M\G ). 71)
If 0M) # @, the leading Dirichlet eigenfunction A‘l" i A4 is simple, and the corresponding eigenfunction u has only a single nodal domain
G = My\OM,). The set S defined in (63) has positive measure, and for s € S, the set G, defined in (14) satisfies

A< —iyg (G (72)

Proof. In the Dirichlet case, we mostly follow the proof of [46, Proposition 4.5.8]. Corollary 3.12 ensures that any Dirichlet eigen-
function u of A? corresponding to A‘f p has only one nodal domain, so the maximum principle (e.g. applying [67, Chapter 2, Theorem
5] in local coordinates) implies that « is strictly positive or strictly negative on M \dM . Hence there cannot be two orthogonal Dirich-

let eigenfunctions of A¢ corresponding to /li’ o le /If p is a simple eigenvalue of A?, and (72) follows from Theorem 3.15. In the
Neumann case, Corollary 3.12 yields that any dynamic Neumann eigenfunction u of A¢ corresponding to 2‘21  has at most two nodal
domains. Since the constant function 1 is a dynamic Neumann eigenfunction of A? orthogonal to u, u has exactly two nodal domains

G, G,. One choice of G € {G|, G, } satisfies u(G) < ﬂ(M\E), and (71) follows from Theorem 3.15. []
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3.4.2. Higher dynamic Cheeger inequalities

We can extend our higher Cheeger inequalities of Section 3.2 directly to the dynamic setting. Our proofs of Theorem 3.7 and
Proposition 3.8 carry over directly to the dynamic setting (Theorem 3.19 and Proposition 3.20). To extend Theorems 3.4 and 3.5 to
the dynamic setting, we can avoid some technicalities by applying those theorems on the geometry of mixing manifold (M, g, #),
and applying (57).

Theorem 3.17. There is a universal constant #j such that for any dynamical system where M, is boundaryless, for all k > 1 we have

id

g _——<h ‘7 (73)

Proof. By Proposition 3.13, /1‘1 is the kth elgenvalue of A; . Applying Theorem 3.4 to bound the kth Cheeger constant A 4 on

Z.Ho*
the geometry of mixing rnamfold yields Ad s < —%6 hi o Then (57) and the definitions (3) and (48) imply —/; 4 < —hd o and (73)
follows. [

Theorem 3.18. There is a universal constant n such that for any dynamical system T where M|, is boundaryless, for all k > 1 we have

o<yl 32 74
%5 = " logk + 1) ko) 74)

Proof. By Proposition 3.13, /1”’ is the 2kth eigenvalue of Ag .- Applying Theorem 3.5 to bound the kth Cheeger constant /; 4 on
the geometry of mixing mamfold yields 24 Then (57) and the definitions (3) and (48) imply —h; 4 < —n o @ and
(73) follows. [

2kﬂ_ log(k+l) kﬂ

Our constructive, nodal domain-based higher Cheeger inequality, Theorem 3.7, generalises directly to the dynamic case.

Theorem 3.19 (Higher dynamic Cheeger inequality). Let T be a dynamical system. For each k > 1, let r; be the maximal number of nodal
domains in any dynamic Neumann (resp. Dirichlet) eigenfunction u of A? with eigenvalue A > }»Z n (resp. A2 AZ o)

1. We have
}“Z N = __(h'rk N (75)
AZ D= __(hd D)2 (76)

2. Let u be an eigenfunction with eigenvalue A > AZ N (resp. 1> AZ D ) and with r; nodal domains. Let G, ...,G"™ c M denote the nodal

domains of u, and for each i and each s € range(u?|gi), let G' denote the s-superlevel set of u? on G'. For each i, define Sgi as in
(62) or (63). Then each Sg: has positive Lebesgue measure satisfying (64), and for each {s,...,s } € Sg1 X ... X Sgri, the collection

A, = {G;] . GZf } is a Neumann (resp. Dirichlet) ry-packing of M|, satisfying /lk N < ——J" (.Ark)2 (resp. /lk < ——Jd(.A )2).

Proof. This theorem follows from Lemma 3.15, by the reasoning in the proof of Theorem 3.7. []

We can also extend Proposition 3.8 to the dynamic setting, to obtain bounds on h;j N OF h;’ p for r <1 <k in terms of thresholded
functions obtained from linear combinations of the first k eigenfunctions of A?.

