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Abstract

It is well known that an Anosov diffeomorphism 7T enjoys linear response of its
SRB measure with respect to infinitesimal perturbations 7. For a fixed observation
function ¢, we develop a theory to optimise the response of the SRB-expectation of
c. Our approach is based on the response of the transfer operator on the anisotropic
Banach spaces of Gouézel-Liverani. We prove that the optimising perturbation T is
unique for non-degenerate response functions and provide explicit expressions for the
Fourier coefficients of T. We develop an efficient Fourier-based numerical scheme to
approximate the optimal vector field T', along with a proof of convergence. The utility
of our approach is illustrated in two numerical examples, by localising SRB measures
with small, optimally selected, perturbations.

1 Introduction

We consider a family of transitive C"** Anosov maps of the two-torus, {T5 : T? — T} 50 5
for some 0 > 0 sufficiently small and » = 4. We denote the SRB measure corresponding
to Ts by fs. We assume that this family is differentiable with respect to d at 6 = 0 in the
following sense: there is a 7' € C"+!(T? R) such that,

T5:T0+(5'T+Oc5(5). (1)

We take a functional analytic approach and use the Banach spaces B devised in [12]. The
family of maps in (1) gives rise to a family of transfer operators {Ls : B> — 32’1}56[075},
which leads naturally to a notion of linear response for the transfer operators. Theorem 3.1
proves the existence of a continuous operator £ : B> — B2 satisfying

Ls=Lo+06-L+0(5),
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and derives an explicit expression for £ in terms of Ty, T, and Ly, namely
£I() = Lo (V- (FOUDT) o T())), (2)

where V- stands for the divergence operator. In Theorem 4.1 we further show that £(7T') is
a continuous function of 7' from C"+!(T2,R?) to L(B>',B%?), a fact that will be crucial for
our later optimisation of response.

A fundamental question in linear response is the response of the SRB measure f5 € B*!
of Ts with respect to the parameter § [13]. In Theorem 3.3 we use the expression (2) and
classical perturbation results from [14] to provide a simple demonstration of the existence
of linear response of the invariant measure f = % 4 fi|5—0. Considering this response as a

function of 7', so that R(T) = f, in Theorem 4.1 we show that the response function
R(T) = (I — Lo) " L(T)(fo) (3)

is a continuous function of 7' from C"+1(T?, R?) to B2, We then turn to the existence and
optimisation of linear response of the integrals 4 y: Je-fs = [c- ., where c is a regular
observation functlon Given an observable ¢ € C3, we consider the problem of maximising
the response J(T f ¢- R(T) over all unit-size perturbatlons T in a suitable Hilbert space
H, such as H = H 7(T2, R2), contained in C® perturbations 7'. That is, we wish to solve

max / c-R(T)

Ter
subject to  ||T'||l» = 1.

The continuity of the response functional J, and the boundedness and strict convexity
of the feasible set {T" € H : |T'||x < 1} over which we optimise, immediately guarantees the
existence of a unique optimal perturbation 7 (Proposition 4.2). Using Riesz representation,
in Theorem 4.3 we derive explicit expressions for the Fourier coefficients of this optimal
vector field T'. From these coefficient expressions, in Section 5 we detail a highly efficient
numerical scheme, based on the Fejer kernel approach of [1], to compute estimates of the
optimal 7. The convergence of the estimated optimal perturbations to the true optimal
perturbation 7 is provided in Theorem 5.1 and Corollary 5.3.

We illustrate the effectiveness of our approach in two case studies in Section 6. First,
we consider the Arnold cat map and a function ¢ with large values concentrated about the
fixed point at the origin. Thus, we expect the optimal perturbation T to be such that maps
Ty+6-T for small § > 0 have SRB measures with density preferentially concentrated about
the fixed point. We describe the dynamically interesting strategy taken by the computed
optimal 7' — shown in Figure 1 — and verify that the SRB measure of Ty + 8 - T' is indeed
concentrated about the fixed point for small § > 0 (in Figure 2). Our second case study
concerns a nonlinear Anosov map Ty, for which we estimate the SRB measure, and then select
an observation ¢ with large values in the vicinity of a period-two orbit of Tp. We expect that
the optimal perturbation 7" will have the effect of concentrating the SRB measure of Ty+6 - T



nearby the period-two orbit and this is verified in Figure 4. Both case studies are examples
of how one may use this optimisation approach to control the long-term behaviour of the
dynamics through small perturbations that are carefully chosen to achieve the desired effect.

Linear response for dynamical systems was first introduced by Ruelle [18] and was later
generalized to systems exhibiting some hyperbolicity (see [2] for an overview). If one sub-
stitutes the expression (2) for £ into the response function (3), one obtains an expression
equivalent to the usual “metaformula” for invariant measure response discussed in [2]. The
main difference is that the “metaformula” does not contain an explicit expression for £. Our
expression (2) for L is the natural generalisation to Anosov maps of the expression given in
[10] for expanding circle maps, where minimum-Sobolev-norm perturbations T were found
for a given (fixed) response. Equation (2) is superficially different (but equivalent) to the
expression for £ provided in [16] in the context of Anosov diffeomorphisms. We remark that
to our knowledge, our C''-regularity hypothesis on the map § — T} is weaker than existing
work in the Anosov setting.

Optimal linear response has been investigated in a series of papers, progressing from
finite state Markov chains in [5], to dynamical systems representable by a Hilbert—Schmidt
integral operator [1] (including optimising both stochastic and deterministic components of
annealed random dynamical systems), and deterministic expanding maps of the circle [7].
All of these papers optimise the linear response of the expected value of observations ¢ as
well as the linear response of isolated eigenvalues associated to Markov chains or transfer
operators. Other recent work includes optimising the linear response of the expectation of
an observation for annealed transfer operators arising from stochastic differential equations,
following ideas from [l]. Perhaps the closest work to the present one is the use of the so-
called fast adjoint response method to estimate the optimal linear response of expectations
of observations for uniformly hyperbolic dynamics [9]. In contrast to [9], we work on the full
domain of the hyperbolic maps Ts and when considering the corresponding transfer operators
Ls, we need to use the anisotropic Banach spaces mentioned earlier. While there is some
technical cost to this, there are several important benefits to having an explicit expression
(2) for £ in terms of Ly, DTy and T. This (i) allows one to use the standard linear response
expression (3), (ii) enables a convergence theory for the numerical scheme, and (iii) opens
the possibility to derive other types of optimal linear responses, beyond the response of
expectation of an observation c.

Because we consider L, to act on functions on the full domain of T, we obtain f; as
the leading eigenfunction of Ly, a fact that is also computationally beneficial. The explicit
expression for the linear response then leads naturally via Riesz representation arguments
to explicit expressions for Fourier coefficients of an optimal infinitesimal perturbation 7T
in a Fourier basis on the full space. The convergence theory of [1] provides a basis for
convergence of the optimal T' to the true object as the number of Fourier modes in the
construction of £y increases. Our computational implementation is extremely fast with each
Fourier coefficient of the optimal 7' taking milliseconds to compute. In contrast to [J], our
algorithm is deterministic and does not rely on sampling, which may assist construction of
computer-assisted error bounds.



All of our theoretical results and our numerical scheme straightforwardly extends to
higher-dimensional tori, although this would commensurately increase the cost of the com-
putations. Because our theory mostly uses the anisotropic Banach spaces that are well
adapted to Anosov flows on compact oriented Riemannian manifolds, the theoretical results
introduced in Section 3 and Theorem 4.1 can be adapted to these settings.

The study of linear response — and optimal linear response in particular — is important
in many applied domains, such as climate science (e.g. [13, 11]) and social science, where
optimally selected perturbations can achieve desired outcomes in long-term behaviour for
minimal cost. Indeed, because our numerical approach involves kernel convolution, one may
view our estimates as those corresponding to a map Tj perturbed by i.i.d. noise with density
given by the localised kernel. Thus, even when our methodology is applied to maps Ty that
are not Anosov and for which one does not have a formal functional analytic theory, as long
as the dynamics supports linear response, one may expect meaningful results from optimising
deterministic perturbations.

2 Background

2.1 The map perturbations

For some small 6 > 0 and r = 4 we consider a family of C"*! Anosov maps of the two-torus,
{T5 : T? = T?}5¢(05. This family is differentiable with respect to d at 6 = 0 in the following
sense:

Ts(x) = To(x) + 6T () + 0cs(0) (4)

where 7' € C"™t1(T?, R) and we say a family of functions Fy € C"T1(T2,R) is ocs(0) if

tim 1 E8lles _
6—0

2.2 The Banach spaces and the transfer operator

The transfer operator for Ty acting on continuous functions is as usual defined by
Lsh:=hoT;'/|det(DTs)| o Ty ' = ho Ty | det(D(T5 )|

The action of L5 on distributions of order r is defined by duality:

/ go-ﬁ(;h:/ @oTs-h, for all p € C*>(T?,C).
T2 T2

For any p € N and ¢ € R, such that p+ ¢ < r we can associate to T the anisotropic Banach
space (BP?, || -||gr.) introduced in [12] as the completion of the space C'? for the norm || - ||gr.q
defined by relations (2.1) and (2.2) in [12]. We recall in the proposition below some of the
main features of these spaces; in this paper, as mentioned previously, we will fix p = 2,q = 1,
and r = 4.



