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ON THE STRUCTURE OF COMPLEX SPECTRA AND
EIGENFUNCTIONS OF TRANSFER AND KOOPMAN OPERATORS*

MATHEUS M. CASTRO! AND GARY FROYLANDfT

Abstract. Complex eigenspectra of transfer and Koopman operators describe rotational mo-
tion in dynamical systems. A particularly relevant situation in applications is when the rotation
speed depends on the state-space position of the dynamics. We consider a canonical model of such
dynamics in the presence of small noise, and provide precise characterisations of the eigenspectrum
and eigenfunctions of the corresponding transfer operators. Further, we study the limiting behav-
iour of the eigenspectrum and eigenfunctions in the zero-noise limit, including their quadratic and
linear response. Our results clarify the structure of transfer and Koopman operator eigenspectra,
and provide new interpretations relevant to applications. Our theorems on support localisation of
the eigenfunctions yield simple algorithms to detect the existence and state-space location of approx-
imately cyclic motion with distinct periods. Our numerical results verify that information on the
cycle periods and their locations determined by the operator eigendata is insensitive to noise level in
the linear response regime. We believe that the dynamic mechanisms underlying the eigendata and
their properties apply rather broadly and enhance our understanding of approximate cycle detection
in dynamical systems with operator methods.

Key words. Transfer operator, Koopman operator, complex spectrum, cycle extraction, zero-
noise limit, linear response.

MSC codes. 37C30, 37A30, 47TA75, 47B38, 60J05, 37TM25

1. Introduction. Over the last three decades, operator-theoretic techniques
have proven to be highly successful methods of analysis for complex dynamical sys-
tems. The basis of the analysis is usually the dominant eigenspectrum of a transfer
operator or Koopman operator and the corresponding eigenfunctions. In the auton-
omous setting, where the underlying dynamics does not change in time, large real
spectral values correspond to almost-invariant sets (large regions of state space that
have no collective state-space motion under the dynamics) [7, 6]. This concept has
been applied extensively in several fields, including molecular dynamics [27] to find
stable molecular conformations, space mission design [5] to identify orbital trapping
regions, and physical oceanography [14, 15, 25] to map ocean gyres and garbage
patches. Regarding complex eigenvalues, the Halmos—von Neumann Theorem (see
e.g. [8, Theorem 17.11]) states that each ergodic measure-preserving system with
discrete spectrum is isomorphic to an ergodic rotation system, for example, an aperi-
odic rotation on a n-torus. This concept has been used extensively in the context of
Koopman operators, e.g. [24, 26].

The current paper takes the underlying Halmos—von Neumann idea and extends it
in two ways. Firstly, we allow the rotation to depend on the location in the state space,
rather than being fixed along a particular coordinate throughout the state space.
Secondly, we make a detailed study of the effect of noise on the complex eigenvalues
and eigenfunctions. The motivation for this study is that complex dynamical systems
often possess many co-existing cycles or approximate cycles. For example, in the Earth
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2 MATHEUS M. CASTRO, AND GARY FROYLAND

system, climate drivers such as the El-Nino Southern Oscillation (ENSO) and the
Madden—Julian Oscillation (MJO) are approximate co-existing cycles that influence
the weather and climate. On even longer timescales, changing glacial cycles describe
how northern-hemisphere continental ice sheets repeatedly accumulate and melt over
millions of years.

Recent work [10, 11] has demonstrated that transfer operator methods are a
flexible and reliable way of extracting cycles from models, observations, and even
time series of spatial fields; for example extracting the ENSO cycle from a time series
of observed sea-surface temperature fields. Long-lived persistent cycles typically give
rise to complex eigenvalues in the dominant spectrum of the transfer operator. The
magnitude of the eigenvalue quantifies the rate of temporal decay of the cycle, while
the argument of the eigenvalue directly provides an estimate of the cycle’s period.
Moreover, the corresponding eigenfunctions may be used to represent the cycle in
terms of the original spatiotemporal time series [10].

These ideas may be illustrated with the Lorenz equations, where an estimate of the
transfer operator is constructed and the complex eigenvalue with largest magnitude
is computed. The left panel of Figure 1 displays the magnitude of the complex entries
of the corresponding eigenvector on a blue colourscale, and the right panel shows
the argument of the complex entries on a periodic colourscale. In this example, the
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Fic. 1. Left: Magnitude of the leading complex eigenvector of the normalised transfer operator
for the Lorenz flow. A peak in magnitude occurs in the vicinity of the lowest-period periodic orbit
of the Lorenz equations with a period of 1.5586 time units (shown in red, see Fig. 10a [13] and [9]).
Right: The argument of the complex eigenvector. In the periodic colormap, one sees a full rotation
around each of the two wings as the argument proceeds from —m to 7; see [10].

argument of the eigenvalue associated with this complex eigenvector corresponds to
a cycle of period 0.770. This period is roughly half that of the lowest-period periodic
orbit of the Lorenz equations, which loops once around each wing (displayed in red
in Figure 1(left)). We make this comparison to emphasise that we are not aiming to
detect single periodic orbits, but instead to capture large regions in the state space
that revolve with an approximately constant period. The eigenvector detects that
the dominant cycle in the Lorenz system consists of wide bands on each wing that
rotate around each wing with a period of roughly 0.770. The symmetry of the Lorenz
equations under (z,y, z) — (—x, —y, 2), is reflected in the representation of the cycle
in Figure 1(right): the cycle phase given by the argument respects this symmetry, see
[10] for details.

Our focus in this work is to provide a formal explanation for the behaviour of the
spectrum and eigenfunctions of the transfer operator in the presence of coexisting cy-
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Fia. 2. Illustration of noisy rotational dynamics on circular fibres. Each horizontal black line
represents a copy of S*. In one iteration of the dynamics, a point x on the j* fibre is (i) rotated
by o to x + aj, (i) a random rotation drawn uniformly from the interval (—6,9) is added (shown
as a red interval), and (iii) finally one moves from fibre j to fibre j' according to the Markov chain
with conditional probability W, ; ;. In this figure, fibres 1, 2, and 3 all rotate with the same speed,
a1 = ag = agz. Similarly, the fibres j and j + 1 rotate at the same speed, as do the final group of
fibres numbered ... , N — 1, N.
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F1a. 3. Streamlines of the cylinder rotation model with three bands of circular fibres with widths
L1 =11,Ls = 7,L3 = 15 and rotation speeds B1 = /20, B2 = e/7, B3 = 1/+/2, respectively.

cles with different periods. Roughly speaking, eigenfunctions corresponding to cycles
with distinct periods should have supports that are largely disjoint, because large over-
laps would need to simultaneously rotate at two distinct speeds. Our formal analysis
concentrates on a mathematical model with multiple coexisting cycles, acting on a
discrete collection of circles, between which trajectories may randomly jump under the
influence of noise. Our state space M is the union of N circles: M := {1,..., N} xS!,
which we view as a cylinder that has been discretised along its central axis. The dy-
namics on the j* circular band of the discretised cylinder is a rotation with speed oy
see Figure 2. We are particularly interested in the case where several neighbouring
circular fibres rotate with the same speed, as in Figure 3. The dynamics on these
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4 MATHEUS M. CASTRO, AND GARY FROYLAND

groups of fibres model bands of fluid rotating with a common speed.

The addition of noise is a crucial selection procedure that promotes important
eigenfunctions of the transfer/Koopman operator by associating them with large-
magnitude eigenvalues. This heuristic is classical for the eigenvalue 1 where the
eigenfunction corresponds to the invariant measure [21, 20, 30, 1], which describes
the state-space distribution of long trajectories, and for large positive real eigenvalues
in connection with almost-invariant sets and metastability [7]. Moreover, the addition
of noise may also be useful for proving convergence of numerical schemes [7, 19, 4].
It has also been applied in the context of thermodynamic formalism, where noise
perturbations identify equilibrium states by associating them with large-magnitude
eigenvalues of suitable operators [3, 2]. Further motivations for considering the addi-
tion of noise are:

1. models and observations are imperfect and often subject to small errors;

2. many numerical approaches to estimating transfer and Koopman operators
introduce artificial noise or diffusion through reduction to a finite-rank rep-
resentation of the operator;

3. the addition of noise enables formal discussion of spectra and eigenfunctions
of transfer operators acting on simple spaces such as L?;

4. zero-noise limits are difficult limits of singular type, yet remain relevant and
are the type observed in numerical experiments.

This work builds fundamental theory to support the heuristic notion that the
addition of noise promotes eigenfunctions connected with dominant cycles toward the
largest-magnitude complex eigenvalues. We achieve this by conducting a formal analy-
sis of a model system that possesses the relevant cyclic properties. We perturb this
model with noise and carefully study the zero-noise limit, fully characterising the
limiting eigenvalues and the form of the limiting eigenfunctions. Moreover, we prove
quadratic response of the eigenvalues and linear response of the eigenfunctions, the
form of which demonstrates a strong robustness of the support-localisation of the eigen-
functions to a range of small noise.

To introduce noise to our model we use a discrete-time Markov process between
the circular fibres governed by an N x N stochastic transition matrix W, > 0 that
converges to the identity matrix as ¢ — 0. For example, if we have N = 33 fibres as
in Figure 3, the matrix

rolm

wlo |
—_
o | o
™
| volm

[\Sl1L)

(1.1) We =

olo -
| rolm

1

£
2

o |

will be suitable for our model. Additionally, on each circular fibre we apply i.i.d.
additive noise. In summary, the dynamics 7' : M — M is given by T'(j,z) = (j,x +
a;) + (v,m), where v is selected according to the Markov chain W, conditioned on
being in state j, and 7 is an i.i.d. random variable with values uniformly distributed
in [4,d]. Equivalently, for each ¢ > 0 we consider a Markov chain X&° = (IZ,Y,5?)

on M, where IS is a Markov chain on {1,..., N} with transition matrix W, satisfying
We.; = PI§=j|I§ =1). The second component evolves according to Y,ffl =

Y%+ are 41, where (n))n>0 are i.i.d. random variables, each uniformly distributed
on [—4, ] as above.
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For this model, we demonstrate a separable structure of the eigenfunctions of the
transfer operator (Proposition 2.3) and use this structure to generate a series of precise
results regarding zero-noise limits. We prove that as the noise € approaches zero, the
eigenvalues converge to a complex exponential given by one of the rotation speeds,
linearly in & with an explicit bound for the distance from the limit (Proposition
2.3). When there are bands of neighbouring circular fibres that share a rotation
speed, clusters of eigenvalues approach a single complex exponential (Theorem 2.8 and
Figure 4(left)). We prove that in the ¢ — 0 limit, the corresponding eigenfunctions
approach an orthonormal basis supported on the band (Theorem 2.8 and Figure 5).
Despite having multiple eigenvalues converging to a single eigenvalue, we develop a
quadratic response formula for the eigenvalues and linear response formulae for the
eigenfunctions (Theorem 2.10). The supports of the latter are also restricted to their
associated band, resulting in this support localisation property being particularly
robust for small noise levels. Proposition 2.13 covers the response of eigenvalues and
eigenvectors of the transfer operator with respect to perturbations of the rotation
speeds {a; 1,

An outline of the paper is as follows. In Section 2, we construct our model, with
dynamics as shown in Figure 2, and state our main results. Section 2 contains a
detailed running example that illustrates and interprets the conclusions of our theory.
For this running example, Figure 3 illustrates the fluid-band structure of the model,
Figure 4 summarises the behaviour of the most important (lowest-order) eigenvalues
and eigenvectors for modest positive e, Figure 5 visualises the magnitude and argu-
ment of the corresponding eigenfunctions on the full cylindrical domain, and Figure 6
summarises the response behaviour of these eigenvalues and eigenvectors. The proofs
of the main results are carried out in Sections 3—6.

