LONDON

Nonlinearity MATHEMATIGAL  10P Publishing

PAPER You may also like

Fourier approximation of the statistical properties 'ilbff?ig'if&?iig”g"!f&!"e”rﬁ’éiihfl'l?fi!:?v
. p anarization

Of AI’]OSOV maps On ton Guodong Chen, , Yuling Liu et al.

- The influence of excavation of combined
i . . X . i . foundations of high-voltage transmission
To cite this article: Harry Crimmins and Gary Froyland 2020 Nonlinearity 33 6244 towers and spoils loading on landslide
stability
Zhou Yingbo, Chen Hang, Zhou Qiupeng
etal.

- Research of the stability of some
hereditary dynamic systems
R.I. Parovik

View the article online for updates and enhancements.

Recent citations

- Differentiating densities on smooth
manifolds
Adam A. liwiak and Qiqi Wang

This content was downloaded from IP address 87.121.72.156 on 15/01/2022 at 05:03


https://doi.org/10.1088/1361-6544/ab987e
https://iopscience.iop.org/article/10.1088/1674-4926/35/8/086001
https://iopscience.iop.org/article/10.1088/1674-4926/35/8/086001
https://iopscience.iop.org/article/10.1088/1674-4926/35/8/086001
https://iopscience.iop.org/article/10.1088/1757-899X/780/4/042041
https://iopscience.iop.org/article/10.1088/1757-899X/780/4/042041
https://iopscience.iop.org/article/10.1088/1757-899X/780/4/042041
https://iopscience.iop.org/article/10.1088/1757-899X/780/4/042041
https://iopscience.iop.org/article/10.1088/1742-6596/1141/1/012079
https://iopscience.iop.org/article/10.1088/1742-6596/1141/1/012079
https://doi.org/10.1016/j.amc.2021.126444
https://doi.org/10.1016/j.amc.2021.126444

IOP Publishing | London Mathematical Society Nonlinearity

Nonlinearity 33 (2020) 6244-6296 https://doi.org/10.1088/1361-6544/ab987e

Fourier approximation of the statistical
properties of Anosov maps on tori

Harry Crimmins © and Gary Froyland

School of Mathematics and Statistics, University of New South Wales, Sydney NSW
2052, Australia

E-mail: h.crimmins@unsw.edu.au and g.froyland @unsw.edu.au

Received 28 June 2019, revised 18 March 2020
Accepted for publication 1 June 2020 @
Published 8 October 2020

CrossMark
Abstract
We study the stability of statistical properties of Anosov maps on tori by exam-
ining the stability of the spectrum of an analytically twisted Perron—Frobenius
operator on the anisotropic Banach spaces of Gouézel and Liverani (2006
Ergod. Theor. Dyn. Syst. 26 189-217). By extending our previous work in Crim-
mins and Froyland (2019 Ann. Henri Poincaré 20 3113-3161), we obtain the
stability of various statistical properties (the variance of a CLT and the rate func-
tion of an LDP) of Anosov maps to general perturbations, including new classes
of numerical approximations. In particular, we obtain new results on the stabil-
ity of the rate function under deterministic perturbations. As a key application,
we focus on perturbations arising from numerical schemes and develop two new
Fourier-analytic methods for efficiently computing approximations of the afore-
mentioned statistical properties. This includes the first example of a rigorous
scheme for approximating the peripheral spectral data of the Perron—Frobenius
operator of an Anosov map without mollification. We consequently obtain the
first rigorous numerical methods for estimating the variance and rate function
for Anosov maps.

Keywords: anosov, statistical stability, transfer operator, spectral stability, rate
function, diffusion coefficient, variance
Mathematics Subject Classification numbers: 37M25, 37D20.

(Some figures may appear in colour only in the online journal)

1. Introduction
We consider the stability of various statistical objects associated with Anosov maps T : T¢ (9

on tori, with a view towards building rigorous numerical estimates of these objects. In par-
ticular, we consider the Sinai—Ruelle-Bowen (SRB) measure j on T¢, the limiting variance
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of scaled Birkhoff sums of a smooth observation function g : TY — R guaranteed by the cen-
tral limit theorem (CLT), and the rate function associated with large deviations of Birkhoff
sums of g from [E,(g) as guaranteed by a large deviation principle (LDP). We use the naive
Nagaev—Guivarc’h method (see e.g. [13]) to relate the spectral data of an analytically twisted
Perron—Frobenius operator to statistical properties of the system. The stability these properties
then follows from the stability of the spectrum of the twisted Perron—Frobenius operator [8].

The stability of the SRB measure to deterministic and stochastic perturbations has been well
studied. Early results of Kifer [24] and Young [34] established the stability of SRB measures
under small stochastic perturbations. Differentiability of the SRB measure under sufficiently
smooth deterministic perturbations was proven for Anosov maps [21], followed by a more
detailed analysis in [30, 31]. Spectral approaches for higher order differentiability of the SRB
measure are developed in [7, 14].

Rigorous numerical schemes for approximating the SRB measure of an Anosov map were
considered in [11], where Ulam’s method is applied on Markov partitions, and in [9] via a
two-step process, whereby one first convolves with a locally supported stochastic kernel, and
then applies Ulam’s method. The paper [4] improves on the approach of [9] by linking the sup-
port radius of the kernel to the size of the Ulam partition elements, resulting in a single limit
process and estimates of the rate of convergence; unfortunately, the support radius scaling is
very large compared to the partition element diameter. Each of the above approaches has sig-
nificant shortcomings: while [11] avoids convolution, computing Markov partitions is usually
impractical; in practice, one usually does not implement the convolution in the methods of [4,
9] because of a large computational cost.

In the present paper, we develop two new rigorous approaches that are computationally prac-
tical. Each is based on Fourier approximation, which is a natural basis for the periodic domain
T?, and can exploit the smoothness in the map T. Furthermore, the spatial Fourier basis need
not be adapted to the unstable and stable directions of 75 we use a standard Cartesian coor-
dinate system. Our first scheme builds finite-rank approximations of the Perron—Frobenius
operator in a two-step process involving convolution, but the convolution is cheaply imple-
mentable via Fourier methods. Our second scheme builds a single sequence of finite-rank
approximations of the Perron—Frobenius operator that avoids convolution altogether. The SRB
measure approximation is found as the leading eigenvector of these finite-rank estimates of
the Perron—Frobenius operator (in frequency space), and represents a real-analytic function
close to the true SRB measure in the anisotropic norms of [14]. In both cases, we prove that
the approximate SRB measure produced by the scheme converges to the actual measure as
the accuracy of the scheme improves. We implement both approaches and find convergent
numerical approximations of the SRB measure for an example Anosov map.

In the Anosov setting the stability of the variance has been established for specific pertur-
bations, usually via a combination of the Green-Kubo formula and spectral stability of the
(untwisted) transfer operator. Our approach is essentially the same, although by considering
the stability of the twisted transfer operator we additionally obtain the stability of the rate func-
tion. Stability of the variance is noted in [4] for stochastic perturbations with smooth kernels,
and in [14] for smooth deterministic perturbations and a broad class of random perturbations.
The variance has also been shown to be stable to deterministic perturbations of Lorenz flows
[3].

Rigorous numerical schemes for estimating the variance have so far been considered for C*
expanding circle maps [33], piecewise analytic expanding interval maps [18], Lasota—Yorke
maps [2, 8], the intermittent Liverani—Saussol—Vaienti interval map [2], and piecewise expand-
ing multidimensional maps [8]. All of these methods produce computable bounds for the
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approximation error, except [8] which demonstrates convergence of the numerical approxi-
mation with increasing numerical resolution. We will show that our new Fourier-based con-
structions and the anisotropic spaces of [14] fit into the general stability framework developed
in [8], which yields stability of the CLT variance for a broad class of deterministic, stochastic,
and numerical perturbations. We thus obtain the first rigorous numerical scheme for estimating
the variance for Anosov systems, and implement this scheme to produce numerical estimates
for an example Anosov map. Our implementation constructs a finite-rank approximation of the
Perron—Frobenius operator (in frequency space) and exploits the smoothness of spectral data
to only require the solution of a single linear equation to estimate the variance.

In the context of Anosov flows, the stability of the rate function with respect to smooth
deterministic perturbations of the velocity field is noted in [7]. We extend the general stabil-
ity framework [8] for statistical properties of multidimensional piecewise expanding maps to
the setting of Anosov diffeomorphisms, proving stability of the rate function with respect to
standard classes of deterministic, stochastic, and numerical perturbations. This yields a proof
of uniform convergence of the rate function with respect to smooth deterministic perturba-
tions of an Anosov map. For each of the two new Fourier-based schemes, we prove uniform
convergence of the rate function estimates arising from finite-rank approximations of twisted
Perron—Frobenius operators. We implement these schemes to provide numerical estimates of
a rate function for an example observation and Anosov map.

An overview of the paper is as follows. Section 2 briefly reviews results from [8] concern-
ing the spectral stability of twisted quasi-compact operators in the sense of [23]. In section 3
we state the abstract requirements for the Nagaev—Guivarc’h method to guarantee a central
limit theorem and large deviation principle, and state an abstract hypothesis that yields stabil-
ity of the variance and rate function using a modification of the abstract stability result from
[8]. In section 4 we briefly introduce the functional analytic setting of Gouézel and Liverani
[14] and verify the abstract hypothesis for Anosov maps in this setting. We then obtain sta-
bility of the rate function for Anosov diffeomorphisms under deterministic perturbations; see
theorem 4.4. Section 5 introduces our first Fourier-analytic scheme, which has wide applica-
bility due to additional mollification, allowing the scheme to ‘smooth away’ the complications
of hyperbolic dynamics. Proposition 5.3 verifies that there is a sequence of Fourier projections
of mollified transfer operators that satisfy the abstract stability hypotheses and theorem 5.6
states the corresponding stability results. In section 6 we introduce our second scheme, which
removes the mollification step for Anosov maps with approximately constant stable and unsta-
ble directions; we obtain a pure (weighted) Fourier projection method based on the Fejér kernel.
‘We may subject the transfer operator to stochastic kernels with relaxed regularity requirements
(compared to section 5) and full (but sufficiently decaying) support and still obtain the abstract
stability hypotheses; see proposition 6.1. Theorem 6.3 summarises the stability results that are
obtained, and corollary 6.4 addresses the perturbation arising from approximation with Fejér
kernels. We conclude in section 7 by implementing the above schemes on a nonlinear perturba-
tion of Arnold’s cat map. We compare our Fourier-based estimates of the SRB measure and the
variance with estimates from a (non-rigorous) pure Ulam method, and compute Fourier-based
estimates of the rate function. To the authors’ knowledge, this constitutes the first rigorous (in
the sense of convergence) computation of the variance and rate function of an Anosov map.

2. A review of the spectral stability of twisted quasi-compact operators

In this section we review the theory of spectral stability of quasi-compact operators from [23]
and the corresponding results for twisted operators from [8]. Let (E, ||-||) be a (complex) Banach
space, denote by L(E) the bounded linear operators on E and by ||-|| the operator norm on L(E),
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and let A € L(E). Denote the spectrum of A by o(A). The essential spectrum of A is
Oess(A) = {w € 0(A) : wisnotan eigenvalue of A of finite algebraic multiplicity }.

Denote the spectral radius and essential spectral radius of A by p(A) and p.(A), respectively.
We say that A is quasi-compact if p.(A) < p(A). If A is quasi-compact and o(A) N {w : |w| =
p(A)} consists of a single simple eigenvalue A then we call A simple and X\ the leading
eigenvalue of A. In this case A has decomposition [19, I11.6.4-5]

A=)I+N, ey

where 1I is the rank-one eigenprojection corresponding to A\, N € L(E) is such that p(N) <
p(A), and NI = TIN = 0. We call (1) the quasi-compact decomposition of A.
Let |-| be a norm on E such that the closed, unit ball in (E, ||-||) is relatively compact in the

topology of |-|. After possibly scaling |-|, we may assume that |-| < ||-||. Define the norm |||-|||
on L(E) by
Al = sup |Af].
I£1=1

It is classical that if A is a simple quasi-compact operator and ||A” — A|| is sufficiently small for
some A’ € L(E) then A’ is also a simple quasi-compact operator with leading eigenvalue close
to A (see e.g. [19, IV.3.5]). However, this condition of closeness in ||| is seldom satisfied by
applications in dynamical systems. In [23], Keller and Liverani showed that if A’ is close to A
in the weaker topology of |||-|||, both operators obey a Lasota—Yorke inequality, and growth
restrictions are placed on the (various) operator norms of iterates of A and A’, then one can
recover appropriately modified versions of the spectral stability results from operator norm
based perturbation theory. We now detail the requirements for these results, referring to [23]
for exact statements.

Definition 2.1. A family of operators {A.}.>o C L(E) satisfies the Keller—Liverani (KL)
condition if each of the following is satisfied:

(KL1) There exists a monotone upper-semicontinuous function 7 : [0, c0) — [0, c0) such
that 7(¢) > 0 whenever € > 0, |||A. — Ao||| < 7(€), and lim._,o7(¢) = 0.

(KL2) There exists C;, K; > 0 such that |AZ’ < CiK] forevery e > 0and n € N.

(KL3) There exists C, C3, K> > 0 and « € (0, 1) such that

[AZfII < G| fI] + C3K5 | f] 2)
foreverye > 0,f€ Eandn € N.

Remark 2.2. If rates of convergence are not required, then it suffices to prove that
[[|[Ac — Ao||| — O instead of constructing the function 7 in (KL1). After possibly passing to
a sub-family {A. }ccfo,) for some € > 0, the two conditions are equivalent. We will use this
fact frequently without further comment.

Instead of considering a single simple quasi-compact operator, one sometimes considers an
analytic operator-valued map' A(-) : D — L(E), where D C C is an open neighbourhood of 0

! Recall that an operator-valued map P : D — L(E) is analytic if D is an open subset of C and P is locally representable
by a ||-||-convergent power series.
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and A(0) is quasi-compact and simple. In this case, classical analytic perturbation theory for lin-
ear operators [19] posits the existence of some § > 0 such that A(z) is a simple quasi-compact
operator foreach z € Dy = {w : |w| < §}. Moreover, the quasi-compact decomposition of A(z)
depends analytically on z i.e. there are analytic maps A() : Ds — C, II(-) : Ds — L(E), and
N(-): Dy — L(E) such that A(z) has quasi-compact decomposition A(z) = A(2)II(z) + N(2).
In [8] the authors considered the question of spectral stability of such analytic operator-
valued maps under conditions similar to (KL) and when the analytic families are induced by a
‘twist’.

Definition2.3. IfM: D — L(E) is analytic on an open neighbourhood D C C of 0 and M(0)
is the identity, then we call M a twist. If A € L(E) then the operators A(z) := AM(z) are said to
be twisted by M. We say that M is compactly |-|-bounded if for every compact V C D we have

sup |M(2)| < oo.
eV

We state a version of [8, theorem 2.6] concerning the spectral stability of twisted quasi-
compact operators; we use the superscript () to denote the nth derivative.