Proposition 2.1. Let p € N* and ¢ € R, satisfy p+q <.

i) The operator Ly : BPY — BPY 4s continuous and there is an open neighbourhood U of
Ty in the CPTI2 topology such that for any T € U the transfer operator L for T is a
continuous operator of BP9 (see Lemma 7.2 in [12] with parameters g(w,z) = 1 and
= 0,). In particular, whenever || Ty — Ts||cr+1 is small then Ls : BP? — BP1 is also
a well-defined continuous linear operator.

ii) The inclusion BP9 C BP9+ js compact' (see Lemma 2.1 in [12]).

i) From the definition of the norms || - ||gra and || - |[ge-1.0+1 (see equation (2.2) in [12]),
the space C"' (T2, R) is dense in BP? for any v’ > p.

w) In addition (and still from equation (2.2) in [12]) the partial derivative 0; : f € C? —
0;f € CP~ can be uniquely extended into a continuous operator 0; : BP? — BP~hatl

v) Multiplicativity of the norms (see Lemma 3.2 in [12]) : there is a C > 0 such that for
any f € B and ¢ € CY, fo € BP? and

[fllsea < Clifllsrall@liora  and ‘/cbf‘ < Clflisrallllcr-

Theorem 2.3 [12] states that Lo : BP? — BPY is quasi-compact with essential spectral
radius bounded above by max{1/AP,v9}, where A\ > 1 (resp. v < 1) is a lower (resp. upper)
bound on the expansion (resp. contraction) along unstable (resp. stable) tangent directions.

3 The derivative of the transfer operator and linear
response

3.1 Expressions for the derivative of the transfer operator

For f € C'(T? R?), define the divergence of f, V - f(x) := Tr(D,f), where Tr(-) is the
trace operator for linear maps. We let V- : BP4 — BP~14%1 denote an extension on BP9 of
the divergence operator (see Proposition 2.1 item iv)). For £ = R? and A(x) € L(E, E),
a section of linear maps, V - A stands for the classical divergence of a tensor’ i.e. for any
r€T?and a € E,

(V-Ax))-a:=V-(A(z)-a),

where the larger dot « denotes the relevant linear action on a. The following theorem states
the regularity of the transfer operator L£s and its linear response along the lines of Theorem

"'We even have || f||ge.a < ||f|lBr+1.a—1 ] ]
2(see section 2C4 in [17]), certain books take an alternative definition for the divergence V with V- A :=
V - (A?) with A being the transpose of the matrix A.



2.7 from [12], but only requires the map § — Tj to be C! in comparison to the C? regularity
required by [12].

Theorem 3.1. Let p € N\{0} and q > 0 such that p+q = 3. Then there is 6 > 0 such that
the map 0 € [0,0) — Ls € BP? is continuous, and there is a C' > 0 satisfying

L5 — Lol|graspr—1at1 < CO. (5)

In particular, when p = 2 and q = 1, the operator Ls : B>' s B%? satisfies the following
Taylor relation in the parameter §:

L T (0

sup
feBzi | fll2,1<1

and L : B> — B2 s continuous. Finally, the derivative of the transfer operator
L B> — BY2 C B%3 has the explicit representations:

Lf(w) ==L (V- (f@)(DT0) (T @) (7)
— L <(DI £.(D )™ (T(:z:))) 4 f(2)(V - (DyT) "V T(x)) + f(2) Te(DaTo) L o DIT)>
(8)
Proof.

Step 1: Derivation of (7) and (8) for smooth f. We assume for now that f €

C>(T? R) and we will later expand the following computations of £ to any f € B*! by
density of C*°(T% R) in || - [|2.1-

fo Tail(x)
[det(Dy, +,(Ty))]
= [ det(Do(Ty NOjs=0 (f o Ty (x)) + (f o Ty (x))ds=0 (| det(Do(T5 )]

= | det(Du(Ty )| D1, f © (O5=0T5 ' (@) + (f © Ty (2))d5=0 (| det(Da(T5 )] -
(10)

Lf(x) := 5=

9)

We will thus compute the respective derivatives djs—oT} ' and djs—g (| det(D(T;"))|) in C?
and show that

Ty (@) =Tg () + 005(T; ) () + oca(9) (11)
| det(Dy (T )| = | det(Da(Ty )| + 00450 (| det(Da(T5))I) + 0ca (). (12)

We start with equation (11), the local inversion technique applied to® the C' map W :
C*(T?) x C3(T?) — C3(T?) given by ¥(Ty,Ty) = Ty o Ty, which satisfies U(T5,T; ') = I.

3The map T is taken in C" 1 in order to keep o(§) control in the C? topology in the following developments.
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This ensures the existence of a C* map ¥ : T € C* — T-! € C® with derivative at T € C*
in the direction H € C* given by

OrU(H) = — (9(T, T~H) ™ 08, U(T, T)
~(Dp-1,T) Y (HoT™), (13)

where the following derivatives have been computed explicitly :

(U(T, T ")) (H)=HoT™" (14)
(0,9(T, 1) (H) = (Dp-1,T) "' (H) = D,(T~")(H). (15)

Since T € C* +— T~' € C? is a C' map in the C? topology,
Tyt =Ty +605(T5 ') + ocs(6) (16)
where 95(T; ') can be detailed as follows : Taking the d-derivative of W(Ts, T; ') we obtain
0V (Ty, Ty Yo Oj5=0T5 + 0¥ (Th, T, o Oj5= OT =0,

thus using relations (14) and (15) with 95075 = T,

Op—o(T5)(@) = — (0 U(To, Ty )™ 0 O U(Ty, Ty ) 0 DT
— DTy ) o T o Ty (x). (17)
As for equation (12), notice that det(D(T; ")) has constant sign in a nelghbourhood of Tyt
thus we can ignore the absolute value |.| and compute 85— (| det(D(T5)~")|) by composition

of the derivative of the locally C* map given by L(R?) > A +— det(A) with Dd\s_o(T; ")

we computed above’. The Taylor expansion in the C*® topology from (11) allows for the

following expansion in the C? topology,
D, T;' =D, Ty (@) + 0D, 05(T; ') () + o2 (6).

We now need to consider Tj to have its full regularity, namely C?, to make the above error
term in ocs(9). Assuming Ty € C°, from the formula (13) of the derivative of ¥ : T € C° —
C? we deduce that T € C® — (z +— D,¥(T)) € C? is C' and therefore

D, T;' =D, Ty (x) + 6D,05(T; ) () + ocs (6).
Then we apply the polynomial map det(-), yielding

det(D,(T5 ")) = det(D(T5 ")) + 60,50 (det(D,(T5 1)) + oca(9). (18)

Yindeed we can ignore the change of sign change from |- | in 95| det(D,(Ts)"!)|: for an operator A,
D(det(A))(H) = det(A) Tr(AH) and Da(—det(A))(H) = — det(A) Tr(AH), thus whenever |det(A)| # 0,
D (| det(A)|) is well defined and D 4 (| det(A)|)(H) = | det(A)| Tr(AH).

7



We now obtain an explicit expression for the first-order term in (18). The derivative of
L(R?) > A+ det(A) around A = D(T; ) is given by H + det(A) Tr(A~'H). Using (17)
leads to

o= (det(Dy(T5 1)) = — det(Do(Ty ")) Tr((Do (T4 1)) 0 Dy [Dx(T(;l) oTo Tgl(:c)] )
(19)
= —det(D(Ty ) Tr((Du(T5 )™ o | DT (T o i (@)]) (20)
— det(Do(Ty 1) Tr(Dy, T 0 Do(T3 1)), (21)

where we passed from line (19) to (20) and (21) by applying the chain rule as follows :
let K(x,u(r)) := Du(Ty ") (u(x)). With u(z) = T o Ty *(z) we obtain the term that is
differentiated at the end of (19). The chain rule on K can be written as follows,

D, K(z,u(x)) = 01 K(xz,u(z)) + 0o K (z,u(x)) o Dy(u(x)).
With u(z) = T o Ty () one has
DK (z,T o Ty (x)) = 1K (x,T o Ty Hx)) + oK (x,T o Ty H(z)) o Do (T o Ty Y).