Proposition 3.20. For any dynamical system T, let uy, ... ,u, denote the first k dynamic Neumann, resp. Dirichlet, eigenfunctions of A¢
for k> 1. For any 1 <! < k and any a € R™**, define Sraroosfra bY fig i= Zf | ;ju;. Suppose that for some a > 0, the functions
To(f1.a)s - »To(f1.4) are nonzero and have pairwise disjoint supports. Then each 7,(f; ,) has a nodal domain G' such that letting G' for
s € range(z,( f,lya)2 |gi) denote the s-superlevel set of 7,,( fl-,o,)2 on G, the set

S 1= {5 € range(e, (/0P 1a) : GL € Py (My),
S |1V, @7, (f; I
ITlll7,(f, I

L2@O(G:p)

1 ~.

> 1 T4G1 ], 77
12 (Gl )

resp.

S‘G'i = {s S range(fa(f,-’a)zléi) : G~’\ € Pp(M,),

16
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L2@OG ) 1 ~i
T _ "> STHG (78)
T2 )
has positive measure and satisfies
”il_d —h¢ Il L (range(z,(fi 4)*| i ):P;) ”Ta(f[,a)llzz A
Leb(Sg) > ——— U o), 79)
2 (R = i0F sange oy 1) B ) (G
where ﬁ, ﬁ;’ and |]~3’;1 are defined in the proof below. Moreover, for each {s1,...,s,} € SGI X ... X S‘(;/, the collection A; := {G;l yaens G~§I}
is a Neumann [-packing for M|, satisfying
[EXOM] 7o (f; 12
@ L2(My; T2 (M
’liNS_lJI‘\JI(AI)Z max Jﬁ—l(hy,v)z max —— LMok (80)
N4 S £, 42 AN SIS £ P
PETLA(Moimo) HETL2(Moio)
resp. a Dirichlet [-packing for M, satisfying
[EXO lza(f s
Ky <~ THAD? max —— T Ll 2 g ), (81)
P4 SIS £, 02 AT £,
JETL2 (Mo m0) S¥ L2 (Mo:pg)

Proof. This result follows by the reasoning for Proposition 3.8 and Lemma 3.15. As in those proofs, we consider only the Neumann

max (1) 2

220 Vg, @ Ta(fi,u)l”Lz(d)(t)(c-);m)
2

) |T|”Ta(f”a)”L2(G;;40) )

G of 7,(f; ,)- Then the reasoning for Theorem 3.2, modified as in the proofs of Proposition 3.8 and Theorem 3.15, imply that S¢: has

positive measure. The reasoning for (45) extends directly to the dynamic setting, and (80) follows as in the proof of Proposition 3.8.

Now, define A? := ! TE(GHuy(G)ds and hé(s) := J2(G'), and define the probability measure

case. For each 1 <i <[, we select G' by G = argming , where the infimum is taken over nodal domains

/n-ange(ra<f,-,a>2 lgi)

~ W r 2z
XTI .
P, on range(z,(f;,)*lg) by P,(L) := [, % ds. Then the reasoning for (64) implies (79). A similar bound holds in the
a\Ji,a 142(01;”0)

Dirichlet case, replacing .J 1‘\1, with J, g in the definitions of 7:?,?1:.1, [ﬁ’i. O
4. Examples

We apply our higher Cheeger inequality (Theorem 3.7) to compare the Laplace-Beltrami eigenvalues to the higher Cheeger con-
stants, on three manifolds: a torus (Example 4.1), a cylinder using Neumann boundary conditions (Example 4.2) and a 3-ball using
Dirichlet boundary conditions (Example 4.3). Our Theorem 3.7 applies to manifolds with or without boundary, whenever we know
the number of nodal domains in some eigenfunctions on those manifolds, i.e. to each of Examples 4.1-4.3. Miclo’s existing higher
Cheeger inequalities (Theorems 3.4 and 3.5) apply only to manifold without boundary, i.e. to Example 4.1. For that example, we
obtain an asymptotically stronger bound on A, g using our Theorem 3.7 than using Miclo’s Theorems 3.4 and 3.5. Using our higher
dynamic Cheeger inequality (Theorem 3.19), we also compare the dynamic Laplacian eigenvalues to the dynamic Cheeger constants
for one dynamical system, a cylinder with linear shear (Example 4.4).

4.1. Cheeger constants on a torus

Our first example is a flat torus T2 :=2zS! x 2zS!, endowed with two-dimensional Lebesgue measure. Then A has an orthogonal
Hilbert basis of eigenfunctions on L2(T2,Leb?), consisting of all functions of the form

Ui, k.2, 0y (62 9) 1= CO8(Ky (x + 1)) cos(y (9 + ). (82)

for ki,k, =0,1,2,... and {;,¢, € {0, % }, where we require {; =0 if k; =0 and {, =0 if k, =0 to ensure an orthogonal basis. Each
eigenfunction uy . -, has corresponding eigenvalue A; ;- = —k% -
of decreasing eigenvalue (resolving ties arbitrarily).

