








A1=0.075, with the remaining parameters as stated in Rypina
et al.31

Our initial time is t=20 days and our final time is
t+�=30 days. At our initial time we set
X=S1� �−2.5,2.5� Mm, where S1 is a circle parametrized
from 0 to 6.371� Mm, and subdivide X into a grid of
m=28 200 identical boxes X= �B1 , . . . ,Bm	. This choice of m
is sufficiently large to represent the dynamics to a good res-
olution. We compute an approximation of ��X ,20;30� by
uniformly distributing Q=400 sample points in each grid
box and numerically calculating ��zi,r ,20;30� using the
standard Runge–Kutta method. The choice of Q is made so
that over the flow duration, the image of boxes is well rep-
resented by the Q sample points per box. These Q�m image
points are then covered by a grid of n=34 332 boxes
�C1 , . . . ,Cn	 of the same size as the Bi, i=1, . . . ,m.

We set Y =� j=1
n Cj, covering the approximate image of X.

The transition matrix P=P20
�30� is computed using Eq. �4�.

As the flow is area preserving, a natural reference mea-
sure � is a Lebesgue measure, which we normalize so that
��X�=1. Thus, ��Bi�= pi=1 /m, i=1, . . . ,m, and so ��p�ii

=1 /m, i=1, . . . ,m. The vector q is constructed as q= pP. We
compute the second largest singular value of �p

1/2P�q
−1/2 and

the corresponding left and right singular vectors and thus
determine x and y from Lemma 1. The top two singular
values were computed to be �1=1.0 and �2�0.996. We ex-
pect x to determine coherent sets at time t=20 days and y to
determine coherent sets at time t+�=30 days. Figures 1�a�
and 1�b� illustrate the vectors x and y, which provide clear
separations into red �positive� and green �mostly negative�
regions.

We apply the thresholding Algorithm 1 to the vectors x
and y to obtain the pairs �X1 ,Y1� and �X2 ,Y2� shown in Figs.

2�a� and 2�b�. When determining X1 and Y1, Algorithm 1
produced values b��0.0077 and ��b���0.0005. To demon-
strate that Y1���X1 ,20;10�, we plot the latter set in Fig.
2�c�. When compared with Fig. 2�b� we see that there is very
little leakage from Y1, just a few thin filaments. Similarly,
Figs. 2�d� and 2�b� compare Y2 and ��X2 ,20;10�, again
showing a small amount of leakage. This leakage is quanti-
fied by computing �̃�X1 ,Y1�� �̃�X2 ,Y2��0.98.

We compare our results with the attracting and repelling
material lines computed via the FTLE field7 with the flow
time �=10. The ridges of the FTLE fields are commonly
used to identify barriers to transport. Figures 1�c� and 1�d�
present an overlay of forward- and backward-time FTLEs at
t=20 and 30, respectively. In this example, there are several
FTLE ridges in the vicinity of the dominant transport barrier
across the middle of the domain, and also several ridges far
away from this barrier. The FTLE ridges do not crisply and
unambiguously identify the dominant transport barrier
shown in Figs. 1�a� and 1�b�.

V. EXAMPLE 2: STRATOSPHERIC POLAR VORTEX
AS COHERENT SETS

In our second example, we use velocity fields obtained
from the European Centre for Medium Range Weather Fore-
casting �ECMWF� Interim data set �http://data.ecmwf.int/
data/index.html�. We focus on the stratosphere over the
southern hemisphere south of 30° latitude. In this region,
there are strong persistent transport barriers to midlatitude
mixing during the austral winter; these barriers give rise to
the Antarctic polar vortex. We will apply our new methodol-
ogy to the ECMWF vector fields in two and three dimen-
sions to resolve the polar vortex as a coherent set.