The term appearing in square brackets in (20) is then
K (x,ToTy (z)) = DTy ') (T o Ty ' (x)), whereas the term appearing in (21) arises from
MK (z,T o Ty () o D, (T o oY () = K(x, D, (T o oH ()
= K(z, Dye1,T 0 Do(T5)(:))
= Du(Tg ) (D, T o Do(Ty ) (1)),

and composing with the term (D,(T;'))™! coming at the head of equation (19), it may
cancel to obtain D1, T 0 Dy (T ). Returning to (10), with the derivative computed in (17)



and (20)—(21), one has
£f(2) = | det(Do(Ty )|y, f 0 (Ds=oTy (@) + (f 0 Ty (@)D= (| det(Da(T5 1))
= | det(D,(Ty )| Dy, f o (DaT5!) (T 0 Ty (2))
| det(Da(Ty IS o Ty () (Te((DoTy ) o [ DT (T 0 T @)]) + Te(Dyn, To Da(T 1))

= —| det(Dx(TOfl))yDTo_lzf o (DT()_lmT()) - (T o Ty (x))

~1aet (DT I o Ty o) T (Do) 0 [, (5 )(F o 75 (2)])

= £ (T (Daf o (D,1) ' (F()))) 22)
= Lo (J(@) T (DT o [DR, T3 (F@)])) = £o (£) T (DT 0 (D) 1)) (23)
=—Ly(Tr <D:13 (f(@(DxTo)*l ° T(JU)))) (24)
=—L (V : (f(:L’)(DmTO)_l o T(m))) , (25)

The vector calculus identity V - F(z) = Tr (D, F) for C! vector-valued F' discussed at the
beginning of Section 3.1 is used to obtain the final equality. To move from line (24) to lines

(22)—(23), we apply the chain rule to (Dx <f($)(DxT0)*1 o T(x))) yielding

23

25

D, ( F(@)(DoTy) " o T(x)) _D,fo ((D,ETO)‘I o T(x)) + f(z)D, ((DmTO)‘l ° T(x)) .
(26)

Let us consider the second term above. Let G(x, H) := D,(T; *)(H) and since
(DwTO)_l - DTom(T(;I)7

D, (D) 0 7)) = Dol(Dr(T57) 0 T(2))
= D,G(Tyz, T(z))
= 0,G(Tyz, T(x)) 0 DTy + 0.G(Tox, T(x)) o DT (27)

We now compute 01G(Toz, T(x)) : T2 = R? and 0,G(Tpz, T(x)) : R? — R2. Let z € T? and
H € R?, then

0\G(w, H) = D3(Ty")(H)
0,G(x, H) = Do(T; ).

Thus introducing these computations in (27) with H = T'(x), one obtains
D, ((DxTO)_l o T(@) = 0,G(Tyx, T'(x)) 0 D, Ty + 9:G(Toz, T(x)) 0 D, T
= D3, (Ty ' )(T(2)) 0 D, Ty + Dryo(Ty ') 0 D, T
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Thus combining with (26), and applying Tr and then £y we end up with the sought-after
expansion of (24) into (22)—(23):

a(nlo oo i)
_50( r< (D, To)~ )) Eo( ) Tr (D Too [D%omT_ (T(I))])>
o1 (x)Tr(D To(D,T5))).

)

Finally, we can expand formula (25) using the expansion formula for the divergence of
tensor (see formula (2C4.3) in [15]): for ¥ a tensor field and X a vector field,

V-(ZX)=((V-%2),X)+Tr(To VX),
which with T(z) = (D,Ty)~! and X (z) = T'(z) yields
£f(x) = Lo (V- (J@)(DTo) " 0 T(w)))

= Lo (Do, (DT0) ™ 0 T(@) + F(@)(V - (DLT5) 7, T w)) + £la) T(D,T0) ™ 0 D) )
(28)

thus proving equation (8) for any f € C°°(T? R).

Step 2: Well-definedness and continuity of £ : B>! — B2, Notice that according to
item iv) from Proposition 2.1, the map D, f extends to a continuous map f € B>! +— D,f €
B2, Using the continuity of Ly : BP4 +— BP9 for p 4+ q = 3 (see Proposition 2.1), we deduce
that the operator given by equation (8) extends to a continuous operator £ : B> — B2 as
well as a continuous operator £ : BY2 — %3

Step 3: Derivation of (5). To prove equation (5), we introduce for f € C'* the map
tes Lof o= fo(tTy 4+ (1—t)T, ). The zeroth-order Taylor expansion of this map about
t =0 and evaluated at t = 1 is f o T * =L\f = foTyt + Gy, where

Gol): = [ (1= D20y 100ma oo FOUT = T s
=Aﬂ—$4@ﬁO@W+4FOh%
*Aﬂ—@a@ﬁmaym—%%wM&

According to” Lemma 7.2 in [12], the family L, are continuous on B! and by equation

®more precisely it is a consequence of Lasota—Yorke inequality (7.7) from [12] when choosing g(z,w) =
1

and p = 5ST671(.)+(175)T071 in their notation.

[ det(Dy (sTy ' ()+(1—5)T5 )|
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(11), [|T;1 = Ty les < C6. Thus using items v), 1), and iv) from Proposition 2.1,

1 ~
[Gollp-1,4+1 < /O (1= L (01 f) llp—1.q41 (T3 () = Ty (D) llcadds

+ /0 (1= )L (02) llp-1.g+1 (T3 () = Tg ' (-))elleads

1
scwjkl—ﬁwgmﬁnmiﬁﬂs+0§/ufwmﬁA@nnme%
0 0
< 2000l

Recall from step 1 that we prove that T € C® — D,T~' € (% is a C'' map, thus the map
§ — det(D(T; 1)) is C'. Similarly for 0 < 0, the map ¢ — |det(DT5)| is C*, and noting that
L5 = |det(D{T; 1) |4,

1L5f = Lof lp-ra1 < I det(D(T5NILLS = Lof 1041

< (Il det(D(T3 )| — [ det(D(Tg Nlllos1£1fllp-rg+1 + I det(D(Tg NILLS = Lof lp-14

< dsup [|95] det (D(T3 )l lla | L1fllp-1g+1 + ] det (DT D llesl|Gollp-1q+1
6<6

< C'sup ||05| det(D(T5 ) llc20l1 fl.q-
0<6

Since C'™ is dense into B the inequality above extends to B”9. This proves (5), namely

||£5 — ;C()HBp,q_)BpH,qfl S Co.

Step 4: Derivation of (6). Finally, we focus on the proof of (6), where f € B*!. We first
—1

consider f € C* and control Lsf = ﬁ#{s)' in several steps. First fix 6 > 0 sufficiently

small and focus on the term f o T;'. We compute the first-order Taylor expansion of

tes Lof == fo(tTy '+ (1= )T, for f e C™:
Lif() = foTy () + (Droy T3 = T5 () + G (). (29)

with G(-) the error term in the Taylor expansion which can be written as follows,

600 = [ B3 [P T = TN (7 = 1))

= Z %/0 (1-— 5)225 (8iajf) (T{l(') _ Toil('))i(T(;l(‘) _ TJI('))de (30)

1<i,j<2

One can check that the terms in (29) are in B%3 using the same reasoning as for Gy in step
3 and the fact that by Proposition 2.1 item iv) 9;0;f € B%? whenever f € B*>' (and here we
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have f € C~ C B*'). We now pass the norm || - ||gre into the integral of (30). Thus, using
item iv) from Proposition 2.1,

1 [t - B B B B
IGlos<C > 5 / (1= 9 1Le (@0,0) loall (T = Ty Du(T5 " = Ty )l cads

1<i,5<2
1 B B B B 1
<C Y S =T =T el fllaa | (1= s
1<i,j<2 2 0

We passed to the last line of the equation using the continuity of L, : B3 — B%3 (referring
again to [12] Lemma 7.2). Recalling that Ts = To+0T+0¢s(8), and that C* > T+ T71 € C3
is locally C'* around Ty we obtain

(T3 =Ty )il Ts ' = To )jlles < C6°.
and thus
1Gllo.s < CO| fl21- (31)

Since L5 = L, /| det(Dy-1,T5)], by (29), we have that

1 . 1 _ _ G(x)
Lsf(x)= oTyt(x) + Do TN 2) — Ty M (x)) + :
5f( ) ’det(DT&—IIT(S)‘f 0 ( ) ’det(DTts—lzTé‘)‘< T, 1f)( 1) ( ) 0 ( )) |det(DT6—1rT6)‘
(32)
We recall the following expanded expression of £ from (9),
fo Tail(‘) 1 ~1 ~1 1
D=0 = 05 (foTy () + foTly (-)0s=0 :
‘ det(DTé—l(.)Tg)‘ ’ det(DTo_l(,)To)\ ( J ) 0 | det(DTé—1(.)T5)’
By combining this with the expansion (32) we obtain the following expression,
Lsf —Lof —OLf
1 1
— foTyt = Lof —6f 0Ty (-)0s (33)
[det(Dpr ()T ° 0 0 "ldet(Dy1(yT)]

1 I 1 o

+ |det(DT571(.)T5)| (DTgl(.)f)(Té () =15 () 5| det(DTél(_)T5)|86 (foTy'() (34)
1 . 1 »

+5’det(DT6—1(')T5>’aé (fOT5 ()) _6‘det<DTO_1(_)TO)’86 (fOTS ()) (35)

! G. (36)

_'_
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Taking Hy, Ho, H3 and Hy as the respective terms (33), (34), (35) and (36) we will write
H,céf —Lof — 5c'fH03 < Hy, + Hy + Hy + H,.