To apply Theorem 3.7, we need to estimate the maximal number r; of nodal domains of an eigenfunction with eigenvalue greater
than or equal to the kth eigenvalue A, 4. Each eigenfunction u; . - has max{4k, k,,2k,2k,,1} nodal domains, by (82). It can
be shown that for each k; > 1 and ¢}, ¢, € {0, Z}, any eigenfunction whose eigenvalue is greater than or equal to Ak k.., Das at

k%, and we can globally order these eigenfunctions in order

most 4k% nodal domains. In this sense, the eigenfunctions u ;. ., maximise the number of nodal domains of an eigenfunction
under an eigenvalue constraint. Thus, noting that Agy = 4, ¢, ,, We can obtain a lower bound on r; for any k > 6 by finding
the largest k| such that Ay < A ¢, for some ¢,¢, € {0, 2}, and noting that r; is bounded below by the number of nodal

17
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domains in uy y, - ., To estimate this k; in terms of k, we note that A; g > Ag 41k, 414, = —2(k; + 1)2. Now, each integer pair
in T :={(i;,iy) €Z% : i},ipy > 1,—1’% - i% > —2(k; + 1)*} corresponds to a unit-area square contained entirely in the nonnegative
quadrant Q of the disk {—x2 —y? > —2(k + 1)2}. The quadrant Q has area %(kl + 1)2, so we have |I| < %(kl + 1)%. Each integer
pair in 7 corresponds to 4 linearly independent eigenfunctions of the form (82) with different choices of ¢}, ¢, € {0, % }, leading to at
most 27(k, + 1)? eigenvalues, counted with multiplicity, greater than or equal to Ay 1Lk 4181 G

There are also 2[\/5(k, +1)] + 1 integer pairsin I’ := {(i},i,) € Z2 : iy, iy > 0,iiy = 0,—i% — ig > —2(k, + 1)?}. Each such integer

1
pair with i; > 1 or i, > 1 corresponds to 2 linearly independent eigenfunctions of the form (82) with different choices of ¢; € {0, Z}

or ¢, € {0, % } respectively, while the pair (0,0) corresponds to only 1 eigenfunction. This leads to an additionally 4[\/§(k (+D]+1

additional eigenvalues greater than or equal t0 Ay, 44, +1,,.¢,- I total, we have at most 2z (k| + D2+ 4\/5(1( 1 + 1)+ 1 eigenvalues
greater than or equal to Ay 4y 41, The ordering of the eigenvalues 4, implies there are at least k eigenvalues greater than

or equal to Ay ik, +1¢,.¢,> SO k < 27m(k) + 1?2+ 4\/5(k, + 1) + 1. Applying the quadratic formula and noting m > \/ﬁ
yields the bound k; > \/% -1- g Now, uy, i, ¢, has 4k% nodal domains, so this bound on k; and the fact k; > 1 imply
re > 4k% > max { 2”_k —4.7Vk + 8.4,4} ~ 0.64k + O(k). For comparison, Pleijel’s nodal domain theorem (e.g. [53, Theorem 1.2])
yields limsup,_, o, %" < % ~ 0.69 where j,, denotes the first zero of the zeroth Bessel function of the first kind. That is, these

eigenfunctions uy, ; r r, have close to the maximum possible number of nodal domains for their position in the eigenfunction order,
asymptotically for large k. Thus, Theorem 3.7 is well suited to this manifold. Theorem 3.7 implies

_1 n?
4 max{[%—4.7\/§+8.4—‘,4},ﬂ.

To compare (83) to the bounds from Miclo’s Theorems 3.4 and (31), we rewrite the outer inequality of (83) as a bound on A, 4

1.2
g S—zh < 83)

4 T

for I > 1, and use Weyl’s law. Let k*(/) := [”7’ +9.34/1 +0.3 + 14.2], then we can rearrange (83) to obtain

By <24/ =iy g- (84)

Now, from Weyl’s law (see e.g. [46, p.118]), it follows that
k
b=+ ok). (85)
This allows us to compare our bound (84) with the bounds obtained from Miclo’s Theorems 3.4 and 3.5.