2. Model and statements of main results.

2.1. The model. The Perron—Frobenius operator corresponding to the Markov
chain on the fibres {1, ..., N} is given by

(21) Pbaqe e.f ZW .53 f

On the j'* band, the annealed transfer operator Ps;; : L*(S') — L!(S') is given by

1
(2.2) Pspjh(x) = — h(z — aj —n) dn.
20 J1-5.9
The product of the discrete uniform probability measure on {1,..., N} and nor-

malised Lebesgue measure on S! is denoted by m. Using the form of 7', and letting
F € L*(M), the annealed transfer operator with respect m is given by

N
P55F] ) Z €,5,4" 25/[66]F(j’$ajn) dn.

We now write F(j,z) = f(j)h;(x) to highlight the skew-product nature of T and
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6 MATHEUS M. CASTRO, AND GARY FROYLAND

Pes-
al 1
'PE,Fj/“’l? 6,',”fj7 h‘m—a‘—ﬁ dﬁ
5 ( ) ; J»J ()25 6.] J( J )
N
(2.3) = > Wejir () Ps1jhj(x) = Poase,e f(§) - Psyjhj(x).
j=1

Because each Ps;; is the transfer operator for a rotation on the jth circle by o
(plus uniform bounded noise), the eigenfunctions of Ps;; are complex exponentials of
increasing order, independent of j. Thus, as we shall shortly see, the eigenfunctions
of P, s are separable in the variables j and x.

2.2. General behaviour of eigenvalues and eigenfunctions.

2.2.1. The case of ¢ = 0. Before we begin our main analysis, it is informative
to consider the simple situation where ¢ = 0 and § > 0. This corresponds to no
noise between the circular fibres, and §-noise along fibres. With no noise connecting
the distinct copies of S', the rotations on each circle all individually contribute to
generate the full eigenspectrum of Py 5.

PROPOSITION 2.1. The spectrum of Py consists of the N-fold union of the ei-
N
genvalues | J;_, o(Psy;), where

(2.4) o(Psi) = | {“(2”’“” } U {0},

27kd
kEZ

Proof. Since Wy = Id, (2.3) implies that given F(j,z) = >, ., fu(j)e*™** €
L?(M). Using (2.2) one has

730 5F j,x Zf 27rzkx Zf 25/ 27r1k(3: o — n)d77

kEZ keEZ

sin(27kd) o 2mika; N omika
—z( aris ¢ )BT
keZ

where sin(0)/0 should be interpreted as 1 in the above equation. Thus, by comparing
the Fourier modes of Py sF and AF we obtain (2.4). O

The modes k = +1 are the primary modes of oscillation corresponding to a single
oscillation around the circle, as shown by the €2™** term in the final display equation
above. In practice, selecting £ = +1 makes the extraction of the «; from an eigenvalue
straightforward because of the argument term of e~ 27**®i . For positive ¢ the damping
factor % suppresses higher-order Fourier modes. In particular, the £k = +1
modes have the largest magnitude (apart from the trivial constant mode), making

the identification of the & = £1 modes simpler.

Remark 2.2. All of the results in Section 2 can be easily generalized from the
state space M = {1,..., N} x S! to a state space M = {1,..., N} x T¢ where:
1. the aj-rotations on the circle S' = T! are replaced with (aj1,...,a;.q)-
translations on the d-torus T¢.
2. the discrete fibres {1,..., N} are no longer discretely filling an interval, but
discretely fill a connected subset of R
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Such a situation allows one to create models of rather general rotational dynamics.
For example, a simple extension to d = 1 and d’ = 2 would model fluid rotation
around a solid three-dimensional torus, with the NN fibres discretely filling out the non-
periodic two-dimensional cross-section of the solid torus. Subsets B; of {1,...,N}
called band members (see Definition 2.4) represent solid “tubes” By x S C R? x S*
of three-dimensional fluid that rotate at a common angular speed inside a solid three-
dimensional torus. Alternatively — remaining in a solid three-dimensional torus — we
may set d = 2 and d = 1 to model translations on two-dimensional nested toral
shells within the solid torus. Bands (subsets of {1,..., N}) represent nested families
of solid tori By x T? C R x T? (like Matryoshka dolls) with common translations on
each member of the family.
In this general setting, the spectrum of Py s is

N Sin(27kq0) _orik o
LJlU( U U {H 27k,0 )e b ]’Q}U{O}

j=1lkezd \g=1

where «; , is the rotation speed on fibre j along coordinate direction ¢g. Concerning
the extension from S* to T¢, the same proofs of all of our results follow with minor
adaptations. For the extension of the fibres {1,..., N} filling out sets in RY, one
only needs to appropriately adjust the matrices W,. For example, in d’ dimensions, a
natural choice would be to construct W, from a finite-difference stencil for the Laplace
operator on a regular grid in d dimensions (see (1.1) for such a choice for d’ = 1).
For the sake of simplicity of exposition, we restrict the statements and proofs of all
results to the case d = 1.

2.2.2. The case of ¢ > 0. In the remainder of this work, we will assume that
0 = 0 (no along-fibre noise) because

1. the effect of § on the spectrum is simply to multiply each eigenvalue by
sin(27kd)
2wkd
2. the eigenfunctions are unaffected by changes in §.

Hereafter we will denote P, 5 by simply P.. When ¢ > 0 we no longer have a closed
form expression for the eigenvalues and eigenfunctions of P., but we can characterise
them as eigenvalues and eigenvectors of the simple matrix product Dy, W, where

(2.5) Dy = Ding(e 2™k, em2riken ),

and analyse their behaviour for small € > 0 as € — 0.

PROPOSITION 2.3. Let a = (aq,...,ay) € RY.

1. For every e > 0, each k € Z gives rise to N (generalised) eigenfunctions FIEZE)
of the operator P. : L*>(M) — L?(M), of the separable form

(2.6) FG,x) = £2()e* ™ for all €€ {1,..., N},
where the corresponding N eigenvalues are denoted )\,(f)el =1,...,N.

2. For sufficiently small & > 0 the following holds for all k,{ € {1 LN}

) —2mika
(2.7) AL —e (<2 1I§8£XN(1 = We i),

and

(2.8)

¢
arg ()\( )> — 2rkay (mod 27)| < 27 1rgnjang\](l —We )
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Eigenvalues of order k =1 on a lattice of size 33, ¢ = 0.1 Magnitudes of 3 extremal eigenvectors, k=1, ¢ = 01
0.5

1.0

30 15707963267948966
.3883259754941493
.7071067811865475

04
0.5

eigenvalue index ¢

. 7 . . 0.0
-1.0 -0.5 0.0 0.5 1.0 10 20
Re(x) lattice index j

Fic. 4. Left: The small coloured disks indicate the spectrum A1 (ford =e = 0.1) of the 33 x33
matric Dy, o«We = Dy, g, . We, associated to the model from Figure 3, where § = (7/20,e/7, 1/V2)
and L = (11,7,15). The large black circle is the unit circle in the complex plane. Note that the 33
eigenvalues are distinct and that they appear in groups, with L; eigenvalues nearby exp(—2mik(;)
fori=1,2,3. The relevant bounds (2.7) from Proposition 2.3 are shown as dark blue circles. Right:

Plot of \f,geg (4)| vs lattice index j for £ =1,2,4, where the ordering of the eigenvalues are shown in

the left panel. We plot the eigenvectors of the largest-magnitude eigenvalue from each of the three
groups corresponding to k = 1; the eigenvectors have been normalised to have unit norm.

Proof. See Section 3.1. ]

We recall that for practical purposes we are interested in the primary oscillations
given by the k¥ = £1 modes, as discussed immediately after Proposition 2.1. The
bound in (2.7) is tight; see Figure 4(left), where the elements of {c;}32, take on one
of three distinct values. The error bounds are shown as dark blue circles.

Using Proposition 2.3, we assume from now on that the eigenvalues )\S’Z, ceey )\,(c]’?
are labelled such that

(2.9) )\,(ﬂ 20, o= 2mikar for every L € {1,...,N}..

2.3. The case of multiple fibres with common rotation speed. A particu-
larly interesting situation arises when some «; are identical for neighbouring js. This
corresponds to a band of fluid rotating at the same speed, and handling this physi-
cally relevant situation requires a more careful analysis. This motivates the following
definition.

DEFINITION 2.4 (S-banded). A N-vector a = (ay,...,ay) € RN is said to be
S-banded if there ezist
(1) a natural number 1 < S < N,
(it) distinct real numbers B, ..., Bs € R, and
(#i1) a vector of positive integer numbers L = (L1, ..., Lg) satisfying Zf\;l L; =N,
such that
a;=ps if Neo1 <j < Ng forsomesed{l,...,S},

where Ng < N7 < ... < Ng = N is a sequence of recursively defined natural numbers
No=0and N; = L; + N;_1 Zf’L S {1,...,5}

In the above context, the vector 5 = (P1,...,0s) is referred to as a band vector, and
L is called the band-width vector. Moreover, given s € {1,...,S} we denote the band
members of Bs as Bs = {j € N: Ny_1 < j < N,}. Observe that from the convention

adopted in (2.9) we have that {¢ € {1,...,N}: )‘%)@ — e 2mkBs g5 e — 0} = B,.
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. . . 2 . . . 4 . . . 1
Magnitude of eigenfunction Fi_:)_l Magnitude of eigenfunction Fi zn Magnitude of eigenfunction Fg)m
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Argument of eigenfunction Fs,Zn Argument of eigenfunction FEVJOJ Argument of eigenfunction F] 01

N
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3 3 3
30 30 30

2 2 2
25 25

" . 1 < 1
20 20

E E 0

15

-1

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

lattice index j
&
S

lattice index j
S
lattice index j

Fia. 5. Details of leading eigenfunctions of P on M, constructed from the eigenvectors in
Figure 4. Upper row: Magnitudes of the extremal three eigenfunctions Flgég (J,x) = Igeg(j)e2”kz,

£=1,2,4andk=1o0on M ={1,...,33} xS! corresponding to the eigenvectors f in Figure 4, using
colourschemes to match the colouring in Figure 4. Note that the support of each eigenfunction is
approzimately restricted to the bands associated with one of the three rotation speeds illustrated in
Figure 2. Lower row: As for the upper row, but displaying the arguments of eigenfunctions instead
of the magnitudes. Note that exactly one complex cycle occurs because k = 1.

Ezample 2.5 (S-banded).
1. any N-vector a = (ay,...,a,) with distinct entries is N-banded,
2. the 5-vector a = (v/2,v/2,v/2, w,7) is 2-banded with band vector 3 = (v/2, )
and band-width vector L = (3,2),
3. the 5-vector a = (\/5, V2, 7,V2, \/§) is not an S-banded vector for any 1 <
S < N.
As part of our running example, associated to the 33-fibre case study with W, as in
(1.1), we choose S = 3 bands rotating at incommensurate speeds given by the vector
B = (n/20,e/7,1/+/2), and with corresponding band-width vector L = (11,7,15); see
Figure 3.

Let o be an S-banded N-vector for some 1 < S < N, then there is at least
one 1 < s < S such that 55 has band width Ly > 2. Proposition 2.3(2) tells us
that for a given Fourier index k, )\k . converges to exp(—2mikf;) for Ls-fold ¢, this
phenomenon is illustrated in Figure 4 (left). Therefore, one expects an L-dimensional
subspace spanned by the corresponding eigenvectors F,EZE) to converge to some L,-
dimensional space, but the question of convergence of individual eigenvectors and
their characterisation is still unclear. To study this limit we must slightly constrain
the one-parameter family of matrices W, that control noise between circular fibres.

