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Abstract. Complex eigenspectra of transfer and Koopman operators describe rotational mo-4
tion in dynamical systems. A particularly relevant situation in applications is when the rotation5
speed depends on the state-space position of the dynamics. We consider a canonical model of such6
dynamics in the presence of small noise, and provide precise characterisations of the eigenspectrum7
and eigenfunctions of the corresponding transfer operators. Further, we study the limiting behav-8
iour of the eigenspectrum and eigenfunctions in the zero-noise limit, including their quadratic and9
linear response. Our results clarify the structure of transfer and Koopman operator eigenspectra,10
and provide new interpretations relevant to applications. Our theorems on support localisation of11
the eigenfunctions yield simple algorithms to detect the existence and state-space location of approx-12
imately cyclic motion with distinct periods. Our numerical results verify that information on the13
cycle periods and their locations determined by the operator eigendata is insensitive to noise level in14
the linear response regime. We believe that the dynamic mechanisms underlying the eigendata and15
their properties apply rather broadly and enhance our understanding of approximate cycle detection16
in dynamical systems with operator methods.17
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1. Introduction. Over the last three decades, operator-theoretic techniques21

have proven to be highly successful methods of analysis for complex dynamical sys-22

tems. The basis of the analysis is usually the dominant eigenspectrum of a transfer23

operator or Koopman operator and the corresponding eigenfunctions. In the auton-24

omous setting, where the underlying dynamics does not change in time, large real25

spectral values correspond to almost-invariant sets (large regions of state space that26

have no collective state-space motion under the dynamics) [7, 6]. This concept has27

been applied extensively in several fields, including molecular dynamics [27] to find28

stable molecular conformations, space mission design [5] to identify orbital trapping29

regions, and physical oceanography [14, 15, 25] to map ocean gyres and garbage30

patches. Regarding complex eigenvalues, the Halmos–von Neumann Theorem (see31

e.g. [8, Theorem 17.11]) states that each ergodic measure-preserving system with32

discrete spectrum is isomorphic to an ergodic rotation system, for example, an aperi-33

odic rotation on a n-torus. This concept has been used extensively in the context of34

Koopman operators, e.g. [24, 26].35

The current paper takes the underlying Halmos–von Neumann idea and extends it36

in two ways. Firstly, we allow the rotation to depend on the location in the state space,37

rather than being fixed along a particular coordinate throughout the state space.38

Secondly, we make a detailed study of the effect of noise on the complex eigenvalues39

and eigenfunctions. The motivation for this study is that complex dynamical systems40

often possess many co-existing cycles or approximate cycles. For example, in the Earth41
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MMC’s permanent address: Instituto de Matemática, Estat́ıstica e Computação Cient́ıfica

(IMECC), Universidade Estadual de Campinas (UNICAMP), 13083-859, Campinas, SP, Brazil.

1

This manuscript is for review purposes only.

mailto:m.manzatto\protect _de\protect _castro@unsw.edu.au
mailto:g.froyland@unsw.edu.au


2 MATHEUS M. CASTRO, AND GARY FROYLAND

system, climate drivers such as the El-Niño Southern Oscillation (ENSO) and the42

Madden–Julian Oscillation (MJO) are approximate co-existing cycles that influence43

the weather and climate. On even longer timescales, changing glacial cycles describe44

how northern-hemisphere continental ice sheets repeatedly accumulate and melt over45

millions of years.46

Recent work [10, 11] has demonstrated that transfer operator methods are a47

flexible and reliable way of extracting cycles from models, observations, and even48

time series of spatial fields; for example extracting the ENSO cycle from a time series49

of observed sea-surface temperature fields. Long-lived persistent cycles typically give50

rise to complex eigenvalues in the dominant spectrum of the transfer operator. The51

magnitude of the eigenvalue quantifies the rate of temporal decay of the cycle, while52

the argument of the eigenvalue directly provides an estimate of the cycle’s period.53

Moreover, the corresponding eigenfunctions may be used to represent the cycle in54

terms of the original spatiotemporal time series [10].55

These ideas may be illustrated with the Lorenz equations, where an estimate of the56

transfer operator is constructed and the complex eigenvalue with largest magnitude57

is computed. The left panel of Figure 1 displays the magnitude of the complex entries58

of the corresponding eigenvector on a blue colourscale, and the right panel shows59

the argument of the complex entries on a periodic colourscale. In this example, the

Fig. 1. Left: Magnitude of the leading complex eigenvector of the normalised transfer operator
for the Lorenz flow. A peak in magnitude occurs in the vicinity of the lowest-period periodic orbit
of the Lorenz equations with a period of 1.5586 time units (shown in red, see Fig. 10a [13] and [9]).
Right: The argument of the complex eigenvector. In the periodic colormap, one sees a full rotation
around each of the two wings as the argument proceeds from −π to π; see [10].

60

argument of the eigenvalue associated with this complex eigenvector corresponds to61

a cycle of period 0.770. This period is roughly half that of the lowest-period periodic62

orbit of the Lorenz equations, which loops once around each wing (displayed in red63

in Figure 1(left)). We make this comparison to emphasise that we are not aiming to64

detect single periodic orbits, but instead to capture large regions in the state space65

that revolve with an approximately constant period. The eigenvector detects that66

the dominant cycle in the Lorenz system consists of wide bands on each wing that67

rotate around each wing with a period of roughly 0.770. The symmetry of the Lorenz68

equations under (x, y, z) 7→ (−x,−y, z), is reflected in the representation of the cycle69

in Figure 1(right): the cycle phase given by the argument respects this symmetry, see70

[10] for details.71

Our focus in this work is to provide a formal explanation for the behaviour of the72

spectrum and eigenfunctions of the transfer operator in the presence of coexisting cy-73
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Fig. 2. Illustration of noisy rotational dynamics on circular fibres. Each horizontal black line
represents a copy of S1. In one iteration of the dynamics, a point x on the jth fibre is (i) rotated
by αj to x+ αj , (ii) a random rotation drawn uniformly from the interval (−δ, δ) is added (shown
as a red interval), and (iii) finally one moves from fibre j to fibre j′ according to the Markov chain
with conditional probability Wε,j,j′ . In this figure, fibres 1, 2, and 3 all rotate with the same speed,
α1 = α2 = α3. Similarly, the fibres j and j + 1 rotate at the same speed, as do the final group of
fibres numbered . . . , N − 1, N .
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Fig. 3. Streamlines of the cylinder rotation model with three bands of circular fibres with widths
L1 = 11, L2 = 7, L3 = 15 and rotation speeds β1 = π/20, β2 = e/7, β3 = 1/

√
2, respectively.

cles with different periods. Roughly speaking, eigenfunctions corresponding to cycles74

with distinct periods should have supports that are largely disjoint, because large over-75

laps would need to simultaneously rotate at two distinct speeds. Our formal analysis76

concentrates on a mathematical model with multiple coexisting cycles, acting on a77

discrete collection of circles, between which trajectories may randomly jump under the78

influence of noise. Our state space M is the union of N circles: M := {1, . . . , N}×S1,79

which we view as a cylinder that has been discretised along its central axis. The dy-80

namics on the jth circular band of the discretised cylinder is a rotation with speed αj ;81

see Figure 2. We are particularly interested in the case where several neighbouring82

circular fibres rotate with the same speed, as in Figure 3. The dynamics on these83
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4 MATHEUS M. CASTRO, AND GARY FROYLAND

groups of fibres model bands of fluid rotating with a common speed.84

The addition of noise is a crucial selection procedure that promotes important85

eigenfunctions of the transfer/Koopman operator by associating them with large-86

magnitude eigenvalues. This heuristic is classical for the eigenvalue 1 where the87

eigenfunction corresponds to the invariant measure [21, 20, 30, 1], which describes88

the state-space distribution of long trajectories, and for large positive real eigenvalues89

in connection with almost-invariant sets and metastability [7]. Moreover, the addition90

of noise may also be useful for proving convergence of numerical schemes [7, 19, 4].91

It has also been applied in the context of thermodynamic formalism, where noise92

perturbations identify equilibrium states by associating them with large-magnitude93

eigenvalues of suitable operators [3, 2]. Further motivations for considering the addi-94

tion of noise are:95

1. models and observations are imperfect and often subject to small errors;96

2. many numerical approaches to estimating transfer and Koopman operators97

introduce artificial noise or diffusion through reduction to a finite-rank rep-98

resentation of the operator;99

3. the addition of noise enables formal discussion of spectra and eigenfunctions100

of transfer operators acting on simple spaces such as L2;101

4. zero-noise limits are difficult limits of singular type, yet remain relevant and102

are the type observed in numerical experiments.103

This work builds fundamental theory to support the heuristic notion that the104

addition of noise promotes eigenfunctions connected with dominant cycles toward the105

largest-magnitude complex eigenvalues. We achieve this by conducting a formal analy-106

sis of a model system that possesses the relevant cyclic properties. We perturb this107

model with noise and carefully study the zero-noise limit, fully characterising the108

limiting eigenvalues and the form of the limiting eigenfunctions. Moreover, we prove109

quadratic response of the eigenvalues and linear response of the eigenfunctions, the110

form of which demonstrates a strong robustness of the support-localisation of the eigen-111

functions to a range of small noise.112

To introduce noise to our model we use a discrete-time Markov process between113

the circular fibres governed by an N × N stochastic transition matrix Wε ≥ 0 that114

converges to the identity matrix as ε → 0. For example, if we have N = 33 fibres as115

in Figure 3, the matrix116

(1.1) Wε :=



1− ε
2

ε
2

ε
2 1− ε ε

2
ε
2 1− ε ε

2
. . .

. . .
. . .

ε
2 1− ε ε

2
ε
2 1− ε

2


.117

will be suitable for our model. Additionally, on each circular fibre we apply i.i.d.118

additive noise. In summary, the dynamics T : M → M is given by T (j, x) = (j, x +119

αj) + (γ, η), where γ is selected according to the Markov chain Wϵ conditioned on120

being in state j, and η is an i.i.d. random variable with values uniformly distributed121

in [−δ, δ]. Equivalently, for each ε > 0 we consider a Markov chain Xε,δ
n = (Iεn, Y

ε,δ
n )122

on M , where Iεn is a Markov chain on {1, . . . , N} with transition matrix Wε satisfying123

Wε,i,j = P (Iε1 = j | Iε0 = i). The second component evolves according to Y ε,δ
n+1 :=124

Y ε,δ
n +αIε

n
+ηδn, where (η

δ
n)n≥0 are i.i.d. random variables, each uniformly distributed125

on [−δ, δ] as above.126
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For this model, we demonstrate a separable structure of the eigenfunctions of the127

transfer operator (Proposition 2.3) and use this structure to generate a series of precise128

results regarding zero-noise limits. We prove that as the noise ε approaches zero, the129

eigenvalues converge to a complex exponential given by one of the rotation speeds,130

linearly in ε with an explicit bound for the distance from the limit (Proposition131

2.3). When there are bands of neighbouring circular fibres that share a rotation132

speed, clusters of eigenvalues approach a single complex exponential (Theorem 2.8 and133

Figure 4(left)). We prove that in the ε → 0 limit, the corresponding eigenfunctions134

approach an orthonormal basis supported on the band (Theorem 2.8 and Figure 5).135

Despite having multiple eigenvalues converging to a single eigenvalue, we develop a136

quadratic response formula for the eigenvalues and linear response formulae for the137

eigenfunctions (Theorem 2.10). The supports of the latter are also restricted to their138

associated band, resulting in this support localisation property being particularly139

robust for small noise levels. Proposition 2.13 covers the response of eigenvalues and140

eigenvectors of the transfer operator with respect to perturbations of the rotation141

speeds {αj}Nj=1.142

An outline of the paper is as follows. In Section 2, we construct our model, with143

dynamics as shown in Figure 2, and state our main results. Section 2 contains a144

detailed running example that illustrates and interprets the conclusions of our theory.145

For this running example, Figure 3 illustrates the fluid-band structure of the model,146

Figure 4 summarises the behaviour of the most important (lowest-order) eigenvalues147

and eigenvectors for modest positive ε, Figure 5 visualises the magnitude and argu-148

ment of the corresponding eigenfunctions on the full cylindrical domain, and Figure 6149

summarises the response behaviour of these eigenvalues and eigenvectors. The proofs150

of the main results are carried out in Sections 3–6.151

2. Model and statements of main results.152

2.1. The model. The Perron–Frobenius operator corresponding to the Markov153

chain on the fibres {1, ..., N} is given by154

(2.1) Pbase,εf(j
′) :=

N∑
j=1

Wε,j,j′f(j),155

On the jth band, the annealed transfer operator Pδ↾j : L
1(S1) → L1(S1) is given by156

(2.2) Pδ↾jh(x) :=
1

2δ

∫
[−δ,δ]

h(x− αj − η) dη.157

The product of the discrete uniform probability measure on {1, . . . , N} and nor-
malised Lebesgue measure on S1 is denoted by m. Using the form of T , and letting
F ∈ L1(M), the annealed transfer operator with respect m is given by

Pε,δF (j′, x) =

N∑
j=1

Wε,j,j′
1

2δ

∫
[−δ,δ]

F (j, x− αj − η) dη.