Theorem 2.4 ([8, theorem 2.6]). Ler {A.}eo satisfy (KL), where Ag is a simple quasi-
compact operator with leading eigenvalue X\ satisfying o < |\o|, and let M : D — C be a
compactly |-|-bounded twist. Then there exists 0,6 > 0 and, for each € € [0, €], analytic
SJunctions \(*) : Dg — C, 11.(:) : Dy — L(E), and N(-) : Dy — L(E) such that A.(2) is a sim-
ple quasi-compact operator with decomposition A.(z) = A\e(2)lL(z) + Nc(z) whenever z € Dy.
Additionally, for each n € N we have the following convergence as ¢ — 0 on Dy:

(@) A\(-) converges uniformly to )\g’)(-).
(b) TI"(-) converges uniformly to TIJ"(-) in |[|-||
(¢) N™(-) converges uniformly to NJ"(-) in |||-|||.
We finish this section with a result concerning the robustness of the condition (KL) to pertur-

bations that are simultaneously small in the operator norms ||-|| and |-|, which we will frequently
use in the sequel.

Proposition 2.5. Suppose that {A.}.>o satisfies (KL) and {B.}ecjo.,) C L(E) satisfies
By =0, lim.y||Bc|]| =0 and SUPc10,c;) |B| < 0o. Then there exists €; € (0,€¢1) so that
{Ac + B:}ecio,e,) satisfies (KL).

Proof. We prove (KL1), (KL2) and (KL3) separately.
(KL1) As ||B.|| — 0, there exists ¢ > 0 so that sup.cpo.||Be|| < co. As {A.}e>o satisfies
(KL1), {B.}.cpo. is bounded in L(E), ||B|| = 0, and
lAc + Be — Aol < |Ac — Aoll + [|B]l,

it is clear that (KL 1) is satisfied.
(KL2) As {A. } >0 satisfies (KL2) and sup, (., |Bc| < 0o, we have

sup |Ac+ B < CK + sup |B| < oo.

ecl0,e1) ecl0,e1)

The required bound follows by iterating this inequality.
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(KL3) By expanding (A, + B.)", applying a counting argument, and using (KL3) for
{Ac}e=0 we have

n—1

[(Ac +B)" fI| < [|ALS]l +Zm\|Ae||k||Bs|| “IAI
— ! !

n—1

< Ca"|[fll + CiK3 [ £1+2") I B (1 f1- 3
k=0

Let 5 € (o, 1) and choose n € N so that C;a" < 3". As (KL3) holds for {A.}>o, it follows
that {A.}.>0 is bounded in L(E). Hence, as ||B.|| — 0, there exists ¢’ > 0 so that for every
€ € [0, ") we have

n—1

Cra +2"3 A MBI < B
k=0

By applying this inequality to (3) we deduce that for all € € [0, €’) one has
[Ac + B fIl < B"[| fIl + K3 | f1.- 4)

Using (KL2) for {A¢ + B }eco,,) One may iterate (4) to obtain for all € € [0,¢”) and k € Z*
that

[(Ac + BY™ fI| < B™|| f]| + CaK5* | £1, (5)

where Cy, K3 > 0 are independent of k and e. In the present setting, sup.cjo . ||Ac + Bel| is
finite. Using this fact one easily obtains (KL3) from (5). O

3. Stability of the statistical properties of dynamical systems via the naive
Nagaev—Guivarc’h method

In [8] it is shown that when a dynamical system satisfies a central limit theorem or large devia-
tion principle via the Nagaev—Guivarc’h method, then the variance and rate function associated
with these statistical laws are stable under perturbations satisfying (KL). However, the the
method as formulated in [8] (see also [1, 15]) is occasionally inapplicable due to some technical
requirements; for example, it is required that the Perron—Frobenius operator is quasi-compact
on a Banach algebra, and that the Banach space in question is a subspace of L'. Neither con-
dition is generally verified by the transfer operator associated to Anosov maps on any known
Banach space. In [13] Goué&zel details the naive Nagaev—Guivarc’h method, which circumvents
some of these shortcomings with a more abstract formulation of the method. In this section
we recall how a CLT and LDP may be obtained via the naive Nagaev—Guivarc’h method. In
theorem 3.5 we show that when the method is compatible with the stability theory for twisted
quasi-compact operators detailed in section 2, then the variance of the CLT and the rate function
of the LDP are stable to perturbations of the type (KL). In what follows {Y } ey is a sequence
of real random variables with partial sums §,, = ZZ;(I) Yy satisfying lim,,_,, E(S,)/n = 0.

Theorem 3.1 (Central limit theorem [13, theorem 2.4]). If there exist a Banach space E,
operator-valued map A(-) : I — L(E), where I is a real open neighbourhood of 0, and ( € E,
v € E* such that:
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(a) A(0) is a simple quasi-compact operator with p(A(0)) = 1.
(b) The mapping t — A(t) is C* as a map into (L(E), ||-||).
(¢) Ee™") = v(A@®)"¢) foralln € Nand t € I.

Then { Y} }ren satisfies a CLT: there exists o > 0 such that S, /\/n converges in distribution
to an N(0, 0®) random variable as n — o.

Theorem 3.2 (Large deviation principle [10, remark 2.3]). If there exist a Banach space E,
operator-valued map A(-) : I — L(E), where I is a real open neighbourhood of 0, and ( € E,
v € E* such that:

(a) A(0) is a simple quasi-compact operator with p(A(0)) = 1.

(b) The mapping t — A(t) is C' as a map into (L(E), ||-||) and t — In p(A(t)) is strictly convex
in some neighbourhood of 0.

(¢) Ee™) = v(A@W)"() foralln € Nand t € I.

Then {Y}ren satisfies an LDP: there exists a non-negative, continuous and convex rate
SJunctionr : J — R, where J is an open neighbourhood of 0, such that for every e € J N (0, 00)
we have

1
lim —In Prob(S, > ne) = —r(e).
n—oo N
Remark 3.3. As stated, theorem 3.2 differs slightly to the resultin [10, remark 2.3], however
a straightforward modification of the arguments from [10] readily yields theorem 3.2.

Both the CLT and LDP are parameterised, and under the settings of theorems 3.1 and 3.2
these parameters are determined by the spectral data of A(f) as follows. As s A(f) is C*
(k=1,2) and A(0) is a simple quasi-compact operator, by [13, proposition 2.3] there exists
6 > 0 and C* maps \(-): (=0, 0) = C,II(-) : (=0, 0) — L(E), and N(-) : (=6, 0) — L(E) such
that for for ¢ € (—6, ) the operator A(¢) is quasi-compact and simple with leading eigenvalue
A(?) and decomposition A(f) = A(#)LI(#) + N(). The variance of CLT is

o* = A2(0), (6)
and the rate function of the LDP is

r(s) = sup (st — In|A\(@®)|).
te(—0,0)

Moreover, due to the strict convexity and continuous differentiability of ¢ — In|A(7)| on
(=0, 60), and the application of the local Gartner—Ellis theorem [15, lemma XIII.2] used to
obtain theorem 3.2, we have that the domain of the rate function is

d
(dz In[A(@)| z_o) . @)

In theorem 3.1 the characteristic function of S, is encoded by vA(#)"¢ whilst in theorem
3.2 it is the moment-generating function of S, that is encoded. These settings are frequently
unified by the following hypothesis:

d
Rl |
‘& n|A@2)|

z=—0

Hypothesis 3.4. Suppose that { Y} }cw is a sequence of real random variables with partial
sums S, = ZZ;(I) Yy satisfying lim,,_,» E(S,)/n = 0. We say that { Y} }rcn satisfies hypothesis
3.4 if there exists a Banach space (E, ||-||), ¢ € E, v € E*, and an analytic operator-valued map
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A: D+ L(E), where D C C is an open neighbourhood of 0, such that A(0) is a simple quasi-
compact operator, p(A(0)) = 1, t — p(A(?)) is strictly convex in some real neighbourhood of
0, and

E(e®") = vA()"¢

foreveryz € Dandn € N.

It is clear that if hypothesis 3.4 holds then theorems 3.1 and 3.2 both hold i.e. {¥}}ren
satisfies a CLT and LDP. Hypothesis 3.4 is frequently verified by applications of the naive
Nagaev—Guivarc’h method to dynamical systems. In addition, in these applications the map
z +— A(z) arises from a twist i.e. there exists a twist M : D — L(E) such that A(z) = A(0)M(z).
In this case we can apply theorem 2.4 to obtain stability of the variance and rate function with
respect to perturbations satisfying (KL).

Theorem 3.5. Let {Yi}ien be a sequence of real random variables satisfying hypothe-
sis 3.4. Suppose that |-| is a second norm on E so that the closed, unit ball in (E,|-||) is
relatively compact with respect to |-| and that there exists a compactly |-|-bounded twist
M : D — L(E) such that A(z) = A(O)M(z). If {Ac}eso satisfies (KL), where Ag = A(0), then
there exists 0, ¢ > 0and, forevery e € [0, €', analytic maps \(-) : Dg — C, 11.(-) : Dy — L(E)
and N.(*) : Dy — L(E) such that for every € € [0, €] and z € Dy the operator A.(z) has quasi-
compact decomposition A.(z) = A\ ()11 (2) + N(z) and as € — 0 the maps A\.(-), I1.(-) and
N(+) converge as in theorem 2.4. Moreover, we have stability of the parameters of the CLT
and LDP for { Y }ren in the following sense:

(a) The variance is stable: lim,_y )\9)(0) = o2
(b) The rate function is stable: for each sufficiently small compact subset U of the domain of
the rate function r, there exists an interval V C (=0, 0) so that

lim sup(sz — log |\ .(2)]) = r(s
lim sup(sz — log ]\ () = 7(5)

uniformly on U.

Proof. By theorem 2.4 there exists 6, ¢ > 0 and, for each e € [0, €'], maps A.(-), II.(-) and
N.(-) as required for theorem 3.5. The proof of the stability of the variance follows from (6) and
theorem 2.4. After possibly reducing the value of 6, so that the domain of the rate function is
the one given in theorem 3.2, the stability of the rate function follows from [8, theorem 3.8 and
proposition 3.9] with some minor modifications that we will now discuss. In [8] it is required
that A.(z) is positive for each ¢ > 0 and z € R so that \.(z) is positive too; we remove this
assumption and consequently deal with |\.(z)| instead. By theorem 2.4 and the reverse trian-
gle inequality we have uniform convergence of |\.(-)| to |Ao(-)| on each compact subset of
Dy. Although [8, theorem 3.8] proves a Holder estimate for the convergence of the rate func-
tions, straightforward modifications to the proof yields uniform convergence as is required for
theorem 3.5. The proof of [8, proposition 3.10] holds upon replacing [8, lemma 3.9] with the
condition that z — In p(L(z)) is strictly convex in a real neighbourhood of 0, and noting that
z+ In|Ao(z)] is C! on (-6, 0). O

4. Stability of statistical limit laws for Anosov maps

It is classical that topologically transitive Anosov diffeomorphisms satisfy a central limit
theorem and large deviation principle for sufficiently smooth observables: such results were
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first established by using Markov partitions to reduce to the case of subshifts of finite type
[26, 27]. In order to apply the stability results from section 3 to Anosov maps we require that
these limit laws hold due to the naive Nagaev—Guivarc’h method; verifying this is the main
point of this section. In particular, using the functional analytic setup in [14], we confirm that
{g o T*} e satisfies hypothesis 3.4 for Ta C"! Anosov map, r > 1, and appropriate observ-
ables g. Theorem 3.5 then yields stability of the variance and rate function to perturbations of
type (KL), which forms the basis for our results in sections 5—7.

4.1. The functional analytic setup of Gouézel and Liverani

We review the functional analytic setup of [14]. Let d > 1 and X be a d-dimensional, C*,
compact, connected Riemannian manifold and 7' € C "1(X,X), r > 1, be an Anosov map. In
[14] the metric on X is replaced by an adapted metric x — (-, -), such that T exhibits strict
contraction and expansion in the stable and unstable directions, respectively. More specifically,
if x — ||-||x denotes the norm induced by the adapted metric, and x — E(x) and x — E,(x)
denote the stable and unstable bundles, respectively, associated to 7, then there exists v, Ly €
(0, 1) such that

-1
<

T

sup
xeX

<v; and sup
X xeX

‘DXTES(.X)

—1
DXT ‘E“(.x)

X

Following [5, proposition 5.2.2], we review the construction of such a metric in section 6.1
as the specific choice of metric will later simplify some arguments. When 7 has a unique
SRB measure we denote it by u. Let €2 denote both the Riemannian measure on X induced by
the adapted metric and the linear functional f +— [ fdQ2. The transfer operator £ : C"(X,R) —
C"(X,R) associated with T is defined by

/ (Ch) - udQ = / h-(uo T)dQ, (8)

where u, h € C"(X, R). For L to have ‘good’ spectral properties it is necessary to consider it as
an operator on an appropriately chosen anisotropic Banach space. We now describe the con-
struction of such a space from [14]. Core to this construction is a set 3 of ‘admissible leaves’:
small submanifolds of bounded curvature that are uniformly close to the stable directions of
T, see [14, section 3] for the full definition. For each W € ¥ we denote the collection of C"
vector fields that are defined on a neighbourhood of W by V"(W), and by cg (W, R) the set of
functions in C4(W, R) that vanish on a neighbourhood of OW. For h € C"(X,R),q > 0,p € N
with p < rlet

HhH;q = sup sup sup /(vl .o vph) - .
w

WeX vy,..vpeV (W) png(W,]R)
Joiler <1 lelea <1
Then
1lng = sup [IAlige=_sup |kl ©)
0<k<p P'<pq' Zq+p

is a norm on C’(X,R). Denote by B”? the completion of C"(X,R) under this norm. As
the naive Nagaev—Guivarc’h method requires a complex Banach space, we consider the
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complexification BZ? of the spaces B”?. When endowed with the norm?
17y + ihil| pg = max{||A[| pg, [| il pg }s (10)

B is a complex Banach space. It is on this space that the operator £ is quasi-compact.

Theorem 4.1 ([ 14, theorem 2.3]). If p € Z™T and q > 0 satisfy g + p < r then the operator
L : B? — B has spectral radius one. In addition, L is quasi-compact with pess(L) C {w €
C: |w| < max{v,?,vi}}. Moreover, the eigenfunctions corresponding to eigenvalues of mod-

ulus 1 are distributions of order 0, i.e., measures. If the map is topologically transitive, then 1
is a simple eigenvalue and no other eigenvalues of modulus one are present.

4.2. The naive Nagaev—-Guivarc’h method for Anosov maps

The main technical result of this section is proposition 4.3, which verifies hypothesis 3.4 in the
setting of section 4.1. As 1 € BZ?, for any g € C"(X, R) we may define e% by the power series
> reo 2k /k!. We define M, (-) : C — L(BR?) by setting M,(z)(h) = e%h for h € C"(X, C) and
then passing to Bf:? by density.

Proposition 4.2. Let pe Z*, q > 0 satisfy p+q <r. If g € C"(X,R) and M,:C —
L(BY") is defined by My(2)(f) = e%f, then My is a compactly ||-|,—1,4+1-bounded twist.

By [14, proposition 4.1] there is a continuous injection from Bf:? into D/ (X), the distribu-
tions of order at most g. With this injection in mind, we can consider some elements of B7:
as probability measures (exactly when they are probability measures in D;(X)). Recall that
g € C"(X,R) is an L*(y)-coboundary if there is ¢ € L*(1) so that g = ¢ — ¢ o T.

Proposition 4.3. Assume that L is a simple quasi-compact operator. Let p € 7" and g > 0
satisfy g + p < r. Let m € B" be a probability measure, and suppose g € C'(X,R) satisfies
[ gdp = 0and is not an L*(p)-coboundary. Define L(-) : C — L(BY:") by L(z) = LM,(z). Then
{g o T*}1cn, when considered on the probability space (X, m), satisfies hypothesis 3.4 with
Banach space B{: and operator-valued map L(-).

