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Abstract Transport and mixing in dynamical systems are important properties for
many physical, chemical, biological, and engineering processes. The detection of
transport barriers for dynamics with general time dependence is a difficult, but impor-
tant problem, because such barriers control how rapidly different parts of phase space
(which might correspond to different chemical or biological agents) interact. The key
factor is the growth of interfaces that partition phase space into separate regions.
The paper Froyland (Nonlinearity 28(10):3587-3622, 2015) introduced the notion of
dynamic isoperimetry: the study of sets with persistently small boundary size (the
interface) relative to enclosed volume, when evolved by the dynamics. Sets with this
minimal boundary size to volume ratio were identified as level sets of dominant eigen-
functions of a dynamic Laplace operator. In this present work we extend the results of
Froyland (Nonlinearity 28(10):3587-3622, 2015) to the situation where the dynamics
(1) is not necessarily volume preserving, (2) acts on initial agent concentrations dif-
ferent from uniform concentrations, and (3) occurs on a possibly curved phase space.
Our main results include generalised versions of the dynamic isoperimetric problem,
the dynamic Laplacian, Cheeger’s inequality, and the Federer—Fleming theorem. We
illustrate the computational approach with some simple numerical examples.
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1 Introduction

The mathematics of transport in nonlinear dynamical systems has received consid-
erable attention for more than two decades, driven in part by applications in fluid
dynamics, atmospheric and ocean dynamics, molecular dynamics, granular flow, and
other areas. We refer the reader to Ottino (1989), Rom-Kedar et al. (1990), Meiss
(1992), Aref (2002), Wiggins (2005) for reviews of transport and transport-related
phenomena. Early attempts to characterise transport barriers in fluid dynamics include
time-dependent invariant manifolds (such as lobe dynamics Rom-Kedar et al. 1990)
and finite-time Lyapunov exponents (Pierrehumbert 1991; Pierrehumbert and Yang
1993; Doerner et al. 1999; Haller 2002; Shadden et al. 2005). More recently, in two-
dimensional area-preserving flows, Haller and Beron-Vera (2013) proposed finding
closed curves whose time-averaged length is stationary under small perturbations;
this aim is closest in spirit' to the predecessor work of this paper (Froyland 2015),
though the latter theory applies in arbitrary finite dimensions and the curves need not
be closed. In parallel to these efforts, the notion of almost-invariant sets (Dellnitz and
Junge 1999) in autonomous systems spurred the development of probabilistic meth-
ods to transport based around the transfer operator. In relation to transport barriers,
numerical observations (Froyland and Padberg 2009) indicated connections between
the boundaries of almost-invariant sets and invariant manifolds of low-period points.
Transfer operator techniques were later extended to dynamical systems with general
time dependence, with the introduction of coherent sets as the time-dependent ana-
logues of almost-invariant sets (Froyland et al. 2010; Froyland 2013). Topological
approaches to phase space mixing have also been developed (Gouillart et al. 2006),
including connections with almost-invariant sets (Piyush et al. 2012).

Froyland (2015) introduced the notion of a dynamic isoperimetric problem, namely
searching for subsets of a manifold whose boundary size to enclosed volume is min-
imised in a time-averaged sense under general time-dependent nonlinear dynamics.
Solutions to this problem were constructed from eigenvectors of a dynamic Laplace
operator, a time-average of pullbacks of Laplace operators under the dynamics. It was
shown in Froyland (2015) that the dynamic Laplace operator arises as a zero-diffusion
limit of the transfer operator constructions for finite-time coherent sets in Froyland
(2013). This result demonstrated that finite-time coherent sets (those sets that maxi-
mally resist mixing over a finite time interval) also had the persistently small boundary
length to enclosed volume ratio property; intuitively this is reasonable because diffu-
sive mixing between sets can only occur through their boundaries. Thus, finite-time
coherent sets have dual minimising properties: slow mixing (probabilistic) and low
boundary growth (geometric). The theory in Froyland (2015) was restricted to the

! The extension (Oettinger et al. 2016) of Haller and Beron-Vera (2013) to three dimensions is less aligned
with Froyland (2015), as Oettinger et al. (2016) asks for uniform expansion in all directions in the two-
dimensional tangent space to potential LCS surfaces, whereas the approach of Froyland (2015) in three
dimensions is simply concerned with surface growth without a uniform expansion restriction.
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situation where the advective dynamics was volume preserving, and to tracking the
transport of a uniformly distributed tracer in Euclidean space. In the present work, we
extend the results of Froyland (2015) in three ways: (1) to dynamics that is not volume
preserving, (2) to tracking the transport of nonuniformly distributed tracers, and (3)
to dynamics operating on curved manifolds.

We now begin to be more specific about the results of the present paper. Let M
denote a connected r-dimensional compact C*° Riemannian manifold and I" denote a
C° hypersurface disconnecting M into submanifolds M1, M»; thatis {M, M, '} is
a partition of M. For example, M could be the unit square [0, 1]> € R? and T either
a curve from a boundary point to another boundary point or a closed curve. On M we
place a Riemannian metric m and a probability measure w,. The size of a set M C M
is given by u, (M), and by a process of inducing explained in the next section, we
develop a measure w,_; to determine the size of (r — 1)-dimensional objects such as
I". To continue our trivial example, if u, = w is 2-dimensional Lebesgue measure,
then w,—1 = w1 is 1-dimensional Lebesgue measure, which can be used to measure
curve length in R?. In order to track the transport of nonuniformly distributed passive
tracers (e.g. chemical concentrations in fluids, air mass in the atmosphere, salt in the
ocean), we require a general probability measure p, that represents the initial distri-
bution to be tracked. Similarly, in order to estimate the amount of material that can
be ejected through the boundary at any given time, we require the measure i, to
compute boundary size.

Letus suppose that the dynamics over a finite-time durationis givenby 7 : M — N,
where T can be a single transformation, the concatenation of several maps over several
discrete time steps, or the flow map for a time-dependent vector field over some
duration 7. The following brief discussion checks the boundary at the initial and final
times, but in the case of continuous time, one may continuously check the boundary
size as described in Sect. 3.1. The manifold N is equipped with a Riemannian metric n
(which need not be the push-forward of m) and a probability measure v, := p, o 71
(which must be the push-forward of 1,-). Conservation of mass enforces the definition
v, := p, o T™1, but in many applications we may not want m and n to be related by
T. Continuing our example, if M = N = [0, 1]> and T is not area preserving, then /1,
(2-dimensional Lebesgue measure) will be transformed by 7 to a probability measure
vy with a nonconstant density. Furthermore, since M = N = [0, 1]2 C R?, we have
in this example that m = n is the standard Euclidean metric.

Given a disconnecting hypersurface I', we compute the dynamic Cheeger constant

mr—1(T) + v (TT)
2min{u,(My), pr (M)}’

and wish to minimise H? (I') over all smooth T disconnecting M. The numerator
of (1.1) quantifies the boundary size of I' and its image TT"; thus, minimising over
all smooth I'" finds the interface I' which has minimal combined length, both before
and after evolution (and in the later continuous versions, throughout evolution). The
denominator of (1.1) is a standard normalisation condition in (static) isoperimetric
problems to avoid trivial solutions and ensure that both M and M, are of macro-
scopic size. Equation (1.1) is a natural generalisation of Eq. (1) of Froyland (2015)
for nonvolume-preserving dynamics.

HP () := (1.1)
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Beyond the generalised dynamic isoperimetric problem described above, our main
contributions are firstly the formulation of a dynamic Sobolev constant (a functional
version of the dynamic Cheeger constant) in our general setting and a corresponding
proof of adynamic version of the celebrated Federer—Fleming theorem,? which equates
the geometric Cheeger constant with the functional Sobolev constant. Secondly, we
define a generalised version of the dynamic Laplace operator constructed in Froyland
(2015). In our general setting (see Sect. 4.1 for details), the operator is

AP = % (Bp + L*AL), (1.2)

where A, A, are weighted Laplace—Beltrami operators, weighted by i, v, respec-
tively. The operator £ : L>(M,m, ;) — L*>(N,n,v,) is simply Lf = f o T~!
and £L*f = f o T. See Sect. 4.2 for continuous-time versions of A”. The special-
isation of (1.2) to the volume-preserving, unweighted setting may be found in Eq.
(15) of Froyland (2015). A related construction is considered in Karrasch and Keller
(2017) from the point of view of heat flow, where they search for a single metric for
a Laplace-Beltrami operator, rather than solving an isoperimetric-type problem, and
follow ideas of Thiffeault (2003) to consider flow in Lagrangian coordinates and make
connections to almost-invariant sets subjected to time-dependent diffusion.

We prove a dynamic version of the well-known Cheeger inequality in our gen-
eralised setting (see Cheeger (1969) for the classic (static) Cheeger inequality and
Theorem 3.2 in Froyland (2015) for the dynamic Cheeger inequality in the volume
preserving, uniform density, flat manifold setting), which bounds the Cheeger constant
above in terms of the dominant nontrivial eigenvalue of AP f = Af (with natural
Neumann-like boundary conditions). Finally, we prove that

*

lim (ﬁfﬁ—zld)f =c- APy, (1.3)

e—0 €
in a sense made precise in Sect. 5, where Id is the identity, L. is an e-mollified version
of £, used to compute finite-time coherent sets in Froyland (2013), and c is an explicit
constant. Because singular vectors of L, (eigenvectors of L] L) are used in Froyland
(2013), and eigenvectors of AP are used in the present work, this result shows that in
the small perturbation limit, the purely probabilistic constructions of Froyland (2013)
coincide with the purely geometric constructions of the present paper. The limit (1.3)
generalises Theorem 5.1 in Froyland (2015) to the setting of dynamics that need not
be volume preserving, to the tracking of weighted tracers, and to curved domains.

The paper is arranged as follows. In Sect. 2 we provide relevant background material
from differential geometry. Section 3 describes the dynamic isoperimetric problem
on weighted manifolds and states the dynamic Federer—Fleming theorem. Section 4
details the dynamic Laplace operator on weighted manifolds and states the dynamic
Cheeger inequality. In Sect. 5, we state the convergence result (1.3). Section 6 contains
illustrative numerical experiments, and most of the proofs are contained in appendices.
In comparison with Froyland (2015), Theorems 3.3, 4.4, 4.5, and 5.1 in this work
generalise, respectively, Theorems 3.1, 4.1, 3.2, and 5.1 in Froyland (2015).

2 See e.g. p. 131 of Chavel (2001) for the classical static statement and Theorem 3.1 in Froyland (2015)
for the dynamic statement in the volume preserving, uniform density, flat manifold setting.
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2 Primer on Differential Geometry

Let M be a compact, connected r-dimensional C*° Riemannian manifold. We denote
the boundary of M by dM. If M is nonempty, then we assume that dM is C>. We
are interested in tracking the masses of the » and r — 1 dimensional subsets of M as
this manifold is transformed by a general smooth dynamical system. We now give a
brief introduction of the key tools in differential geometry for performing the above
task; additional details are provided in Sect. B of Appendix.

Recall that to compute the r-dimensional volume of the objects in M, one considers
a metric tensor on the tangent space 7, M at the point x € M. In particular, the Rie-
mannian metric m on M associates each point x € M with a symmetric bilinear form
m(-, )y : TeM x T, M — R, yielding a volume form w), on M (see Appendix B.1 for
more details). The differential r-form ), defines an r-dimensional volume measure
on any measurable subset U C M by V,,(U) := |, y @ To describe the mass distri-
bution of the objects in M, we consider a weighted Riemannian manifold (M, m, p,),
where 11, is an absolutely continuous probability measure with respect to V,,; that is,
there exist i, € LY(M, V,,) such that

Mr(U)=/ er=/ h,u'a):na
U U

for all measurable U C M, and (M) = 1. Since any subset of M with p, measure
zero has no physical impact, without loss of generality we assume that the density £,
is uniformly bounded away from zero.

Let (N, n, v;) be another weighted Riemannian manifold, where N is a compact,
connected r-dimensional C* Riemannian manifold, » the Riemannian metric on N,
and v, an absolutely continuous probability measure with respect to V,,. As before, we
shall assume that the density /4, of v, is uniformly bounded away from zero. Consider
a general dynamical system 7 : M — N that acts as a C°°-diffeomorphism from M
onto N. For the purpose of modelling physical processes, we assume that no mass is
lost under transport; that is, the measure @, on M is transformed under the action of
Ttov, := pyo T—!. Because the densities & w» 1y are uniformly bounded away from
zero, v, = i, o T71, and T is a diffeomorphism, the nondegeneracy of the metrics
n, m implies that the Jacobian associated with T must be uniformly bounded above
and away from zero (see Appendix B.3). We emphasise that 7 is not necessarily the
push-forward of m, and that T is not an isometry from (M, m) to (N, n) in general.

Let 7 M denote the tangent bundle of M; thatis, 7 M := Uyep{x} x 7u M. A vector
field V on M is a section of the bundle 7 M that is the image of x € M under V is the
tangent vector Vx € 7, M. For k > 1, we denote the space of k-times continuously
differentiable vector fields on M by F’ k(M). Fora pairV, W e F k(M), one can view
m(V, W) : M — R as a C¥ function on M given by m(V, W)(x) = m(Vy, W)«
for all x € M. Denote by 7*M the dual bundle of 7 M; that is the cotangent bundle
T*M : Uxem{x} x T M, where 7. M is the vector dual of 7, M. The covector fields
on N are sections of the bundle 7*M.

It is practical to associate the diffeomorphism 7 : M — N with the linear tangent
map T that takes vector fields on M to vector fields on N, which we now define. Let
yx : (—€,€) = M be a family of parameterised curves in M, with y,(0) = x € M.
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Suppose for each x € M that V, € 7, M is tangent to the curve y, at x. The action of
V, on a differentiable function f at each point x € M is defined to be the number

_0(foy)| |
Vefly = —ar ) 2.1

that is Vy f|, measures the initial rate of change of f along a curve with tangent Vy
at the point x. The local push-forward map (Ty)x, : Zx,M — Trx,N is defined at a
fixed point xg € M as

(T Violgl 7, = V(g 0 T,

for all g € CK(N,R). The collection of local push-forward maps defines a linear
tangent map T : FX(M) — F¥(N) via

(T V)l (T x) := [(T:)xVxlglras (2.2

forallx € M,and g € Ck(N, R).

Next, we define the linear cotangent map 7* that takes covector fields on N to
covector fields on M as follows. Given a vector field V on M, the action of VV on a
differentiable function f on M isafunction Vf : M — Rgivenby V f(x) := Vi f|,.
By the duality of the tangent and cotangent spaces, the cotangent vector fields are
differential 1-forms d f that map vector fields on M to functions on M viad f (V) :=
V f. The cotangent mapping on differential 1-forms is defined by

[T*dIV := dg(T.V) = V(g o T) = (T.V)g, (2.3)

forall V € F¥(M) and g € C¥(N, R). One can associate the cotangent mapping 7*
with an exterior product of p-forms, 1 < p < r (see Appendix B.1). In particular,
since the metric tensor n is a symmetric 2-form on F k(N), one defines the pullback
metric of n by

T*n(V1, Vo) (x) := n(T: V1, TW)(Tx), 2.4

for all vector fields Vi, V, on M, and each point x € M that is, the pullback metric
T*n is defined in such a way that T is an isometry from (M, T*n) to (N, n).

To compute the co-dimension 1 volume of (r — 1)-dimensional subsets of
(M, m, ;) and (N, n, v,), one uses the induced Riemannian metric. Suppose I' is
a compact C* co-dimension 1 subset of M. The embedding ® : ' < M induces a
Riemannian metric on I via the pullback metric associated with ®; that is ®*m is the
induced metric on I'. Let wfn_l denote the (r — 1)-dimensional volume form corre-
sponding to the induced metric ®*m (i.e /! = Wpe,,)- To describe the distribution

m
of mass on I', we define the (r — 1)-dimensional measure u,_; on M by

1 (1) 1= /F ol @5)
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Fig. 1 Deformation of 2-dimensional cylinder under nonlinear shear 7. a Colors are values of h,, and
black lines are the hypersurface I'. b Values of /1, o T=! and TT (Color figure online)

(b)

where £, is the density of 1, ; the measure w,_; captures the mass distribution on I"
via h,. Similarly, the co-dimension 1 mass distribution on a C*°, compact subset of N
is captured by the (r — 1)-dimensional measure v,_ via the density %, of v,. We now
provide an example to demonstrate that the p,_; measure on certain hypersurfaces
can be significantly increased under the action of a transformation 7.

2.1 Shear on a Two-Dimensional Cylinder

Let M = [0,4)/~ x [0, 1] be a2-dimensional cylinder in R2, where ~ is identification
at interval endpoints; that is, M is periodic in the first coordinate with period 4. The
Riemannian metric e on M is given by the Kronecker delta §;;, so that the volume
form a)g on M is wi = dxjdx;. To form a weighted Riemannian manifold (M, e, u7),
we set the density i, of uy to be a positive and periodic function Ay (x1, x2) =
F(sin(rxy) + 2).

Consider the hypersurface I' = {x € M : x; = 1.5, 3.5}; we choose this surface
because it is the solution of the classical “static” isoperimetric problem defined by
minimising (1.1) without the second term in the numerator. The curve I is two vertical
lines on M that pass over regions with minimal density /,, as shown in Fig. 1a. One
can compute u1(I") analytically by noting that the induced Riemannian metric on I
is given by dxj; thus

1 1
pui(I) = / hu (1.5, x2) dxo +/ h; (3.5, x2) dxp = 0.25.
0 0

Let us now apply the following transformation to M,

cosh (2xp) — 1 )
- ~ b 'x2 9

T(x1,x2) = <X1 + >

where the first coordinate is computed modulo 4. The map 7 is a nonlinear horizontal
shear. The hypersurface I" is transformed to 7" under the action of 7 as shown in
Fig. 1b. The shearing magnitude (cosh(2x) — 1) /2 is chosen to simplify the analytical
computation of vi(TT"). It is easy to verify that 7 is area preserving. Since T is area
preserving and v2 = us o T~!, one has

/ hvd)qug:/ hud)quz:/ hy o T dxidxo,
™ M ™

which implies i, = h;, o T in this example.
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To compute the v| measure on 7T", we parametrise the curve TT' by TT" = (0,(¢), t)
fort € [0, 1], where o.(t) = ¢ + %, for ¢ = 1.5, 3.5. Furthermore, by using
the fact that 7, = h,, o T, one has

sin(mwc) + 2

hy(oc(t),t) = hyle, t) = .

c=1.5,3.5 8

for all ¢ € [0, 1]. Therefore

b (TT) = / 1+'—<r> hy(o15(0), 1) dr

1+ ‘—(t) ~hy(o35(t), 1) dt

9 2
01.5 d

2 1

= /0
2 1

= 5/ \/ 1+ sinh?(2¢) dr = 0.4534.
0

Thus the v; measure of 7T is almost double that of the 111 measure of I". Correspond-
ingly, the numerator in (1.1) will be undesirably large. In Sect. 6.3.1 we show how to
use our new machinery to find an improved choice for I" that takes into account both
the weight h, and the dynamics of T'.

3 The Dynamic Isoperimetric Problem on Weighted Manifolds

Our goal is to detect Lagrangian coherent structures on the weighted Riemannian
manifold (M, m, u,); i.e. subsets of M that resist mixing with the surrounding phase
space by having persistently small boundary size to internal size. Following Froyland
(2015), we introduce a version of the dynamic isoperimetric problem, generalised to
the situation where the dynamics need not be volume preserving, and occurs on a
possibly weighted, possibly curved manifold.

Let I be a compact C*-hypersurface in M that disconnects M into two disjoint
open subsets M| and M> with M{UI'UM> = M. Tobegin with, we model the dynamics
as a single iterate of 7. The subsets M and M> are transformed into Ny := T M and
Ny := T M3, with TT the disconnecting surface separating Ny and N> in N. Consider
the following optimisation problem:

Definition 3.1 Define the dynamic Cheeger ratio HP by

HD(F) _ H/r'fl(r) + v 1 (TT) ) (3.1
2min{u, (M1), pr-(M2)}
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The dynamic isoperimetric problem is defined by the optimisation problem

h? = irrlf{HD(F)}, (3.2)

where I varies over all C*>°-hypersurfaces in M that partition M into M = M{UT'UM,.
The number h? is called the dynamic Cheeger constant.

Note that by the definition of v,, one has u, (M) = v.(N1) and u, (M3) = v, (N3).
Importantly, one does not have w,_1(I') = v,_(TT) in general, because n is not
necessary the push-forward of m (see also the direct computation in Sect. 2.1). Thus,
one could rewrite (3.1) as

pr—1(I") vr—1(T'T)

HP (') = — . .
2min{u, (M1), ur(M2)} ~ 2min{v, (T M1), v, (T M>)}

(3.3)

By searching over all C*°-hypersurfaces I' in M to minimise H? (T"), the first ratio
term of (3.3) attempts to minimise mixing between the subsets M| and M, across
the boundary T, through the mechanism of small co-dimensional 1 mass p,_1(I")
at the initial time, and small co-dimensional 1 mass v,_1(7T) at the final time.
Having a persistently small boundary is consistent with slow mixing in the pres-
ence of small magnitude diffusion, and is also consistent with measures of mixing
adapted to purely advective dynamics such as the mix-norm (Mathew et al. 2005)
and negative index Sobolev space norms (Thiffeault 2012). The reason for the
constraint min{u, (My), u,(M>)} is to ensure that M; and M, found, both have
macroscopic r-dimensional mass to avoid trivial solutions. Thus, the optimal solu-
tion for (3.2) is a C°°-hypersurface that represents an excellent candidate for a
Lagrangian coherent structure, in the sense that the corresponding subsets M and
M, are able to retain their resistance to mixing in the presence of the prescribed
dynamics 7.

To see why this problem is a truly dynamic problem, consider the 2-dimensional
flat cylinder [0, 4)/~ x [0, 1] described in Sect. 2.1. The hypersurface I' = {x € M :
x1 = 1.5, 3.5} partitions M into two disjoint subsets M; = (1.5, 3.5) x [0, 1] and
M, =10, 1.5) x [0, 11U (3.5,4) x [0, 1], forming the partition M = M UT" U M5.
It is straightforward to calculate pu>(Mp) = wp2(Mz) = 0.5. We note that I' is
optimally minimising for the first ratio term of (3.3); thus mixing is minimised
between M| and M,. However, under the action of T, the v; measure on TT
is almost doubled (from 0.25 to 0.4534). Thus, the sets M; and M, are not
able to maintain their resistance to mixing, and therefore are poor candidates for
LCS:s.