We now write F (j, x) = f(j)hj(x) to highlight the skew-product nature of T and158
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6 MATHEUS M. CASTRO, AND GARY FROYLAND

Pε,δ.159

Pε,δF (j′, x) =

N∑
j=1

Wε,j,j′f(j)
1

2δ

∫
[−δ,δ]

hj(x− αj − η) dη160

=

N∑
j=1

Wε,j,j′f(j)Pδ↾jhj(x) = Pbase,εf(j) · Pδ↾jhj(x).(2.3)161

Because each Pδ↾j is the transfer operator for a rotation on the jth circle by αj162

(plus uniform bounded noise), the eigenfunctions of Pδ↾j are complex exponentials of163

increasing order, independent of j. Thus, as we shall shortly see, the eigenfunctions164

of Pε,δ are separable in the variables j and x.165

2.2. General behaviour of eigenvalues and eigenfunctions.166

2.2.1. The case of ε = 0. Before we begin our main analysis, it is informative167

to consider the simple situation where ε = 0 and δ ≥ 0. This corresponds to no168

noise between the circular fibres, and δ-noise along fibres. With no noise connecting169

the distinct copies of S1, the rotations on each circle all individually contribute to170

generate the full eigenspectrum of P0,δ.171

Proposition 2.1. The spectrum of P0,δ consists of the N -fold union of the ei-172

genvalues
⋃N

j=1 σ(Pδ↾j), where173

σ(Pδ↾j) =
⋃
k∈Z

{
sin(2πkδ)

2πkδ
e−2πikαj

}
∪ {0}.(2.4)174

Proof. Since W0 = Id, (2.3) implies that given F (j, x) =
∑

k∈Z fk(j)e
2πikx ∈175

L2(M). Using (2.2) one has176

P0,δF (j, x) =
∑
k∈Z

f(j)Pδ↾j(e
2πikx) =

∑
k∈Z

f(j)
1

2δ

∫ δ

−δ

e2πik(x−αj−η)dη177

=
∑
k∈Z

(
sin(2πkδ)

2πkδ
e−2πikαj

)
f(j)e2πikx,178

where sin(0)/0 should be interpreted as 1 in the above equation. Thus, by comparing179

the Fourier modes of P0,δF and λF we obtain (2.4).180

The modes k = ±1 are the primary modes of oscillation corresponding to a single181

oscillation around the circle, as shown by the e2πikx term in the final display equation182

above. In practice, selecting k = ±1 makes the extraction of the αj from an eigenvalue183

straightforward because of the argument term of e−2πikαj . For positive δ the damping184

factor sin(2πkδ)
2πkδ suppresses higher-order Fourier modes. In particular, the k = ±1185

modes have the largest magnitude (apart from the trivial constant mode), making186

the identification of the k = ±1 modes simpler.187

Remark 2.2. All of the results in Section 2 can be easily generalized from the188

state space M = {1, . . . , N} × S1 to a state space M = {1, . . . , N} × Td where:189

1. the αj-rotations on the circle S1 = T1 are replaced with (αj,1, . . . , αj,d)-190

translations on the d-torus Td.191

2. the discrete fibres {1, . . . , N} are no longer discretely filling an interval, but192

discretely fill a connected subset of Rd′
.193
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Such a situation allows one to create models of rather general rotational dynamics.194

For example, a simple extension to d = 1 and d′ = 2 would model fluid rotation195

around a solid three-dimensional torus, with the N fibres discretely filling out the non-196

periodic two-dimensional cross-section of the solid torus. Subsets Bs of {1, . . . , N}197

called band members (see Definition 2.4) represent solid “tubes” Bs × S1 ⊂ R2 × S1198

of three-dimensional fluid that rotate at a common angular speed inside a solid three-199

dimensional torus. Alternatively – remaining in a solid three-dimensional torus – we200

may set d = 2 and d′ = 1 to model translations on two-dimensional nested toral201

shells within the solid torus. Bands (subsets of {1, . . . , N}) represent nested families202

of solid tori Bs × T2 ⊂ R× T2 (like Matryoshka dolls) with common translations on203

each member of the family.204

In this general setting, the spectrum of P0,δ is205

N⋃
j=1

σ(Pδ↾j) =

N⋃
j=1

⋃
k∈Zd

{
d∏

q=1

sin(2πkqδ)

2πkqδ
e−2πikqαj,q

}
∪ {0}206

where αj,q is the rotation speed on fibre j along coordinate direction q. Concerning207

the extension from S1 to Td, the same proofs of all of our results follow with minor208

adaptations. For the extension of the fibres {1, . . . , N} filling out sets in Rd′
, one209

only needs to appropriately adjust the matrices Wϵ. For example, in d′ dimensions, a210

natural choice would be to construct Wϵ from a finite-difference stencil for the Laplace211

operator on a regular grid in d′ dimensions (see (1.1) for such a choice for d′ = 1).212

For the sake of simplicity of exposition, we restrict the statements and proofs of all213

results to the case d = 1.214

2.2.2. The case of ε > 0. In the remainder of this work, we will assume that215

δ = 0 (no along-fibre noise) because216

1. the effect of δ on the spectrum is simply to multiply each eigenvalue by217
sin(2πkδ)

2πkδ ,218

2. the eigenfunctions are unaffected by changes in δ.219

Hereafter we will denote Pε,δ by simply Pε. When ε > 0 we no longer have a closed220

form expression for the eigenvalues and eigenfunctions of Pε, but we can characterise221

them as eigenvalues and eigenvectors of the simple matrix product Dk,αWε where222

(2.5) Dk,α = Diag(e−2πikα1 , . . . , e−2πikαN ),223

and analyse their behaviour for small ε > 0 as ε → 0.224

Proposition 2.3. Let α = (α1, . . . , αN ) ∈ RN .225

1. For every ε > 0, each k ∈ Z gives rise to N (generalised) eigenfunctions F
(ℓ)
k,ε226

of the operator Pε : L
2(M) → L2(M), of the separable form227

(2.6) F
(ℓ)
k,ε(j, x) = f

(ℓ)
k,ε(j)e

2πikx for all ℓ ∈ {1, . . . , N},228

where the corresponding N eigenvalues are denoted λ
(ℓ)
k,ε, ℓ = 1, . . . , N .229

2. For sufficiently small ε > 0 the following holds for all k, ℓ ∈ {1, . . . , N}230

(2.7) |λ(ℓ)
k,ε − e−2πikαℓ | ≤ 2 max

1≤j≤N
(1−Wε,j,j),231

and232

(2.8)
∣∣∣arg (λ(ℓ)

k,ε

)
− 2πkαℓ (mod 2π)

∣∣∣ ≤ 2π max
1≤j≤N

(1−Wε,j,j).233
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8 MATHEUS M. CASTRO, AND GARY FROYLAND

Fig. 4. Left: The small coloured disks indicate the spectrum λ1,ε (for δ = ε = 0.1) of the 33×33

matrix Dk,αWε = Dk,β,LWε, associated to the model from Figure 3, where β = (π/20, e/7, 1/
√
2)

and L = (11, 7, 15). The large black circle is the unit circle in the complex plane. Note that the 33
eigenvalues are distinct and that they appear in groups, with Li eigenvalues nearby exp(−2πikβi)
for i = 1, 2, 3. The relevant bounds (2.7) from Proposition 2.3 are shown as dark blue circles. Right:

Plot of |f (ℓ)
k,ε(j)| vs lattice index j for ℓ = 1, 2, 4, where the ordering of the eigenvalues are shown in

the left panel. We plot the eigenvectors of the largest-magnitude eigenvalue from each of the three
groups corresponding to k = 1; the eigenvectors have been normalised to have unit norm.

Proof. See Section 3.1.234

We recall that for practical purposes we are interested in the primary oscillations235

given by the k = ±1 modes, as discussed immediately after Proposition 2.1. The236

bound in (2.7) is tight; see Figure 4(left), where the elements of {αj}33j=1 take on one237

of three distinct values. The error bounds are shown as dark blue circles.238

Using Proposition 2.3, we assume from now on that the eigenvalues λ
(1)
k,ε, . . . , λ

(N)
k,ε239

are labelled such that240

λ
(ℓ)
k,ε

ε→0−−−→ e−2πikαℓ for every ℓ ∈ {1, . . . , N}..(2.9)241

2.3. The case of multiple fibres with common rotation speed. A particu-242

larly interesting situation arises when some αj are identical for neighbouring js. This243

corresponds to a band of fluid rotating at the same speed, and handling this physi-244

cally relevant situation requires a more careful analysis. This motivates the following245

definition.246

Definition 2.4 (S-banded). A N -vector α = (α1, . . . , αN ) ∈ RN is said to be247

S-banded if there exist248

(i) a natural number 1 ≤ S ≤ N ,249

(ii) distinct real numbers β1, . . . , βS ∈ R, and250

(iii) a vector of positive integer numbers L = (L1, . . . , LS) satisfying
∑N

i=1 Li = N,251

such that
αj = βs if Ns−1 < j ≤ Ns for some s ∈ {1, . . . , S},

where N0 < N1 < . . . < NS = N is a sequence of recursively defined natural numbers

N0 = 0 and Ni = Li +Ni−1 if i ∈ {1, . . . , S}

In the above context, the vector β = (β1, . . . , βS) is referred to as a band vector, and252

L is called the band-width vector. Moreover, given s ∈ {1, . . . , S} we denote the band253

members of βs as Bs = {j ∈ N : Ns−1 < j ≤ Ns}. Observe that from the convention254

adopted in (2.9) we have that {ℓ ∈ {1, . . . , N} : λ
(ℓ)
k,ε → e−2πikβs as ε → 0} = Bs.255
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Fig. 5. Details of leading eigenfunctions of Pε on M , constructed from the eigenvectors in

Figure 4. Upper row: Magnitudes of the extremal three eigenfunctions F
(ℓ)
k,ε(j, x) = f

(ℓ)
k,ε(j)e

2πikx,

ℓ = 1, 2, 4 and k = 1 on M = {1, . . . , 33}×S1 corresponding to the eigenvectors f in Figure 4, using
colourschemes to match the colouring in Figure 4. Note that the support of each eigenfunction is
approximately restricted to the bands associated with one of the three rotation speeds illustrated in
Figure 2. Lower row: As for the upper row, but displaying the arguments of eigenfunctions instead
of the magnitudes. Note that exactly one complex cycle occurs because k = 1.

Example 2.5 (S-banded).256

1. any N -vector α = (α1, . . . , αn) with distinct entries is N -banded,257

2. the 5-vector α = (
√
2,
√
2,
√
2, π, π) is 2-banded with band vector β = (

√
2, π)258

and band-width vector L = (3, 2),259

3. the 5-vector α = (
√
2,
√
2, π,

√
2,
√
2) is not an S-banded vector for any 1 ≤260

S ≤ N .261

As part of our running example, associated to the 33-fibre case study with Wε as in262

(1.1), we choose S = 3 bands rotating at incommensurate speeds given by the vector263

β = (π/20, e/7, 1/
√
2), and with corresponding band-width vector L = (11, 7, 15); see264

Figure 3.265

Let α be an S-banded N -vector for some 1 ≤ S < N , then there is at least266

one 1 ≤ s ≤ S such that βs has band width Ls ≥ 2. Proposition 2.3(2) tells us267

that for a given Fourier index k, λ
(ℓ)
k,ε converges to exp(−2πikβs) for Ls-fold ℓ, this268

phenomenon is illustrated in Figure 4 (left). Therefore, one expects an Ls-dimensional269

subspace spanned by the corresponding eigenvectors F
(ℓ)
k,ε to converge to some Ls-270

dimensional space, but the question of convergence of individual eigenvectors and271

their characterisation is still unclear. To study this limit we must slightly constrain272

the one-parameter family of matrices Wε that control noise between circular fibres.273

Definition 2.6 (L-admissible family of matrices). Given an S-vector L =274

(L1, . . . , Ls), the family of N ×N matrices {Wε = Id+εẆ}ε≥0 is called L-admissible275
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10 MATHEUS M. CASTRO, AND GARY FROYLAND

if the symmetric matrix Ẇ satisfies:276

1. Ẇij ≥ 0 for i ̸= j ∈ {1, . . . , N} and
∑N

j=1 Ẇij = 0, ∀i ∈ {1, . . . , N}.277

2. Ẇ has N distinct eigenvalues.278

3. For each s ∈ {1, . . . , S}, the Ls ×Ls submatrix Ŵs :=
[
Ẇjk

]
Ns−1<j,k≤Ns

has279

Ls distinct eigenvalues.280

Example 2.7 (Noise between circular fibres). The matrix Wε in (1.1) is construc-281

ted as Wε := Id + εẆ , where282

(2.10) Ẇ :=



− 1
2

1
2

1
2 −1 1

2
1
2 −1 1

2
. . .

. . .
. . .

1
2 −1 1

2
1
2 − 1

2


.283

This matrix clearly satisfies items (1) and (2) of Definition 2.6 for any band-width284

vector L. Item (3) of Definition 2.6 holds because submatrices of Ẇ correspond to285

central difference approximations of the Laplace operator on an interval with either286

mixed Neumann/Dirichlet boundary conditions (for the first and last submatrix) or287

Dirichlet boundary conditions (for “internal” submatrices) (see e.g. [31, Section 3]).288

Thus, Wε is an L-admissible family for any bandwidth vector L.289

In the ε → 0 limit, instead of considering eigenfunctions, we use eigenprojections,290

as eigenfunctions can always be multiplied by unit-norm complex scalars, which alters291

their phase. This phase freedom makes the proofs of convergence and linear response292

more difficult. Eigenprojections, on the other hand, remain well defined and invariant293

under such transformations. Theorem 2.8 establishes that if the elements of the band294

vector are incommensurate, the eigenprojections of Pε converge as ε → 0. Further-295

more, the limiting projections can be precisely characterized in terms of eigenvectors296

of specific matrices.297

Theorem 2.8. Let N ∈ N, 1 ≤ S ≤ N , L = (L1, . . . , LS) be a band-width vector
and {Wε = Id + εẆ}ε≥0 an L-admissible family of matrices. Then for each

β ∈ Γ := {(β1, . . . , βS) ∈ RS : e−2πikβs1 ̸= e−2πikβs2 ∀k ∈ Z, ∀s1, s2 ∈ {1, . . . , S}}

and k ∈ Z:298

1. For sufficiently small ε (depending on k), the N generalised eigenfunctions299

F
(ℓ)
k,ε from (2.6) become N eigenfunctions with distinct eigenvalues λ

(ℓ)
k,ε, ℓ =300

1, . . . , N .301

2. For sufficiently small ε > 0 (depending on k) and each ℓ = 1, . . . , N , recall

F
(ℓ)
k (j, x) = f

(ℓ)
k (j)e2πkix

and let Π
(ℓ)
k ,Π

(ℓ)
k,ε : L2(M) → L2(M) denote L2-orthogonal projections onto

the spans of the eigenfunctions F
(ℓ)
k,ε and F

(ℓ)
k , respectively. In the ε → 0 limit

there exists a limiting orthonormal basis {f (ℓ)
k }Nℓ=1 of CN such that

Π
(ℓ)
k,ε

ε→0−−−→ Πℓ
k in the L2(M)-operator norm.