With proposition 4.3 in hand, by theorems 3.1 and 3.2 we immediately obtain a CLT
and LDP (on appropriate probability spaces) for {g o T*};cx whenever g € C"(X, R) satisfies
[ gdp = 0and is notan L(u)-coboundary. Moreover, as M, is a compactly |-[|,1 4+1-bounded
twist and the unit ball in BZ? is relatively compact in ||-||,—1 441 [14, lemma 2.1], theorem 3.5
yields stability of the variance and rate function with respect to perturbations of the type (KL).
In section 7 we use this fact to numerically approximate the statistical properties of Anosov
maps on tori. For the moment we state the following application on the stability of the rate func-
tion for deterministic perturbations to topologically transitive Anosov maps, which are known
to satisfy (KL) as per [14, section 17]. This result should be compared to [14, theorem 2.8,
remark 2.11]. For y € R we denote by 7, the map x — x + y.

Theorem 4.4 (Stability of the rate function under deterministic perturbations). Letr T(-) €
CY([0, 11,C" (X, X)) be such that T(0) is a topologically transitive Anosov diffeomorphism.
Let p € ZT and q > 0 satisfy p + q < r. Fix a probability measure m € B"! and suppose
g € C"(X,R) satisfies [ gdpn = 0 and is not an L?*(p)-coboundary. There exists € > 0 and, for
eacht € [0, €], a number A, and map r, : J — A, — R, where J is an open real neighbourhood

2 We abuse notation and denote the norm on B2 by ||-||,.4-
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of 0, so that {g o T — A; bren satisfies an LDP on (X, m) with rate function r,, A, — Ag = 0
and r; o T_p, — 1o compactly on J.

We defer the proofs of propositions 4.2 and 4.3, and theorem 4.4 to appendix A.

5. Approximating the statistical data of Anosov maps

In this section we introduce a scheme for approximating the spectrum of the Perron—Frobenius
operator associated to an Anosov map on the d-dimensional torus T¢, which we identify with
R?/Z4. The scheme proceeds by convolving the Perron—Frobenius operator with a compactly
supported mollifier, and then approximating the ‘smoothened’ operator using Fourier series. A
similar idea is developed in [4], where Ulam’s method is considered instead of Fourier series
and convergence of the SRB measure and variance are obtained under this scheme. We note
that [4] did not include any computations (as we do, in section 7) nor did they consider the
stability of the rate function.

Throughout this section we adopt the setting, assumptions and notation of section 4.1, and
fix p € Z* and ¢ > 0 satisfying p + ¢ < r. Let Leb denote the normalised Haar measure on
T<. For some €; > 0, suppose that the family of stochastic kernels {g.}ccq,,) € C*(T¢, R)
satisfies the following conditions:

(S1) ¢, > 0and [ g.dLeb = 1;
(S2) The support of g, is contained in B.(0).

For such a family we define operators Q. : C'(T¢, C) — C"(T¢, C) by Q.f = f* q.. Recall
that convolution is defined with respect to the Haar measure Leb on T¢, which may differ
from the measure {2 that is induced by the adapted metric. It is evident, however, that the
Radon—Nikodym derivatives dd]“g‘;b and % both exist, and are elements of C*(T¢, R). As a
consequence we obtain the following characterisation of Q,:

Lemma5.1. Q, extends to a bounded operator Q. : BY! — C>(T9, C). Consequently, Q, is
compact as an element of L(Bf?, C"™(T¢,C)) for every m € Z". Moreover, Q, is compact as an
element of L(BY") and, for each my,my € Z*, as an element of L(C™ (T?, C),C"™ (T4, C)).
Let £y = £ and, for each ¢ € (0, ¢)), let £, = Q.Ly, which is in L(B?) by virtue of the
previous lemma.
Lemma 5.2. There exists €; € (0, €;) so that {L}eco.,) satisfies (KL) on BRI with |-| =
llp-1.q41-
By lemma 5.1, for each € € (0, ¢;) the operator L. is compact and, for every m € Z*, maps
the unit ball of B2 into a bounded subset of C"(T, C). For this reason £, may be approximated

with Fourier series for each € > 0. For k = (ky,..., k) € Z we set k|| = max; |k;| and
k|l = 3=, |ki|. For each n € ZT define 1L, : C(T%, C) — C(T¢, C) by

ALHE = Y ™,
c d
HkaZén

where f denotes the Fourier transform? of f. For everye € (0,¢1)andn € Z1 let L., = IL, L.
To simplify our notation, we set L. ., = L.. Our main technical result for this section is the
following.

3 Specifically, f(k) = [ra f(x)e 2% d Leb(x).
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Proposition 5.3. There exists e3 € (0,e2) and a map N:[0,e3) > NU{oo} with
N~'(c0) = {0}, so that for any map n : [0, €3) — N U {oo} with n > N the family of operators
{Lene Yeclo,e5) satisfies (KL) on BE with |-| = ||-|| p-1,4+1-

Remark 5.4. By proposition 5.3 we may apply the results in [23] to { L e }efo.c;)- Hence,
all the isolated eigenvalues of £ with modulus strictly greater than the constant «v in (2) are
approximated by eigenvalues of L. ), with error vanishing as e — 0. When such an eigenvalue
of L is simple, we additionally have that the corresponding eigenprojection and eigenvector
are approximated by those of L, in ||-||| and |-|, respectively.

Remark 5.5. From the proof of proposition 5.3 it is clear that asymptotic behaviour of n(e)
as € — 0 is determined by the family of stochastic kernels {g. }~¢. By restricting to a specific
family of kernels one could more explicitly describe the dependence of € on n(¢). This is exactly
what is done in [4, section 2.6]: in their scheme it is shown that n(e) = O(e™") for an exponent
r > 0 that may be estimated in terms of dynamics, where n represents the maximum size of
a polytope used in an Ulam discretisation, and € represents the dilation of a fixed stochastic
kernel g (i.e ¢.(x) := e *q(¢~'x)). See [4, section 2.6] for more details.

Propositions 5.3 and 4.3 allow us to apply theorem 3.5 to obtain the stability of the invariant
measure, variance and rate function. We note that since Anosov diffeomorphisms on tori are
mixing [20, proposition 18.6.5], it follows that 1 is the only eigenvalue of £ of modulus 1,
and is a simple eigenvalue. In particular 7 has a unique SRB measure ;1 € B”4, as required by
theorem 3.5.

Theorem 5.6. Suppose that g € C'(T%,R) satisfies [gdu =0 and is not a L*(w)-
coboundary. Denote by M,(-) : C — L(BL%?) the map M,(2)f = e%f. Let N,n satisfy the con-
ditions of proposition 5.3. There exists 0,¢ > 0 so that for each ¢ € [0,€) and z € Dy the
operator L.y (2) is quasi-compact and simple with leading eigenvalue \(z) depending ana-
lytically on z. Moreover, we have stability of the following statistical data associated to T and
{g o Tk}keN N

(a) The invariant measure is stable: there exists eigenvectors v. € Bfé’q of Ly for the
eigenvalue \.(0) for which lim||ve — pf|p—14+1 = 0.

(b) The variance is stable: lim._y A?(0) = o2.

(¢) The rate function is stable: For each sufficiently small compact subset U of the domain of
the rate function r there exists an interval V C (—8, 0) so that

lim sup(sz — log | Ac(2)]) = r(s)
0 zev

uniformly on U.

Remark 5.7. In section 7 we aim to estimate the statistical properties of an Anosov map T
using lemma 5.2, proposition 5.3 and theorem 5.6. However, these results concern the stability
of the spectral data of the transfer operator associated to an Anosov map 7 on the d-dimensional
torus T¢ equipped with an adapted metric. In particular, this operator, say Lq, is defined by
duality with respect to the adapted Riemannian measure €. From a computational perspective
one would much rather approximate the transfer operator Ly, that is defined by duality with
respect to Leb, the Haar probability measure on T, since this removes the need to compute
any quantities that depend on the adapted metric. Luckily, the relationship between these oper-
ators (and their twists) is simple: they are conjugate and therefore have the same spectrum (see
proposition B.1). Hence an approximation of the spectrum of Ly, (z) is also an approxima-
tion of the spectrum of L (z). However, it is not clear from the proofs in this section that if
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{ILyeQc Lo }eepoey satisfies (KL) due to proposition 5.3 then so too does {IL,)QcLieb Fecfo.c
i.e. a numerical scheme that is valid for £, may not be valid for £ ¢,. In appendix B we show
that this obstruction does not occur, at least not in the current setting; the relevant results are
propositions B.1-B.3.

The remainder of this section is dedicated to the proofs of the aforementioned results.

The proof oflemma 5.1. Lete € (0,¢),k € N?and f € C'(T¢, C). Denote % b
1 . Xd

k. From the beginning of [14, section 4] the map & — [ hd2 is bounded on BZ?. Moreover,

multiplication by C” functions is bounded on B%:? by [14, lemma 3.2]. These facts, together

with standard properties of convolutions, imply that there exists a C independent of f, k and ¢

such that

sup [(Ok(ge * f))(xX)| = sup

xeTd xeTd

/ (Okg)(x =) f(¥) dLeb(y)‘

dLeb

10kqellca-
X

= sup
xeTd

/ (Og)(x =) f (y) (y)dQ(y)‘ Hf

Since dLeb € C>(T? R), using the continuity of multiplication by C" functions again yields

dLeb

1Qcfll gk, < C' 0

] 1l
CV

for some appropriate constant C'. Hence, Q. extends to a bounded operator Q. : BRY —
C™(T?, C) for every m € Z* . It follows that Q, also extends to a bounded operator Q, : BXY —
C>(T?, C). As bounded sets in C*(T¢, C) are compact in C"(T¢, C) for every m € Z*, each
operator Q. : BXY — C™(T¢, C) is therefore compact. That Q. : BR? — BR? is compact follows
from the continuous embedding of C"(T%, C) into BXY [14, remark 4.3]. It is standard that
Q. € L(C™ (T4, C),C™(T?, C)) for each m,mr € Z7. O

The proof of lemma 5.2. Foreachy € T let T, : T¢ — T be defined by 7,(x) = T(x) +
y, and let Lr, denote the transfer operator associated with 7, (defined by duality as in (8)).
Leth € C'(T,C) and x,y € T’. Let 7, denote the translation map induced by y. As D, T, =
(DT(X)Ty)(DxT) we have
(Lh)(x = y) = (h|det DT| ) o T~ (x — )
-1
= (ho T, H)(0)- ’detDT;l(X)T‘

= (ho T, H(x)- ’detD

P & |det(Dx KON 1]
= (L7,h)(x) |det Dy_y| .

Hence,

(Leh)(x) = / qe(y)(Lh)(x — y) dLeb(y) = / qe(y) |[det Dy7—y [ (L7, h)(x) dLeb(y).
Y
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For € € (0, ¢;) let A. be defined by

(Ach)(x) = / qe(")(Lz,h)(x) dLeb(y).

Set Ag = L and, for each € € [0,¢), let F. = L. — A.. We aim to apply proposition 2.5 to
{Ac}ecioe,) and {Fe}eejo,e,), which would imply the required result as £, = A, + F..

We begin by proving that {A.}.c(o,,) satisfies (KL). Note that {A}ccjo,,) is a perturbation
of the kind considered in [14]. Specifically, we take T to be their €2, the Haar measure Leb
to be their 1, and set g(w, x) = ¢.(w). Therefore, by the discussion between corollary 2.6 and
theorem 2.7 in [14], there exists some € € (0, ¢;) such that {A }.cjo¢ satisfies (KL) on B
with || = ||-|| )=1,4+1 provided that

(C1) For a fixed, small, open (in the C"*!(T¢, T¢) topology) neighbourhood U of T we have
T, € U whenevery € B~(0); and

(C2) limeso [ ge(y)der+1(Ty, T) d Leb(y) = 0.

The condition (C2) is derived from [14, equation (2.5)] by setting g(w, x) = ¢.(w), and
observing that x — g,.(w) is constant and so has C?™¢ norm |¢.(w)| = g.(w). The other term in
[14, equation (2.5)] is O since [ ¢,(w)dLeb(w) = 1. As T¢ is compact and T € C" (T, T9),
the map x — DT is uniformly continuous for each 0 < k < r + 1. It then follows from the
definition of 7 that

lim sup dq+1(Ty,T) =0.
0 yeB(0) ¢ '

Recalling that g, satisfies (S1) and (S2), it is clear that there exists € € (0, ) so that {A}cjo.¢)
satisfies both (C1) and (C2), and therefore also (KL).

We will now prove that {F, }.cjo. satisfies the requirements of proposition 2.5. For y € T¢
let f, : T — R be defined by f,(x) = 1 — detD,7_,. One verifies that

(Feh)(x) = / 4 fy(xX)(L1,h)(x) d Leb(y)

From the definition of |||, and (S1) we obtain

|Fuhllpg < / GeO)||fy - (L1, 1) g d Leb(y).

As multiplication by C" functions is continuous on B{C"" ([14, lemma 3.2]), using (S1) there is
some C > 0 such that

1Fllng < C sup 11£5,11n / 40| le- d Leby). (12)

YESUpP ge

As mentioned at the beginning of [14, section 7], the estimates in [14, lemma 2.2] apply
uniformly to every map in U and so there exists some 7 > 0 such that sup,cg o)[|Lr, [[pg <

o. Since detD,7, = 1 (x + )4 (x), and 55, 40 € C(T R), limyof, =0 in

C"(T?,R). Applying these facts and (S1) to (12) yields

11m||F llpqg < Chmﬁgup sup || fyler sup HET)HM =0. (13)

YEB(y) YEB(

The same argument applies when estimating ||Fe||,—1 4+1, and so there exists €’ € (0, €’) so that
{Fe}eepoery satisfies the requirements for proposition 2.5.

6257



Nonlinearity 33 (2020) 6244 H Crimmins and G Froyland

Hence proposition 2.5 applies to {A.}.co) and {F.}.coen. Namely, there exists
€ € (0,€") so that {A. + F.}ccjo,,) satisfies (KL). Since A, + F. = L., this completes the
proof. (]

We require the following classical result on the convergence of Fourier series on T (see
e.g. [28, proposition 5.6 and the proof of theorem 5.7]).

Proposition 5.8. For each m € N we have 11,, — 1d strongly in L(C"" [ ] ,C™M).