DEFINITION 2.6 (L-admissible family of matrices).  Given an S-vector L =
(L1,...,Ls), the family of N x N matrices {W. = Id+eW }.>¢ is called L-admissible
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10 MATHEUS M. CASTRO, AND GARY FROYLAND

if the symmetric matriz W satisfies: _
L Wiy >0fori#je{l,....N}and X1 Wi; =0, Vie{l,...,N}.
2. W has N distinct eigenvalues.

3. For each s € {1,...,S}, the Ls x Ly submatriz W, = [ij]N»71<j pen. has

L, distinct eigenvalues.

Ezample 2.7 (Noise between circular fibres). The matrix W in (1.1) is construc-
ted as W :=Id + €W, where

N
(SIS
N = | N =
[
I D=
—_

N

(2.10) W= _
-1

1
2
1
2

_1
2

Nf—= .

This matrix clearly satisfies items (1) and (2) of Definition 2.6 for any band-width
vector L. Item (3) of Definition 2.6 holds because submatrices of W correspond to
central difference approximations of the Laplace operator on an interval with either
mixed Neumann/Dirichlet boundary conditions (for the first and last submatrix) or
Dirichlet boundary conditions (for “internal” submatrices) (see e.g. [31, Section 3]).
Thus, W, is an L-admissible family for any bandwidth vector L.

In the e — 0 limit, instead of considering eigenfunctions, we use eigenprojections,
as eigenfunctions can always be multiplied by unit-norm complex scalars, which alters
their phase. This phase freedom makes the proofs of convergence and linear response
more difficult. Eigenprojections, on the other hand, remain well defined and invariant
under such transformations. Theorem 2.8 establishes that if the elements of the band
vector are incommensurate, the eigenprojections of P, converge as € — 0. Further-
more, the limiting projections can be precisely characterized in terms of eigenvectors
of specific matrices.

THEOREM 2.8. Let N e N, 1< S <N, L= (Ly,...,Ls) be a band-width vector
and {W, =1d + 5W}520 an L-admissible family of matrices. Then for each

Bel :={(B,...,Bs) € RS : e 2hbBer o ¢=2mikBoy W € 7, V51,50 € {1,...,5}}

and k € Z:
1. For sufficiently small ¢ (depending on k), the N generalised eigenfunctions

F]EZE) from (2.6) become N eigenfunctions with distinct eigenvalues )\,(f)s, (=
1,...,N.
2. For sufficiently small € > 0 (depending on k) and each £ =1,..., N, recall

FO (o) = 0 (j)e*mhie

and let 1'[,(65),1'[](5)s : L2(M) — L*(M) denote L2-orthogonal projections onto
the spans of the eigenfunctions F,EZE) and Fk(:é), respectively. In the e — 0 limit

there exists a limiting orthonormal basis {f,ie)}évzl of CN such that

Hl(:i) €0, 1% in the L*(M)-operator norm.

€

We may further characterise the {f,gé)}évzl as follows:
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(a) If S = 1 (one band, all fibres rotate with the same speed) or k = 0,
{f,g)}é\'zl is an orthonormal eigenbasis of the N x N matriz W .

> multiple bands) an € , . s an orthonorma
b) If S > 1 (multiple bands) and k € 7.\ {0}, {0}, h l
eigenbasis of the matriz

(2.11) Prpr = DrprWi

where

6727”'1@&1 IdL1

Dy g1 = )
e—27ril~cBSIdLS’
W
Wy
(2.12) Wy, = :
We
Ws

and 1d,, is the n x n identity matriz. Moreover, for each s € {1,...,S},

if £ is a band member of By, the support of FIEE) is contained in {Ns_1 +

1,...,Ns} x St
Proof. See Sections 3.2, 3.3 and 4. O

In our main case of interest, namely 1 < S < N, Theorem 2.8 provides explicit
formulae for the ¢ — 0 limiting eigenfunctions and constrains the supports of these
limiting eigenfunctions to their associated band fibres.

Ezample 2.9 (Small € > 0 and € — 0 behavior of eigenvalues and eigenfunctions).
We continue our example where W. is given by (1.1), 3 = (7/20,¢e/7,1/4/2), and
L= (11,7,15).

Eigenvalues: For ¢ = § = 0.1, Figure 4(left) shows the eigenspectrum of PI,B,L
(i.e. for k = 1). For sufficiently small e, Proposition 2.3(2) states that these eigenvalues
cluster about the 3 angles in the vector 273; the latter is indicated by dotted rays.
The bound (2.7) (including a factor sin(27d)/(27¢)) is indicated with dark blue circles
and is seen to be very close to optimal. Theorem 2.8 states that for sufficiently small e
we obtain 33 distinct eigenvalues for each k € Z, with corresponding one-dimensional
eigenspaces.

FEigenfunctions: Proposition 2.3 states that all eigenfunctions of P are of the
form FIEL]E) (j,x) = flgg(j)e%“”, ¢=1,...,33;k € Z. The magnitudes of f,glg for ¢ =
1,2,4 (those eigenvectors of Dy, 3., W, corresponding to the three largest-magnitude
eigenvalues) are shown in Figure 4(right). Importantly, note that because of the

particular form of F Igeg) (j,x) given above, the magnitudes of the full eigenfunctions

F,EZE) on M are constant along the circular fibres and therefore follow precisely the
magnitudes given by the eigenvectors f,fv ., such as those in Figure 4(right); see Figure
5.

The upper row of Figure 5 can be compared with Figure 1(left). In both cases,
the magnitudes of the complex eigenfunctions are large in the vicinity of a band of the
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state space rotating at approximately the same speed. Moreover, the magnitude of the
eigenfunction shown in Figure 1(left) is relatively constant along the approximately
rotational trajectories on each wing. The lower row of Figure 5 displays the evolution
of the argument of the leading eigenfunctions, which passes through a single cycle
because we have chosen the lowest order of ¥ = 1. Similarly in Figure 1(right), we
see a single cycle corresponding to a single loop around each wing of the Lorenz
attractor. Thus, the leading complex eigendata provides complete information on the
various speeds or periods of rotational motion and the parts of the state space where
that motion occurs.

As ¢ — 0, Theorem 2.8 states that we obtain a limiting orthonormal basis of
eigenfunctions {Fk(:é)}gzlﬁ__wgg;kez, and that the limiting eigenvectors f,ge) have sup-
ports restricted to one of the three bands. This support restriction is already evident
in Figure 4(right) and Figure 5 when ¢ = 0.1.

To analyse a general dynamical system, including e.g. the Lorenz system in Section
1, one would:

1. Construct a numerical estimate of the transfer or Koopman operator that is
consistent with convolving the true operator with small noise, so that our the-
oretical findings should apply. There are many such approaches, for example,
Ulam’s method [28, 19, 12], direct addition of noise or kernel convolutions
[7, 16, 4], local kernel evaluations [29, 10] etc. In the Lorenz example in
Figure 1 we used the simple kernel-based Markov chain approach in [10].

2. Compute the largest-magnitude eigenvalues of the transfer or Koopman op-
erator estimate, and identify the largest-magnitude complex eigenvalues that
correspond to the primary (kK = £1) complex eigenfunctions for each cycle.
These will often correspond to the complex eigenvalues of largest magnitude
and their eigenfunctions will by definition have the least oscillatory phases.
In the Lorenz example in Figure 1 this was the second-largest-magnitude
eigenvalue after the eigenvalue 1.

3. The argument of a complex eigenvalue provides an estimate of the corre-
sponding cycle period (Part 2 of Proposition 2.3). If a single application of
the transfer operator corresponds to evolution for 7 units of time and the
argument of the primary complex eigenvalue is 27«, then the period of the
cycle is 7/a.

4. The argument of the corresponding complex eigenfunction describes motion
around the cycle. In particular, isocontours of the eigenfunction argument
correspond to the same phase of the cycle (Part 1 of Proposition 2.3); see
Figure 1(right) for the Lorenz example.

5. The identified cycle is approximately localised in the support of the corre-
sponding eigenfunction (Part 2(b) of Theorem 2.8). In Figure 1(left), the
darker blue indicates a stronger match of cycle period. Our linear response
results in the following subsection state that this localisation is robust to
small changes in the noise level provided the noise described by W is local in
phase space (see Remark 4.8).

2.4. Quadratic and linear response. Proposition 2.3 tells us that for each
Fourier index k € Z, in the € — 0 limit the eigenvalues )\ff)s, £=1,...,N of P. each

converge to e~ 27"*¢ while Theorem 2.8 says that the eigenprojections H,(f)E associated

) )

with the eigenfunctions F ,5’5 of P. converge to L2-orthogonal projections H,(f onto

span{F,EZ)} which have explicit eigenfunction characterisations and support localisa-
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tions. A fundamental question arising from these results is the rate of convergence of
H,(j)e and )‘l(cli)s as € — 0. If all oy are distinct, one may hope that the corresponding
one-dimensional eigenprojections H,(:i)s are regular functions of € at ¢ = 0. On the
other hand, if we have nontrivial bands — i.e. S < N in Definition 2.4 — then we
would expect at best regular dependence of the various L¢-dimensional eigenspaces,
corresponding to the L repeated eigenvalues e =275 at ¢ = 0. Surprisingly, in the
nontrivially banded situation We can in fact demonstrate quadratic response of all

indwidual eigenvalues € — )\ . at ¢ = 0, and linear response of all individual eigen-

projections € — Hff)e at e = 0 To further illustrate why this is surprising, we recall
that the standard approach to estabhshlng linear response of the eigenprojections is

to differentiate the equatlon P- H = /\( )H,(f)e with respect to €, where we use the
notation *to denote . This dlﬂ’erentlatlon yields the identity

- (¢ S (e L) (L 0) (¢
PEH;’E + P = A0 A0,
which can be rewritten as
. -1 . .
219 f) =~ (P~ 20) (P~ 2

A common strategy is to evaluate equation (2.13) at ¢ = 0. However, in our setting,
this approach fails because the range of the operator

lim (7. — A¢) 10,

e—0 €

e=0

lies outside the domain of (P, — )\,(f)s)_l. To overcome this difficulty, we use a non-
trivial cancellation mechanism speciﬁc to our framework. This allows us to obtain
explicit expressions for the response terms for both the eigenvalues and eigenprojec-
tions.

Further, we observe numerically (for example as in Figure 6(right)) that the form
of the response of the eigenfunctions F}ge) is such that the overall shape of the envelope

of F( is relatively unchanged by modestly increasing € from 0. Practically, this
observatlon helps to explain the robustness of dominant complex eigenfunctions to
various types of noise, whether they arise from models, data, or numerical techniques.

The following theorem refines Theorem 2.8 by stating the linear response of the
eigenprojections, in addition to the linear and quadratic responses of the eigenvalues
of P. ase — 0.