3.1 Multiple Discrete Time Steps and Continuous Time
The “single iterate” problem described above can easily be extended to multiple

discrete time steps or continuous time. Let {(M', m', ;L,,i)}fle be k, r-dimensional
weighted Riemannian manifolds, where each M Um 2, oM kis Co, compact, and
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connected. For each 1 < i < k, define co-dimension 1 measures p,—;; on M I via
the densities h; of each w,; analogous to (2.5). Let us now consider a composition
of several maps 71, 7>, ..., Tx_1, such that T;(MY = ML Ty the identity and
Wri = Mrit1 o I, fori = 1,2,...k — 1. Denoting TO = Tio---0ThoT,
i =1,...,k — 1. These maps might arise, for example, as time-t maps of a time-
dependent flow. If we wish to track the evolution of a coherent set under these maps,
penalising the boundary of the evolved set T (") after the application of each Tj,
then we can define

Lk 1 (TOT)

HP () = : (3.4)
‘ min{py,1 (M), r,1 (M)
and consider the time-discrete dynamic optimisation problem
hP = inf HP (), (3.5)

as a natural generalisation of h”.

In continuous time, we consider an evolving Riemannian manifold M (¢),t € [0, ]
under a (possibly time-dependent) ODE x = F(x, t), where F(x, t) is C* at each
x € M(t); i.e the initial manifold M (0) is transformed under the smooth flow maps
TW : M) - M) arising from F for each t € [0, t]. We denote the Riemannian
metric on M (¢) by m’, and define absolutely continuous probability measures [t
on M (t) for each t € [0, 7]; one has an evolving weighted Riemannian manifold
(M(t), m', ). Note that the metrics m’ need not be related for different ¢. For all
t € [0, 7], we assume jt,.0 = iy, o T on M(t). Define

Lo w1 (TOT) dr

HD I := y
0,011 min{u,0(M1 (1)), wro(Ma2(1))}

(3.6)

and
D ._ . cpD
hjg+) := inf Hjg (1), 3.7)

as a time-continuous generalisation of h?. See Sect. 3.3 of Froyland (2015) for anal-
ogous constructions in the unweighted, volume-preserving situation.

3.2 A Dynamic Federer-Fleming Theorem on Weighted Manifolds

Our first result on dynamic isoperimetry is the dynamic version of the Federer—Fleming
theorem, which links h? with a function-based optimisation problem. The gradient
of f € C'(M, R) denoted by V,, f is a vector field satisfying

m(Vn f,V) =V, (3-8)
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for all V e F¥(M). Following Froyland (2015), we define the dynamic Sobolev
constant:

Definition 3.2 Define the dynamic Sobolev constant s” by

Sag 1V Flm dper + [y IVa(f 0 T™H, dvy
2infyer fM If —almdu,

D .
s” = inf 3.9)
f

where f : M — R varies over all C*° functions on M.

The dynamic Sobolev constant s” defined above admits the following geomet-
ric interpretation: consider the numerator of s”, one can show (by Lemma B.1 in
Appendix) that

o
[ ntndir = [~ wraits =
M o0

and,
/ IVl vy = / (LS = 1.
N —00

=/ vt (TLf = 1)) dr,

—00

where the final equality is due to Proposition B.5 in Appendix. Furthermore, there is
a deep connection between s” and the dynamic Cheeger constant h”. One has

Theorem 3.3 (Dynamic Federer—Fleming theorem) Let (M, m, ) and (N, n, v,) be
weighted Riemannian manifolds, where M and N are C*°, compact, and connected.
Let T : M — N be a C* diffeomorphism, with v, = i, o T~'. Assume the density
of i, is C™ and uniformly bounded away from zero. Define h? and sP by (3.2) and
(3.9), respectively. Then

s? =h”. (3.10)

Proof The inequality s” > hP is a straightforward modification of the correspond-
ing result in Froyland (2015) (Theorem 3.1). The other direction is deferred to the
Appendix. O

Furthermore, in the notation of Sect. 3.1 one can define the continuous time-step
dynamic Sobolev constant for continuous-time dynamics by

%for (fM(t) [Vt f It dﬂr,t) dt
S[0.7] = inf —
’ f infy fM(O) | f — Ol|mo d/'Lr,O

Again by the linearity of our construction, it is straightforward to obtain a dynamic
Federer—Fleming theorem for continuous-time dynamics; that is

D D
Si0.71 = hjo.7)-
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The proof is obtained by a straightforward modification of the proof of Theorem 3.3
analogous to the continuous-time modification in the proof of Corollary 3.3 in Froyland
(2015).

4 The Dynamic Laplace Operator on Weighted Manifolds

In this section, we further develop the theory of dynamic isoperimetry established for
R" in Froyland (2015), to obtain results that hold on weighted, nonflat Riemannian
manifolds (M, m, p,) for nonvolume-preserving dynamics. More precisely, we define
the dynamic Laplace operator and state and prove dynamic versions of Cheeger’s
inequality. The dynamic Laplace operator will be the key object in the computation
of solutions of the dynamic isoperimetry problem.

4.1 The Dynamic Laplace-Beltrami Operator

Classical isoperimetric theory has deep connections with the Laplace—Beltrami oper-
ator (see Buser 1982; Chavel 1984; Kawohl and Vladislav 1984; Milman and
Schechtman 2009). It is well known that one can recover certain geometrical informa-
tion about a manifold M from the spectrum of Laplace—Beltrami operator (Reuter et al.
2006; Rustamov 2007). In this work, our domain of interest is a weighted Riemannian
manifold (M, m, u,). The dynamics T maps M onto N = T(M). The geometric
properties of N can be drastically different to M, and we are motivated to construct
an operator on (M, m, j1,) whose spectrum reveals important geometric structures on
both M and N.

For an unweighted Riemannian manifold M, the standard Laplace—Beltrami oper-
ator is defined as the composition of the divergence with the gradient (Chavel 1984),
with V,, defined by (3.8). Let U € M be open, with C*° boundary dU and unit
normal bundle n along dU; i.e. for W € F5@QU), mOV,n)(x) = 0 for all x € dU.
The divergence of V € F 1 (M), denoted by div,,V is a function satisfying

/divmv.w:n :=[ mV,m - ol @.1)
U

U

for all open U < M. The Laplace—Beltrami operator acting on a function f €
C%(M, R) is defined by Ay f = divy, (Vi f).

Recall that in the setting of a weighted Riemannian manifold (M, m, ), if h;, is
the density of i, then when computing weighted volumes, the volume form o), is
scaled by A, at each point in M. According to Definition (3.8), the gradient does not
depend on the weight 4, because the metric m is independent of %,,. However, the
divergence given by (4.1) does depend on &, because it is defined in terms of w},,. We
define the weighted divergence div,, of a V € FYM) for (M, m, uu,) by

1
div,V := —div,, (h, V), 4.2)
hy
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where the density &, of p, is assumed to be C 1(M, R). Note that by (4.1)

/ div, V) - hyol, = / divy (h, V) - o,
U U

=/ m(h,V,m) - o =/ m(V,n) - hyolt (43)
U U

Hence, Definition (4.2) for weighted divergence is analogous to unweighted version
4.1).

Now as a consequence of (4.2) and the well-known fact that div,,(h,V) =
div,, V) + m(Vyhy, V) (see e.g Eq. (13) p. 3 in Chavel 1984), one has the fol-
lowing definition for the weighted Laplacian on a weighted Riemannian manifold
(Mv m, Mr):

1 m(Vyhy, Vin f)

Apf i =divy (Vi f) = 5 divy, (hy Vo f) = A f + h , 4.4)
3 w

forall f € C2(M,R). Analogous to (4.4), one forms the weighted Laplacian A, on
N with respect to the metric n and density £, for the weighted Riemannian manifold
(N, n,v).

We now describe the construction of the dynamic version of A,. The crux of the
construction is the push-forward and pullback of functions between L? (M, m, ) and
L? (N, n, v;). Totrack the transformation of a function in L! (M, V,;,) under T, the stan-
dard tool in dynamical systems is the Perron—Frobenius operator P : L' (M, V,,) —

L' (N, V,) given by
/Ph.wng h-of,, (4.5)
U T-1U

for all measurable U C N. For a point-wise definition of P, see (B.17) in Appendix.
Recalling i, € L' (N, V,) is the density of v, with respect to w;,, and the fact that
v, =y o T, one has

/Ph,,wf,:f hu-a),rnzur(T_lU)zv,(U)zfh,,-w,r,, (4.6)
U T-U U

for all measurable U in N. Therefore, h, = Ph . We define the push-forward operator
L:L*(M,m, u,) — L*(N,n,v,) (from Froyland 2013) by

— P(f ) hu)

Lf: ™

4.7)

Lemma 4.1 The operator L : L2(M, m, ihy) —> L2(N, n, vy) is well defined, may be
expressedas Lf = f o T, and has adjoint L*g = go T.

The proof of this result is given in Appendix (see Lemma B.4).
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Definition 4.2 Assume the density of ., is C' (M, R). Define the dynamic Laplacian
AP CY(M,R) — CO(M,R) by

1
AP = E(AM + LA L), (4.8)

where the weighted Laplacians A, A, are given by (4.4), and £, £* are defined
above.

The first term in the RHS of (4.8) is the weighted Laplacian A, on f € C 2(M,R).
The second term pushes f forward by L to the function £ f. This is then followed
by the application of the weighted Laplacian A, to the function £ f. The weighted
Laplacian A, provides geometric information on the weighted manifold (N, n, v,).
The result is finally pulled back to a continuous function on M via L£*. For example,
consider the familiar setting of (M, e, £), where M is an open subset of R", with ¢ the
Lebesgue measure on M and e the standard Euclidean metric (i.e on each point in M,
ejj =26 foralll <i, j,k <r).If T :M — N is volume preserving, then in the
standard Euclidean coordinates {x;};_, for M, and {y;};_, for N, one has

1 (02f 9%(foT™H
APf =~ —=+————0T
/ ZZ<8xi2+ or )

i=1
forall f € C>(M, R), where AP is precisely the definition of the dynamic Laplacian
in Froyland (2015) (where it is denoted by A).
Corollary B.7 in Appendix provides an alternate representation of A”:

1 1 (m(Vphy, Vi ) n(Vyhy, Vo Lf)o T
AP f=—(Dp+L¥0L - £ :
! 2(””r ")f+2< hy, + hyoT

4.9)
The effect of the densities 4, &, is completely captured by the terms in the second

parentheses of (4.9). Finally and importantly, we have

Proposition 4.3 The operator AP may be represented as
p 1
AT = E(A“ + AR f, (4.10)

where A is the weighted Laplace—Beltrami operator on M defined by (4.4) with
respect to the metric T*n and density L*h, = h, o T.

For the proof, see Corollary B.8 in Appendix. We briefly discuss some special cases

of Proposition 4.3. If (M, m) = (N, n), then Aj; in (4.10) is the weighted Laplace—

. . . . h
Beltrami operator on M with respect to the metric 7*m and density L*h, = ‘dTMJTl’

where Jr is the Jacobian matrix associated with 7 (see B.2). If N = T(M) C R¥,
m =n = e,and T is volume preserving, then A is the Laplace-Beltrami operator on
M with respect to the metric 7 *e and density L*h, = hy,. Finally, if 2, = 1 (uniform
density) and T is volume preserving, one is in the setting of Froyland (2015), and A
in (4.10) is the unweighted Laplace—Beltrami operator with respect to the metric 7*e.
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4.2 Continuous Time

We now describe a time-continuous version of (4.8). For the time-continuous case,
let (M (¢), m", jur;) be an evolving weighted Riemannian manifold as in Sect. 3.1,
with flow maps T M) - M(t) arising from a (possible time-dependent) ODE
x = F(x,t), where F(x,t)is C* at each x € M (¢). We define a time-continuous
Perron—Frobenius operator P, : L'(M(0), j1,.0) — L'(M(t), ;) by fM(t) P f -
= f M) f ~w:n0 forall ¢ € [0, t]. One now has the time-continuous push-forward
operator £, : L>(M(0), m®, w.0) — L*>(M(t), m", u,,) given by

Pe(f - h)
Lif = ———, 4.11
tf P (4.11)
for all ¢ € [0, t], where £ is the density of the initial measure 0.
Define the time-continuous generalisation of AP as
D L[t
A[O,‘L’]f = ;\/0\ £?Aﬂat£l‘f dt, (412)

where A, ; is the weighted Laplacian given by (4.4), with respect to the metric m'
and weight P;h for each ¢t € [0, t]. Furthermore, by a straightforward modification
of Corollary B.8 in Appendix, one has

E?Au,tﬁt = Aﬁ,t,

for each r € [0, t], where A ; is a weighted Laplacian on M defined by (4.4) with

respect to the metric (7®)*(m') and density P;h o T™). Hence, one may express
(4.12) as

1 T
A[%,f]f = ;/0 Ap g fde. (4.13)

4.3 Spectral Theory and a Dynamic Cheeger Inequality on Weighted Manifolds

In standard isoperimetric theory for a compact, connected Riemannian manifold M,
one may use the spectrum of the Laplace—Beltrami operator A, to reveal geometric
information about M. Variational properties characterise the spectrum of A, (see,
e.g. p. 13 in Chavel 1984 or p. 210 in McOwen 1996). Extensions of these variational
properties, which carry dynamic information, can be developed for dynamic Laplacian
on a compact subset of R”, under volume-preserving dynamics as in Theorem 3.2 in
Froyland (2015). Here, we generalise Theorem 3.2 in Froyland (2015) to weighted,
nonflat Riemannian manifolds, subjected to nonvolume-preserving dynamics.

Theorem 4.4 Let (M, m, u,) and (N, n,v,) be weighted Riemannian manifolds,
where M and N are C*°, compact, and connected. Let T : M — N be a C*-
diffeomorphism such that v, = i, o T~'. Define AP and T*n by (4.8) and (2.4),
respectively. Consider the eigenvalue problem
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AP¢ =19, (4.14)
with initial Neumann-type boundary condition
m([Vy, + Vrspldp,n)(x) =0, Vx € M, (4.15)

where n is the normal bundle along d M. Assume the density of ., is C*° and uniformly
bounded away from zero.

1. The eigenvalues of AP form a decreasing sequence 0 = A; > Ay > A3 > ---
with Ay — —00, as k — oc.

2. The corresponding eigenfunctions ¢1, ¢o, ... are in C*°(M,R), the eigenfunc-
tion ¢y is constant, and eigenfunctions corresponding to distinct eigenvalues are
pairwise orthogonal in L>(M, m, u,.).

3. Let (-, -),, denote the inner-product on LM, m, u,), and | - |, = /m(-,-) the
normon tangent spaces induced by the metric tensor m. Define So = L>(M, m, 1)
and Sy :={f € LZ(M,m,,u,r) Afodidy=0fori=1,...,k}, fork=1,2,...,
then

o w1V Sl dur [y VLT dvy

A = 4.16

k fE€Sk—1 ZfM f2 du, ( )

g D (Sl Ve f ) di (4.17)
feSi_i 2 [oy f2dur ’ ’

where L is given by (4.7). Moreover, the infimum of (4.16) is attained by f = ¢.
Proof See Appendix. O

Equation (4.16) shows that the eigenvalues of AP take on larger negative values
when |V, f| is large with respect to u, and |V, L f|, is large with respect to v,. To
obtain A close to zero, one needs f and L f to have low gradient, and particularly in
regions of high px, and v, mass, respectively. Compare this to (3.9) and the display
equations below (3.9), which make connections with level sets of f and the push-
forward L f. Another way to state that A is close to zero is to say that one needs the
level sets of f and L f to be not large with respect to 1 and v,_1, respectively. This
probably means a combination of not being large according to w;_l and a)fl_l (e.g.
if M is two-dimensional, the level sets are generally a small number of short curves
produced by an f which is not very oscillatory), and avoiding high density areas of
(M,m, i) and (N, n, v,).

The following theorem provides an upper bound on how bad (how large) the average
size of an evolving boundary I" can be; it bounds above the geometric quantity h?
in terms of A;, the first nontrivial eigenvalue of AP The classical “static” version
of this result, due to Cheeger (1969), can be intuitively described in terms of heat
flow. Consider heat flow (generated by the Laplace operator) on a solid dumbbell in
two dimensions with a narrow neck. By initialising “positive heat” on one side of
the dumbbell and “negative heat” on the other side, the rate at which the heat flow
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equilibrates will be slow because of the narrow neck. The eigenvalue A, will be close
to zero because of this slow equilibration. Of course, the narrow neck means that it
is possible to very cheaply partition the dumbbell M into two pieces M1, M>, with
I" cutting across the neck. Cheeger showed that a small Ay implied a small h? (a
cheap way of disconnecting M). Theorem 4.5 injects general nonlinear dynamics into
these ideas, and extends Theorem 3.2 (Froyland 2015) to weighted manifolds and
nonvolume-preserving dynamics. In terms of heat flow, we are effectively averaging
the heat flow geometry across the time duration over which our dynamics acts; see
also Karrasch and Keller (2017) for a treatment of metastability using heat flow in
Lagrangian coordinates.

Theorem 4.5 (Dynamic Cheeger inequality) Let (M, m, u,) and (N,n,v.) be
weighted Riemannian manifolds, where M and N are C*°, compact, and connected.
Let AP and HP be defined by (4.8) and (3.1), respectively. Assume the density of ji,
is C*° and uniformly bounded away from zero. If L, is the smallest magnitude nonzero
eigenvalue of eigenproblem (4.14), (4.15) with eigenfunction ¢;, then

h? < inf HP({¢r =1}) <2/ (4.18)
te(—00,00)

Proof See Appendix. O

By the linearity of our construction with respect to time, it is straightforward to
use variational properties to characterise the spectrum of A[%’ . (see 4.13) as in The-
orem 4.4. Moreover, by a modification (see Appendix F.1 for details), one can obtain
a continuous-time dynamic Cheeger inequality

hQ . <2y/—%ar,

where A2 . is the second eigenvalue of AD deﬁned in (4.13).

To motivate our strategy for obtammg a good feasible solution I' to minimisation
(3.2) we first note the equivalence of h? and sP given by Theorem 3.3; indeed in
the proof of Theorem 3.3 one selects I' from level sets of functions f used in the
RHS of (3.9). Second, part 3 of Theorem 4.4 shows that A, solves an L? version of
the L' minimisation in the definition of the Sobolev constant in (3.9). In fact, as L'
optimisation is often more difficult than L? optimisation, one chief reason to introduce
the L? minimisation is to obtain simple eigenvalue characterisation (4.16). While we
cannot easily solve the L' optimisation of (3.9) we can solve its L2 version via (4.16)
to obtain A and ¢p. Defining I'; = {x € M : ¢o(x) = t} as the level set corresponding
to the value 7, we search over all level sets of ¢, selecting the one that gives the lowest
value of HP (I'") as our approximate solution to (3.2). Note that for each ¢ we are
equivalently inserting f = 1y, into (3.9), where My, = {x € M : ¢a(x) < t},
and we are thus evaluating the best level set according to the HP or L' objective,
rather than then L? objective. This is the content of Algorithm 1 below, which is
relatively standard in manifold learning and graph partitioning, and has also been
used in Froyland (2015) and Froyland and Junge (2015).
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Algorithm 1: Dynamic spectral partitioning

1 Solve the eigenvalue problem AP ¢2 = Ao, where A is the first nontrivial eigenvalue of AP, with
corresponding C°° (M) eigenfunction ¢ .

2 Foreach ¢ € [min ¢, max ¢, ], partition M into M = My, UT'; U M3 ; via
Mi;={xeM:¢r(x) <t}, My; ={x € M :¢r(x) > t}, and the C*> hypersurface
I'r={xeM:pr(x)=t}.

3 Compute HP (T'y) for each ¢ € [min ¢, max ¢, ] and extract the optimal #y; the hypersurface 'y, is
an approximate solution to dynamic isoperimetric problem (3.2).

Remark 4.6 Algorithm 1 can be extended to multi-element partitions if one is search-
ing for multiple coherent objects. Early transfer operator-based methods (e.g. Dellnitz
and Junge 1999; Deuflhard et al. 2000) proposed the use of a numerical spectral gap as
a heuristic for determining the number of almost-invariant sets; that is, a gap between
A and Ax4 indicates that k is a natural number’ of almost-invariant sets to search
for. This idea is commonly used in the transfer operator community and is equally
applicable to finite-time coherent sets (Froyland 2013, where one would look for a gap
in the singular value spectrum) and to the dynamic Laplace operator (Froyland and
Junge 2015). Such a heuristic has also been used for eigenvalues of (static) Laplace—
Beltrami operators and their discrete graph-based counterparts in manifold learning
(see, e.g. the review Von Luxburg 2007), where it is called the eigengap heuristic. Once
an estimate of a natural number k > 1 of coherent objects has been determined in this
way, one embeds the eigenfunctions ¢, . .., ¢x+1 in (k — 1)-dimensional Euclidean
space, as per, e.g. Shi and Malik (2000)). One can then employ standard clustering
methods to identify k distinct coherent objects My, ..., M. In the case of weighted
manifolds, the balancing of the u, measures of the sets My, ..., M is important.
This could be achieved by, for example, weighted fuzzy clustering, analogous to the
algorithm in Froyland (2005).

5 Geometry and Probability: Linking Finite-Time Coherent Sets with
Dynamic Isoperimetry

We demonstrate that the probabilistic approach for identifying coherent structures
in Froyland (2013) is tightly connected to the dynamic Laplacian given by (4.8),
extending Theorem 5.1 (Froyland 2015) to the nonvolume-preserving, weighted man-
ifold setting. Let (M, e, u,) and (N, e, v,) be weighted Riemannian manifolds, where
Wr, vy are absolutely continuous probability measures with respect to the Lebesgue
measure ¢, e the Euclidean metric, and M a compact, r-dimensional subset of R". In
this setting it was shown in Froyland (2013) that one could apply localised smoothing
operators before and after the application of the transfer operator, followed by a nor-
malisation, to obtain an operator L, (see 5.5 below), and that the leading sub-dominant
singular vectors of the operator L corresponded to finite-time coherent sets.