We may further characterise the {f (ℓ)
k }Nℓ=1 as follows:302
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(a) If S = 1 (one band, all fibres rotate with the same speed) or k = 0,303

{f (ℓ)
k }Nℓ=1 is an orthonormal eigenbasis of the N ×N matrix Ẇ .304

(b) If S > 1 (multiple bands) and k ∈ Z \ {0}, {f (ℓ)
k }Nℓ=1 is an orthonormal305

eigenbasis of the matrix306

(2.11) P̂k,β,L := Dk,β,LŴL307

where308

Dk,β,L :=

e−2πikβ1IdL1

. . .

e−2πikβS IdLS
,

 ,309

310

ŴL :=


Ŵ1

Ŵ2

. . .

ŴS−1

ŴS

 ,(2.12)311

and Idn is the n×n identity matrix. Moreover, for each s ∈ {1, . . . , S},312

if ℓ is a band member of βs, the support of F
(ℓ)
k is contained in {Ns−1 +313

1, . . . , Ns} × S1.314

Proof. See Sections 3.2, 3.3 and 4.315

In our main case of interest, namely 1 < S < N , Theorem 2.8 provides explicit316

formulae for the ε → 0 limiting eigenfunctions and constrains the supports of these317

limiting eigenfunctions to their associated band fibres.318

Example 2.9 (Small ε > 0 and ε → 0 behavior of eigenvalues and eigenfunctions).319

We continue our example where Wε is given by (1.1), β = (π/20, e/7, 1/
√
2), and320

L = (11, 7, 15).321

Eigenvalues: For ε = δ = 0.1, Figure 4(left) shows the eigenspectrum of P̂1,β,L322

(i.e. for k = 1). For sufficiently small ε, Proposition 2.3(2) states that these eigenvalues323

cluster about the 3 angles in the vector 2πβ; the latter is indicated by dotted rays.324

The bound (2.7) (including a factor sin(2πδ)/(2πδ)) is indicated with dark blue circles325

and is seen to be very close to optimal. Theorem 2.8 states that for sufficiently small ε326

we obtain 33 distinct eigenvalues for each k ∈ Z, with corresponding one-dimensional327

eigenspaces.328

Eigenfunctions: Proposition 2.3 states that all eigenfunctions of P are of the329

form F
(ℓ)
k,ε(j, x) = f

(ℓ)
k,ε(j)e

2πikx, ℓ = 1, . . . , 33; k ∈ Z. The magnitudes of f
(ℓ)
k,ε for ℓ =330

1, 2, 4 (those eigenvectors of Dk,β,LWε corresponding to the three largest-magnitude331

eigenvalues) are shown in Figure 4(right). Importantly, note that because of the332

particular form of F
(ℓ)
k,ε(j, x) given above, the magnitudes of the full eigenfunctions333

F
(ℓ)
k,ε on M are constant along the circular fibres and therefore follow precisely the334

magnitudes given by the eigenvectors f ℓ
k,ε, such as those in Figure 4(right); see Figure335

5.336

The upper row of Figure 5 can be compared with Figure 1(left). In both cases,337

the magnitudes of the complex eigenfunctions are large in the vicinity of a band of the338
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state space rotating at approximately the same speed. Moreover, the magnitude of the339

eigenfunction shown in Figure 1(left) is relatively constant along the approximately340

rotational trajectories on each wing. The lower row of Figure 5 displays the evolution341

of the argument of the leading eigenfunctions, which passes through a single cycle342

because we have chosen the lowest order of k = 1. Similarly in Figure 1(right), we343

see a single cycle corresponding to a single loop around each wing of the Lorenz344

attractor. Thus, the leading complex eigendata provides complete information on the345

various speeds or periods of rotational motion and the parts of the state space where346

that motion occurs.347

As ε → 0, Theorem 2.8 states that we obtain a limiting orthonormal basis of348

eigenfunctions {F (ℓ)
k }ℓ=1,...,33;k∈Z, and that the limiting eigenvectors f

(ℓ)
k have sup-349

ports restricted to one of the three bands. This support restriction is already evident350

in Figure 4(right) and Figure 5 when ε = 0.1.351

To analyse a general dynamical system, including e.g. the Lorenz system in Section352

1, one would:353

1. Construct a numerical estimate of the transfer or Koopman operator that is354

consistent with convolving the true operator with small noise, so that our the-355

oretical findings should apply. There are many such approaches, for example,356

Ulam’s method [28, 19, 12], direct addition of noise or kernel convolutions357

[7, 16, 4], local kernel evaluations [29, 10] etc. In the Lorenz example in358

Figure 1 we used the simple kernel-based Markov chain approach in [10].359

2. Compute the largest-magnitude eigenvalues of the transfer or Koopman op-360

erator estimate, and identify the largest-magnitude complex eigenvalues that361

correspond to the primary (k = ±1) complex eigenfunctions for each cycle.362

These will often correspond to the complex eigenvalues of largest magnitude363

and their eigenfunctions will by definition have the least oscillatory phases.364

In the Lorenz example in Figure 1 this was the second-largest-magnitude365

eigenvalue after the eigenvalue 1.366

3. The argument of a complex eigenvalue provides an estimate of the corre-367

sponding cycle period (Part 2 of Proposition 2.3). If a single application of368

the transfer operator corresponds to evolution for τ units of time and the369

argument of the primary complex eigenvalue is 2πα, then the period of the370

cycle is τ/α.371

4. The argument of the corresponding complex eigenfunction describes motion372

around the cycle. In particular, isocontours of the eigenfunction argument373

correspond to the same phase of the cycle (Part 1 of Proposition 2.3); see374

Figure 1(right) for the Lorenz example.375

5. The identified cycle is approximately localised in the support of the corre-376

sponding eigenfunction (Part 2(b) of Theorem 2.8). In Figure 1(left), the377

darker blue indicates a stronger match of cycle period. Our linear response378

results in the following subsection state that this localisation is robust to379

small changes in the noise level provided the noise described by Ẇ is local in380

phase space (see Remark 4.8).381

2.4. Quadratic and linear response. Proposition 2.3 tells us that for each

Fourier index k ∈ Z, in the ε → 0 limit the eigenvalues λ
(ℓ)
k,ε, ℓ = 1, . . . , N of Pε each

converge to e−2πikαℓ , while Theorem 2.8 says that the eigenprojections Π
(ℓ)
k,ε associated

with the eigenfunctions F
(ℓ)
k,ε of Pε converge to L2-orthogonal projections Π

(ℓ)
k onto

span{F (ℓ)
k } which have explicit eigenfunction characterisations and support localisa-
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tions. A fundamental question arising from these results is the rate of convergence of

Π
(ℓ)
k,ε and λ

(ℓ)
k,ε as ε → 0. If all αℓ are distinct, one may hope that the corresponding

one-dimensional eigenprojections Π
(ℓ)
k,ε are regular functions of ε at ε = 0. On the

other hand, if we have nontrivial bands – i.e. S < N in Definition 2.4 – then we
would expect at best regular dependence of the various Ls-dimensional eigenspaces,
corresponding to the Ls repeated eigenvalues e−2πikβs , at ε = 0. Surprisingly, in the
nontrivially banded situation, we can in fact demonstrate quadratic response of all

individual eigenvalues ε 7→ λ
(ℓ)
k,ε at ε = 0, and linear response of all individual eigen-

projections ε 7→ Π
(ℓ)
k,ε at ε = 0. To further illustrate why this is surprising, we recall

that the standard approach to establishing linear response of the eigenprojections is

to differentiate the equation PεΠ
(ℓ)
k,ε = λ

(ℓ)
k,εΠ

(ℓ)
k,ε with respect to ε, where we use the

notation ˙ to denote ∂
∂ε . This differentiation yields the identity

PεΠ̇
(ℓ)
k,ε + ṖεΠ

(ℓ)
k,ε = λ̇

(ℓ)
k,εΠ

(ℓ)
k,ε + λ

(ℓ)
k,εΠ̇

(ℓ)
k,ε,

which can be rewritten as382

Π̇
(ℓ)
k,ε = −

(
Pε − λ

(ℓ)
k,ε

)−1 (
Ṗε − λ̇

(ℓ)
k,ε

)
Π

(ℓ)
k,ε.(2.13)383

A common strategy is to evaluate equation (2.13) at ε = 0. However, in our setting,
this approach fails because the range of the operator

lim
ε→0

(
Ṗε − λ̇

(ℓ)
k,ε

)
Π

(ℓ)
k,ε

∣∣∣
ε=0

lies outside the domain of (Pε − λ
(ℓ)
k,ε)

−1. To overcome this difficulty, we use a non-384

trivial cancellation mechanism specific to our framework. This allows us to obtain385

explicit expressions for the response terms for both the eigenvalues and eigenprojec-386

tions.387

Further, we observe numerically (for example as in Figure 6(right)) that the form388

of the response of the eigenfunctions Ḟ
(ℓ)
k is such that the overall shape of the envelope389

of F
(ℓ)
k,ε is relatively unchanged by modestly increasing ε from 0. Practically, this390

observation helps to explain the robustness of dominant complex eigenfunctions to391

various types of noise, whether they arise from models, data, or numerical techniques.392

The following theorem refines Theorem 2.8 by stating the linear response of the393

eigenprojections, in addition to the linear and quadratic responses of the eigenvalues394

of Pε as ε → 0.395

Theorem 2.10. Under the hypotheses and notation of Theorem 2.8, there exist

complex numbers λ̂
(1)
k , . . . , λ̂

(N)
k , ˆ̂λ

(1)
k , . . . , ˆ̂λ

(N)
k and functions

f
(1)
k , . . . , f

(N)
k , f̂

(1)
k , . . . , f̂

(N)
k : {1, . . . , N} → C,

such that396

λ
(ℓ)
k,ε = e−2πikαℓ + ελ̂

(ℓ)
k + ε2 ˆ̂λ

(ℓ)
k + O(ε2),(2.14)397

and398

Π
(ℓ)
k,ε(·) = Π

(ℓ)
k (·) + ε

(〈
·, F (ℓ)

k

〉
F̂

(ℓ)
k +

〈
·, F̂ (ℓ)

k

〉
F

(ℓ)
k

)
+ O(ε),(2.15)399
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Fig. 6. Left: The small coloured disks indicate the response of the spectrum λ̂
(ℓ)
1 , ℓ = 1, . . . , 33

of the 33 × 33 matrix P̂1,β,L, associated to the model from Figure 1, where β = (π/20, e/7, 1/
√
2)

and L = (11, 7, 15). Note that the responses of the 33 eigenvalues are grouped along three rays with
Li responses on a ray with angle 2πβi + π for i = 1, 2, 3. The dashed lines and disk colouring are

identical to those in Figure 4(left). Right: Plot of |f̂ (ℓ)
1 (j)| vs lattice index j for ℓ = 1, 2, 4, where the

ordering of the eigenvalues λ̂
(ℓ)
1 are shown in the left panels of this figure and Figure 4. The three

response vectors have been normalised to have unit norm and correspond to the three eigenvectors
displayed in Figure 4(right).

where F
(ℓ)
k (j, x) = f (ℓ)(j)e2πikx and F̂ ℓ

k(j, x) := f̂k(j)e
2πikx. Also, ⟨F (ℓ)

k , F̂
(ℓ)
k ⟩ = 0,400

the term O(ε2) ∈ C in (2.14) satisfies O(ε2)/ε2
ε→0−−−→ 0 and the term O(ε) : L2(M) →401

L2(M) in (2.15) is a finite-rank operator such that ∥O(ε)∥/ε ε→0−−−→ 0.402

Moreover, explicit formulae for these quantities can be found as follows:403

1. If S = 1 (one band, all fibres rotate at the same speed) or k = 0:404

(a) λ̂
(ℓ)
k and f

(ℓ)
k are, respectively, the eigenvalues and eigenvectors of the405

matrix e2πikα1Ẇ ;406

(b) ˆ̂λ
(ℓ)
k = 0 and f̂

(ℓ)
k = 0; and407

(c) the functions O(ε2) in (2.14) and O(ε) in (2.15) are identically equal to408

0 (defined in Proposition 3.7).409

2. If S > 1 (multiple bands) and k ̸= 0:410

(a) λ̂
(ℓ)
k and f

(ℓ)
k are, respectively, the eigenvalues and eigenvectors of the411

matrix P̂k,β,L (see (2.11)). Moreover, arg(λ̂
(ℓ)
k ) = arg(λ

(ℓ)
k )+ π if λ̂

(ℓ)
k ̸=412

0.413

(b) f̂
(ℓ)
k is computed in Theorem 4.5; and414

(c) ˆ̂λ
(ℓ)
k is provided in Theorem 5.2.415

Example 2.11 (Response of eigenvalues and eigenfunctions at ε = 0). We continue416

our example where Wε is given by (1.1), β = (π/20, e/7, 1/
√
2), and L = (11, 7, 15).417

Eigenvalue response: For small ε the eigenvalues have a quadratic response by418

Theorem 2.10, with the linear response given explicitly in Proposition 7.1. Figure419

6(left) shows the response of the 33 eigenvalues displayed in Figure 4(left). As stated in420

Theorem 2.10(2)(a) and seen explicitly in Proposition 7.1, the eigenvalues are altered421

in magnitude only, with the argument remaining fixed at 2π-integer multiples of the422

rotation speeds. Figure 6(left) demonstrates that the eigenvalues indeed move along423

the rays they lie on, decreasing their magnitude. Those farthest from the unit circle424

have the greatest response. In summary, the argument of the eigenvalues is incredibly425

robust to the noise level ε, which for practical purposes means that eigenvalues of the426

transfer operator are robust indicators of the periods of almost-cycles.427
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Eigenfunction response: Turning now to the response of the eigenvectors, in Fig-428

ure 6(right) we plot the magnitudes of responses of the three eigenvectors shown in429

Figure 4(right). In Figure 6(right) we can see that the responses are separately re-430

stricted to each of the three bands, and that the envelopes of the magnitudes are431

almost identical to those in Figure 4(right). Remark 4.8 provides a theoretical expla-432

nation for the observed support restriction. Therefore, as in the case of the eigenvalues,433

these eigenvectors, and therefore the eigenfunctions of the transfer operator Pε, are434

extremely robust to the noise level ε, making them reliable indicators of the supports435

of distinct almost-cyclic sets in the state space of the dynamics.436

2.5. Linear response with respect to the band vectors. In this section,437

we describe the linear response with respect to the rotation speed vector α ∈ RN . To438

emphasise the α dependence on the operator Pε we write it as Pε,α.439

2.5.1. The case of ε = 0.. For ε = 0, linear response with respect to the band440

vectors holds when S = N (all circular fibres rotate with distinct speeds) or k = 0,441

and fails when S ̸= N and k ̸= 0.442

Proposition 2.12. Fix k ∈ Z and ℓ ∈ {1, . . . , N}. For ε > 0 let Π
(ℓ)
ε,α,k denote the443