THEOREM 2.10. Under the hypotheses and notation of Theorem 2.8, there exist

complex numbers 5\,(61), ceey )\,(CN ,3\,(6 ), ceey 5\,(CN) and functions
[T S AN DU e )

such that

(2.14) )\,(f)a = g 2mikor 4 65\](5) + 52;\,(5) + o(e?),

and

(2.15) n0() =10 +e ((EO) BO + (GEO) FO) +ofe),
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Response of eigenvalues of order k = 1 Magnitudes of responses of 3 eigenvectors, k=1
05
[ 3=0.15707963267948966
' g [ 8=0.3883259754941493
0. // 30 I B=0.7071067811865475
N o // 0.4
N
1 N S / 25 _
AN o/ x
N e/ [
AN 4 20 2 _ o3
= N £ =
2 0 { g =
E -7 ° ° 158 el
°/ o c — 02
o ° g'
] S
-1 Oo / ., 10 @
° !
‘ // 5 0.1
!
-2 ’
-3 -2 -1 0 1 2 3 0.0
Re(x)

20
lattice index j

FiG. 6. Left: The small coloured disks indicate the response of the spectrum Xgl), £=1,...,33

of the 33 X 33 matrix Pl,ﬁ,L, associated to the model from Figure 1, where 8 = (w/20,¢e/7,1//2)
and L = (11,7,15). Note that the responses of the 33 eigenvalues are grouped along three rays with
L; responses on a ray with angle 2nfB; + 7 for i = 1,2,3. The dashed lines and disk colouring are

identical to those in Figure 4 (left). Right: Plot of |f1(l) (4)| vs lattice index j for £ =1,2,4, where the

ordering of the eigenvalues :\;Z) are shown in the left panels of this figure and Figure 4. The three
response vectors have been normalised to have unit norm and correspond to the three eigenvectors
displayed in Figure 4 (right).

where F,Eé)(j,x) = fO(j)e2™** and F,f(j,m) = fu(j)e¥™*z_ Also, <F,§e),ﬁ‘,§£)> =0,
the term o(e?) € C in (2.14) satisfies 0(g?)/e? 290 and the term o(e) : L*(M) —
L?(M) in (2.15) is a finite-rank operator such that |o(e)||/e =29 0.
Moreover, explicit formulae for these quantities can be found as follows:
1. If S =1 (one band, all fibres rotate at the same speed) or k = 0:
(a) S\I(f) and f,gg) are, respectively, the eigenvalues and eigenvectors of the
matriz 62”’“‘11W;
(b) j\gf) =0 and f,gz) = 0; and
(c) the functions 0(g?) in (2.14) and o(e) in (2.15) are identically equal to
0 (defined in Proposition 3.7).
2. If S > 1 (multiple bands) and k # 0:
(a) j\l(f) and f,gg) are, respectively, the eigenvalues and eigenvectors of the

matriz Py g1, (see (2.11)). Moreover, arg(j\,(f)) = arg()\,(f)) +mif 5\,(:7) #

0.
(b) A,gé) 18 computed in Theorem 4.5; and
(c) S\Ef) is provided in Theorem 5.2.

Ezample 2.11 (Response of eigenvalues and eigenfunctions at € = 0). We continue
our example where W is given by (1.1), 8 = (7/20,¢/7,1/3/2), and L = (11,7,15).

Eigenvalue response: For small € the eigenvalues have a quadratic response by
Theorem 2.10, with the linear response given explicitly in Proposition 7.1. Figure
6(left) shows the response of the 33 eigenvalues displayed in Figure 4(left). As stated in
Theorem 2.10(2)(a) and seen explicitly in Proposition 7.1, the eigenvalues are altered
in magnitude only, with the argument remaining fixed at 27-integer multiples of the
rotation speeds. Figure 6(left) demonstrates that the eigenvalues indeed move along
the rays they lie on, decreasing their magnitude. Those farthest from the unit circle
have the greatest response. In summary, the argument of the eigenvalues is incredibly
robust to the noise level e, which for practical purposes means that eigenvalues of the
transfer operator are robust indicators of the periods of almost-cycles.
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FEigenfunction response: Turning now to the response of the eigenvectors, in Fig-
ure 6(right) we plot the magnitudes of responses of the three eigenvectors shown in
Figure 4(right). In Figure 6(right) we can see that the responses are separately re-
stricted to each of the three bands, and that the envelopes of the magnitudes are
almost identical to those in Figure 4(right). Remark 4.8 provides a theoretical expla-
nation for the observed support restriction. Therefore, as in the case of the eigenvalues,
these eigenvectors, and therefore the eigenfunctions of the transfer operator P., are
extremely robust to the noise level €, making them reliable indicators of the supports
of distinct almost-cyclic sets in the state space of the dynamics.

2.5. Linear response with respect to the band vectors. In this section,
we describe the linear response with respect to the rotation speed vector o € RY. To
emphasise the o dependence on the operator P, we write it as P, 4.

2.5.1. The case of ¢ = (.. For € = 0, linear response with respect to the band
vectors holds when S = N (all circular fibres rotate with distinct speeds) or k = 0,
and fails when S # N and k # 0.

PROPOSITION 2.12. Fizk € Z andl € {1,...,N}. Fore >0 let Hgl,k denote the
L?-orthogonal projection onto span{ Fy c o}, where Fy ¢ o is defined in (2.16). When-
ever the limit exists, set H,((le = lim, _,q ngx,k' Then:

(i) If @« € RY is N-banded (all circular fibres rotate at distinct speeds), the

)

map «a — Hga 1s locally constant in a neighbourhood of «. In particular,

%Hfﬂx = 0 at every N-banded vector . The same conclusion holds when
k=0 and « is S-banded for any 1 < S < N.

(i) If a« € RN is S-banded for some 1 < S < N and k # 0, then the map
v H,(fz) is discontinuous in a neighbourhood of a. Consequently, linear
response, fails at «.

Proof.
(i) Assume that « is N-banded. By Theorem 2.8 (2), H,(le exists and is the

L?-orthogonal projection onto span{F,g{)x}, where F,gg(j, r) = 11p (j)e?mike,

In particular, for N-banded parameters the range of H,(f)a is generated by a

function that does not depend on «. Hence H,(le itself is constant on the

set of N-banded vectors. Since the set of N-banded vectors is open in R,
the map a +— H%)a is locally constant at «, and therefore its derivative with
respect to « vanishes there. The case k = 0 is analogous.

(ii) Let k # 0 and let « be S-banded with 1 < § < N. Since the set of N-banded
vectors is dense in RV, there exists a sequence (Un)n>1 of N-banded vectors

such that v, — «. By part (i), each H,(fz)n equals the L?-orthogonal projection

onto span{1s (j)e*™***}. On the other hand, Theorem 2.8 2(b) implies that
at the S-banded parameter « the limiting projection H,(f)a is not given by this

same projection. Therefore Hl(fz;n + H,(f)a, which proves that v — H,(Q) is

discontinuous at «. Discontinuity implies failure of differentiability, so linear
response fails at a. ]

2.5.2. The case of € > 0. For € > 0 we have a positive result of standard linear
response.
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PROPOSITION 2.13. Fizk € Z, ¢ > 0, and o € RY. Assume that Pe.o has exactly
(0

kear £ =1,..., N associated with eigenvectors of the form

N distinct eigenvalues A
Frca(®,§) = frea(§)e*™ . Each of these eigenvalues enjoys linear response with
respect to a.. More precisely, there exists an open neighbourhood A, of o in RN such

that the maps

(2.16)
Ua3a = AN €CandUs 3 ' v Frea () = frnear ()3 € CO(M, C),

are differentiable. Moreover, one has

0 0

Dk aWE - Ak,s,a) fk,s,a-

9 -1
2.1 Z freo = (DpaWe = Apea) " [ —
(2.17) 90 Tk = (Dr, ke.a) (aa : e

Proof. See Section 6. ]

We remark that by Theorem 2.8(1), for sufficiently small ¢ one automatically
obtains the assumption in Proposition 2.13 that P. , has exactly N eigenvalues.

3. Proofs of Proposition 2.3, Theorem 2.8(a), Theorem 2.8(2)(a), and
Theorem 2.10(1).

3.1. Proof of Proposition 2.3. We start by proving results that are valid for
any o € RV, In future sections, we restrict our analysis to the vector o being an
S-band.

3.1.1. Proof of Proposition 2.3(1). Lemma 3.1 asserts that eigenfunctions
of P. corresponding to a fixed Fourier index k take the form of a harmonic function
defined along each circular fibre, modulated by a function that is solely dependent on
the fibres. Recall that Dy, , is defined in (2.5).

LEMMA 3.1. A function F € L?*(M) is a generalised eigenfunction of P. with
eigenvalue X if and only if F(j,z) = fr(7)e2™** for some k € Z, where (identifying the
function fi, with the vector (fr(1),..., fr(N)) € CN) fi is a generalised eigenvector
of Dy o We with eigenvalue A.

Proof. Given f € L?(M), by employing Fourier series, we can express

(3.1) F(j,x) = fe(4)e’™™*, where fi: {1,...,N} = C.
kEZ

By (2.1) and (2.3) with ¢ = 0 for every (j,z) € M

PF(j,x) =Y Pe (fr()e™™*) (j,z)

keZ

(32) — Z e—2ﬂ'ik0¢j (Wefk)j eQ‘n’ikac.
kEZ

Suppose that P.F = AF. By equating individual Fourier mode coefficients in (3.2)
we obtain Dy oWe fr = Afx. Similarly, if Dy (W.fr = Afi holds, the ansatz (3.1)
provides an eigenfunction F' with eigenvalue A. The case where F' is a generalised
eigenfunction of F' follows similarly. 0
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504 3.1.2. Proof of Proposition 2.3(2).

LEMMA 3.2. Gwen k € Z, let {/\](€12’ ol )\X\Q} := 0 (Dy,oWe). Then, after prop-
erly relabelling the elements of o (Dy,oWe), it follows that for every e > 0 sufficiently

small ‘
‘)\,(f)g — e 2mikae] <9  max, (1 —=Weyy) for every £ € {1,...,N},
and
arg ()\,(C )E) + 2mikay (mod 271')’ <2 mTaéxN(l — Wer ) for every £ € {1,...,N}.

Proof. For each £ € {1,..., N}, consider the Gershgorin disks

Ap:=(2€C:|z— (DWW, ez\<Z|Dka <)ee|
0 A0

505 Since Dy, is diagonal, for all €,¢', (D oWe)ee = (Dio)ee We o = e*QWikafWag,el.
506 Hence Ze/# |(Dg,aWe)er| = Zz/# We oo =1— W, . Therefore

507 Ay = {z eC: |z — 6727”'ko“W5757g| <1- W&M}
508 C {z €C:|z—e 2™k <2 max (1-— We’r‘r)} = A,.
1<r<N

Take g9 > 0 sufficiently small such that the number of connected components of
Uz 1Ag is constant for every 0 < € < gg. By the Gershgorin circle theorem [17,
Theorem 6.11], after relabelling the eigenvalues we obtain

‘)\(5) _ 672771’1@04@

<2 | max (1 —=Wey,) forevery £ € {1,...,N},

509 which proves the first inequality.
510 We now prove the second inequality. Fix ¢ € {1,..., N}. By the reverse triangle
511 inequality,
512 (3.3) ’1 | - ‘)\,(f)a ‘A,(f)a — e 2mikae]
513 Then, by the triangle inequality and (3.3),
0 O]
514 61 arg()\(“ 6727-rika[ _ )\kg —2mikay < )\k,e (@) + ‘A(Z) 7271’1;](704[
‘ NG - ’ NG Ae
k,e k.e
515 = ‘1 — ’)\,(f)s — e 2mikar| < 9 ’/\Ef)s — e~ mikay
516 <4 max (1—-W,,,). O
1<r<N

Finally, let A :=

arg()\,(f)g) — (—27kay) (mod 277)‘ € [0,7] be the smallest angular
distance between arg()\](j)s) and —27ikoy. On the unit circle,

iarg()\gf_;) _ —27rzkag 2
™

A,

e = 2sin(A/2) >

and therefore
T

A< —

zarg()\gl) _ e—27rikag
2

<2m max (1 —Wg,,).
1<r<N
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3.2. Distinct eigenvalues of P. for small ¢ > 0 . The proofs of Theorem
2.8(1), Theorem 2.8(2)(i), and Theorem 2.10(1) all rely on the eigenspaces of P.
being one-dimensional. Recalling the correspondence between the spectrum of P,
and Dy, oW, established in Lemma 3.1, we adopt the following simplified notation in
this and all subsequent sections. Fixing 3, L, and k € Z, for every € > 0 we write

(34) Dﬁ = Dk,ﬁ,L and Ps,ﬁ = DQWE.

For v,w € CY we denote the inner product between v and w as (v, w) = Z;V:1

and for every s € {1,..., N} we set
VS::{UG(CN:ijOifj§N5710Ij>Ns}

(3.5) ={veC":v;=0forevery j € {1,...,N}\ B,}.

