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HILBERT SPACE LYAPUNOV EXPONENT STABILITY

GARY FROYLAND, CECILIA GONZALEZ-TOKMAN, AND ANTHONY QUAS

ABSTRACT. We study cocycles of compact operators acting on a separable
Hilbert space and investigate the stability of the Lyapunov exponents and Os-
eledets spaces when the operators are subjected to additive Gaussian noise.
We show that as the noise is shrunk to 0, the Lyapunov exponents of the per-
turbed cocycle converge to those of the unperturbed cocycle, and the Oseledets
spaces converge in probability to those of the unperturbed cocycle. This is, to
our knowledge, the first result of this type with cocycles taking values in oper-
ators on infinite-dimensional spaces. The infinite dimensionality gives rise to a
number of substantial difficulties that are not present in the finite-dimensional
case.

1. INTRODUCTION

A question of paramount importance in applied mathematics is: How to tell
if the conclusions derived from a model indeed capture relevant features of an
underlying system. Stability results address this question by giving conditions
under which small changes in a model produce only small changes in the outcomes
of the analysis.

In the last decade, multiplicative ergodic theory has been developed in the so-
called semi-invertible setting (that is, the setting in which the underlying base
dynamics are assumed to be invertible, but no invertibility assumptions are made
on the matrices) [ITL[12,[14}[15]. This enables a fine analysis of time-dependent or
driven dynamics, where the driving is invertible, but the phase space dynamics
need not be invertible. Driven linear dynamics, modelled by cocycles of (possibly
non-invertible matrices or non-injective linear operators) fits into this framework,
but one may also consider a variety of linearisations of driven nonlinear dynamics.
An important linearisation is the replacement of a nonlinear dynamical system on
a finite-dimensional phase space with its transfer operator describing the linear
action of the dynamics on real- or complex-valued functions of the phase space.
This linearisation provides a useful mathematical tool to numerically analyse phase
space transport in time-dependent nonlinear systems, such as models of (driven)
geophysical flows [13].

The Lyapunov spectrum of the linear (or linearised) cocycle quantifies the mag-
nitudes and timescales of growth and decay in the driven dynamics, and the cor-
responding so-called Oseledets spaces determine the modes in which this growth
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or decay occurs. From a modelling perspective, it is important to know that Lya-
punov spectral analyses of models are robust to model errors and to numerical
errors. That is, do the Lyapunov exponents and Oseledets spaces — obtained using
either mathematical models or observational data, both of which contain errors —
correspond to real features of the driven system? Further, are the Lyapunov expo-
nents and Oseledets spaces insensitive to the inevitable numerical approximation
errors in the numerical schemes required to extract these ergodic-theoretic objects
from models or observational data?

The aim of this work is to provide an initial step in establishing conditions for
the stability of Lyapunov exponents and Oseledets spaces, the essential components
underlying multiplicative ergodic theory, in an infinite-dimensional context. The
infinite dimensionality aspect is crucial for stability results for driven linear dy-
namics on infinite phase spaces and to eventually encompass the setting of transfer
operators and other infinite-dimensional linearisations. In the infinite-dimensional
context, and aside from works focusing exclusively on the i.i.d. perturbation (noise)
setting, stability results have only been established either (i) under uniform hyper-
bolicity assumptions on the underlying cocycle, which for example cover the case of
random perturbations of a fixed map [IL[6], or (ii) for the top (first) component of
the splitting, in the context of transfer operators [9], where the leading Lyapunov
exponent is always 0, corresponding to a random fixed point.

Early results concerning stability of Lyapunov exponents for finite-dimensional
(matrix) cocycles include [T6LI8[I9123]. In the setting of invertible matrix cocycles,
the closest results to this work are due to Ledrappier, Young, and Ochs [21]122]
24]. The difficulty of the stability problem at hand, even in the finite-dimensional
setting, is highlighted by the existence of negative stability results for Lyapunov
exponents of matrix cocycles [31M], which show that for non-uniformly hyperbolic
cocycles, carefully chosen arbitrarily small perturbations may collapse the entire
spectrum of Lyapunov exponents to a single exponent. In this finite-dimensional
setting, the stability problem remains an active topic of research, and related recent
results include [2l[5]. In the setting of semi-invertible matrix cocycles, the authors
established stability results under stochastic perturbations in [8[I0].

In this paper, we study cocycles taking values in compact operators on a sepa-
rable Hilbert space. The unperturbed cocycle is assumed to be strongly coercive,
with exponentially decaying transmission between higher order modes, so that the
leading Oseledets spaces tend to be concentrated on low-order modes. This issue
of the cocycle sending a low order mode to an arbitrarily high order mode does not
arise in the finite-dimensional setting. Additionally, unlike the finite-dimensional
case, there is no natural Lebesgue-like measure on the infinite-dimensional space of
perturbations. Hence as our model of noise we use additive Gaussian perturbations.
The Gaussian nature of the perturbations allows for unbounded changes and is also
convenient for calculations. In order to maintain the noise as a small perturbation,
the Gaussian perturbations are required to have stronger exponential decay than
the unperturbed cocycle. We regard the model as a natural generalisation of the
finite-dimensional Ledrappier-Young setting to infinite dimensions.

The main results of the paper, Theorems [A] and [B] yield, respectively, con-
vergence of Lyapunov exponents and Oseledets spaces of the randomly perturbed
cocycles. The method of proof of stability of Lyapunov exponents builds on the
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work of Ledrappier and Young [21], which dealt with Lyapunov exponents in in-
vertible matrix cocycles, as well as on our recent work [10], which had to handle the
complications arising from non-invertibility of the matrices. Section presents
examples for which Theorems [Al and [B] apply.

2. THE MODEL AND PRINCIPAL RESULTS

Throughout the paper o:  — € is an invertible measurable transformation, P
is an ergodic invariant probability measure, and H is a separable Hilbert space with
basis ey, eq,. ...

The Hilbert-Schmidt norm is [|Al[js = 3=, ;(Aes, e;)?. Define a stronger norm:

1A]I3us = X2, ;220 (Aei, e). We frequently think of operators with bounded
HS norm as infinite matrices where the entries are square-summable. We write HS
for the collection of Hilbert-Schmidt operators on H (those operators, A, satisfying
[IA]|ns < o0), and SHS for the collection of strong Hilbert-Schmidt operators (those
operators satisfying || A|lsnus < 00).

We write Afd") for the unperturbed cocycle: AL(JL) = Ajn-1,--- Ay, and call
A: Q — SHS the generator of the operator cocycle. Throughout the article, A
will denote the random Hilbert-Schmidt operator with independent normal entries
with mean 0 and where the (7,7) entry has standard deviation 3~(+7). Write ~
for the measure on SHS corresponding to this distribution. We apply a sequence
of independent perturbations A = (A, )necz, where each A,, has the distribution
above. For w lying in the base space, we denote by @ the pair (w, A) specifying
the point of the base space and the sequence of perturbations. The space of such
pairs is denoted by Q and is equipped with the transformation & = o x s, where s
is the left shift on the sequence of perturbations and the ergodic invariant measure
P =P x 4%. The perturbed cocycle is parameterized by ¢ (a measure of the size of
the perturbation) and defined by

Asgb) = (Aanflw + 6Anfl) T (AW + EAO)'

Theorem A. Let o: Q2 — Q be an invertible measurable transformation and let P
be an ergodic invariant probability measure for o. Let H be a separable Hilbert
space and let A: Q — SHS be the generator of an operator cocycle satisfying
Jlog || Aulshs dP(w) < oo.

Let Q, &, and P be as defined above. For each parameter € > 0, define a new

cocycle A: Q — SHS over & with generator A(@) = A(w) + €Ag. Then the
Lyapunov exponents of A€ (listed with multiplicity) converge to those of A as e — 0.

Theorem B. Assume the hypotheses and notation of Theorem[Bl Let the (at most
countably many) distinct Lyapunov exponents of the cocycle A be Ay > Ag > -+ >
—o0, with corresponding multiplicities dy,ds, . ... Let the corresponding Oseledets
decomposition be SHS = Y7 (w) ® Yo(w) ®.... Let Dy =0, D; =dy + -+ d;, and
the Lyapunov exponents (with multiplicity) be oo > py > pg > -+ > —o0, so that
p; =X if Di_1 < j < D;.

Let U; = (A — a, \; + «) be a neighbourhood of \; not containing any other
exponent of the unperturbed cocycle. Let €y be such that for each € < ey and each
D;—1 < j < D;, the jth Lyapunov exponent p; of the perturbed cocycle satisfies
n5 € Ui, but pf & U; whenever J' < Di—q orj > D;. Fore < ¢, let Y(@)
denote the sum of the Oseledets subspaces of A€ having exponents in U;. Then
Y (@) converges in probability to Y;(w) as € — 0.
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For A > 1, we let D, be the diagonal matrix whose (i,4) entry is A~%. Formally
we can write the random operator A from Theorem [A] as D3 NDs3, where N is a
countably infinite square matrix of independent standard normal random variables.

Throughout the remainder of the paper there will be numerous constants. We
will mostly just use the symbol C to indicate a constant, where C' may refer to
different constants at different places, even in the same proof. That is, whenever
we write C, we refer to a quantity that may depend on k (the number of exponents
that we aim to control) and on the underlying dynamical system, but not on e,
the size of the perturbations. The exception to this will be some of the principal
propositions where estimates are collected for assembly in Section In these
propositions, constants will be numbered according to the proposition in which
they are found, so that (fzg, for example, is defined in Lemma B4

2.1. Discussion of proof strategy. The strategies in all three papers, [10,21]
and this one, are similar in spirit: The idea is to split long sequences of matrices
observed along the cocycle into good and bad blocks, depending on whether or
not the long-term behaviour of the cocycle corresponds to the observed behaviour
within the block, and then handle carefully the concatenations. However, at the
technical level, there are substantial complications in this new infinite-dimensional
setting, arising from the need to handle wild perturbations occurring in possibly
higher and higher modes.