The proof of proposition 5.3. By lemma 5.2 the family of operators {L}cjo.,) satis-
fies (KL) on BZ? with |-| = ||-||,-1,4+1- We plan to find N : (0, ) — N so that we may apply
proposition 2.5 with A, = £, and B, = Ly — Le.
- . [ or . 1[4
By proposition 5.8, II,, — Id strongly in L(C" "1 "2 |,C"). As the unit ball of C 2 lis
- d+1
compact in C'" [ ] , proposition 5.8, the uniform boundedness principle and standard esti-
d+1
mates imply that I, — Id in LT 1, ¢r). As €7 embeds continuously into Bl [14,
remark 4.3], there exists C > 0 so that, for each € € [0, ¢;) and n € N, we have

_ < _
[ Len ‘CEHPJI < (1L, Id”L(CrJrH[#“,Cf) ”QGHL(B%qycrHH—d—J{—l]) H['Hp@

Hence, as || Q.|| is finite by lemma 5.1, for each € € (0, ;) there exists Ny (¢)
L

a4
so that ||L., — Lc||,4 < € whenever n > N;(e). The same argument produces for each e €
(0, &2) an Ny (e) so that || L., — Lc||p—14+1 < € whenever n > N,(e). To summarise, if N(e): =
max{N;(e), N»(e)} and n : (0, €) — Nis such that n > N, then lim, || L ue) — Le|pg = 0 and

sup ||Lenee) = Lellp-1.4+1 < 0. (14)
e€(0,e2)

Hence for each map n > N we may apply proposition 2.5 as planned to produce an ¢, €
(0,€) so that {L e }teepo, satisfies (KL) on BE? with |-| = ||| p=1,4+1. Examining the
proof of proposition 2.5, we observe that ¢, may be chosen independently of n since
lime o supys o | Lee — Lellpg = 0 and

sup  sup [|Lep — Lellp—1441 < 0.
c€(0.62) =N(e)

O

The proof of theorem 5.6. Hence, by proposition 4.3, the sequence {g o T*} 1y satisfies
hypothesis 3.4 with operator-valued map z — £M,(z) and Banach space BZ?. The closed, unit
ball in BY? is relatively compact with respect to ||-||,—1 441 by [14, lemma 2.1] and M, is a
compactly [|-||,—1,4+1-bounded twist by proposition 4.2. Since { L) }ecio.) satisfies (KL),
we have verified all the requirements of theorem 3.5, and so all the claims in the statement of
theorem 5.6 follow, with the exception of the stability of the invariant measure. This claim
follows from [12, proposition 2.4, remark 2.5], whose hypotheses are verified due to the
convergence of eigenprojections in theorem 2.4. (|

6. Statistical stability for some Anosov maps under stochastic perturbations

In this section we show that the statistical properties of some Anosov maps on the d-
dimensional torus T¢ may be approximated using (weighted) Fourier series by realising the
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Fejér kernel as a stochastic perturbation. More generally, our results expand upon the stability
results in [14, theorem 2.7] by allowing the stochastic kernel to be supported on all of T at the
cost of additional requirements on the dynamics. As a consequence of this generalisation, we
no longer require a mollifier to estimate the spectral and statistical properties of Anosov maps
as in section 5, improving the computational aspect of our theory.

We adopt the setting, assumptions and notation from section 4.1 and fix p € Z™ and g >
0 satisfying p 4+ g < r. Our main assumption on the dynamics is that the associated transfer
operator L satisfies

sup max{(|7y Ll pg, |75Llp-144+1} < 00, (15)
yeT!

where 7, denotes the translation operator induced by y € T¢. In section 6.1 we provide some
conditions for a map to satisfy (15). For example, proposition 6.6 implies that (15) holds for
an iterate of 7'if T is close to a hyperbolic linear toral automorphism. Note that throughout this
section we treat 7, as both a composition operator and map.

For some ¢; > 0, suppose that {qg}ge(o,q) C L'(Leb) is a family of stochastic kernels
satisfying (S1) and

(S3) For every 1) > 0, we have limc o [1a5 ¢ g dLeb = 0.

(S3) replaces (S2) from section 5 and allows the support of each g, to be all of T¢. Also
note that we place no regularity requirements on the kernels ¢,. For € > 0 define L. := ¢, * L,
and let £y := L. Our main technical result for this section is the following.

Proposition 6.1.  If(15) holds then there exists €; € (0, €;) so that { L.} cc(o.c,) satisfies (KL)
on Bg! with || = [|"[| p-1.4+1-

Remark 6.2. The same comments as those in remark 5.4 apply to the family of operators
{L}ecr0,)- That is, the spectral data associated to the eigenvalues of £, with modulus greater
than the constant o appearing in (2) are well approximated by the spectral data of associated
to eigenvalues of L., with error vanishing as ¢ — 0.

As noted before the statement of theorem 5.6, since T is an Anosov diffeomorphism on
a torus, L is a simple quasi-compact operator. Thus, if (15) holds then by proposition 6.1 the
peripheral spectral data, invariant measure, variance and rate function are stable with respect to
the class of stochastic perturbations in consideration. The proof is the same as that of theorem
5.6.

Theorem 6.3. Assume that L satisfies (15). Suppose that g € C'(T“, R) satisfies [ gdu =0
and is not an L*(j1)-coboundary. Denote by M, : C — L(BY:?) the map defined by M,(2)f = e%f.
There exists 0, € > 0so that for eache € [0, €') and z € Dy the operator L(7) is quasi-compact
and simple with leading eigenvalue \.(z) depending analytically on z. Moreover, we have
stability of the following statistical data associated to T and {g o T*} ren:

(a) The invariant measure is stable: there exists eigenvectors v, € BY:? of L, for the eigenvalue
A(0) for which lim_y ||ve — ptl|p-1.441 = O.

(b) The variance is stable: lim,_y )\9)(0) = o2

(¢) The rate function is stable: For each sufficiently small compact subset U of the domain of
the rate function r, there exists an interval V C (=0, 0) so that

lim sup(sz — log | A\.(2)]) = r(s
lim sup(sz — log ]\ () = 7(5)

uniformly on U.
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A key application of the results in this section is the rigorous approximation of the
spectral and statistical data of some Anosov maps using Fourier series. We define the nth
one-dimensional Fejér kernel K,,; on T' = R/Z by

- k| \ orite
K,1(t) = l1]— —— Kt
100 kéin ( | e

The nth d-dimensional Fejér kernel K, ; on T is defined by

d
Kna(®) = [ ] Kni @),

i=1

where ¢; is the ith component of ¢ € T4, 1t is well known that the 1-dimensional Fejér kernels
satisfy (S1) and (S3) as n — oo (they are a summability kernel; see [22, sections 2.2 and 2.5]).
It is routine to verify that the d-dimensional kernels consequently satisfy the same conditions,

and so we may apply proposition 6.1 with ¢, ;, = K, 4. A straightforward computation yields
: i
_ i 2rik-t
Ky a(t) = Z H (1 - m) e,
kezd i=1
(1Kl oo <

and, therefore, convolution with the Fejér kernel may be represented using weighted Fourier
series:

d
|kl| p: Tik-x
(Kpa * f)(x) = kzzj Ul (1 - n+l> Flhye ik, (16)
c d =
[Ik][ oo <n

By the above considerations and proposition 6.1 and theorem 6.3 we obtain the following
stability result for stochastic perturbations induced by the Fejér kernel.

Corollary 6.4. Assume that L satisfies (15) and that g € C"(T¢, R) satisfies [ gdp = 0and
is not an L*()-coboundary. For n € N let Ly =Kyax L, where K, 4 is the d-dimensional
Fejér kernel, and let Ly = L. There exists N > 0 so that the family of operators {L;, }n>n
satisfies (KL) on BEY with |-| = ||| p-1,4+1. Consequently, we have stability of the invariant
measure, variance, and rate function associated to T and {g o T* }cn as in theorem 6.3.

The operators L/, are finite-dimensional and leave the span of {e*™** : ||k||, < n} invari-

ant. Therefore, we could compute all of the spectral data of £, via its matrix representation
with respect to the basis {€>™** : ||k||.. < n} and use corollary 6.4 to estimate the statistical
properties of 7.

Remark 6.5. The comments made in remark 5.7 also apply here: the stability results in
proposition 6.1, theorem 6.3 and corollary 6.4 apply to the transfer operator Lq, that is associ-
ated to 7 via duality with respect to €2, rather than the transfer operator £y, that is associated to
T via duality with respect to Leb. In appendix B we show that these operators, and their twists,
are conjugate, and therefore have the same spectrum, and that if proposition 6.1, theorem 6.3
and corollary 6.4 apply to L, then they also hold true when L, is replaced by Ly ep.

The proof of proposition 6.1.  Foreach7 € (0, 1/2) let p, be the characteristic function of
B, (0). For € > 0 let a.,y = [ q.p,dLeb, A.,) = a_,(qepy) * £ and B, = (q.(1 — a_, p,) * L.
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Set Ag,, = £ and By,, = 0. Our goal is to apply proposition 2.5 by showing that (i) for some
n > 0 there exists € € (0,¢;) so that {A., }ccjo satisfies (KL), and then proving (ii) that
{Bey }ecoe) satisfies the necessary requirements of proposition 2.5. As L. = A, + B, this
yields the required statement.

Since {a;,; GePy Fec(0,ep) Satisfies (S1) the perturbation {A;, }ecfo,) is similar to the (convo-
lution type) perturbation considered in lemma 5.2. We will explain how to modify the proof
of lemma 5.2 to obtain the required result. Examining the proof of lemma 5.2, we note that
it was not important that the family of kernels was in C*, indeed it is sufficient for the ker-
nels to be contained in L'(Leb). We must verify the conditions (C1) and (C2), and a different
argument is required here since {a;,; GePy Fe>o0 does not satisfy (S2). By choosing 7 sufficiently
small we may make the support of every a;,,}qe py small enough so that for every € € [0, ¢;)
and y € suppq.p, the map Ty(x):=T(x) +y is in the set U from (Cl) in lemma 5.2. This
verifies (C1) in our setting; we will now verify (C2). By (S1) and (S3) for {g.}c>0 we have
lim, .o a_! = 1 forevery i’ € (0, 7). Hence, for every 1’ € (0, 7) we have

€1

llj(r)l / a;; |q€(y)pr](y)‘d67+1 (Tya T) dLeb(Y)

= lim [ g.(yde+1(Ty, T) dLeb(y)
<=0.JB,0)

— lim / qe()dors1(T,, T) dLeb(y) + / qe()dpr+1(T,, T) d Leb(y)
0\ /B,(0)\B,/©) B, (0)

< lim sup der+1(Ty, T) / qe(y)dLeb(y) + sup dpr+1(Ty, T)
0\ yeB,(0)\B,/(0) T4\B, (0) YEB,/(0)

= sup dpi(T,.T), (17)
VEB,(0)

where we have used both (S1) and (S3). Using the fact that lim,;_, SUPyep () der+1(T,, T) =0
n

we obtain (C2) from (17). It remains to provide an alternative proof of the convergence of

F. — 0 from (13) i.e. that the operators

Fum+/QM@m@mm&wwmumo

converge to 0 in L(B”) and L(B”~"4*") as € — 0, where f, = 1 — det D, _, as in the proof of
lemma 5.2. Using (S3) and the fact that lim,_ a;; = 1 we have for each 1/ € (0, ) that

lim / a1 gy fyllerd Leb(y)

0

< lim / qf(y)||fv||crdLeb(y)+/ e[ fyllcrd Leb(y)
e B,/(0) B,(0)\B,/(0)

<stMb+ﬁm‘/ () dLebo) | sup [1fller
B,(0)\B,(0)

VEB,/(0) 0 YEB,(0)

= sup |[fller (18)
YEB,;(0)
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Since limy || fy||c- = 0, by letting 7" — 01in (18) we can conclude that the left-hand side of (18)
is 0. Recalling that 7y € U for every y € supp ¢.p,, it follows that supycg,p 4., [1£7; [l p.g < 00
Hence

lg{}”Fpr,q < lij{)l sup ||£Ty||p,q/a;;%@)m@)”fyHC*dLebO’) =0,
€ €Y yesupp gepy

which proves (13) in our setting. The comments made in the sentence following (13) apply

here too. Hence the arguments in lemma 5.2 apply to {A, }ecjo,e,), and so {A., }ecpo.,) satisfies

(KL) on B with |-| = ||| p-1,4+1-

We will prove that lim, B, = 0in both L(B”) and L(B*~"T"), as this readily implies the
same for L(B:?) and L(Bgl’q“). Let i € C'(T“,R), k < p be a non-negative integer, W € X,
{vi}, € V(W) with [|v;]|er < 1,and @ € CTTHW, R) with || ]| co+x < 1. With s, = g.(1 —
a;,% Py), we have

/ Ve U(Sey ¥ L)) - o(x) dQU(x)
w

< /T I5en )| ’ / 0 s (T L)) - p(x)dQ(0)| d Leb(y)
d w

< (supHnllbq>VlbqjgdsmAdlﬁboo

yeTd
Hence,

mwwsGwmmM>@&uuww

yeTd

< (sup|7yc||p,q> /qe(y) |1 — a_, py(»)| dLeb(y). (19)

yeTd

Since lim0 a., = 1, using (S3) we have
lim / q:) |1 = acypy(v)| d Leb(y)

< lim ( / .1 — p,(»)dLeb(y) + / q:»py |1 — az)}| dLeb(y))

) =0. (20)

Together (15), (19), and (20), imply that lim. ||Bc ||, = 0. The same argument proves that
lime o ||Beyllp-1,4+1 = 0, and so there exists € € (0, €;) so that Sup.e.¢/) ||Beyllp—1,4+1 < 00.
We have verified the conditions of proposition 2.5, concluding the proof. |

< lim / ge()dLeb) + |1 — ]
0\ J1d\B,(0) '

6.1. A class of maps satisfying proposition 6.1, theorem 6.3, and corollary 6.4

Our main result for this section, proposition 6.6, gives conditions for 7 to have an iterate satis-
fying (15). For instance, we will deduce that proposition 6.6 applies to Anosov maps that are
sufficiently close to hyperbolic linear toral automorphisms.
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In [14, section 3] the usual Euclidean metric on T is replaced by an equivalent adapted met-
ric. The choice of adapted metric will be crucial to our arguments in this section, so we begin
by reviewing the construction of such metrics, following [3, proposition 5.2.2]. Let |-| denote
the usual Euclidean norm on the tangent space of T¢. Let E*(x) and E*(x) denote the stable and
unstable directions, respectively, of T at x, and let 7§ and 7% be the projections induced by the
splitting 7, T¢ = E*(x) ® E*(x). Let d; = dim E*(x) and d,, = dim E"(x). Since T is Anosov,
there exists C > 0, A, € (0, 1), and A, > 1 so that [D,T"[,| < CA! and |D T[4, | <
C\," for every n € N. Recall v, and v, from section 4.1, and that \; < v, < 1 < v, < \,.

N+1 N+1
Let N be such that max{ jé“rl , ’A’;‘:Jrl } < 1/C.Forv* € E*(x) and v" € E"(x) we define
N N
lv*]lo = les_k ID,T*'|,  and v = 21/"; |D T *0"] .
k=0 k=0

Note that ’

DiT |

< v, ! Forv € T,T? we define

< vyand || D, T7!
(x) 0

B'(2) Ho

[vllo = \/llmsll§ + [lwevlls,

and, since ||-||o satisfies the parallelogram law, we may recover a metric (-, -)o via the polarisa-
tion identity. Note that E*(x) L E*(x) with respect to (-, -)o. Because x — (-, -)o is not necessarily
smooth (and so T¢ equipped with (-, -)o would not be a C** Riemannian manifold), for each
sufficiently small £ > 0 we instead consider a smooth metric (-, -)¢ (with corresponding norm
denoted |[|-|¢) such that

(M1) supyepa SUP , eppd (U, w)e — (v, w)o| < &;
lollollwllo<t

D, T|ps D, T! <y, ! and

M2) DTl

‘ < vy and ‘ B0

(M3) E’(x) and E"(x) are &-orthogonal: for w, € E*(x) and w, € E*(x) with |[w;||¢, [|wu|le <
1 we have |{wy, wy)¢| < €.

A metric is called adapted if it satisfies (M2). For sufficiently small £, metrics satisfying
(M1)—(M3) can be constructed by approximating (-, -)o (see e.g. [16]).