+ Substituting (85) and the definition of £*(/) into our bound (84), we obtain that as / — oo,

h,’ggzw/é+0(\fz)=2\/g+0(1). (86)

+ Substituting (85) into Miclo’s Theorem 3.4 [62, Theorem 7], the reasoning from (86) implies that as / — oo,

[ 2
hy<Py-22 = /L v o), (87)
’ n zn

This is clearly asymptotically weaker than (86).
« Substituting (85) into Miclo’s Theorem 3.5 [62, Theorem 13], the reasoning from (86) implies that as / — oo,

log(! + DA
hyg < \/— og@l+ Dy _ \/21 logzl D 4 o(/iog@ + ). (88)

n
This is also asymptotically weaker than (86).

As a partial converse to Theorem 3.7, the higher Buser inequality [57, Theorem 4.1] states

1
hyg>—+/4 89
/= 571\/ 1.0 (89)

on T2, Substituting (85) into (89) yields

Vztowh 0(l>

= + (90)
571 sivar |\

hig>
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4.2. Cheeger constants of a cylinder

Next, we consider a cylinder C :=2zS! x [0, z], endowed with two-dimensional Lebesgue measure. Then C is a semiconvex subset
of the torus T2 from Example 4.1, but C is not a convex subset of any manifold since some pairs of points in C are connected by
two minimal geodesics contained in C. Under Neumann boundary conditions, A has an orthogonal Hilbert basis of eigenfunctions on
L%(C,Leb?), consisting of all functions of the form

U 1y (3. 9) 1= cos(hy (x + ) cos(ky ), 1)

for ky,ky, =0,1,2,... and ¢ € {0, % }, where we require { =0 whenever k; =0 to ensure an orthogonal basis. Each eigenfunction

Uk, has corresponding eigenvalue A; ; .= —k% - k%. To apply Theorem 3.7, we again need a lower bound for r;. First, we
show that for each k; > 1, eigenfunctions of the form u; ;. have the maximal number of nodal domains, among eigenfunctions of
the form (91) for which 4; ; - > —Zkf. Each u; ;
nodal domains in Ui i g subject to /1,-1,,-2,(: (= —i% - i%) > —Zk% is equivalent to solving max{2i,(i, + 1) : (i1,i;) € Z;O,i% + ig < Zk%}.
This can be solved via the relaxation max{2x(y+1) : (x,y) € ([0, k,JU [k| + 1, 00)) X [Rzo,x2 +y2 < Zkf}. Rearranging the constraint

x4+ < Zk% and maximising y gives us y = 4 /Zk% — x2. Substituting this into 2x(y + 1) gives us 2x(4/ 2k§ — x2 + 1), which is strictly
increasing for 0 < x < k; and strictly decreasing for k; +1 <x < \/Ek]. Thus, since the objective is larger at (x,y) = (k;,k;) than at
e, y)=(ky+1, 4 /k% — 2k, — 1), the maximum is uniquely attained at (x, y) = (k, k;). Hence the eigenfunctions Up, ko for ¢ € {0, % }
g = 2Kk

Now, we bound r; for each k > 5 by finding the largest k; such that A, y <4 4, . for & € {0, % }, noting that A5 y = 4, ; .. For this

< has (i, + 1)max{2i;,1} nodal domains by (91), so maximising the number of

maximise the number of nodal domains, among eigenfunctions u;, ;, . of the form (91) satisfying 4

ki, we have A n > Ay y1p 41,0 = =20k + 1)?. Each integer pair in the set 7 from the previous example corresponds to two linearly

independent eigenfunctions of the form (91), leading to at most |z(k; + 1)?] eigenvalues > Ak +1k,+1¢- There are also L\/E(k 1+ D)
nonnegative integer pairs in 7’ from the previous example with i; > 0, each corresponding to 2 linearly independent eigenfunctions,
and [\/E(kl +1)] + 1 such pairs with i; =0, each corresponding to only 1 linearly independent eigenfunction. These lead to at most an
additional 3\/§(k1 + 1)+ 1 eigenvalues > Ay ., x 41, Thus, there are at most x(k; + 1)? +3\/§(k1 + 1)+ 1 eigenvalues > A 1 ¢, 41.¢-

Again, the ordering of the 4; ; implies there are at least k eigenvalues gedy, 41k, 41, 50 k <7z(k; + 1)?+3 L\/E(kl +1)] + 1. Then the

quadratic formula and the fact \/4zk + 18 — 4z > \/4xk yield k; > \/g —-1- \/_% Now, uy, x, ¢ has 2k (k; + 1) nodal domains, so
ya

is bound on k; and the fact k; > 1 imply r, > + 1) >max{ = —2. +2.2,4 ;. Thus, Theorem 3.7 implies that for k > 5,
this bound on k| and the fact k; > 1 imply r; > 2k (k; +1) 2:27k224 h h 3.7 implies that for k > 5

oy SR <1 92)