As in the previous works [10,22], the stability of Oseledets spaces is deduced
from the stability of the Lyapunov exponents, but the strategy of the proof here
is different. The approach of Ochs [22] applies only to invertible matrices, and
the proof is essentially finite-dimensional. The core of the argument is: if the
perturbed slowest Oseledets spaces were often far from its unperturbed counterpart,
the contribution to the bottom exponent of the perturbed system on this part of
the base space would be at least A\y_1. Hence, convergence of the exponents implies
the perturbed and unperturbed slow spaces are mostly nearby. This is basically an
expectation argument. Subsequent Oseledets spaces are similarly controlled using
exterior powers. The approach of [I0] in the context of not necessarily invertible
matrices relies on the use of Md&bius transformations or graph transforms. The
essence of the argument is that one fixes all of the perturbations to the matrices
other than the perturbation at time —1. Since there is exponential contraction in
a cone around the unperturbed fast space (that is, the span of the k-dimensional
Oseledets spaces with largest Lyapunov exponents), all but a very small set of
perturbations at time —1 cause the fast space to fall into the basin of attraction
and to end up near the unperturbed fast space. While this approach would still
apply in the infinite-dimensional case, the new argument of this paper has the
advantages that it is simpler and more general; in particular, it does not rely on any
special structure for the perturbations, such as absolute continuity, which played
a role in [I0]. All that is required is that the perturbations are small with high
probability. The approach in the current paper goes as follows: If the perturbed k-
dimensional fast space is not close to the unperturbed fast space at time N (where
N is the block size), then the minimum angle between the perturbed fast space at
time 0 and the unperturbed slow space at time 0 has to be exponentially small.
Whenever this happens, there is a growth drop of the k-dimensional volume of order
exp(—(Ar — A\g+1)N) over this block. An expectation argument ensures that this
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HILBERT SPACE LYAPUNOV EXPONENT STABILITY 2361

must happen rarely because otherwise the perturbed A, would be much less than
the unperturbed Ag.

Finally, we briefly describe in more detail the structure of the proof of Theorem
[Al since there is considerable preparation before we start the proof. The bulk of
the proof is concerned with giving a lower bound for the sum of the k leading
perturbed exponents, that is, the maximal logarithmic growth rate of k-volumes.
Given ¢, one defines a block length, N ~ |loge|. For a large n, we estimate the

top exponents of the product AﬁglN), a perturbed block of length nN. First,
we replace the (sub-additive) logarithmic k-volume growth, Zi(:), by a related
approximately super-additive quantity, ék() (Sections [ andB]). We use this super-
additivity to split AEgLN) into good super-blocks (of length a multiple of N) and
bad blocks (of length N — 2), that is, Ek(AEgLN)) z ék(Aeé"N)) > 3" Zx(blocks).
In Section [ ingredients for the estimate =, (G¢) 2 E,(G) are established, where
G represents a good super-block and G€ its perturbed version. In Sections Bl and
B, ingredients for Z;(B¢) > Z4(B) are established (where B is a bad block and B¢
is its perturbed version). The estimates Z(B) > Z(B) and Z(G*) > Z(G°) are
based on ingredients in Section 8l Reassembling the pieces using subadditivity of
=k and accounting for the errors gives the result.

2.2. Examples. Here we present a simple class of cocycles for which Theorems [Al
and [Blapply. Let o: £ — Q be an invertible measurable transformation of (Q,P), P
an ergodic invariant probability measure for o, and H = ¢2. Consider a sequence of
log-integrable functions a; : £ — R, each inducing a one-dimensional cocycle over
o, with generator w + a;(w) and associated Lyapunov exponent v; = [ log|a;|dP.
For each w € , consider the (infinite) diagonal matrix A(w), with diagonal entries
a;(w). Notice that ||A(w)|Zys = Yioq 2%%a;(w)?, which may be translated into
explicit necessary and sufficient conditions for the hypotheses (i) A : 2 — SHS and
(ii) [log||Allshs dP < oo to hold and thus for Theorems [Al and [B] to apply.

Notice that, in a similar manner, one can construct examples of block diagonal
and triangular cocycles with explicit conditions prescribed to ensure A(w) € SHS
and [ log || Allshs dP < oo, so that the theorems apply.

3. NOTATION AND THE QUANTITY ék

Recall that the Grassmannian of a Banach space is the space of closed comple-
mented subspaces. In a Hilbert space, every closed subspace is complemented (by
its orthogonal complement). We define G (H) to be the space of (necessarily closed)
k-dimensional subspaces of H and G*(H) to be the space of closed k-codimensional
subspaces of H. The collection of all closed subspaces of H will be written G(H).
We will reserve the symbol S for the unit sphere of H throughout the article.

We define a metric on G(H) by

LU, V) = max( max  min ||ju— o], max min |u— U||> ,
weUNS veVNS vEVNS uelUNS
that is, the Hausdorff distance between the intersections of the two subspaces with
the unit sphere. We remark that this differs by at most a bounded factor from
another metric, the ‘gap’ between closed subspaces defined in Kato [I7]. The metric
Z is a complete metric on G(H).
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2362 G. FROYLAND, C. GONZALEZ-TOKMAN, AND A. QUAS

We also make use of a measure of transversality between two subspaces of com-
plementary dimensions: if U € GF(H) and V € G,(H), then

1
LU, V) = — i
. V) \/iueUﬁIglvnEVﬁS

= ol
The normalisation is chosen so that if U and V have a common vector, then
1(U,V) = 0, while if they are orthogonal complements, then L (U, V) = 1. We
have the reverse triangle inequality: if U, U € GF(H), V,V' € G.(H), then
LU,V > LU V)= LV, V') = LU, U").

We already introduced the classes of linear operators HS and SHS on H with
their associated norms, so that we have SHS € HS C K(H), where K(H) stands
for the compact linear operators on H. We write || - ||op for the operator norm, so
that || - |lsus > || - ||ns for elements of SHS and || - [[us > || - ||op for elements of HS.

For compact operators on H, the notions of singular vectors and singular values
pass directly from the finite-dimensional case. If A € K(H), we write s1(A) >
s2(A) > --- for the singular values (with multiplicity, in decreasing order). The
maximal logarithmic rate of k-dimensional volume growth is given by

Zk(A) = log(s1(A) - 5 (4)).
Define
Er(A) = EZ, (I, AAATLL,),
where II; denotes orthogonal projection onto the subspace of H spanned by eq, ...,
er and A and A’ are independent copies of the random Hilbert-Schmidt operator.
The key reason for the introduction of 2 is that it satisfies an approximate super-
additivity property (see Proposition 24]) that complements the subadditivity of Zj.

We denote by € the space Q x SHS” and act on Q with the transformation o x s,
where s is the left-shift map on SHSZ. The space (2 is equipped with the measure
P x 4%, where + is the multi-variate normal distribution on SHS described above in
which distinct elements of A are independent and the (4, j) element is normal with
mean 0 and variance 3720717 We write @ for a typical element of Q, that is, a pair
(w,A), where A = (Ap)nez.

Informally, we expect an inequality like S5 (A) > Z(A) — EX(A) — ERL(A). By
EL}(A) (which stands for ‘left energy’), we mean a measure of the modes on which
the top k left singular vectors are distributed, while £%,(A) measures the modes
where the right singular vectors are supported. For example, if the top left singular
vectors are er, eg, €11, and e3, we expect EV4(A) to be approximately 39 log 3.

Lemma 1. Let V be a k-dimensional subspace of H. Let D be a bounded operator
on H. There exists an orthonormal basis vy, ...,vg for V with the property that
Du, ..., Dvg are mutually orthogonal.

This follows from the singular value decomposition of finite-dimensional opera-
tors.

Lemma 2. Let U and V' be k-dimensional subspaces of H. Then the two quantities
appearing in the definition of Z(U, V') are equal:

max min |ju —v|| = max min |u—v].
u€UNS vevns vEVNS uelns

Proof. Let Iy be the orthogonal projection onto U and let 11y, be the orthogonal
projection onto V. Then the singular vectors of Il o Il give an orthogonal basis
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of U, uy,...,u, with images syv1,..., Syv,, where vy,...,v, form an orthogonal
basis of V' (if Iy IIyu; = 0, then v; can be chosen to be an arbitrary unit vector of
V satisfying the orthogonality condition). Write u; = s;v; +w; with w; € VL. One
can then check that (u;,v;) = 0 if ¢ # j. Notice that u; and s;v; are either equal
or non-collinear. It follows from the above that U 4+ V may be expressed as the
orthogonal direct sum lin{uy,v1} @ --- @ lin{u,,v,}. One can now check that the
linear map R from U + V to itself mapping u; to v; and vice versa is an isometry
interchanging U and V. Applying this map yields the desired equality. (Il

Let V be a k-dimensional subspace of H, and let II be the orthogonal projection
onto V. We define the energy of II (also the ‘energy of V) to be

k
Ex(ll) = —Ex(Dsoll) = — Zlog D3 vi,
=1

where the (v;) are as guaranteed by Lemma [Tl with the operator D taken to be Ds.

Lemma 3. For any k € N, there exists a C > 0 such that if I and II' are
orthogonal projections onto k-dimensional subspaces and Q C HS satisfies v(Q) >
1

5, then

27

|E (2x(IIAIT)|A € Q) + (Ex(IT) + £, (IT'))| < C.

Proof. Let uq,...,u; be the basis guaranteed by Lemma [ (applied with D = D)
for the range of II and let v, ..., v be the corresponding basis for II'.

Now Z(IIAII') = logdet | M|, where M is a random matrix whose (4, j) entry
is (u;, Av;). The entries of M therefore have a multi-variate normal distribution.
Each has mean 0, so the unconditioned distribution of M is determined by the
covariance of the pairs of entries of the matrix.

Using the fact that the coordinates of the u’s and v’s are bounded and the entries
of A decay exponentially, we calculate

Cov(Mij, Mirjr) =B Y ()1 D0 (05 ) (Wi ) Dt (V1)

’ ’
Lm,l",m

= Z 3-2(+m) (wi)i(wir)i(v5)m (Vs )m
l,m
= <D3ui, Dgui/><D3Uj, D3Uj’>7

where for the second line, we used the fact that distinct entries of A are independent
and so have 0 covariance. We see then, by the choice of u’s and v’s, that distinct
entries of M have 0 covariance and so are independent. The variance of the (i, j)
entry of the matrix is || Dsu;||?||D3v;]|?; hence the unconditioned distribution of the
(1,7) entry of the matrix is [|Dsuw;||||Dsv;|| times a standard normal.