Let £ > 0. For x € T we denote by I', and I'} the orthogonal (with respect to (-, -)¢) pro-
jections onto E*(x) and E*(x), respectively. Although I}, clearly depends on &, we suppress this
from our notation. Define

Cre = sup [[Dinyfle and  Or¢ = sup [[IN, D7y = Dem)fle. (21

x,yeTd x,yeTd

Note that both C.¢ and Ory are finite. The key hypothesis for this section’s main result is
that C_ (1) > Or. Roughly speaking, this condition ensures that translated leaves never lie in
the unstable direction of T (recall that leaves are approximately parallel to the stable direc-
tions). One way to see this is by computing the quantities C o and ©7¢ when ||-||o is the usual
Euclidean norm (ignoring the issue of whether the Euclidean norm is adapted). In this case,
C;o = 1 and O measures the angle between E*(x + y) and E*(x). If this angle is everywhere
close to 0 then the translate of a leaf will be approximately parallel to the stable direction of T
regardless of the translate.

We will select a specific adapted metric to both streamline our arguments and strengthen
our results; although in doing so we impact the definition of the set of leaves X, and hence
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P4 p—lg+l1
also the spaces B:" and B

its proof constitutes appendix C.

. Our main technical result for this section is the following;

Proposition 6.6. If

C;(l) > @T,O, (22)

then there exists N € 7.7, an adapted metric (-, ), and a set of leaves s, inducing spaces ng
and BY " so that L is quasi-compact on BXY, with the same spectral data associated to
eigenvalues outside of the ball of radius max{v, ?,v1} as when considered as an operator on
B, and so that

sup max {[|75, L] g [|75LY |- 1441} < o0 (23)
yeTd
We make two comments regarding the applicability of proposition 6.6. Firstly, maps satis-
fying (22) exist as ©1y = 0 whenever T is a linear hyperbolic toral automorphism. Secondly,
the condition (22) is open in C"T!(T?, T¢). To see this, suppose that T satisfies (22), and let (-, -)
be the metric one obtains by applying proposition 6.6 to T. The following comments apply to
all T’ in a sufficiently small C""!-neighbourhood of 7: T’ is Anosov map, (-, -) is an adapted
metric for 7', and the stable and unstable directions for T and T’ are everywhere close in the
Grassmannian. It follows that 7" also satisfies (22) provided that it is sufficiently close to 7 in
the C"*! topology.
We now give a concrete example of maps satisfying the conditions of proposition 6.6. For
§ € Rlet T5 : T?> — T? be defined by

Ts5(x1,x2) = (2x1 + X2, X1 + x2) + d(cos(2mxy), sin(4mwxy + 1)).

Note that 7y is Arnold’s ‘cat map’—a linear hyperbolic toral automorphism—and so it sat-
isfies proposition 6.6. Moreover, since ¢ — T is smooth, it follows from the discussion in
the previous paragraph that 7; is Anosov and satisfies the conditions of proposition 6.6 for
sufficiently small 6. In appendix D we find an explicit range of § satisfying these conditions,
yielding the following result.

Proposition 6.7. [f0 < ¢ < 0.0108 then Ty is an Anosov diffeomorphism and satisfies the
conditions of proposition 6.6.

7. Estimation of the statistical properties of Anosov maps

In this section we implement the numerical schemes described in sections 5 and 6. These are,
respectively:

Fourier approximation of mollified transfer operators. Proposition 5.3 says that if we
convolve the (possibly twisted) transfer operator Lo with a locally supported stochastic ker-
nel (parameterised by ¢), Fourier approximations (of order n = n(¢)) of this mollified transfer
operator satisfy the (||-||,.4» ||-|p—1.4+1) (KL) conditions as a family of operators in e. That the
same holds for L., follows from proposition B.3. The Fourier approximations of Ly, are
numerically accessible and theorem 5.6 and proposition B.3 then guarantees convergence of
the SRB measure (in the ||-||,—1 4+1 norm), convergence of the variance of a C” observable, and
uniform convergence of the rate function for C" observables, as € — 0.

Direct Fourier approximation via Fejér kernels. Corollary 6.4 states that if we con-
volve the (possibly twisted) transfer operator L, with a Fejér kernel (parameterised by n),
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this sequence of operators in n satisfy the (||-[|4, [|[[p-1,4+1) (KL) conditions. That the same
holds for Ly ¢ follows from proposition B.4. The Fejér kernels directly arise from Fourier pro-
jections and this second numerical scheme requires only direct Fourier approximation of the
transfer operators Ly c,. Theorem 6.3 and proposition B.4 guarantees convergence of the SRB
measure (in the ||-||,—14+1 norm), convergence of the variance of a C" observable, and uniform
convergence of the rate function for C” observables, as n — co.

For the remainder of this section we will only deal with the operator L ¢, it is twists Ly ep(z)
and approximations of both these two operators i.e. Lyep and Ly e (z). To simplify notation
we drop the reference to Leb.

71. General setup

We note that L£.(z) arising from both (i) the convolution with a locally supported stochas-
tic kernel ¢, and (ii) convolution with a Fejér kernel, can be considered as operators on
L*(T?). A numerical approximation L.(z) of the twisted transfer operator £(z) can be formed
in a number of ways, detailed below, but each of these will be based on Fourier approxi-
mation. This is a natural approach as we have a periodic spatial domain and the map and
observable are smooth. First, we set up the Fourier function basis and L2-orthogonal projec-
tion of the action of £, on these basis functions. Using the usual L? inner product (f, g) =
Jr2/-gdLeb, for x € T? and j € Z?, define a complex Fourier basis f;(x) = ¢*™™*, so that
8= jez2(8 fi) fi = D_jc728()) fi- To obtain a representation of L. in this basis, we compute:

Mooty = LG S = /T ( /1I ge(x = NLE fu() dLeb(y)) £()dLeb(x)
- /T ( /T ge(x = T)e fi(y) dLeb(y)) Fi(0) dLeb(x)
= /T . ( /T Jde(x = Ty)%dLeb(x)) %" fi(y) d Leb()
_ /T 2 ( /T e dLeb(x)) ¢¥0) £ (3) d Lebs)

- / (ge, fiye T MeE0) £ (v) d Leb(y)
'H*Z
= (g i) ([0 T€%, fx)

= G.G)(f5 0 T-e)(—K) (24)

Notice that (24) only involves Fourier transforms of trivial objects (e.g. composition of a basis
function with the map, exponential functions, the stochastic kernel, and the basis functions
themselves). To obtain spectral information for £(z) : L*> — L* we may solve the generalised
eigenvalue problem L.(2)v.(z) = A(2)v(2).

72. Discrete Fourier transform

To numerically approximate the above Fourier transforms, we first truncate the Fourier modes
sothatj € {-n/2+1,...,—1,0,1,...,n/2}?, where n = 2" for some n’ € Z*. Correspond-
ing to this frequency grid is a regular spatial grid on T? of the same cardinality; we call
these frequency and spatial grids ‘coarse grids’. The L? inner products are estimated using
MATLAB’s two-dimensional discrete fast Fourier transform (DFT) ££t2 on equispaced
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spatial and frequency grids with cardinalities N = 2N’ for some integer N' > n'; these grids
will be referred to as ‘fine grids’. The DFT is a collocation process, and by using N > n, we
evaluate our functions on a finer spatial grid and produce more accurate estimates of the (lower)
frequencies in the coarse grid. One may also think of the DFT as a type of interpolation; for
fixed n, as N increases we achieve increasingly accurate estimates of the L? inner products. The
cardinality n* of the coarse grid determines the size of the n> x n*> matrix L, (z) (if convolv-
ing with stochastic kernels) or L,(z) (if convolving with Fejér kernels), while the cardinality
N? of the fine grid determines the computation effort put into estimating the inner products via
the DFT. In our experiments we will use n = 32,64, 128 and N = 512.
The kernel g, will be either:

(a) A stochastic kernel given by an L'-normalised C** bump function with support restricted
to the disk of radius e centred at 0. The particular bump function we use in the numerics
is a well-known transformed version of a Gaussian given by g (x) = (C/e*)exp(—1/(1 —
||x/€||?) for x € B.(0), where C is a fixed L'-normalising constant.

(b) The square Fejér kernel of order n. Because of the special form of the square Fejér ker-
nel we have that ¢,(j) = (1 — |j,|/(n/2 + 1))(1 — |j,|/(n/2 + 1)), which may be inserted
directly into (24). Another advantage of the Fejér kernel is that no explicit mollification is
required, with the ‘e’ slaved to the coarse resolution n.

In our experiments, given a coarse frequency resolution n, we will try to select € so
that the stochastic kernel ‘matches’ the Fejér kernel. We do this by choosing € so that

minje{—n/2+1,m,n/z}2|@e(j)| ~ minje{—n/Z—&-l,m,n/Z}z|qn(j)|'

73. Numerical results

The specific map T : T? () on which we carry out our numerics is a small perturbation of a
linear toral automorphism:

T(x1,x2) = 2x1 + x2 + 25 cos(2mxy), x; + xo + 0 sin(dmwx; + 1)),

with § = 0.01. By proposition 6.7 we have that 7 is Anosov and satisfies the conditions of
proposition 6.6, which is required in order to rigorously estimate the statistical properties of 7'
using the Fejér kernel as per corollary 6.4. The observable we use when computing the variance
and the rate function is g(xi, xo) = cos(4mx;) + sin(27x;), displayed in figure 1.

78.1. Estimating the SRB measure. Transitive Anosov systems possess a unique
Sinai—Ruelle-Bowen (SRB) measure [35, theorem 1], which is exhibited by trajecto-
ries beginning in a full Lebesgue measure subset of T2. A trajectory of length 1.5 x 10°
initialised at a random location is shown in figure 2. To create a numerical approximation
of the SRB measure we compute the leading eigenvector of L, (the matrix associated with
the Fejér kernel). Figure 3 illustrates the results of using n = 128, N = 512. The left panel
of figure 3 is shaded so that higher ‘density’ is indicated by darker shading. Note that this
compares very well with the density of points in the trajectory shown in figure 2, and that
figure 3 (left) captures many structures more clearly than the trajectory image. The right panel
of figure 3 shows the same image as the left panel, but rotated and with the density plotted
along the vertical axis. The high degree of smoothness of the estimate of the SRB measure
along unstable directions is evident. Reducing n from 128 to n = 64 or n = 32 has little effect
on the image in unstable directions as these slow oscillations are still well-captured by lower
order Fourier modes, but the higher frequency oscillations in stable directions will not be
captured as well and the image will be ‘smoothed’ in the stable directions.
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Figure 1. Graph of the observable used in the variance and rate function calculations.
Left: view from above. Right: view from the side with the fine N x N spatial mesh visible
(N =512).

0 0.2 0.4 0.6 0.8 1

Figure 2. A trajectory of length 1.5 x 10° initialised at a random location.

As a non-rigorous comparison, we form an Ulam matrix using a 512 x 512 equipartition
of boxes {By, ..., B} on T2. We compute a row-stochastic matrix Ps; as Psyp;; = Leb(B; N
T-'B;)/Leb(B;), where the entries Ps,; are estimated by uniformly sampling 1600 points in
each box and counting the fraction of points initialised in B; that have their image in B;. The
Ulam estimate of the SRB measure is then obtained as the leading left eigenvector of Ps,.
The images corresponding to figure 3 are shown in figure 4. In comparison to figure 3 two
things are noticeable. Firstly, figure 4 (left) appears to produce a finer representation of the
SRB measure than figure 3 (left), and secondly, the estimate in figure 4 (right) is rougher in
unstable directions than the estimate in figure 3. Each of these observations is relatively easy
to explain at a superficial level through the different approximation bases used. In terms of
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Figure 3. Approximations of the SRB measure computed as the leading right eigen-
vector of Ljpg (Fejér kernel of order 64), using a fine grid cardinality of N = 512 to
evaluate the Fourier transforms. Left: darker regions indicate higher ‘density’. Right: the
same image rotated and represented in three dimensions with the vertical axis indicating
‘density’.

regularity of approximation basis the Ulam method is very low order (piecewise constant)
because it uses a basis of indicator functions on the 512 x 512 grid. On the other hand, the
approximation basis for the Fourier approximation of very high order (analytic). The Ulam
basis is thus very flexible and can adapt well to the roughness of the SRB measure in stable
directions, but has no a priori smoothness in unstable directions. In contrast, the Fourier basis
is less flexible in stable directions, requiring more modes to capture rapid oscillations, but is
extremely efficient at approximating smooth functions and easily captures the smooth variation
in unstable directions. A recent alternative non-rigorous collocation-based method of SRB
measure approximation has been explored in [32] for certain families (Blaschke products) of
analytic Anosov maps. In the case of analytic expanding maps [32], proves that this method
produces the true absolutely continuous invariant measure in the limit of increasing numerical
resolution.

73.2. Estimating the variance. To estimate the variance of a centred observable g : T? —
R we employ the method described in [8, section 4.2]. We use the representation of the
(approximate) variance

oy =2M0) = / 870,(0) + 2g(Id — £,,(0)) " £,(0)(gv,(0))d Leb. (25)
T

The main difference to the calculations in [8] is that here we use Fourier approximation,
whereas [8] used Ulam’s method, which was better suited to the piecewise expanding maps
considered there. The key computational component in (25) is the solution of a single lin-
ear equation to obtain an estimate for (Id — £,,(0))~' £, (0)(gv,(0)), which is d%v,,(z) atz =0.
Because our approximate transfer operator L,(z) is represented in frequency space, we set up
and solve this linear equation in frequency space, yielding the DFT of d%v,,(z) at z = 0. This
Fourier transform is then inverted with the inverse DFT to produce the required spatial esti-
mate. Similarly, the DFT of v,(0) is computed as the leading right eigenvector of L,(0) and
inverted with the inverse DFT to obtain a spatial estimate of v,(0). These two spatial estimates
(analytic functions consisting of a linear combination of Fourier modes) are then evaluated on
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Figure 4. Approximations of the SRB measure computed as the leading left eigenvector
of Psjp (Ulam grid of size 512 x 512). Left: darker regions indicate higher ‘density’.
Right: the same image rotated and represented in three dimensions with the vertical axis
indicating ‘density’.

Table 1. Variance estimates from the two Fourier approximation approaches and Ulam’s
method. For the two Fourier approximation methods we use a fine frequency grid
resolution of N = 512 and for Ulam’s method we use 1600 sample points per box.

Coarse grid

resolution n n=32 n =64 n=128 n =256
Stochastic kernel ~ 0.9359 (e = 0.0693)  0.9342 (e = 0.0378)  0.9337 (e = 0.0210)

Fejér kernel 0.9447 0.9395 0.9366

Ulam 0.9320 0.9307 0.9348

the fine spatial grid and the integral in (25) is computed as a simple Riemann sum over the
fine spatial grid. The Ulam-based variance estimates are calculated identically to [8]. In table 1
we report variance estimates over a range of coarse grid resolutions to roughly indicate the
dependence of the estimates on grid resolution.