3In settings where there is a good functional analytic setup for the transfer operator P, one defines the
number of almost-invariant (resp. coherent) sets as the number of eigenvalues (resp. Lyapunov exponents)
outside the essential spectrum (Dellnitz et al. 2000) (resp. Froyland et al. 2010).
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Theorem 5.1 in Froyland (2015) states that if 7" is volume preserving and £ = w, =
vy, then

* « — I 1
Eele = DI ) = L+ £on0r) fo), 5.1)

lim
! €? 2

e—0
forallx € M C R", where £ and £* are composition with T-'and T, respectively,
and L is the adjoint of L, with respect to a weighted inner-product (see (5.6) below).

In the following, we first generalise the above constructions to a weighted Rieman-
nian manifold setting. We then improve point-wise convergence (5.1) to a uniform
convergence over all f € C3(M,R). Define Q : Rt — R with support in the open

interval (0, 1), such that for any vector x = (x, x2, ..., x,) € R"
0if i #j
xix; Q(|x))de(x) = { oL (5.2)
Ll(o) P C if 1 =]
for some fixed constant ¢. For € > 0, let Q,, ¢(x,z) = e " Q(dist,, (x, z)/€) be

a family of functions, where dist,, is the Riemannian distance function on M with
respect to the metric m. For open subsets X C X, € M and each € > 0, define the
diffusion operator Dy  : LY(X,V,) > LI(XE, Vin) by

Dx,ef(X)=/XQm,e(x,y)f(y)~a),’,,(y), (5.3)

for all x € M. If necessary we rescale Q so that Dy (1x = 1x_, where 1 is the
characteristic function; i.e. we assume fOE QO(x/e)dx = € for all € > 0. One can
interpret Dy . as a mollifier on f, that averages f at the point x € X over the e-
neighbourhood of x according to the distribution Q. Similarly for ¥/ C Ye € N we
define a local diffusion operator Dy, . : LI(YG/, V) — LY(Y., V) by Dy, e f(x) ==
Jys QneGe. ) () - ().

Recall the definition of the Perron—Frobenius operator P given by (4.5). Set
YE/ = TX,, one has an advection—diffusion process between LI(X, Vin) and

L'(Yc, V), given by the following diagram:

1 Dxe 11 Py Dyre
L (X,Vy) — L (X¢, Vip) — L (Ygﬂ Vi) — L (Ye, Vp). 5.4

We form P, : LY(X, V) — L'(Ye, Vy) according to (5.4) via the composition
P f = DYg,e o P o Dx ¢ f. Normalising P, yields the operator

P(f-h
Lef(y) = % = / ke, ) £ () dpty (x), (5.5)
el y X
where
Jx. One(y. T2) Om.e(2, X) - @)y (2)
ke(x,y) := £

S (fx, @ne. T2 Oz, ) -}, ) ity ()
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Let hy, = Pchy,, and define v, := dhy_/dV,. If ke(x, y) € L>(X X Ye, ity X Vye)
then £, : L2(X, Ur) — L2(Y,, Vr.¢) 1s compact (by Lemma 1 in Froyland 2013).

By obvious modification of the arguments in Froyland (2013), one can verify that
the adjoint operator L : L*>(Ye,ve,) — L*(X, u,) is given by the composition

Lig=Dx oL o D;E/’Eg. (5.6)

Let 1 denote the characteristic function. Note that L1y = 1y, and L1y, = 1y,
hence the leading singular values L, is always 1, with corresponding left and right
singular vectors 1y and 1y, (by Proposition 2 in Froyland 2013).

By construction, with a suitable choice for Q the leading singular value of L is
always 1, and the second leading singular vector of L, is used to partition X C M into
finite-time coherent sets in Froyland (2013). The operator L, applies local diffusion
on X C M, before and after X is transformed into Y, under the action 7. Similarly,
the operator L} applies local diffusion on Y, before and after Y. C N is pulled back
to X C M under T. Therefore, if X contains finite-time coherent sets (and Y, contains
their images), then there will be a tendency for the boundaries of these coherent sets to
be small both before and after advection in order to minimise diffusive mixing through
their boundaries. The reason for adding diffusion is to give compactness of L, acting
on L2, ensuring the singular values of L, close to 1 are isolated, and to detect subsets
of X and Y, that have small boundary both before and after the application of T'; see
Sect. 4 in Froyland (2013) for details.

An interesting question is “what happens in the limit ¢ — 0?” The composition
L} L. is approximately the identity for small €, which appears to provide no dynamical
information. However, by subtracting the identify and rescaling by €2, one can extract
the next term in an € expansion of L} L. The following result generalises Theorem
5.1 in Froyland (2015) for R” to the case of nonflat weighted Riemannian manifolds;
subjected to nonvolume-preserving dynamics.

Theorem 5.1 Let (M, m, u,) and (N, n,v,) be weighted Riemannian manifolds,
where M and N are C*°, compact, and connected. Let T : M — N be a C*®
diffeomorphism. Assume v, = w, o T~', and the density of u, is C3. Define AP by
(4.8), and L. and its adjoint L by (5.5) and (5.6), respectively. There exists a constant
¢ such that

LXLe—1
lim sup # —c-APf =0, (5.7)
OIS N3y <! € CO(M.R)
where the constant c is as in (5.2).
Proof See Appendix. O

As in the analogous result for small magnitude diffusion presented in Theorem
5.1 (Froyland 2015), one now has a geometric interpretation of finite-time coherent
sets considered in Froyland (2013). Due to Theorem 5.1, given € sufficiently small,
the action of the operator LXL. — I is approximated by the action of the dynamic

@ Springer



J Nonlinear Sci

Laplacian AP. Thus, one has a dual interpretation of finite-time coherent sets as
defined probabilistically in Froyland (2013) to minimise global mixing (including
now in the weighted, nonvolume-preserving situation), and as defined geometrically
in Froyland (2015) and the present paper using the notion of dynamical isoperimetry
to force small boundary size under nonlinear dynamics.

6 Numerical Experiments

In this section we use Theorems 4.4 and 4.5 to compute solutions to dynamic isoperi-
metric problem (3.2). Our examples will showcase Lagrangian coherent structures on
weighted domains with nonvolume-preserving dynamics. To keep the numerics sim-
ple, we do not explicitly model curvature in the examples. We consider 2-dimensional
weighted, flat Riemannian manifolds (M, e, i) and (N, e, 1), where M and N are
2-dimensional compact subsets of R2, and e is the Euclidean metric. We consider
measures [t with smooth densities %, that are uniformly bounded away from zero,
and nonlinear dynamics 7 : M — N such that vy = us o T~!. Before we give
the specific details on the 2-dimensional weighted Riemannian manifolds (M, e, u2),
(N, e, vp) and the transformations T, we outline the numerical discretisation of the
weighted Laplacian AP defined by (4.8) and the operator £. We have employed a
very simple low-order method, but in principle any standard operator approximation
method can be used instead. We note that Froyland and Junge (2017) have recently
developed higher-order methods with low data requirements to accurately compute
the spectrum and eigenfunctions of the dynamic Laplacian and extract the dominant
LCS:s.

6.1 Numerical Approximation for £ and £*

To obtain a numerical approximation for £, we start with tracking the time evolution of
the density 4, under T'. To achieve this, we numerically estimate the Perron—Frobenius
operator P using Ulam’s method (Ulam 1960). We follow the construction of Froyland
et al. (2010): partition M and N into the collections of small boxes {By, ..., By} and
{Ci, ..., Cy}, respectively, and let P be the transition matrix of volume transport
between the boxes in M and boxes in N under the action of 7. We numerically
estimate the entries of P by computing

_ #zig € Bi:T(zig) €Cj}
#{Zi,q € Bi}

P, , 6.1)

where z; 4, g = 1,..., Q are O uniformly distributed test points in the box B;. The
matrix P is a row-stochastic matrix, where the (i, j)th entry estimates the conditional
probability of a randomly chosen point in B; entering C; under the application of 7.
The connection between the matrix P and the operator P is as follows. Denote by
7 LY(M, e, V) — sp{lp,,...,1p,} and 6, : LY(N,e, v) —> sp{lc,, ..., 1¢c,}
the orthogonal Ulam projections formed by taking expectations on partition elements.
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Define P j := 0, 0P.Onehas Py ; : sp{lp,,..., 15} — sp{lc,,...,1c,}, sothat
P is the matrix representation of P; ; under left multiplication.

We discretise the density 4, of u, to a column vector u of length /, by setting
u; = ur(B;). If some sets B; have zero reference measure, then we remove them
from our collection as there is no mass to be transported. We therefore assume that
u; > Oforalli =1,...1.To approximate the density &, of v,, we use the fact that
hy = Ph, (by 4.6). Thus v = P Tu is the numerical approximation of /,. We assume
v; > 0 (if v; = 0, then we remove the corresponding sets C; because they represent
v (Cj) =0).

To numerically estimate £ given by (4.7), we use the matrix P and the vectors u
and v. In particular, the components of 8; (L f) are approximated by

1
Pji(fiui

[Lf1~ ) # (6.2)

i=1 I

where f; are the components of the vector f := 777 f. Define the I x J matrix P by

Pij = Piju,-/vj. (6.3)

Then (6.2) is equivalent to 8; (L f) ~ Pt ; that is the matrix P under left multiplica-
tion is the numerical approximation of £. To numerically estimate £* from £, we note
by definition (L f, g), = (f, L*g),, forall f € L*(M,m, ) and g € L2(N, n, v,).
Hence,

where [L*g]; and g; are the components of the vectors 77 (L f) and 6, g, respectively.
Therefore, we have

J
[L7gli ~ ) Pyjg;. (6.4)

j=1

The operator £* is numerically estimated by the matrix P under right multiplication.

6.2 Finite-Difference Estimate for AP

To numerically solve the eigenvalue problem A, f = Af on (M, e, 11,), we discretise
A, using the second equality of (4.4); that is

1
Auf = Hdive(hﬂvef). (6.5)
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In preparation for the numerical approximations for our 2-dimensional examples,
which will be a rectangle, cylinder or torus, we construct a K by L grid system for M.
Let (x1, x2) be Euclidean coordinates on M. We cover M with I grid boxes { B; }l.I:] of
uniform size by, x by, (one can easily consider the more general case of nonuniform
box sizes), and re-index the boxes {B,-}l.’:l to {Bk.i}1<k<k.1<I<L, indexing the xi-
direction with k, and the xp-direction with /; clearly K x L = I. Let fi; and puy
denote the components of discrete functions f and u, respectively.

We employ standard finite-difference schemes to obtain numerical approximations
for the RHS of (6.5). Starting with the approximation of 2, V, f, one has in Euclidean
coordinates (x1, x2), the vector h,V.f = h,(df/dx;,df/0x2). To compute the
derivatives df/dx; and df/dx, numerically, we apply the standard central-difference

technique to obtain on the grid box By j,

of e = feora 0 O feret = fiion
3)(1 2bx1 3)62 2bx2 ’

thus on the grid box By

(6.6)

S — fr—1u S — fri—
hu Ve f ~ (uk,z s Uk .

2b,, 2b,,

Next, we numerically solve the divergence div, applied to the RHS of (6.6). By
central-difference approximations, one has on the grid box By

I 1 Jiw2.0 — fri =20 — fru
Apf = —(dive(hy Ve f)) ~ — Jead = el P2 Tk
wf hﬂ( e (hu Ve f)) ™ |:Mk+1,l i Ug—1, i
Sigv2 = St St = fei—2
Pt e _ Lo v = . 67
+ Uk 41 47, U j—1 a2, (6.7)

Denote the resulting finite-difference approximation of A, by the I x I matrix L.
Rearranging (6.7), then L, applied to the vector

f=0A1 Pt s i oo e fon -, frL)s (6.8)

is a vector of length / with components

1 ugg1, T ug—1y L ug 41
L.f = ke _ Log it
(Lyflir k-1 57 fk+2’l+4b§1 " Jx 2’l+4b)2c2 el Jiia2

I wug—1

4D2 ug fri—2

1 wgyr +ug—1, T g1 + ug -1
A Tr— — fea. (69)
4bx1 Ukl 4bx2 Ukl
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for1 <k < K,1 <1 < L. Note that if u;; is constant forall 1 < k < K
and 1 <[ < L, then expression (6.9) becomes the standard 5-point stencil Laplace
matrix.

To treat the numerical approximation of A, at the boundary of M, we apply the
usual Neumann boundary condition e(V.¢, n), = 0 for all x € dM (where n is unit
normal to d M). This Neumann boundary condition is imposed by symmetric reflection
(Strikwerda 2004) in the above-modified finite-difference scheme as follows: consider
the grid boxes By for 1 <[ < L; one has a boundary on the left side edge of each of
these grid boxes. By construction, the unit normal n along the left side edge of the grid
boxes { B} 1L:1 is given by (—1, 0). Therefore, the boundary conditione(V.¢,n), =0
is satisfied by reflecting the artificial fo; = f24, f—11 = f1.1 and ug,; = u for all
I <[ < L. One applies similar symmetric reflections to all By ; at the boundary
of M.

By definition (4.8), and the numerical approximations we obtained for A, A,, £
and £*, one has the finite-difference approximation for the weighted dynamic Lapla-
cian L? given by

L? =L, + PL,PT, (6.10)

where the matrices P and P are given by (6.1) and (6.3), respectively, and L, L, by
(6.9). We note that the matrices L, L,,, P and P are sparse and consequently LD is
sparse. One can numerically solve the finite-dimensional eigenvalue problem LPf =
M for small eigenvalues A, and in particular A, and corresponding eigenfunction ¢,.
To find a good solution I" to dynamic isoperimetric problem (3.2), one can use the
level sets of ¢, as candidates for I" as in Algorithm 1.

6.3 Case Study 1: Dynamics on a Cylinder

We now demonstrate our technique on a weighted 2-dimensional cylinder (M, e, u2),
where M = [0,4)/~ x [0, 1] and h,(x1, x2) = %(sin(nxl) + 2) as in Sect. 2.1. We
set our computational resolution for M to be K x L = 256 x 64 square grid boxes
By 1 of side length b = 1/64, and select the number of test points in each grid box to
be Q = 400*. We consider two different types of nonlinear transformations 7 and T»
acting on M:

cosh 2xp) — 1
Ti(x1,x2) = | x1 + — ). (6.11)
Tr(x1,x2) = (x1 + x2, x2 + 0.1x2 sin(2w x7)) , (6.12)

where the first coordinate is computed modulo 4 in both cases. The map Tj is the
area-preserving, nonlinear horizontal shear from the example considered in Sect. 2.1.
The map 7 is a linear horizontal shear, composed with vertical area-distortion; i.e.

4 One can also use far fewer points per box and still obtain good results.

@ Springer



J Nonlinear Sci

0.35
0.3
0.25

weight

0.2

0.15

A 3 .. 4 i ) F !
(©) (@
Fig. 2 Partition of M using the eigenvector ¢, of AP under nonlinear shear T} given by (6.11). a Colors
are values of h,, and black lines are the level surface I'yy = {¢p = —1.211 x 10_5}. b The level surfaces

15 2

of ¢. ¢ Colors are the values of hy, and black lines are the level surface 71T, d The level surfaces of
L¢o (Color figure online)

To(x1, x2) = Ta(x1 + x2, X2),

where .
Tr(x1, x2) = (x1, x2 + 0.1x2 sin(27x7)),

compresses the mass distribution of M in towards the horizontal line x, = 0.5.

6.3.1 The Transformation Ty on M

We optimally partition M using Algorithm 1 to find a good solution I to dynamic
isoperimetric problem (3.2). First, we consider the dynamic Laplacian for 77 acting
on M. In step 1 of Algorithm 1, we construct the matrix LP given by (6.10) as the
numerical approximation of A? via the finite-difference scheme outlined in Sect. 6.2,
and numerically solve the finite-dimensional eigenproblem L”¢ = A¢. The lead-
ing numerical eigenvalues A1, A2, ... A7 of LP are 0, —0.6046, —1.3739, —2.3221,
—3.2886,—3.4091, —3.7056 . . .. The components of the numerical eigenvector ¢, cor-
responding to A; takes on at most 256 x 64 unique values; at most one value on each
of the grid box. Step 2 of Algorithm 1, generates partitions of M = M, ; UT'; U M ;
from level sets of ¢». Finally, one computes HP(T;) for each ¢, and finds the opti-
mal I', as a solution to dynamic optimisation problem (3.2); the results are shown in
Fig. 2.

It was found that the hypersurface I'y, is H? minimising for tp = —1.211 x 1073;
see Fig. 2a, c. Note that the densities /1, form a region of low pt1-mass in M about the
lines {x € M : x; = 1.5, 3.5}. Thus, to minimise the @ |-mass of the hypersurface I';,
in M, it is advantageous to have I';; as short curves in close proximity to the vertical
lines {x € M : x; = 1.5, 3.5}. Moreover, to effectively counter the shearing imposed
by T so that the size of vi-mass of T1I';, stays persistently small in 7'M, the curve I'y,
bends horizontally towards the left progressively more as x; approaches 1 from 0. The
p1-mass of I'y, and its image under 77 are w1 (I';)) = 0.3088 and v (T1I';)) = 0.3815;
the level surface I'y, experiences significantly reduced deformation under the action
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Fig. 3 Partition of M using the eigenvector ¢ of AP for the nonlinear shear 7> given by (6.12). a Colors
are values of &, and black lines are the level surface I'yy = {¢p = —3.4232 x 1073 }. b The level surfaces
of ¢. ¢ Colors are the values of hy, and black lines are the level surface 7>, d The level surfaces of
L (Color figure online)

of T7, compared to the results of Sect. 2.1 shown by Fig. 1b. Moreover, the partition
M = My ;) UT';y UM 4, has a perfectly balanced p2-mass distribution between M
and M> .. One has HP (I'zy) = 0.6903, and this solution is a suitable candidate for
LCSson (M, e, ).

6.3.2 The Transformation T> on M

We repeat the above numerical experiment on the 2-cylinder, replacing the trans-
formation 77 with 75, and setting the initial mass density %, to be uniformly
distributed on M. The leading numerical eigenvalues A, A2,...Aq oOf LP are
0, —0.7747£0.0092i, —3.09004+0.0199i, 3.8702, —4.5674 +0.0250i. In this exam-
ple, although L, and L, have real eigenvalues to numerical precision, when combined
to form L, one obtains small imaginary parts. The eigenvalues A,, A3 should be real
and equal (i.e. A» has multiplicity 2), because of the symmetry obtained by trans-
lating all objects in the x-coordinate direction. As before, we apply Algorithm 1 to
partition M using the level surfaces of the second eigenfunction ¢, corresponding to
Xo = —0.7747; the results are shown in Fig. 3.

It was found that the hypersurface Ty, is H? minimising for t) = —3.4232 x 1073,
see Fig. 3a, c. The co-dimension 1 mass of Iy, and its image under T are w1 (I'y)) =
0.5682 and vy (T2I°;,) = 0.5435, respectively. Recall that the action of 75 on M has
the effect of compressing the mass distribution towards the horizontal line x, = 0.5.
To avoid a large vi-mass of 7>I';, on 7> M, one makes appropriate compromises on
the pu1-mass of I'y, in M. For example, in Fig. 3c as the black curves approach the dark
green, high density region, they become more vertical so as to traverse this high density
region using a shorter curve length and reducing their vi-mass. This necessitates I'y,
being slightly curved and having slightly greater 11-mass. Once again the partition
M = M UTy U M> 4, has a perfectly balanced p2-mass distribution of M| 4, and
M, 4,. One has HP () = 1.1117.
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Fig. 4 Partition of T2 using the eigenvector ¢, of AP under T = Ty o T3 given by (6.13) and (6.14). a
Colors are values of hy,, and black lines are the level surface I'yy = {¢p = —4.5492 x 10_5}. b The level

surfaces of ¢, . ¢ Colors are the values of /1, and black lines are the level surface TTY,. d The level surfaces
of L¢o (Color figure online)

6.4 Case Study 2: Dynamics on a Torus

A dynamic isoperimetric partition of the classical so-called standard map (x, y) —
(x+y,y+8sin(x+y)) (mod 2m) on the 2-torus was calculated in Froyland (2015).
Despite the strong nonlinearity, the lines of constant x + y value are clearly mapped to
lines of constant x value, and this fact was automatically exploited by the eigenfunc-
tions of the dynamic Laplace operator to obtain the optimal solution to the dynamic
isoperimetric problem (see Figs. 7 and 8 in Froyland (2015)).

To demonstrate the effects of lack of volume preservation and nonuniform weights,
we now modify the standard map to a version that is not volume preserving, and
replace the uniform weighting on the torus with a nonuniform weighting. We consider
a weighted 2-dimensional torus (T2, e, u2), where T = 2n(R/Z) x 2x(R/Z) and
hy(xi,x2) = 8le—z(sin(xg — m/2) + 2). We consider the transformation T := T4 o T3
acting on M, where

T3(x1, x2) = (x1 + 0.3x1 cos(2x1), x2) , (6.13)
Ty(x1, x2) = (x1 + x2, x2 + 8sin(x; + x2)) , (6.14)

computed modulo 277. The map 73 distorts the area of T? in the horizontal direction,
and Ty is the “standard map”.

We set our computational resolution for M to be K x L = 128 x 128 square
grid boxes By of side length b = 1/64, and select the number of test points in
each grid box to be 0 = 400. We optimally partition M using Algorithm 1. The
leading numerical eigenvalues A1, A2, ... A7 of L? are 0, —0.3584, —0.3751, —1.0750,
—1.1349, —1.4358, —1.4966. We generate partitions of M using the level surfaces of
the second eigenfunction ¢ corresponding to Ay = —0.3584; the results are shown
in Fig. 4.