L2-orthogonal projection onto span{Fk,ε,α}, where Fk,ε,α is defined in (2.16). When-444

ever the limit exists, set Π
(ℓ)
k,α := limε→0 Π

(ℓ)
ε,α,k. Then:445

(i) If α ∈ RN is N -banded (all circular fibres rotate at distinct speeds), the446

map α 7→ Π
(ℓ)
k,α is locally constant in a neighbourhood of α. In particular,447

∂
∂αΠ

(ℓ)
k,α = 0 at every N -banded vector α. The same conclusion holds when448

k = 0 and α is S-banded for any 1 ≤ S ≤ N .449

(ii) If α ∈ RN is S-banded for some 1 ≤ S < N and k ̸= 0, then the map450

υ 7→ Π
(ℓ)
k,υ is discontinuous in a neighbourhood of α. Consequently, linear451

response fails at α.452

Proof.453

(i) Assume that α is N -banded. By Theorem 2.8 (2), Π
(ℓ)
k,α exists and is the454

L2-orthogonal projection onto span{F (ℓ)
k,α}, where F

(ℓ)
k,α(j, x) = 1{ℓ}(j)e

2πikx.455

In particular, for N -banded parameters the range of Π
(ℓ)
k,α is generated by a456

function that does not depend on α. Hence Π
(ℓ)
k,α itself is constant on the457

set of N -banded vectors. Since the set of N -banded vectors is open in RN ,458

the map α 7→ Π
(ℓ)
k,α is locally constant at α, and therefore its derivative with459

respect to α vanishes there. The case k = 0 is analogous.460

(ii) Let k ̸= 0 and let α be S-banded with 1 ≤ S < N . Since the set of N -banded461

vectors is dense in RN , there exists a sequence (υn)n≥1 of N -banded vectors462

such that υn → α. By part (i), each Π
(ℓ)
k,υn

equals the L2-orthogonal projection463

onto span{1{ℓ}(j)e
2πikx}. On the other hand, Theorem 2.8 2(b) implies that464

at the S-banded parameter α the limiting projection Π
(ℓ)
k,α is not given by this465

same projection. Therefore Π
(ℓ)
k,υn

̸→ Π
(ℓ)
k,α, which proves that υ 7→ Π

(ℓ)
k,υ is466

discontinuous at α. Discontinuity implies failure of differentiability, so linear467

response fails at α.468

2.5.2. The case of ε > 0. For ε > 0 we have a positive result of standard linear469

response.470
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Proposition 2.13. Fix k ∈ Z, ε > 0, and α ∈ RN . Assume that Pε,α has exactly471

N distinct eigenvalues λ
(ℓ)
k,ε,α, ℓ = 1, . . . , N associated with eigenvectors of the form472

Fk,ε,α(x, j) = fk,ε,α(j)e
2πikx. Each of these eigenvalues enjoys linear response with473

respect to α. More precisely, there exists an open neighbourhood Aα of α in RN such474

that the maps475

Uα ∋ α′ 7→ λ
(ℓ)
k,ε,α′ ∈ C and Uα ∋ α′ 7→ Fk,ε,α′(·, ·) = fk,ε,α′(·)e2πik· ∈ C0(M,C),

(2.16)

476

are differentiable. Moreover, one has477

∂

∂α
fk,ε,α = (Dk,αWε − λk,ε,α)

−1

(
∂

∂α
Dk,αWε −

∂

∂α
λk,ε,α

)
fk,ε,α.(2.17)478

Proof. See Section 6.479

We remark that by Theorem 2.8(1), for sufficiently small ε one automatically480

obtains the assumption in Proposition 2.13 that Pε,α has exactly N eigenvalues.481

3. Proofs of Proposition 2.3, Theorem 2.8(a), Theorem 2.8(2)(a), and482

Theorem 2.10(1).483

3.1. Proof of Proposition 2.3. We start by proving results that are valid for484

any α ∈ RN . In future sections, we restrict our analysis to the vector α being an485

S-band.486

3.1.1. Proof of Proposition 2.3(1). Lemma 3.1 asserts that eigenfunctions487

of Pε corresponding to a fixed Fourier index k take the form of a harmonic function488

defined along each circular fibre, modulated by a function that is solely dependent on489

the fibres. Recall that Dk,α is defined in (2.5).490

Lemma 3.1. A function F ∈ L2(M) is a generalised eigenfunction of Pε with491

eigenvalue λ if and only if F (j, x) = fk(j)e
2πikx for some k ∈ Z, where (identifying the492

function fk with the vector (fk(1), . . . , fk(N)) ∈ CN ) fk is a generalised eigenvector493

of Dk,αWε with eigenvalue λ.494

Proof. Given f ∈ L2(M), by employing Fourier series, we can express495

(3.1) F (j, x) =
∑
k∈Z

fk(j)e
2πikx, where fk : {1, . . . , N} → C.496

By (2.1) and (2.3) with δ = 0 for every (j, x) ∈ M497

PεF (j, x) =
∑
k∈Z

Pε

(
fk(·)e2πik·

)
(j, x)498

=
∑
k∈Z

e−2πikαj (Wεfk)j e
2πikx.(3.2)499

Suppose that PεF = λF . By equating individual Fourier mode coefficients in (3.2)500

we obtain Dk,αWεfk = λfk. Similarly, if Dk,αWεfk = λfk holds, the ansatz (3.1)501

provides an eigenfunction F with eigenvalue λ. The case where F is a generalised502

eigenfunction of F follows similarly.503
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3.1.2. Proof of Proposition 2.3(2).504

Lemma 3.2. Given k ∈ Z, let {λ(1)
k,ε, . . . , λ

(N)
k,ε } := σ (Dk,αWε). Then, after prop-

erly relabelling the elements of σ (Dk,αWε), it follows that for every ε > 0 sufficiently
small ∣∣∣λ(ℓ)

k,ε − e−2πikαℓ

∣∣∣ ≤ 2 max
1≤r≤N

(1−Wε,r,r) for every ℓ ∈ {1, . . . , N},

and∣∣∣arg (λ(ℓ)
k,ε

)
+ 2πikαℓ (mod 2π)

∣∣∣ ≤ 2π max
1≤r≤N

(1−Wε,r,r) for every ℓ ∈ {1, . . . , N}.

Proof. For each ℓ ∈ {1, . . . , N}, consider the Gershgorin disks

∆ℓ :=

z ∈ C : |z − (Dk,αWε)ℓℓ| ≤
∑
ℓ′ ̸=ℓ

|(Dk,αWε)ℓℓ′ |

 .

Since Dk,α is diagonal, for all ℓ, ℓ′, (Dk,αWε)ℓℓ′ = (Dk,α)ℓℓ Wε,ℓ,ℓ′ = e−2πikαℓWε,ℓ,ℓ′ .505

Hence
∑

ℓ′ ̸=ℓ |(Dk,αWε)ℓℓ′ | =
∑

ℓ′ ̸=ℓ Wε,ℓ,ℓ′ = 1−Wε,ℓ,ℓ. Therefore506

∆ℓ =
{
z ∈ C :

∣∣z − e−2πikαℓWε,ℓ,ℓ

∣∣ ≤ 1−Wε,ℓ,ℓ

}
507

⊂
{
z ∈ C :

∣∣z − e−2πikαℓ
∣∣ ≤ 2 max

1≤r≤N
(1−Wε,r,r)

}
=: ∆̃ℓ.508

Take ε0 > 0 sufficiently small such that the number of connected components of⋃N
ℓ=1 ∆̃ℓ is constant for every 0 < ε < ε0. By the Gershgorin circle theorem [17,

Theorem 6.11], after relabelling the eigenvalues we obtain∣∣∣λ(ℓ)
k,ε − e−2πikαℓ

∣∣∣ ≤ 2 max
1≤r≤N

(1−Wε,r,r) for every ℓ ∈ {1, . . . , N},

which proves the first inequality.509

We now prove the second inequality. Fix ℓ ∈ {1, . . . , N}. By the reverse triangle510

inequality,511 ∣∣∣1− ∣∣∣λ(ℓ)
k,ε

∣∣∣∣∣∣ = ∣∣∣∣∣e−2πikαℓ
∣∣− ∣∣∣λ(ℓ)

k,ε

∣∣∣∣∣∣ ≤ ∣∣∣λ(ℓ)
k,ε − e−2πikαℓ

∣∣∣ .(3.3)512

Then, by the triangle inequality and (3.3),513 ∣∣∣ei arg(λ(ℓ)
k,ε) − e−2πikαℓ

∣∣∣ =
∣∣∣∣∣∣ λ

(ℓ)
k,ε∣∣∣λ(ℓ)
k,ε

∣∣∣ − e−2πikαℓ

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣ λ

(ℓ)
k,ε∣∣∣λ(ℓ)
k,ε

∣∣∣ − λ
(ℓ)
k,ε

∣∣∣∣∣∣+
∣∣∣λ(ℓ)

k,ε − e−2πikαℓ

∣∣∣514

=
∣∣∣1− ∣∣∣λ(ℓ)

k,ε

∣∣∣∣∣∣+ ∣∣∣λ(ℓ)
k,ε − e−2πikαℓ

∣∣∣ ≤ 2
∣∣∣λ(ℓ)

k,ε − e−2πikαℓ

∣∣∣515

≤ 4 max
1≤r≤N

(1−Wε,r,r).516

Finally, let ∆ :=
∣∣∣arg(λ(ℓ)

k,ε)− (−2πkαℓ) (mod 2π)
∣∣∣ ∈ [0, π] be the smallest angular

distance between arg(λ
(ℓ)
k,ε) and −2πikαℓ. On the unit circle,∣∣∣ei arg(λ(ℓ)

k,ε) − e−2πikαℓ

∣∣∣ = 2 sin(∆/2) ≥ 2

π
∆,

and therefore

∆ ≤ π

2

∣∣∣ei arg(λ(ℓ)
k,ε) − e−2πikαℓ

∣∣∣ ≤ 2π max
1≤r≤N

(1−Wε,r,r) .
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3.2. Distinct eigenvalues of Pε for small ε > 0 . The proofs of Theorem517

2.8(1), Theorem 2.8(2)(i), and Theorem 2.10(1) all rely on the eigenspaces of Pε518

being one-dimensional. Recalling the correspondence between the spectrum of Pε519

and Dk,αWε established in Lemma 3.1, we adopt the following simplified notation in520

this and all subsequent sections. Fixing β, L, and k ∈ Z, for every ε > 0 we write521

Dβ := Dk,β,L and Pε,β := DβWε.(3.4)522

For v, w ∈ CN we denote the inner product between v and w as ⟨v, w⟩ =
∑N

j=1 vjwj ,523

and for every s ∈ {1, . . . , N} we set524

Vs := {v ∈ CN : vj = 0 if j ≤ Ns−1 or j > Ns}525

= {v ∈ CN : vj = 0 for every j ∈ {1, . . . , N} \Bs}.(3.5)526

The following three results establish that for every β ∈ Γ the matrix Pε,β is diagonal-527

izable for every ε > 0 sufficiently small.528

Theorem 3.3. Under the hypotheses of Theorem 2.8 there exists γk > 0 such529

that for every 0 < ε < γk the matrix Pε,β has N distinct eigenvalues.530

Before proving the above theorem, we establish three preparatory lemmas.531

Lemma 3.4. Fix s ∈ {1, . . . , S}. For each ε > 0 choose a sequence of unit-norm
vectors {fε}ε>0 ⊂ CN such that for every ε > 0,

Pε,βfε = λεfε and λε
ε→0−−−→ e−2πikβs .

Then, (fε)j
ε→0−−−→ 0 for every j ∈ {1, . . . , N} \Bs.532

Proof. Since ∥fε∥ = 1 and for every ε small enough there exists a converging

subsequence {fεr}r∈N ⊂ {fε}ε>0 such that fεr
εr→0−−−→ f∗. It follows that

Dβf∗ = lim
k→∞

DβWεrfεr = λεrfεr = e−2πikβsf∗ and therefore
(
Dβ − e−2πikβs

)
f∗ = 0.

Observe that for each j ∈ Bt for some t ∈ {1, . . . , N} we obtain that(
e−2πikβt − e−2πikβs

)
(f∗)j = 0

Since β ∈ Γ, then mint̸=s |e−2πikβs1 − e−2πikβs2 | > 0 which implies that f∗ = 0 for533

every j ∈ {1, . . . , N} \ Bs. Hence, for every subsequence of {fε}ε>0, it is possible to534

construct a subsubsequence such that all coordinates j ∈ {1, . . . , N} \Bs converge to535

0 as ε → 0, which implies the desired result.536

Lemma 3.5. Assume that there exist vectors f, g ∈ CN , β ∈ RS and ε > 0 such
that

Pε,βf = λf and Pε,βg = λg + f.

Then, ⟨f,Dβf⟩ = 0.537

Proof. Since Pε,βg = λg + f , then DβWεg = λg + f. Therefore Wεg = λDβg +538

Dβf. Hence,539

⟨f,Dβg⟩ =
1

λ
⟨Pε,βf,Dβg⟩ =

1

λ
⟨DβWεf,Dβg⟩ =

1

λ
⟨f,Wεg⟩540

=
1

λ
⟨f, λDβg +Dβf⟩ = ⟨f,Dβg⟩+

1

λ
⟨f,Dβf⟩.541

Thus, ⟨f,Dβf⟩ = 0.542
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Lemma 3.6. Let β ∈ RS and {fε}ε>0 ⊂ CN be a sequence of unit-norm vectors
such that for every ε > 0 small

Pε,βfε = λεfε and λε
ε→0−−−→ e−2πikβs for some s ∈ {1, . . . , S}.