73.3. Estimating the rate function. We numerically estimate the rate function re(s) =
sup,ev(sz — log|\.(z)|) for a centred observable g : T?> — R using the Fejér kernel approach.
We create the Fejér kernel estimate L, (z) of the twisted transfer operator and compute the lead-
ing eigenvalue \,(z) and eigenvector v,(z) of L,(z). The leading eigenvector v,(z) is converted
from frequency space to a function on T? by evaluating the linear combination (according to
the entries of v,(z)) of the n associated Fourier modes on a fine N x N spatial grid for N = 512.
For a given s, we are now in a position to find the minimum of —(sz — log|\.(2)|) as a function
of z. We used MATLAB’s fminunc routine (unconstrained function minimisation) with the
default quasi-newton option, which takes around four to five iterates to converge to the mini-
mum within a preset tolerance of 10~°. We asked for the values of r4(s) for s between 0 and
1.8 in steps of 0.1, and initialised the search for the optimal z value using the optimal z from
the previous value of s. The results are shown in figure 5 for coarse grids of size n = 32 and
n = 64, with fine grid collocation and function evalution using N = 512. Note that the range of
gis [—2,2] (see also figure 1), and that g is already centred with respect to Lebesgue measure

6269



Nonlinearity 33 (2020) 6244 H Crimmins and G Froyland

o

>— Fejer kernel, n=32, N=512
4T |5 Fejer kernel, n=64, N=512

g
1t =
-

e

value of rate function rg(s)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
rate function threshold s

Figure 5. Estimates of the rate function r, using Fejér kernels withn = 32,64 and N =
512.

on the 2-torus. In the rate function computations we centre g according to our estimate of the
SRB measure, but do not expect the range of g to vary significantly. The large values of r,(s)
as s approaches 2 are consistent with this observation.
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Appendix A. Proofs for section 4

In this appendix we prove propositions 4.2 and 4.3, and theorem 4.4.

The proof of proposition 4.2. 1t is clear that M,(0) is the identity. For each k € N let
Py :C"(X,C) — C"(X, C) be defined by Pyf= g"f. Multiplication by g is continuous on B
by [14, lemma 3.2] and so P, € L(B{:?) for each k € N. Moreover, as || P[], < [|P:][%,. for
each z € C the series > -, z*Py is absolutely convergent in the |-, operator norm, with
limit M,(z). Hence z — M,(z) is a well-defined analytic map taking values in L(BZ?). The
same argument holds when B is replaced with B% %', and so z +—+ M,(z) is analytic on

L(B% %) too. In particular, it is compactly |||, 1,4+ 1-bounded. O

From the beginning of [14, section 4], for each & € B™? and ¢ € C4(X,R) we have

\ / hasdsz] < Clltllpgll Slcr

for some C > 0 independent of / and ¢. It is straightforward to show that the same inequality
holds for h € B%? and ¢ € C4(X, C) (although with a different C, which is inconsequential).
Hence, the functional Q is in (B?)*. Let m € B” be a probability measure (i.e. the image of m
under the inclusion map from B to D(’l(x) is a probability measure) and & € C"(X, C). Since
C"(X,R) is dense in B, there exists {m; };cz+ C C"(X,R) such that m; — m in B". As B
is continuously injected into D, (x) it follows that m; — m in D,(x). Note that ¢ € C"(X,R)
naturally induces a measure, which we will also denote by ¢, so that [ fdo = [ fipd(2 for each
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Borel measurable function f : X — C. Hence,

Q(hm) = lim Q(hm,) = lim / hm,dQ) = lim [ hdm, = / hdm. (26)
n—00 n—o0 n—o0
Proposition A.1. Ler g € C"(X,R), S,(g) = Zz;ég o T* and m € B" be a probability
measure. Then for eachn € N and z € C we have

/ezSn(g)dm = Q(E(Z)nm)

Proof. Forh € C"(X,C)we have Lh = (h|detT| NoT !l Itis straightforward to verify that
forevery fi, f, € C"(X,C)wehave L(fi o T- o) = fiL(f>). By [14,lemma 3.2], multiplication
by f, is continuous on B:?. Hence, by passing to the completion we may take f> € Bp:?. Setting
fi = €% and f, = m, and then inductively using this identity, it follows that for each n € N and
z € C we have £(2)"m = £" (¢*®'m). Upon integrating, and using (26) and that £ preserves
()-integrals, we have

QL) m) = Q (ﬁn (ezSn(g)m)) =Q (ezSn(g)m) _ /CZS"(g)dm.

O

In the setting of proposition 4.3, there is a well-known connection between the condition
that g is not an L?(u1)-coboundary and the map z — p(£(z)) being strictly convex in a real
neighbourhood of 0.

LemmaA.2. Ifg € C"(X,R)is not an L*(j)-coboundary and satisfies [ gdp =0, thenz —
In p(L(z)) is strictly convex in a real neighbourhood of 0.

Proof. We will reduce the statement to a well-known result. As z — £(z) is analytic, stan-
dard analytic perturbation theory for linear operators implies that £(z) is quasi-compact and
simple in an open complex neighbourhood U of 0. Moreover, £(z) has decomposition £(z) =
A@)I(z) + N(z) where A(z), I1(z) and N(z) depend analytically on z. Since QII(0)u) = 1,
by possibly shrinking U we may assume that Q(II(z)u) # 0 for any z € U. Hence there
exists a branch of the complex argument arg: C — R that is continuous at (Il(z)u). By the
quasi-compact decomposition of £(z) we have lim,,_,», A(2) 7"Q(L"(z)p) = QIL(z) ) for every
z € U.Let P denote the completionof { f € C"(X,R): f > 0} in B:?. Since g is real valued and
L preserves P N C"(X, R), it follows that £(z) preserves P for each z € R. Itis clear that u € P
and that Q(f) > 0 for all £ € P, and so Q(L" (7)) € [0,00) foreveryn € Z™ and z € U. It
follows that arg(A(z)™") = arg(A(z) "Q(L"(z)n)) — arg(QL(1L(z)1t)), which is only possible if
A(z) is real. Thus for z € RN U we have p(L(z2)) = |A(z)| = A(z). As A(0) = 1, by possibly
shrinking U again we may assume that A(z) is bounded away from 0 when z ranges over U,
implying that In p(L(z2)) is finite for every z € U N R.
Differentiating twice yields
2 2 " l 2
j—zzln p(L(2) = j_zz In A = (Z)A(i)(Z)Z(A ©)

After possibly shrinking U there exists an analytic map z — p(z), defined for z € U, such that
1(2) is an eigenvector of £(z) for the eigenvalue A(z). As 2((0)) = 1, after possibly shrinking
U we may choose each 1(z) so that f w(z)dQ2 = 1. By differentiating (A\(z) — L(z))u(z) = 0,
we have

27)

N@uz) = L'(2uz) — (M2) — LI @) (28)
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Note that £'(z) f = L(z)(gf). Evaluating (28) at z = 0 and integrating with respect to 2 yields
N(0) = /ﬁ'(O)d,u = /gdu =0.

Evaluating (27) at z = 0, we have di:g In p(L(2))

= \'(0). By [15, lemma IV.3]* we have

y—
7=

A'(0) = lim S
B n—00 n /J“

Hence A\”(0) > 0 and it suffices to show that if \”(0) = 0 then g is an L*(x)-coboundary, as
the contrapositive then implies that z — In p(L(z)) is strictly convex in a real neighbourhood
of 0. The proof of this is well-known; see e.g. [29, lemma 6]. O

The proof of proposition 4.3. We consider Y, = g o T on the probability space (X, m).
The expectation of Y; with respect to m is

/ goT'dm = Q ((go THm) = Q ((L'm)g) .

By our assumptions, £ = £(0) is a simple quasi-compact operator on BZ? with p(£) = 1. Let
LK =TI + N¥ be the quasi-compact decomposition of £X. As y is T-invariant and QL = Q,
it follows that II(f) = Q(f)u. Hence, as N* — 0 and m is a probability measure, we have
Lm = Q(m)pu + N* — 1 in B2?. Using (26) and the fact that 2 € (B2?)* we have

lim [ goT'dm = lim/g~([,km)dQ = Qug) = /gdu =0.
k—00 k—o00

It follows that lim,_.~, E(S,)/n = 0, where the expectation is taken with respect to m. Let
(E,||]) = BEL |||l pg)- The map L(-) : C — L(BE?) induced by the twist M, is analytic by
proposition 4.2, and z — In p(L(z)) is strictly convex in a real neighbourhood of 0 by lemma
A.2. Hence, in view of proposition A.1 and as € (BZ:?)*, hypothesis 3.4 holds. |

The proof of theorem 4.4. For ¢ € [0, 1] let £, denote the Perron—Frobenius operator
induced by 7(¢). By [14, theorem 2.3], topological transitivity of 7(0) implies that £ is a
simple quasi-compact operator on BY:? with p(Lo) = 1. By [14, section 7], there exists some
' > 0 for which {L£,}.p0, satisfies (KL) on BE:? with |-| = ||-||,—1,4+1. Applying theorem
3.5 to {g o T*} ey, which satisfies hypothesis 3.4 by proposition 4.3, we obtain § > 0 and
€ € (0,T") so that whenever ¢ € [0, ¢] and z € Dy the operator £,M,(z) is quasi-compact and
simple with leading eigenvalue \,(z). In particular, 1 is a simple eigenvalue of L, for ¢ € [0, €]
and so 7(¢) has a unique SRB measure 4, in B%?. By [12, proposition 2.4, remark 2.5], for
each 1 € (0, ¢) there exists an eigenvector v, of £, associated to the eigenvalue 1 such that
v, — pin BX " as 1 — 0. By simplicity of the eigenvalue 1, for sufficiently small 7 we have
e = m and so the continuity of f— [ fdQ on B{é_l"’+l implies that y, — p in B{é_l"’+l
too.

Fix 1 € [0,€]. Let A, = [ gdy, and g, = g — A,. As multiplication by g is continuous on

Bgl’qﬂ [14,lemma3.2]and Q) € (Bgl’q“)*, we have lim, 0 A; = lim, o Q(gp,) = Qgp) =

4 There is a discrepancy in sign between our expressions that is due to the map z — £(iz) being used in [15, Chapter
IV], whereas we use the map z — L(z).
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f gdp = 0. Note that eZAfEtMgt(z) = L;M,(z) for every z € C, and so L;M,,(z) is quasi-
compact exactly when £,M,(z) is. In particular, £,M,,(z) is a simple quasi-compact operator
for every z € Dy with leading eigenvalue k,(z) = e 4" \,(z). From the material in this section
and the last, it is routine to verify that {g, o T Hren satisfies hypothesis 3.4 on (X, m) with
operator-valued map z — £,M,,(z) and Banach space BY:?. Hence, by theorem 3.2 the sequence
{g: o T(t)* }en satisfies an LDP on (X, m) with rate function r, : J, — R defined by

ri(s) = sup (sz —In|k(2)]).
z6(—0.0)

Recall from (7) that r, has domain

d
,—1
e dz n |H;(Z)‘

d
J, = (dz In|r(2) |

z—(?)

As k,(z) = e ¥ \,(z), we therefore have J, = J; — A, and

r(s) = sup ((s +A)z—In|\(2)).
ze(—6,0)

By theorem 3.5, for each compact U C J; there is a closed interval V C (—6, ) so that the
map s — sup,y(sz — In |\,(z)|) converges uniformly to ry on U. Since the map z — In |\, (2)|
is convex on (—6, #), by the arguments from [8, proposition 3.10] we have

r(s —A) = su‘}/)(sz —In |\ (2)]).
€

Hence, r; o 7_4, — ry compactly on Jy. |

Appendix B. Spectral stability results for £, .,

In this appendix we prove the claims made in remarks 5.7 and 6.5 regarding the relationship
between the operators L (z) and Ly, (z), and that the spectral stability results for Lo(z) from
sections 5 and 6 imply the spectral stability results for Ly ¢, (2).

Proposition B.1. Le R : BY? — BY:? be defined

dQ

Rh = h- .
h hdLeb

ThenR,R™' € L(BZ)N L(Béfl’qﬂ) and for every z € C we have
Lo(z) =R 'Lrp(2)R. (29)
Hence 0(Lq(z)) = 0(LLev(2)) for every z € C.

Proof. The fact that R € L(BZY) N L(B{é_l’q+l) follows from multiplication by C"(T¢, R)

functions being continuous on B%? and B{é_l"’+l [14, lemma 3.2]. Since dd]g’b € C"(T4,R), the

same argument implies that R~" exists and is an element of L(BR:) and L(B}- ety
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Let f,h € C"(T?, C). By definition we have

/ﬁg(f)-th:/f-(hoT)dQ:/(deb>~honLeb

dLeb
/ EL“’( dLeb) —an e

- / (R LoaR)f) - hd2.

Hence (R 'L1,R)f = Lo f forall f € C"(T?, C), and so the same identity holds on BZY by
density. The conjugacy relation (29) holds for the twisted operators due to the untwisted con-
jugacy relation and the definition of the twist M, (see proposition 4.2). One has 0(Lq(z)) =
0(L1eb(z)) immediately from (29). O

Proposition B.2. Let {kc}ecqo., C L'(Leb) be an L'(Leb)-bounded family. Set Lo, =
ke Lo and Liepe = ke % Liev. Let Lo = Lo and Liepo = Liep. Suppose that { Lo }eeio)
satisfies (KL) and that one of the following conditions holds.

(K1) For every n > 0 there exists €, such that supp k. C B,/ (0) for every ¢ € (0, ¢,).
(K2) Lq satisfies (15) and for every 1 > 0 we have lim fT“\Bn(O) |ke] dLeb =0

Then {Licv fecfo,,) satisfies (KL) for some ¢, € (0, €).
Proof. We have
['Leb,e = REQ,GR71 + (['Leb,e - RﬁQ,eRil) ::Ae + Fe~

We will prove that {A.}ecioe,) satisfies (KL), and that there exists ¢ € (0,¢p) such that
{Fc}eepo satisfies the conditions required by proposition 2.5, which will then imply that
{LLeb.e Fecroe) satisfies (KL) for some €; € (0, €).

It is straightforward to confirm that {A }.co, satisfies (KL) by using (KL) for
{ L }eelo.e)» the conjugacy identity (29) and the properties of the map R as given in proposition
B.1. For example (KL1) follows from the estimate

IAc = Ll = IRLoe — LR < IRl go-1a+1, 1 £2e = Lall IR I g

The proofs of (KL2) and (KL3) follow from similar arguments.
We will now prove that there exists € € [0, ) such that {Fe}eepo satisfies the condi-
tions required by proposition 2.5. For brevity let s = d]_ - Let he C” (T4 R), k< pbea

non-negative integer, W € 3, {v;}*_, C V(W) with ||Jv;]jer < 1, and ¢ € Cg“‘(W, R) with
llolleg+r < 1. Since

FRh = R(k. x (Lqh)) — ke * (RLqh),

we have
(FeRh)(x) = s(x) / ke(y)(Lah)(x — y)d Leb(y) — / ke(y)s(x — y)(Lah)(x — y)d Leb(y)

= /ks(y)(ﬁszh)(x — ) (s(x) — s(x — y))dLeb(y).
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Hence, as multiplication by C” functions is continuous on B there exists a Cy such that
/Wvl o (FeRR)(x) - o(x) dx
= /kf(y) (/Wm (T Lah - (s — T-y8))(x) - o(x) dx) dLeb(y)
< [ IO [-sLah- s = 7,9y dLebir)

<o [ IO 7o Lahlls = 7-ssled Leby,
and so
[FeRR||pq < Co / keI |7y Lokl pglls — 7-ys]|er d Leb(y). (30)

‘We will bound the right-hand side of (30) differently depending on whether (K1) or (K2) holds.