UjWss

The following three results establish that for every 8 € I' the matrix P; g is diagonal-
izable for every € > 0 sufficiently small.

THEOREM 3.3. Under the hypotheses of Theorem 2.8 there exists vy, > 0 such
that for every 0 < ¢ < vy the matriz P. g has N distinct eigenvalues.

Before proving the above theorem, we establish three preparatory lemmas.

LEMMA 3.4. Fixz s € {1,...,S}. For each € > 0 choose a sequence of unit-norm
vectors { f-}eso C CN such that for every e > 0,

Pepfe = Aef- and Ao <=2 ¢72mik0s

Then, (f:); ﬂ>Ofo7" every j € {1,...,N}\ Bs.
Proof. Since ||f:]] = 1 and for every e small enough there exists a converging

er,—0

subsequence {fc, }ren C {fc}e>0 such that f., —— f.. It follows that
Dgfi = klim DgWe fe. = Ae fe, = e~ 2mkBs £ and therefore (Dg - 6_2’”%5) fe=0.
—00

Observe that for each j € By for some t € {1,..., N} we obtain that
(e—QﬂikBt _ e—Zﬂikﬂs) (f*)] -0

—2mikfs, —27ikfBs,

Since B € I, then min;«, |e —e > 0 which implies that f, = 0 for
every j € {1,...,N}\ Bs. Hence, for every subsequence of {f:}c>0, it is possible to
construct a subsubsequence such that all coordinates j € {1,..., N} \ B, converge to
0 as € — 0, which implies the desired result. 0

LEMMA 3.5. Assume that there exist vectors f,g € CV, B € R® and ¢ > 0 such
that
P.gf =Af and P.gg = Ag+ f.
Then, (f, Dsf) = 0.
_Proof. Since P: gg = Ag + [, then DgW.g = Ag + f. Therefore W.g = ADgg +
Dgf. Hence,

(f,W.g)
(f,ADgg+ Dsf) = (f, Dsg) + %(fv Dsf).

Thus, (f, Dsf) = 0. O

(f, Dpg) = ~(Pepf, Dpg) = ~(DgWe:f, Dpg) =

> =
> =

N
~
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LEMMA 3.6. Let B € RS and {f.}.~0 C CN be a sequence of unit-norm vectors
such that for every € > 0 small

Pogfe = Afe and Ae =% 7275 for some s € {1,...,5}.

Then, the accumulation points of {fe}es0 as € — 0 are eigenvectors of the matriz
Prp.1 (defined in 2.11).

Proof. Consider a converging subsequence {f:, }, oy C {fe}.5( so that fo 20,

f«. From Lemma 3.2, we can choose a subsubsequence {¢!.} ey C {&,}ren such that

)‘Eﬁ- — e~ 2mikBs el —0

A

!

Er

Moreover, from Lemma 3.4 we have that f. € Vs (see (3.5)). Since

Nefo = Popfe = DaW.f. = Dy (1d+ W) f..

We obtain that ng = — (AeDy —g,fe — f-) for each € > 0. Let 7, : CN = V, the

orthogonal projection from C¥ into V. It follows that

1
€

. 1 eQﬂ'ik:ﬁs/\ -1
msWfe = gﬂs ()\sDk,—B,Lfs - fe) = %ﬂsfs- a

By taking /. — 0 and observing that 7, f. = f., we obtain that 7sW f. = Ay fs. Thus,
WL fi = Aife (see (2.12)). Therefore, we obtain that

Prprfs = DsWrfe = 2™ ) f,.

Proof of Theorem 3.3. Assume for a contradiction that for every 9 > 0 there
exists 0 < € < gg such that DgW, does not have N distinct eigenvalues. Then,
there exists a sequence of real numbers ¢, — 0, as n — 0o, and sequences of vectors
{fe, Ynen; {ge, tnen C CV such that for every n € N one has ||f-, || = 1 and either

(1) P g, = AeGe, + fe,, Or

(2) f., and g, are linearly independent and

P, ple, = A, fe, and P, 3G, = Ac, Ge, -

We first consider scenario (1). By passing through a subsequence, if necessary,
we can assume that there exists f. and A, such that

n—00 n—oo _9271ikf,

fe, — frand A, —— € for some s € {1,...,5}.

From Lemmas 3.4, 3.5 and 3.6 respectively, we obtain that

(a) f« € V5 (see (3.5)) for some s € {1,...,S};

(b) <f*7 D,B.f*> = 1imn—>oo<f8n7D,3f€n> =05

(¢) f. is an eigenvector of P 5.7..
From the block structure of Pkﬁ 1 we have that f, that is an eigenvector of WL (see
(2.12)). Since f. € Vi and all the blocks of Wy, are symmetric real matrices with
distinct (real) eigenvalues, we obtain that f, and f. are linearly dependent, which
implies that (f., Dgf.) # 0, contradicting item (b) above.
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Now we assume (2). Define

1
n 9e,, — (Gens feu) fen

he (gsn - <gsna fsn>fsn) .

By passing, if necessary, through a subsequence, we can assume f,,h, € CV that

e—27‘rzkﬁs s oo

En

fen 25 foy he, “5 by and A« for some s € {1,...,S}.

From Lemma 3.4 we have that f,,h, € Vs \ {0} and by construction (f.,hs) = 0.
From Lemma 3.6 we obtain that

pk,ﬂ’,Lf* - A*f* and Pk,B,Lh* - )\*h*,
and therefore
(3.6) T Wi fe = e2™Po X, £, and T, Wih, = >\, h,,

where m, : CN' — V; is the CN-orthogonal projection onto V. Since W, is an L-
admissible family of matrices, Definition 2.6(3) implies that 7sWp, : Vs — V; has N
distinct eigenvalues, which contradicts (3.6) since (f, h.) = 0. ad

3.3. Proof of Theorem 2.8(2)(a) and Theorem 2.10(1).

PROPOSITION 3.7. Under the assumptions and notation of Theorem 2.8, if either
S=1ork=0, then for each £ € {1,...,N},

)‘I(f)s e—27rik,(31 +55\](f) and F( ( ) f(f( ) QTI'lkI
Moreover, {f (1),...,f,£N)} is an orthonormal basis of e=2™*VW  and for each { €
{1,...,N}, )\2) is an eigenvalue of e 2mkar i gssociated with f([), In particu-
lar, Hff)e = H(é) for every e > 0, where Hff) is the L2-orthogonal projection onto

span{F } where F(j,x) = lgf)(j)e%“”.

Proof. From Lemma 3.1 it follows that P.F. = A F. if and only if F(j,z) =
f()e*™* and DgW.f. = A.f-. Since either S = 1 or k = 0 we obtain that Dg =
e 2mikBi]d . Therefore DgW, = e~ 2mkA1IY, = ¢=2mikf (IdN + €W> .

Since either S = 1 or k = 0 we obtain that e 275 (Idy + EW)fE = A f. if and
only if

)\ _ e—2‘ﬂ'ik}51

e_Qﬂ-ikQIWfE == £ fs-

Hence, for every £ € {1,..., N}

)\](Ce) — e 2mikB1 4 2O anq flgég _ flge).

,€

Observe that f,gé) is an orthonormal basis since W, is an L-admissible family of ma-
trices.
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4. Proof of Theorem 2.8(2)(b) and Theorem 2.10: Linear component
of (15) and Part (2)(b). To simplify notation we fix from now on N,S € N with
1 < 8 < N, a cluster length vector L € R®, an L-admissible family of matrices
W, = Id+¢eW, and k € N. Moreover, given a function A : {1,..., N} = C, we denote
(h)j := h(j) for every j € {1,..., N}, and we make no distinction between the vector
((h)1,...,(h)n) and the function h. Finally, we say (h); = 0 if h(j) is undefined, i.e.
when j € Z\ {1,...,N}.

Below, we recall the definition of the complex projective space CPN~1 which is
used throughout the rest of the proofs of Theorems 2.8 and 2.10.

DEFINITION 4.1 (Complex Projective Space). Given N € N, we denote
CPY ™ =CV\ {0}/ ~,
where ~ is the equivalence relation in CN \ {0}
v ~w if and only if v = Aw for some X\ € C.
We induce a differential structure in CPN wvia the quotient map
(4.1) 7:C"\ {0} = CPV, 7(v) = [v]

where [v] € C™ is the equivalence class of v in ~ (see [22, Chapter 1, page 31]). Given
IP)Nfl

w,v € CPN~! we define the distance between w and v in C as
w
distepy-1 (v, w) = min — e H
erosww) = i I =

THEOREM 4.2. Let § € T, for each ¢ > 0 small enough, let {fOYN, < N
denote a unit-norm eigenbasis of P. g. Then,
(i) there exists an orthonormal eigenbasis {fM), ... fMN)} c CN of

(4.2) Plg = DBWLa

where Wi, is defined in (2.12) and Dg in (3.4), such that for every j €
{1,..., N}, one has

(4.3) [f9)] = =0 5 O] in CPN Y for every £ € {1,...,N}.

(ii) For s € {1,...,N} and { € By, let A\ be the eigenvalue associated to the
eigenvector f! © of Pg Then

(4.4) A = e=2mikBs 1 N0 4 o(e).

Moreover, arg(A®) = arg(AD) + 7 if |A\O| > 0.

4.1. Proof of Theorem 4.2. The proof of Theorem 4.2 is lengthy, so we estab-
lish two preparatory lemmas before the proof. For every € > 0 small enough we write
{9}, ¢ CN as a unit-norm eigenbasis of P. g, and by appealing to standard ma-
trix perturbation theory [18, Chapter Two §1] we obtain that for every £ € {1,..., N},
the map

€ (0,v) —~ fP ecy
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is C*°. We define )\g) as the eigenvalue associated to the eigenvector fs(f). Recall that
A — e=2mkB: if { ¢ B, as e — 0.

We mention that standard perturbation theory asserts [18, Chapter Two §1] that
the above map € € (0,v%) — 29 e C s . Finally, for every ¢ € {1,...,N},
) L2(M) — span{F )} denotes the L2-orthogonal projection onto the span{ F(*}
where F.(j,z) := ff)e2mikz,

LEMMA 4.3. Let 1 < £ #m < N, then (f Dgf{™) = 0 for every £ # m and
e > 0 small.

Proof. From Lemma 3.2 AW # 0 for every ¢ € {1,...,N} and £ > 0 sufficiently
small. Observe that

—_— 1 —_— —_—
(£, Dafim) = )\7< Pesf9, Dafi™) = )\T<D6W S, Ds i)

)

(4.5) —Aiwvff%f ) = ﬁ@z ) W fom,

€

Since DgWe f2" f(m) = )\(m)f , it follows that W, f(m) = )\(m)D Bf(m) and there-
fore W, f} £ = (m)D 5.fe Fim), Combining the last equality with (4.5), we obtain

(19, Da i) = <f“) Weflm) = <f“> A D £0) = <f“> Dp f{).

Finally, from Theorem 3.3 we obtain that ,\é’") #* ,\2‘3) when £ > 0 is small enough.
Thus, (£, Dgf™) = 0. o
LEMMA 4.4. For every 1 <£#m < N, lim_o(f{9, f™)) =

Proof. Let sp,8m € {1,... S} such that ¢ € B, and m € Bsm. Consider a
converging subsequence of {( fsm)>}neN c {(fO, £y 0. By passing through

a subsequence, if necessary, there exist complex vectors fy (Z) (m) ech

lim f(é) —fw and hm fim = f(m

€
n—00 "

From Lemma 3.6, we have that f*m) and f ) are eigenvectors of the matrix ]55
(see 4.2). Moreover Lemma 3.4 implies that £ € Vs, and 9 e V... Therefore,

fy) and f* are eigenvectors of the real symmetric matrix Wy,. Hence, f ) fm)
for some a € C. Finally, using Lemma 4.3 we obtain that for every m 7& ¢
) 6727rikﬂ5m — e —27ikfBs,, y o
0= Jim " (f). Dafl?) = (#.Daf™)
= (£, 1) = Jlim (70, 750 g
n— 00 " n

which finishes the proof of the lemma.
With the above results established, we can finally prove Theorem 4.2.