We then control Hy, Hy, Hs, and H, using the multiplicativity of the norms (Proposition
2.1 item v)) and the fact that || - ||gra < || - ||gp+10-1: we start with H; using relation (12),

1 1 1
H, = T - — _5. 71y .
! I(f o T5) (| det(DT(;l(.) I5)| |det(D, ZO)|> (foTy™)-0s | det(DTg1(,)1 5)| los

1 1 1
<C|f o Ty Yos - - —5-9 s
< Cllf o Ty os - | (|det(DT51(.)T5)| |det(D(.)To)|> 5|det(DT51(,)T5)|HC

< o(d)[Ifll2.1-

For H, we use the fact that ||m%3 is uniformly bounded for § < 6,
7

1
H, =

1
< 3|| D1 T = T7() — _oT (- 3
< Vgm0 sl = T3 0) = sy Ol

< [ fll1.20(8) < [Ifll2,10(9),

where the last line is a consequence of the control (11). As for Hj,

<DT51(_)f(T5—1<-) — Ty () = 6050 (f © Tf(-))) lo,3

Hy =0 <| det(Dzzl(.)Ta” - |det(g(.)T0)|> 9-olf T Mo
: 25?;? Idet(D::él(.)Taﬂ cs (Ot s
=20 < |det(D7]’;;1(~)T6)| cs D Ol s
< O8] | 11050 e (37)
< C'[| fll246,

where we obtained line (37) using the fact that the map ¥ : T € C* — T-' € C3% is C"
and item iv) from Proposition 2.1 on the decomposition D, (95T ") = 01 f(9s=0T; )1 +
Oof (85:0T5_1)2. The last term Hy, is controlled thanks to inequality (31),

1 1
< O(8? ;
| det(DTg1()T5)| HBO,3 = ( )Hf”?,l” | det(DT;1()T5)| ”CS

Hy = ||G()
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We thus obtain the formula (6) for all f € C*°. Then by continuity of the operators L, Ls
and Ly on B*! and the density of C* in B*!, inequality (6) also extends to all f € B!

|ss = o = 5L = 0@l

3.2 Existence of linear response

For Tj close enough to Ty in C" ™1, one has Tj is topologically transitive and by Theorem 2.3
[12] and the discussion at the start of Section 7 [12], Ts has a unique SRB measure f5 € B>!.
Thus one can ask whether there is a linear response R : C""(T? R?) — B%? of the system
to a perturbation 7" € C™1(T? R?), defined as

- . fs— Jo

T) := lim ———.

R(T) 550 0

While the above convergence takes place in 8073, we will show in Theorem 3.3 that in fact,
the limit point lies in B2, When we write R(T") € B"? in Theorem 3.3 this is what is meant.
Before stating Theorem 3.3, notice that by definition Lsfs = f5, thus one can guess some

heuristic link between R(T") and the derivative operator £ as follows,

o Js—fo
R(T) := lim 5

0—0
i Lsfs — Lo fo
= Jjm —/2
6—0 0
fs—Jfo . Ls—Lo
5 im o (38)
- £0R(T) +£f0,

= lim L;
6—0

which suggests R(T) = (I — Lo)"L(T)(fs). To formalise this link one has to study the
existence and continuity properties of operator (I — £y)~!. For that purpose we introduce
the Banach spaces V), , of centered distributions, for p € N and ¢ > 0,

V= (f B [ 1 =0}

The following theorem is an application of Theorem 2 [11] to our setting.
Theorem 3.2 (Theorem 2 [14]). Assume there is a 0 > 0 such that
1) there is M > 0 such that ||L} fllos < CM"||fllos;

2) there is 0 < a < M, such that for § <6, one has for every n >0

L5 fllie < Ca™||fllie +CM™|| fllo3;

14



3) thereis C > 0 and a monotone increasing map 7 : (0,8] — [0, 00) such thatlims_,o 7(5) =
0
Hﬁ(g — £0H81’2—>BO’3 < CT((S);

Then for any p > « there is n, > 0 such that the map 6 — (2 — Ls)~' is continuous and
satisfies: for any z € C such that |z| > p and d(z, sp(Ly)) > 0 (where sp(Ly) is the spectrum
of Lo as an operator on BY?), one has

1(z = L5)™" = (2 = Lo) ™ [vioovos < clm(9)[™. (39)
~ Using this result we are now ready to formally state an expression of R(T ) in terms of
L : B> — BY2. The expression for R(T) in Theorem 3.3 is well known (see e.g. Theorem
2 in [16]), but thanks to Theorem 3.1, it only requires § +— T5 to be C'. For the sake of
completeness we also give the proof.

Theorem 3.3. The map T € C" (T, R?) — R(T) € Vi, C B"? is well defined and can be
expressed as

R(T) = (I — Lo) T L(T)(fo), (40)

with L : B> — B2 as defined in Theorem 5.1.

Proof. Let us explain why the operator (I — Lo)~' appearing in the expression of R(T)
is well defined. Theorem 3.1 states that £ : B2! — BY2. Moreover, for any f € B!,
Lf = limg_yg 55550 f and by definition of the transfer operator Ls, % f € Vi, thus
Lf € Vio. Thus, in the expression (40), the operator (I — Ly)~" acts on elements of Vi,
and so (I — Lg) ™ := 3", Lk is well defined on V} 5 because of the spectral gap of £y acting
on B2, Indeed according to Theorem 2.3 in [12], there is 0 < ¢ < 1 such that for f € V},
1L fll12 < 0" flli2- Thus (I — Lo)™" : Vig + Vi is a continuous linear operator. Recall

from Theorem 2.3 [12], fo € B*! and following the heuristic reasoning (38), we have that

fs—fo . fs—fo Ls— Lo
R S

1

Jo,

and deduce that since L‘;gﬁo fo € Vig,

Ls — Ly

fé_f() _ (I—Eg)il

5 5

We now begin our main computation:

IACE) = (1 = o) 0 loa < [reF) = B0 o B o—ppynfastog)
+ (U = Lo) T L(T) (fo) = (I = Lo) (L5 — £o>/5)<T(>g§)||o,3

15



In the above inequality, the term ||R(T) — (f5s — fo)/d]lo.s goes to zero by definition of R(T').
As for the latter term in (41),

1 A Ls—L Ls—L
(1= 2o (£t - £ 55 ) o fo

< (I = Lo) M 5

0,3

(fo) — L(T) fo

1,2

Notice that according to equation (5) in Theorem 3.1 with p = 3,¢ =0, HMHQJ is
bounded, thus the family {(Lsfo—Lofo)/d} is relatively compact in B? (compact embedding,
item ii) from Proposition 2.1) and according to Theorem 3.1, the only possible limit is the
limit in B%3, namely £(T)fy. Thus the last term in (41) goes to 0. Now to control the
remaining term in equation (41), notice that on Vj; the spectrum of £ is bounded away
from 1 (all the spectral value are in a disk of radius « around 0), thus (39) from Theorem
3.2 applies for v < p < 1. Then according to equation (5) from Theorem 3.1,

03

fs—fo 1 Ls — Lo Ls— Ly
fo
< Co.

) 5 )
Then, collecting everything in inequality (41) yields,

— (I = Lo)

< || = L)~ (1 - £

fo

71H
) Vi2—Vo3
1,2

o Js— o
R(T) = lim =
= (I = Lo)"'Lfo.
Notice that although the above limit in 4 is taken in 50’3, one may show that in fact
(I — L) *Lfy € BY? as follows. Recall the formula for £ given by equation (7). Since

fo € B> and T, T, € C"*', according to item iv) and v) from Proposition 2.1 one has
V- (fo(DT())_l(T)) c 81’2.