2
47N = _thax{ [%_2.7\/E+2.2],4},N'

Note that we cannot apply Miclo’s Theorems 3.4 or 3.5 to C, because C has nonempty boundary.
4.3. Cheeger constants on a 3-ball

Next, we consider the 3-ball B := {x € R : |x| < 1}, equipped with 3-dimensional Lebesgue measure. We work in spherical
coordinates (r, 6, ¢), where 0 is the polar angle and ¢ is the azimuthal angle. Then A, under Dirichlet boundary conditions, has an
orthogonal Hilbert basis of eigenfunctions on L*(B, Leb®), consisting of all functions of the form

k
W, todn °= Sk (aklyk2r> P (c0s 0) ol (g +0)) (93)
for ky =1,2,...; k, =0,1,...; k3 =0,...,ky; £ € {0, %}, where we require { = 0 when k3 =0 to ensure an orthonormal basis. The
function Sy, : R, — R is the k;th spherical Bessel function of the first kind, a; ,, is the k,th positive zero of .S, , and PIf; is the k,th
associated Legendre polynomial of ksth order (see e.g. [34, sec. 3.3] and [21, secs V.8 and VIL5]). The eigenfunction Uk Jey ks has
eigenvalue A, kol = —az] ko The values a; ko satisfy the bounds (simplified from [7, equations (1), (2), (5)])

(ky + 3)?
94)

nky+ky=375<ay 4 <7rk1+§k2+0.03— .
2 (n:kl + 2k, +0.03)

To apply our Theorem 3.7, we first obtain a lower bound on r;. The function P:; (cos @) cos(ks(¢p+¢)) has (ky — k3 +1)max{2k;, 1}
nodal domains (see e.g. [56, p.302]), while the function S (ay, x,r) has k; nodal domains since a; ;. is the k, th positive zero of

Sy, - Thus, the eigenfunction uy ;. - has k;(k, — k3 + 1) max{2k;, 1} nodal domains. In particular, uy, 4 i, ¢ for k; =1,2,...,

¢ e {0, % }, has Sk? nodal domains, i.e. it is a simple eigenfunction with a relatively high number of nodal domains for its eigenvalue.
8

It can be shown using the second inequality in (94) that with ¢ :=3x — 30
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Ay Ay =12k.8 = _ail,étkl—l > —(ck; — 1.46)°. (95)

Thus, for each k > 18, we can obtain a lower bound on r;, by finding the largest k; such that

—(cky = 1.46)* > A p. (96)
since we can confirm numerically that A7 p > —(c — 1.46)? > Ajg . For this k|, we have 4, , > —(c(k| + 1) — 1.46)*. By the first
inequality in equation (94), we have 4; ; ; - > —(c(k; +1) — 1.46)? only for (iy,ip,i3,¢) € T = {(i,ip,i5,8) : mij +iy —3.75 <
¢(ky +1)—1.46}. There are 2i, + 1 tuples (i}, i,,i3,¢) € T for each pair i, i, such that zi, +i, < c(k; + 1) +2.29. Using the formula
for sums of squares, and writing a := c(k; + 1) + 2.29 for clarity, the cardinality of 7 is bounded by

1] o B H :
11| =,~12=‘1 LiZ:)J(Zinr ”ié“"‘”” + 1)2=,~12=‘1 (la==(lz]+1=0)]+1)
2]

SZ(Lﬂilj+1)2S%+(%+%)az+(l+%+%>as<

i1=1

3
< k1+6.4> . 97
3
AVACY 4

Every tuple in 7 corresponds to at most one eigenvalue 4, ; ;. - satisfying 4; ; ;. - > —(c(k; +1) - 1.46)%, so there are at most

3 3
<3L\/3>”k1 + 6.4) such eigenvalues. Hence k < < %/C;ﬂkl + 6.4> , S0

3
k, zmax{@(%—ﬁm,l}. (98)

Now, equations (95) and (96) imply 4y p < Ak, ax,-1,2¢,.¢> for £ € {0, % }. Thus, since uy, 4,12, has 8k? nodal domains, (98) and

the fact k; > 1 imply ry > Sk? > max{ 2647”(% - 6.4))3,8} > max{0.1 19(% —6.4)3,8). In this case, Pleijel’s nodal domain theorem