It was found that the hypersurface Ty, is H? minimising for t) = —4.5492 x 1073,
see Fig. 4a, c. The black curves in these figures approximately follow lines of constant
x + y value and constant x value, respectively (as was the case in Fig. 7 of Froyland
2015). However, here the curves are additionally optimised to take into account the
nonuniform @, and nonvolume preserving nature of the dynamics, which we explain
below.
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The pt1-mass on I'y, and the vi-mass of its image under T are w1 (I'y) = 0.4584
and v (TT)) = 0.2375, respectively. Similar to the results of the previous case study
of 7> acting on M, one makes appropriate compromises on the j11-mass of I';, in T2,
to ensure that the vi-mass of 7T, in T? remains small. For example, in Fig. 4c the
black (almost straight) curves attempt to follow the yellow, low density regions, but
when they have to cross the dark green, high density regions, the curves briefly turn
to cross these high density regions at a sharper angle. While slightly increasing the
curve length, this behaviour reduces the vi-mass of the curves.

The partition ™=M 1,10 YTy UM> 4, is almost perfectly balanced, with o (M) =
0.49994 and po(M,) = 0.5006. One has HD(F,O) = 0.6968. Despite the highly
nonlinear nature of 7, evident in the distribution of %,, shown in Fig. 4c, one can
find curves that are rather short according to vy, both before and after the application
of T. Therefore this solution is a suitable candidate for LCSs on (Tz, e, [1p), for the
finite-time (single) application of 7.

7 Conclusions

The dynamic isoperimetric theory initiated in Froyland (2015) was concerned with
identifying subsets of R” with persistently least boundary size to volume ratio under
general nonlinear volume-preserving dynamics. The motivation for this theory was
that the boundaries of such sets have optimality properties desired in Lagrangian
coherent structures. In the present work we have extended the constructions and the-
oretical results of Froyland (2015) to weighted, nonflat Riemannian manifolds and to
possibly nonvolume-preserving dynamics. This entailed developing a nontrivial gen-
eralisation of the dynamic isoperimetric problem to weighted manifolds and allowing
for nonvolume-preserving dynamics. We proved a new dynamic version of the classi-
cal Federer—Fleming theorem in this setting, which very tightly links the (geometric)
dynamic isoperimetric problem with a (functional) minimisation of a new dynamic
Sobolev constant.

We then constructed a weighted dynamic Laplacian and showed that under a natural
Neumann-type boundary condition, the spectrum of this weighted dynamic Laplacian
can be completely characterised using variational principles tied to the finite-time
dynamics of 7 and the geometry of the manifold. We additionally proved that a
dynamic Cheeger inequality holds on weighted Riemannian manifolds, extending a
result from Froyland (2015) for flat, unweighted manifolds, and volume-preserving
dynamics. We demonstrated numerically that the eigenfunctions of the weighted
dynamic Laplacian are able to identify sets with small boundaries that remain small
when transformed by general dynamics. Such persistently minimal surfaces are excel-
lent candidates for Lagrangian coherent structures (LCSs) as diffusion across their
short boundaries is minimised over a finite-time duration.

Finally, we further developed the connection between two very different meth-
ods for detecting transport barriers in dynamical systems, namely the relationship
between finite-time coherent sets and LCSs as defined using isoperimetric notions.
The connection between these sets, explored in Froyland (2015) in the flat manifold,
volume-preserving dynamics setting, is that in the limit of small diffusion, regions in
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phase space that minimally mix (a purely probabilistic notion) are linked with sets
that have persistently least boundary size (a purely geometric notion). We further
enhanced this link by extending and strengthening the result of Froyland (2015) to
the more general setting of weighted, curved Riemannian manifolds with possibly
nonvolume-preserving dynamics.

Very recently, fast and robust numerical methods have been developed (Froyland
and Junge 2017) to accurately compute the spectrum and eigenfunctions of the dynamic
Laplacian in rather general situations to extract the dominant LCSs. These include
settings where the dynamical system is not known a priori and only a limited amount
of (possibly corrupted) data is available.

Appendix

Let (M, m) and (N, n) be compact, connected r-dimensional C*° Riemannian mani-
folds, where m, n are the Riemannian metric tensors on M and N, respectively. Let T
be a C*°-diffeomorphism of M onto N. Let (M, m, u,) and (N, n, v,) be weighted
Riemannian manifolds, where 1, is absolutely continuous probability measures with
respect to V,,, and v, = ;o T-!. Denote by h,, and h, the densities of the measures
W and v, respectively.

In comparison with the predecessor work (Froyland 2015), Appendix A is new
because we need to treat the weights /,, which were simply the constant function
in the unweighted setting of Froyland (2015). Much of Appendix B is new, in order
to handle a general Riemannian metric, rather than the locally flat metrics in Froy-
land (2015). Appendix C is required to treat weighted Sobolev spaces (the weight
was uniform in Froyland 2015). Appendices D-F broadly follow the overall strategy
of the corresponding sections in Appendices A, C, B, D, respectively, in Froyland
(2015), however in the present work there are additional technical issues arising from
the weights and the Riemannian metrics. Moreover, because we need to handle gen-
eral Riemannian metrics, wherever possible we use a coordinate-free framework, as
opposed to the explicit coordinates employed in the simpler locally Euclidean setting
of Froyland (2015).

A Muckenhoupt Weights A,

For a measurable function f on M, the essential supremum of f is the number

esssupf :={aeR: Vm(ffl(a,oo)) = 0}.

Recall from Sect. 2 that the volume form wj,, on M is given in terms of the volume
measure V,,, on M via V,,(U) = fU wy, for any measurable subset U C M. Define
the class of A, weights (Turesson 2000):

Definition A.1 Let B,(x) C M denote the metric ball centred at x € M with radius
p > 0. The density &, of a measure u, is said to be an A, weight of (M, m, u,), if
there exists a constant C,, such that for every x and p, h, satisfies
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-1

1 1 el ’
- oo V—— h, P <C,, (Al
(vm(Bp(x)) Byr) | w’”) (Vm(Bp(xD /Bpm : w’") =G WD

for1 < p < oo, or

1 1
_ h, - o ess sup < Cy, (A.2)
(Vm(Bp(x)) By ’") (ZeBN) Mz)) g

for p = 1. We call C,, the A, constant of /z,.

Proposition A.2 Suppose the density h,, of the measure i, is Lipschitz and uniformly
bounded away from zero. Then h,, is an A, weight for all 1 < p < oo.

Proof Let B,(x) C M, and denote by dist;, be the Riemannian distance function with
respect to the metric m. Since h, is Lipschitz and nonnegative, for every x,z € M
one has hy(z) < h,(x) + Kdist, (x, z) for some K < oo. Hence, for every x € M
and p > 0

1 h,(x)+ Kp
- h o o’ TR
VB Sy OO = N B ) S

= h,(x) + Kp. (A.3)

), (2)

Since M is compact and B, (x) C M, onehas p < oo. Also, since h, is Lipschitz, it is
bounded on M. Hence, the RHS of (A.3) is bounded above by sup, ., (5, (x) + Kp).

In addition, since &, is uniformly bounded away from zero, h;l and h;]/ "= are
bounded for 1 < p < co. Hence, there exist constants y, and y; such that

1 _ 1
- h," "ol < Vi, (A4)
Vi (Bo()) Jp,0) merr

1< p<oo,and

1
ess sup <1, (A.S5)
<zeBp(x) hu(Z))

Hence, by (A.3), (A.4) there are constants C;, = y;/(pfl) ssup ey (hu(x) + Kp),
such that (A.1) is satisfied for I < p < oo. Similarly, there is a constant C, =
Y1 - sup,cy (Kp + hy(x)), such that (A.2) is satisfied for p = 1. Hence, i, is an A,
weight. O

Let LllOC (M, V,,) denote the space of locally integrable functions; that is, if f €
Ll (M, V,) then pr(x) f o), < ooforeveryx € M and p € R*. Given a weighted
Riemannian manifold (M, m, wu,), we wish to determine the condition on the density

hy so that LP(M, ) C LL (M, V).

loc
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Proposition A.3 Let B,(x) C M denote the metric ball centred at x € M with radius
p > 0. Ifh;]/(pfl) isin L} (M, V,,) for p € (0, 00), or if for every x and p

loc

ess sup

< o0,
Z€B,(x) h (Z)

for p=1. Then L? (M, m, |1,) c LY M, v,).

loc
Proof This result appeared in Turesson (2000) for the case M = R’; the arguments
for the present version are identical, thus are omitted. O

B Additional Notes on Differential Geometry

By alocal chart on M, we meant a pair (U, ¢) such that U is an open subset of M and
¢ : U — R’ alocal C*°-diffeomorphism. The countable collection of local charts
(Ui, ¢i)ier such that U;c;U; forms an open cover for M is called an atlas. For a fixed
k € I, one can define a set of local coordinates (xi, x2, ..., x;) on Uy as the set of
smooth projections of the image of ¢, onto the jth coordinate, 1 < j < r; that is
xj Uy — R is a homeomorphism for each 1 < j < r. Moreover, the atlas on
M defines a local coordinate system for each point x € M. In local coordinates, it is
possible to carry out the operation of partial differentiation on a differentiable function
f atthe pointx € U, k € I as

0 o !
[ ] Fi= 2000 0, (B.1)

0x; ox;

foreach 1 < j < r.Itis well known (see e.g p. 7 in do Carmo 1992) that the above
operation is independent on the choice of ¢y, and therefore we use the abbreviation
[9/0x;], f = 9f/dx;(x) = 0 f (x) whenever there is no confusion on whether the
partial differentiation is carried out on R” or M. It is straightforward to verify that the
set {0;}7_, forms a basis for the vector fields on M. Hence, one can write the metric
tensor m in coordinates as m;; (x) = m(d;, 9;)(x).

Given a diffeomorphism 7 : M — N, and local charts (U, ¢), (TU,¥) on M, N,
respectively. Observe that & o T : M — R’ is smooth. Therefore, it is possible to
carry out the operation of partial differentiation on 7" at the point x € U as

1
[ii| T = M( (x)). (B.2)

0x; N 0x;

One can construct the Jacobian matrix Jr in local coordinates via (B.2),asar x r
matrix with entries (Jr);; := 9;T;, where T; is the smooth projection of the image of
¥ o T onto the ith coordinate, and we use the abbreviation d7; /0x(x) = 9;T; (x).
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B.1 Differential Forms

Let (xg, x2, ..., x,) be local coordinates on M. Denote by dx; the differential 1-forms
dual to the tangent basis 9;, for each 1 < i < r. For p < r, one can express a
differentiable p-form 7 in coordinates via the exterior product of 1-forms

n= Z ajl_“jpdxh N dx.,~2 VANEIIIVAN dx.,'p, (B.3)

Ji<jp<-<jp

where aj, .. jp are real-valued functions on M.

The exterior derivative on a differentiable f : M — R is a 1-form given by
df =i, 8 fdx;, and the exterior derivative on the p-form 7 defined by (B.3) is a
(p + 1)-form satisfying

dn = Z d(ajlmjp)/\dle/\dsz/\-'-/\dx]-p.

j1<j2<...<jp

The interior derivative i ())) on a p-form n with respect to a vector field )V on M, is a
(p — 1)-form satisfying

[i(V)n](Vl’ VZ, T fol) = n(V’ Vlv VZ, M) fol),

for all vector fields V1, V2, ..., Vp_1 on M.

Recall the definition of the tangent and cotangent mappings T, and 7* associated
with T, given by (2.2) and (2.3), respectively. For the differential p-form n given by
(B.3), one has

(T*n)(Vlv VZ’ LR Vp)(x) = r](T*Vl’ T*VZ’ st T*Vp)(Tx)a

for all vector fields V1, V2, ...V, on M. Therefore, in coordinates

* *
T°n=T Z ajlu_.,‘pdxh Adxj Ao A dep
J1<j2<—<jp
* * * *

= Z aj]...jPOT'T dx.,'l ANT dxj'l/\T dx‘/z/\---/\T dx‘/p
1<ja<—<jp

= > aj.j,oT-dxjoT) Ad(xj oT) Ad(xj,0T)
J1<i<-<ip

A---Ad(xj, oT) (B.4)

where the last line is due to the fact that [T*(df)]V = V(f o T) = [d(f o T)]V, for
all f € C*°(M, R) and vector fields VV on M.
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Let G, (x) be a r x r matrix with components m;;(x) at the point x € M. The
volume form wyj, in the local coordinates {x;}7_, is defined by

), (x) := /det G (x) - dxy Adxg -+ Adx,, (B.5)

for each pointx € M. LetI" be a C* co-dimension 1 subset of M. Recall from Sect. 2
that the embedding @ : ' — M induces a Riemannian metric on I" via the pullback
metric ®*m; that is @/, "' = ®*w’ . The following is a classical result in geometric
measure theory (see Theorem 1.3.1 in Chavel 2001):

Lemma B.1 (co-area formula) Let f € C'(M, R). For an open, connected U C M
with compact closure, and any function h : M — RT in L'(M, V,,)), one has

/|vmf|mh~w;1=/ (/ h-w,;;l) ar, B.6)
U R \J {1}

where | - |3n =m(-,-) and Vy, f is the gradient of f with respective to the metric m;
defined by (3.8).

The co-area formula connects the spatial integral over the gradient of a function
to the co-dimension one measure on the level sets generated by that function. If the
density &, of the absolutely continuous probability measure 1, is a positive function
in L'(M, V,,), then one can apply co-area formula (B.6) with 2 = h, to obtain

/ Vi [l - by, =/ |me|mhp,'w:nZf,ur—l(f_l{t})dta
U U R

for all measurable U C M.

B.2 Differential Operators on Weighted Manifolds
Recall the definitions of the gradient V,,, divergence div,, and weighted divergence

div, given by (3.8), (4.1), and (4.2), respectively. One can express V,, f in local
coordinates {x{, ..., x,} on M as,

,
Vnf =Y mo; fa;, (B.7)

ij=1
for all f € C¥(M,R), and where m'/ is the components r x r matrix G,,' (see p. 4,

Eq. (22) in Chavel 1984). As a consequence of Stokes’ theorem (see p. 124, Spivak
1965), the divergence given by (4.1) can be written as,

div,V - o), = dli(V)a, ], (B.8)
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for all V € F*(M). Since {9;};_, forms a basis for the vector fields on M, one can
express the vector field Von M as V = Y_'_, V'9;. Then (B.8) in local coordinates is
(see Eq. (32) on p. 5 in Chavel 1984),

: 1 d ;
lemV = \/?—Gm ; 8i (MV’) s (B9)

Hence, the Laplace—Beltrami operator is given in local coordinates by

Apf =

1 " iy
NI K (m”\/det Gmajf). (B.10)
mi j=1

Let f : M — R be differentiable, and Vi, V> vector fields on M. The standard
divergence properties (see Eqgs. (12) and (13) on p. 3, Chavel (1984)) hold analogously
for weighted divergence (4.2); that is for h,, € C LM, R)

1
div, (Vi + V) = —div(hy Vi + hy V)
n

1 1
= —div(h, V1) + —div(h,)V2)

h, h,
= div, V) + div, Vs (B.11)

and

1
div, (fV)) = h—div(hﬂf]h)
m

1
= L vtV + (V£ W)
™ »

= fdivy Vi +m(Vp f, V1). (B.12)

B.3 Properties of 7, and T*

Let g : N — R be differentiable. One can express the tangent mapping 7., given by
(2.2) in local coordinates {x1, ..., x,} as

L .3(goT
(Vg =VigoT) = Y v TECD
i=1 !

where V =3Y"_, Vi9; € T M. The following result computes coordinate representa-
tions of the pullback metric 7*n.
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Lemma B.2 Let n;; be the local coordinates representation of the metric tensor n.
Denote by G, the r x r matrix with components n;j and Jy the Jacobian matrix of T.
We have at the each point x € M

(Gren)ij = <JTT -GpoT - JT)ij (B.13)

where T*n is the pullback metric of n given by (2.4).

Proof Let (U, ¢;;) be a local chart on M, containing the point xo € U with corre-
sponding coordinates {x;};_,. Then the local chart (T U, ¢,) on N contains the point
Txp € N. Let {y;};_, denote the local coordinates on TU. Due to (2.2) and (B.1),
one has for all differentiable g on N

75yt L), e
_ g=|— g ©°
*axi Txo ax,- X0

_ Mol owm) ()
E)x,

dgog log,0T o 1)
_ Agow, - " (9 (0))
Xi

=Za(¢lloTkowm ) (g (pn )

on; (¢m (x0))

(¢n(T'x0))
k=1

-l e

where the last equality is due to (B.2). Therefore,

d : .9
T.— = J)joT W+ — B.14
o ;< T)ki © ™ (B.14)

at the point T'xo; that is 7, (9/9x;) is a tangent vector in 77,,(N) with components
(T*(B/axi))k = (Jr)rioT ™', 1 < k < r.To obtain (B.13) at the point x, we compute

L (0 @
(Gr*n)ij(x0) =T"n <a o ax1> (x0)

(r55
(

d
T, — ) (Tx0)
0x;

=n T*B
r k r [

0 d d 0
=n( Y (1= ) = > (T — Wr
" (*ax,-> o (*axj) 3y1)( o)
k=1 =1
k 1

5 (o () (m55))

T xq
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= Z (Jr xoNki - nki(Txo) - (J7(x0))1; by (B.14)
k=1

= (JTT -GpoT - JT> (x0)-
ij

Since x¢ € U is arbitrary and (U, ¢,,) is a chart for M, we conclude that the above
calculations hold for all points in M. O

Corollary B.3 Let n be the metric tensor of N, with volume form w), given by (B.5).
Define the co-tangent mapping T* as in (2.3). One has T* w;, = @/,

Proof Let {x;}i_, and {y;}7_, be local coordinates on M and N, respectively. Then
by (B.4), one has foreach 1 <i <,

r

dyioT " 9Ty dy;
T =doio Ty =Y 1 Dy o 3 T 7 gy,
-

j=1 7 jk=1

r

aT;
= 2 5yt
k=1 %%i

where §;, is the Kronecker delta. Therefore, T*(dy;) = Z;’=1 0T;/0x-dx;. Itfollows
that

T*(dyy Adyy A -+~ Adyy) = T*dyy A T*dys A--- A T*dy,
= |det J7|-dx; Adxp A -+ Adx,. (B.15)

Let G,, Gr+, to be the r x r matrices with entries n;;, (T*n);; in coordi-

nates {yi}{zl, {xi}{zl, respectively. Then by Lemma B.2, one has det (Gr+,) =
| det(J7)|? det (G,) o T, which implies

T*(w,) =+/detG,oT - T*(dy; A--- Ady,) by (B4)
— JdetG, o T -|det Jr| -dx; A--- Adx, by (B.15)

=+/detGrs, -dxy A--- Adx, = a);wn.
O

Recall that T is an isometry from (M, T*n) to (N, n). Due to Corollary B.3 one

has
[ w), :/ Wpsy, :[ T*(wy), (B.16)
W) U U
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for all measurable U C M. Hence, by the definition of P given by (4.5), one has for
all feL'(M,V,)

/f~w;1= Pf- o,
U T(U)

=fPfoT-w9*n by (B.16)

U

=/PfoT-‘/detGT*n-dx]/\~-~/\er
U

=f PfoT-|detJr|-y/detG,oT -dxj A--- Adx,,
U

where the last line is due to Lemma B.2. Hence, since T is a diffeomorphism and
), = +/detG,, - dx1 A --- A dx, by (B.5), one has

Pf foT ! detG,oT™!
" |detJr o T Jdet G,
JdetG,, o T~1

=foTlT ' |detJp]|- :
T Jdet G,

B.17)

where we have applied the inverse function theorem to obtain the last line. Moreover,
setting f = h,, in (B.17) and using the fact that Ph, = h, (by 4.6) yields

JdetG,oT

hy=hyoT -|detJr|- N
m

(B.18)

Now by assumption, 7 is a diffeomorphism and the densities 4, and £, are uniformly
bounded away from zero. Therefore, by (B.18) and the nondegeneracy of the metrics
m and n, the Jacobian | det J7| is bounded above and uniformly away from zero.

Let 1y denote the characteristic function on a measurable subset V C N. One has
forall f € L'(M, V)

/pf.lv.w;:/pf.w;:/ f-wfn=/f'1v07"'w,rn' (B.19)
N 14 T-1v M

Hence, the Koopman operator K adjoint to P is givenby L f = foT.
Recall the definition of the push-forward operator L : L2(M S, ) —>
L%(N, n,v,) given by (4.7), with L>(M, m, 1,) adjoint £*.

Lemma B.4 The operator L : LZ(M, m, iy) — LZ(N, n, v,) is well defined, may
be expressed as Lf = f o T~ and has adjoint £L*g = g o T.
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Proof Let f € L>(M,m, ). Due to (B.17) and the fact that 4, > 0, one has

2
_ 2 detGpoT ™!
|Pu~h)ﬁ=|uwh>oT'R.da11.‘i_______
8 8 [det I Jdet G,
JJdet T-1
= ‘(f2 hy) o T~ |det Jp | - VdetGmo T
Jdet G,
JdetG,, o T}
Ahyor ! |det Jp—1] - vaetbmol ~
Jdet G,
= [P(f*-hy)| - |Phyl
= P(f* - hy) - ho. (B.20)

Therefore

U n

[ierean = [ [P Al

-/ P-ml

-w, since iy, >0
= [ PGP o
N
:/ 2 hy o, (B.21)
M
2‘/ £, (B.22)
M

where the second last line is due to (4.5). Thus, since f € LX(M, m, ) the RHS of
(B.21) is bounded and L is well defined.

To show that Lf = f o T, we use (B.20) (without the squares) to compute
P(f - hy), and (B.17) to compute h, = Ph,, and note that all terms in the quotient
L ="P(f -h,)/hynotinvolving f cancel toleave L = f o T

For all measurable U C M,

/ Ef-hvwfl:f P(f-hu)~w;=/f~hﬂa)fn. (B.23)
TWU) TU) U

Let U C M be measurable. Since Ph,, = hy, one has P(1y - hy) = 17w - hy.