FIG. 2. �Color online� �a� The sets X1 �upper, red� and X2 �lower, blue�; �b� the sets Y1 �upper, red� and Y2 �lower, blue�; �c� the set ��X1 ,20;10�; �d� the set
��X2 ,20;10�.
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A. Two dimensions

Our input data consist of two-dimensional velocity fields
on a 121�240 element grid in the longitude and latitude
directions, respectively. The ECMWF data provide updated
velocity fields every 6 h. The flow is initialized at 1 Septem-
ber 2008 on a 475 K isentropic surface and we follow the
flow until 14 September. To a good approximation isentropic
surfaces are close to invariant over a period about 2 weeks.32

We set X=S1� �−90° ,−30°�, where S1 is a circle param-
etrized from 0° to 360°. The domain X is initially subdivided
into the grid boxes Bi, i=1, . . . ,m, where m=13 471 in this
example. Based on the hydrostatic balance and the ideal gas
law, we set the reference measure pi=Pri

5/7ai for all
i=1, . . . ,m, where Pri is the pressure at the center point of Bi

and ai is the area of box Bi.

Using Q=100 sample points zi,r, r=1, . . . ,Q uniformly
distributed in each grid box Bi, i=1, . . . ,m, we calculate an
approximate image ��X , t ;�� and cover this approximate im-
age with m=14395 boxes �C1 , . . . ,Cn	 to produce the image
domain Y. We use the standard Runge–Kutta method with
step size of 3 /4 h. Linear interpolation is used to evaluate
the velocity vector of a tracer lying between the data grid
points in the longitude-latitude coordinates. In the temporal
direction the data are independently affinely interpolated. We
construct P=P�

�t� as described earlier using the same
Q�m sample points.

We compute x and y as described in Lemma 1; graphs of
these vectors are shown in Fig. 3 �upper left and upper right�.
Figure 3 �lower left and lower right� shows the result of
Algorithm 1, extracting coherent sets At and At+� from the

FIG. 3. �Color online� �a� Graph of x �1 September 2008�. �b� Graph of y �14 September 2008�. �c� The solid �red� set represents the coherent set At

�1 September 2008� obtained from Algorithm 1. The solid �green� curve illustrates the vortex edge as estimated using PV. �d� As for �lower left� at
14 September 2008.
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vectors x and y. We calculate the coherent ratio ���At ,At+��
�0.991, which means that 99.1% of the mass in At �1 Sep-
tember 2008� flows into At+� �14 September 2008�, demon-
strating a very high level of coherence.

To benchmark our new methodology, we will compare
our result with a method commonly used in the atmospheric
sciences to delimit the “edge” of the vortex. It has been
recognized that during the winter a strong gradient of PV in
the polar stratosphere is developed due to �1� strong mixing
in the midlatitudes �resulting from the breaking of Rossby
waves emerging from the troposphere and breaking in the
stratospheric “surf zone”20� and �2� weak mixing in the vor-
tex region. While potential vorticity depends only on the
instantaneous vector field, potential vorticity is materially
conserved for adiabatic, inviscid flow �both of which are
good approximations in stratospheric flow over timescales of
a week or two�. Thus, PV may be viewed as a quantity de-
rived from the Lagrangian specification of the flow and is
therefore a meaningful comparator for these nonautonomous
experiments that also use Lagrangian information. We used
the method of Sobel et al.22 to calculate a PV-based estimate
of the vortex edge. The result is shown by the green curve in
Fig. 3 �lower left and lower right�. Notating the area en-

closed by the green curve at 1 September 2008 by At
PV and at

14 September 2008 by At+�
PV, we compute ���At

PV,At+�
PV�

�0.984; 98.4% of the mass in At
PV flows into At+�

PV over the
13 day period.

Our transfer operator methodology is clearly consistent
with the accepted potential vorticity approach and in fact
identifies a region that experiences slightly greater transport
barriers across its boundary, indicated by the slightly larger
coherence ratio: 99.1% versus 98.4%. In Sec. V B we apply
our methodology in three dimensions to estimate the three-
dimensional structure of the vortex.