Then, the accumulation points of {fε}ε>0 as ε → 0 are eigenvectors of the matrix543

P̂k,β,L (defined in 2.11).544

Proof. Consider a converging subsequence {fεr}r∈N ⊂ {fε}ε>0 so that fεr
εr→0−−−→

f∗. From Lemma 3.2, we can choose a subsubsequence {ε′r}r′∈N ⊂ {εr}r∈N such that

λε′r
− e−2πikβs

ε′r

ε′r→0−−−→ λ∗.

Moreover, from Lemma 3.4 we have that f∗ ∈ Vs (see (3.5)). Since

λεfε = Pε,βfε = DβWεfε = Dβ

(
Id + εẆ

)
fε.

We obtain that Ẇfε =
1

ε
(λεDk,−β,Lfε − fε) for each ε > 0. Let πs : CN → Vs the545

orthogonal projection from CN into Vs. It follows that546

πsẆfε =
1

ε
πs (λεDk,−β,Lfε − fε) =

e2πikβsλε − 1

ε
πsfε.547

By taking ε′r → 0 and observing that πsf∗ = f∗, we obtain that πsẆf∗ = λ∗f∗. Thus,
ŴLf∗ = λ∗f∗ (see (2.12)). Therefore, we obtain that

P̂k,β,Lf∗ = DβŴLf∗ = e2πikβsλ∗f∗.

Proof of Theorem 3.3. Assume for a contradiction that for every ε0 > 0 there548

exists 0 < ε < ε0 such that DβWε does not have N distinct eigenvalues. Then,549

there exists a sequence of real numbers εn −→ 0, as n → ∞, and sequences of vectors550

{fεn}n∈N, {gεn}n∈N ⊂ CN such that for every n ∈ N one has ∥fεn∥ = 1 and either551

(1) Pε,βgεn = λεgεn + fεn , or552

(2) fεn and gεn are linearly independent and

Pεn,βfεn = λεnfεn and Pεn,βgεn = λεngεn .

We first consider scenario (1). By passing through a subsequence, if necessary,
we can assume that there exists f∗ and λ∗ such that

fεn
n→∞−−−−→ f∗ and λεn

n→∞−−−−→ e−2πikβs for some s ∈ {1, . . . , S}.

From Lemmas 3.4, 3.5 and 3.6 respectively, we obtain that553

(a) f∗ ∈ Vs (see (3.5)) for some s ∈ {1, . . . , S};554

(b) ⟨f∗, Dβf∗⟩ = limn→∞⟨fεn , Dβfεn⟩ = 0;555

(c) f∗ is an eigenvector of P̂k,β,L.556

From the block structure of P̂k,β,L we have that f∗ that is an eigenvector of ŴL (see557

(2.12)). Since f∗ ∈ Vs and all the blocks of ŴL are symmetric real matrices with558

distinct (real) eigenvalues, we obtain that f∗ and f∗ are linearly dependent, which559

implies that ⟨f∗, Dβf∗⟩ ̸= 0, contradicting item (b) above.560
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Now we assume (2). Define

hεn :=
1

∥gεn − ⟨gεn , fεn⟩fεn∥
(gεn − ⟨gεn , fεn⟩fεn) .

By passing, if necessary, through a subsequence, we can assume f∗, h∗ ∈ CN that

fεn
n→∞−−−−→ f∗, hεn

n→∞−−−−→ h∗ and
λεn − e−2πikβs

εn

n→∞−−−−→ λ∗ for some s ∈ {1, . . . , S}.

From Lemma 3.4 we have that f∗, h∗ ∈ Vs \ {0} and by construction ⟨f∗, h∗⟩ = 0.
From Lemma 3.6 we obtain that

P̂k,β,Lf∗ = λ∗f∗ and P̂k,β,Lh∗ = λ∗h∗,

and therefore561

πsŴLf∗ = e2πkβsλ∗f∗ and πsŴLh∗ = e2πkβsλ∗h∗,(3.6)562

where πs : CN → Vs is the CN -orthogonal projection onto Vs. Since Wε is an L-563

admissible family of matrices, Definition 2.6(3) implies that πsŴL : Vs → Vs has N564

distinct eigenvalues, which contradicts (3.6) since ⟨f∗, h∗⟩ = 0.565

3.3. Proof of Theorem 2.8(2)(a) and Theorem 2.10(1).566

Proposition 3.7. Under the assumptions and notation of Theorem 2.8, if either
S = 1 or k = 0, then for each ℓ ∈ {1, . . . , N},

λ
(ℓ)
k,ε = e−2πikβ1 + ελ̂

(ℓ)
k and F

(ℓ)
k,ε(j, x) = f

(ℓ)
k (j)e2πikx.

Moreover, {f (1)
k , . . . , f

(N)
k } is an orthonormal basis of e−2πikα1Ẇ , and for each ℓ ∈567

{1, . . . , N}, λ̂
(ℓ)
k is an eigenvalue of e−2πikα1Ẇ associated with f

(ℓ)
k . In particu-568

lar, Π
(ℓ)
k,ε = Π

(ℓ)
k for every ε > 0, where Π

(ℓ)
k is the L2-orthogonal projection onto569

span{F (ℓ)
k }, where F (j, x) = f

(ℓ)
k (j)e2πikx.570

Proof. From Lemma 3.1 it follows that PεFε = λεFε if and only if F (j, x) =571

f(j)e2πikx and DβWεfε = λεfε. Since either S = 1 or k = 0 we obtain that Dβ =572

e−2πikβ1IdN . Therefore DβWε = e−2πikβ1Wε = e−2πikβ1

(
IdN + εẆ

)
.573

Since either S = 1 or k = 0 we obtain that e−2πikβ1(IdN + εẆ )fε = λεfε if and
only if

e−2πikα1Ẇfε =
λε − e−2πikβ1

ε
fε.

Hence, for every ℓ ∈ {1, . . . , N}

λ
(ℓ)
k,ε = e−2πikβ1 + ελ̂(ℓ) and f

(ℓ)
k,ε = f

(ℓ)
k .

Observe that f
(ℓ)
k is an orthonormal basis since Wε is an L-admissible family of ma-574

trices.575
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4. Proof of Theorem 2.8(2)(b) and Theorem 2.10: Linear component576

of (15) and Part (2)(b). To simplify notation we fix from now on N,S ∈ N with577

1 < S ≤ N , a cluster length vector L ∈ RS , an L-admissible family of matrices578

Wε = Id+ εẆ , and k ∈ N. Moreover, given a function h : {1, . . . , N} → C, we denote579

(h)j := h(j) for every j ∈ {1, . . . , N}, and we make no distinction between the vector580

((h)1, . . . , (h)N ) and the function h. Finally, we say (h)j = 0 if h(j) is undefined, i.e.581

when j ∈ Z \ {1, . . . , N}.582

Below, we recall the definition of the complex projective space CPN−1 which is583

used throughout the rest of the proofs of Theorems 2.8 and 2.10.584

Definition 4.1 (Complex Projective Space). Given N ∈ N, we denote

CPN−1 = CN \ {0}/ ∼,

where ∼ is the equivalence relation in CN \ {0}

v ∼ w if and only if v = λw for some λ ∈ C.

We induce a differential structure in CPN via the quotient map585

π : Cn \ {0} → CPN , π(v) = [v](4.1)586

where [v] ∈ Cn is the equivalence class of v in ∼ (see [22, Chapter 1, page 31]). Given
w, v ∈ CPN−1 we define the distance between w and v in CPN−1 as

distCPN−1(v, w) = min
θ∈[0,2π)

∥∥∥∥ v

∥v∥
− eiθ

w

∥w∥

∥∥∥∥ .
Theorem 4.2. Let β ∈ Γ, for each ε > 0 small enough, let {f (ℓ)

ε }Nℓ=1 ⊂ CN
587

denote a unit-norm eigenbasis of Pε,β. Then,588

(i) there exists an orthonormal eigenbasis {f (1), . . . , f (N)} ⊂ CN of589

(4.2) P̂β := DβŴL,590

where ŴL is defined in (2.12) and Dβ in (3.4), such that for every j ∈591

{1, . . . , N}, one has592

[f (ℓ)
ε ]

ε→0−−−→ [f (ℓ)] in CPN−1 for every ℓ ∈ {1, . . . , N}.(4.3)593

(ii) For s ∈ {1, . . . , N} and ℓ ∈ Bs, let λ̂(ℓ) be the eigenvalue associated to the594

eigenvector f (ℓ) of P̂β. Then595

λ(ℓ)
ε = e−2πikβs + ελ̂(ℓ) + O(ε).(4.4)596

Moreover, arg(λ̂(ℓ)) = arg(λ(ℓ)) + π if |λ̂(ℓ)| > 0.597

4.1. Proof of Theorem 4.2. The proof of Theorem 4.2 is lengthy, so we estab-
lish two preparatory lemmas before the proof. For every ε > 0 small enough we write
{f (ℓ)

ε }Nℓ=1 ⊂ CN as a unit-norm eigenbasis of Pε,β , and by appealing to standard ma-
trix perturbation theory [18, Chapter Two §1] we obtain that for every ℓ ∈ {1, . . . , N},
the map

ε ∈ (0, γk) 7→ f (ℓ)
ε ∈ CN
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is C∞. We define λ
(ℓ)
ε as the eigenvalue associated to the eigenvector f (ℓ)

ε . Recall that

λ(ℓ)
ε → e−2πikβs if ℓ ∈ Bs as ε → 0.

We mention that standard perturbation theory asserts [18, Chapter Two §1] that598

the above map ε ∈ (0, γk) 7→ λ
(ℓ)
ε ∈ C is C∞. Finally, for every ℓ ∈ {1, . . . , N},599

Π
(ℓ)
ε : L2(M) → span{F (ℓ)

ε } denotes the L2-orthogonal projection onto the span{F (ℓ)
ε }600

where Fε(j, x) := f (ℓ)
ε e2πikx.601

Lemma 4.3. Let 1 ≤ ℓ ̸= m ≤ N , then ⟨f (ℓ)
ε , Dβf

(m)
ε ⟩ = 0 for every ℓ ̸= m and602

ε > 0 small.603

Proof. From Lemma 3.2 λ
(ℓ)
ε ̸= 0 for every ℓ ∈ {1, . . . , N} and ε > 0 sufficiently604

small. Observe that605

⟨f (ℓ)
ε , Dβf

(m)
ε ⟩ = 1

λ
(ℓ)
ε

⟨Pε,βf
(ℓ)
ε , Dβf

(m)
ε ⟩ = 1

λ
(ℓ)
ε

⟨DβWεf
(ℓ)
ε , Dβf

(m)
ε ⟩606

=
1

λ
(ℓ)
ε

⟨Wεf
(ℓ)
ε , f (m)

ε ⟩ = 1

λ
(ℓ)
ε

⟨f (ℓ)
ε ,Wεf

(m)
ε ⟩.(4.5)607

Since DβWεf
(m)
ε = λ(m)

ε f (m)
ε , it follows that Wεf

(m)
ε = λ(m)

ε D−βf
(m)
ε and there-608

fore Wεf
(m)
ε = λ

(m)
ε Dβf

(m)
ε . Combining the last equality with (4.5), we obtain609

⟨f (ℓ)
ε , Dβf

(m)
ε ⟩ = 1

λ
(ℓ)
ε

⟨f (ℓ)
ε ,Wεf

(m)
ε ⟩ = 1

λ
(ℓ)
ε

⟨f (ℓ)
ε , λ

(m)
ε Dβf

(m)
ε ⟩ = λ

(m)
ε

λ
(ℓ)
ε

⟨f (ℓ)
ε , Dβf

(m)
ε ⟩.610

Finally, from Theorem 3.3 we obtain that λ
(m)
ε ̸= λ

(ℓ)
ε when ε > 0 is small enough.611

Thus, ⟨f (ℓ)
ε , Dβf

(m)
ε ⟩ = 0.612

Lemma 4.4. For every 1 ≤ ℓ ̸= m ≤ N , limε→0⟨f (ℓ)
ε , f (m)

ε ⟩ = 0.613

Proof. Let sℓ, sm ∈ {1, . . . , S} such that ℓ ∈ Bsℓ and m ∈ Bsm . Consider a
converging subsequence of {⟨f (ℓ)

εn , f (m)
εn ⟩}n∈N ⊂ {⟨f (ℓ)

ε , f (m)
ε ⟩}ε>0. By passing through

a subsequence, if necessary, there exist complex vectors f
(ℓ)
∗ , f

(m)
∗ ∈ CN

lim
n→∞

f (ℓ)
εn = f

(ℓ)
∗ and lim

n→∞
f (m)
εn = f

(m)
∗ .