Thus £fy = ~Lo (V- (fo(DTo) (1)) € B" and since (I~ £o)™* : V12 15 V12 and
Lfy € V12, as stated at the beginning of this proof,
(I —Lo)'Lfy e V12
[

4 Optimising linear response of the expectation of ob-
servations

We wish to select a perturbation 7' € C"*! that maximises the rate of change of the expecta-
tion of a chosen observable ¢ € C?(T? R). For the purpose of optimization, it is convenient
to restrict the perturbations T to the Sobolev space H := H 7(T?,R?), since by a Sobolev
embedding theorem (see e.g. Corollary 9.15 from [3]), H(T?) C C""(T?). We define an
objective function J : H — R by J(T) = [c- R(T), which records the expectation of the
observation c.
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4.1 Continuity of the objective J

The following theorem establishes continuity of the functions R and J. Notice that E(T ) and
R(T) given respectively by the formulae (8) and (40), are well defined as soon as T' € C°.

Theorem 4.1. For T, € C°,
1. The map T € C° — L(T) € L(B>', B"?) is continuous.
2. The map T € C® — R(T) € Vi is continuous.

3. for ¢ € C3(T* R), the map J : C° — R defined by J(T) := [ ¢R(T) is continuous.

Proof. Since J is a linear operator on H, to prove its continuity, it is enough to prove the
continuity of 7" — R(T) € B'“2. Indeed, then according to the display equation above
Proposition 4.1 in [12] we would have

[J(T)| < Clelez | R(T) |1z (42)

According to Theorem 3.3 and the expression of £ from Theorem 3.1, R(-) is a linear operator

from C°(T? R?) to Vi 5 C B2 Indeed, we recall the expression of R(T') from equation (40),

RT)() = ((I = £0) £ () (), (43)

with (I — Lo)~" a continuous operator on Vi, (as shown at the beginning of the proof of
Theorem 3.3) independent of the choice of T'. Thus it is enough to prove the continuity of
the linear operator T' € C°(T? R?) — L(T)(fo) € Vi2.

Item 1. It is sufficient to prove that there is C' > 0 such that
I£(T)(fo)llg,. < ClIT s
According to expression (22) from the proof of Theorem 3.1, Lf, can be written as
Lfo(x) = —Lo (TY (szo o (DzTo)_l(T(x))>> — Lo (fo®) ()
= —Lo (Dafy o (D) (T(2)) ) = Lo (fo®) ()

with ® € C3(T?,R) given by

O(x) = Tr (DmTO o [D%Ongl(T‘(x))D +Tr (DIT ° (D,ETO)’1> .

One can rewrite the map 2 € T? — (D,T,) ™" (T'(x)) by separating coordinates via
(D, To) YT (x)) := (¢1(x), p2(x)) to yield

Lfo=—Lo (D1(fo)dr + 02(fo)d2) — Lol fo - ®). (44)
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According to Theorem 2.3 [12], fo € B>! C B"?. The multiplicativity property (item v)
from Proposition 2.1) and the continuity of f € B>! — 0;f € B"? (item iv) of Proposition
2.1) applied to (43) and (44) yields

HE(T)HM < |[Loll12ll fo® + O1(fo)P1 + O2(fo)P2ll1,2
< [[Loll1.2 (Cill foll12l|®llcs + CallO1 folli2llPrlles + (02 folli2lld2llcs)
< [[Loll12 (Chll follzal|®llcz + Call follzall@llcs + [ follzall@2lles) (45)
where the last line is obtained noticing that by definition of the norm on the Banach space
Bra, for any f € B, [|0if|lg2 < ||fllge1. Finally, since T € (CO(T?* R?),[| - [|cs) — @ €
(CHTR), | [low) and T € (CH(T2,R), | - [|es) > (61, 63) € (CH(T2,R2), | - [|c) e linear
maps, continuous in 7" and D.T respectively, there is a constant C' > 0 such that for any
ie{1,2}
I¢illes < ClIT|les
[@l[cs < C|[T s

And thus introducing these relations in the formula (45), we obtain

I£(T) ]2 < C|IT|cs (46)

Item 2. Recall that (I — £o)~" is a continuous operator on Viz and L(T)fy € V'? as
stated at the beginning of the proof of Theorem 3.3. From the expression for R(T') from
Theorem 3.3, and using (46) one has

(I = Lo) 7 L(T) folliz < 1T = Lo) HlvasosvanI£(T) foll1.2
<O = Lo) Mvioovin IL(T) foll12
< N7 ¢s.

Item 3. This follows from the expression of R(7T) in (43) and the control of J(7T') from
(42). O

4.2 Uniqueness of the optimal perturbation

We constrain the infinitesimal perturbations 7 to lie in a feasible set P C H that we assume is
bounded and strictly convex. Boundedness of additive perturbations is a natural assumption,
as is convexity of the class of perturbations because a perturbation arising as the interpolation
of two allowed perturbations ought to also be allowed. The following abstract result yields
the existence of a unique optimal perturbation for non-degenerate functionals J.
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Proposition 4.2. Suppose P is closed, bounded, and strictly conver® subset of a separable
Hilbert space H, and that P contains the zero wvector in its relative interior. If J is a
continuous linear function that does not uniformly vanish on P then the optimal solution to

J(p*) = max J(p).

peP
15 unique.

See e.g. Lemma 6.2 [3] for a proof. We will apply this result with P being the unit ball in
H"(T?,R?) and J(T') being the expected response of an observation ¢ under a perturbation
T € P = By+(0). Theorem 4.1 provides continuity of J : C"*' — R, and since H” c C"*1,
by Proposition 4.2 the following optimisation problem has a unique solution:

max  J(T) (47)
TeH"
subject to  ||T||g < 1. (48)

We will see in the next section that in the particular case where the convex set P is the
unit ball By7(0), the map J(-) attains its maximum on the ball By7(0, 1) and that maximum

T € H7(T?,R?) is given by T = —“— where u € H is the element such that J(-) = (-, u) g

llull g7
in the Riesz representation Theorem.

4.3 An explicit formula for the optimal perturbation

We now state a theorem identifying the optimal perturbation for the problem (47). Although
we optimize .J(-) over 7' € H(T?,R?), for numerical purposes we use complex Fourier modes
to approximate the optimal 7. We therefore embed H7(T2?,R?) in H7(T?,C?) with inner
product (-, )7 defined by (u,v)gr =3, o7 Jr» D™uD™v. By a slight abuse of notation, we
also denote the complex extension of the objective function by J(-).

For k € Z?, let the elementary scalar-valued Fourier modes exp(2mik-z) on T? be denoted
ex : T2 — C. In the following theorem we construct the optimal perturbation 7 : T2 — C2

with the ansatz
P (S ) 0

keZ? lez?

(1)

where q, ' and aEQ)

are complex scalar coefficients.

Theorem 4.3. Let {Ts}o<s<s, be a family of C™ Anosov maps Ts : T* — T? satisfying (4),
and ¢ € C3(T?, R) be a non-constant observation function. The perturbation T € H™(T? R?)

6We say that a convex closed set P C H is strictly convez if for each pair 2,y € P and for all 0 < s < 1,
the points sz + (1 — s)y € int(P), where the relative interior is meant.
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that mazximises the expected linear response fT2 c- R(T ) (solves the optimisation problem

(47)—(48) ) is given by (49) with coefficients
i) o

a) = - / ¢ (T=Lo) Lo (V- (/6()(DT) (e, 0) / v (
(50)

2m
o = - / ¢ (I = L) Lo (V- (Jo)(DT5) (0. e0)( / ( i ) o

where v > 0 is chosen so that |T|| g7 = 1; that is

Dl

7
m=0
7

7

S (a@) Z(2w|k| 2’”+Z(al ) S @nll),)?

kez? lez? m=0
Proof. When .J(-) is non-degenerate on the Hilbert space H := H'(T? C?), the Riesz repre-
sentation theorem ensures the existence of a unique v € H"\{0} such that for any 7' € H",

J(T) = (T, u) .

We first prove that w is real-valued, i.e. (u) = 0. Since (-,-)y7 also represents a scalar
product on the subspace {v € H” : $(v) = 0}, Riesz applied to this subspace guarantees
a Ut € {v € H™ : S(v) = 0} such that for any real-valued 7' € H7(T?,R?), one has
J(T) = (T, tyeat) 7. Because any 7' € H7(T?, C?) can be written as 7' = R(T") + iS(T),

J(T) = (T, u)u
= (R(D), upur +i(S(T), u)
<§R(T) Urea1>H7 + Z< (T)aureal>H7
<T7 ureal>H7
Thus u = trea and S(u) = 0. By the Cauchy-Schwarz inequality on {v € H™ : I(v) = 0},
for T'€ H"(T? R?),
J(T) = (T, uypr = RUT, ) < |\ T el e,

Let al({ and all)

> ke af)(ek, 0)+

and J(-) attains its maximum on the H7(T? R?) unit ball at 7 :=

HUHH

be the Fourier coefficients in the Fourier decomposition of T'; that is, T :
Y ez al (O e1). Then
(€x,0), Ty = 03| exc, ) -

Thus ~
W: <(€k>0)7T>H7 _ <<ek>0)>u>H7 J((@k,O))
« (e O Tl (e 012 — Tullar(ex, 0)]%
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Recall that by definition (see Theorem 4.1), for T € H7, J(T) = [¢- R(T). Now from
(40) and (7), one has

90) = [ e R = [ et La £y = = [ o1 =207 20 (V- (DT ().