Notice that the entire ¢ row has a multiplicative factor of ||Dsu;|| and the en-
tire j column has a multiplicative factor of | Dsv;||, so that the determinant is
IL D3]l Hj | Dsv;|| det(Ny), where Ny, is a k x k random matrix with indepen-
dent standard normal entries, so that taking logarithms, we see that Z (IIAIl") =
— gk(H) — gk(H/) + log | det Nk|
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Replacing A with a conditioned version has the effect of multiplying the density
of Nj by a factor in the range [0,2]. Since log|det(Ny)| is an integrable func-
tion, there are uniform upper and lower bounds for [ log|det(Ny)|p(Ni) over all
functions p taking values in [0, 2], so that

|E (2x(IIAIT)|A € Q) + & (IT) + £(IT')| < C,
as required. O

Corollary 4. There exists K > 0 such that if II and II' are two orthogonal pro-
jections and Q@ C HS satisfies v(Q) > %, then

’]E (ER(IAIN)|A € Q) — (EZ,(IIAIL,) + Ezk(HkAH'))\ <c

Proof. By Lemma [3] we have the following;:
| E (S (ITAIT) |A € Q) + Ex(I1) + £4(IT)] < C,
| ES,(TATL) + E,(IT) + E,(I)| < C,
| EZ,(ILALY) + £,(I1) + Ex(Ik)| < C,

where C' is the constant from Lemma [3
We calculate that £ (Il;) = 2k(k — 1) log 3, so that combining the inequalities,
we obtain

|E (Ex(IIAIV)|A € Q) — (EER(IIALL) + EE, (I, AI)) | < K,
where K = 3C + k(k — 1) log 3. O

4. GOOD BLOCKS

This section deals with good blocks. The strategy we follow goes back to Ledrap-
pier and Young in the context of invertible matrices [2I, Lemmas 3.3, 3.6, and
4.3], and it was later used in [10]. Lemmal[7lis the main tool to control the effect of
perturbations on good blocks. Lemmal8 collects standard facts about Lyapunov ex-
ponents, Oseledets splittings, and their approximations via singular vectors, which
are used to define good blocks. Lemma [9] establishes the conditions defining tame
perturbations. Proposition [0l provides a lower bound on Zj, over a sequence of tame
perturbations, comparable with = for the unperturbed cocycle.

For each k € N, we define Ey(A) to be the space spanned by the images of
the singular vectors with k largest singular values under A, and Fy(A) to be the
space spanned by the orthogonal complement of the pre-image of Ej(A) under A.
Thus, Fy(A) is exactly the space spanned by those singular vectors of A whose
singular value is not amongst the k largest. We note that the spaces Fy,(A4), Ex(A)
are uniquely defined when the singular values s;(A) and s;41(A) are distinct. We
will always use our results in this setting and therefore do not worry about the
possibility of non-uniqueness.

We collect some properties of singular values and singular vectors for compact
operators on Hilbert spaces and matrices.

Lemma 5. Let A be a compact operator on a Hilbert space, H. Let the singular
values be s1(A),s2(A),.... Then

(a) Sj(A) = minvegjfl(H) max,evns || Az,

(b) sj(A) = maxyeg, () mingevns || Az,
(¢) |s;(A) = 5;(B)| < [|A = Bllop-
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Proof. The characterizations @) and (b are well known.

To show (@), using ([)), let V be a j-dimensional space such that ||[Az| > s;(A)
for all z € V'NS. Then ||Bz| > s;(A) — ||A — Bllop for all z € V' N S, so that
using (D) again, we see that s;(B) > s;(A) — ||A — Bllop. By symmetry, s;(A) >
5j(B) — ||A — B||op, giving the result. O

Lemma 6. Let U € G¥(H) and V € G.(H). Then sy (I Ily) > L(U, V).

Proof. Choose v € V with ||v|| = 1. Let v = u + w with u € U and w € UL. Let

@ € UNS be such that u = ||u||& (& may be chosen arbitrarily if « = 0) and let § be

the angle between @ and v, so that 0 < § < Z. By assumption ||a—v| > v2 L(U, V).
0

We have || — v|| = 2sin . Notice that [|w| = ||IIy1v| = sinf = 2sin § cos § >

V2 L(U,V)cos §. Since § < Z, we see that |[IIyv| > L(U, V) forallv € VNS. O
Lemma 7. For any § < 1, there exists a K > 6~ “U¥+3) such that if (i) the kth
singular value of a compact linear operator A : X — X exceeds K, (i1) the (k+1)st
singular value of A is at most 1, and (i1) |B — A|| < 1, then the following hold:

(a) €% < s;(A)/s;(B) <€’ for each j < k and s;(B) < 2 for each j > k.

(b) Z(Ex(A), Ex(B)) and £Z(Fy(A), Fr(B)) are less than §.

(¢) If V is any subspace of dimension k such that L(V,Fi(A)) > 6, then
Z(BV,E,(A)) < 4.

(d) IfV is a subspace of dimension k and L(V, Fy,(A)) > 20, then | det(Blyv)| >
5 exp Zi(B).

Proof. For each closed subspace W of X, let IIyy : X — W be the orthogonal
projection onto W.

(a) For the first part, notice that by assumption, for j < k, we have s;(A4) >

K. Also by Lemma Bl@), we have |s;(A) — s;(B)| < 1, so that KLH <

sj(A)/s;(B) < 7Z&=. The second part of the claim follows from Lemma
Bl@) also.

(b) Let K > 1+2. For symmetry, in this part, we assume only that sj,(A), sx(B)
> K —1, sg41(A), sp+1(B) < 2, and ||A — Bllop < 1.

Let v € S satisty d(v, F,(A)NS) > §. We will show that v ¢ Fi(B). Let
v =u+w with u € Fj,(4) and w € Fj,(A)*. By assumption, |w]| > 3, so
that [|[Bv|| > ||Av|]| — 1 > |JAw| — 1 > (K — 1)|lw|| — 1 > 2. On the other
hand, if v € Fy(B), then ||Bv|| < sg+1(B) < 2. The identical argument
shows that if v € F,(A) N S, then d(v, F,(B) N S) < 4.

To show the closeness of the fast spaces, first let v € Fj,(B)* N S, and
write v as au + w, where u € Fy(A) NS and w € Fp(A)*t. Let o/ €
F(B) N S satisty |Ju —u'|] < ¢ (such a u' exists by the paragraph above).
Now (v,u) = (v,u’) + (v,u —u'). The first term is 0, and the second
term is less than d in absolute value. Hence |a| < § and |Jw|| > i. Now
Bv = aAu+ Aw+ (B — A)v. In particular, ||Bv — Aw|| < 2§+ 1 < 2 while
||Bv|| > K — 1. Hence if z € Fx(B)N S, we have d(z, Ex(A)) < 2/(K —1),
so d(z,Ex(A)NS) <4/(K —1). The identical argument holds if the roles
of A and B are reversed, so Z(Ey(A), Ex(B)) <4/(K —1) < 4.

(c) Let K > 4/6%242/5. Let v € VNS and write v = u + w with u € Fj,(A)
and w € Fy(A)*. By assumption, |w| > 6. Hence ||Aw| > K&, while
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[|[Au|| < 1. Since ||B — Allop < 1, we have ||Bv — Aw|| < ||Bv — Av|| +
|[Av — Aw]|| < 2, so that ||Bv — Awl|/||Bv| < 2/(Ké —2). Hence for an
arbitrary element, y of BV NS, we have d(y, Ex(A)) < 2/(K§ —2) < ¢
and d(y, Ex(A) N S) < 4/(Ké —2) < §. By Lemma [2] we deduce that
Z(BV,E,(A)) < 6, as required.

(d) We have that 10g|det(B|V)| > Ek(HEk(B)B|V) = Ek(BHFk(B)ih/) =
Ex(Bllp, )+ lv) = Ex(Bllp, (g)+) + Ex(Ilp,(p)+1lv) > Ex(B) + klogd.
The last inequality follows from the facts that =4 (BlIlp, (py1) = Z(B) and
L(Fy(B), V) > L(Fi(A), V)~ Z(Fi(A), Fe(B)) > 6, 50 that [Tl (5, Ty o]
> dl|v[| for every v € V' by LemmalG hence Zy (Il () IIy) > klogé. The
claim follows. O

The following lemma underlies the definition of good blocks: Using the notation
of the lemma, if n > ng and w € G, we say the block AL(JL) is good. See [10, Lemma
2.4] for a proof in the context of matrix cocycles, which applies without changes in
our setting.

Lemma 8 (Good blocks). Let o be an invertible ergodic measure-preserving trans-
formation of (Q,P) and let A: Q — SHS be a measurable map, taking values in the
strong Hilbert-Schmidt operators on H, and such that [log™ || A(w)||shs dP(w) < oco.
Let the Lyapunov exponents of the cocycle A be 00 > py > pg > -+ > —00, counted
with multiplicities. Suppose k > 1 is such that ux > 0 > pri1. Let Ex(w) and
Fi(w) denote the k-dimensional and k-codimensional Oseledets spaces of A at w
corresponding to Lyapunov exponents g1 > -+ > pg and pg41 > - - -, respectively.

Let £ > 0 and 61 > 0 be given. Then there exist ng > 0, 7 < min(dy, i,uk), and
0 < § < 61 such that: for all n > ng, there exists a set G C Q with P(G) > 1 —¢
such that for w € G, we have

(a) L (Fr(w), Bx(w)) > 106,

(b) £(E(AL”), Bi(o™w)) <6,

(©) Z(Fu(ALY), Fy(w) <,

(d) elmstmIn > sk(AL(un)) > max(K (), e ~7") and sk+1(A&n)) < 1, where
K () is as given in Lemma [T}

(e) 237 M log(1+ || Ay

Assume that € > 0 is fixed. A perturbation A is said to be tame if |A; | <
e 1/2(2)5*+ for all s, (otherwise A is wild). A quick calculation shows that if A
is tame, then HEAHHS < 2y/e.

) dP(w).

Lemma 9 (Good block length). Let o : (2,P) O be an ergodic measure-preserving
transformation. Let A : Q — B(H) be a measurable map taking values in the
bounded linear operators on H such that log™ || A(w)||op is integrable. There exists
Cg > 0 such that for all ng > 0, there exists eg such that for all € < €q, there exists
G C Q of measure at least 1 — ng such that for all w € G, if (A,) € HS? satisfies
A, is tame for each 0 < n < N, then

e(N
A — A, < 1,

where & = (w, (An)), N = [Callogel), and A< = AS,_, (@) - A5(®) A5(@).
The probability that one of Mo, ..., An_1 is wild is O(e~1/(29),
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Proof. Let g(w) = log™ (|| Aylop + 1) and let C > 0 satisty [ g(w)dP(w) < 1/(2C).
Notice that provided e < i (and assuming that the perturbations (A, )o<n<n are
tame, so that [|€A,|lop < [l€Anllns < 2v/€ for 0 < n < N), log" || 4S5 < g(0"w)
for each 0 < n < N, and

A< — Ao, < Z AU (A — A ) AD lop

< 2Nﬁexp(g(w) +o At g(o™N ).

There exists ng such that for N > ng, g(w) + -+ g(cV1w) < N/(2C) —log(4N)
on a set of measure at least 1 — 79, hence 2N\/cexp(g(w) + --- + g(cVlw)) <

eexp(N/(2C)) on a set of measure at least 1 — ng. In particular, provided
|C|logeg|] > ng, taking N = |C|loge||, we have \|A6éN) - A&N)Hop < 1 provided
that the perturbations Ag, ..., Any_1 are all tame.

Recall that the (4, 7)th entry of A is distributed as 37 (+7) times a standard nor-
mal random variable. Hence the probability that |A; ;| > *1/2( )i s
P(|N| > ¢ 1/22i7). Using a standard estimate on the tail of a normal random
variable [7, Theorem 1.2.3], this is at most %2’(”” exp(—22+2i=1 /¢).