From Lemma 3.6, we have that f
(m)
∗ and f

(ℓ)
∗ are eigenvectors of the matrix P̂β614

(see 4.2). Moreover, Lemma 3.4 implies that f
(ℓ)
∗ ∈ Vsℓ and f

(ℓ)
∗ ∈ Vsm . Therefore,615

f
(ℓ)
∗ and f

(m)
∗ are eigenvectors of the real symmetric matrix ŴL. Hence, f

(m)
∗ = af

(m)
∗616

for some a ∈ C. Finally, using Lemma 4.3 we obtain that for every m ̸= ℓ617

0 = lim
n→∞

e−2πikβsm

a

〈
f (ℓ)
εn , Dβf

(m)
εn

〉
=

e−2πikβsm

a

〈
f
(ℓ)
∗ , Dβf

(m)
∗

〉
618

= ⟨f (ℓ)
∗ , f

(m)
∗ ⟩ = lim

n→∞
⟨f (ℓ)

εn , f (m)
εn ⟩619

which finishes the proof of the lemma.620

With the above results established, we can finally prove Theorem 4.2.621

Proof of Theorem 4.2. We start by establishing (4.4), which implies the first part622

of (ii). Let ℓ ∈ {1, . . . , N}, from Lemma 3.2 then there exists s ∈ {1, . . . , S}, such623
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that λ
(ℓ)
ε → e−2πikβs . Define πs : CN → Vs as the CN -orthogonal projection onto Vs624

(cf. (3.5)). Observe that625

P̂βf
(ℓ)
ε = DβŴLf

(ℓ)
ε = DβŴLπsf

(ℓ)
ε +DβŴL(f

(ℓ)
ε − πsf

(ℓ)
ε )626

=
1

ε

(
λ(ℓ)
ε − e−2πikβs

)
πsf

(ℓ)
ε +O

(
max

j∈{1,...,N}\Bs

|f (ℓ)
ε (j)|

)
,(4.6)627

where, for a given sequence aε → 0, the notation O(aε) denotes a quantity such that628

lim supε→0 |O(aε)|/aε < ∞.629

Assume for a contradiction that the sequence630 {
1

ε

(
λ(ℓ)
ε − e−2πikβs

)}
ε>0

(4.7)631

does not converge as ε → 0. From Lemma 3.2, (4.7) is bounded for ε > 0 small enough.632

Since (4.7) is bounded and we are assuming that the limit of such a sequence does633

not exist, there exist sequences of real numbers {εn}n∈N and {ε′n}n∈N and complex634

numbers λ(1) ̸= λ(2) ∈ C such that:635

1. εn, ε
′
n

n→∞−−−−→ 0;636

2. εn ≤ ε′n ≤ εn+1 for every n ∈ N; and637

3. 1
εn

(
λ
(ℓ)
εn − e−2πikβs

)
n→∞−−−−→ λ(1) and

1
ε′n

(
λℓ
ε′n

− e−2πikβs

)
→ λ(2).638

Using that ε ∈ (0, γk) 7→ λ
(ℓ)
ε ∈ C is continuous we can construct a sequence of639

real numbers {ε′′r}r′′∈N such that640

1. εn ≤ ε′′n ≤ ε′n for every n ∈ N;641

2. 1
ε′′n

(
λℓ
ε′′n

− e−2πikβs

)
n→∞−−−−→ λ(3) ̸∈ σ(DβŴL); and642

3. f
(ℓ)
ε′′n

→ f∗ ∈ Vs with ∥f∗∥2 = 1.643

Taking the limit ε′′r → 0 in (4.6) we obtain that644

DβŴLf
∗ = P̂βf

∗ = lim
ε′′r →0

P̂βf
(ℓ)
ε′′r

645

= lim
ε′′r →0

[
1

ε′′r

(
λ
(ℓ)
ε′′r

− e−2πikβs

)
πsf

(ℓ)
ε′′r

+O
(

max
j∈{1,...,N}\Bs

|f (ℓ)
ε′′r

(j)|
)]

646

= λ(3)f
∗ + 0 = λ(3)f

∗.647

Since λ(3) ̸∈ σ(DβŴL) this yields a contradiction, therefore
{

1
ε

(
λ
(ℓ)
ε − e−2πikβs

)}
ε>0

648

must converge to an eigenvalue λ̂(ℓ) of DβŴL. We thus conclude that (4.4) holds.649

In the following we show (i). Recall that from the assumption imposed on ŴL650

(see Definition 2.6 (3)) that P̂β = DβŴL admits Ls = #Bs distinct eigenvalues651

lying in Vs and that ℓ ∈ Bs. From (4.6) and Lemma 3.4 it is clear that all the652

accumulation points of {f (ℓ)
ε }ε>0 lie in the one-dimensional complex vector space653

ker(P̂β − λ̂(ℓ))∩Vs. Choosing f (ℓ) ∈ Vs \ {0} such that P̂βf
(ℓ) = λ(ℓ)f (ℓ) we have that654

[f (ℓ)
ε ]

ε→0−−−→ [f (ℓ)] in CPN−1. Since P̂β has #Bs different eigenvectors lying in Vs, using655

Lemma 4.4 we obtain that {f (ℓ′)}ℓ′∈Bs
is an orthonormal basis of Vs. Observing that656

CN = V1⊕. . .⊕VS and repeating the same argumentation presented in this paragraph657

for every for every s′ ∈ {1, . . . , S} we obtain that {f (1), . . . , f (N)} is an orthonormal658

basis of CN , which concludes the proof of (i).659

Finally, we show the second part of (ii), i.e. we show that arg(λ̂(ℓ)) = arg(λ(ℓ))+π660

for every ℓ ∈ {1, . . . , N} if λ(ℓ) ̸= 0. Since P̂β = DβŴL is a block matrix, there exists661
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s ∈ {1, . . . , S} such that λ(ℓ) is also an eigenvalue of the Ls × Ls matrix e−2πikβsŴs.662

In this way, λ(ℓ) = e−2πikβsρs where ρs ∈ R is an eigenvalue of the real symmetric663

matrix Ŵs. From Definition 2.6 (1), all the diagonal entries of Ŵs are negative real664

numbers and the sum of each row is non-positive. As a consequence of the Gershgorin665

circle theorem [17, Theorem 6.11], we obtain that all eigenvalues of Ŵs are non-666

positive, i.e. ρs ≤ 0. Hence, the complex argument of λ̂(ℓ) = e−2πikβsρs is equal to667

−2πkβs + π (mod 2π), as long as λ̂(ℓ) ̸= 0.668

The following theorem discusses the linear response of the eigenprojections Π
(ℓ)
k,ε.669

Theorem 4.5. Let ℓ ∈ {1, . . . , N}, sℓ ∈ {1, . . . , S} such that ℓ ∈ Bsℓ and β ∈ Γ.670

For each ε > 0 small enough, consider {f (1)
ε , . . . , f (N)

ε } and {f (1), . . . , f (N)} as in671

Theorem 4.2. Then,672

(i) there exist vectors f̂ (1), . . . , f̂ (N) ∈ CN , so that[
f (ℓ)
ε

]
=
[
f (ℓ) + εf̂ (ℓ) + O(ε)

]
for every ℓ ∈ {1, . . . , N},

where673

f̂ (ℓ) =

S∑
s=1,s̸=sℓ

 ∑
r∈Bsℓ

\{ℓ}

1

λ̂(ℓ) − λ̂(r)

〈
πsDβẆf (ℓ), πsẆD−βf

(r)
〉

e−2πikβs − e−2πikβsℓ

f (r)
674

+
∑
r∈Bs

1

e−2πikβs − e−2πikβsℓ

〈
DβẆf (ℓ), f (r)

〉
f (r)

)
.(4.8)675

and πs : CN → Vs is the CN -orthogonal projection onto Vs.676

(ii) Moreover,677

Π(ℓ)
ε = Π(ℓ) + ε

(〈
·, F (ℓ)

〉
F̂ (ℓ) +

〈
·, F̂ (ℓ)

〉
F (ℓ)

)
+ O(ε),678

where F (ℓ)(j, x) = f (ℓ)(j)e2πikx and F̂ ℓ(j, x) := f̂ ℓ(j)e2πikx.679

(iii) Finally, ⟨F (ℓ)
k , F̂

(ℓ)
k ⟩ = 0 and the term O(ε) : L2(M) → L2(M) in (2.15) is a680

finite-rank operator such that ∥O(ε)∥/ε ε→0−−−→ 0.681

4.2. Proof of Theorem 4.5. To prove the above theorem, we first establish682

four preliminary results.683

Proposition 4.6. Let {f (1), . . . , f (N)} ⊂ CN be the orthogonal eigenbasis from684

Theorem 4.2. Then, there exists γ > 0 and a family {f (1)
ε , . . . , f

(N)
ε }0<ε<γ ⊂ CN of685

unit-norm eigenbases of Pε,β such that, for every ℓ ∈ {1, . . . , N}686

(i) the map ε ∈ (0, γ) 7→ f (ℓ)
ε ∈ CN is C∞; and687

(ii) f (ℓ)
ε

ε→0−−−→ f (ℓ) in CN .688

Proof. Fix ℓ ∈ {1, . . . , N}. As established at the beginning of Section 4.1, by689

means of perturbation theory, there exists a family {g(1)ε , . . . , g(N)
ε }0<ε<γ ⊂ CN of690

unit-norm eigenbasis of Pε,β such that (i) is satisfied.691

From Theorem 4.2, it follows that [g(ℓ)ε ] → [f (ℓ)] as ε → 0. Since ∥f (ℓ)∥ = 1 and692

∥g(ℓ)ε ∥ = 1, we obtain that |⟨f (ℓ), g
(ℓ)
ε ⟩| → 1 as ε → 0. Shrinking γ > 0, if necessary,693

we can assume that 1/2 < ∥⟨f (ℓ), gε⟩∥ for 0 < ε < γ.694

Define

f (ℓ)
ε :=

⟨f (ℓ), gε⟩
|⟨f (ℓ), gε⟩|

gε for every 0 < ε < γ.

This manuscript is for review purposes only.



NOTES ON THE CYCLES PROBLEM 25

From a direct computation, we obtain that

lim
ε→0

⟨f (ℓ)
ε , f (ℓ)⟩ = lim

ε→0

〈
⟨f (ℓ), gε⟩
|⟨f (ℓ), gε⟩|

gε, f
(ℓ)

〉
= lim

ε→0

⟨f (ℓ), gε⟩ ⟨fε, gε⟩
|⟨f (ℓ), gε⟩|

= 1.

This implies that f (ℓ)
ε → f (ℓ) as ε → 0, since f (ℓ)

ε is a unit-norm vector for every695

0 < ε < γ.696

In what follows, we establish some notation. We fix the orthonormal basis697

{f (1), . . . , f (N)} ⊂ CN given in Theorem 4.2 and a family {f (1)
ε , . . . , f (N)

ε }0<ε<γ ∈ CN
698

of unit-norm eigenbases of Pε,β provided by Proposition 4.6. In particular, we obtain699

that fε
ε→0−−−→ f (ℓ) for every ℓ ∈ {1, . . . , N}.700

For each ℓ ∈ {1, . . . , N} and sufficiently small ε, we define µ
(ℓ)
ε as the eigenvectors701

of the Hermitian conjugate (Pε,β)
∗, which satisfy (Pε,β)

∗µ
(ℓ)
ε = λ

(ℓ)
ε µ

(ℓ)
ε . Furthermore,702

we impose the normalization condition703

⟨f (ℓ)
µ , µ(ℓ)

ε ⟩ = 1 for all ℓ ∈ {1, . . . , N} and ε > 0.(4.9)704

By Theorem 3.3 for ε > 0 small enough, Pε,β admits N distinct (and therefore705

simple) eigenvalues, and by appealing to standard matrix perturbation theory, the706

derivatives ḟ (ℓ)
ε = ∂

∂εf
(ℓ)
ε exist for ε > 0. The strategy of the proof of Theorem 4.5 is707

to understand the behaviour of ḟ (ℓ)
ε as ε → 0. To achieve this, for every ε > 0 small708

enough we write ḟ
(ℓ)
ε in the basis {f (1)

ε , . . . , f
(ℓ−1)
ε , µ

(ℓ)
ε , f

(ℓ+1)
ε . . . , f

(N)
ε }, i.e.709

ḟ (ℓ)
ε = αℓ

εµ
(ℓ)
ε +

N∑
m=1,i̸=ℓ

αm
ε f (m)

ε ,(4.10)710

and we study the behaviour of the complex numbers α
(1)
ε , . . . , α

(N)
ε as ε → 0.711

Observe that by repeating the proof of Theorem 4.2, but considering the matrix712

(Pε,β)
∗ = WεD−β instead of Pε,β , and noting that the matrices ŴLD−β and DβŴL713

have the same eigenvectors, we obtain that714

µ(ℓ)
ε

ε→0−−−→ f (ℓ).(4.11)715

Moreover, it is worth noting that716

⟨f (m)
ε , µ(ℓ)

ε ⟩ = 0 if m ̸= ℓ.(4.12)717

Indeed,

⟨f (m)
ε , µ(ℓ)

ε ⟩ = 1

λ
(m)
ε

⟨Pε,βf
(m)
ε , µ(ℓ)

ε ⟩ = 1

λ
(m)
ε

⟨f (m)
ε , (Pε,β)

∗µ(ℓ)
ε ⟩ = λ

(ℓ)
ε

λ
(m)
ε

⟨f (m)
ε , µ(ℓ)

ε ⟩.

Since λ
(ℓ)
ε ̸= λ

(m)
ε , it follows that ⟨f (m)

ε , µ(ℓ)
ε ⟩ = 0 for ℓ ̸= m.718

With the above notation and initial observations established, we proceed to prove719

four preliminary results, which will culminate in Theorem 4.5.720

Proposition 4.7. Let ℓ ∈ {1, . . . , N} and sℓ ∈ {1, . . . , S} such that ℓ ∈ Bsℓ , then721

lim
ε→0

(
f (ℓ)
ε

)
j
−
(
f (ℓ)

)
j

ε
= lim

ε→0

(
f (ℓ)
ε

)
j

ε
=

1

e−2πikβsℓ − e−2πikβsj

(
DβẆf (ℓ)

)
j

(4.13)722

for each j ∈ {1, . . . , N} \Bsℓ , where sj ∈ {1, . . . , S} satisfies j ∈ Bsj .723
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Proof. Consider j ∈ {1, . . . , N} \ Bsℓ , and sj ∈ {1, . . . , S} such that j ∈ Bsj .724

Recall from Lemma 3.4 that (f (ℓ))j = 0. On the one hand, we obtain that725

1

ε

(
Pε,βf

(ℓ)
ε −Dβf

(ℓ)
)
j
=

1

ε

(
Dβ(Wε − Id)f (ℓ)

ε +Dβ(f
(ℓ)
ε − f (ℓ))

)
j

726

=

(
Dβ

(
Wε − Id

ε

)
f (ℓ)
ε

)
j

+
e2πikβsj

ε

(
f (ℓ)
ε − f (ℓ)

)
j

727

On the other hand, since f (ℓ) ∈ Vsℓ (see (3.5)),728 (
Pε,βf

(ℓ)
ε −Dβf

(ℓ)
)
j
=
(
λ(ℓ)
ε f (ℓ)

ε − e−2πikβsℓ f (ℓ)
ε + e−2πikβsℓ f (ℓ)

ε − e−2πikβsℓ f (ℓ)
)
j

729

=
(
λ(ℓ)
ε − e−2πikβsℓ

)(
f (ℓ)
ε

)
j
+ e−2πikβsℓ

(
f (ℓ)
ε − f (ℓ)

)
j
.730

Combining the above equations we obtain that731 (
e−2πikβsj − e−2πikβsℓ

)( (f (ℓ)
ε )j − (f (ℓ))j

ε

)
732

=
λ
(ℓ)
ε − e−2πikβsℓ

ε

(
f (ℓ)
ε

)
j
−
(
Dβ

(
Wε − Id

ε

)
f (ℓ)
ε

)
j

.733

From Lemma 3.4 it follows that
(
f (ℓ)
ε

)
j

ε→0−−−→ 0 for every j ∈ {1, . . . , N}\Bsℓ . Hence,734

lim
ε→0

(
f (ℓ)
ε

)
j
−
(
f (ℓ)