Because ||(ex, 0)[|%: = Sor _,(2m)?™[k[3™, by (52) we arrive at

af) = - / (T = Lo) Lo (V- JoO)(DTo) (ex, 0)())) / v (Z@ﬂ?’”iklim) ’

m=0

where v := ||u||g7. The same reasoning holds for afz) and the choice of v ensures ||T|y7 =

1. ]

5 Numerically computing the optimal perturbation 7

This section describes how to compute the vector-valued optimal 7' through the coefficients
al((l), al(z) in Theorem 4.3. The main numerical goal is to compute the integrals in (50) and
(51), respectively. First, we begin with a general formal convergence result, which will later

be specialised to our numerical algorithm.

5.1 A general convergence result for the optimal perturbation 7T

For suitably small ¢y > 0, we introduce kernels k. € C°°(T?,[0,00)) for € € (0, ], which
satisfy [ k. dm = 1. According to the proof of Lemma 5.1 [1], the kernel operator f €
C®(T%,R) + k. * f € C(T? R) can be extended into a continuous linear operator K, €
L(BP1) for any p € N and ¢ > 0.

We form approximate transfer operators £, = K. o Ly". Whenever the family {£ }>o
satisfies the Keller Liverani (KL) conditions (KL) from [1] on (|| - |[p.q, || - [lp=1.4+1) for any
p,q € N such that p + ¢ = 2, they consist of quasi-compact operators on B”? and for
0 < e < ¢y admit a unique leading eigenvalue with a unique corresponding eigendistribution
denoted f.. By replacing £y with £, and fy with f,, whenever it is well defined, in (50) and

(51), we obtain coeflicients denoted al(ii and afi):

al(jz : /C' (I - Le)_lﬁe (V ' (fe(')(D~TO)_ (ek,O / (Z 27T 2m’k| ) , and
" (53)

ajy = /C' (I = L)L (V- (fe(-)(D.To) 710, en)( / (Z (2m)*™|1]3 ) , (54)

"In section 5, £, will denote a perturbation of £y due to convolution by kernel k.. This overloads the
previous notation L, which denoted a perturbation of Ly due to a perturbation of Ty, but as we never
consider such Ly in this section, there should be no confusion. A similar overloading occurs with f. vs fs.
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where v, > 0 is chosen to ensure that ||T.||y = 1, where T, is given in (55). We wish to
show lim._,q al({lyz = al({l) and lim._,q a%i) = a}z), which will in turn imply convergence of our
estimated T, to T. We assume that the map Ty and its derivative are known perfectly, and
that the integrals in (50) and (51) are calculated perfectly; in practice, this is true up to

numerical precision.

Theorem 5.1. Let ¢ € C*(T? R) and the kernels {kc}ce(o,eq) be chosen such that the family
of operator satisfy (|| - |21, || - [l1.2) and (|| - [l1.2, || - [lo3) (KL) conditions. Then the sequence

of vector fields
1. := (Z al(iiek, Z afi)q) (55)

keZ? 1€72

converge in H to the unique solution T' of the optimal linear response problem (47)—(48).

Proof. The (|| - ||12, 1 - llo,s) (KL) condition, in particular (KL1), implies that there is a
monotone increasing map 7 : (0,€9] — [0,00) such that lim. ., 7(¢) = 0 and the operator
L. = K, o L satisfies

||,C6 — £0||31,2_>30,3 < T(E),

The (|| - [J2.1, || - [l1.2) and (|| - [1.2, | - llo.3) (KL) conditions and more specifically (KL3)
imply the following Lasota—Yorke inequalities adapted respectively to the pair of Banach
spaces (B*!, BY?) and (B2 B%?): da < M, such that for all m € N, ¢ > 0 and f € B>! one
has

1LT fllan < Ca™| fllzg +CM™| fll12, (56)
and for all f € BY2, one has
L7 flli2 < Ca™ || fll12 + CM™|| fllo3

Since B'? is compactly injected into B%3, the second uniform Lasota—Yorke inequality above
implies that there is Cy > 0 such that for any ¢ > 0 and any f € B2,

N1Lcflle < Coll fll12;

in other words it satisfies item 1) (on B'?) and items 2) and 3) from Theorem 3.2. Thus,
applying Theorem 3.2, we see that (39) holds, namely for any p > « there is 1, > 0 such
that for any z € C with |z| > p and d(z, sp(Ly)) > 0,

||(Z - ‘CE)_l - (Z - ‘CO)_1||V1,2—>V0,3 < CT(E)W'
In order to demonstrate the continuity of ag’)e as € — 0 we begin to study the ¢ — 0
limit of the integrand in (53). To this end, we let g := V- (f(-)(D.Ty) " (ex, 0)(+))) € V2.
Recall that according to Theorem 2.3 in [12], there is 0 < ¢ < 1 such that for f € Vi,
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1L8 fll12 < o™ fll12- Thus (I — Ly)~! : Via + Vi2 is a continuous linear operator, then one
has,

I(I = L) Le (gre) = (I = L) Lo (gre) llos <
(I — L)~ = (I = Lo) Hlvramvos||Le (gre) Iz + (T = Lo) M lvizllLe — Lollgr2—pos]|grell12
< 7(6)"Collgrelliz + T()(I = Lo) Hlvrassvos||geellre- (57)

What remains is to uniformly bound ||gk.||1.2 for € € (0, €] to prove that equation (57) goes
to 0 and then to verify the convergence of (I — L) 'Ly (gr.c) in B.

Uniform bound for |[gi |12 To bound ||gi.|12, we need to control || fc||2;. Note that
since f. is an eigendistribution for the leading eigenvalue A, of L., according to Corollary 1
from [11], for sufficiently small ¢y, one has that A\c > p > « for € € (0, €] and some p > a.
The Lasota-Yorke inequality (56) then ensures, for any m € N,

1 m
[ fell21 = —mHﬁe fell2a
Mm
< O—||fe||21 +C' ||fe||1 2,

thus for some mg taken large enough so that \"* — C'a™® > 0,

CM™o
b .
Fellzr < S —gmo [ fell2 (58)

As a consequence of Corollary 1 from [14], f. — fo in B“? : indeed, recall from the
notation of [11] that II. is the projection onto f., which is the eigenfunction satisfying
[ fe =1. Thus from item 1) of Corollary 1 from [11],

ML (f) = Ho(fo) .2 < K77 (e) (59)

Let’s write II, as I1.(fo) = T'c(fo) fe with ['c(+) being a linear form. Integrating the previous
equality, we obtain [II.(fy) = Te(fo) [ fe = Te(fo). Since [IIo(fo) = 1, using (59) we
deduce that I'c(fy) — 1. We now further conclude from (59) that

[fe = folli2 = 0. (60)

Returning now to (57), inequality (60) and (58) imply that the family (f.)cso is bounded
in B>, thus by item iv) of Proposition 2.1, the family (gxe)ee(o,e) is also bounded in B'2
and since lim._,o 7(¢) = 0, the RHS of (57) tends to 0

Verifying that (I — L) 'L (gx.) converges in B%®. This amount to check the conver-
gence of gy in B%3. Recall that gx . = V- (f(-)(D.To) ! (ex, 0)(+))), thus according to items
(i), (iv), and (v) from Proposition 2.1, and the convergence of (f.)eso toward f; in B2
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stated in (60), gre = gk == V- (fo(-)(D.Ty) *(ex,0)(+))) in B%?. Thus the continuity (see
item (v) from Proposition 2.1) of h € B% +— [ ¢ h allows us to deduce from the expression
of al” in (53) and (54) that for any i € {1,2} and any k € Z2,

,€

; 1
lim a\”. = lim — /c- I — L)L (g,
0 T 0y, (320, (2m)2m k|3m) ( ) (9k.)
.

Thus by convergence of Fourier series,
lim ||7. — Tl = 0.
e—0
]

Remark 5.2. If in (53) and (54) one replaces the terms that play the role of R(T) in (40)
with the “metaformula”™ (1.4) from [2], the resulting coefficients would again yield a vector
field that converges to the optimal perturbation T .