Proof of Theorem 4.2. We start by establishing (4.4), which implies the first part
of (7). Let £ € {1,..., N}, from Lemma 3.2 then there exists s € {1,...,S}, such
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that ,\3) — €7 2mB:  Define 7, : CN — V, as the CV-orthogonal projection onto Vj
(cf. (3.5)). Observe that

Paf® = DaWi f9 = DgWrms 19 + DgWr(f9 — 7, f9)
1 .
_ ) _ _—2mikPs ) ()
(4.6) ~ (A — ek ) f10 ( om0 >|)

where, for a given sequence a. — 0, the notation O(a.) denotes a quantity such that
limsup,_,, |O(a:)|/a: < co.
Assume for a contradiction that the sequence

(4.7) {i ()\g) B 6727”‘]@55) }

does not converge as ¢ — 0. From Lemma 3.2, (4.7) is bounded for € > 0 small enough.
Since (4.7) is bounded and we are assuming that the limit of such a sequence does
not exist, there exist sequences of real numbers {e, }nen and {€], }nen and complex
numbers )\(1) # A2) € C such that:

n— oo
1. ep,el, —— 0;

2. En <el <epqq for every n € N; and
3. = (Agi) 72mkﬂ5> nzee, )\(1) and ()\é — 6727”‘]“55) — )\(2).

e>0

Usmg that € € (0,7%) — ,\é) € C is continuous we can construct a sequence of
real numbers {€/},~¢n such that
1. sn <el' <el for every n € N;

_ e” (/\ﬁu 7672m'kﬁs) 122 sy € o(DpWy); and
3. fa,, — f* € Vs with || f*|l2 = 1.
Taking the limit €/ — 0 in (4.6) we obtain that
.D[-}WLf = Pﬁf = lim Pﬂf "

el’—=0

_ L (\© _ —2miks,
B 6%}]:—?0 L” (AE” ) Sfa” je{lm N}\B, |f6 o)
= )\(3)f* +0= /\(3)f*.

Since A3y & o(DzWp) this yields a contradiction, therefore {% (Ag) - e_QT‘ik'BS)} .
>

must converge to an eigenvalue A(9) of DgWL. We thus conclude that (4.4) holds.

In the following we show (7). Recall that from the assumption imposed on 1443
(see Definition 2.6 (3)) that Ps = DgWy admits L, = #B, distinct eigenvalues
lying in V; and that £ € B,. From (4.6) and Lemma 3.4 it is clear that all the
accumulation points of { fg)}wo lie in the one-dimensional complex vector space
ker(Ps — A©)NV,. Choosing f) € V;\ {0} such that Psf©® = A® () we have that
[£49) 20, [£] in CPN 1. Since ]55 has # B; different eigenvectors lying in V, using
Lemma 4.4 we obtain that {f (e,)}gfe B, is an orthonormal basis of V. Observing that
CN = V1 @®...® Vs and repeating the same argumentation presented in this paragraph
for every for every s’ € {1,...,S} we obtain that {f(,..., f™} is an orthonormal
basis of CV, which concludes the proof of (i).

Finally, we show the second part of (ii), i.c. we show that arg(A(¥)) = arg(A())+x
for every £ € {1,..., N} if A(¥) #£0. Since ]55 = DgWL is a block matrix, there exists
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se{1,...,5} such that A is also an eigenvalue of the L, x L, matrix e~ 2751/,
In this way, \©) = e=27"*F: 5 where p, € R is an eigenvalue of the real symmetric
matrix W,. From Definition 2.6 (1), all the diagonal entries of W, are negative real
numbers and the sum of each row is non-positive. As a consequence of the Gershgorin
circle theorem [17, Theorem 6.11], we obtain that all eigenvalues of W, are non-
positive, i.e. ps < 0. Hence, the complex argument of O = e~2mkBs b is equal to
—21kf, 4+ 7 (mod 2r), as long as A(9) £ 0. 0

The following theorem discusses the linear response of the eigenprojections Hg)a.

THEOREM 4.5. Let £ € {1,...,N}, sp € {1,...,S} such that ¢ € B,, and § € T.
For each & > 0 small enough, consider {f, ..., f5Y and {fO,.... f™M} as in
Theorem 4.2. Then,

(1) there exist vectors fO ™) e N, so that

[fél)} = [f(e) _|_€f-(l) + O(e)] for every £ € {1,...,N},

S s DgW (e),ﬂ'sWD_ ()
jo= ¥ 3 1 (D 1) £
2@ — A0 e—2mikBs _ o=2mikfs,

s=1,s#sy T‘GBSZ\{Z}

1 T 4 r r
(4.8) + Z e—2mikf; —2mikps, <DﬁWf( )’f( )> f( )> ’

r€ By —¢€

and g : CN — V., is the (CN—orthogonal projection onto V.
(it) Moreover,

n® —n® 4. (< F<e>> PO 4 < p<e>> F(e)) +o(e),

where FO(j,x) = fO()e2 %% and F'(j,z) == f*(j)e> *=.
(11i) Finally, <F,§é),F,§Z)> =0 and the term o(e) : L>(M) — L*(M) in (2.15) is a

nite-rank operator such that ||o(e)||/e 200,
fi

4.2. Proof of Theorem 4.5. To prove the above theorem, we first establish
four preliminary results.

PROPOSITION 4.6. Let {fV), ..., fN)} c CN be the orthogonal eigenbasis from
Theorem 4.2. Then, there exists v > 0 and a family {fs(l), ceey 5(]\7)}0<5<W c CN of
unit-norm eigenbases of P g such that, for every £ € {1,...,N}

(i) the map € € (0,7) — 9 e CN is C®; and

(i) fO 29 #@ jp CN.

Proof. Fix ¢ € {1,...,N}. As established at the beginning of Section 4.1, by
means of perturbation theory, there exists a family {ggl), e ,ggN)}(KK7 c CN of
unit-norm eigenbasis of P, g such that (7) is satisfied.

From Theorem 4.2, it follows that [g{Y)] — [f¥] as € — 0. Since || f()|| = 1 and
||g§£)|| = 1, we obtain that |(f(e),géz)>| — 1 as € — 0. Shrinking v > 0, if necessary,
we can assume that 1/2 < [|(f(), g.)| for 0 < & < 7.

Define ©
fe(z) = Mge for every 0 < e < 7.

[(F19, g¢)
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From a direct computation, we obtain that

© Oy _ (F950e) )\ oy 00 (Ferge)
015 = iy (e 1) = b S 5 =

This implies that fg(z) — f® as e — 0, since fg(e) is a unit-norm vector for every
0<e<y.

In what follows, we establish some notation. We fix the orthonormal basis
{fO ... fM} c CN given in Theorem 4.2 and a family {fs(l), R féN)}0<s<w ec¥
of unit-norm eigenbases of P. g provided by Proposition 4.6. In particular, we obtain
that f. <=5 O for every £ € {1,...,N}.

For each £ € {1,..., N} and sufﬁ(nently small €, we define p( ) as the eigenvectors
of the Hermitian conjugate (P: g)*, which satisfy (P: g)* pd) = )\(Z) ) Furthermore,
we impose the normalization condition

(4.9) (fy),ug)) =1forall/e{1,...,N} and € > 0.

By Theorem 3.3 for ¢ > 0 small enough, P 3 admits N distinct (and therefore
simple) eigenvalues, and by appealing to standard matrix perturbation theory, the
derivatives fa(g) = % fa(g) exist for € > 0. The strategy of the proof of Theorem 4.5 is

to understand the behaviour of f*) as e — 0. To achieve this, for every & > 0 small

enough we write fg( in the basis {f(l) ce é‘f‘”,u@, S , E(N)}, ie.
N
(4.10) FO=al+ Y ™,
m=1,i#L
and we study the behaviour of the complex numbers a( ) e ,ozf;N) as e —+ 0.

Observe that by repeating the proof of Theorem 4.2, but considering the matrix
(Peg)* = W.D_g instead of P: g, and noting that the matrices W D_g and DgWp,
have the same eigenvectors, we obtain that

(4.11) pl =20 (0,
Moreover, it is worth noting that
(4.12) (fem, )y =0 ifm £ L.
Indeed,
1 1 ALY
(0, 10) = oy (Peg 570,10} =~ 7, (P ) = S (),
e e e

Since AL #* ,\ém), it follows that (™, u{®) =0 for £ # m.
With the above notation and initial observations established, we proceed to prove

four preliminary results, which will culminate in Theorem 4.5.
PROPOSITION 4.7. Let¢ € {1,...,N} and s¢ € {1,...,S} such that £ € Bs,, then

(#£7), -6, (1), !

. j _ % i_ i m)
(4.13) lim c lim c o 2mikBa, _ o 2mikBs, (DﬁWf ;

for each j € {1,...,N}\ Bs,, where s; € {1,...,S} satisfies j € Bs,.
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724 Proof. Consider j € {1,...,N}\ By, and s; € {1,...,S} such that j € B,,.
725 Recall from Lemma 3.4 that (f(¥)); = 0. On the one hand, we obtain that

1 1
20 (Pepf® = DpfW) = 2 (Da(We — 1)1 + D10 — 1))

N
N
~
I

W, —1d 2T
(o (4, ),

J

728 On the other hand, since f) € V,, (see (3.5)),
20 (Puafl® = Dap®) = (MOS0 = emamibihe 10 4 e3R8 10 _ -2miki f0)

(N0 — e ) (0) e (10— )

J

731 Combining the above equations we obtain that

¢ ¢
1 (e—zmkﬁsj _ e—zm‘kﬁse) <( s( ))j - (f( ))j>

€
) _ L —2mikpBs _
s _Ae —er T (19) - (DB (WId) 5“)) .
€ j € j
734  From Lemma 3.4 it follows that ( E(e)) 4 =290 for every j € {1,..., N} \ Bs,. Hence,
J
<e>> —(f®
v T ) (i)
' e—0 € e 2mikBs; _ —2mikps, j i
1 .
- _ 0
736 = s, (Deti s )j. 0
737 Remark 4.8. Proposition 4.7 gives an explicit componentwise formula for ( f () j
738 at indices j ¢ B,,, where f@© is the response vector introduced in Theorem 4.5
739 (proved at the end of this section). In particular, (4.13) shows that outside the band
740 Bs, the response is completely determined by the corresponding entries of DgW f O

) . -1 .
741 scaled by the factor (e*%”kﬁse - e—szkﬂsj) . If W is supported close to the diag-

712 onal (for example, if W is tridiagonal), then applying W to a vector supported in
743 Bg, can only produce nonzero entries in entries close to By, (with width controlled

744 by the bandwidth). Consequently, ( f(@) ~ = 0 for all indices j outside that entry

J
745 neighbourhood.

PROPOSITION 4.9. Under the above notation of equation (4.10), the vector a. =
—1
(al,...,ad) satisfies a. = (A%) v where A% is a N x N matriz such that

£

—_

) zfs:é
(A5, = Mg),llg)% ifr#£€ands="¢
e fE(S)?fg(Z)>5 ifl=r and s #/

, otherwise.