The case where (K1) holds. Recall from (11) that (7_,Loh)(x) = (det D, 7_,)-(Lq 1,h)(x)
where Lo, denotes the transfer operator associated to T, := T+ y by duality with respect
to Q. If we denote x > detD,7_, by t, then #,(x) = 2L (x + y) 4L (). Since LL dLeb ¢
C"(T?,R) we have

sup||tyller == C < 0.
yeTd

As noted at the beginning of [14, section 7], there is a C"*!(T¢, T¢) open neighbourhood U of
T such that [14, lemma 2.2] applies uniformly to every S € U, and so

supl|La.s|lpg = Ca < oc.
seu
Hence, by (K1), there exists an €' € (0, €o) such that || Lo.r, |4 < C2 for every € € (0,¢) and

y € supp k.. Since multiplication by C” functions on BR:? [14, lemma 3.2] is continuous there
exists a C3 independent of / and y such that

HTav['Qh“p,q = ||ty : (['Q,Tyh)Hp,q < C3||ty||C’H['Q,Tthpsq'

Setting C' = CyC;C,C3 and applying these estimates to (30) yields

IRl <€ ([ hwlaies) sup fls=sler
supp ke YESupp ke

provided that e € (0, ¢). Since 1, € C>®(T%,R), by (K1) we have

lim sup ||s—7_ysller =0.
€0 yesupp ke

Recalling that {k.}cc(0.) is L' (Leb)-bounded, we therefore have

lim sup||F.R| ., < C' lim sup ( / kecy)dLebcy)) sup [|s = 7-,s]ler = 0.
e—0 e—0 supp ke yesupp ke i
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As R € L(BY) is invertible it follows that lim,_,o F, = 0 in L(BZ?). The same argument can be

used to conclude that lim, .y F. = 0in L(Bg 1’q“), and so {F, g}ge[o,g) satisfies the requirements
of proposition 2.5.
The case where (K2) holds. By (15) we have

sup max{[|Lal pgs Iy Lallp-14+1} = Ca < 00.
yeTd

Applying this to (30) yields
IFRl < CiCr [ 160l = 75l d Lebo) G1)

Fix n > 0. By splitting the integral in (31) according to the partition T = B,,(0) U (T¢\B,(0))
we obtain

/\ke@)\ lls = 7ysllcrd Leb(y) < [[kel[zr sup [|s = 7-ys[cr

YEBy,(0)
+ sup |s — TfySHC’/ |k.(y)| d Leb(y).
Y$Bn(o) T4 By (0)
By (K2) we have
lim supl|F.R| g < CoCs ( sup ||ke||L1> ( sup ||s—ms||cr>, (32)
=0 €€(0.60) YEB;(0)

where the right-hand side is always finite by virtue of the L'(Leb) boundedness of {k}cc(o.¢)-
Since s € C*, letting n — 0 in (32) yields lim_ ||F.R||,, = 0 in L(BZ?), which implies that
lime ||Fe||p; = O by the invertibility of R. As before, the same argument can be used to
conclude that lim., F, = 0 in L(B{é_l""H), and so there exists some ¢ € (0, &) such that
{Fe}eepo.e) satisfies the requirements of proposition 2.5. O

Using proposition B.2 we may now confirm that our spectral stability results for L from
sections 5 and 6 also apply to Ly cp.

Proposition B.3. [fproposition 5.3 applies to L, then it applies to Ly ey too. Hence theorem
5.6 holds verbatim if Lq is replaced by Ly .

Proof. Suppose that {g} e, € C°(T9 R) is a family of kernels satisfying (S1) and
(S2). Recall the definition of Q, from the beginning of section 5. By lemma 5.2 there exists
€1 € (0,€) so that {Q.Lq }eeqo,,) satisfies (KL). Since {gc}ecqo, is L'(Leb)-bounded (by
(S1)) and satisfies (S2), by proposition B.2 we may conclude that there exists €, € (0, €;) such
that {QF,CLeb}FE[O,Q) satisfies (KL) too. The proof of proposition 5.3 holds verbatim with Lq
replaced with L ¢, as does that of theorem 5.6. |

Proposition B.4. [fproposition 6.1 applies to L, then it applies to Ly e, too. Hence theorem
6.3 and corollary 6.4 hold verbatim if Lq is replaced by Ly ep.

Proof. Let {gc}cc.,) € L'(Leb) be a family of stochastic kernels satisfying (S1) and
(S3). Since Lg satisfies (15), by proposition 6.1 there exists some €, € (0, €;) such that
{ge * La}ecpo.ey satisfies (KL). The family {g}cc.,) is L'(Leb)-bounded by (S1). This,
together with (S2) and the fact that (15) holds for L, means that we can apply proposition
B.2 to conclude that there exists €3 € (0, €2) such that {g. * CLeb}GEm,E}) satisfies (KL) too. The
proofs of theorem 6.3 and corollary 6.4 are the same as before. (]
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Appendix C. The proof of proposition 6.6

Throughout this appendix we adopt the notation and setting of section 6.1. The proof of
proposition 6.6 is broken into three parts. In step 1 we begin by constructing the adapted metric
(-,-). In step 2 we define a set of leaves ¥, which induce spaces B2 and BY. """, and prove
the claim in proposition 6.6 regarding the spectral properties of L. Flnally, in step 3 we prove
that translated leaves may be covered by the image under TV of finitely many leaves in S for
some large N; this result is the core of the proof, and (23) then easily follows from the adaption
of arguments from [14]. Steps 2 and 3 lean heavily on the setting in [14, section 3]. We have
maintained the notation used in [14] whenever possible.

Step 1: Constructing the adapted metric (-, -). For sufficiently small £ > 0, as Tis aC"™!
diffeomorphism and T is compact, the quantity D¢ := sup, .|| DT~ is finite. Moreover,
as ||-l¢ = ||-/|o uniformly, it follows that D¢ — Dy. As E*(x) and E"(x) are {-orthogonal with
respect to (-, -)¢, one easily verifies that | I3 ||c = [T} ]|e < & What is less obvious, but
still true, however, is that

[T lle = IS = [dd = THAd — TPl = [[(d — THAd — Tl < &.

We refer the reader to the proof of theorem 2 in [6] for details. For ¢ > 0, x € T¢ and x € (0, 1)
we define the stable cone by

Ce(x, k) = {u € T, T : ||(Id — T)ulle < || T5ul¢}.

The following lemma is classical; we reprove it here to emphasise the quantitative estimate
(33).

LemmaC.1. ForeveryJ > 0there exists £, > 0 so that for every £ € (0,€)), v € [0,J) and
x € T¢ we have

DXT_1C§(X, v) CC¢ (T_lx, 'yZ/Sl/u_l) . (33)
Proof. Let¢ > 0and suppose thatu € Ce(x, 7). As D, T~ (E*(x)) = E*(T~ '), it follows that
(Id = T3 1 )P T 'u = (Id = Ty DT~ (1d — T
Consequently,

aa- r;fl(xprT—lqu < DT T4 — Tl + DT~ (1d — T*)(Id — T%)u.

As ||(Id — THAd — ') || < £ and u € Ce(x, ), it follows that

oo ] (o - o) -

E¥(x)
-1 -1 s
<7 (’ x F(x) 5+£HDXT H£> [Tl
Similarly,
‘ FST*‘(X)DXT_Iqu > HPSTJ(X)DXT_IFW ‘ - HW*‘(.ﬂDxT_l(Id —I'Hdd — Fﬁi)uHE

FS
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For sufficiently small & we have ‘DXT’1

ool < v, and HDXT|ES(X)H£ < vs. Hence, as

sup,cqa ||DxT~|¢ = D¢ — Dy, there exists £, > 0 so that for every £ € (0, &) we have

D, T~!

g lle + DT e <1, 1,
and, for all v < J,
_l -~ B
DTl = 269 IDT e > 057
In view of the above, whenever § € (0, ;) we therefore have

a1y T | <!
3

s —1
Dy DT

RyE)) —l(x)

13

forevery u € Ce(vy,X). Thus DXT’ICE(x, ) C Ce (T’lx, 'yl/syu’l) forevery & € (0,¢)),x € T
and v < J, as required. U

We aim to select § so that C 51 > Or¢, and so that we can apply lemma C.1 for some appro-
priate J. As the adapted metric (-, )¢ uniformly approximates (-, -)o, we have lim¢ C_ 51 =
C (1). However, upon examining the definition of © 7, we observe that the projections I'}, depend
on (-, )¢, and so the behaviour of Or¢ as £ — 0 is not clear. We address this now.

Lemma C.2. lim¢ ., Or¢ = Opp.

Proof. Let 7} and 7 be the projections induced by the direct sum 7, T¢ = E(x) @ E"(x).
We have

I = melle = A% = momelle + @ = momille = (5 = Id)ymyfle + [Thmle-

Since I =1d on E(x), || — Id)7s||¢ = 0. Let v € T,T?. As E°(x) and E"(x) are ¢-
orthogonal and I'}, is an orthogonal projection (both with respect to (-, -)¢), we have

IS atolle = /D3, mio)e] < (J€ITSmsollelimiofle < VElr.

Thus ||T% — 78|l < V&||7"|¢. Let Pe = sup,cqu||7%||. For any x,y € T the triangle inequal-
ity yields

[IT5 4, D7y = D)L le = (|73, Dty — (Do) e
<@y = M )Dxm)[le + (D)X — 7o) le
< 2V/€C, P
It follows that
Ore — sup ||m}, Dory — (Dym)mh ||| < 20/EC, ¢Pe. (34)
x,ye’]I‘d

As 7 is independent of £, we have P; — Py. Since E*(x) L E*(x) with respect to (-, -)o, the
projections 7" and 75 are orthogonal with respect to (-, -)o. Thus the uniform convergence of
(-» )¢ to (-, -)o implies that

lim sup |73 D7y — (Dymy)my|le = sup [[myy Daty — (Dx7y) 7 |lo = Orp- (35)
£-0 x,yeTd x,yeTd
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Hence, as C; ¢ — C, by letting & — 0 in (34) and applying (35) we have

lim O7¢ = lim sup ||7, D7, — (D7) ||e = Or,
) T¢ 30 x’yegd” xHy=xly ( X }) x”f 1,0

as required. ([
We now fix, once and for all, the metric that is used in proposition 6.6. As C_ (1) > Ory,
C-¢ — C:p, and, by lemma C.2, ©r¢ — Ory, there exists £ > 0 so that

inf (C’I—G )>0, and sup Or¢ < 0. 36
g0 \ TS T ge[o?g] T (36)

We apply lemma C.1 with

SUP¢eio.£] Or¢

J=1+- 1
infeepo g (C,;5 — @qu)

(37)

to produce an adapted metric (-,-) := (-, )¢, which may replace the metric defined in [14,
section 3] after possibly shrinking £ further.

Remark C.3. Until the end of this section we only deal with the metric just constructed, and
so we drop references to £ and £ from our notation.

Step 2: Defining the set of leaves 3 and the spaces B> and BX 9", Our task is now
to define a set of leaves 3 and spaces B2 and BZ "t 5o that the spectral properties of £
on B%? and B2’ are identical. It is necessary to understand how leaves are defined; to this
end we reproduce material from the beginning of [14, section 3]. After fixing the metric, in
[14] a small > 0 satisfying various properties is fixed; in particular it is required that D, 7!
expands the vectors in C(x, x) by at least v/, '. We now choose a smaller value of , as follows.
Let C; = C,¢ and O = Or¢. By (36) and (37), there exists £’ < min{x, 1/2}, n > 1 such
that

Or + (C; + O1)2k/n
C:!'— Or(1 +2k'n) ’

C-'>0r(1+2«n), and (38)

We redefine the original x to be ’, noting that this does not alter the validity of any arguments
in [14] (they only require that « be sufficiently small, so we are free to make it as small as we
require). Two components of this construction appear, at first glance, arbitrary: the constant 7
and the inequalities (38). They appear so that later we may cover translated leaves by the image
under some iterate of T by finitely many leaves (lemma C.5).

As in [14], one may construct finitely many C* charts i, ..., g, each respectively defined
on (—r;, )¢ C RY, so that

(B1) Dy, is an isometry;

(B2) (Doyp)(R% x {0}) = E*(¢i(0));

(B3) The C"*! norms of ¢, and v; ' are bounded by 1 + x;
(B4) There exists ¢; € (k,2r) such that the cone

Ci={u+veRucR x {0},v € {0} x R, ||v| < ciljul|}

satisfies the following property: for any x € (—r;, ), C(i(x)) C (Dy);))C; and
(Dy,y T"N(Dxi)C; € C(T ' (4hi(x))); and
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(B5) T is covered by {¢i((—ri/2,r:/2))}5_,.

We require that the charts satisfy following additional property concerning the distortion of
the cones C; under D, in terms of the stable cones.

Lemma C.4 There exist charts {1;}_, satisfying (B1)—(B5) and so that for any x €
(—r;, r)? we have

(Dcpi)Ci € C (i), mei)
where n > 1 is the constant appearing in (38).

Proof. By compactness it is sufficient to construct for each y € T¢ a chart ¥y : (—ry, 1) —
T that satisfies all of the given requirements and for which 1,(0) = y. As noted immediately
before the statement of [14, lemma 3.1], for each y € T one can construct a 1, satisfying
conditions (B1)—(B5) and so that 1,(0) = y. Let C, denote the corresponding cone and ¢y €
(K, 2K) denote the constant corresponding to ¢;. Let u 4+ v € C, so that u € R% x {0}andv €
{0} x R Then

|1 — DDty e+ v)l| = [Ad — TPty < [[o] < ¢ylull
and
[T Dotpy(u + v)|| = [ITDotbyul| = [|uf.

Together implying that (Dyt;)Cy C C (y, ¢y). Hence, using the compactness of the closed unit
ball in R and the uniform continuity of ¥, on (—ry, r,)?, x — I'; on T¢ and u ~ [|u|| on both
the tangent space of T¢ and (—=ry, ry)d, we may shrink ry so that D,1;,C, C C (wy(x), ncy) for
every x € (—ry, ry)d. Thus 1), satisfies all the requirements of the lemma, and we may conclude
using the compactness of T¢. ([

We are now able to construct our modified set of leaves > and spaces B%! and B 47,
and prove the claim in proposition 6.6 regarding the spectral properties of £. Using the metric
(-, -) constructed in step 1 of the proof of proposition 6.6, the constant x defined immediately
following (38), and the charts from lemma C.4, we may define the set of leaves ) exactly
as in [14, section 3]. Recall that p € ZT and ¢ > 0 satisfy p + g < r. In exactly the same
way that the set of leaves 3 from [14] induces spaces B}’ and Bgl’qH (see [14, section 3]),
our set of leaves 2 induces spaces B{é’q and Bgl’qﬂ. The proofs of [14, lemma 2.2] and [14,
theorem 2.3] hold verbatim for £ on B2:’. Thus the essential spectral radius of £ on B2Y is
bounded by max{v, ?, v7}. As per [14, remark 2.5], the spectral data of £ associated to eigen-
values outside of the ball of radius max{v, ?, ¢} are the same on B and B2:?, and in particular
the generalised eigenspaces of all such eigenvalues lie in BRY N B2

Step 3: Obtaining the inequality (23). Key to establishing (23) is the following lemma,
which extends the result from [14, lemma 3.3] to include translated leaves. Throughout this
step of the proof we assume the reader is familiar with the definition of the set of leaves 5
from [14, section 3].