B. Three dimensions

Strong transport barriers to midlatitude mixing in the
southern hemisphere are also known to exist even in the full
three-dimensional �3D� case, where strong descent occurs
near the edges of polar vortex at each pressure altitude.33,34

In principle, PV-based methods could be extended to three
dimensions by �i� slicing the three-dimensional region of in-
terest into several nearby isentropic surfaces, �ii� applying
the PV methodology on each individual isentropic surface to
obtain an estimate of the vortex boundary on that surface,
and �iii� stitching together these curves to form a reasonable
two-dimensional surface, with the hope that the surface rep-
resents an estimate of the boundary of the three-dimensional
vortex. This stitching together of several curves is a non-
trivial computational task and complicated geometries may
be missed by this relatively simple construction. The PV
approach is likely to be more susceptible to noise than our
direct approach because the computation of PV relies on es-
timates of derivatives of the velocity field �vorticity is the
curl of the velocity field�. Finally, such an approach would
not utilize the full three-dimensional vector field, but rather a
series of vector fields on isentropic surfaces.

A key point of our new methodology is that it can be
easily applied in either two or three dimensions and works
directly with the velocity fields to compute coherent regions
with minimal external flux.

We set X=S1� �−90° ,−30°�� �50,70�, where the third
�vertical� component of this direct product is in units of hec-
topascal. The ECMWF data are again provided on a
240�121 grid in the longitude/latitude directions, and addi-
tionally at seven pressure levels between 20 and 150 hPa. We
use the full 3D velocity field from the ECMWF reanalysis
data.

We subdivide X into a grid of m=4116�8=32 928
�longitude-latitude�pressure� boxes, where all boxes have
the same area in the longitude-latitude directions and a
“height” of �70−50� /8=20 /8 hPa in the pressure direction.
Following hydrostatic equilibrium considerations, we set the
mass pi of box Bi to be proportional to the base area of Bi

multiplied by the box height in hectopascal, and normalize
so that 
i=1

32 928pi=1. We select Q=250 sample points in each
grid box, uniformly distributed in the longitude-latitude di-
rection and equally spaced in pressure direction. The Q�m
images of these sample points are then covered by a grid of
n=51 722 boxes.

FIG. 4. �Color online� A slice of 3D vectors x and y along the 50 hPa
pressure level.
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Repeating the approach of the two-dimensional study,
the two largest singular values are computed to be �1�1.0
and �2�0.9994. A slice along the uppermost pressure level
�50 hPa� of the optimal vectors x and y is shown in Fig. 4.

Applying Algorithm 1, we compute the coherent sets At

and At+� shown in Fig. 5 with ���A1 ,A14��0.9890. Figures
5�a� and 5�b� show that at 1 September 2008, a compact
central domain with nearly vertical sides is extracted by Al-
gorithm 1. Figure 5�e� shows that after 6 days of flow, this
set is advected both upward and downward, and that this
advection is not uniform over all latitudes. Figures 5�e� and
5�f� �the latter gives a view from “below”� demonstrate that
the upward flow occurs primarily near the center of the vor-
tex �high latitudes�, while the downward flow is concentrated
around the periphery �lower latitudes�. A bowl-like shape is
evident in Fig. 5�f� showing a thin layer at the core of the
coherent set at 7 September, descending toward the tropo-
sphere near the edge of coherent set. This observation agrees
with the motion of ozone masses in the lower stratosphere,
where the mass in the mixing zone around the midlatitude
slowly moves downward and the mass in the vortex core
moves within a thin stratospheric layer.33,34

VI. CONCLUSIONS

We introduced a methodology for identifying minimally
dispersive regions �coherent sets� in time-dependent flows

over a finite period of time. Our approach directly used the
time-dependent velocity fields to construct an ensemble de-
scription of the finite-time dynamics: the Perron–Frobenius
�or transfer operator�. The transport of mass is explicitly cal-
culated in terms of a reference measure considered to be
most appropriate for the application by the practitioner. Sin-
gular vector computations of matrix approximations of the
Perron–Frobenius operator directly yielded images of the co-
herent sets; the left singular vector described the coherent
region at the initial time and the right singular vector at the
final time. Our methodology is the first systematic transfer
operator approach for handling time-dependent systems over
finite-time durations. A particular feature of our approach is
that one can focus on small subdomains of interest, rather
than study the entire domain; this leads to major computa-
tional savings.