—~

o~
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and
5= (O, 1), (FO, WD), GO, FO), (FO,uD), L (fO, 1))

Proof. Observe that for every r € {1,...,£ —1,£+1,..., N} we obtain that

N
(f4, ulr >< PO+ N g ,ué’”)> = ol +al(ul, p)

m=1,m##r

and
(FOWO) =t s 3 am(pm, g
m=1,m#L
By solving the above linear equation, we obtain the desired result. ]

PROPOSITION 4.10. Let £ € {1,...,N} and s, € {1,...,S} such that Ns,_1 <
¢ < Ng,. Then,

(ué‘”) = (ug)) , (ug)) , .
J J 3 J

lim = lim = , : (
e—0 € e—0 € e2mikfBs, _ o2mikfs;

Dfﬂf(e)) .
J

for each j € {1,...,N}\ Bs,, and s; € {1,..., N} is such that j € By,.

Proof. The proof follows by repeating the computations in presented in Proposi-
e—0

tion 4.7 and recalling from (4.11) that LL(Z) 75 fO for every £ € {1,...,N}. O

PROPOSITION 4.11. Let £ € {1,...,N} and sy € {1,...,S} such that { € B;,.
Then, givenr € {1,...,N} and s, € {1,...,S} such that r € By,
(a) ifsr 7£ Se,s

| (Dirf 0
lim (f{9, u{"7) =——
e—0 e—2mikBs,

o 2mikp,,

(b) if s, =s¢g andr £ ¢
li (7O ey L 3 <”8D5Wf([)’”SWD*Bf(T)>.
EI_I>I(1]<f€ 7Me > _5\“) B 5\(” 6_27”']@55 _ 6—27rikﬁsl )

s=1,s#sy

where ms : CN — V, is the CN -orthogonal projection onto V.

Proof. We start by showing (a). Differentiating the equation P; g fa(e) = /\g) fe(z)

with respect to €, and applying (-, ,u@) in both sides we obtain from (4.12) that

(PopfO, 1) + (Pe g fO, ul7) = XO(FO, 1) + XO(FLO 1),

Hence (P. 59, u™y + AW (FO 1y = AO (£ 1) which implies

&€ €

1 .
¢ (r (¢ (r
(4.14) (F ) =~y Pesf 7).
Observe that P. 3 = DgW. = Dg (Id + EW), in this way

: 1
(4.15) P.gf = DgW 9 = - (/\g)fg(@ - Dﬂfe(@) :
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Combining equations (4.14) and (4.15)

1 T
( (E),Mg )> W < ( Z)f(g) D,st(z)) ,Hg )>
1

= ———-(Da 9, )
EEYCIEC
= ;@—zm‘kﬂszf(e) ,u(’")> n <(D5 — e 2mikps, (1 - s )f<‘3),u§’“)>
5()\24) - /\g)) : ) (/\(Z A 'r))
L 1 —2mikfBs .
(4.16) = W <5 (DB —e 2 kﬂb,_;) (1— m)f“),ug )>

where 7, : CV — V;, denotes the CV-orthogonal projection onto V. From Proposi-
tion 4.7 and (4.11) it follows that if r € {1,..., N} \ By,

. . r 1 —273 1_7Ts f(E)_O r
hm<f§£)7/$§)>—hmw<(DB—e 2 M”)%,ug)

e—0 e—0 )\(s/z)

-1 : .
= <D5Wf(f)7f( )>.

implying (a).
We now show (b). From (4.9), (4.16) and Proposition 4.10 we obtain that if
Sr=sg and £ # 1,

1— ) f1 1
hm<fe )ty = hm <(Dﬂ - 672#2%”)( )] () _ 3 N§T)>
€ (,\(4) _ A(T)) e+ o(e)
48 i X ) (7D 27)
e S et (o) (T
, —27mikBs, _ ,—2mwikfs Z ( A j 7 j
ROIEG) e e ¢ — g—2mikB =Nl J J
Ly ! (reDaW 1O WD/ ). 1
TRO SRS e Bk emamika, \ TP A
s=1,87#sy

With the above results, we can finally prove Theorem 4.5

Proof of Theorem 4.5. We start by proving (7). Recall from Definition 4.1 that
7:v € CN = [v] € CPY~! denotes a C> quotient map from CV onto CPN~1. Since
[v] = [tv] for every t € C\ {0} and v € CV, from the chain rule we obtain that

(4.17) D,7(sv) =0 for every s € C.

Hence, from the inverse function theorem and (4.3) we obtain that there exists ¢ > 0,
such that for each £ > 0 small enough and every £ € {1,..., N} the map

vE {féz)+w:w€CN,<w,f€(Z)>:Oand [lw]] <6}r—> [v] € CPN !

is a diffeomorphism with its image, where féé) should be interpreted as f(©)
Observe that [f9] = [f¥) + ew + o(e)] for some w € CN satisfying (w, f(*)) =0
if and only if for every C* function g : CPN~! — R it holds that

(4.18) g0 1] = go [f)) + <Dy Dyomw + ofe).
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In the following, we show that (4.18) holds when taking w = () (see (4.8)).
For every £ > 0 small enough and each ¢ € {1,...,S5} denote f9 as the CN-
orthogonal projection of f{) (see (4.10) and Proposition 4.11) onto the linear space

{veCN; (v, £ = 0}. From (4.9) and (4.12) we have that
span {uél), T R 7N§N)} ={veC: (v, f1V) = 0}.

By combining Propositions 4.9 and 4.11 with the definition of f) in (4.8), we obtain
that

<775D5W FO 7 WD_s f(T)>

S
. 1
lim f¥) = E E = = , .
r —2mikBs _ p,—27 kBs
=0 s=1,s#s, r€B;,\{£} A = A € € e

S
(4.19) + Z Z — i, —1@*2“’”5@ <D5Wf(€)7f(r)>f(r) - f@,

s=1,s#s, 7€B;

f(r)

From the mean value theorem we obtain that for every € > 0 small enough, there
exists ¢, € (0,¢) such that

go {fa(e)] —go [f(é)] =¢ % (goﬂ'oft(e)> = 5D[f65]ng§?7rf'c(f).

t=ce

By the definition of féf), we that <fc(f), fc(f)> =0 and ffs = ffs + b, f,. for some b, € C.
In view of equation (4.17) it follows that

(4.20) ch(ﬁ)ﬂ' fc(f) = Dféﬁ)ﬂ (fc(f) + bsfs(z)) = Dféf)ﬂ' fc(f)
Hence, combining (4.19), (4.3) and (4.20) we obtain that

Lo9e [féz)] —go [f“)]

e—0 9

= D[f(m]g Df(z)ﬂ' f(é).

Thus, [f{] = [f© +ef® 4+ 0(e)] and by (4.3), (4.19) and the property (f©, f)) =0
we have (f(), f®) = 0, concluding the proof of (7).

In the following, we prove (ii). Since [f¢] = [f©) +ef© +o(e)], F¥) = f{O¢?mike
and FO (J,x) == f (7)e2™2 for every e > 0 small enough, it holds that

<~, FO L ef® 4 0(€)>
|FO + O + o(e)]|?

o) = <'7Fa(£)> RO = (F(e) L PO 4 o(s)) '

Since (F©), F’(Z)> = 0, we obtain that

1 1
- = B A =14 o(e).
|FEO +eFO +o0(e)|2  (FO 4+eFO 4+ 0(e), (FO 4+ eF® 4+ 0(e)) ©

In this way,
M) = (- FO +eFO 1 o(e)) (FO + PO +o(e))

(4.21) —OC) +¢ (<.,F<4>>F(‘> + <«,F(‘Z)>F(5)) +o(e). O
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Finally, we prove (iii). Note that (i) implies (F®), F(®)) = 0. From the construc-

tion of the operator o(e) in (4.21), it is clear that this operator is of finite rank and

satisfies ||o(e)]|/¢e =200,

5. Proof of Theorem 2.10 2(c) . From Lemma 3.2 and Theorem 4.2 we obtain
that for every £ € {1,..., N} and for every £ > 0 sufficiently small

(5.1) A = e=2mikBs L A0 4 o(e) for some s € {1,...,S}.
In this section we show that there exists 3\(5) € C such that
(5.2) A = g72mikBs 1 A0 4 22O 4 o(e?) for some s € {1,...,S}.

The proof of Theorem 2.10 is complete once the above equation is established. We
first establish the following lemma before proving equation (5.2).

LEMMA 5.1. Let v > 0 be as in Proposition 4.6. For every £ € {1,...,N} the
map

. 9
AL — A0 ; 0
(5.3) ce0y) s Tt FecOm),

A©, ife =0,

is continuous at 0 and differentiable in (0,7).

Proof. Let £ € {1,...,N} and s € {1,...,S} such that £ € B,. Since P. sf) =
A £O) e obtain that

Pop 0+ Py [0 = 3010 1 A0
By applying (-, )} in both sides, we obtain from (4.9) and P;”B,ug) = Apl? that
(5.4) MO = (P f19, 1) = (DsW £, ul?).

Since £ — AY is differentiable in (0,7) (see Proposition 4.6) to conclude the proof
we must prove that (5.3) is continuous at 0. From (5.1) it is enough to show that

)\g) _ e—2mikBs

. : @ O\ _ 1 —\®
pAe = JplFes et iy = Ip T o

Observe that for every s € {1,...,S},
(5.5) Ds — e 2kBs — (Dg — e 2By (1 — 7y)

where 7, : CN — V, is the C"-orthogonal projection onto V. From (4.15), we obtain
that

(P f O, 1n) = = (MO f9 = Do fO, u)

, 1 ,
(Ag) _ e—27mk,85) _ 2t <(D6 — e~ 2mikBs) f§€>7u§“> :

€
(Age) _ e—2m‘kﬁs> _ é <(DB _ e—zm‘kﬁs) (1- 7Ts)fs(é)"ugé)>_ ]

M=o om]|
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Since [ug)] =0 [£O] with £ € V; and (1 — ) f) /e converges to an element in
the orthogonal complement of V* as € — 0 (see 4.7), we have that

1
iy (L1 n00.0) =0,
9

e—0
which implies that

0 e—2mikBs

A «
hm A0 = hm( . a9, uly = lin%) - =)0,
e— 9

THEOREM 5.2. Given £ € {1,..., N}, we have that
AD = o=2mikBs, 1 A0 4 e2AO 4 o(g?),

where s; € {1,...,S} such that ¢ € By, A0 g given by Theorem 4.2 and

Y 1 . . )
30 9 Z e (maDsW O, mWD_3fO)
s=1,s#sy

and ms : CV —= V, is the CN -orthogonal projection onto V.

Proof. Recall from (5.4) that AW = = (P.gfO, 1Oy = (DgW £, uO) for every
€ > 0 small enough. Hence

O = (DaWJO, 1) + (DaW 9, i) = (DWW O, i) + (9, (D W) ).

From (4.15), (5.5) and

B
00 © ) _
(FO, 1) + (19, g9y = <fe ) = 51=0

we obtain that

KO = (2 (MO0 = ag®) i) + (70,2 (\Oul0 - D))
=;&W%Q¢%+U@w90—@%ﬂ%59>—<Dwﬁwg>
<_e—2m’kﬁse f'E(Z) 4 e~ 2mikBs, fa(e D f(e) e)>

" <i (_e—2m'k65£ FO § m2mikBa, f(0) _ Dgfg(é)) 7ﬂge)>
_e—2mikBe,

T ({0 + (50,0)) + (e - D)1 =m0, 40

+<1<e2“’“ﬁse D)1 = 1) O, O >

3

= (3 = Dy)(1 = m) S0, 21 = )

i <1<6‘2m"fﬁse = D)1= )L, (1= o, )i <Z’>

g
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where the last equality follows from the fact that (1 —7g) is an orthogonal projection.
From Propositions 4.7 and 4.10 we obtain that

lim A\ = <(e_2”ik552 — Dg) lim(1 — Ws)féé), lim
e—0

e—0

1
—(1- 775)/‘22)>

0¢e

+ <(e‘2mkﬁsf Dg) lim — (1 — 7y, ) f1 hm(l — T )pg@> .

e—0 ¢
S ) 71
= Z (e 2mikBs, _ o=2mikps) Z (;1_{% fs) ' (hm (€ ))
s=1,s#sy JEBS J J
5 (&)
—2mikBs, _ ,—2mikps . . (L
tOdL (e 3 (iﬂgfs)‘(i%ﬂf ),
s=1,s#sy JEBs I
S e
. I -
=2 Z _27”1@53[ _ e—27rzk65 Z (DBWf( )> . (WD_ﬁf(e)) .
s=1,s7sy jEB, J J

From Lemma 5.1 the map

O, ife =0,

is continuous. From the Mean Value Theorem we have that for every ¢ > 0, sufficiently
small, there exists c. € (0,¢) such that )\g) —\0 = Ac.€, therefore

y )\gﬁ) _ 5\(4) .y S <’/T5D5Wf(e)v WSWD*Bf(Z)> 0
El_I;I(l) f - Z e—27rik63£ _ e—27rik:,35

Below, we finally prove Theorem 2.10.