Therefore,
1 -h
/ gdw::/.lﬁﬂ_l.gm4
T(U) N

[Pk,
N hv

= / L(Ay) - gdv,
N
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= / 1y - L*gdu, by definition of £*

M
= | C*gdu, (B.24)
U

forall g € LZ(N, n, v.). Therefore, using the fact that v, = p, o T, one has for any
measurable V. C N

/ L*lvdurzf lvdvrzf 1T_1Vdur=/ 1y o T du,. (B.25)
M N M M

Thus, L*¢g = go T forall g € L%(N,n,v,). O

Proposition B.5 Let £ : L2(M,m, j1,) — L*(N,n,v,) be as in (4.7), with adjoint
L*. Forany f € CY(M,R) N L2(M, m, j1,), one has

TixeM: fx)y=t}={yeN:Lf(y) =t}

Proof Fix t € R, and denote by I'; a level surface generated by f; thatis I'; := {x €
M : f(x) = t}. Recall by (2.1), that a vector field V € F(M) acting on f measures
the instantaneous rate of change of f along a curve with tangent V; at the point x. We
select an arbitrary vector field V € F(I';) with the property that Vy € 7,T';. Since f
is constant along the curve I';, one has V, f|, = 0 for all x € I';. Indeed, we will use
the fact that a level surface of the form I'; is uniquely characterised by the property
that V f|, = 0 for all x € I'; and all vector fields V € 7 (I';). By standard properties
of Ty, one has (T V)|r, € Trx(TT;); in other words a tangent vector to I'; at x is
mapped to a tangent vector to 7T, at Tx by T.

We show that T, V(L f)|r, = Oforall x € I';. Since V € T (I') is arbitrary, we
will be done. By Definition (2.2), for each point x € T,

TV(L ) = V(LSf o T)l,
= V(L*Lf)|, by (B.25)
= Vf'x =0,

where the penultimate equality is due to the fact that £* £ is the identity by Lemma B.4.
O

Lemma B.6 Let £ : L>(M,m, u,) — L*(N,n,v,) be as in (4.7), with adjoint L*.
One has

1. V, = TV, L%,
2. L*iv, Ty, = divrsp,
3. LAWLf = Apxy.
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Proof 1. Letg € CY(N,R)NL*(N,n, ju,) and V € F'(M). One has by (2.4)

n(T Ve L7g, TV)(Tx) = T*n(Vpe L g, V) (x)
= V(E*g)|x by (3.8) with respect to T*n
= V(goT)|, by (B.25)

= (T\V)glry
=n(V,g, T, V)(Tx),

forall x € M.
2. LetV, V1, Vs, ..., V,_1 be r vector fields in ! (M). One has at each point x € M

[i(T*V)CU;)](T*Vla TV, o, TV —1)(Tx)
= w;(T*V, TV, TV, ..., T*V_)(Tx)
= (T*a);)(v, Vi, Vo, ..., Vr—1)(x)
= [iV)@7s, JV1, Vo, . V1) (x),

where we have applied the identity 7*w], = @/, in Corollary B.3 on the last line.
Hence, by the duality of Ty and 7%, one has at each point x € M

T*d[i(TV)wy)] = dli V) whs,, - (B.26)
Therefore,
/ L¥div, (T,V) - @'+, =f div, (TuV) o T - wips,,
U U
=/ div,(TV) - @), by (B.16)
TU
= f dli(TV)w;,)] by (B.8) with respect to n
TU
:f T*dli (T V)]
U
= / dli V)wi+,] by (B.26)
U
:/ divysp (V) - &psy,.
U
3. Due to (1) and (2) and the fact that £*L is the identity by Lemma B.4, one
has E*Anﬁf = E*divn(V,,Ef) = [,*diVn(T*VT*n,C*,Cf) = diVT*nVT*nf =

Agsy f,forall f e C2(M,R) N L*(M, m, i,).
O

Corollary B.7 Let £ : L>(M,m, u,) — L*(N,n,v,) be as in (4.7), with adjoint
L*. One has
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1 1 (m(Vuhy, Vin f)  n(Vphy, VoLf)o T
AP == (Ap+ L5DL - = .
f 2(’”+ ”)f+2( hy, + hyoT
(B.27)
forall f e C2(M,R) N L*>(M,m, u,).
Proof By definition
AP =n,+ LA L. (B.28)

Substituting a straightforward modification of (4.4) into the second term on the
RHS of (4.8), one has forall x € M and f € C2(M,R) N L>(M, m, u,),

LXNLf(x) = Dy(Lf)(Tx)
n(Vphy, Vo Lf)(Tx)
h, (T x)
n(Vphy, Vo Lf)(T x)
hy oT(x)

= A (LF)(Tx) +

= L*A,LF(x) +

Similarly, one can expand the first term of (B.28) using (4.4) to obtain the required
result. O

Corollary B.8 Let AP and A u be defined by (4.8) and (4.4), respectively. One has
p 1
AP = B+ B, (B.29)

where Aj is given by (4.4) with respect to the metric T*n and density h,, o T.

Proof Due to Lemma B.6, one has V,, = T, Vy+, L*. Therefore, by the definition of
gradient (3.8) with respect to the metric #, one has for all x € M

n(Vyhy, Vnﬁf)Tx = (an:f)hvhx
= (I Vr*n f)hy|r, by Lemma B.4
= (Vrsu f)(hy o T)l,
=T*n(Vrn(hy o T), Vrsu f)x, (B.30)

where the equality on the last line is due to (3.8) with respect to the metric 7*n.
Moreover, by Lemma B.6, one has the identity £L*A, £ = Ar+,. Thus, by substituting
(B.30) into the fourth term on the RHS of (B.27), one has

1
ADf = E(Am + L*An‘c)f

1 m(thM, me) T*n(VT*n(h,, o T), vT*nf)
= +
2 hy, hyoT

1
= E(A“ +Ap S, (B.31)

where the second equality is due to the definition of weighted Laplacians (4.4). O
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B.4 Local Properties of Charts

Animportant analytical tool for reducing a global calculation on M to local calculations
on each chart of an atlas on M is the partition of unity.

Definition B.9 Let (U;, ¢;)ics be an atlas on M. A partition of unity subordinate to
the covering {U;}; <y, is the collection of smooth functions o; € C*°(M, R) such that:

1. supp(o;) C U;.

2. Any point x € M has a neighbourhood O, such that O, N supp(o;) = ¥ except
for a finite set of o;.

3.0<o0; <land)_

ier0i = L.

It is well known that the partition of unity exists for paracompact manifolds (see
e.g Theorem 1.12 (Aubin 2001)). Since every compact manifold is paracompact, a
partition of unity exists for M.

Furthermore, for each point x in a compact Riemannian manifold M, there exist
coordinates on a neighbourhood about x, and a constant ¢ > 1 (depending on the
injective radius of x, and the dimension of the sectional curvature of M), such that

=8ij <m;j <cdij, 1=<i,j<r, (B.32)
C

where §;; is the Kronecker delta (see e.g p. 507 in Jost (2008), or Chapter 1 of Hebey
1996). The following lemmas are consequences of (B.32).

Lemma B.10 Let (U, ¢) be a chart on (M, m), set 2 = @(U), and denote by d¢ the
density with respect the Lebesgue measure. One has

2 [ Afrdne < [ 1fou P tophat <R [ an, @33

for some real number ¢ > 1 and all f € LP(U, m, u,), p € [1, 00).

Proof Let §;; denote the Kronecker delta and pick local coordinates on U such that the
components of the metric tensor m satisfy %8,- j <m;j(x) <c§jforallx € Uand 1 <

i, j < r.Due to the inequality m;; < 18,-j, one has y/det G, (x) < c¢"? forallx € U.

— C
Furthermore, the Riemannian volume form is given by w], = 4/det G, - dx; A dxy A
.-+ Adx, on U, and the Lebesgue density satisfies d¢ = (go_l)* (dxi Adxa A-- - Adxy)
on 2. Hence by the change of variable formula (B.16)

11 = [ 11 A6 Gy A
5/ 17y dit Adis Ao A d,
(%))

=/ 1foe P - (hyop™h)de,
Q
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where the final equality is due to (B.16). The inequality [, | fo@™!|P-(h, 09~ ") de <
c'? fU | f1? du, is obtained analogously using %8,-]- < mjj. O

Lemma B.11 Let (U, ¢) be a chart on (M, m), set Q = @(U), and denote by e the
Euclidean metric on Q2 with respect to the Lebesgue density d€. One has

c—(’/””/ Vo F12, dity 5AIVe(f0¢_1)|5~(hu0¢_l)dZ
U

< 2D / Vo f 1B diy
U

for some real number ¢ > 1 and all V,,, f € LP(U, m, u,), p € [1, 00).

Proof We start with the case p = 2. Let §;; denote the Kronecker delta and pick
local coordinates on U such that the components of the metric tensor m satisfy
%8,-]- < m;j(x) < c;j forallx € U and 1 < i,j < r. Denote by m' the com-
ponents of the inverse matrix G,;l. One has the contraction ) m*my, j = 6ij, so that
%8,-]- < mi(x) < ¢é;j. Moreover, due to Lemma (B.33), inequality (B.33) is valid
with constant c. Hence, by writing V,, f in the given local coordinates via (B.7), one
has

¢~ /2D / Vo f12, ditr
U
<! vV, fl% - h —lde
=c Q(l mflm u)o(p

—c! [Q MV f, Vo g1y - 0 97 (6 dECO)

_ - L (oo Y (&K 5 0(Foe™h _
R & s

i,j=1 =1 ax;
- /Q;( ox; )(;m P (hy o™ de

by contracting the index i
r 1N 2
I(fop) . , y
S/Q;( ox; ~(hyo@~')dl sincem" <c§j;
:/Q|Ve(f0g0_l)|£-(hMO(p_l)dﬁ. (B.34)

The inequality [, [Ve(fop™ )12 (hop™") de < /2D [ |V, fI2 du, is obtained
analogously using %(Sij < mjj.

The general case p € [1, 0o) is a straightforward modification of the calculation
done to obtain (B.34). O
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C Weighted Sobolev Spaces

Let C3°(2, R) be the space of smooth real-valued functions with compact support
on @ C R’, and ¢ the Lebesgue measure on R". For locally integrable functions
f.fe LIIOC(Q, £), we say that f is the first-order weak derivative offifo f-oigdl =
—fQ f -gdlforall g € CSO(Q, R), and each 1 < i < r (see p. 21 in Adams and
Fournier 2003). We write f = 9; f, and note that 9; f is uniquely determined up to
sets of measure zero.

Definition C.1 Let (U, ¢) be a chart on M with corresponding local coordinates
(x1, x2, ..., xr). Define the first-order weak gradient of f € Llloc(M , Vin) at the point
x € M by
r —1
- G A(foeTh
V()= Y mI () ————| 3, €.

ij=1 9xi @(x)

where the partial derivatives appearing on the RHS exist in the weak sense.

It is straightforward to extend the operation 7, on weak gradients, and verify that
Lemmas B.6 and B.11 hold for weak gradients. In addition, if the density of j,- isan A,
weight, then by Proposition A.3,any f € LP(M, m, u,)is alsoin LlloC (M, V,,). Thus,
one can define weak gradients on L” (M, m, u,) via Definition C.1. The following
proposition provides the key motivation behind the construction of the weak gradient
given above.

Proposition C.2 Let f € L*(M,m, j1,), where the density of . is an A> weight.
Assume the first-order weak gradient of f defined by (C.1) exists. One has

/Uf'Ap.ngr = _/Um(ﬁmf’ Ving) dur, (C2)

for all measurable U C M and g € Cg°(M,R").

Proof Let (Ug, px)kex be an atlas on M, with corresponding local coordinates
(x1,x2,...,x). Due to (B.5), one has du, = hy,+/det Gdxy Adxa A - A dx,.
Additionally d¢ = (¢, 1)*(dx1 A dxz A --- Adx,). Hence, for each k € K and any
measurable Q; C ¢ (Uy), one has by the coordinate representation of A,, given by
(B.10), foreach k € K

/ | f'AMngr
o ()

-
:[pl(ﬂk)f- Z ai(mlfhﬂ\/M)ajg-dxl Adxa Ao Adx,
k

i,j=1

,
= Z/Q fopr" - ailmVh,\/det Gy) oo - 3;(g 0o H1de
k

i,j=1
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= Zf U(fogr ) [mYhy/detGp) o g - 9(g 0 ¢ H1dE

i,j=1

= [ f ) du (©3)
O ()

where the last line is due to the fact that m(V,, f,Ving) = (Vi g = Zf!jzl mi
3,‘ fajg.

Now since M is compact, there exists a smooth partition of unity o subordinate to
the covering {Uy }rck (see Definition B.9). Moreover, since ¢y, is a diffeomorphism, for
any measurable U C M, there exist K’ C K and countable collection of measurable
Qr C o (Ug),suchthat U = UkeK/(gok_l (21)). Hence, applying (C.3)toeachk € K',
one has by setting ) ;0% =1

/ fopgdu, = Z/ orf - Augduy
U -

rer Yo @0

= [ maonh). V) du
keK’ ‘/71: (S2%)

= / m (6”1 <Z ka> ,Vmg> duy
v keK’

= / m(ﬁmf, Ving) dptr,
U

where we have used the linearity of V,, and the fact that supp(ox) C Uy to obtain the
penultimate line. O

We introduce the weighted Sobolev space W'2(M,m, u,) of functions f €
L>(M, m, ur), whose first-order weak gradient exists in L>(M, m, ur). We equip
wh 2(M m, w,) with the inner-product (f, g) w1, 2 Mo = fM(m(me Vmg) +
fg)du, forall f, g € wl 2(M, m, | ), with the norm associated with (-, )WI,Z(M’m’Mr)
denoted by || - llw12(a1,m,p1,)-

There exist embedding theorems and the completeness property for weighted
Sobolev spaces on R”, and for the unweighted Sobolev spaces on Riemannian mani-
folds (see Turesson 2000 and Hebey 1996, respectively). We develop the corresponding
results for the weighted Sobolev space WLI(M, m, ) defined as above. Let (U, ¢)
be a chart on M. In the following, we first obtain the results of the desired properties in
a local setting; i.e. the weighted Sobolev space W1*2(U ,m, ). One can then use the
fact that M is compact, and apply the standard partition of unity arguments to extend
these local outcomes to global ones for WhI(M, m, u,).

Given a chart (U, ¢) on M. Set Q2 = ¢(U), and let £, be an absolutely continuous
measure with density 4, o @~ with respect to £, where ¢ is the Lebesgue measure on
R”. One has the weighted Sobolev space W12(Q, ¢ ) for the open subset 2 C R”;
that is, the space W'2(Q, ¢ ) 1s equipped with the norm
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||fo<o“||%vl,2(9,gﬂ)=f9(|fo</f1|2+m(foqfl)ﬁ)~<huo¢—1>cw, (C4)

for all f € L>(U, u,), and where V, is the first-order weak gradient with respect to
the Euclidean metric e. Suppose the density £, of 1, is an A, weight (i.e , satisfies
(A.1) when p = 2). Clearly, h, is an A, weight restricted to the sub-domain U.
Moreover, since U has compact closure and ¢ is a diffeomorphism, it is easy to verify
that the density /1, 0 9! of ¢, is also an A, weight. Since the density of £, is an A,
weight, the weighted Sobolev space W !-%(£2, £,,) is a Hilbert space and C*°(£2, R) is
dense in W-2(Q, ¢ ) (see Theorem 1 in Gol’dshtein and Ukhlov 2007). We show by
the following lemma that if f € W'2(U, m, u1,), then f oo~ € WH2(Q, ¢,).

Lemma C.3 Let (U, ¢) be a chart on M, and set @ = ¢(U). Denote by || - ||W1_z(9’gﬂ)
and || - llw1.2(u,m, ., the norms on the weighted Sobolev spaces wh(Q, £,) and
WL2(U, m, w,), respectively. Then || f o (p_1||W1,2(Q’eM) and || fllwr2@w,m ) are
equivalent for all f € W“2(U, m, u,)

Proof This follows immediately from Lemmas B.10 and B.11. O
Due to Lemma C.3, one now has global completeness for WI*Z(M LM, L),

Proposition C.4 Assume the density of u, is an Ay weight. The weighted Sobolev
space Wi2(M, m, WUr) is complete.

Proof First we show that the Sobolev spaces on any charts on M are complete. Let
(U, ¢) be acharton M, and f; a Cauchy sequence in WL2(U, m, u,). Then fio !
is Cauchy in wh2(Q, £,,) due to Lemma C.3, so by the completeness of wh2(Q, L),
the Cauchy sequence f; o ¢! convergences to an element f o o' € Wh2(Q, £).
Hence, the Cauchy sequence f; converges to f in W1’2(U LM, L),

Now, let g; be a Cauchy sequence in Wi2(M, m, ur), and (U;, ¢;)ier an atlas on
M. Since M is compact, {U;};c; is a finite cover for M. Hence, there exists a fixed
s € I such that W'2(Uy, m, ) contains infinitely many terms of the sequence g j
Let gj, be a subsequence of g; contained entirely in W12(Us, m, u,), then g i 18
Cauchy in WL2(Uy, m, w,), so that g j, converges to an element g € Wh2WUs, m, )
by completeness. In particular, the Cauchy sequence g; converges to g in w2
(M, m, py). o

We proceed to demonstrate that the space W'2(M, m, ) is approximated by
smooth functions in C* (M, R) N W1’2(M ,m, i;). The key idea is to locally subject
the functions in W1’2(M, m, W) to mollification.

Definition C.5 Let Q2 be an open subset of R, and g € Cgo (R", R) be nonnegative
such that supp (¢) C E1(0) and fQ g d¢ = 1, where E(0) is the open unit ball centred
at the origin in R”. We define a mollifier by the function g, := ¢ "g(x/¢). For all
feLP(R,0), pe[l,o0), we call the convolution

ge * f(x) := /Qqe(x —2) f(2) de(z), (C5)
the mollification of f by ge.
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One has the following weighted version of the well-known result Ve(ge * ) =
qe * V. f, and density theorem (Lemma 7.3 and Theorem 7.9 in Gilbarg and Trudinger
(1977), respectively).

Theorem C.6 (Theorem 2.1.4. Turesson (2000)) Let 2 be an open subset of R,
and f € LP (R, ¢y), where £, is an absolutely continuous measure with respect to
Lebesgue. Define fe := qex f, where the mollifier g and x are as in Definition C.5. For
p € [1, 00), if the density of £y, is an A, weight, then f. € C®°(22,R) N LP(2, £y),
Vefe =qe*Vef,andase — 0, fo — fin LP(Q, €y).

Corollary C.7 Let W'"2(M, m, ju,) be a weighted Sobolev space. Assume the den-
sity of uy is an Ay weight. The space C*°(M,R) N Wi2(M, m, Wy) is dense in
WI,Z(M7 m, /J/r).

Proof Let f € W2(M, m, j1,) and choose some y > 0. We will show that there is a
g € COM. RINWA(M, m, ), suchthat | f=gl312 47 ) < V- Let Ui, @i)ier
be an atlas on M, then pick local coordinates on M, such that the components of the
metric tensor satisfy %Sjk <mjr(x) < cdji for some 1 < ¢ < 00, and each x € U;,
1 < j,k < r (such coordinate exist due to the compactness of M, see (B.32)).
Foreach 1 < i < r, let £, ; be an absolutely continuous measure with density
hy o @ ! with respect to €. Since M is compact, there exists a smooth partition of
unity {o; };<s subordinate to the finite covering {U; };<;; 1.€ o; is given by Definition B.9.
Therefore, o; f and its first-order weak gradient vanishes outside of U;, hence o; f €
W1’2(U,-, m, (). Set Q; = ¢; (U;) for each i € I, then due to Lemma C.3, the fact
that o; f € W2(U;, m, ;) implies (o7 f) o ;' € W2(;, £,,,;). Consequently,

both (07 f) o ;" and ¥, ((aif) o <p;‘) arein L2(;, £,,;) foreach i € I. Let g, and

* be as in Definition C.5, then by Theorem C.6 applied to (o; f) o goi_l e LA, Cui)
with p =2 and ¢, = £, ; foreachi € I,

Ve g+ (@n o0 ")) =aex (Ve (@nog™)), (€6)
and there exist €; > 0 such that

14

—_ C.7
L2(24,0,.) = 20/A |1]2 €7

CIG*((aif)O(P,'_1>—(Uif)0(pi_l

for all i € I.In addition, applying Theorem C.6 to V, ((oif) o (pi_l) e L* (i, £1,i)
with p =2 and £, = £, ;, one has € > 0 such that
19 (g (@ pro97")) = Ve (@ o07")]

T RIS

-~ r
2cr/4+2 . |[|2 ’

Lz(Qi sell,,i)

by (C.6)

L2(24,4,,0)

(C.8)
foralli € 1.
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Set
e =min [e1, &, dist (supp(ge * (1 /)0 977, %) . (C9)
and let fe; := ge x ((aif) o gol._l> o ¢;. Since € satisfies (C.9), the function f,; and

its first-order weak gradient @m fe.i vanish outside of U; for alli € I. Moreover, since
|1]is finite, fe := Y ;) fei € CX(M,R) N WI2(M, m, ).
Set g = fe, then by Lemma B.10 and inequality (C.7)

Zfe‘i —oif

iel

g = fllzm.pu =

2,m,

1
2
< Z (/ | fei — cr,-f|2 d,ur) by triangle inequality
M

iel
1
=Z(/ |fe,i—oif|2dur>2
ier Ui
r/4 i o -1 _ (o o .712
=X ([ fae (@ned) = @neq

iel
1
(h ow;‘)dz)z
<v/2. (C.10)

Similarly, by Lemma B.11, and inequality (C.8)

IVing = Vin fll2,m 0

= Zﬁmfe—a,‘f
iel 2
S = 2
= Z </ [Vin fe.i — Vm(aif)ﬁl er)
iel WU
2
44172 ~ » ) y
N R AT
1
“(hy o @fl)dﬁ)z
e (C.11)
Thus, |lg — f”%Vl*z(M,m,p,,) <y. .

As before, let £,, be an absolutely continuous measure with respect to £. The Hardy—
Littlewood maximal operator 'H is a nonlinear operator on locally integrable functions
feLl (R, ¢) defined by

loc
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1
H = sup ———— de(y), C.12
fx) 2213 (Ep e Je 0o [f ()] de(y) (C.12)

where E,(x) is the Euclidean ball centred at x with radius p. If the density of the
measure £,, is an A, weight, then H is bounded as an operator from L”(R", £,,) to
LP(R", ¢y) for 1 < p < oo (see Theorem 1, p. 201 in Stein and Murphy (1993), or
Theorem 1.2.3 in Turesson (2000)). This property of A, weights forms an essential
argument for Theorem C.6.