In particular, using the union bound, the probability that one of Ag,...,Ax_1
is wild is O(e=1/(29)), O

We comment that once £ > 0 and é; > 0 are fixed, Lemma [ guarantees the
existence of an ng such that for all sufficiently large n, the good set defined in
the lemma has measure at least 1 — &. Now for e sufficiently small, the length
N = |(glloge|| exceeds ng. For the remainder of the proof, we let G be the
intersection of the good sets from Lemmas Bl and [0 with n taken to be N (so that
the good set, GG, depends on &, §;, and €, but this dependence will not be made
explicit). We further introduce the notation

G={weQ:weqG,Ay,...,Ax_; are tame},
which we shall also use for the remainder of the proof.

Proposition 10 (Glueing good blocks) Under the assumptions of Lemma 8], sup-

pose j <1 and 3N, g0TIUNg, . 60-UNgG e G. Then,
(1) ER(ALINY > = (AEDNY 421 — j)klog s,
Proof. Let B,, = Agjzj)vw and B, AEUan This is proved by induction using

Lemma [1l Recall that since B,, is a good block, ||B,, — B,|| < 1 by Lemma[g We
let V V; = Fy(B;)* and define V,,41 = B, V,, and Vn+1 B, V,.
We clalm that the following hold for each n =4, 4+ 1,...,01 —1:
(i) ZL(Vn, Vn) < 205 ~
(ii) L (Va, Fr(Bp)) > 6, and L (V,, Fi(By)) > 9.
Items () and () hold immediately for the case n = j. )
Given that () and (@) hold for n = m, B, is a good block and B,, is a good
perturbation, Lemmal[fl@) implies that Z(Viny1, Ex(Bm)) < 6, Z(Viny1, Ex(Bm)) <
d so that Z(Vipi1, Vine1) < 24, yielding (i) for n =m + 1.
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Making use of the induction hypothesis and Lemma [8] we have that

L(Ep(o"™ING) By(Bn)) <6, Z(Fp(c"™Nw), Fi(By,)) < 6,
and L (Ep(c™TYNG), Fp(cMTONG)) > 100
Thus, we obtain () for n = m + 1. ) )
Hence using Lemma [A(d]), we see that log|det(Byl|y )| > klogd 4+ Zx(Bn) >
klogé — ké + Zx(By) > Ex(By) + 2klogd, where we made use of Lemma [Ti@) for

the second 1nequahty
Since Z(B;_1 - -- Bj) > E log | det(B;|V;)|, summing yields

-1

2) Ex(Bio1---Bj) > 2(1— j)klogd + Y  Ex(B
i=j

2(l — ])klogd + Ek(Bl—l cee Bj),

as required. O

Lemma 11. Let the Hilbert-Schmidt cocycle, A: Q — HS and all parameters and
perturbations be as above. If 3Nw € G for each 0 <1i < n, then

/ (Fk(Afg"N)), Fk(Ade))> <4

Proof. By the first part of (), =, (A° "N)) >3 01 :k(A((TUg ) + 2nklogd. Also,

n—

1 —
Ek+1(AE£onN)) < Zkt1 AE(,@NW Z Er( Umw +nlog?2
0 i=0

1=

n—1
<Y E(AU),) + nlog2 + nkd
=0
n—1
< = (A((T]x\),w) — 2nklogd
i=0

by Lemma[fl@). Since we have log skH(AfglN)) ==k (AE(nN )— k(AEE—J"N)), we
deduce that sk“(A‘glN)) < giAnk,

On the other hand, if v € S is such that L(U,Fk(ASJN))) > 4, an inductive
argument exactly like the proof of Proposition [[0l shows that

HAegLN)UH > g —néd H Sk (nN (53 (5)) )

The choice of K () in Lemma [7l ensures that || A€ nN)vH > sk+1(AE£—JnN)), so that
v & F(A). O

Proposition 12. Let w be such that e"Nw € G for 0 < i < n. Then for any V

such that L(V, Fk(A(N))) > 20, one has log | det(AeénN)|v)| > Ek(AEE—J"N)) +klogd.
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Proof. We argue as in Lemma [7i(d)):

log | det(A°U"™ )| > =,.(1T AN

Ek(A"glN)) ©
e(nN
k(A E,J )HFk(AEénN))J_HV)

(1]

(1]

e(nN —_
k(A ‘(D )HFk(AEénzv))J_)-l-:k(HFk(Aeglm)J_Hv)
R(ATN) + Flog L(FL(AG), V),

where we used Lemma [0 for the last line. Lemma [l and the triangle inequality
allow us to conclude. ]

>

(1]

5. COMPARING PERTURBED AND UNPERTURBED BAD BLOCKS (TYPE I)

We distinguish two ways in which a block can be bad: types I and II. A type I
bad block is one where the unperturbed cocycle has bad properties. On the other
hand, a type II bad block is one where the unperturbed cocycle is well-behaved, but
the perturbations are wild.

Conditional on being in a type I bad block, the perturbations are unconstrained,
whereas conditional on being in a type II bad block at least one perturbation is
constrained to be large. For later use with the type II bad blocks, we state some
of the lemmas when one is conditioned to be in a high probability event (but the
high probability event will be taken to be the whole space when dealing with type
I blocks).

Lemma 13. Let k > 0. There exists a C > 0 with the following property. Let T be
a multi-variate normal Hilbert-Schmidt-valued random operator whose entries have

mean 0, let A € HS, and let TT and II' be orthogonal projections onto k-dimensional

subspaces of H. Then for any subset QQ of HS such that P(T € Q) > %, one has

E ((Sx(11(4+ 1)) - Ek(HAH'))“T eQ)>-c,
where = denotes min(x, 0).

Proof. We assume Zj(ITAIl') > —o0, as otherwise the result is trivial.

Let II be II composed with an isometry from the range of II to R*, and similarly
let T’ be an isometry from R* to the range of II. Then we have = (IIBII') =
log | det(IIBII")| for any bounded operator B on H so that we need to show that

E ((log | det(TI(A + T)IT')| — log | det(TTATT')[) ~ ‘T e Q) > .

Let Y = ITAIl" and Z = IITII, so that Y is a fixed k x k matrix and Z is a k x k
matrix-valued random variable with multi-variate normal entries. By our earlier
assumption, Y is invertible, so let X = ZY ~! (this also has multi-variate normal
entries for unconditioned T'). We then need a lower bound for

E (logdet(I + X)|T € Q).

The unconstrained matrix-valued random variable X can be written 27:1 N,BY,
where the B! are fixed k x k matrices, d is the dimension of the support of X (at
most k? depending on the pattern of entries in the unperturbed A’s), and the N
are independent standard normal random variables (see for example [7, Example
3.9.2]).
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Let U denote the map from RY to My defined by x — > 2;B'. Let S be
the image under ¥ of the unit sphere and let u be the measure on S that is the
pushforward of the normalized volume measure on the unit sphere. The uncondi-
tioned measure on X is then the pushforward of u x Cdrd_le_r2/ 2 dr, where Cy is
chosen so that Cy [ rd=1¢=r*/2 dr = 1. The conditioned measure on X (since the
event being conditioned upon is of measure at least %) is of the same form, but the
density is multiplied by a varying factor in the range [0,2].

It then suffices to lower bound

QCd/ du(M) / log™ | det(I 4 rM)| pd=1,-1%/2 g
S 0
In particular, it is enough to give a uniform lower bound for

G(d, M) = / log™ | det(I +rM)|r¢=1e=""/2 dr,
0

as d ranges over the range 1 to k2 and M ranges over M.

For each fixed M, write pp(r) = det( + rM), so that pys is a polynomial
of degree k satisfying pps(0) = 1. Hence pp(r) can be written as a product
15, (1 = b;r). Define

F(d,b) = / log™ |1 — br| rd=le=r"/2 dr,
0

so that G(d, M) > Zle F(d,b;). Hence it suffices to show that F'(d, b) is uniformly
bounded below as b runs over the complex plane and as d runs over the range 1 to
k2.

Next, notice that log |1 — br| > log|l — Re(b)r|, so F(d,b) > F(d,|b]) and it
suffices to give a lower bound for positive real values of b. Also

1 o0
F(d,b) = b_d/o log™ 1 r|rd-Te—r/C8) gy
L d—1_—r%/(2b*
= b—d/o log [1 — 7|4~ te /) .

For b > 1, F(b,d) > & [Zlog|1 — rlr*tdr > —2¢/b% > 4%, For 0 < b < 1,

one has
F(d,b)
|t 12 Lo
> - log\l—r\rd_ldr—i— —/ log|1—r|rd_1e_r /257 gy
bd 0 b pd/(1+d)
1 pd/(1+d) 2
> —2b—d/ rddr—|—(2/b)dexp(—1/(2ba))/ log|1 — r|dr
0 0

> —2/(d+1) - 2 exp(~1/(26%)) /b,

where o = 2/(1+d). This converges to —2/(d+1) as b approaches 0 from the right.
By continuity and compactness, for each of the finitely many values of d, F'(d, b) is
bounded below as b ranges over (0, %} ]
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Proposition 14. Let k > 0. Then there exists a Grg with the following property.
For every finite sequence Ao, ..., A,_1 of Hilbert-Schmidt operators, let Ao, ...,
Ap_1 be independent copies of the perturbation A as described above. Let AS denote
Ai + EAi.

Then one has

Eyan (Zx(An1 - 45) = Zi(dumr - A0) ) = ~Ce
Proof. We have

E (ék(A;_l o Af) = ER(Apy Ao))

n—1
> Z]E(Ek(AZ_l"'A§Aj—1“'Ao) —Ek(A§—1"'A§+1Aj"'AO))
§=0

We focus on giving a lower bound for one of the terms in the summation. We
write such a term as

Ea, (ék(L(Aj +eA)R) — ék(LAjR)) .

This expectation should be interpreted as being conditioned on the values of
A]‘+1, ey Avu so that L = (An + EAn) ce (Aj+1 + 6Aj+1).

The above expectation can be rewritten as
(3) Ea A IEAj [Ek (HkAL(A + EAj)RA/Hk) = (HkALARA/Hk)] .

Once A and A’ are fixed, the inner expectation is
(4) IEAj [Ek (HkAL(A + EAj)RA/Hk) = (HkALARA/Hk)] .

Now let II be the orthogonal projection onto the orthogonal complement of the
kernel of II;AL and let II' be the orthogonal projection onto the range of RA'TI,.
Then we have

=k (HkAL(A + €Aj)RA/Hk) ==k (HkAL) + =k (H(A + €Aj)H/) + =k (RA/Hk),

Ek(HkALARA/Hk) = Ek(HkAL) + Ek(HAH/) + =k (RA/Hk)

Now the quantity in () is

Ex, [Ek(H(A +eAj)IT) — Ek(HAH/)] .