I
2is,
of 4 of the maximum number of nodal domains possible for their position in the eigenfunction order. Hence Theorem 3.7 implies

1
(e.g. [53, Theorem 1.2]) yields limsup, _, %" < ~ (.46, i.e. these eigenfunctions with % >0.119+ O(k™ 3) have within a factor

[ %
Ap>-—h >-h . 99
kD= 4"r.D = g max{ [0.119( \1/12—644)3],8},D (99

As in the previous example, one cannot apply Miclo’s Theorem 3.4 or 3.5 in this case, because B has non-empty boundary.
4.4. Dynamic Cheeger constant on a cylinder with linear shear

Finally, we consider a linear shear on the cylinder C := 2zS! x [0, 7], similarly to [28, example 6.1]. We consider a dynamical
system 7 as in Definition 3.9. Welet T :={0,1,...,#,,,,} for some even ¢, >2, and for each ¢, we let M, :=C, and we define g, as

the Euclidean metric and V, as two-dimensional Lebesgue measure. For some b > 0, we define each ®® : C — C by

t

DV (x,y) 1= (x + bt y (mod 27), y> ) (100)

max

The dynamics ®® represents linear shear in the x-coordinate on the cylinder. The functions

uzl,kbg(x, y) :=cos (kl (x +¢ - gy)) cos(k, ), (101)

for k;,k, =0,1,2,..., and ¢ € {0,%}, taking ¢ = 0 whenever k, = 0, are a complete basis of eigenfunctions for A? under dy-
11

namic Neumann boundary conditions. This follows since for each t € T, writing X, :=x+{ + b( - %) y for brevity, we have

(,) d = X max
Q0w (x.y)=cos (ki %;) cos(k,), s0
0d
Aq)i)”kl,kz,g“(x’ »)

= —% [kl sin (klfc,)cos(kzy)] - (% [klb<; - %) sin (klfc,)cos(kzy)+kzcos (klfc,) sin(kzy)]

Tmax

2
- <k§ (1 +b2< ro_ %) ) +k§> @i’)uzl’kz’g(x,y)+2k1k2b<$ - %) sin (K, %,) sin(kyy).

Tmax

2
: Tmax ro_ 1Y) _ Tmax t 1 _ (max+DUmax+2) _ [TI(T+1)
Then, since Y ™% (’max 2) =0and ¥} ™ (tmx 2) = T = Hqmon e Ve have
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Auy, g, £(x,9)
max 2
=—m Z [(kz (1 + b2 (,m"(lx _ %) ) +k§> ”ZI,kz,c +2k1k2b<$ - %) sin (k, %o ) sin(k,)

(22 B2(IT|+1) 2\ ,d
(kl (1 + 12(|T|—1)> * k2> k.2

2
i.e. each uk Kot is an eigenfunction with eigenvalue /lk Kot 1T —k2(1 + fzi:pﬂi) - k2 These eigenfunctions form a complete or-
thogonal Hilbert basis for L2(C, Lebz), since for t* = "““ , the L2—1sometry <I>(t ) : L2(C) » L(C) sends the functions (101) to the
complete orthogonal Hilbert basis (91).

To apply Theorem 3.19, we need a lower bound for r; for each sufficiently large k. We consider k > zpq + \/E(p +2q)+ 1, where

: . DT+ _ p? : d .
p > q > 1 are integers for which 1+ (7D = & Then each eigenvalue A Ky dep,c AT be written
d P
Mok =7 2k Tk (102)

We obtain our bound on r, in the following steps. First, we show that for k| € {q,2gq, ...}, the eigenfunctions uZ 20 and u: Py
1> ; 1> 1> ; 17

2
have the maximum number of nodal domains, among eigenfunctions of the form (101) with eigenvalue > —22—2k%. Second, for each
ki €{q.2q,...}, we obtain an upper bound for

ipip g " ’1’24'—

Eky) :=#{/1d 2 A4 Y kZ} (103)

the number of eigenvalues Afl i (with multiplicity) satisfying /1?’1 it > —2;’—zkf, and hence put an upper bound on the posi-

tion of /IZ i o in the eigenvalue ordering. Third, we use this bound to show that for each k > zpqg + \/E(p +29)+ 1 =(zg® +
lvg 1