5.1.1 Examples of kernels that satisfy the hypotheses of Theorem 5.1

1. When the family (k.). has compact support (supp k. C B(0,¢€)) they satisty (|| - |21, || -
lli2) and (|| - |l1.2:] - [lo.3) (KL) conditions (see Lemma 5.2 from [1]). Moving toward
a numerical implementation, one could replace K. with K. o Dy (still for (k). a
family of kernel with compact support), where D) is convolution with the Dirichlet
kernel (truncating to the first n(e) Fourier modes for large enough n). This strategy
is justified by Proposition 5.3 [1].

2. If T satisfies condition (15) from [1] (roughly speaking, the norm of £, remains bounded
under translation of T on the torus), setting k. to be a family of n't-order Fejer kernels
satisfies the hypotheses of Theorem 5.1 (see Proposition 6.1 [1]), and is particularly
useful for numerical implementation. The use of these kernels is explored in the next
subsection.

Having established the above general convergence theorem, we turn our attention to numer-
ically approximating £y and fy. The following subsections detail the computations of the

central objects required to estimate the coefficients al((l) and a§2).

5.2 Numerically estimating the transfer operator £

Because we have a differentiable map on a periodic domain, it is natural to use a Fourier
basis to estimate L£y. The action of Ly in Fourier space will be represented by a matrix
acting on the standard Fourier basis e on T?, for k € F,, := {-n/2+1,...,n/2}*>. We
desire formal convergence properties for the numerically estimated SRB measure in B¢ and
therefore cannot simply project £y onto a truncated basis {ex jxer,. Instead we require some
mollification prior to projection; because of its simplicity and strong theoretical properties
we use the Fejer kernel scheme of [1].
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5.2.1 Fejér kernel mollification

Define the nth one-dimensional Fejér kernel K, ; on T = R/Z by

- Bl omik
K,1(x) = 1 — —— | o™,
=32 (-7
The nth d-dimensional Fejér kernel K, ; on T? is defined by taking a d-fold Cartesian product
of the one-dimensional kernels:
d
Kn,d(x) = H Kn,l(xi)v

i=1
where z; is the ith component of = € T¢. The Fejér kernel is particularly convenient because
convolution may be constructed by a simple reweighting of Fourier series:

(Kuax @) = 3 H(l—ﬂ) F (k). (61)

n+1
kezd i=1 +
[k|oo<n

The approximate transfer operators acting on B, , are defined by®
'Cnf = Kn,2 * ([’()f) = (Hn o /:'O)f

Section 6 [1] discusses the satisfaction of the hypotheses (S1) and (S3) (in [1]), where
this numerical approach is developed. The operator £ should also satisfy equation (15) in
[1]. Corollary 6.4 [1] states that if we convolve the transfer operator with a Fejer kernel

(parameterised by n as above), this sequence of operators in n satisfy the (|| -
(KL) conditions of [].

9> || ) ||p—1,q+1)

5.2.2 Matrix representation

We consider the operator £,, to act on B%!. Note that the image of B%! under £,, is contained
in the span of {ey}xer,, which is itself invariant under £,,. Therefore when computing the
eigenfunction of £,, corresponding to the largest-magnitude eigenvalue, we may restrict the
action of L, to {ex}xer,; this restricted action has a finite-dimensional representation. To
obtain a representation of £, in this basis, we first fix some notation. Denote the usual L?

inner product (f,g) = [ f-g. One has f = > o(f ex)ex = D opep f(K)ex. We now
compute

L= ey = [ ([ Kuate = n)tatentn) dy) (o) do

= Koa() - (e 0 T)(~K), (62)

where the steps from the first to the second line above are elaborated upon in equation (24)
[1]. The Fourier coefficients of K,, > can be immediately read off from (61).

8We again overload the subscripts on £ and f, but the meaning should be clear from the context.
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5.2.3 Discrete Fourier transform

The Fourier integrals in (62) are computed using Julia’s two-dimensional discrete fast Fourier
transform fft in the FFTW. j1 package [0]. Corresponding to the frequency grid F,, C Z? is
a regular spatial grid on T? of cardinality n?, which we call a “coarse grid”. For N > 4n,
spatial FFTs are taken on a refined regular N x N grid that contains the coarse grid. This
larger grid is called the “fine grid” and enables accurate estimates of the higher frequencies
in the coarse grid. The cardinality n? of the coarse grid determines the size of the n? x n?
matrix L,, while the cardinality N? of the fine grid determines the computation effort put
into estimating the inner products via the DFT. In our experiments we will use n = 32 or
64, and N = 4n. Further details are provided in [1].

5.3 Resolvent (I — Ly)™*

For our approximation of (I — L)™' we wish to compute the action of the resolvent (I —L,,)™*
on the image of £, intersected with the space of mean-zero functions Vy C L?. In terms
of Fourier modes, we therefore consider (I — £,)™! to act on span{ey : k € F, \ (0,0)}.
As in the discussion of Section 5.2.2, £, leaves span{ey : k € F,, \ (0,0)} invariant, and
the action of £, on this space can be exactly captured by the matrix representation L,
(assuming perfect evaluation of Fourier transforms). Similarly, the action of (I — £,)7*
on span{ey : k € F, \ (0,0)} is exactly captured by (I — L,)~'. To restrict the matrix
representation (I — ﬁn) to the appropriate subspace we simply delete the row and column of
I — L, corresponding to the (0,0) mode. We may then explicitly invert the (n?—1) x (n?—1)
matrix [ — f)n

5.4 Observable ¢

We take the FFT of the observation function ¢ evaluated on a fine uniform N x N spatial
grid in T? where N > 4n and restrict the resulting frequency representation to the lower
modes in F,,. We further remove the entry corresponding to the mode (0,0) because the
integrals in (50) and (51) may be restricted to V4. We denote the resulting vector by ¢é,.

5.5 Estimate of the SRB measure f

We calculate the leading eigenvector @, of L, using the eigs function in Arpack.jl and
assemble the estimate of fy as Zke P Uy €k, Where 7,y indicates the element of the vector
0, corresponding to mode k. The complex eigenvector v,, of the complex matrix L, typically
has an arbitrary complex phase assigned by the numerical eigensolver, so we automatically
adjust the phase to maximise the real part of fo. Theorem 6.3 [1] guarantees convergence of
the SRB measure (in the || - ||,—14+1 nOrm) as n — oo.
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5.6 Estimate of the divergence term

For the numerical computations, it will be convenient to use an expanded form the divergence
term in (50),

V- (fo()D.To) (ex, 0)(-))) = (Dafo, (DoTo) ™" o (ex(2),0))
+ fo(x)(V - (Do To) ™, (ex(),0))
+ fole) Te((DoTo) ™" o Da(ex(),0)), (63)

and similarly for (51). This expansion follows in the same way that (28) is developed from
(7). For simplicity, the differentiation for D, f, is done by automatic differentiation (AD)
applying the gradient function in ForwardDiff.jl [17] to the estimate of fy described
immediately above, followed by evaluation on the N x N fine spatial grid. Similarly, lifting
Ty to R?, the derivatives (D,Ty)~' and V - (D,Ty)™! are computed by the AD jacobian
function, and then evaluated on the fine spatial grid. The derivative of the elementary
modes of the vector fields D, (ex,0) and D, (0, e;) are trivially defined directly and evaluated
on the fine spatial grid.

5.7 Putting everything together

For each fixed k € F),, the three terms calculated in §5.6 are added together and a two-
dimensional FFT is taken on the fine N x N spatial grid. The resulting two-dimensional
frequency array is restricted to the modes in F;, \ (0,0) and multiplied by L, and (I — j}n)_l
and ¢,, and summed to obtain a single complex scalar coefficient afj) or an).

To obtain a straightforward speedup when looping over modes k and 1 in F},, all compo-
nents of (50), (51), and (63) that do not depend on k or 1 can be pre-computed outside the
loop. This includes the construction and multiplication of ¢,, (I — I:n)*l, and ﬁn, and all

relevant constructions and multiplications of the terms in (63) described in §5.6.

5.8 Convergence of the Fejér kernel algorithm

For a given Fourier order n, the numerical scheme presented in sections 5.2-5.7 produces an
approximate optimal vector field

7, (Z ag;ek,zagigel> |
keZ? lez?
where the coefficients algzl and agz are given by the formulae (53) and (54), replacing L.
with £,, from Section 5.2.2 and f. with f,, from section 5.5.
We now state a corollary of Theorem 5.1 that guarantees that the 7}, converge to the
true optimal T under increasing numbers of Fourier modes. Because the Fejér kernel is not
locally supported, we require an additional hypothesis on £y. For f € BPY with p,q € N
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such that p + ¢ = 3, let 7,(f)(z) = f(x + y) denote the translation by y. We assume that
the for any y € T?, the operator 7,Lq : B?? — BP4 is well defined and continuous and

sup max{||7,Lo
yeT2

2.1, |7y Loll12} < oo. (64)

Corollary 5.3. For c € C3(T% R), if Lo satisfies (64) then ||T,, — T||g= — 0 as n — oo.