Applying Lemma [I3] with Q = HS, this is bounded below by —C, independently of
A and A, so that the quantity in (@) is also bounded below by —C. Since there
are n such terms, the statement in the lemma follows. O

6. TYPE II BAD BLOCK PERTURBATIONS

Here we give an argument for good blocks in the base that have large perturba-
tions. We will obtain a drop in =, over a bad block of size O(loge) at worst, that
is, a drop of size O(1) per symbol since blocks are of length proportional to |loge].
However since the frequency of these blocks is O(e~¢/€), the contribution of this
drop to the singular values of a large string of blocks is minuscule.

Lemma 15. There exists a constant C > 0 such that if N is a standard normal
random variable and A > 2, then for each a € C,

E(log7 11 —aN||N > A) > —C'logA.
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Before giving the proof, let us give a heuristic explanation for why this should be
true. Conditional on N > A, the distribution of N is approximately A + Exp(A);
that is, it typically takes values that are A+O(1/A). The worst case for the inequal-
ity is approximately when a = 1/A, and then the quantity inside the logarithm is
roughly O(1/A?).

Proof. We first recall that foa logz dx = a(loga — 1), so that the average value of
the logarithm function over [0, a] is loga — 1. We claim that for any interval .J, one
has

1
J— - > - — .
(5) 7] /Jlog || dx > 2(?§}log |z| — 1)

Indeed, this follows already for intervals [0, a] with 0 < a < 1, and hence for sub-
intervals of [0,1] and [—1,0]. For intervals [—a,b] with a < 0 < |a| < b < 1, we
have 1/(a+b) ffa log™ |z|dz > 1/b ffblog_ |z| dz = 2(logb—1). If the interval J is
entirely outside [—1, 1], the inequality is trivial; and if J intersects [—1, 1], we have
already established the inequality for J N [—1,1], from which the inequality for J
follows.
For a € C, the integrand in the statement of the Lemma is reduced if a is replaced
by |a|, so we may assume a > 0. If a > 2/A, the integral is 0.
If1/(3A) < a < 2/A, let I = [A, 2), the subinterval of [A, co) where log |1 —az| <
0,and J = [ — 5, 1 + 5], the interval where log |1 — az| < —2log A.
The quantity to be bounded is
Jylog™ |1 - az|e=*" /2 d N Jylog™ |1 — ax|e=*"/2 da
[ e =2 dx - [;e =2 da
Sy log™ |1 — axle=""/% dx + Jpslog™ 1 azxle"/2 dx
a Jing e /2 dz + fI\J e~ /2 dy .

The ratio of the two integrals over I\ J is bounded below by —2log A. Using
[, the ratio of the two integrals over I N J is bounded below by

2(—2logA —1) max 6712/2/ Ilnmi?eﬂzz/2 > 262/(‘12[\2)(—2 logA —1)

> —2¢®(2log A 4 1).

Since both ratios are bounded below by a constant multiple of log A, so is the ratio
of the sums.
If a < 1/(3A), we argue similarly. In this case, we let J = [, 2]. On I\ J,
log |1 — az| is bounded below by —log2, so that
log |1 — az|e=="/2 dz log |1 — az|e=*"/2 dz
1J 98 S g g
[ e =2 dx - fI\Je*“’Q/zdx

> —log?2.

On I N J, we have e=%/2 < ¢=1/(8a%)  Also e e~ /24y > e=A/2/(21), using
[7, Theorem 1.2.3]. Hence (since the numerator is negative)
Sy log™ |1 — axle"/2 dx S 2e=1/(8a%) (_log2 — 1)L
[ e =2 dx - e=A?/2/(20) ’

using (B). When a = 1/(3A), this is 4(—log2 — 1)3A26*5A2/8, and the lower bound
increases as a is further reduced. Minimizing this expression over A, we see that
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there is a C, independent of A, such that E (log_ 1 — aNHN > A) > —C for all
la| < 1/(3A). O

Lemma 16. Let k > 0 and let A be as throughout the article. There exists C' >
0 such that for all sufficiently small € > 0, for each a,b, and each pair of k-
dimensional orthogonal projections II and TT,

E ((Ek(H(A + eA)IT') — 2, (ITATT)) }wnda,b) > C(loge —a—b),

where Wild, y, is the event that A satisfies | Ay | < (3)™e= /2 for each (I,m) that
is lexicographically smaller than (a,b) and [Agp| > € V/2(2)*H (where (I,m) is
lezicographically smaller than (a,b) if l < a orl=a and m <b).

Proof. We deal with the case A, positive. The case where it is negative is analo-
gous. Let Bgp be the collection of those A satisfying A, > eil/z(g)‘”b (and no
other condition). The argument of Lemma [@ shows that P(Wild, ,|B,) > 4. This
allows us to deduce as in the proof of Lemma [I3] that

E ((Sr(TI(A + €A)IT') — Z4(T1ATL))

Ac Wilda7b>
> 2E ((Ek(H(A +eAT) — Ek(HAH'))“A e Ba,b).
Hence it suffices to show that
E ((Sx(I1(A + €A)II') — Z,(IATV)) "|A € Bay) > Clloge —a —b).

Using the same reduction as in Lemma [I3] the calculation reduces to showing
that there is a C such that for sufficiently small ¢ > 0, one has for an arbitrary
k x k multi-variate normal matrix-valued random variable, R, whose entries have
zero mean and for an arbitrary rank 1 k x k matrix Y,

En g (Ek(l +R+eNY)™|N > 2““’51/2) > C(loge —a — b),

where N is an independent standard normal random variable. First fixing N and
taking the expectation over R using Lemma [I3] (taking @ to be the full range of
A), we obtain

Ex r (Ek(I +R+eNY)™|N > 2a+be*1/2)
> Ex (Ek(I +eNY)|N > 2““’6*1/2) _c.
Hence it suffices to show that
E (Zx(I +eNY)™|N > 20107 1/2) > C(loge —a — b).

Since Y has rank 1, the polynomial det(I + tY) is of the form 1 + at. To see
this, notice the determinant is unchanged if I + tY is conjugated by an orthogonal
matrix, O. Then choose O so that the first column spans the range of Y so that
O~'(I+tY)O = I +tY, where Y has only one non-zero row. Then det(I +tY) is
1+ tf’lyl. Hence we are seeking a lower bound for

E(log™ |1+ cN||N > 20F0e71/2),
which is of the desired form by Lemma O
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Proposition 17. There exists a Crg > 0 with the following property. For any
m > 0, let B be the event that at least one of the perturbations Ag, ..., Apm_1 s
wild. Then

E (2(AC")[B) > Ex(AJ") + Cigllog e — m).

Proof. We write B as BoU- - -UB,,,_1, where B; is the event that the ith perturbation
matrix is wild and all previous ones are tame. Since the B; are disjoint, it suffices
to establish that there is a C' > 0 such that for each 1,

(6) E(Ex(AG")|B:) = Ex(ALM) + Cloge —m).
We argue as in Proposition [[4
E (S0(A0™) - 20(40")|B:)

m—1

M

E (S0(A0 D AD) — En(aT D AGY) | By).
7=0
As in Proposition [I4] finding lower bounds for this reduces to finding lower bounds

for E ( R(IIAS,_TT') — ék(HAgij’)‘Bi).
In this case, for j > i, the conditional distribution of A; is the same as the

distribution used in Lemma [[3] with @ = HS, so that the lemma gives a bound
(7) E (ék (Aeg.:;j)AEJj)) (AEETTJLH] l)A J+1 ’Bi> > _C.

In the case j < i, A, is conditioned to be tame. By Lemma [ this is a set of
probability (much) greater than 3, so that Lemma [[3 gives a similar bound to ().

Finally, we address the term with j = i. Given that A; is wild, the probability
that the first oversized entry occurs in the (a,b) coordinate is

O(exp(—ze (227 —1)))

(as seen from the estimate P(N > t) ~ (27r)_1/2e_t2/2/t for large ¢ [7, Theorem

1.2.3]).
Hence by conditioning and using Lemma [I6] we obtain
(8)  E(E(AULVAD) - Zp (AL VAUY) |B:) > Clloge - 1).

Combining equations (7)) and (&), we obtain the statement of the proposition. O

7. JOINING GOOD AND BAD BLOCKS

Lemma 18. Forallk € N, there is a constant C > 0 such that for any A € HS, any
orthogonal projections 11y and 1y onto k-dimensional subspaces, and any Q@ C HS
such that P(A € Q) > %, one has

E (211 (A + A)L)|A € Q) > E (Ex(ILAIL)|A € Q) —

Proof. Let II; be the composition of an isometry from the range of II; to R* with
II;. Similarly let 1:[2 be the post-composition of IIs with an isometry from R* to
the span of the range of II,. Let A = T, All, and let A = TI;All; be the k x k
multi-variate normal induced from the unconditioned distribution of A.

As in Lemma [I3] we radially disintegrate the random variables A, writing A as
tM, where M belongs to a ‘unit sphere’ equipped with a normalized probability
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measure and ¢ has an absolutely continuous distribution on [0, 00) with density
rk2_1e_’“2/2/F(k2/2). On conditioning on A € @, the density is bounded above by
27”“2*16*’"2/2/F(k2/2). We prove that there is a C' > 0 such that for all M of rank
k,

2 /00 (: (A+rM) -2 (r]\~4))77‘k2_16_’“2/2 dr > -C

T(k2/2) Jo T B ‘

Notice that since the matrices are k X k, Zj, is just the logarithm of the absolute
value of the determinant. Let p(r) = det(A + rM)/det(rM), a polynomial in
powers of 1/r of degree at most k with constant coefficient 1. It can therefore be
expressed as p(r) = H?Zl(l —b;/r), with d < k.

We are trying to bound

oo k 0o
/ log ™ [p(r)lr*" e 2 dr = 3 / log™ |1 = bi/rlr** e 2 dr.
0 i=170

As in the proof of Lemma [I5] it suffices to give a bound in the case where b > 0.
We have

/ log™ |1 — b/?"|rk2_1e_T2/2 dr = / log™ |1 — b/r|7"k2_1e_T2/2 dr.
0 b/2

The logarithm is bounded below by —log2 on (2b,00), so that the contribution
from this range is at least —I'(k?/2)log2. For the contribution from the range
[2,2b], we have a lower bound of —16(2b)k2_26_b2/8 (obtained by bounding e/
above by e/ 8). Hence we obtain the required uniform lower bound. g

The following lemma plays a key role, as it provides an approximate super-

additivity property for =y (making strong use of the nature of the perturbations),
complementing the well-known subadditivity property of Zj.