In our first case study we used this new technique to
show that an idealized stratospheric flow operates as two
almost independent dynamical systems with a small amount
of interaction across two Rossby wave regimes. Our second
case study utilized reanalyzed velocity data sourced from the
ECMWF to estimate the location of the southern polar vor-
tex. Studying the dynamics on a two-dimensional isentropic
surface, we found excellent agreement with traditional PV
based approaches, and improved slightly over the PV meth-
odology in terms of the coherence of the vortex. We also

FIG. 5. �Color online� �a�–�c� show the optimal coherent sets at 1 September 2008 at different views. �d�–�e� show the optimal coherent sets at 7 September
2008 at different views.
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used the full three-dimensional velocity field to determine
the vortex location in three dimensions, a computation not
easily carried out with standard applications of the PV ap-
proach.

APPENDIX: PROOF OF LEMMA 1

We first show that the condition on y in Eq. �6� is un-
necessary,

max
x�Rm

y�Rn

� �xL,y�q

�x�p�y�q
:�x,1�p = 0�

= max
x�Rm

y�Rn

��xL,�y/�y�q��q

�x�p
:�x,1�p = 0�

= max
x�Rm

� �xL�q

�x�p
:�x,1�p = 0� , �A1�

with the maximizing y being y=xL. Setting y=xL, we see
that �y ,1�q= �xL ,1�q= �x ,1L��p= �x ,1�p=0 �it is straightfor-
ward to check 1L�=1; L�= P��. Thus, since the maximizing
y in Eq. �A1� satisfies �y ,1�q=0 when �x ,1�p=0, we see that
the value of Eq. �6� equals the value of the left-hand side of
Eq. �A1�, and both Eqs. �6� and �A1� have the same maxi-
mizing x and y.

We now convert the right-hand side �RHS� of Eq. �A1�
to a maximization in the standard �2 norm by noting that
�x1 ,x2�p= �x1�p

1/2 ,x2�p
1/2�2 and �y1 ,y2�q= �y1�q

1/2 ,y2�q
1/2�2,

RHS of �9� = max
x�Rm

� �xL�q
1/2�2

�x�p
1/2�2

:�x�p
1/2,1�p

1/2�2 = 0�
= max

x̂�Rm
� �x̂�p

−1/2L�q
1/2�2

�x̂�2

:�x̂,p1/2�2 = 0� ,

�A2�

where we have made the substitution x̂=x�p
1/2. We claim that

the leading singular value of �p
−1/2L�q

1/2=�p
1/2P�q

−1/2 is 1,
with corresponding left singular vector p1/2.

To prove this claim, we show that 1 is the leading sin-
gular value of L with corresponding left singular vector 1
�where L is always considered as a linear mapping from
�· , ·�p to �· , ·�q�. Since 1L=1 and 1L�=1, one has 1LL�=1;
also LL� is irreducible if and only if PP� is irreducible. By
the Perron–Frobenius theorem �e.g., Theorems 1.4 and 2.1
�Ref. 35��, 1 is the largest real eigenvalue of LL�, and is
simple; hence, the largest singular value of L is 1 and the left
and right singular vectors are 1�Rm and 1�Rn, respec-
tively.

The result now follows from the Courant–Fischer theo-
rem for symmetric matrices �see, e.g., Theorem 4.2.11 �Ref.
36��, standard properties of singular vectors, and the compu-
tation y=xL= x̂�p

−1/2L= �x̂�p
−1/2L�q

1/2��q
−1/2= ŷ�q

−1/2, where ŷ
is the right singular vector of �p

−1/2L�q
1/2 corresponding to

�2.

1H. Aref, “The development of chaotic advection,” Phys. Fluids 14, 1315
�2002�.

2J. D. Meiss, “Symplectic maps, variational principles, and transport,” Rev.
Mod. Phys. 64, 795 �1992�.

3S. Wiggins, Chaotic Transport in Dynamical Systems �Springer-Verlag,
New York, 1992�.

4S. Wiggins, “The dynamical systems approach to Lagrangian transport in
oceanic flows,” Annu. Rev. Fluid Mech. 37, 295 �2005�.

5V. Rom-Kedar, A. Leonard, and S. Wiggins, “An analytical study of trans-
port, mixing and chaos in an unsteady vortical flow,” J. Fluid Mech. 214,
347 �1990�.