\/Eq)‘ [1+ % + 2\/5(1 + 1, there is some k; € {g,2q, ...} such that /1: 2p o > /IZ N and also to bound the largest such k; from
- gk ’

d

below. Finally, for this k and k, we use the number of nodal domains in N
gk

to give a lower bound on r;, and hence we use

Theorem 3.19 to bound A‘Z N in terms of h¢
" ri.N

Step 1: We begin by proving that ud 20 and uk 2k . have the maximal number of nodal domains among eigenfunctions ud in
ky, 2 ky Iy l’ i

of the form (101) for which /ld 2‘; k2 Each eigenfunction u i has max{2i,,1}(i, + 1) nodal domains by (101) (since

C >
cos (i 1 (x +¢— 3 y)) has max{2i, 1} nodal domains and cos(i, y) has i, + 1 nodal domains). Thus, by (102), maximising the number

2
of nodal domains in u[dl 1. Subject to /1141 - —2:—zkf is equivalent to solving max{2i;(i, + 1) : (i},i5) € Z,(,— ”2 ir-i —2” k).
d

», , for
kigkid

By a similar relaxation argument to section 4.2, this is uniquely maximised by (i|,i,) = (k;, 5"1 ). Hence eigenfunctlons u

2
¢ e {0, —} maximise the number of nodal domains, among eigenfunctions u ; of the form (101) satisfying /l —ZZ—zkf.
Step 2: Choose any k; = ¢,2q,.... We can bound &(k;) (defined in (103)) by considering three cases: elgenvalues /1;1] it with

iy,ip > 1, eigenvalues Af’l 0c

2o . L Ty o r2p_p 22
Ail in Z—Z—Zkl,ll,lz > 1} isin bijection with the set {(i},i,,{) : { € {0,—},(11,12)€Z>0,——211 - 2>—2—k1},

with i; > 1, and eigenvalues }”6[,;2,0 for i, > 0.

The set {4

]

iping

(SR

by (102). These tuples (11,12) are in bijection with the grid points (i}, ,) in the positive quadrant Q,, of the elhpse = + 2‘1 Zyk > < 1.
%
The quadrant Q,,, has area 2, and each grid point (i;,i,) € 0,, with i},i, > | is associated with a unit areain Q,,,. Therefore, there
np2~ : . 72 . IR d P2
are at most k grid points (11,12), so there are at most Tkl tuples (i}, i5,¢{), and hence at most 7k1 eigenvalues }‘il,iz,r; > _2q_2kl
with iy,i, > 1

By (102), the eigenvalues Ad 2” k with i; > 1 are in bijection with the tuples (i;,{) with i; € Zn [l \/—kl] and ¢ €

OC_

{0, 2 21 80 there are ZL\/_ 2k, | such elgenvalues Similarly, the eigenvalues A4 2" k2 are in bijection with the integers i, €

00—

Zn|o, \/E fk 11, so there are L\/E §klj + 1 such eigenvalues. Combining these three cases, the number £(k|) of eigenvalues Ail ind >

—ZZ—zk%, counted with multiplicity, is bounded above by
&k, )<—k2+2[\/_klj+ [\/_” J (104)
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Step 3: Equations (102)-(103) imply there are no more than £(1) eigenvalues > AZ so (104) implies there are no more than

p.0’
zpq + \/E(p + 2q) + 1 such eigenvalues. Hence for each k > zpq + \/E(p +2q) + 1, we have /ld 20 > X N L€ for 7c1 = g we have
d d .
A 2E0 > Ak’N. Define
’q
i 7 . d d
k, .-max{k, €{q,2q,...} : Akl’gkho > Ak’N}, (105)
ST d d . d d P

then each multiple k| of g greater than k, satisfies Ak N /1 1’/21,0' In particular, by (102), we have Ak N A e, B+ 0= Zqz (kq+

¢)%. Therefore, since AZ N is the kth-smallest eigenvalue in absolute value, (103) implies k < £(k; + ¢g). Then (104) yields k < %(kl +

Q%+ 2\/5(k1 +q)+ @(kl +¢) + 1. Applying the quadratic formula yields k; > Z—’; -4 + —(2‘1 +1)2 - (\/15” + {_2: +q). Noting

1 (2 2_ 4 2 :
that ( +1) P 2”2( — 1)* > 0+, we obtain
k
YL RE/AY (106)
zp \/5,, zp
Step 4: Choose k and k, as in step 3, so that AZ o > /lz n Dy (105). Then the number of nodal domains in u‘; ko gives a
gk > Lk

lower bound on r,. This eigenfunction has 2k 1(§k1 + 1) nodal domains by the reasoning in step 1, so r, > 2k 1(§k 1 +1). Substituting

into thi ion gives r, > 2 ( /% — (- 4 Y2 B_p (L4 V2 _ - .
(106) into this expression gives r;, > 2 < p < Vo + = +q 7 a\ Vo + ” +gq ) +1 ). Expanding and noting that

p>qg>1s02 %(1—2—‘,{5>>0,%+@>2q+¢_and 2 +4"+4>2\/—"