Proof. For large enough n, Corollary 6.4 [1] ensures that the operator £, satisfies the (KL)
condition in [4] on (|| - [|l2,1, [ - [[1,2) and (|| - |12, [ - [lo,3). From this fact, we may follow the
arguments of the proof of Theorem 5.1 to obtain the result. 0

As discussed in Remark 5.2, one may remove hypothesis (64) by using a Dirichlet kernel in
place of a Fejér kernel to truncate to the first n Fourier modes, followed by convolution with
a locally supported kernel k.. The numerical strategy described in Sections 5.2-5.7 could
also be applied to the “metaformula” in [2] in the obvious way, retaining the convergence
guarantee as discussed in Remark 5.2.

5.9 Computation time

To give an example of the scale of the computation, with n = 32 and N = 128 (the resolution
used in Section 6), we have 32?2 = 1024 modes and therefore 2048 coefficients are required
in total for (50) and (51). Each coefficient requires evaluating the three terms in (63) on a
fine grid of (4 x 32)? = 16384 points, followed by a two-dimensional FFT on this fine grid.
Running Julia 1.11 on a laptop with an Intel Core Ultra 7 processor, the two main loops
over k and 1 each take about 6 seconds with standard Julia multithreading (about 5ms per
coefficient). Computations at higher resolutions are also very tractable, e.g. with n = 64
and N = 256, each of the two main coefficient loops take about 110 seconds (about 26ms
per coefficient).

The two-dimensional example in [9] used a lower resolution of n = 15 and is reported to
take 863 seconds (about 1.92 seconds per coefficient). Thus, at least in the two-dimensional
case, our approach demonstrates a speedup by a factor of around three orders of magnitude.

6 Case studies

In this section we illustrate the efficacy and utility of our approach through two case stud-
ies. Julia code for these computations is available at https://github.com/gfroyland/
Optimal-Hyperbolic-Response.

6.1 Stabilisation of the hyperbolic fixed point of Arnold’s cat map

In our first case study we let To(x) = (22142, x14+x2) (mod 1) be the area-preserving Arnold
cat map with fo = 1. We select the objective function c(xq,x2) = cos(2mx;) + cos(2mxs).
The maximum of ¢ occurs at (z1,29) = (0,0), which coincides with the fixed point of
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Figure 1: Optimal vector field computed with n = 32 Fourier modes along each coordinate
direction, using a Sobolev norm scaling factor v = 0.02. The red lines are a segment of the
stable manifold of the fixed point at the origin. A uniform scaling of the length of the vectors
in this figure has been made for improved visualisation.

To, and there is a minimum at (0.5,0.5). Recall we wish to solve (47)-(48), maximising
J(T) = [c¢R(T) = [c- f, where f = R(T) is the derivative of % fs|;—. To increase the
expectation of ¢, mass should be moved away from (1, x2) = (0.5,0.5) and toward the origin.
One might guess that a suitable perturbation 7" tries to make the origin more attracting that
it currently is. We shall see that this is indeed the case, but that the optimal perturbation
T does more, making profitable use of most of the phase space. To estimate the optimal
T we use the ansatz (49), and compute the Fourier coefficients al((l) and al(f) in (50)—(51).
Note that because Tj is linear, the first two terms on the RHS of (63) are zero. Because
the H” norm of ey grows like |k|7, if we were to use the standard H7 norm the optimal T
would consist almost exclusively of the very lowest order modes, either e ), ex1,0), or €(o,1)-
This effect can be partially seen in Figures 4, 6, and 9 in [9], where the standard Sobolev
norm is used, and very regular optimal vector fields are obtained. We therefore introduce a
scaled Sobolev norm | - || g7, where [lex||3- = S o (2m)? k|3, for 0 < 4 < 1. In our
experiments we choose 7 = 0.02, providing a unit ball that allows higher modes to become
more active in the optimal solution. This yields sufficient variability in the optimal vector
field to provide a dynamical interpretation of the solution.

Figure 1 shows the optimal vector field 7' computed with n = 32 Fourier modes in each
coordinate direction as described in Section 5. Overlaid on the vector field in Figure 1 is
a segment of the stable manifold for the fixed point at the origin. One can immediately
see that the vector field pushes a neighbourhood of this stable manifold closer to the stable
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Figure 2: SRB measure estimate of T = Ty + 0 - T for some positive &, where the average
norm of ¢ - T is approximately 2% of the domain diameter. Note the concentration of mass
about the fixed point near the origin.

manifold. The vector field in this neighbourhood is also partly directed along the stable
manifold in the “direction of travel” toward the fixed point. In a neighbourhood of the fixed
point itself the vector field pushes almost orthogonally to the stable manifold, and counters
the expanding direction of Ty by pointing toward the origin. This clever strategy means
that if a perturbed map Ty = Ty + 67" were formed for some small § > 0, the effect of T
would be to entrain mass toward a neighbourhood of the origin under repeated iteration
of Ty. This is indeed the case; Figure 2 illustrates how the SRB measure of Ty is localised
nearby the maximum of the objective function ¢. For the choice of ¢ in Figure 2, one has
O foo |7 (x)|| dz ~ 0.0202. In other words, the average norm of 67" is 0.0202, corresponding
to an average perturbation of T by around 2% of the domain diameter.

6.2 Localising nearby a hyperbolic period-two orbit of a nonlinear
Anosov map

In our second case study we modify Arnold’s cat map to obtain a nonlinear Anosov map
To(x) = (21 + 29 + 2A cos(2mxy), 1 + 2 + Asin(drzs + 1))  (mod 1)

for A = 0.01; see [1] for a proof that Tj is Anosov. The map Ty has two hyperbolic period-two
orbits, and we focus on the period-two orbit

(p1, p2) =~ {(0.1796,0.4023), (0.7877,0.5852)}.
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- 0.5

Figure 3: Optimal vector field computed with n = 32 Fourier modes along each coordinate
direction, using a Sobolev norm scaling factor v = 0.02. The blue background is an estimate
of the SRB measure of the nonlinear Anosov map 7Ty. A uniform scaling of the length of the
vectors in this figure has been made for improved visualisation.

We select the objective function

- T () ()

keZ?

namely a sum of two localised Gaussians centred on each of the period-two points, where
the norm || - || is the periodic Euclidean norm on the torus and the summation over k ensures
¢ is C* on the torus’. The maxima of ¢ obviously occur at p; and p,. By maximising
J(T) = [¢R(T) = [c- f to increase the expectation of ¢ under infinitesimal perturbations
T, we therefore expect mass to be concentrated near the period-two orbit.

Figure 3 shows the optimal vector field 7' computed with n = 32 Fourier modes in each

coordinate direction as described in Section 5. Because Tj is nonlinear, all terms in (63)

contribute to the computation of the coefficients al((l) and a§2). We use the Sobolev norm

| - ||, with v = 0.02 as in the previous example. Overlaid on the vector field in Figure
3 is an estimate of the SRB measure of Ty, computed as described in Section 5.5. The
optimal vector field 7" displays convergent behaviour centred at each of the period-two orbits
and entrainment to modest segments of the local stable manifolds of each of the period-two
points. In contrast to Figure 1, the optimal 7" in Figure 3 is relatively inactive away from
local segments of the stable manifolds of the two period-two points. This is likely due to the
different form of the observation c¢. In the current example, c¢ is indifferent to the presence of

9Because exp(—1/0.12) < 107*2, in the numerical implementation we instead use only the (0,0) term in
the sum, namely c(z1,72) = exp(— ||z — p1?/0.12) + exp(— ||z — p2||?/0.12), incurring a negligible error.
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Figure 4: Estimate of the SRB measure of Ts = Ty + 0 - T for some positive &, where
the average norm of ¢ - T is approximately 1.2% of the domain diameter. Note the strong
concentration of mass about the period-two orbit.

mass outside local neighbourhoods of the period-two points, while in the previous example
the observation ¢ penalised mass more if it lay farther from the fixed point, thus encouraging
a stronger “sweeping out” of mass from a larger fraction of the domain.

Figure 4 shows the SRB measure of Ts = Tj) + 07", using the optimised 7. Note that the
SRB measure of T strongly localises nearby the maxima of the objective function ¢, which
occur at the period-two orbit of Ty. For the choice of ¢ in Figure 4, one has § [, |7 ()| do ~
0.0122. In other words, one may accomplish this dramatic targeted change in the SRB
measure through a relatively small smooth optimal perturbation to 7 where the average
perturbation 67 is around 1.2% of the domain diameter.
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