6V. Rom-Kedar and S. Wiggins, “Transport in two-dimensional maps,”
Arch. Ration. Mech. Anal. 109, 239 �1990�.

7G. Haller, “Finding finite-time invariant manifolds in two-dimensional ve-
locity fields,” Chaos 10, 99 �2000�.

8G. Haller, “Distinguished material surfaces and coherent structures in
three-dimensional fluid flows,” Physica D 149, 248 �2001�.

9S. C. Shadden, F. Lekien, and J. E. Marsden, “Definition and properties of
Lagrangian coherent structures from finite-time Lyapunov exponents in
two-dimensional aperiodic flows,” Physica D 212, 271 �2005�.

10M. Dellnitz and O. Junge, “Almost invariant sets in Chua’s circuit,” Int. J.
Bifurcation Chaos Appl. Sci. Eng. 7, 2475 �1997�.

11G. Froyland and M. Dellnitz, “Detecting and locating near-optimal almost-
invariant sets and cycles,” SIAM J. Sci. Comput. �USA� 24, 1839 �2003�.

12G. Froyland, “Statistically optimal almost-invariant sets,” Physica D 200,
205 �2005�.

13G. Froyland, “Unwrapping eigenfunctions to discover the geometry of
almost-invariant sets in hyperbolic maps,” Physica D 237, 840 �2008�.

14G. Froyland, S. Lloyd, and A. Quas, “Coherent structures and Perron-
Frobenius cocycles,” Ergod. Theory Dyn. Syst. 30, 729 �2010�.

15G. Froyland, S. Lloyd, and N. Santitissadeekorn, “Coherent sets for non-
autonomous dynamical systems,” Physica D 239, 1527 �2010�.

16G. Froyland and K. Padberg, “Almost-invariant sets and invariant
manifolds—connecting probabilistic and geometric descriptions of coher-
ent structures in flows,” Physica D 238, 1507 �2009�.

17B. Mosovsky and J. D. Meiss, “Transport in transitory dynamical sys-
tems,” e-print arXiv:cond-mat/1005.05666v1.

18G. Haller, “A variational theory of hyperbolic Lagrangian coherent struc-
tures,” Physica D �submitted�.

19W. R. Crawford, P. J. Brickley, and A. C. Thomas, “Mesoscale eddies
dominate surface phytoplankton in northern Gulf of Alaska,” Prog. Ocean-
ogr. 75, 287 �2007�.

20M. E. McIntyre and T. N. Palmer, “The ‘surf zone’ in the stratosphere,” J.
Atmos. Terr. Phys. 46, 825 �1984�.

21E. R. Nash, P. A. Newman, J. E. Rosenfield, and M. R. Schoeberl, “An
objective determination of the polar vortex using Ertel’s potential vortic-
ity,” J. Geophys. Res. 101, 9471 �1996�.

22A. H. Sobel, R. A. Plumb, and D. W. Waugh, “On methods of calculating
transport across the polar vortex edge,” J. Atmos. Sci. 54, 2241 �1997�.

23G. Froyland, K. Padberg, M. H. England, and A. M. Treguier, “Detecting
coherent oceanic structures via transfer operators,” Phys. Rev. Lett. 98,
224503 �2007�.

24N. Santitissadeekorn, G. Froyland, and A. Monahan, “Optimally coherent
sets in geophysical flows: A new approach to delimiting the stratospheric
polar vortex,” Phys. Rev. E �to be published�.

25M. Dellnitz and O. Junge, “On the approximation of complicated dynami-
cal behaviour,” SIAM �Soc. Ind. Appl. Math.� J. Numer. Anal. 36, 491
�1999�.

26N. Santitissadeekorn and E. M. Bollt, “Identifying stochastic basin hop-
ping and mechanism by partitioning with graph modularity,” Physica D
231, 95 �2007�.

27L. Billings and I. B. Schwartz, “Identifying almost invariant sets in sto-
chastic dynamical systems,” Chaos 18, 023122 �2008�.

28S. Ulam, Problems in Modern Mathematics �Interscience, New York,
1964�.