2

we obtain r; > % — 2.84/pgk + 2pq. Then

2 2
the definition of p and g before (102) implies r; > % —28q+/1+ 11)28;':3 \/E +2¢%4/1+ ll)zilg:ti; Substituting k; > ¢ into r; >

2(IT|+1)
12(T|-1)

2k, (gkl + 1) instead, we additionally obtain r, > 2gq(p+1) = 2¢%4 /14 + 24. Hence, rewriting the definition of k from step 3

using the definition of p and ¢ before (102), Theorem 3.19 implies that for each k > (zq* + \/Eq) 1+ i’;ﬁ_ti; + 2\/§q + 1, we have

d
/lkN—

<MF—ZM . . . : (107)
2 _ 4 2aT+D 2 b2(IT|+1) 2 LTI+
max{ [ = 2,8q 12(|T\ ) \/_+ \/ + TIT=D “ 2q \/l+ T0T=D +2q},N

Asymptotically for large k, this bound becomes A¢

)2, irrespective of the shear strength b and number of time

kN <- ( 2 _o(/RN
steps |T|. Pre-asymptotically for intermediate-sized k, this bound links Ak y tO h;f y for progressively smaller j as the shear strength
increases. This is because the domain behaves like a cylindrical domain with progressively more mismatched sides, so that gridlike
packings of C with the optimal aspect ratio for each packing element are rarer. We cannot apply Theorems 3.17 or 3.18, our dynamic
versions of Theorems 3.4 and 3.5, because C has non-empty boundary.

5. Summary

The sequence of the kth (Neumann or Dirichlet) Cheeger constants for a weighted Riemannian manifold (Definition 2.2) and
the corresponding k-packings with small Cheeger ratio (Definition 2.1) together give a global geometric description of weighted
Riemannian manifolds. There are no existing algorithms for computing k-packings for k > 2 with small Cheeger ratio on arbitrary
Riemannian manifolds. We proposed some methods for obtaining upper bounds on the Cheeger constants, and for finding packings
with quality guarantees, i.e. upper bounds on their Cheeger ratios (Theorem 3.7 and Proposition 3.8). We showed that for any
Neumann or Dirichlet eigenfunction, its eigenvalue gives an upper bound on the Cheeger constant corresponding to the number of
nodal domains in the eigenfunction (Theorem 3.7). Moreover, we showed that positive-measure collections of the superlevel sets
within each nodal domain give rise to packings whose Cheeger ratios are bounded above in terms of the eigenvalue. This bound is
straightforward to compute, but it only produces k-packings from eigenfunctions with k nodal domains. Sometimes, it is possible
to combine geometric information from several eigenfunctions to obtain more features than the number of nodal domains in any
single eigenfunction. One obtains disjointly supported functions, each supported on a single feature, by taking linear combinations
of eigenfunctions and applying soft thresholding. The sparse eigenbasis approximation (SEBA) algorithm [31] can be used to find
suitable linear combinations. We showed that if the separation into disjointly supported sparse functions is successful, then positive-
measure collections of the resulting superlevel sets yield packings with an upper bound on their Cheeger ratios (Proposition 3.8).
This bound depends only on the largest eigenvalue (in absolute value) and the effectiveness of the separation (i.e. the fraction of the
L? mass of the linear combinations that is preserved by the thresholding operation).
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Coherent sets in nonautonomous dynamical systems are sets with small dynamic Cheeger ratio (Definition 3.10). We showed that
positive-measure collections of the superlevel sets within each nodal domain of a dynamic Laplacian eigenfunction yield packings
consisting of coherent sets, i.e. packings whose dynamic Cheeger ratios are bounded above (Theorem 3.19). Also, as in the static
case, it is sometimes possible to obtain more coherent sets than the number of nodal domains in any single eigenfunction, by taking
linear combinations of the first k eigenfunctions and applying soft thresholding. We showed (Proposition 3.20) that positive-measure
collections of the resulting superlevel sets have their dynamic Cheeger ratios bounded above in terms of the largest eigenvalue (in
absolute value), and the effectiveness of the separation (fraction of L? mass preserved by soft thresholding).
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