Lemma C.8 Let K C Q2 C R", where K is compact and 2 is open and bounded. Let
W12(Q, £,) be a weighted Sobolev space. Assume the density £y, is an Ay weight.
Suppose f; is a sequence in WV-2(Q, £,,) with support K. Then there exists a subse-
quence fi;, and some f € L%(Q, £y), such that

/ (fi; = /)*dey —> 0 (C.13)
K

as j — oo.

Proof Let fe; = ge * f;, where g, and « are as in Definition C.5. Denote by || - [|2,¢,,
the L?-norm associated with L2(K, £,,). First we shall show that

Il fe.i — fill2.e,, = O, (C.14)

uniformly with respect to i. Due to Theorem C.6, it is sufficient to proof (C.14) for
fi € C¥(Q,RNWL2(Q, £,). By a change of variable y = (x — z) /€ and using the
facts [, g d¢ =1, supp(q) C E;(0), one has

Jeix) — fi(x) = /Rr ge(x — 2) fi(z) dl(z) — fi(x)

= e*’/ q (x _Z) £(2)de) —/ g () f(x) de(y)
Ec(x) € lyl<1

=/| 161(y)[ﬁ(x—6y)—ﬁ(X)]d€(y)
yl<

< llglloo - /| Ui =) = 1) by Hilder's ncqualiy
y|<

= ||‘]||oo'5rfE ( )[fi(Z) — filz +ey)]1de(2). (C.15)
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As a consequence of (C.15), one has

2
déy, (x)

2 2
I fei = fillze, = llqll5 /
K

< ||q||§o-/
]Rr

= llgl% -m*- /R 'H(ﬁ(x) — filx +ey))

er/ /@) — fi(z + ey)] de)
Ec(x)

2

€ [L(Ec(x)] - H(fi(x) — filx +€y))| dly(x)

2
dey, (x), (C.16)

where H is defined as in (C.12). Furthermore, by using the fact that the density of
€, is an A, weight, the operator H : L*(R", £,,)) — L*(R’, ¢,) is bounded. This
implies

RHS of (C.16) < |g13, - 7* - /Rr IH(fi(x) = fi(x + ey)]* dey(x)

<l 7 ¢ [ 1w - A+ e dtuw, @17

where the constant C depends only on r, p and the A}, constant of w; the constant C
is uniform with respect to i. Since f; is continuous independent of i, by (C.16)—(C.17)
one has the convergence f.; — f; in L%(Q, £,,) uniformly with respect to .

Due to (C.14), we can now pick a subsequence of f;, so that for any fixed y > 0,
there exist an € sufficiently small such that

I fei; = fill2en < 7/2 (C.18)
foralli; > 1.Furthermore, since the density of £,, is an A, weight, by a straightforward

modification of Lemma A.3, one has L%(Q2, €,,) C LIIOC(Q, £). Hence the sequence
fi belongs to L! (R, ¢), therefore

loc
flfild€=f | fild€ < oo,
Q K

which implies

sup | fei(x)| = sup [ge x fi(x)]

xe xeQ

= sup
xeQ

lgellco - /Q | fild€ < oo,

/Qqe(x —2)- fi(z) de(z)

A

so that f¢ ; is uniformly bounded on 2. Similarly, by using Leibniz’s rule for differ-
entiating under the integral sign, one has
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sup |Ve fe,i(x)|e = sup |Veqe * fi(x)le
= sup

xe xe
Ve (/ ge(x —2) - fi(2) dﬂ(z))
xeR Q

Sup/;2 IVeqe(x — 2)le - | fi(2)| dE(2)

xeQ

”veqé”oo'/ | fil d€ < oo,
Q

e

IA

A

which implies fe ; is equicontinuous on 2. Therefore, by the Arzela—Ascoli theorem
(Theorem 11.28 in Rudin (1987)), there exists a subsequence fg,i/. that convergences
uniformly on every compact subset of €2. In particular, there is an f, such that

. 2 . 2 2
im0y = il < Jim {1y = feis B, + ety = felBe,

0 fe = FeirBey + Weir = fulBe, }
<y/240+0+y/2=1y, (C.19)

where the convergence of the first and last term on the RHS was handled by (C.18).
Hence f;; is a Cauchy sequence in L*(K, ¢ w)- Therefore, by the completeness of L?

spaces, the Cauchy sequence f;; convergences to some f in L2(K, ly). O

One now has the weighted version of the well-known Sobolev compactness embed-
ding theorem for R”, which applies to Wh2(M, m, u,).

Theorem C.9 (Rellich Compactness) Let WL2(M, m, u,) be a weighted Sobolev
space. Assume the density of i, is an A weight. Then the embedding W'-2(M, m, j1,)
— L2(M, m, ) Is compact.

Proof Let f; be a sequence in Wl’z(M, m, i), and (U;, ¢;)icr an atlas on M. As
in the proof of Corollary C.7, pick local coordinates on M such that the components
of the metric tensor satisfy %6”, < mgp(x) < cdsp for some 1 < ¢ < o0, and
all x € U;,i € I,1 < s, p < r. Furthermore, let {0;};c; be a partition of unity
subordinate to the finite covering {U;};c;. For eachi € I, set Q2; = ¢; (U;). One has
oifj € W1’2(Ul~, m, j4;), so by Lemma C.3 the sequence (o; f;) o (pi_l belongs to
Wl’z(Qi, £,,,i), where £,, ; is an absolutely continuous measure with density £, o (pi_l
with respect to £. Moreover, the compactness of the closure of M implies (o; f) o goi_l
has compact support C; C €2;. Therefore, for each i € I one can apply Lemma C.8
with ¢,, = £, ; to obtain a subsequence (o; fjk)owf] ,and afunction g; in L2(%;, i)
such that for any y > 0, there exist a K (y) € N with

. 2 3 v
/Ci )(Gifjk) oY, — gi) de, < m (C.20)
forall k > K (y).
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Since each ¢; is a diffeomorphism and g; € L2(Q;, ¢ w,i)s €ach g; o ¢; belongs to
L>(U;, m, uu,). Extend g; o ¢; to g; € L*>(M, m, ), by setting

) &iowi(x)x eU;
gi(x) = {0 x e M\U;’

for each i € 1. Then by a similar argument as in (C.10)

i _Zgi

iel

1

~ 2 2
< Z <Cr/2/ |01 fjx — &i| " 0 ¢; 1d€u,i>
2,m, 1L iel 2

1
2 2
=y i ([ \(aif,-u o —gi deﬂ,,-)
Ci
where the inequality on the last line is due to (C.20). Since g; € L>(U;, m, ) and ||

iel
is finite, we have Zie 18 € L2(M ,m, [4;); this completes the proof of the theorem.
O

<Y,

Lemma C.10 (Poincaré inequality) Let WL2(M, m, u,) be a weighted Sobolev
space, and denote by a( f) the weighted mean of f; i.ea(f) = fM f-hyo),. Assume
the density of |, is an Ay weight. There is a constant K depending on r and M such
that ~

1f = @ ll2mp < K1V fl2ms (c21)

forall f € Wh2(M, m, ).

Proof We follow a standard argument as in corollary of Theorem 5 on p. 194 (McOwen
1996). Suppose inequality (C.21) is false, then due to Corollary C.7, there exists a
sequence in fy € C®(M,R) N WI’Z(M,m, W), such that || fx — a(fiollz,mu >
klIVu fill2,m, fork = 1,2, .. .. Define

g = S —a(fi)
Il fx — a(fk)”Z,m,u '

then || gkll2,m,u = 1, (gr) = 0and ||V, gkll2,m, . < 1/k.Inparticular, g is abounded
sequence in W1'2(M ,m, ). Hence, by Theorem C.9 there exists a subsequence
8k; € WbL2(M, m, ), which converges to some g in L*(M, m, j1,). One has
lgl2mpu =1, (C.22)
and
ag) = / g - hyw, = lim / 8k; -hyw, = lim a(gk;) =0 (C.23)

and llmj—>oo ”Vmgkj ||2,m,u =0.
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Now, for any ¢ € CgO(M , R), the weak gradient of g satisfies

/ (Vg Vi) dpty = — / gt dpty
M M

—lim [ g, A duy
M

j—o00
= lim [ m(Vug,. V¥ dis,
J=70JM ’

_lim ”Vmgkj”lm.u : ”Vmw”lm,u
j—o00

. 1
= (,hm > ”le/f”zm,u =0.
j—ookj

IA

Therefore y
Vg =0. (C.24)

But since M is connected, (C.23) and (C.24) implies g is the zero function, which
contradicts (C.22). O

D The Proof of Theorem 3.3

To obtain the inequality sP <hP,letT be a compact, connected C* hypersurface

in M that disconnects M into two open disjoint subsets M and M>. Let dist,, (x1, x2)

denote the Riemannian distance function with respect to the metric tensor m between

the points x; and x; in M, then define U, := {x € M : dist,,(x, ") < €} fore > 0.
Consider the set of functions

1, x € Mi\U.
- x € Mo\U,
Je@ =\ (1/eydist, (x. ), xe M, NU." (D.1)

—(1/€)disty (x, T), x € My N U,

In the following, we obtain an upper bound for s” by locally approximating functions
in C*®(M, R) by fe.

Lemma D.1 Let £, sP and f. be defined by (4.7), (3.9), and (D.1), respectively. If
the density of i, is C', then for € > 0 sufficiently small, one has

SD < ”meénl,m,u + ||Vn£f6||l,n,v
2infﬂ ||f€ - IBHI,m,M

Proof We claim the existence of g € C*°(M, R), such that the terms V,, fe and f. —
are approximated by V,, g and g — B, respectively, in the norm || - [|1 ., and the term
Vi L f is approximated by V,Lg in the norm | - ||1,,,,. In particular, due to these
smooth approximations and the definition of s”, one immediately obtains required
inequality (D.2).

(D.2)
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Let (U;, ¢i)icr be an atlas of M, and set 2; = ¢; (U;) for each i € I. For each
i € I,let £,; be an absolutely continuous measure with density A, o <pl._1 with
respect to Lebesgue measure €. Since M is compact, there exists a smooth partition
of unity {o;};c; subordinate to the finite covering {U;};c;. Moreover, one can verify
that f. is a Lipschitz function in L! (M, m, ). Therefore (o; f¢) o goi_l is Lipschitz in
L! (24, £,,;) for each i € I. It follows that the restriction of (o fe) o gofl to any line
in ; is absolutely continuous, which implies all partial derivatives of (o; f¢) o cpf]
exist almost everywhere on €2; (see Theorem 7.20 in Rudin (1987)). Therefore, the
Euclidean gradient V,((o; f¢) o (pi_l) e LY(Q, £,.,i) foreachi € I.

Set f5.¢ := gs* fe, where g5 and * are as in Definition C.5. Then by straightforward
modifications to the arguments used in Corollary C.7 to obtain (C.10) and (C.11), one
can obtain for any y > 0, a § > 0 chosen analogously to (C.9) such that f5. €
C®(M,R),

IV fs.e = Vi fellimpu < ¥ (D.3)

and

”(fB,G - ﬂ) - (fe - ﬂ)”l,m,ﬂ = ||f8,e - fe”l,m,u <V.

Finally, since T is a diffeomorphism and £, is C s fe is Lipschitz in LI(N L1, V).
Thus, the approximation of V, L fe by V,,L f5 ¢ in the norm || - ||1 ., can be obtained
analogously to (D.3). Thus, setting g = f5. we are done. O

To complete the proof of Theorem 3.3, we show that the RHS of (D.2) is bounded
above by h” as e — 0. In order to show such convergence holds, we require additional
results concerning the connection between 1, (Ue) and w,—1 ().

Suppose € is smaller than the injectivity radius of each point x € T", and recall that
Ue := {x € M : dist(x,I") < €} are open subsets of M. Since M is compact, the
closure of Uy is a compact subset of M. Due to the compactness of U, and the size of
€, by the Hopf-Rinow theorem U is geodesically complete (do Carmo 1976). This
implies that the signed distance function f : U, — R defined by

dist,, (x, ) x € M
f(x):={ —dist, (x, ") x € My, (D.4)
0 xerl

is smooth on U\T", and |V,, f |, = 1 (Proposition 2.1 Sakai (1996)).
The following concerns the regularity of the co-dimensional one measure (¢, on
the level surfaces of U,.

Lemma D.2 Let T" be a C* hypersurface in M that disconnects M into two disjoint
open subsets M1 and M». Define I'; := {x € M : dist,,(x,T") = t}, and fix € to
be smaller than the injectivity radius of each point x € T. If the density of wu, is
continuous, then the real-valued function A given by

A1) = pr—1(Ty),

is continuous on the interval [0, €].
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Proof Let f : M — R be the signed distance function as in (D.4), and let U; := {x €
M :dist, (x,T) < t}. Fix 19 € (0, €), then I'y, is in U \I". Hence f is C* restricted
to I'yy, and df (x) # O for each x € I'y,. Therefore, by the implicit function theorem
there exist open neighbourhoods O, about each point x € I'y,, and local coordinates
(x1,x2, ..., x-—1) for I'sy, such that (x1, x2, ..., x,—1, f) are local coordinates on O.
Let G, be the r x r matrix with entries m;; in the coordinates (x1, x2, ..., x,—1, f).
Then the volume form on O, is given by

), = /det(Gp) -dx; Adxg - Adx,—1 Adf.

Moreover, by a combination of the Stokes” and divergence theorem (see p. 122, Spivak
1965 and p. 7, Eq. (38) of Chavel 1984, respectively), one has

fwfn‘l=/ m(n,n)-w,’,;lzf divmn~wfn=/ d(i(n)%):f ima!,
Ty Ty U Uy Ty

where n is the unit normal bundle along T';,. Hence o, "' = i(n)w}, for all x € I'y,.
Now, since f = fy along I'y,, the vector V,, f is normal to the hypersurface I';;
which implies n = V,,, f/|Vy, flm, and dx; (V,, f) = 0fori = 1,...r — 1. Therefore

ol ! L= i(n)wmrlo = /det G, - i(n)(dx; Adxz--- Adx,—1 AdSf)

0

Ty

df (Vv
= (=1)"\/det G,, - af O ) cdxp Adxp - Adxy_g
[Vin f lm

= (1) /det G - [V flm - dx1 Adxa - A dxr_g

Ty

)
0

(D.5)

where the penultimate equality is due to the Leibniz rule applied to the interior product,
and the fact that dx; (V,, f) =0fori =1,...,r — 1.

To complete the proof, we note that |V,, f| = 1 because f is the signed distance
function, &, is continuous by assumption, and G, is smooth since m is smooth. Hence
hy a),rn_l r, is a continuous density for all 0 < ¢ < €. Therefore A(¢) = p,—1(I';) =

fl"z hywf~! is continuous on [0, €]. O
Lemma D.3 Let I be a compact, connected C*° hypersurface in M. Define U, :=
{x € M : dist,,(x, ") < €} for some € > 0. Assume the density of |, is continuous.
One has

1
lim —pu, (Ue) = 2pr—1(I). (D.6)
e—0 €

Proof Let f be the signed distance function as in (D.4), and I'; = {x € M :
dist, (x, ) = t}. Then |V, f|m = 1, and f is C* on U\I'. Hence, by co-area
formula (B.6)
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1 1
lim — Ue) = lim — \Y “hyo!
GI_TR)E,U«r( e) EER)G /[;€| m S lm - hpoy,
li 1 € / h r—1 dr
= m — .
el—>O€ —€ ) o Om
9 e
= lim - (/ h,L-a)fn_l>dt
e—=0¢€ Jo I,

€

2
= lim - wr—1(T'p)de. (D.7)
e~>0€ Jo

Take € to be smaller than the injectivity radius of each x € I'. Since A, is continuous,
by Lemma D.2 the function A(¢) := w,—1(I'y) is continuous on the interval [0, €].
Thus, one can apply the fundamental theorem of calculus to the last line of (D.7) to

obtain
. a(e) —a0)
RHS of (D.7) =2 lim ——— =2A(0) = 2u,—1(I"),
e—0 €

where a(t) is the anti-derivative of A(t). O

Now, to obtain the inequality s < hP via Lemma D.1, we start with the
term ||V, fell1,m,;. on the numerator of (D.2). Note that f, is constant on M\Uk,
which implies V,, fe(x) = 0 for all x € M\U,. But if x € U, then |V,, fe|m =
%|Vm(dist(x, )ln = é for € smaller than as in Lemma D.2. Therefore, by
Lemma D.3 one has

(Ue
a (e ) o). (D3

1
lim ||V, = lim — du, = lim
P I mfé”l,m,u eSoe Ju. Hr e

Next, we consider the term ||V, L fcl1.,,» on the numerator of (D.2). Observe that at
each point x € M\U,,

IV L f(Tx)]5 = n(VaLf, VoL f)Tx
= n(TuVrsp f, T Vs, f)Tx by Lemma B.6
= T*n(Vrenf. Vrenf)x by (2.4)
=m (Vo f. Vren s =0,

where we have used (3.8) and the fact that V,,, f(x) = 0 for all x € M\ U, to obtain
the last line. Hence, the integral f N\TQ, |V, L feln dv, vanishes. Set f to be the signed
distance function defined by (D.4), then f(x) = € - fc(x) for all x € Uc. Thus
Lf =¢€¢-LfonTU,.. Let T, be the level surfaces of the signed distance function f;
thatis I’y = {x € M : f(x) = t}. Then TT}; are generated by the level surfaces of
Lf;thatis T, = {y € N : Lf(y) = t}. Therefore, by co-area formula (B.6) one
has,
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1Vl fell i / Vol fol, duy
TU.

1
=—/ VLS, - o]
€ Jru,

1 ¢ r—1
— hy - w), dr
€ J—e (LH~ e}

2 €

€ Jo TT,

= g/€ \}r_l(TF[)dt. (D9)
€Jo

By astraightforward modification of Lemma D.2, the expression v,_1 (T T';) appearing
on the RHS of (D.9) is continuous as a function of ¢ on the interval [0, €]. Thus by
taking the limit of € — 0 on both sides of (D.9) and using the fundamental theorem
of calculus (see a similar argument used in Lemma D.3), one arrives at

5 [V, L fell1n.o = 20,1 (TT). (D.10)

Finally, for the denominator term of (D.2), we may without loss of generality assume
that - (M1) < iy (M3). Then

Hﬁ—ammuzf \fe — ol duy

M\U,
=11 —al (ur (M) = w1y (U) + 11 + @l - (1 (Ma) — 1, (Ue))
> 2(1, (M) — 14, (UO)), (D.11)

for each € > 0. Hence, by taking the limit of ¢ — 0 on (D.11) one has infy || fe —
allt,mu = 2pu,(My) = 2min{(u,(M1), ur-(M>)}. Combining this inequality with
(D.2), (D.8) and (D.10), we conclude that s? < hP.

E The Proof of Theorem 4.4

In this proof we follow the work of Froyland (2015) and McOwen (1996), and consider
a weak formulation of the eigenvalue problem for the weighted dynamic Laplacian
AP One can find a set of weak solution pairs (¢i, A;) € L*(M,m, Ur) X R to the
weak formulation of AL that satisfies the conclusions of Theorem 4.4. Moreover, we
show that the operator AP has the smooth uniformly elliptic property. That is, AP
can be expressed in local coordinates as AP = Z?,j:l a;j0;0; + b;0; + c, where a;;,
b; and ¢ are bounded and smooth functions on M, and there exists a constant y > 0
such that Z;j:l ajjsigj > ylel*> for all x € M and & € R”. The elliptic regularity
theorem (see Theorem 8.14 in Gilbarg and Trudinger (1977)) gives the additional
regularity of the eigenfunctions ¢; on M . Thus, the weak solution pairs (¢;, A;) solve
the eigenproblem

@ Springer



J Nonlinear Sci

AP = rigi, (E.1)

foreach i.

E.1 Weak Formulation of the A” Eigenproblem
Let f, g € C*°(M, R), and note that the smoothness assumption on the density %,

implies f, g € L?>(M, m, 1,). Consider the integral fM g-APf. h, ), . Recall from
Sect. 4.1 that the weighted divergence div,, satisfies

f mV,n) - hyo" = / div, V- hyol,, (E.2)
oU U

for all open U C M and continuously differentiable vector fields V € F!(M), and
where n is the unit normal bundle along dU. Since f, g € C°°(M, R), the vector
g Vi f € F°(M). Consequently, by taking U = M and V = g - V,,, f in (E.2),
follow by applying the expansion rule (B.12) for the weighted divergence div,,, one
has the following weighted Green’s identity:

/ g-m(Vyf,n)- h,uw:n_l = / div, (g - Vin f) 'huw;rn
oM M

:/ g-AMf-th;1+/ m(Vmg, Vi f) - huwy,.
M M
(E.3)

Rearranging (E.3) gives

/g-AMf~thfn=—/ m(Vmg,me)~hMa),rn+/ g-m(me,n)~h,Lw;[1.
M M aM

(E.4)
Since L is the adjoint of L£*
/ g- LA Lfdu, = / Lg-ANLfdv,.
M N
Therefore, one has analogous to (E.4)
/ g - LNLf -hyo), = —/ n(VyLg, VyLf) - hyol,
M N
+/ Lg-n(VoLf )byl (E.5)
IN

@ Springer



J Nonlinear Sci

where fi is the unit normal bundle along 3 N. Combining (E.4) and (E.5), we arrive at

2/ g'ADf'huw:n

M

=/ g (A/Lf_‘_L*AULf) ~hyo,
M

=—/ m(Vy, f, Vmg)-hua)fn—/ n(Vo L8, Vu Lf) - hyw),
M

+ Pi(f, 8, 0M) + P2(f, 8, dN), (E.6)

where
Pl(f,g,aM)=/ g -m(Vy f,m) - hyol " and
aM

P>(f, g, dN) =/ Lg - n(VLf,h) - byl !, (E.7)
IN

Next, we demonstrate that if boundary condition (4.15) in the hypothesis of Theo-
rem 4.4 is satisfied for f, then the boundary term Pi(f, g, dM) + P>(f, g, dN) of
(E.6) vanishes for all g € C*°(M, R).