Lemma 19. There exists C > 0 such that if A is distributed as above and Q is
any subset of HS such that P(A € Q) > 5, then
E (Ex(L(A+€eA)R)|A € Q) > Z(L) + Ex(R) — k| loge| — C.

Proof. We may assume that L and R have rank at least k, as otherwise there is
nothing to prove. Recalling the definition of =, we have

E (Sx(L(A+ €A)R)|A € Q)

=Ea, .0, E (Ee(zA1L(A + eA)RAIIL)|A € Q), and

E (Ei(L(eA)R)|A € Q) = Ea, A, E (Sx(IIxA; L(eA)RALILL)|A € Q).
We first show that for fixed A; and Ao,
E (Ex(Ix A1 L(A + eA)RASILL)|A € Q)

(9) >E (Ek(HkAlL(GA)RAQHk)‘A € Q) - C.

We have 24 (I1, A1 L(A+eA)RA 1) = =y (IpAy L)+E (IT(A+eA) D) +E, (RAL1L,)

and Ek(HkAlL(EA)RAQHk) = Ek(HkAlL) + Ek(ﬁ(eA)H) + Ek(RAQHk), where IT
is the orthogonal projection onto the k-dimensional orthogonal complement of the
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kernel of 1I;A;L and I is the orthogonal projection onto the range of RAoIIy.
Hence

Ek(HkAlL(A + GA)RAQHk») — Ek(HkAlL(EA)RAQHk)
= E(TH(A + eA)TT) — =5 (TI(eA)T)
= Z(T(L A + A)TI) — =,(TTATD).

Taking an expectation as A runs over ) and using Lemmal[I8 we obtain (@). Hence,
taking the expectation over A; and As, we have

E (Ex(L(A+ eA)R)|A € Q) > E (Ep(L(eA)R)|A € Q) — C
=E (Sx(LAR)|A € Q) — C + kloge.
For the last part of the argument, we have
E (Ex(LAR)|A € Q) = Ea, ., Ea (Ex(IxA1LARALL)|A € Q)
= Ea, 4, (Ek(HkAlLﬁ) +Ea (E4(TAT)|A € Q) + Ek(ﬁRAQHk)),

where IT and ﬁ_are as above. By Corollary [ the middle term is Ea, =5 (ITA3I1;,) +
Ena, Ex(IIA4IL) + C. Substituting and recombining the expressions, we get

E (E(L(A+ eA)R)|A € Q)

> Ea,ay Ep(IIgA1LAILE) + Ea, A, Ec(TeAsRALIL,) — C + kloge

= Z4(L) + Z4(R) — C + kloge,
as required. (Il

Since the statement includes the case where A is conditioned to lie in a large
set, this is sufficient to cover the case where A is conditioned to be tame. We need
a version of this inequality to deal with the case where A is constrained to be wild.
Lemma 20. There exists C > 0 such that for all polynomials, p(x), one has

2
0 -z /2

oo V2T
where M (p) is the Mahler measure of p: if p(x) = a(x — z1)(x — 22) - (& — zx),
then M(p) = a[],,, 51 |2il-

Proof. Write p(z) as a(x — z1) - -+ (x — zx). The inequality then follows from

log [p(x)| dx —log M (p)| < C deg(p),

2
0 /2

+
- log |z — z| dx — log™ |2|
While we will not give all the details, the idea is to notice that the integral can be
expressed as Elog |N — z|, where N is a standard normal random variable. If z is
small, then this is the integral of a function with a logarithmic singularity. If z is
large, then since N is concentrated near 0, the integrand is close to log|z| with very
high probability. O

<C.

Lemma 21. For each k > 0, there exists a constant C' such that for each polynomial
p(z) = Zfzo a;x', one has

|log M (p) — maxlog |a;|| < C.
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The proof can be found in Lang’s book [20, Theorem 2.8].

Lemma 22. Let A > 2 and let N be a standard normal random variable. There
exists a C' > 0 such that for all a,b € C,

E <10g la + bN|’N > A) > max(log |al,log|b]) — C'log A.

Proof. The case where |a| > |b| follows from Lemma [IH] (writing log|a + bN| =
log |a| +log |1 + 2N|). If |b| > |a|, then |a + bN| > [b|A/2 whenever N > A. The
result follows. ]

Lemma 23. There exists a constant C > 0 such that for all i, j,
E (Ex(L(A + eA)R)|Wild; ;)
> E£4(L) + Z4(R) - Clloge — C(i+j + 1),

where Wild; ; is the event that |A; ;| > ( Y tie=1/2 and Ayl < (%)“+be_1/2 for
all pairs (a,b) that are lexicographically smaller than (i,7).

Proof. As in the proof of Lemma [[9 the proof reduces to showing a version of
Lemma [I8

E (Z5 (I (A + eA)IIy) [Wild; ;) > E(Z,(I11eAlly)) — C(i + 5 + 1).

We first compare E (uk(Hl(A—i—eA ‘Wlldz ]) to E (Hk(Hl(A—i—eA I1,) ‘Tamez ])

where Tame; ; is the event that |Aa7b| < (23)*tbe1/2 for all pairs (a,b) that
are lexicographically smaller than (¢,7). Fixing all entries of A other than A; ;,
this amounts to comparing the quantities E (log | det(B+NZ)||N > 2i+7¢~1/2) and
E (log|det(B + NZ)|), where B is an invertible k x k matrix and Z is rank 1. As
pointed out in Lemma [I6 det(B+ NZ) = a+ bN for constants a and b, so that it
suffices to compare E (log|a + bN||N > 27t7e71/2) to E(log |a + bN|). By Lemma
22 the first of these is at least max(log |al,log |b]) — C(i+j +1oge), and by Lemmas
and 2]} the second of these is within C' of max(log |a|,log|b|). We deduce that

E (Zx(I11(A+ eA)ILy) |Wild; ;) > E (S (I (A + eA)II,)| Tame; ;) — C(i+ j + loge).
Hence, using the same cancellation argument that occurs in Lemma [I9] we have
IE( k(L(A+ eA)R)|Wild; ;) >]E(Hk( (A+ eA)R)|Tame; ;) — C(i + j + loge).

Finally using Lemma [[9 to bound E (Ek( (A+eA)R)|Tame; ;), the result follows.
O

Proposition 24. There exists Cgg > 0 with the following property: Let L, R, and
A be Hilbert-Schmidt operators and let A be the multi-variate normal perturbation
described earlier. Then each of EZx(L(A+€eA)R), E (Zx(L (A—!—GA )| A is wild),

and E (ék( (A+€eA)R)|A is tame) is bounded below by k(L) 4+ Zk(R) + Gagloge.

Proof. The cases of EZ,(L(A+€A)R), E ( (L(A+€eA)R ‘A is tame) are handled

by Lemma[I9 The case of E (ék( (A+€eA)R |A is wild) is handled using Lemma
23] by conditioning on the first entry of A that is large analogously to the end of
the proof of Proposition I O
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8. COMPARISON OF Zj AND ék

Lemma 25. Let Cj, be the expected value of log | det Ny |, where Ny, is a kxk matriz-
valued random variable with independent standard normal entries. Let n > k, let
A be an n X n matriz, and let N be a k X n matriz-valued random variable with
independent standard normal entries. Then EER(NA) > Ei(A) + C.

Proof. Write A = UDV, where U and V are orthogonal and D is diagonal with
decreasing entries. Then by an argument like that in Lemma [ (computing co-
variances between elements) NU has the same distribution as N, so that we have
EEZEL(NA) = EEL.(NUDV) = EZ,(ND) > EZ,(NDII;). Notice that since D is
diagonal, N DIl has the form (Nka|O), where Ny is the left k& x k submatrix of vV
and Dy, is the top left k x k submatrix of D. Hence EZE,(NDIIy) = EEZ,(NgDy) =
Cr + Zk(Dy) = Cr + E¢(A), as required. O

Lemma 26. Let A, B, and C be Hilbert-Schmidt matrices, and let A, = I1,, AIL,.
Then Z,(BA,C) = Zx(BAC) as n — 0.

Proof. Let R,, = A — A,,, so that ||R,| — 0. We have |s;(BA,C) — s;(BAC)| <
IBII- || Rxll - |C|| for each i so that s;(BA,C) — s;(BAC) for each i. The conclusion
follows. .

Proposition 27. Let k > 0. Then there exists a constant Gz such that for an
arbitrary Hilbert-Schmidt operator A on H,
Ek(A) > Ex(D3ADs) — G
Proof. We have Zj,(A) = Ea ar 21 (I,AAATL), where A and A’ are independent
copies of the perturbation operator. Since
Ex(IlxAA, A'TL) < klog [T AA, ATl [lop < klog([[Allop - [[Anllop - [|A]op),
[Anllop < [[Allns, and  Elog[|Alley <E[|Allep < E[[Aflus < o0,
we see that the family of functions (A, A’) — E;(II;AA,ATlL) is dominated by

an integrable function. Hence, by the Reverse Fatou Lemma and Lemma 26 we
have

lim sup 2 (4,,) = limsup EZ, (I, AA, A'Tl,) < Ex(A).

n—oo n— oo

However, we have
Ea,a Ex(IxAA,ATL) = Ea ar Bk (Aksxndnll ),

where Ay, denotes the random Hilbert-Schmidt operator A with all entries out-
side the top left k& x n corner replaced by 0’s (and A/, similarly). Hence

Zk(An) = En v Zx((D3)kxk Nixn (D3)nxnAn (D3)nsn Ny 1 (D3) i)
= IEIN,N’ Ek (kan(DS)nvaAn(DB)van r/ka) - k(k - 1) log 3.

Applying Lemma 28] twice, we de@uce that =, (4,) > Ex(D3A,Ds3) + C, so that
on taking the limit, we deduce that Z;(A) > E,(D3AD3) + C, as required. O

Corollary 28. There is a Cgg with the following property. Let L, R, A, and A’ be
Hilbert-Schmidt operators and let A and A’ be independent copies of the standard
perturbation. Then we have

EZ,(L(A" + eA)(A + eA)R) > Z(L) + Ex(R) + Gogloge.
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The same inequality holds if either or both of A and A’ are constrained to be either
tame or wild (or one of each).

Proof. Let L' = L(A" + eA") = L(A" + eA")I. By Proposition 24] Ea/ (L) >
Ek(L) + Ex(I) + Gemlog e, with this inequality still satisfied if A’ is constrained to
be tame or wild. By Proposition 27} Z;(7) is a finite constant. Finally,

Ea Zx(L'(A+ eA)R) > Zx (L)) + Zx(R) 4 Ggloge.

Combining the inequalities, the result is proved. O

Lemma 29. Let f(t) = >, a;e’t, where a; > 0 for each i. Then f(t) is log-
convexz.

Proof. We have (log f)' = f'/f, so that (log /)" = (ff" — (f’)Q)/f2. Now

f//_(f/)QZZaiaje(bi—i-b b2—bb +Za2 2bt )
i#]
= a;a;e" TINDB 4 b7 — 2;b))
i<j
> 0.