)
j

ε
=

1

e−2πikβsj − e−2πikβsℓ

(
λ̂(ℓ)

(
f (ℓ)

)
j
−
(
DβẆf (ℓ)

)
j

)
735

=
1

e−2πikβsℓ − e−2πikβsj

(
DβẆf (ℓ)

)
j
.736

Remark 4.8. Proposition 4.7 gives an explicit componentwise formula for (f̂ (ℓ))j737

at indices j /∈ Bsℓ , where f̂ (ℓ) is the response vector introduced in Theorem 4.5738

(proved at the end of this section). In particular, (4.13) shows that outside the band739

Bsℓ the response is completely determined by the corresponding entries of DβẆf (ℓ),740

scaled by the factor
(
e−2πikβsℓ − e−2πikβsj

)−1

. If Ẇ is supported close to the diag-741

onal (for example, if Ẇ is tridiagonal), then applying Ẇ to a vector supported in742

Bsℓ can only produce nonzero entries in entries close to Bsℓ (with width controlled743

by the bandwidth). Consequently,
(
f̂ (ℓ)

)
j
= 0 for all indices j outside that entry744

neighbourhood.745

Proposition 4.9. Under the above notation of equation (4.10), the vector αε =

(α1
ε, . . . , α

N
ε ) satisfies αε =

(
Aε

β

)−1

vε
β where Aε

β is a N ×N matrix such that

[Aε
β ]r,s =


1, if s = ℓ

⟨µ(ℓ)
ε , µ

(r)
ε ⟩, if r ̸= ℓ and s = ℓ

⟨f (s)
ε , f (ℓ)

ε ⟩, if ℓ = r and s ̸= ℓ

0, otherwise.
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and

vε
β =

(
⟨ḟ (ℓ)

ε , µ(1)
ε ⟩, . . . , ⟨ḟ (ℓ)

ε , µ(ℓ−1)
ε ⟩, ⟨ḟ (ℓ)

ε , f (ℓ)
ε ⟩, ⟨ḟ (ℓ)

ε , µ(ℓ+1)
ε ⟩, . . . , ⟨ḟ (ℓ)

ε , µ(N)
ε ⟩

)
.

Proof. Observe that for every r ∈ {1, . . . , ℓ− 1, ℓ+ 1, . . . , N} we obtain that

⟨ḟ (ℓ)
ε , µ(r)

ε ⟩ =

〈
αℓ
εµ

(ℓ)
ε +

N∑
m=1,m̸=r

αm
ε f (m)

ε , µ(r)
ε

〉
= αr

ε + αℓ
ε⟨µ(ℓ)

ε , µ(r)
ε ⟩

and

⟨ḟ (ℓ)
ε , µ(ℓ)

ε ⟩ = αℓ
ε +

N∑
m=1,m̸=ℓ

αm
ε ⟨f (m)

ε , f (ℓ)
ε ⟩.

By solving the above linear equation, we obtain the desired result.746

Proposition 4.10. Let ℓ ∈ {1, . . . , N} and sℓ ∈ {1, . . . , S} such that Nsℓ−1 <
ℓ ≤ Nsℓ . Then,

lim
ε→0

(
µ(ℓ)
ε

)
j
−
(
µ(ℓ)
ε

)
j

ε
= lim

ε→0

(
µ(ℓ)
ε

)
j

ε
=

1

e2πikβsℓ − e2πikβsj

(
ẆD−βf

(ℓ)
)
j

for each j ∈ {1, . . . , N} \Bsℓ , and sj ∈ {1, . . . , N} is such that j ∈ Bsj .747

Proof. The proof follows by repeating the computations in presented in Proposi-748

tion 4.7 and recalling from (4.11) that µ
(ℓ)
ε

ε→0−−−→ f (ℓ) for every ℓ ∈ {1, . . . , N}.749

Proposition 4.11. Let ℓ ∈ {1, . . . , N} and sℓ ∈ {1, . . . , S} such that ℓ ∈ Bsℓ .750

Then, given r ∈ {1, . . . , N} and sr ∈ {1, . . . , S} such that r ∈ Bsr ,751

(a) if sr ̸= sℓ,752

lim
ε→0

⟨ḟ (ℓ)
ε , µ(r)

ε ⟩ =

〈
DβẆf (ℓ), f (r)

〉
e−2πikβsr − e−2πikβsℓ

;753

(b) if sr = sℓ and r ̸= ℓ754

lim
ε→0

⟨ḟ (ℓ)
ε , µ(r)

ε ⟩ = 1

λ̂(ℓ) − λ̂(r)

S∑
s=1,s̸=sℓ

〈
πsDβẆf (ℓ), πsẆD−βf

(r)
〉

e−2πikβs − e−2πikβsℓ

;755

where πs : CN → Vs is the CN -orthogonal projection onto Vs.756

Proof. We start by showing (a). Differentiating the equation Pε,βf
(ℓ)
ε = λ(ℓ)

ε f (ℓ)
ε

with respect to ε, and applying ⟨·, µ(r)
ε ⟩ in both sides we obtain from (4.12) that

⟨Ṗε,βf
(ℓ)
ε , µ(r)

ε ⟩+ ⟨Pε,β ḟ
(ℓ)
ε , µ(r)

ε ⟩ = λ̇(ℓ)
ε ⟨f (ℓ)

ε , µ(r)
ε ⟩+ λ(ℓ)

ε ⟨ḟ (ℓ)
ε , µ(r)

ε ⟩.

Hence ⟨Ṗε,βf
(ℓ)
ε , µ(r)

ε ⟩+ λ(r)
ε ⟨ḟ (ℓ)

ε , µ(r)
ε ⟩ = λ(ℓ)

ε ⟨ḟ (ℓ)
ε , µ(r)

ε ⟩, which implies757

⟨ḟ (ℓ)
ε , µ(r)

ε ⟩ = 1

λ
(ℓ)
ε − λ

(r)
ε

⟨Ṗε,βf
(ℓ)
ε , µ(r)

ε ⟩.(4.14)758

Observe that Pε,β = DβWε = Dβ

(
Id + εẆ

)
, in this way759

Ṗε,βf
(ℓ)
ε = DβẆf (ℓ)

ε =
1

ε

(
λ(ℓ)
ε f (ℓ)

ε −Dβf
(ℓ)
ε

)
.(4.15)760
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Combining equations (4.14) and (4.15)761

⟨ḟ (ℓ)
ε , µ(r)

ε ⟩ = 1

λ
(ℓ)
ε − λ

(r)
ε

〈
1

ε

(
λ(ℓ)
ε f (ℓ)

ε −Dβf
(ℓ)
ε

)
, µ(r)

ε

〉
762

=
1

ε(λ
(ℓ)
ε − λ

(r)
ε )

⟨Dβf
(ℓ)
ε , µ(r)

ε ⟩763

=
1

ε(λ
(ℓ)
ε − λ

(r)
ε )

⟨e−2πikβsℓ f (ℓ)
ε , µ(r)

ε ⟩+ ⟨(Dβ − e−2πikβsℓ )(1− πsℓ)f
(ℓ), µ

(r)
ε ⟩

ε(λ
(ℓ)
ε − λ

(r)
ε )

764

=
1

λ
(ℓ)
ε − λ

(r)
ε

〈
1

ε

(
Dβ − e−2πikβsℓ

)
(1− πsℓ)f

(ℓ)
ε , µ(r)

ε

〉
(4.16)765

where πsℓ : CN → Vsℓ denotes the CN -orthogonal projection onto Vs. From Proposi-766

tion 4.7 and (4.11) it follows that if r ∈ {1, . . . , N} \Bsℓ767

lim
ε→0

⟨ḟ (ℓ)
ε , µ(r)

ε ⟩ = lim
ε→0

1

λ
(sℓ)
ε − λ

(sj)
ε

〈(
Dβ − e−2πikβsℓ

) (1− πsℓ)f
(ℓ)
ε − 0

ε
, µ(r)

ε

〉
768

=
−1

e−2πikβsℓ − e−2πikβsr

〈
DβẆf (ℓ), f (r)

〉
.769

implying (a).770

We now show (b). From (4.9), (4.16) and Proposition 4.10 we obtain that if771

sr = sℓ and ℓ ̸= r,772

lim
ε→0

⟨ḟ (ℓ)
ε , µ(r)

ε ⟩ = lim
ε→0

〈
(Dβ − e−2πikβsℓ )

(1− πsℓ)f
(ℓ)
ε

ε
,

1(
λ̂(ℓ) − λ̂(r)

)
ε+ O(ε)

µ(r)
ε

〉
773

=
−1

λ̂(ℓ) − λ̂(r)

S∑
s=1,j ̸=sℓ

1

e−2πikβsℓ − e−2πikβs

Ns∑
j=Ns−1+1

(
DβẆf (ℓ)

)
j

(
ẆD−βf (r)

)
j

774

=
−1

λ̂(ℓ) − λ̂(r)

S∑
s=1,s̸=sℓ

1

e−2πikβsℓ − e−2πikβs

〈
πsDβẆf (ℓ), πsẆD−βf

(r)
〉
.775

With the above results, we can finally prove Theorem 4.5776

Proof of Theorem 4.5. We start by proving (i). Recall from Definition 4.1 that777

π : v ∈ CN 7→ [v] ∈ CPN−1 denotes a C∞ quotient map from CN onto CPN−1. Since778

[v] = [tv] for every t ∈ C \ {0} and v ∈ CN , from the chain rule we obtain that779

Dvπ(sv) = 0 for every s ∈ C.(4.17)780

Hence, from the inverse function theorem and (4.3) we obtain that there exists δ > 0,
such that for each ε ≥ 0 small enough and every ℓ ∈ {1, . . . , N} the map

v ∈
{
f (ℓ)
ε + w : w ∈ CN , ⟨w, f (ℓ)

ε ⟩ = 0 and ∥w∥ < δ
}
7→ [v] ∈ CPN−1

is a diffeomorphism with its image, where f
(ℓ)
0 should be interpreted as f (ℓ).781

Observe that [f (ℓ)
ε ] = [f (ℓ) + εw + O(ε)] for some w ∈ CN satisfying ⟨w, f (ℓ)⟩ = 0782

if and only if for every C∞ function g : CPN−1 → R it holds that783

g ◦ [f (ℓ)
ε ] = g ◦ [f (ℓ)] + εD[f(ℓ)]gDf(ℓ)π w + O(ε).(4.18)784
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In the following, we show that (4.18) holds when taking w = f̂ (ℓ) (see (4.8)).785

For every ε > 0 small enough and each ℓ ∈ {1, . . . , S} denote f̂ (ℓ)
ε as the CN -

orthogonal projection of ḟ (ℓ)
ε (see (4.10) and Proposition 4.11) onto the linear space

{v ∈ CN ; ⟨v, f (ℓ)
ε ⟩ = 0}. From (4.9) and (4.12) we have that

span
{
µ(1)
ε , . . . , µ(ℓ−1)

ε , µ(ℓ+1)
ε , . . . , µ(N)

ε

}
= {v ∈ CN : ⟨v, f (ℓ)

ε ⟩ = 0}.

By combining Propositions 4.9 and 4.11 with the definition of f̂ (ℓ) in (4.8), we obtain786

that787

lim
ε→0

f̂ (ℓ)
ε =

S∑
s=1,s̸=sℓ

∑
r∈Bsℓ

\{ℓ}

1

λ̂(ℓ) − λ̂(r)

〈
πsDβẆf (ℓ), πsẆD−βf

(r)
〉

e−2πikβs − e−2πikβsℓ

f (r)
788

+

S∑
s=1,s̸=sℓ

∑
r∈Bs

1

e−2πikβs − e−2πikβsℓ

〈
DβẆf (ℓ), f (r)

〉
f (r) = f̂ (ℓ).(4.19)789

From the mean value theorem we obtain that for every ε > 0 small enough, there
exists cε ∈ (0, ε) such that

g ◦
[
f (ℓ)
ε

]
− g ◦

[
f (ℓ)

]
= ε

d

dt

(
g ◦ π ◦ f (ℓ)

t

)∣∣∣∣
t=cε

= εD[fcε ]
gD

f
(ℓ)
cε

π ḟ (ℓ)
cε .

By the definition of f̂ (ℓ)
cε , we that ⟨f̂ (ℓ)

cε , f (ℓ)
cε ⟩ = 0 and ḟ ℓ

cε = f̂ ℓ
cε +bεfcε for some bε ∈ C.790

In view of equation (4.17) it follows that791

D
f
(ℓ)
cε

π ḟ (ℓ)
cε = D

f
(ℓ)
cε

π (f̂ (ℓ)
cε + bεf

(ℓ)
ε ) = D

f
(ℓ)
cε

π f̂ (ℓ)
cε .(4.20)792

Hence, combining (4.19), (4.3) and (4.20) we obtain that

lim
ε→0

g ◦
[
f (ℓ)
ε

]
− g ◦

[
f (ℓ)

]
ε

= D[f(ℓ)]gDf(ℓ)π f̂ (ℓ).

Thus, [f ℓ
ε ] = [f (ℓ) + εf̂ (ℓ) +O(ε)] and by (4.3), (4.19) and the property ⟨f (ℓ)

ε , f̂ (ℓ)
ε ⟩ = 0793

we have ⟨f (ℓ), f̂ (ℓ)⟩ = 0, concluding the proof of (i).794

In the following, we prove (ii). Since [f ℓ
ε ] = [f (ℓ)+ εf̂ (ℓ)+O(ε)], F (ℓ)

ε = f (ℓ)
ε e2πikx

and F̂ (ℓ)(j, x) := f̂ (ℓ)(j)e2πikx for every ε > 0 small enough, it holds that

Π(ℓ)
ε (·) =

〈
·, F (ℓ)

ε

〉
F (ℓ)
ε =

〈
·, F (ℓ) + εF̂ (ℓ) + O(ε)

〉
∥F (ℓ) + εF̂ (ℓ) + O(ε)∥2

(
F (ℓ) + εF̂ (ℓ) + O(ε)

)
.