Proposition E.1 Let f, g € C°°(M,R), and define P\(f, g, dM) and P>(f, g, dN)
by (E.7), where M and 0 N are the boundary of M and N, respectively. If the boundary
condition

m([Vi + V=] f,m)(x) = 0,

holds for all x € OM, then
Pi(0M) + P,(0N) = 0. (E.8)

Proof Let the hypersurface d M be generated by the zero level set of v € C*° (M, R);
ie dM = {x € M : ¥ (x) = 0}. Due to Proposition B.5, the surface d N is generated
by the zero level set of L. Now by Lemma B.6 and the fact that £*£ is the identity,

n(Vu L f, Vo LY)1rx = n(TuVren f, T Vren V) 1
=T*n(Vrsn f, Vrsn¥)x by 2.4)
= (V= )Yl by (3.8)
=m(Vren f, Vin ). (E.9)

Hence,

/ / LS VaLY)
L=t VLYl "

= / Lg -n(VoLf, Vo LY) - hyw;, by the co-area formula (B.6)
N

@ Springer



J Nonlinear Sci

=/ g n(VaLf.VoLy) o T - hya!, by (B.23)
M

=/ g - m(Vren f, Vi) - hyow,, by (E.9)

/ / MmO f, V) w7V dr, (E.10)
Y= z T

where the last line is due to the application of the co-area formula (B.6). Differentiating
both sides of (E.10) with respect to ¢, then att = 0

hyoht (B0

/ Lo MOULL VL)) |y / o VT V)
L=t [V LY | v W=t Vi ¥ m

Additionally, the vector V,,y is normal to the level surfaces of i, thus n =
Vi ¥/ |V ¥ I, and similarly f = V,, Lv/|V,, L/ |,,. Hence,

Py(f. 8. 3N)=/ Lg - n(V,Lf, ) - hyo),”!
N

/ Lo n(Vo Lf, Vo L£Yr) !
Ly=0 IV LY [

=/ R\ A)
=0

Vv hyol”t by (B1)
m m

=/ g -m(Vpe, fim) - byl !
oM
We conclude that
Pl(f’ga aM)"i_PZ(fvgv aN) 2/ g'm([vm+VT*n]fan)‘huw;;17
oM

which vanishes due to the theorem hypothesis of m([V,, + Vr+,]f, n)(x) = 0 for all
x €0M. O

Due to Proposition E.1 and (E.6), one has

/ ¢ AP fdu, = - / (Vo f. V) ity — f n(VaLg. Valf)dir. (E.12)
M M N

forall f, g € C°°(M, R). Note that (E.12) is symmetric in f and g, hence the operator
AP is self-adjoint in L>(M, m, ).

Suppose the solution (¢, A) € C°(M, R) x R exists for eigenvalue problem (E.1).
Then under boundary condition (4.15), one has by (E.6) and Proposition E.1 the
following formulation for the eigenvalue problem AP ¢ = r¢:

/ m(Vmg, Vi) dur+/ n(VaLg, Va L) dv, = —2)»/ g¢du,. (E.13)
M N M
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for all g € C*°(M, R). Equivalently,

/M [m(vmgs Vin®) + T n(Vr+,g, VT*n¢)] dpy, = =24 /M gpdu,. (E.14)

forall g € C*°(M, R).

E.2 Existence of Weak Solution and Variational Characterisation of Eigenvalues

Let S be a weighted Sobolev space W!2(M, m, j1,) with weights hy.. Recall from
Sect. C that the weak gradient with respect to the metric m is denoted by V,,. Due to
(E.13), the weak formulation for eigenproblem (E.1) is given by

/ Mm(Ving, Vi) dpi, + / n(VoLg, Vo L) dv, = =24 / gpdu,. (E.15)
M N M

We show existence of solutions (¢;, A;) € S x R for above weak formulation (E.15),
forall g € S. We call such pairs (¢;, A;) weak solutions’ for eigenvalue problem (E.1).

Our approach to finding the weak solutions for A? is based on the construction of
functionals F and G, and using the method of Lagrange multipliers. For f € S, we
define G(f) =1 — [}, f2du, and F(f) = (1/2)(F1(f) + F2(f)), where Fi(f) =
Iy IV f12, dp, and Fa(f) = [y |V L f12 dv,. First we list some useful properties
of the functionals Fj, F> and G.

Lemma E.2 Let f € S, and denote the linear dual of S as S*. Define the functional
F> as above.

(1) The functional F, : S — R is well defined,

(ii) The derivative F}(f) is linear and bounded (hence Fy(f) € S*),
(iii) F; is Fréchet-differentiable,

(iv) f — Fj(f) is continuous as a map from S to S*.

Proof (1) Let (U, ¢r)rex be an atlas of M. Then due to the fact that 7 is a g“’o-
diffeomorphism, there exists a set of finite constants Cf/ such that (T*n)" =

ijmif on Uy foreach 1 < i,j < r and k € K. Hence, by writing @T*n in

coordinates form via (B.7) (with respect to weak partial derivatives d), one has on
all points in Uy

ij

Ve f =Y (T @ f)d; =Y Cim (3 )d; < C* -V f,  (E.16)
ij

for all k € K, where C; = max;; Clk Furthermore, since M is compact, there
exists a partition of unity oy subordinate to the covering Uxcgx Uy (Lemma B.9).

5 The weak solution pairs (¢;, A;) does not necessarily solve the eigenvalue problem AP b = Aidi,
because ¢; may lack sufficient regularity on M, see p. 210 in McOwen (1996) for a discussion.
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Therefore,

Fr(f) = / 9, Lf 12 vy

N

- / n(uLf, VuL f) dv,
N

= / n(TNpsn f, TeV7sn f) dv, by Lemma B.6
N

= / T*n(Vren f. Vren f) o T~ dv, by (24)
N

= / T*n(Vren f, Vren f) dp, by (B.24)
M

- / (o f, Y f) dpty by (3.8)
M

=5 [ o mCFren s
Uk

keK
=Y G [ o m @ T du by €16
kekK Uk
< c~/ ¥ fI2 Ay = C - Fy(f), E17)
M

where C = maxgeg Ck. Since f € S, @mf € LZ(M,m, ). It follows that
F> : § — Ris well defined.
(ii) Forall f,ge S

F — F
Fi(f)g = g% 2(f +ei) 2(f)

i Vi LS el dve — [y [VaLf I dvy

e—0 €
I (a1 26 nCBuLf.90L8) +€ - [9Lly = [y I94L11) v
— e
=2f n(VuLg, VoL f)dvy, (E.18)
N

where to obtain the last line, we have used the fact that the coefficient of the
€2 term on the penultimate line is finite from part (i). Clearly Fz’( f) is linear.
Furthermore, by the Cauchy—Schwarz inequality, one has

RHS of (E.18) < 2[IVuL fll2,nv - IVaLgll2nv

1

1
~ 2 - 2
§2C-</ |vmf|,%1dur> (/ |vmg|,%1dur> by (E.17)
M M
R
szc~(/M|vmf|mdur) g,
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where C is the same constant that appeared in part (i). Therefore, F;(f) is
bounded.

By using the results of part (i) and (i), the proof of (iii) and (iv) is similar to the

corresponding results of Lemma C.1 in Froyland (2015). O

Remark E.3 One may obtain analogous results of Lemma E.2 for F; by setting T
as the identity map in F», while the corresponding results for G is a straightforward
modification with

G'(fg = —2/M fedu,. (E.19)

An important concept associated with linear functionals is the weak convergence.
Let f; be a sequence in S. We say that f; — f weakly in S, if H(f;) — H(f) for
all H € S* (where S* is the linear dual of S). Moreover, since S is a Hilbert space
(Proposition C.4), by the Riez representation theorem, if f; — f weakly in § then
(g, fiys = (g, f)s, for all g € S. One has the following standard result (see p. 174,
McOwen (1996))

Lemma E.4 Everybounded sequence in a Hilbert space contains a weakly convergent
subsequence.

Recall from Sect. C that the A, condition on the density /&, has important conse-
quences for the weighted Sobolev space W'-%(M, m, ). By assumption, the density
h,, is smooth and uniformly bounded away from zero. Hence, by Proposition A.2, the
density &, is an A, weight on the space S.

Lemma E.5 F attains its minimum on the constraint setC = {f € S : G(f) = 0}.

Proof Define the inner-product (h, g)g = fN (n(%nﬁg, V. Lh) + L(gh)) dv, for all
g, h € S, and denote the norm associated with (-, -)s by ||.|ls’. Set I = inf{F(g) :
g € C} > 0, and select a sequence f; € C such that F(f;) — I and F(f;) <1+ 1.

First, we show that the sequence f; is bounded in both S and §’. Due to Lemma C. 10,
there exists a constant K (independent of f;) suchthat || f; —a(fi)[l2, < K ||@mfi 2,1
for each i. Hence,

LANS = 1+ 1V fil13 e
< fi = (D3 + ()] + Vi fill3,,.,, by triangle’s inequality
< L+ KDV fill3 0 + ().

Moreover, by Cauchy—Schwarz

2
(/)] = ‘/Mﬁdur < (/Mf,?dur) =1-G(f) =1

Hence

1fills < A4+ KDV fillamp + 1= A+ KHF () +1 <A+ KHU+1)+1,
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so that f; is a bounded sequence in S. By applying similar arguments as (E.17) in the
proof of Lemma E.2 (i), one can verify that f; is also a bounded sequence in §’.

Since f; is abounded sequence in S, and S a Hilbert space (due to Proposition C.4),
by Lemma E.4, there exists a subsequence f;, suchthat f;, — f weaklyin S. Moreover,
due to Lemma C.9, the embedding S — L2(M ,m, W) is compact, which implies
the existence of a subsequence f;, of f;,, such that f;, — f in L>(M,m, j1,). The
strong convergence fi, — f in L2(M,m, ) implies £f;, — Lf in L*(N, n, v,),
because by the change of variable (B.23)

1 fi = U3 = /M | fi — fIPdpy = fN \Lfi, — LF1Pdv, = ILfi, — L3, 0-

Next, we use the fact that the subsequence f;, is bounded in S together with the
weak convergence of f;, in S, to show that f; convergences weakly in S’. Due to
Lemma (E.2) and Remark E.3, one has F}(g) € $* and G'(g) € S* forall g € S.
Therefore

lim (fi,, g)s = lim | n(V,Lfi, VaLg)dv, + lim //j(fikg)dvr
I —>00 x—>00 J N

ir—oo Jn

1
= lim Fj(g)fi, + lim f fi.gdu, by (E.18) and (B.23)
21/(%00 ir—>00 Jpm

1 lim F(g)fi, + 1 lim G'(g)fi, by (E.19)
2 ix—00 2 ix—00

1
=5 (R@f+6©f)

= (fvg>S’v

where the penultimate line is due to the weak convergence of fix — f in S.
Now, the weak convergence of f;, in S’ implies

If15 =(f. £ = lim (fi. f)s

= lim {mcﬁk, Va L f)o + (L firs Ef)u}

i — 00

1 —> 00

< lim {Wnﬁﬁknz,n,u NV L f N2 + 1L fi 2 - ||Cf||2,n,v}, (E.20)

where the inequality on the last line is due to Cauchy-Schwarz. Set a; =
IV L figll2nv, b1 = IVaLfllznw, a2 = ILfill2,n, and by = [Lfl2,n,0, and
consider the inequality
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arby + arby = \/a%b% + a%b% + 2a1brar by

< \Ja2b? + a3b} + a2} + a3b} since 2ed < @ +d>, Ve,d € R

= \/ (@} + a3)(b? + b). (E.21)

As a consequence of (E.21), one has

RHS of (E.20) < lim {\/ (L ficB s +0£ £ 3 ,0) - (190 LS 1B, + ||.cf||%,,,,v)}
L —> 00

=Iflls > Tim | fi lls-
1 —>00

Thus, || fllss < limj,— oo || fi, Il 5. Furthermore, the subsequence f;, is bounded in §’,
and liminf;, || f;, |ls is the largest number smaller than lim;, o | f, |s'- Thus,

I flls = dim | fills = I flls < liminf | fi |5 (E.22)
ix—00 ig—>00
Similarly, the weak convergence of the bounded subsequence f;, in S gives
I flls = lim | fills = [Iflls < liminf || fj, I|5. (E.23)
ip—00 iy —>00

Finally, due to (E.22) and (E.23)

2P() = [ 19n st + [ 19,5 dv
M N
=115 = 1F W + IFIS = ILLN5 00

< timinf || £, I3 = £ 13,0 + liminf | £, 15 — 1L £ 13,0,
ix—>00 ix—>00
by (E.23) and (E.22)
= liminf{|| fi 5 = I £13,, .} + Uiminf{| fi |5 — 1£F15,,,).  (E24)
ix—>00 ix—>00

By the strong convergence of f;, — f in L*(M,m, u,) and Lfi, — Lf in
LZ(N, n, vy), one has

RHS of (E.24) = liminf{|| fi, 1§ — | fi, 13,,n ..} + Uminf (|| fi 15 — 1€ fie 113,}
I —> 00 I—> 00
B 12 112 112 112
< timinf {1 1 = 153 130+ 11 = 1€ £330
k—)

= Wminf{|V,u fi, 15,00 + IVaLfi 5, ) = 2liminf F(fi,) = 21.
ix— 00 i—00
(E.25)

@ Springer



J Nonlinear Sci

From (E.24) and (E.25), we conclude that F(f) < I = inf{F(g) : g € C}; thus the
minimum of F is attained by f. To complete the proof of the theorem, it remains to
show that f € C; that is G(f) = 0. One has

(=1~ [ rau
M
=1 = 1f13mpu
=1—- llm ”fik”%,m,pc
L —> 00
= lim G(fy)=0,
1l —> 00

since f;, €C. u|

Due to Lemma E.2, the functionals F' and G are continuously differentiable. In
addition, by Lemma E.5 there exists a function f € S which minimises F over the
constraint set C. Therefore, using the method of Lagrange multipliers, one has the
equation F'(f)g = AG'(f)g for some A € R and all g € S. Expanding this equation
with (E.18) and (E.19) yields

/ (g, o ) ditr + / n(FuLg. TuL ) dvy = —20 / ofdu,  (E26)
M N M

forallg € S, f € {f € S: G(f) = 0} and some A € R. By comparing (E.15) and
(E.26), one sees immediately that (f, A) e{f €S:G(f) =0} xRisasolution pair
for weak formulation (E.15).

If we fix g to be f in (E.26), then

2F(f) = / ¥ F12 dptr + / 9L 712 dv,
M N

= —2)»'/ ];2 dﬂr
M
= -2M(G(f) + 1). (E27)

Moreover, as a consequence of Lemma E.5, f is minimising for F. Thus rearranging
(E.27) yields

. F()

=—inf ———
fes G(f) +1

g Ju IV f B A fy 1Va L f1G dvr
fes sz f2d,er

(E.28)

Let the solution ( f , A) to (E.15) be denoted by (¢, A2). To find other solution pairs
to (E.15) of the form (¢;, X;), one follows the standard induction arguments presented
in Froyland (2015) and p. 212 in McOwen (1996): One constructs a sequence of
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decreasing, closed and L>(M, m, ur)-orthogonal subspaces of S; that is for k > 1,
a sequence of subspaces of S of the form Sy = {f € S : fM foidu, =0, fori =
1,2, ..., k}, where ¢ is constant. One then uses the fact that the solutions ¢; and
¢ are L>(M,m, wr)-orthogonal for A; # A ; (this follows immediately from Lemma
C.3. in Froyland (2015)), and the fact that each S is complete (closed subspace of a
Hilbert space), to apply the variational method on S_; to obtain

A =— inf fM |6mf|;%1 du, +~/N |6n‘cf|% dv,
fESk—1 sz fszr '

(E.29)

fork = 2, 3, ....Notethat (¢, 0) is asolution pair to (E.15), thus Ay = 0. Additionally,
the sequence %; is monotone decreasing and tends to —oo, with the solution space finite
for each i (Lemma C.4. in Froyland (2015)).

Furthermore, using the identity @n =T, @T*nﬁ* from Lemma B.6,

/ IVaLfI2dv, = f (T Vs fo TV f) dvy
N N
= f T*n(Vren fo Vren ) dpr = / V7 f 17 it
M M

where the second equality is due to (2.4) and (B.24). Hence, one can write (E.29) as
an integral of M as

fM <|€mf|r2n + |§T*nf|%"*n) dpur
A= — inf

E.30
feSio 2 [y fPduy (E.30)

E.3 Ellipticity and Global Regularity of Weak Solutions

To complete the proof of Theorem 4.4, it remains to verify that the eigenfunctions
¢; of AP are smooth and unique for each i. For then, the smoothness of ¢; on M
implies that the weak solution pairs (¢;, A;) which solves (E.15) are also solution to
(E.13). Moreover, the uniqueness of (¢;, A;) implies that the solutions of eigenvalue
problem (E.1) are given by (E.29) or (E.30) (with the weak gradients replaced with
standard version due to the additional smoothness of ¢;). To determine the regularity
and uniqueness of ¢; on M, we utilise the elliptical regularity theorem (see Theorem
8.14 in Gilbarg and Trudinger (1977)).
We say that an operator L of the form

- 92 9
L= i —— + b — , E.31
i/Z::1 U xToxs + "oxi te (E.31)

is strictly uniformly elliptic if a;;, b; and ¢ are bounded, real-valued functions on M,
and there exists a constant ¥ > 0 such that
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,
D aijeigj > ylel, (E.32)
ij=1

where ¢ € R” is nonzero.

As a consequence of the Elliptical Regularity theorem, if dM is smooth, and AP
is a strictly uniformly elliptic operator with a;;, b;, ¢ € C (M,R)yandc <0in M,
then there exist unique solutions in C*° (M, R) for eigenproblem (E.1).

LemmaE.6 Let T : M — N be a C*®-diffeomorphism, and assume h, is smooth
and uniformly bounded away from zero. The weighted Laplacian AP is a strictly
uniformly elliptic operator of form (E.31), with a;;, b;, ¢ in C*°(M,R) and ¢ < 0
on M.

Proof For this proof, we say that an operator has property E, if itis a strictly uniformly
elliptic, with coefficients a;;, b;, c in C*°(M,R) and ¢ < 0 on M. By Lemma B.7

m(Vphy, Vi f) n n(Vohy, Vo Lf)o T

AP £ = A *A
f mf+ LD Lf + » oo T

(E.33)

Clearly the sum of operators with property E is an operator with property E. Addi-
tionally, if the second and fourth terms of (E.33) has property E, then by setting T
as the identity, one immediately see that the first and third terms of (E.34) also has
property E. Thus, it is sufficient to show that the second and fourth terms of (E.33)
has property E. To show that second term £*A, L of (E.33) has property E, we note
by Corollary B.6 that L*A, L = A7x,. Therefore in local coordinates at any point in
M,

1 " .
LDLf = Apenf = ———=—= Y 0; (et Gron(T*m)73: ), (E34)
A/ detGT*n =1 ( )

for all f € C*°(M, R). Using Jacobi’s formula for differentiating the determinant of
a matrix A; thatis d(det A)(x) = (det A)(x) Zij(A’l)ij (x)0kAjj(x) forall x e M,
one has

1 1
1 detGT*n r _q

=5 7m=— 2. (Grs)ud;i(Gre
zmklizzl( 74)k10j (G T*n)ki

1 r
= Vet Gy > T M (T n). (E.35)

k=1
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Therefore, by using the product rule to expand the partial derivative in the summation
on the RHS of (E.34), and then applying (E.35) to the first term one has

( Z (T*n)79,; (/AL G o) f

RHS of (E.34) =
A/ det GT*

+/det Grend (T*n)"8; f + M(T*n)i-/ajaif>

r 1 r ) )
=2 5| @M@ mu | i mais + o, e f

i,j=1 k=1
+ (T*n)" 9;9; f

r 1 r ) )
=2 2 D@ (T | (T 4 9;(T*n) | 0, f

i,j=1 k=1
+(T*n)7 ;0 f. (E.36)

Now the Riemannian metric n is a C*® bilinear symmetric form and positive-definite
for every y € N. Moreover, the mapping T is a C*°-diffeomorphism. Hence, the
components (T*n)Y and 9; (T*n)¥ are both bounded and smooth for each 1 < i, j<
r. Therefore, the coefficients b; = Zj %(T*n)i-/aj(T*n)kz + 3j(T*n)ij and a;; =
(T*n)Y in (E.36) are both bounded and smooth. Additionally, due to Lemma B.2 we
have at the point x € M,

r r
* NI
> aijeiej =Y (T*n)"eie,
i,j=1 i,j=1
r
Z (J; +GpoT - Jr)Veie;
i,j=1

.
=Y UG o T - (I e

ij=l

,
Z (JT_I)ik ‘ (G;l o T - (JT_I)ﬂS,'Sj
i,j.k,I=1

-
Z (=10 T)ig - (Gl o Ty - (Jp-1 0 T) jije

ijkl=1

by the inverse function theorem

r

= Z (10T &), (G, 0Ty (Jp-10T - &),
k, =1

>0, (E.37)
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where we have used the fact that the matrix G, lis positive definitive at every Tx € N
to obtain the last inequality. Hence, there is a y > 0 such that er j=14ij (X)giej >
yle|? for all x € M. Thus a; ; satisfies condition (E.32), so by (E.34)—(E.36) the term
L*A, L has property E.