O

Lemma 30. Let V be a k-dimensional subspace of H and let Il be the orthogonal
projection onto V.. Then f(s) := Ep(Des o lly) is a convex function.

Proof. We first prove that for 0 < s < ¢, f(s) < 2f(t). To see this, let v1,...,vx
be an orthogonal basis of V such that D.vy,...,Dsvg are orthogonal. Then
f(s) < Zle log || Des v;||. By Lemma 29 s +— log || Desv;|| = %log(zj e*QSj(vi)jz)
is convex, so that log || Desv;|| < 7 log ||Derv;l|. Hence f(s) < 3 f(t) as claimed.
Nowif0<a<b<c let W=DV, let s=b—a,and let t =c—a. Let a =
Zk(Deally). Now we have f(a) = o and f(b) = Ex(Deolly) = Eg(Dgo-aDeally) =
Ek(DebfaHW) + Ek(DeaH\/) =o+ Ek(Desnw) Similarly f(C) =a+ Ek(Detﬂw),
and the result follows from the above. O

Lemma 31. Let A be a Hilbert-Schmidt operator on H. Then g(s): = ZEg(Des A)
is a convex function. Similarly h(s): = ZEx(ADe:) is conver.

Proof. Let 0 < a < b < ¢. Let V be the k-dimensional space spanned by the
top k right singular vectors of D, A and let IIy be the orthogonal projection
onto V. Let W = A(V) and let IIyy be the orthogonal projection onto W.
Then we have E(Det Ally ) = Zg (Dot ) + Ek(AHV) the sum of a convex func-
tion and a constant by Lemma Now g(b) = Ex(DpA) = Zx(DpAlly) <
b2 (Dea Ally) + 2225, (Dee Ally) < £Lg(a) + f;a (c), as requlred.

b
We have h(s) = :k(A'D s) = Zg(Des A* ) which is convex by the above. O

Proposition 32. Let A be a Hilbert-Schmidt operator on H. Then

2
=4(Ds AD3) — Sy (A) > Gi ‘;’) (E4(D2AD) — Z,(A)).
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Proof. Let f(s,t) = Ex(Des ADet) — Zi(A). Since D, is contractive for a > 1, we
have f(log3,0) < 0 and f(0,log2) < 0. Now Lemma Bl applied to Zj(D3AD:) —
Zk(A) implies that f(log3,log2) < iggf(log?),log 3). Applying the lemma to
Zk(Des ADs) — Zi(A) implies that

log 2
log 3

log 2 2
f(log2,10g2)s%f(logs,logms( ) f(log3,log 3),

as required. O

Lemma 33. Let o be an ergodic measure-preserving transformation of (X,P). Let
(fn) be a subadditive sequence of functions (that is, fnim (W) < fn(0™w) + fm(w)
for each w € Q and n,m > 0) such that infn>0f71—Lfn dP > —oo. For any e > 0,
there exist x > 0 and ng such that if M > ng and A is any set with P(A) < x, then
Ju far dP > —eM.

Proof. Let o = lim [(f,,/n)dP. Let € > 0 be given. Let x be small enough that

Jp frdP < £ for any set B with P(B) < x and so that 2x(a + §) > —5. By

the Kingman subadditive ergodic theorem, there exists mg such that for M > my,
P({w: far(w) > (a + $)M}) < x.

Now let A be an arbitrary set with P(A4) < x. We split  into three sets: A,
G={we A fy(w) < (a+ 5)M}, and B = A°\ G (and note that P(G¢) < 2y).
Now we have

aMs/fMdIP
Q

= / fJVIdP+/ fMdP+/ fa dP
A B G
< / fMd]P’-F/ (fit -+ froc™ N dP+ (a+ $)MP(G).
A B
Hence we see that
/ FadP > aM — M — (a+ £)M(1—P(G))
A
=—XM+ (a+ §)MP(G) > —eM,
as required. 0

Lemma 34. For all k, there exists a Cgg such that for any bounded operator A
one has

[1]:

Er(A) > Ex(A) — Gz

Proof. We have

[1]:

5(A4) =Ea, A, Ep(I1 A1 AALIT)
<2EEL(A) +Ex(4) < 2kElog ||Allop + ZEx(A4),
where we used subadditivity of Zj, for the first inequality and the fact that s;(B) <

|Bllop for the second. Hence it suffices to show that Elog||Allep < oo. But
Elog |Allep <E[|Alop <E[[Aflns <35, E[Ay| =35, ;3" EIN| < 0. O
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9. CONVERGENCE OF THE LYAPUNOV EXPONENTS

Proof of Theorem [Al. Rather than control the exponents directly, it is more straight-
forward, and clearly equivalent, to control the partial sums of the exponents. Let
p1(A) > po(A) > -+ denote the Lyapunov exponents of the cocycle A listed with
multiplicity in decreasmg order. We then let Ag(A) = p1(A) +-- -+ ux(A). We are
aiming to show that Ax(A¢) — Ak (A) for each k. By an argument of Ledrappier and
Young [21], explained slightly differently in our earlier paper [10], it suffices to show
that e — A (A) is upper semi-continuous for each k and lower semi-continuous for
those k such that pgi1(A) < pr(A).

9.1. Upper semi-continuity. We shall show that limsup,_,o Ax(A) < Ag(A).
To see this, let n > 0. By the subadditive ergodic theorem, there exists an n such
that 2 [ Z(ASY) dP(w) < Ag(A) + 7. As € — 0, we have [|A<YY — ALY — 0, and
hence Z;(A°U) — Z;(AUY) for all @ € Q. Set g(@) = 1+[|A(w)|| and h(@) = || A
Then for € < 1, log||A<™ || < S log(g + h)(67@). Slnce this is integrable, the

Reverse Fatou Lemma implies that limsup,_,, + [ Z;(A dIP’( ) < Ax(A) + 7.
Hence Ak (A€) < Ai(A) + n for sufficiently small e.

9.2. Choice of parameters. Now we move to showing the lower semi-continuity
of Ag(A°) in the case where g 11(A) < pr(A). We assume without loss of generality
(by scaling the entire cocycle by a constant if necessary) that pg+1(A) <0 < pg(A).

Let n > 0. We are seeking an ¢ such that for € < g, Ag(A€) > Ag(A) —n. First,
choose an ng and x such that the following inequalities are satisfied:

. Can n
X < min <48 max(Cpz, Goy) 18 max(Grg, Gra(1 + %))) ’
U
X< T2k [Tog(1 1 [ Aullsns) dP(@)’

N
/ =W(AD) dB(w) > "L for N > o it B(B) < x.
B

+ n .
] 108" 4. lsns aP) < it B(B) < x

That ng and x can be chosen to satisfy the third inequality is a consequence of
Lemma [33] Let 6 be chosen so that P(G¢) < x/2, where G is the event that the
block ALY is good as in Lemma[ Let € be chosen so that N, := |Gl log €| | > ng
for all € < €;. Let €3 be such that the probability that an N.-block of A’s contains
a wild perturbation is less than x/2 for all € < ey (such an ey exists by Lemma
O). Let G ={we€Q:we G;Ap,...,Ax_; are tame}. We will only consider €’s
that are smaller than €; and ey for the remainder of the argument. In particular
P(G°) <

We need to control ]Euk(A("N)), where N is the length of a block (as given by
Lemmal[d)), and we let n — co. Here and below, the superscript € indicates that we
are studying the perturbed cocycle.

9.3. Replacing =; with 2. We have
(10) Z(AF) 2 E(ATY) - G
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by Lemma B4l The advantage of =), over =, is that it admits a lower bound in
terms of subblocks.

9.4. Splitting A" into good and bad blocks. Recall that a block A<
is said to be good if 0N € G; that is, the unperturbed cocycle is well-behaved,
and the perturbations are tame. Given @, we split up Aeﬁ_,”N) into blocks of length
N. Whenever three or more consecutive blocks are good, we form a super-block,
G*, consisting of the concatenation of the good blocks other than the first and last
good blocks. All of the remaining blocks are called filler blocks. The B¢ are the
filler blocks stripped of their first and last matrices.

We have
E (ék(AefonN)D

(11) . . . . .
> B (Z0(BY) + Zk(G) + Zx(BY) + Z4(B) + Z(B) + -+ ) = By,
where the splitting in the last line is into super-blocks (of variable length, all a
multiple of N), here designated by G¢, and filler blocks, B¢, all of length N — 2,
and F; denotes an expected error term that we now estimate.

To obtain (1), we split the concatenation of n blocks of length N into the super-
blocks and filler blocks as described above by repeatedly applying Proposition 24]
which sacrifices a single matrix as ‘glue’ at each splitting site (or Corollary 28] in
the case of two consecutive filler blocks when two matrices are sacrificed). Since the
expected number of non-good N-blocks is less than yn and each such block gives
rise to at most 4 transitions between adjacent blocks in the concatenation (the
worst case happens when two super-blocks are joined by three fillers), we deduce
that Fy < 4xn max(Cgzg, Cgg)|log€|. From Lemma(d |loge| < 2N/(g, so that

(12) By < 8xnN max(C, Gm) /Gy < 2nnV.

9.5. Comparison of Z;(G¢) and Z;(G¢). To bound one of the Z;,(G¢), the contri-
bution from one of the super-blocks, we first compare to Z;(G€), the corresponding
contribution to the genuine singular values, and then compare to Z(GY), the singu-
lar values of the unperturbed block. Recall that each G€ is preceded by an N-block
L€ and followed by an N-block R® such that the enlarged block L*G°R° consists
entirely of good blocks.

For the first comparison, we have

Ek(G) = Ex(DsGDs) —
> Ek(G°) 4 3(Ex(D2GD2) — Ex(GF)) — Gzme
using Propositions 27 and [32] respectively. Now
(14) Ex(D2GDy) > Ex (LG R) — Ex(LDyY) — Z4(Dy ' RY)

(13)

by subadditivity, and

Ek(L°G°R®) > log | det(L€G5R€|F¢(RO))|

= log | det(L | ge pe(rt (ry)))| +10g | det(G*
+ log | det(R| g1 (r,))]

> ER(L°) + Ex(G®) + ZEx(R®) + 3k log 4,

(L )|
(15) Re(F-(Ro))
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where we made use of Proposition [[2] for the second inequality (Lemmas [f{@) and
Bi@), (B), and (@) were used to ensure the hypotheses of that proposition are satis-
fied). Combining inequalities ([I3]), (Id)), and (&), we obtain

2(GY) = Z4(G°) + 3(Z(L) + Ex(R) — Ep(LD; )
— E(Dy R + 3k 1og5) — G

By Lemmas Bl(@), Bi(d), and @ we have that =, (L) and Z;(R¢) are non-negative.
By Lemma @), using subadditivity, we have

Ep(LDy ), Eh(Dy PR < ZkN/log(l + | Awllshs) dP(w).