Since ⟨F (ℓ), F̂ (ℓ)⟩ = 0, we obtain that

1

∥F (ℓ) + εF̂ (ℓ) + O(ε)∥2
=

1

⟨F (ℓ) + εF̂ (ℓ) + O(ε), ⟨F (ℓ) + εF̂ (ℓ) + O(ε)⟩
= 1 + O(ε).

In this way,795

Π(ℓ)
ε (·) =

〈
·, F (ℓ) + εF̂ (ℓ) + O(ε)

〉(
F (ℓ) + εF̂ (ℓ) + O(ε)

)
796

= Π(ℓ)(·) + ε
(〈

·, F (ℓ)
〉
F̂ (ℓ) +

〈
·, F̂ (ℓ)

〉
F (ℓ)

)
+ O(ε).(4.21)797
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Finally, we prove (iii). Note that (i) implies ⟨F (ℓ), F̂ (ℓ)⟩ = 0. From the construc-798

tion of the operator O(ε) in (4.21), it is clear that this operator is of finite rank and799

satisfies ∥O(ε)∥/ε ε→0−−−→ 0.800

5. Proof of Theorem 2.10 2(c) . From Lemma 3.2 and Theorem 4.2 we obtain801

that for every ℓ ∈ {1, . . . , N} and for every ε > 0 sufficiently small802

λ(ℓ)
ε = e−2πikβs + ελ̂(ℓ) + O(ε) for some s ∈ {1, . . . , S}.(5.1)803

In this section we show that there exists ˆ̂λ(ℓ) ∈ C such that804

λ(ℓ)
ε = e−2πikβs + ελ̂(ℓ) + ε2 ˆ̂λ(ℓ) + O(ε2) for some s ∈ {1, . . . , S}.(5.2)805

The proof of Theorem 2.10 is complete once the above equation is established. We806

first establish the following lemma before proving equation (5.2).807

Lemma 5.1. Let γ > 0 be as in Proposition 4.6. For every ℓ ∈ {1, . . . , N} the808

map809

ε ∈ [0, γ) 7→

λ̇(ℓ)
ε =

∂

∂ε
λ(ℓ)
ε , if ε ∈ (0, γk),

λ̂(ℓ), if ε = 0,
(5.3)810

is continuous at 0 and differentiable in (0, γ).811

Proof. Let ℓ ∈ {1, . . . , N} and s ∈ {1, . . . , S} such that ℓ ∈ Bs. Since Pε,βf
(ℓ)
ε =

λ(ℓ)
ε f (ℓ)

ε , we obtain that

Ṗε,βf
(ℓ)
ε + Pε,β ḟ

(ℓ)
ε = λ̇(ℓ)

ε f (ℓ)
ε + λ(ℓ)

ε ḟ (ℓ)
ε .

By applying ⟨·, µ(ℓ)
ε ⟩ in both sides, we obtain from (4.9) and P ∗

ε,βµ
(ℓ)
ε = λεµ

(ℓ)
ε that812

λ̇(ℓ)
ε = ⟨Ṗε,βf

(ℓ)
ε , µ(ℓ)

ε ⟩ = ⟨DβẆf (ℓ)
ε , µ(ℓ)

ε ⟩.(5.4)813

Since ε 7→ λ̇
(ℓ)
ε is differentiable in (0, γ) (see Proposition 4.6) to conclude the proof

we must prove that (5.3) is continuous at 0. From (5.1) it is enough to show that

lim
ε→0

λ̇ε = lim
ε→0

⟨Ṗε,βf
(ℓ)
ε , µ(ℓ)

ε ⟩ = lim
ε→0

λ
(ℓ)
ε − e−2πikβs

ε
= λ̂(ℓ).

Observe that for every s ∈ {1, . . . , S},814

Dβ − e−2ikβs = (Dβ − e−2ikβs)(1− πs)(5.5)815

where πs : CN → Vs is the CN -orthogonal projection onto Vs. From (4.15), we obtain816

that817

⟨Ṗε,βf
(ℓ)
ε , µ(ℓ)

ε ⟩ = 1

ε

〈
λ(ℓ)
ε f (ℓ)

ε −Dβf
(ℓ)
ε , µ(ℓ)

ε

〉
818

=
1

ε

(
λ(ℓ)
ε − e−2πikβs

)
− 1

ε

〈(
Dβ − e−2πikβs

)
f (ℓ)
ε , µ(ℓ)

ε

〉
,819

=
1

ε

(
λ(ℓ)
ε − e−2πikβs

)
− 1

ε

〈(
Dβ − e−2πikβs

)
(1− πs)f

(ℓ)
ε , µ(ℓ)

ε

〉
.820

This manuscript is for review purposes only.



NOTES ON THE CYCLES PROBLEM 31

Since [µ
(ℓ)
ε ]

ε→0−−−→ [f (ℓ)] with f (ℓ) ∈ Vs and (1 − πs)f
(ℓ)
ε /ε converges to an element in

the orthogonal complement of V s as ε → 0 (see 4.7), we have that

lim
ε→0

〈
1

ε
(1− πs)f

(ℓ)
ε , µ(ℓ)

ε

〉
= 0,

which implies that

lim
ε→0

λ̇(ℓ)
ε = lim

ε→0
⟨Ṗε,βf

(ℓ)
ε , µ(ℓ)

ε ⟩ = lim
ε→0

λ
(ℓ)
ε − e−2πikβs

ε
= λ̂(ℓ).

Theorem 5.2. Given ℓ ∈ {1, . . . , N}, we have that

λ(ℓ)
ε = e−2πikβsℓ + ελ̂(ℓ) + ε2 ˆ̂λ(ℓ) + O(ε2),

where sℓ ∈ {1, . . . , S} such that ℓ ∈ Bsℓ , λ̂
(ℓ) is given by Theorem 4.2 and

ˆ̂λ(ℓ) = 2

S∑
s=1,s̸=sℓ

1

e−2πikβsℓ − e−2πikβs

〈
πsDβẆf (ℓ), πsẆD−βf

(ℓ)
〉

and πs : CN → Vs is the CN -orthogonal projection onto Vs.821

Proof. Recall from (5.4) that λ̇
(ℓ)
ε = ⟨Ṗε,βf

(ℓ)
ε , µ(ℓ)

ε ⟩ = ⟨DβẆf (ℓ)
ε , µ(ℓ)

ε ⟩ for every
ε > 0 small enough. Hence

λ̈(ℓ)
ε = ⟨DβẆ ḟ (ℓ)

ε , µ(ℓ)
ε ⟩+ ⟨DβẆf (ℓ)

ε , µ̇(ℓ)
ε ⟩ = ⟨DβẆf (ℓ)

ε , µ̇(ℓ)
ε ⟩+ ⟨ḟ (ℓ)

ε ,
(
DβẆ

)∗
µ(ℓ)
ε ⟩.

From (4.15), (5.5) and

⟨ḟ (ℓ)
ε , µ(ℓ)

ε ⟩+ ⟨f (ℓ)
ε , µ̇(ℓ)

ε ⟩ = ∂

∂ε
⟨f (ℓ)

ε , µ(ℓ)
ε ⟩ = ∂

∂ε
1 = 0,

we obtain that822

λ̈(ℓ)
ε =

〈
1

ε

(
λ(ℓ)
ε f (ℓ)

ε −Dβf
(ℓ)
ε

)
, µ̇(ℓ)

ε

〉
+

〈
ḟ (ℓ)
ε ,

1

ε

(
λ
(ℓ)
ε µ(ℓ)

ε −Dβµ
(ℓ)
ε

)〉
823

=
1

ε
λ(ℓ)
ε

(
⟨ḟ (ℓ)

ε , µ(ℓ)
ε ⟩+ ⟨f (ℓ)

ε , µ̇(ℓ)
ε ⟩
)
−
〈
Dβ ḟ

(ℓ)
ε ,

1

ε
µ(ℓ)
ε

〉
−
〈
1

ε
Dβf

(ℓ)
ε , µ̇(ℓ)

ε

〉
824

=

〈
−e−2πikβsℓ ḟ (ℓ)

ε + e−2πikβsℓ ḟ (ℓ)
ε −Dβ ḟ

(ℓ)
ε ,

1

ε
µ(ℓ)
ε

〉
825

+

〈
1

ε

(
−e−2πikβsℓ f (ℓ)

ε + e−2πikβsℓ f (ℓ)
ε −Dβf

(ℓ)
ε

)
, µ̇(ℓ)

ε

〉
826

=
−e−2πikβsℓ

ε

(〈
ḟ (ℓ)
ε , µ(ℓ)

ε

〉
+
〈
f (ℓ)
ε , µ̇(ℓ)

ε

〉)
+

〈
(e−2πikβsℓ −Dβ)(1− πs)ḟ

(ℓ)
ε ,

1

ε
µ(ℓ)
ε

〉
827

+

〈
1

ε
(e−2πikβsℓ −Dβ)(1− πsℓ)f

(ℓ)
ε , µ̇(ℓ)

ε

〉
828

=

〈
(e−2πikβsℓ −Dβ)(1− πs)ḟ

(ℓ)
ε ,

1

ε
(1− πs)µ

(ℓ)
ε

〉
829

+

〈
1

ε
(e−2πikβsℓ −Dβ)(1− πsℓ)f

(ℓ)
ε , (1− πsℓ)µ̇

(ℓ)
ε

〉
.830
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where the last equality follows from the fact that (1−πs) is an orthogonal projection.831

From Propositions 4.7 and 4.10 we obtain that832

lim
ε→0

λ̈(ℓ)
ε =

〈
(e−2πikβsℓ −Dβ) lim

ε→0
(1− πs)ḟ

(ℓ)
ε , lim

ε→0

1

ε
(1− πs)µ

(ℓ)
ε

〉
833

+

〈
(e−2πikβsℓ −Dβ) lim

ε→0

1

ε
(1− πsℓ)f

(ℓ)
ε , lim

ε→0
(1− πsℓ)µ̇

(ℓ)
ε

〉
.834

=

S∑
s=1,s̸=sℓ

(e−2πikβsℓ − e−2πikβs)
∑
j∈Bs

(
lim
ε→0

ḟε

)
j

(
lim
ε→0

1

ε
µ
(ℓ)
ε

)
j

835

+

S∑
s=1,s̸=sℓ

(e−2πikβsℓ − e−2πikβs)
∑
j∈Bs

(
lim
ε→0

1

ε
fε

)
j

(
lim
ε→0

µ̇
(ℓ)
ε

)
j

836

=2

S∑
s=1,s̸=sℓ

1

e−2πikβsℓ − e−2πikβs

∑
j∈Bs

(
DβẆf (ℓ)

)
j

(
ẆD−βf (ℓ)

)
j

837

From Lemma 5.1 the map

ε ∈ [0, γ) 7→

λ̇(ℓ)
ε =

∂

∂ε
λ(ℓ)
ε , if ε ∈ (0, γ),

λ̂(ℓ), if ε = 0,

is continuous. From the Mean Value Theorem we have that for every ε > 0, sufficiently838

small, there exists cε ∈ (0, ε) such that λ̇
(ℓ)
ε − λ̂(ℓ) = λ̈cεε, therefore839

lim
ε→0

λ̇
(ℓ)
ε − λ̂(ℓ)

ε
= 2

S∑
s=1,s̸=sℓ

〈
πsDβẆf (ℓ), πsẆD−βf

(ℓ)
〉

e−2πikβsℓ − e−2πikβs
840

Below, we finally prove Theorem 2.10.841

Proof. The proof of Theorem 2.10 follows from a direct combination of Proposi-842

tion 3.7 with Theorems 4.2, 4.5 and 5.2.843

6. Proof of Proposition 2.13. The proof of Proposition 2.13 follows from844

standard techniques in perturbation theory (see [18]).845

Proof of Proposition 2.13. From Lemma 3.1 and [18, II.2.2], we obtain that the
maps in (2.16) are analytic functions. Equation (2.17) follows from differentiating the
identity Dk,αWεfα,k,ε = λk,ε,αfk,ε,α, with respect to α and observing, we can invert
the left-hand side of the identity

(Dk,αWε − λk,ε,α)
∂

∂α
fk,ε,α = (Dk,αWε − λk,ε,α)

−1

(
∂

∂α
Dk,αWε −

∂

∂α
λk,ε,α

)
fk,ε,α,

since ⟨fk,ε,α, ∂
∂αℓ fk,ε,α⟩ = 0, for each ℓ ∈ {1, . . . , N}.846

7. Explicit formulae for λ̂
(ℓ)
k,β and f (ℓ) for Wε defined in (1.1).847

Proposition 7.1 ([23, 31]). Let P̂β be the matrix defined in Theorem 4.2. The
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eigenvalues of P̂β are

λ̂
(ℓ)
k,β =



e−2πikβ1

(
−1 + cos

(
2ℓ− 1

2N1 + 1
π

))
, if 1 ≤ ℓ ≤ N1

e−2πikβs

(
−1 + cos

(
(ℓ−Ns−1)π

Ns −Ns−1 + 1

))
, if Ns−1 < ℓ ≤ Ns, s ̸= 1, S

e−2πikβS

(
−1 + cos

(
2(ℓ−NS−1)− 1

2(N −NS−1) + 1
π

))
, if NS−1 + 1 < ℓ ≤ N

and their respective eigenvectors f (j) are:848

(a) if ℓ ∈ {1, . . . , N1}

(
f (ℓ)

)
j
=

sin

(
π(2ℓ+ 1)

(
N1 + 1

2N1 + 1
− j

2N1 + 1

))
, if 1 ≤ j ≤ N1

0, if N1 < j ≤ N
.

(b) if ℓ ∈ {Ns−1 + 1, . . . , Ns} and s ∈ {2, . . . , S − 1}

(
f (ℓ)

)
j
=

sin

(
π
(ℓ−Ns−1)(j −Ns−1)

Ns −Ns−1 + 1

)
, if Ns−1 < j ≤ Ns

0, if j ≤ Ns+1 or j > Ns

.

(c) if ℓ ∈ {NS−1 + 1, . . . , N}

(
f (ℓ)

)
j
=

0, if 1 ≤ j ≤ NS−1

sin

(
π(2ℓ+ 1)

j − (N −NS−1)

2(N −NS−1) + 1

)
, if NS−1 < j ≤ N

.

The quantities ˆ̂λk and f̂k can be explicitly computed using the above equations and849

Theorem 2.10 (via Theorems 4.5 and 5.2).850
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