Proof. The proof of Theorem 2.10 follows from a direct combination of Proposi-
tion 3.7 with Theorems 4.2, 4.5 and 5.2. ]

6. Proof of Proposition 2.13. The proof of Proposition 2.13 follows from
standard techniques in perturbation theory (see [18]).

Proof of Proposition 2.13. From Lemma 3.1 and [18, I1.2.2], we obtain that the
maps in (2.16) are analytic functions. Equation (2.17) follows from differentiating the
identity Dy oWe fa.k,e = Ake,afk e a, With respect to a and observing, we can invert
the left-hand side of the identity

0 (0 0
D aWE_)\ g,a) 4 e, — D a e_)\ £,x —D QWS_iA £,x £,a
(D, ke, )8afk,, (Dy,aW. koe,or) <8a k, 90 ke )fk,,

since (fr.c.a a%/ifk@@ =0, foreach £ € {1,...,N}.

7. Explicit formulae for A\, and f() for W. defined in (1.1).

PROPOSITION 7.1 ([23, 31]). Let Ps be the matriz defined in Theorem 4.2. The
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etgenvalues of If’[g are

) 20— 1
—271'7,/661 _ N < <
e < 1—%—(:08(2]\[14_170)7 if1<i< N
2 ' {— Ng_
Ag)ﬂ = { e 2mikBs (—1 + cos <J\§s — N:ffl)) , if N1 <l <Ny, s#1,8

Comi 2({— Ng_1)—1 .
amikfs (1 Ns_1+1<l<N
e < +COS<2(N—N5_1)+17T , if Ng_1+1</4<

and their respective eigenvectors f9) are:

(a) if €€ {l,...,Ni}

. Ny +1 J ‘ .
2 +1 = . if1<j<N
(f(a)}: Sln(”( )<2N1+1 2N1+1)> Flsjsih
/ 0, if Ny <j<N

(b) if € {Ns_1+1,...,Ng} and s € {2,...,5 -1}

. (K_stl)(j_stl) . .
<
(f(é)>‘= sm(w N, N, i1 , if Ng—1 <j < N;
J

0, if § < Ngyq orj > Ny
(¢) ifte{Ns_1+1,...,N}

0, if1<j<Ns

0) — - —
(f )j sin (ﬂ'(%—l— 1)2‘7(N (NNSi\f;J:)1> . ifNg_1 <j<N’

The quantities ik and fk can be explicitly computed using the above equations and
Theorem 2.10 (via Theorems 4.5 and 5.2).

Acknowledgments. GF acknowledges productive early discussions with Dim-

itris Giannakis about a related model during a visit to Dartmouth in 2023.

(1]

(8]

REFERENCES

J. F. Arwves, V. ArAaUJo, aND C. H. VASQUEz, Stochastic stability of mon-uniformly hy-
perbolic diffeomorphisms, Stoch. Dyn., 7 (2007), pp. 299-333, https://doi.org/10.1142/
S0219493707002049.

B. B. CorRNUDELLA AND M. M. CASTRO, Conditioned stochastic stability of equilibrium states
on uniformly hyperbolic sets, 2025, https://arxiv.org/abs/2506.15503.

B. B. CORNUDELLA, M. M. DE CASTRO, AND J. S. W. LAMB, Conditioned stochastic stability
of equilibrium states on uniformly expanding repellers, 2024, https://arxiv.org/abs/2405.
01343.

H. CRIMMINS AND G. FROYLAND, Fourier approximation of the statistical properties of Anosov
maps on tori, Nonlinearity, 33 (2020), p. 6244.

M. DELLNILZ AND O. JUNGE, Set oriented mumerical methods in space mission design, in
Elsevier Astrodynamics Series, vol. 1, Elsevier, 2006, pp. 127-IV.

M. DELLNITZ, G. FROYLAND, AND S. SERTL, On the isolated spectrum of the Perron-Frobenius
operator, Nonlinearity, 13 (2000), p. 1171.

M. DELLNITZ AND O. JUNGE, On the approximation of complicated dynamical behavior, STAM
J. Numer. Anal., 36 (1999), pp. 491-515, https://doi.org/10.1137/S0036142996313002.

T. EISNER, B. FARKAS, M. HAASE, AND R. NAGEL, Operator theoretic aspects of ergodic theory,
vol. 272, Springer, 2015.


https://doi.org/10.1142/S0219493707002049
https://doi.org/10.1142/S0219493707002049
https://doi.org/10.1142/S0219493707002049
https://arxiv.org/abs/2506.15503
https://arxiv.org/abs/2405.01343
https://arxiv.org/abs/2405.01343
https://arxiv.org/abs/2405.01343
https://doi.org/10.1137/S0036142996313002

34

[10]

[11]

(12]

[16]

MATHEUS M. CASTRO, AND GARY FROYLAND

V. FRANCESCHINI, C. GIBERTI, AND Z. M. ZHENG, Characterization of the Lorenz attractor
by unstable periodic orbits, Nonlinearity, 6 (1993), pp. 251-258, http://stacks.iop.org/
0951-7715/6/251.

G. FROYLAND, D. GIANNAKIS, B. R. LINTNER, M. PIKE, AND J. SLAWINSKA, Spectral analysis of
climate dynamics with operator-theoretic approaches, Nature communications, 12 (2021),
p. 6570.

G. FROYLAND, D. GIANNAKIS, E. LUNA, AND J. SLAWINSKA, Revealing trends and persistent
cycles of non-autonomous systems with autonomous operator-theoretic techniques, Nature
Communications, 15 (2024), p. 4268.

G. FrROYLAND, O. JUNGE, AND P. KoLTAl, Estimating long-term behavior of flows without
trajectory integration: The infinitesimal generator approach, STAM Journal on Numerical
Analysis, 51 (2013), pp. 223-247.

G. FROYLAND AND K. PADBERG, Almost-invariant sets and invariant manifolds—connecting
probabilistic and geometric descriptions of coherent structures in flows, Phys. D, 238
(2009), pp. 1507-1523, https://doi.org/10.1016/j.physd.2009.03.002.

FroyLAND, K. PADBERG, M. H. ENGLAND, AND A. M. TREGUIER, Detection of coherent
oceanic structures via transfer operators, Physical review letters, 98 (2007), p. 224503.

FROYLAND, R. M. STUART, AND E. VAN SEBILLE, How well-connected is the surface of the
global ocean?, Chaos: An Interdisciplinary Journal of Nonlinear Science, 24 (2014).
GIANNAKIS, Data-driven spectral decomposition and forecasting of ergodic dynamical sys-
tems, Applied and Computational Harmonic Analysis, 47 (2019), pp. 338-396.

A. HORN AND C. R. JOHNSON, Matriz analysis, Cambridge University Press, Cambridge,
second ed., 2013.

KATO, Perturbation theory for linear operators, Classics in Mathematics, Springer-Verlag,
Berlin, 1995. Reprint of the 1980 edition.

KELLER AND C. LIVERANI, Stability of the spectrum for transfer operators, Annali della
Scuola Normale Superiore di Pisa-Classe di Scienze, 28 (1999), pp. 141-152.

KHASMINSKII, Stochastic stability of differential equations, vol. 66 of Stochastic Modelling
and Applied Probability, Springer, Heidelberg, second ed., 2012, https://doi.org/10.1007/
978-3-642-23280-0. With contributions by G. N. Milstein and M. B. Nevelson.

Y. KIFER, Some theorems on small random perturbations of dynamical systems, Uspehi Mat.
Nauk, 29 (1974), pp. 205-206.

J. M. LEE, Introduction to smooth manifolds, vol. 218 of Graduate Texts in Mathematics,
Springer, New York, second ed., 2013.

L. Losonczl, Eigenvalues and eigenvectors of some tridiagonal matrices, Acta Math. Hungar.,
60 (1992), pp. 309-322, https://doi.org/10.1007/BF00051649.

1. MEzIC AND A. BANASZUK, Comparison of systems with complex behavior, Physica D: Non-
linear Phenomena, 197 (2004), pp. 101-133.

P. MiroN, F. J. BERON-VERA, M. J. OLASCOAGA, G. FROYLAND, P. PEREZ-BRUNIUS, AND
J. SHEINBAUM, Lagrangian geography of the deep gulf of mexico, Journal of physical
oceanography, 49 (2019), pp. 269-290.

C. W. RowLEY, I. MEzZI¢, S. BAGHERI, P. SCHLATTER, AND D. S. HENNINGSON, Spectral
analysis of nonlinear flows, Journal of Fluid Mechanics, 641 (2009), pp. 115-127.

C. ScHUTTE, W. HUISINGA, AND P. DEUFLHARD, Transfer operator approach to conformational
dynamics in biomolecular systems, Springer, 2001.

S. M. ULAM, Problems in Modern Mathematics, Science Editions, John Wiley & Sons, New
York, 1964.

M. O. WiLLiams, C. W. RowLEY, AND I. G. KEVREKIDIS, A kernel-based method for data-
driven koopman spectral analysis, Journal of Computational Dynamics, 2 (2015), pp. 247—
265.

L.-S. Young, Stochastic stability of hyperbolic attractors, Ergodic Theory Dynam. Systems, 6
(1986), pp. 311-319, https://doi.org/10.1017/S0143385700003473.

W.-C. YUEH, Eigenvalues of several tridiagonal matrices, Appl. Math. E-Notes, 5 (2005),
pp. 66-74.

T Q =5 =% U a a


http://stacks.iop.org/0951-7715/6/251
http://stacks.iop.org/0951-7715/6/251
http://stacks.iop.org/0951-7715/6/251
https://doi.org/10.1016/j.physd.2009.03.002
https://doi.org/10.1007/978-3-642-23280-0
https://doi.org/10.1007/978-3-642-23280-0
https://doi.org/10.1007/978-3-642-23280-0
https://doi.org/10.1007/BF00051649
https://doi.org/10.1017/S0143385700003473

	Introduction
	Model and statements of main results
	The model
	General behaviour of eigenvalues and eigenfunctions
	The case of e=0
	The case of e>0

	The case of multiple fibres with common rotation speed
	Quadratic and linear response
	Linear response with respect to the band vectors
	The case of eps=0.
	The case of e>0


	Proofs of Proposition 2.3, Theorem 2.8(a), Theorem 2.8(2)(a), and Theorem 2.10(1)
	Proof of Proposition 2.3
	Proof of Proposition 2.3(1)
	Proof of Proposition 2.3(2)

	Distinct eigenvalues of Pe for small e>0 
	Proof of Theorem 2.8(2)(a) and Theorem 2.10(1)

	Proof of Theorem 2.8(2)(b) and Theorem 2.10: Linear component of (15) and Part (2)(b)
	Proof of Theorem 4.2
	Proof of Theorem 4.5

	Proof of Theorem 2.10 2(c) 
	Proof of Proposition 2.13
	 Explicit formulae for lambda and f for Wvarepsilon 
	References