Hence for each good block, we have

Z1(G%) > EL(G) — N/ (6X) + 9k log § — Gz

9.6. Comparison of Z(G¢) and Z;(G°). Next, by Proposition [0, we have
Zk(G¢) > ZR(G°) + 2kllog§, where ¢ is the number of blocks forming the G¢
super-block, so that overall, for each good block, we have

(16) Er(G°) > Ex(G°) — N/ (6x) + 11kl log 6 — (i,

where G° is the corresponding unperturbed block.
In summary,

E (Zx(45™))

(17) 5 5 5 N
> B (Sk(B9) + Z4(G°) + Ex(B) + Zx(B) + Zp(B) + -+ ) — 1 — B,

where F is the combined contribution of the errors coming from good blocks via

(@)

9.7. Comparison of Eék(Bf) and ék(BO). We next work on giving a lower
bound for the terms of the form EZ(B¢). It turns out to be convenient to bound
this in the opposite order than the way we obtained bounds for E = (G¢). Namely,
we show that E 2y (B¢) > Z,(B°) > E,(B°).

If the filler block B = A°N02) s type I bad, we have EZ,(B) > 5,(B°) —
CGraN by Proposition [[4, where BY = Ailf;ffw, the unperturbed block. When B¢
is type II bad, we have EZj(B¢) > Z;(B°) + (Grg(loge — N) by Proposition [T
Since by Lemma [0 we have loge > —2N/(g, we get

EZx(B) > Zx(B°) — GmN (1 + 2/Ca)
in this case. We therefore have in either case that

(18) E =, (B¢) > Zx(B%) — n/(18x)N.
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9.8. Comparison of Z;(B°) and Z;(B°). For the estimate Z(B°) > = (B°), we
use an argument similar to that in (I3 and ([[4) above. Namely, let the matrices
preceding and following B° in the unperturbed cocycle be L° and R°. We also
write B = A((T]x?,w for the N-block, L°B°R?. Then as before, we have

+ 3(Ex(D2B"Dy) — Ex(B°)) — G

(19) > E( (E (B — Ex(L°Dy ") — Ex(Dy 'R%) = E(BY)) — Cem
k(B%) = Er(B")) = 3(Ex(L'Dy ") + Ex(Dy ' R°)) — G

We have the estimate for the subtracted terms in (I9):

22, (B°) + 3(En(L'Dy 1Y) + Zx(Dy ' RY)) < 3kF (0N w),

where F(w) = Eijigl logt ||A(0'w)||shs. This is a consequence of subadditiv-
ity of Z, the fact that ||ADy " op, [|Allop < [|AllsHs for every A € SHS, and

Ek(A4) < klog||Allep. By the choice of x, we have [5. F(w)dP(@) < nN/(108k).
The combined contribution from the subtracted terms in (IIQI) to all of the =y (B°)
terms in (1) is bounded above by

3k Z 1|:i||er(5jN(D)F(0'ij),

where Filler is G U NG U NG, the set of points which are the first index of a
filler block. Hence the expectation of the contribution of the subtracted terms in
(@A) is at most nnN/12.

We use a similar argument to give a lower bound for the sum of the added
221 (Bo) terms in ([J). These terms are

(20) 2 Z 1Fi||er(5jN@)Ek(Ag];]13w)-

By the choice of x, [ Zx( AW )) > —nN/72 for any set, B, of measure at most .
Hence, the expected value of the expression in (20)) is bounded below by —nnN/12.
Combining these estimates along all filler blocks occurring in (1), we see that

oiNw

(21) E Y 1rie (@ Vo) En(AUE) — 2x(ANR ) | = —mN/6.

9.9. Combining the inequalities. At this point, we have (combining inequalities

(D), [{@6), ([@8), and 1))
(22)
E (& (Ae(nN)))

k
> B (Z4(B%) + Z(G°) + Ex(B%) + Z(B°) + Ex(BY) + -+ ) = By — B> — B,
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where F5 comes from the contributions of (I8) and (2IJ). Then using (I0),
E=;,(A5Y)
> E (Zx(B°) + ER(G°) + Ex(B%) + Zx(B°) + Ex(B°) + -+ ) — Gmn
(% ) ( (NN/x) E nsuper + G nisuper — 11kn log 5)

- (ﬁ(UN/X) E nFitler + %nnN),
where nFijer and nsyper are the number of filler and super-blocks respectively in

AEgLN). By subadditivity, the first term in parentheses is at least E Ek(A&"N)). We
have E njjer < 3xn and Engyper < X1,

ER(ATY) > EEL(ATN)) — Ggg — 2nnN — Ggzyn + 11knlog d.

As € is reduced to 0, § does not grow, but N — oo, so that for sufficiently small e,

we have N
Zp(AEN) 2 EEL(AZY) — .
Hence we deduce that Ax(A€) > Ak(A) — n, as required. O

10. CONVERGENCE OF THE OSELEDETS SPACES

Proof of Theorem [Bl. Let k = D; be as in the statement of the theorem. Let us
assume, by possibly rescaling the cocycle by a constant, that uiy > 0 > pg4+1. Let
o <1 and
U, = {(I): 4(E,§(<D),Ek(w)) > 250}

We will show that for every 0 < 1 < 1 and every sufficiently small ¢ > 0, P(U,) < .

Once this is established, convergence in probability of the Oseledets spaces ;¢ (@)
to Y2 (w) follows via the identity V¢ (w) = Ff(w)NFf_,(w) and the fact that Ff (@)
coincides with the orthogonal complement of the top k-dimensional Oseledets space
of the adjoint cocycle (A¢)*, which converges in probability by the same argument.
See [10, §4] for details.

In what follows, we will repeatedly apply Lemma [ assuming £ < g,dl <
min{do, 1%} and so the value of 7 provided by Lemma [ satisfies 7 < 6, < £&1.

Let W, =6 NU. NG, Where N depends on ¢ as in Lemma @l For sufficiently
small €, we have P(G) > 1 — 1, so that once we show P(W,) < %, we will be able

_ _ g 27
to conclude that P(U,) = P(6=NU.) < P(W,) + P(G°) <

Lemma 35. Suppose that & € G and that Z(Ef(6N&), Ex(cNw)) > 26. Then
L(EZ(‘D)’Fk(A&N))) < 4§ e~ (B—T)N

Proof. We suppose the contrapositive: assume that
L(EL(@), Fro(AN)) > 45~ 1e~(m=TIN,

Then let v € Ef (@) N S. Write v = u + w with u € Fk(A( )) and w € Fk(A( ))L.
Then Ang) = ASJN)u + A&N)w + z, where z = (AgéN) — AEJN))U.

By Lemmas Bi({d) and [@ ||A£,N)u|| < 1 and ||z|]] < 1, while ||A5JN)w|| > 461
Recalling that AE((;,N)E; (w) = Ef(6N®) and normalizing, we see that an arbitrary
point of Ef (V)N S lies within §/2 of Ej, (A((UN)) and so within § of Ek(A(N)) ns.
By Lemma [ we deduce that Z(Eg (6™ w), Ek(ASUN))) < 6. Now by Lemma [RI[L),
we see that Z(Ef(cVw), By(cNw)) < 26. O
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Lemma 36. If ¢ is sufficiently small so that 46~ ' +2 < ¥ N, © € G, and
J—(Ei(@)yFk(A&N))) < 46 e~ =N e have

Zr(A<Y

E;(w)) < (1 + -+ pr—1+2kT)N.

Proof. By hypothesis, there exists a unit length v € Eg(®) such that v = f + f+,
with f € F(A)), fL € Fo(AD)L and || f4) < 46~ te= (=N

Now, since Ejf(w) is k-dimensional, Ek(AEéN) Ef(w)) is the logarithm of the

volume growth of any k-dimensional parallelepiped in Ej(©) under AeéN). Let
v,2,...,U; be an orthonormal basis for Ef (). Then,

Vol(Ae((DN)v, AE(E—)N)UQ, ceey Ae((DN)vk) < Vol(Ae((DN)f, AefoN)vg, e AE((DN)vk)
+ Vol(A< M - 4eMNayy A<y,
By the choice of f,

Vol (ALY £, AN, Ay < ALY fe=on (0T
< 2elmrtFurrt(k=DT)N

where we have used that \|A‘§,N)f\| < HAEJN)fH + ||AEL(DN)f - AS,N)fH <2.
Since ||f| < 46 e~ (#=TIN_ then Vol(Ang)fL, AEéN)UQ, e AeéN)vk) <
[FHIeERAE) < g teli o bimorthn)N o
M,

Lemma 37. There exists g > 0 and M € N such that for every € < €9, N >
and B C Q, we have that

/ ZR(A MY AP < N(py + -+ + ) B(B) + 27N,
B

In particular, for all sufficiently small €, the above holds for N chosen as in
Lemma 9

Proof. By the L' convergence in the subadditive ergodic theorem, there exists M >
0 such that HEk(A((Hn)) —n(pr + -+ pg)ll1 < n7 for every n > M. In particular,
for every n > M and every B C Q,

/ Zp(AMYdP < gy + - + ) B(B) + nr.
B

Notice that Zx(4%”) < Klog* A% [lop < k3525 (o™ [ gsullon + ellAj lep).
where we have used the fact that log® (z +y) < log"(z) + |y|. For a fixed n, this
shows that the family of functions g.(@) = Eg (Aegl)) for 0 < € < 1 is dominated

and converges as € — 0 to :k(Ag,")). Hence, by the Reverse Fatou Lemma, for
sufficiently small € > 0, n € {M,...,2M — 1}, and every B C (,

/ Sr(ACNY AP < n(py + -+ + i) P(B) + 27n.
B
Using subadditivity of 2, we conclude that for every N > M and every B C Q,

/ ZR(A MY dP < N(py + -+ + ) B(B) + 27N.
B
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Notice that if @ € W, then by Lemmas B3l and B@ (the first lemma establishing

the hypothesis of the next one), Ek(Aeé,N)|Ez(@)) < (g1 + -+ pg—1 + 2kT)N.
Combining this with Lemma B7] we see that

. . 3 1 —_ e(n (-
g 4o = hm —/:k(A((;,)|E;(@))dP(W)
—0o0o N

1 o _
< N/ Ae(N)| ) ((D)—l—ﬁ/fzk(/} éN))d]P’(w)
< (pn A+ o1+ 26T)P(WE) + (1 + -+ + ) P(WE) + 27

Hence,
peP(We) < (1 + -+ ) — (01 + - 4 pg,) + 4kT.

In particular, in view of the convergence of the exponents, for all sufficiently small
€, we have P(We) < 5k7/puy, < 2. O
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