29G. Froyland, “Finite approximation of Sinai-Bowen-Ruelle measure for
Anosov systems in two dimensions,” Random Comput. Dyn. 3, 251
�1995�.

30G. Froyland, “Approximating physical invariant measures of mixing dy-
namical systems in higher dimensions,” Nonlinear Anal. 32, 831 �1998�.

31I. I. Rypina, M. G. Brown, F. J. Beron-Vera, H. Koçak, M. J. Olascoaga,
and I. A. Udovydchenkov, “On the Lagrangian dynamics of atmospheric
zonal jets and the permeability of the stratospheric polar vortex,” J. Atmos.
Sci. 64, 3595 �2007�.

043116-9 Finite-time coherent sets Chaos 20, 043116 �2010�

Downloaded 14 Nov 2010 to 129.94.177.154. Redistribution subject to AIP license or copyright; see http://chaos.aip.org/about/rights_and_permissions

http://dx.doi.org/10.1063/1.1458932
http://dx.doi.org/10.1103/RevModPhys.64.795
http://dx.doi.org/10.1103/RevModPhys.64.795
http://dx.doi.org/10.1146/annurev.fluid.37.061903.175815
http://dx.doi.org/10.1017/S0022112090000167
http://dx.doi.org/10.1007/BF00375090
http://dx.doi.org/10.1063/1.166479
http://dx.doi.org/10.1016/S0167-2789(00)00199-8
http://dx.doi.org/10.1016/j.physd.2005.10.007
http://dx.doi.org/10.1142/S0218127497001655
http://dx.doi.org/10.1142/S0218127497001655
http://dx.doi.org/10.1137/S106482750238911X
http://dx.doi.org/10.1016/j.physd.2004.11.008
http://dx.doi.org/10.1016/j.physd.2007.11.004
http://dx.doi.org/10.1017/S0143385709000339
http://dx.doi.org/10.1016/j.physd.2010.03.009
http://dx.doi.org/10.1016/j.physd.2009.03.002
http://dx.doi.org/10.1016/j.pocean.2007.08.016
http://dx.doi.org/10.1016/j.pocean.2007.08.016
http://dx.doi.org/10.1016/0021-9169(84)90063-1
http://dx.doi.org/10.1016/0021-9169(84)90063-1
http://dx.doi.org/10.1029/96JD00066
http://dx.doi.org/10.1175/1520-0469(1997)054<2241:MOCTAT>2.0.CO;2
http://dx.doi.org/10.1103/PhysRevLett.98.224503
http://dx.doi.org/10.1137/S0036142996313002
http://dx.doi.org/10.1016/j.physd.2007.04.008
http://dx.doi.org/10.1063/1.2929748
http://dx.doi.org/10.1016/S0362-546X(97)00527-0
http://dx.doi.org/10.1175/JAS4036.1
http://dx.doi.org/10.1175/JAS4036.1


32B. Joseph and B. Legras, “Boundaries, stirring, and barriers for the Ant-
arctic polar vortex,” J. Atmos. Sci. 59, 1198 �2002�.

33R. A. Plumb, “Stratospheric transport,” J. Meteorol. Soc. Jpn. 80, 793
�2002�.

34M. R. Schoeberl, L. R. Lati, P. A. Newman, and J. E. Rosenfield, “The

structure of the polar vortex,” J. Geophys. Res. 97, 7859 �1992�.
35A. Berman and R. J. Plemmons, Nonnegative Matrices in the Mathemati-

cal Sciences �SIAM, Philadelphia, 1994�.
36R. A. Horn and C. R. Johnson, Matrix Analysis �Cambridge University

Press, New York, 1990�.

043116-10 Froyland, Santitissadeekorn, and Monahan Chaos 20, 043116 �2010�

Downloaded 14 Nov 2010 to 129.94.177.154. Redistribution subject to AIP license or copyright; see http://chaos.aip.org/about/rights_and_permissions

http://dx.doi.org/10.1175/1520-0469(2002)059<1198:RBKBSA>2.0.CO;2
http://dx.doi.org/10.2151/jmsj.80.793