To show that the fourth term n(V,h,, V,L f)/L*h, of (E.33) has property E, we
consider the numerator term. One has at each point 7x € N,

n(Vphy, VoL f) = n(Vyhy, TV f) by Lemma B.6

= (T*VT*nf)hv
=Vpin f(hyoT)o T~ by (2.2)
=m(Vyp(hy o T), Vysuf)o T L (E.38)

Writing the RHS of (E.38) in local coordinates, one has at any point x € M
r r r
RHS of (E38) = Y m; (Z m* oy (hy o T)) <Z(T*n)ﬂa,f)
i,j=1 k=1 =1
r r
= Z 0j(hyoT) (Z(T*n)jlalf) on contracting the index i
j=1 I=1
,
= Y 9j(hy o T)(T*n) 1 1.
j.l=1

Therefore, at eachx € M

n(Vahu, VaLf) o T 3jumt 3y 0 TY(T*m)'01
hv oT - hv oT

= )" 8;(n(hy 0 T)(T*n)/" 0y f

jil=1
As before, due to the properties of the metric m, the smoothness of /1, and the fact that

T is a diffeomorphism, the coefficient b; = Zj 0j(In(hy o T))(T*n)’! is bounded
and smooth, and so the fourth term of (E.33) has property E. O

F The Proof of Theorem 4.5

This proof is a straightforward modification of Theorem 3.2 in Froyland (2015). Let
g : M — R™ be nonnegative and smooth. Since

/ﬁgdv,:/ gdu,,
N M
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by (B.23), and densities &, h, are both positive and smooth, the function Lg is
also nonnegative and smooth. Denote by I'; the level surfaces generated by g; that is
{x € M : g(x) = t}. Then the level surfaces of T'T'; are generated by Lg. Now, due
to the co-area formula given by Lemma B.1, one has

/ IVinglm - h/Lw:n +/ Vi Lgln ~h.,a)2
M N

oo
:/ (/ hﬂa);l_l—}—/ hvw2_1>dt
0 r, T,

- /0 (tr—1(T1) + vy (TTy)) dr

>2 inf H({g = t})/ooomin{ur(g > 1), ur(g < 1)}de. (E.1)

1€(0,00)

Let f : M — Rbe smooth, and o the median of f withrespectto j,;i.e i, (f > o) >
1/2and pu,(f <o) > 1/2.Set f1 = max{f — 0,0} and f— = —min{f — o, 0}, so
that f —o = f4 — f_. Observe that for each point x € M, either | f (x) —o| = f4+(x),
@) —ol = f-@)or|f(x) —o| = fi(x) = f-(x) = 0. Therefore

inf HP({f=1)= min{ inf HP({f2=1)), inf HP((fI=1hji.
te(—00,00) te(0,00) te(0,00)

(F2)
In addition, if f is positive then f > o, and if f_ is positive then f < o. Hence, by
using the fact that o is the median of f, one has

2 1 2 1
wr(fy>n=5 and u(f2>10=z, (E.3)

for all + > 0. Moreover, if f # Othen f_ = 0, and if f— # 0 then f = 0. Hence,

(f —0) = f2+r2, (F4)
and
IV (f2+ D2 = m(Vu(fE+ D, Vi (f + )
= [V (FDIZ 4 2mVu (fD), Vi (F2) + Vi (fDIZ
= [V (D2 + 1V (D13
= IV (FDIZ 42 1V (D - (Vo (FD) o + IV (DI,
2
= (19Dl + 1V (FD1n) (F5)
Finally, by definition £ f; = max{Lf — 0,0} and Lf_ = —min{L f — o, 0}. Hence
analogous to (F.4)
(Lf —0) =LfI+Lf> (E.6)
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and analogous to (F.5)
IVa(LfZ+ LIDE = (Va(LfD) + ValL D)2 (E7)

Due to (F.4)-(E.7), one has

/ IVl (f — )], dur + / VAL — o)1), dv,

M M

= [ 192 2 b+ [ [5aEFF L), vy by (R and @)
M N

= [ (Dl 19 (£ ) it + [ (1L + 190 L20)
M N E8)

where the last line is due to (F.5) and (F.7).

Now, consider the RHS of (F.8). Since fi and f2 are nonnegative and smooth
almost everywhere, one can set g = ff and g = f2 independently in (F.1), and then
apply (F.2) to the result to obtain

RHS of (F8) =2 _ inf )HD({f =1}) / wmin{m(ﬁ >0, w (f2 < 1)
te(—00,00 0
+ min{u, (f2 > 1), w (f2 < 1)} dr

=2 _inf )HD({f:z})[oomﬁ > 04w (f2 > 0 dr, (E9)
0

te(—00,00

where the equality on the last line is due to (F.3). Applying the Cavalieri’s principle
(Proposition 1.3.3 in Chavel (2001)) to the RHS of (F.9) yields

RHS of (F9) =2 (inf )HD({f = r})/ (fE+ 2 du,
e(—00,00 M

=2 inf HP{f= z})/ (f — o) du,. (E.10)
te(—00,00) M

Next, we consider the LHS of (F.8). In local coordinates, one has by (B.7)
r .o
Val(f —0)?1= > m8;(f — 0)%;
i,j=1
" ..
=2 mY(f —0)d fo

i j=1

=2(f =)V f.
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Therefore, by Cauchy—Schwarz
/ |Vm[(f_a)2]imdﬂr:2/ |f—a|'|vmf|md'ur
M M

=21f —olzmpu - IVm fll2,m - (F.11)

Also, analogous to (F.11)
/ VAl = 0)1], dvy < 20LF = 0 lams  IVaL F s
N
=2 ( / (Lf —0)? dvr) MVl fllzmo
N
=2 (/ (f—0) dm) “NWVaLfll2ny by (B.23)
M
=21f —ollzmpu - IVaLf 2,00 (F.12)
Therefore, by (F.8)—(F.12), one has

inf )HD({fzt})/M(f—G)szr < If = ol

te(—00,00
) (”me”Z,m,u + ”Vn‘cf”ln,v)
M VL
— inf HD({f =1} < I mf||2,m,u +1IVa fl‘U;,n,p
e (fu(f = )2 duay)

(F.13)

Let o(f) be the mean of f with respect to u,; that is ¢ (f) = fM f du,. Then
fM(f — ¢)?du, as a function of ¢ € R is minimum when ¢ = «(f). Hence, by
squaring both sides of (F.13), one has

2 2
. ”vmf”Zm + ||vn£f||2n v)
f HD — ) ( S, [ N,
( o =0 ) = P
o Vi f Iy dur + [y IVaLfI7 dvy
- [ (f —a(fN2du,

te(—00,00

. (F14)

for all f € C®(M, R), where we have used the fact that (a + b)> < 2(a® + b?) for
a,b € R to obtain the inequality on the last line. Furthermore, if A; is the smallest
magnitude nonzero eigenvalue of AP with corresponding eigenfunction ¢, then by
Theorem 4.4, one has ¢, € C*°(M, R), a(¢y) = fM ¢odpu, = 0, and for k = 2 the
infimum of (4.16) is attained by ¢;. Thus, by setting f = ¢, in (F.14),

- [Vint2ls ditr + [y |Va L2l dvy
f HP - ) 2fM m N n
( Mo 22D )= Ty 162 — a() 2 diar

te(—00,00

= —4\,.

This concludes the proof of the theorem.
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F.1 Time-Discrete and Time-Continuous Case

To generalise Theorem 4.5 to the time-continuous dynamic Cheeger inequality, we note
that apart from (F.14) all arguments are applied linearly with respect to time. Hence,
the results up to (F.14) are immediate via the constructions outlined in Sects. 3.1
and 4.2. To modify the argument (a + b)? < 2(a* + b?) used to obtain (F.14), we
apply Cauchy—Schwarz to obtain

([ =([ ) =([ ) ([ ) - [

For the time-discrete case, one applies Cauchy—Schwarz analogously.

G The Proof of Theorem 5.1

Recall the definition of the diffusion operator Dy . given by (5.3). For f € C3(M,R),
we wish to evaluate the e — 0 limit of the image of f under the operator £} L, where
by (5.5) and (5.6),

(G.1)

(fh
LiLcf = 'D;e’e oL*o Dz’e <m> ,

Pghﬂ

with P, = DYg,e oPoDx.e.Let (U, p) be achart on M containing the point x € M.

Recall normal coordinates at the point x are the local coordinates on (U, ¢) such that

the metric tensor satisfies m;;(x) = 6;; and d;m jx (x) = Oforall 1 <i, j, k <r.
Introducing standard multi-index notation for «; i.e « = (@1, @2, . . ., @, ) such that

ol =i+ + oy

al =ajlop! ... o G2)
o __ Q] 02 o :
D* =0,"09,"...9;
o 01, Q) oy
V=0,
foravectorv = (vq, ..., v;). The following lemmas are well-known results regarding

normal coordinates

Lemma G.1 Let (U, @) be a chart of M containing the point xo € M, with

corresponding normal coordinates {x1, X2, ..., X;}. The Laplace—Beltrami operator
satisfies
—~ *(fop™!
Amfxo) =)  ———(p(x0)).
Py 0x;
Proof See p. 90 in Rosenberg (1997). O

Lemma G.2 Let (U, ¢) be a chart of M containing the point xo € M with corre-
sponding coordinates {x1, x2, . .., x,}. The asymptotic expansion of \/det G,, about
Be(x0) C U, centred at x is given by
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JVdet G, (x) =1+ Z CR,ja)(x0) - (@ (x)),

o]=2

where CR || (x0) depend only on the Riemannian curvature tensor R and covariant
derivatives of R at the point xo. Moreover; if R is bounded on B¢ (xg), then

o
> 1CR jal(x0)] < 00 (G.3)
lor|=2
Proof See Corollary 2.10 in Gray (1974). O

The following lemma generalises Lemma D.1 (Froyland 2015) for flat manifolds
to the case of general Riemannian manifolds.

Lemma G.3 Let 1 denote the characteristic function, and Dx ¢ be defined as in (5.3).
There exists a constant c, such that

=0,
CO(M,R)

lim sup
0 £l

Dyxef —
%—(c/zmmf

wmr=K

for each K < oo.

Proof Let f € C3(M, R) with ”f||C3(M,R) < K, fix xp € X and set ¢ > 0 to be
smaller than the injectivity radius of the point xo € M. It is well known that the
exponential map exp,,, at the point xo is a diffeomorphism of a neighbourhood of
0 € R" onto B¢ (xq) (see Theorem 5.11, Aubin (2001)). Moreover, there exist normal
coordinates on the chart (B (xq), exp;ol); that is the components of the metric tensor
m satisfy m;; = §;j, and oym;; = O atthe pointxo forall 1 < i, j, k < r (see Corollary
5.12, Aubin (2001)).

Recall the definition of Q from Sect. 5. By the Gauss lemma for Riemannian
manifolds, the exponential map eXPy, is a radial isometry from E.(0) to B.(xg) (see
Lemma 3.5, p. 69 in do Carmo (1992)). Thus,

Qc(x0,2) =€ "0 (—dIStm(xo’ Z))

€

—1 -1 -1
_ero (mm o expy, zl) o (L) G4

€ €

for all z € B<(x9) C M. Moreover, due to the fact that supp O C E1(0), the function
Q¢ vanishes for all z € M\ B¢ (xg).

Let {x, ..., x,} denote normal coordinates on (B¢ (xp), exp;ol). Recall that the
volume form on M is given by ), = </det G,, - dx; Adx2 A --- Adx,, where G, is
ar x r matrix with entries m;;. Hence (exp,)*w}, = +/det G, o exp,, d¢, where ¢
is the Lebesgue measure on R”. Moreover, since supp Q¢ (xg, -) C B¢ (xg), one has
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Dx.e f(x0) = / 0c (0. 2)f(2) - @ (2)

Be(x0)

= e—r/ 0 <M> (f . M) o exp,, (u) - de(u), (G.5)
Ec(0)

€

where the last line is due to (G.4). An application of the change of variable v = u/e
to the RHS of (G.5) yields

RHS of (G.5) = /
Ei(0)

0 (v) (f -4/ det Gm) 0 eXpy, (ev)dé(v). (G.6)
To complete the proof of the lemma from (G.5), we follow the proof of Lemma D.1
Froyland (2015). We apply Taylor’s theorem to the real-valued function f := foexp,
on E(0), centred at 0 to obtain

2 -
_ D* (0
Fen =Y @ LE L S e Ryen)

|e|=0 lee|=3

where the remainder term R, (ev) is given by
3 ! -
Ro(ev) = = / (1 —1)’D*f(tev) dt. (G.7)
o Jo

Due to the above Taylor expansion of f, the RHS of (G.6) becomes

: D* f(0)
RHS of (G.6) = o(vh | Y e“"lvo‘—' + ) 0¥ Rs(ev)
E1(0) lo|=0 o la|=3

- (VAet Gy ) o expy, (ev) db(w). (G8)

We evaluate the above integral term by term.
For the || = 0 term, one has

0
/ o(lv]) - % : (/M) o expy, (€v) dE(v)
E1(0) :
= [ 0tu- s (VaerG,) oexp, fev) decw
E1(0)

=f(x0) Om.e(x0, 2) - @), (2) = f(x0). (G.9)

Be(x0)
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For the |o| = 1 term, we note that the real-valued function Q(|v|) is symmetric.
Hence, v; Q(|v|) are odd functions of v for 1 <i < r. Therefore,

/ o(v)) - ‘Z ‘af(o) -\/det G, 0 exp,, (ev) dE(v)
E1(0)

=Y 9 f0) / viQ(vl) e [ 1+ Z Cr.ip1(x0)e?1vf | de(v)
i=1 £1(0) 1B1=2

=Y 9 f(xo)- 0+f Q(vl) - Y Crp oy dew) |, (G.10)
i=1 E10) 1B1=2

where we have applied Lemma G.2 to obtain the second equality, with constants
CRr,18/(x0) < oo depend only on the Riemannian curvature tensor R, and the covariant
derivatives of R at the point xo. We return to this term later in the proof, but for now
we proceed to the |o| = 2 term.

For the |a| = 2 term, due to property (5.2) for Q and the approximation of /G,
by Lemma G.2, one has

r a.F 00
/ o o(lv]) - (62 Z ViV 8,8]2]"(0)) . (1 + Z CR,ﬁ(XO)GlﬁIUﬁ) de(v)
Eq .

i,j=1 1B1=2

r 9. F (o]
=y 8’312{(0) : (/E o o)) - (v,-uj52+ > CR,ﬂ(xo)uivjvﬂeﬂ”) d[(v))
: 1

i,j=1 1B1=2

ce 2= d l) 3 f(O) ad ﬁ |ﬂ|+2
Za foy+ Y 2970 /E«»Q('”')' 3 CropiGorvivjuPe B2 dew)
1

i,j=1 1B1=2

Amf(XOH- » M / (v) - Y. Crpxo)vivjvP el de)
ij=1 Er©) =2
(G.11)

where we have applied Lemma G.1 to obtain the last line.

Now set € < min{p, 1}, where p is smaller than the injectivity radius for every
x € M, then approximations (G.5)—(G.11) are valid for every pointx € M. Moreover,
since M is compact R is bounded on M. Therefore, by (G.3), if v € E{(0) then there
exists a constant C such that

i ‘CR,\ﬂ\(x)vivlﬂlélﬂHl‘ <é i ICrip )] | = G e3,
BI=2 8= S0 Q0D de(v)

(G.12)
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foreachi > 1 and all x € M. Similarly, if v € E;(0) then there exists a constant Ca
such that

i ‘CR lﬁl(x)vivjvlﬂlelﬂm‘ <e i ICr1p1] | = © &
| , fEl(O) O(Jv]) de(v)

1B1=2 |B1=2
(G.13)

foreach i, j > 1 and all x € M. Due to (G.5)—(G.13), one has

ce?
Dxef @) = f(¥) = ——Am f(x)

(Z aifu)) -Ci€
i=1

+| Do a0 f() | - Cae?

i j=1

+ f o(v) - Z e3v°‘Ra(ev) -/ det G, oexp,(v)de(v)|. (G.14)
E(0)

la]=3

for all x € M. Consider the term on the second line of (G.14), one has

sup / o(v) Z e3v“Ra(ev) -y/det G, o exp, (v) dl(v)
E(0)

Iflle3 <K _
C3(MR) la|=3 CO(M,R)

< sup ||Ra(u)||co(M’R).63/ Q(v]) - Y v*/det G o exp, (v) de(v)
Ilf”C’%(MR)<K El( ‘al 3
la|=3,ucE(0)
= sup  [Re@llcop ) - C3€,
1163 ar ) <K
la|=3,ucEc(0)

for some constant C3. Therefore, rearranging (G.14) yields

(Dxe—Df

sup = — (/DA f
163 .y <K € CO(M,R)
.
< (Za f) e+ || > a0, f - Cpet

I ”C3<M w=K COM.R) ij=1 COM.R)
+Ce' - sup [Ra()llcoqa - (G.15)

113 . <K

la|=3,ucEc(0)

Since the first- and second-order derivatives of f are bounded for by K, the first
two terms on the RHS of (G.15) converge to 0 as ¢ — oo. Hence, to complete the
proof of the theorem it suffices to show that
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1
Ro(w) = = fo (1= (2 D%(f o expy)(tu) dr,

is uniformly bounded on E(0), for || = 3 and every f € C3(M,R) with
Ifllcsamry < K-

Let u € E.(0) and || = 3. Since € is less than the injectivity radius of x, the
exponential map exp;l is a C*°-diffeomorphism from B¢(x) onto E.(0). Thus, if
I fllc3smry < K, then all derivatives of f o exp, up to order 3 are bounded above
by K’ for some K’ < oo on E¢(0). Now since u € E.(0), one has ru € E(0) for
all 0 < ¢ < 1. Hence, the term D*(f o exp,)(tu) is uniformly bounded in u for
0<r7<1landall|fllc3pr =< K.It follows that the remainder Ry is uniformly
bounded on E¢(0), for [« = 3 and every || fllc3m r) < K. O

Proof of Theorem 5.1 Let || fllc3p r) < 1, and sete > 0 to be smaller than the injec-
tivity radius of each point in M. We start with the asymptotic expansions of Pe (fh,,).
Since || fll¢3 k) < 1 and hy, is bounded in the C3-norm, one has 1 fhullesmry <
K, for some constant K. Consider fh, such that || fh,llc3pr) < K.Lemma G.3

yields Dx (fhy) = fhy + %Am(fh,i) + O(e3), where O(e3) denotes the class
of polynomials aze> + aze* + - - -, with all coefficients a3, as, . . . bounded on M and
independent of f. Combining the expansion of Dy ((fh,) with the linearity of P,
then PDx (fhy) = P(fhu) + %PAm(fhu) + O(e%). Now, since P is given by
(B.17) and T is a C*°-diffeomorphism, one has PDy ((fh,) € F3(N, R). Therefore,
by a straightforward modification of Lemma G.3, we have uniformly on N

Pe(fhu) =Dy; e PDx.e(fhy)
ce? ce? ’ 3
=P(Fh) + 5P (Fh) + 5 [A,,P(fhu) +O(e )] + O

2
—P(fhy) + % [PAm(fh) + DaP(fh)] + O, (G.16)

where ¢ is the same constant as in Lemma G.3 (since the constant ¢ comes from
property (5.2) of Q, independent of f). Therefore, using the fact that Ph,, = h,

£ o Pl PURD & 5 PO + 5 PUfR]+ O - oo
‘ Pehy hy + S [PAwhy + Dahy] + O(€3) o

uniformly on N. Next we apply L to L. f. According to (G.1), the first step is the
application of the dual diffusion operator D7, _ to (G.17). In preparation for this, we
consider a general polynomial quotient of the form

a+ be? + ce3
d+ee? + fe3
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where a, b, ..., f are a set of known coefficients. By polynomial long division and
truncating at €3, one has

a+be’+ce*  a  bd— ae ,

dte1fd d &

+O@E). (G.18)

Applying (G.18) to (G.17), and noting that Lf = P(f - h,)/h, (see (4.7)) yields

Eef P(fhu) + > I:PAm(th) Anp(fhu) _ P(fhu) : PAmhu

h, h, h, h2
P(fhy) - Azh
_PUh - By 22 ”} + O
£f PAm(fh;L) + Anp(fhu) _ Ef ) PAmh/L _ Lf ) Anhv
N hy hy hy hy
+ 0(63)

uniformly on N. Since A, is uniformly bounded away from zero, one can check
that £, f € F3(N,R). Hence, it is now straightforward to compute D%, Lef via

Lemma G.3 to obtain

. Phn(fh) | BaP(fhy)  Lf -Phuhy
D}, Lef =L+ : [ e S i
_ES - Baly 'hA"h”} n %A Lf+ 0@, (G.19)

uniformly on N. We write

Plun(fhy) _ r (Am(fh,u))

hy hy
_r fBphy+hy Dy f+2m(Vyhy, Vi )
= ™
- Amh 2m(Vphy, Vi
ZL:(g)_FE(Amf_}_M)
Iy .
by linearity of £
N Amh 2 th vvm
_ LS Phby Amf+—m( w Ynl))
hv hM

using the fact that £Lf = f o T~! for the last line. Thus, the 2nd and 4th terms of
(G.19) can be combined to form

ce? (PAm(th) LS PAmhu) _lr (Amf o MOmhy Vi f)
2

h, h, 2 h,
(G.20)
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Also,

Anp(fhu) _ Ap(Lf - hy) . hy - D Lf +Lf - Aphy +20(NVyhy, Vi L)
hy, hy - hy
Lf-Aphy 2n(Vyhy, Vi, L f)
+ .
hy hy

=N LS+

Thus, the 3rd, 5th, and 6th terms of (G.19) can be combined to form

2 ) 2
i[AnP(th)_Ef Anhv:|+iﬁnﬁf

2 h hy 2
— #Anﬁf + cez—n(vnhvh’vvnﬁf) + %Anﬁf

_ ol ( Af+ n(vnh,;i, vn£f>>

= ce2 (ML), (G.21)

where the last line is due to (4.4). Substituting (G.20) and (G.21) into the RHS of
(G.19) yields,

A f m(vmhu»vmf)
+
2 hy

) + sz:f) + O(eY),

(G.22)
uniformly on N. It is straightforward to apply D}"(G, L* to the RHS of (G.22)via
Lemma G.3, which yields

Dy, Lef =Lf + ce? (z: (

2
LELf = [+ B f+ee? <(A’§f+m(v’"};“’ V’"f)) +£*Av£f> +0(e)
n
2
=f+ % (Auf + LXAVLE) + O, (G.23)

uniformly on M, where we have used (B.27) to obtain the last line. Since the coef-
ficients of the O(e3) are uniform on M and independent of f, rearranging (G.23)
gives

L:L-nfg

=0.
€2

CO(M,R)

c-APf

lim  sup
0N fllesarm
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