Lemma C.5. There exists N,M,C > 0 such that for any W & S, with associated full
admissible leaf W, and y € T¢ there exists {W,}"_, C X with m < M so that

(@) TNW +y) C ULy We S TN +y).
(b) There are C™! functions { ps}1, so that each p is compactly supported on Wy, Y p; =1
on TN(W+y), and || ps||er+1 < C.
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We will now give a brief, non-technical overview of the strategy for proving lemma C.5.
Most of the proof is dedicated to finding leaves W, which verify the containment

W, C T N(W +y).

C=

TNW +y) C

s=1

Let us consider the case where y = 0, which is the subject of [14, lemma 3.3]. The idea in
this case is to use the expansion and regularisation of 7! in the stable direction to prove that
T—'(W) is locally ‘leaf-like’. One then picks certain subsets of 7~'(W), and proves they are
leaves that cover 7~'(W). The main issue resulting from translation by a non-zero y is the
possibility that the translated leaf will not be ‘leaf-like’. Specifically, while all leaves in 3. lie
approximately parallel to the stable manifold, the translate of a leaf may well lie very near an
unstable manifold. Our main hypothesis, the inequality (21), will imply that translated leaves
do not lie too close to the unstable manifold, which allows for the aforementioned distortion
to be corrected using the regularisation of 7~" for some large n.

We require some preliminary lemmas before proving lemma C.5. The following gives an
estimate of the distortion that stable cones experience under translation, and is where the
hypothesis that C.©7 < 1 is crucial.

Lemma C.6. Ify > 0 satisfies C;' > Or(1 + ) then for each x,y € T¢ we have

Cryv+0r(1+ 7))
CT—6:(1+7)"

Proof. Suppose that u € C(x,y). We have

(l)x7})c(x’q0 cce (X7+'y,

[[(Id — T

X

2)Dxmyul < [|dd — Ty

X

)Pl + [[Ad = T )(Dyr)(Ad = T
(39)
We estimate the first term on the right-hand side of (39). By the triangle inequality we have
11 — D D)t <[(1d = T L (Do
+1ad = T3, )T, Dyry — Dery, ]

The first term on the right-hand side is 0, whereas the second term may be estimated using the
definition of O (see (21)), yielding

1dd — T, )(Dery)Tiul| < Or|uf.
As u € C(x, ), we have
1ad = T3, )Dr) | < Or(1 + 7). (40)

We turn to estimating the second term on the right-hand side of (39). Using the definition of
C; and as u € C(x, ), we have

11d = T3 Dy (1d — Tl < [Deryl10d = Tl < Gl Tl @1
Applying (40) and (41) to (39) yields
I(d = T YD ul| < Or(1 +7) + Cy) [Tl - (42)
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Alternatively, the reverse triangle inequality yields
Hri+ny7'y“|| 2 ||Dx7'_vrfcu” - H(Fi+ny7'y - DxTyrfc)uH
Using a similar process as in the estimation of (42), we obtain

IT

Dxrull = [DerToul| = Orlull = (C;1 = Or(1 +)[[T5ull.  (43)
By our assumptions C-! > ©7(1 + ), and so we may combine (42) and (43) to obtain

Cy+0O0r(1+7)

Id — I, (Dl <
H( d x+y)( Ty)u” C;l _ @T(l + ,y)

Ty Dyl

as required. (|

In the following lemma we show that the distortion of the stable cones experience under
translation may be corrected by applying 7" for n large.

LemmaC.7. Recall the conesC; from (B4). There exists N\ > 0 such that for every x,y € T¢,
where wi_l(x) € (—r, )% we have

Dy T M)Dx1 YD1 0)Ci € C (TN (x +3). 5)
Moreover, ifz/Jj_l(T’Nl (x+y) € (=rj rj)d then

D1y ¥ N Dy T M)Da7)(D 1y 0Ci € Cj.
Proof. Recall from (B4) that ¢; < 2x. Lemma C.4 implies that (Dwfl(x)’llii)ci C C(x,2nK).
By (38) we have C;l > Or(1 4+ 2nk), and so lemma C.6 yields

Or + (C; + O7)2kn
C;l — ®T — (")T2/€’I7 '

(DxTy)(Dwfl(X)wi)Ci c C (X + Vs

Let Ny € Z* be large enough so that

Ny . —N, ®T + (CT + @T)ZHU
|Z % S KR
oo C;l — ®T — ®T2my

By the definition of the adapted metric (-, -) from step 1 of the proof of proposition 6.6, the
second inequality in (38), and lemma C.1, it follows that

Dy T NDur) D1 ¥1)Ci C C (T (x +3). k) -

Since all our estimates are uniform in x and y we obtain the first claim. The second claim
follows from (B4). O

Recall that 7~! is expansive along leaves in ¥, since all leaves are approximately parallel
to the stable direction of 7. In the proof of lemma C.5 we will require that a version of this
property holds for translated leaves as well. Up until now we have considered how translation
affects the stable cones, and how applying T~' corrects for any distortion in the cones. In the
following lemma we apply the same idea to show that 77" is expansive along translated leaves
provided that n is sufficiently large.

Lemma C.8. Let H=inf,.r|D.T| and Ny be from lemma C.7. If n> N, and
v NHNY > then for any W € X and y € T the map T~" expands distances on W + y
by at least v;"tN H™M,
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Proof. Let ), be achart whose image contains W and for which the tangent space of ¢, ' (W)
is contained in C;. Suppose a,b € W + y and that v : [0, 1] — T~*(W + y) is a distance mini-
mizing geodesic from 7 "(a) to T~"(b). Define vy, ;== T" o -y and note that -y, is a differentiable
curve from a to b lying in W + y. For n > N; we have

1
T @. 76 = [ D
0

1
:/ ||(D(T*N1oy,,)(z)T7n+N1)(D'yn(t)TiNl)(Dt’Yn)Hdt’
0

(44)

where N, is the constant from lemma C.7. Since the image of -, is a closed sub-manifold of
W + y and the tangent space of W at w is contained in (D,-1(,,1)C;, the image of D;,, is con-
tained in (D%(t)_yTy)(DwflOL)_OAM)(Z)w,-)C,-. Thus, by lemma C.7 we have (D.,,(yT "V )(Dyy,) C

C(T™M (v,(1)), k). As DT " expands vectors in stable cones by at least v, we may bound (44)
as follows

1
drn(iy sy (T"(@, T7"(B)) = 0" / 1D, T )(Dry)
0
1
> Z/X_"J'_NIH_NI/ ||Dt’}/anf > Z/S_n+N1H_N1 dW+v(a’ b).
| )

Hence T~" expands distances in W + y by a factor of at least v, "N =N provided thatn > N,
and v, "N N > O

The following lemma quantifies the regularisation that leaves experience under 7~', and is
a strengthening of [14, lemma 3.1]. Whereas the previous results were concerned with the
regularisation of the first derivative of the leaves (via the contraction of stable cones), the
forthcoming result concerns the regularisation of the higher derivatives of leaves.

Lemma C.9. ForL>0and i=1,...,S let G(L) be the set defined immediately before
[14, lemma 3.1], and let

R(L) = inf{L': ;' o T"" o p)(W) € G{L') foreveryW € G(L)andi,j=1,...,S}.
For every K sufficiently large the following holds: after possibly refining the charts {1;}5_,

from lemma C.4, for each L > 0 there exists N(L) € Z so that for each n > N(L) we have
R'(L) < K.

Proof. The finiteness of R(L) and the fact that R(L) < L for L sufficiently large follow from
[14, lemma 3.1]. Our more general claim is a classical consequence of the uniform hyperbol-
icity of 7 and the regularisation of the associated graph transform, so we will only sketch the
ingredients of the proof.

Suppose that W € G,(L) is the graph of  : B(x, Ad) — (—r;, r;))%. As outlined at the begin-
ning of [20, sections 6.4.b], using the exponential map, [20, lemma 6.2.7] and after possibly
refining the set of charts {1);}?_, so that each r; is sufficiently small, one may apply the argu-
ments from [20, theorem 6.2.8] (refer to steps 3 and 4 of the proof of [20, theorem 6.2.8] for
context, and to step 5 for the relevant argument) to conclude that (wj’l o T~ o)) (W) is the
graph of some map X' : U C (—rj, r;)® — (—r;j, r;)®. Due to the uniform convergence of the
graph transform as outlined in step 5 of the proof of [20, theorem 6.2.8], there exists some
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L' < L so that ||x'||c+1 < L' for every such x provided that L is sufficiently large (i.e. bigger
than K). Hence R(L) exists and satisfies R(L) < L for L large enough. Further examining the
proof of [20, theorem 6.2.8] yields the stronger claim that for sufficiently large K we have

R(L
sup Q <1,
>k L

which immediately yields the required claim. (]

Before we prove lemma C.5 we recall a quantitative version of the inverse function theorem.

Lemma C.10 ([25], XIV section 1 lemma 1.3]). Let E be a Banach space, U C E be open,
and f € CY(U,E). Assume f0) = 0 and f'(0) = 1d. Let r > 0 and assume that B,(0) C U. Let
s € (0, 1), and assume that

If'@—=f@l<s

Sorevery z,x € B,(0). If y € E and ||y|| < (1 — s)r, then there exists a unique x € B,(0) such
that f(x) = y.

The proof of lemma C.5. Let A be the constant appearing in [14, equation (3.1)],
and let § be the constant defined immediately afterwards. Let W € 3. Denote by W the
associated full admissible leaf, and by x : B(x,Ad) — (—2r;/3,2r;/3)% the map defining
W ie. W = ;o (Id, x)(B(x,Ad)). Fix z € B(x,d) and note that B(z, (A — 1)§) C B(x,Ad).
For any n € Z* and y € T¢ let f(n,y) be an index for which T7"(¢i(z, x(2)) +y) €
Vttny) (=Tt /2: Finy) /2)?) (recall (BS)). Let * : RY — R be the projection onto the first d,
components, and 7 : RY — R% the projection onto the last d,, components. Note that (W_(l{/,v) o
T Vo 7y 0 i o (Id, x))(B(x, Ad))is the union of finitely many disjoint, path-connected subsets;
let Oy C B(x,Ad) denote the pre-image under 1/1[(,{,7” o TN o1, 01;0(ld, x) of the particu-

lar subset containing (W_(l{/,y) o TN o1y 01 o (Id, x))(z). Define Fyy := ¢g_(1{;,y) oT Nor oo
Id, X)|QN. We will show that for sufficiently large N one can use F to construct an admissible
leaf W. so that ¢,(z) € T"(W.) and T"(W.) C W + y.

Step I: The invertibility of 7° o Fy in a neighbourhood of (7t° o Fy)(z). Let N, be the
constant from lemma C.7 and recall H = inf . ||D,T|| from lemma C.8. As remarked in the
proof of [14, lemma 3.3] both ¢; ! and Yy are (1 + k)-Lipschitz. Let N; > N; be such that
v, "N H™N1 > 1 whenever n > N,. By lemma C.8, if n > N, then T™" expands distances on
W +y by at least v; "N H=M Tt is clear that 7, ! is C,-Lipschitz by the definition of C. It is
clear that d((I1d, x)(a), (Id, x)(b)) > d(a, b) forevery a, b € B(z,Ad). Using the above estimates
to bound the Lipschitz constant of Fy!' for N > N, we obtain

d(Fy(a), Fy(b) > v, ¥ (HM G (1 + 1)) Va,b € Qy.
As in [14, lemma 3.3] we have |7*(v)| = (1 +cfy,,)""/* [u| whenever v € Cy,y). Since

sup;c; < 2k and, for N > Ny, the tangent space of Fy is contained in Cyyy, for every N > N,
we have

V;NJrN]
d((ﬂ—s o FN)(a)’ (ﬂ-s © FN)(b)) 2 HNI CT(l + K/)zma (45)
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provided that a, b are sufficiently close. Since v < 1 there exists N3 > N, so that for each
N > Nj; the map 7 o Fy locally expands distances by at least

l/s_N+N1 A

> )
HMC (1 4+ k)21 4+4k2 - A—1

from which it follows that D,,(7* o Fy)~! exists for every (7° o Fy)(w) € Qy and satisfies

A—1
[Dw(m* 0 Fy) || < VY M@EMC(1 + k)2 V1 +4K2) < — (46)

We will now obtain a lower bound on the size of Qy. Note that (Id,y) is (V1 + x?)-
Lipschitz due to the tangent space of x being a subset of C;. Let P = sup,_a||D,T~!|. From
these estimates, as well as those in the previous paragraph, we may conclude that Fy is
(PNC.(1 + k)*V/1 + K?)-Lipschitz. Let

Ly := min {(A — 13, (PVC-(1 + r)*V1 + /<;2)_lminrj/2} .
J

We will prove that B(z, Ly) C Q. If w € (—=r;, )% N B(z, Ly) then w € B(x,Ad) i.e. w is in
the domain of . Moreover,

d(T ™ o 7, 0 9p; 0 (Id, X))(w), (TN o 7, 0 4 0 (Id, X))(2))
<PVC (14 r)VI+ K2 lw—2]|. 47)

Recall that Fy(2) € (—runy) /2. runy/2)" and so 1y, is defined on B (Fy(z), min;¥ ). Since
Yy 18 (1 + K)-Lipschitz and a bijection (onto its range), we have

Yoy (B (FN(Z), miﬂ%)) OB ((T‘N o1y 01 o (Id, x))(2), (1 + K)‘lmin%> .
J J
(48)

From (47) and (48) we deduce that if w € B(z,Ly) then Fy(w) is defined and in
(—rg(N,y),rg(N’y))dS. Moreover, F,(B(z,Ly)) is path-connected, being the image of a path-
connected set under a continuous function, and so B(z, Ly) C Qy. Let Sy : B(0, Ly) — R% be
defined by

Sy(w) = (Dy(7* 0 Fy)) ™"+ ((7* o Fy)(w +2) — (7° 0 Fy)(2)).

Our goal is to apply lemma C.10 to Sy, and then deduce the existence of (7% o Fy)~! on some
neighbourhood of (7° o Fy)(z) that is not too small, but this will take some work. For any
a,b € B(0, Ly) we have

|DuSy — DpSy|| < [[(Do(7* 0 Fi)) ™ '||||[Dago(m* © Fy) — Dpyo(m* 0 Fy)|
< (D" 0 F)) || |Dat:Fn — Dy Fu||
< |la = bl| sup ||D;,Fy| = |la — b||Jy, (49)
On

we

6285



Nonlinearity 33 (2020) 6244 H Crimmins and G Froyland

where we have used (46) and the fact that w — D,,7* is constant and a contraction. Note that

1 — /1= 8A8Jy,[[Dm* 0 Fy,) 1| 2A0||D (7" o Fyy) ™|
4y, © 1+ /1= 8AdJN, [ D7 0 Fiy) |
(50)

In the definition of 3 we may assume that ¢ is as small as we like. Thus, in view of (46) and
(50), by choosing ¢ sufficiently small we may guarantee that

- 11— \/1 — 8AdJ N, || D (5 o Fyy)~ Y| -

0
4Jn,

Ly,. (51

If (51) holds then there exists s € (0, Ly, ) so that
(1 —2Jn;8)s = AS||D(n° o FN})’1 II. (52)

To summarise, we have proven the following

(a) Sy, is well-defined on B(0, s) as s < Ly ;
(b) Sn,(0) = 0 and S§(0) = Id; and
(c) By (49) we have || DSy, — DySy, || < 2sJy, for every a,b € B(0, s).

Thus we may apply lemma C.10 to Sy, on B(0, s) to conclude the existence of an inverse
SIQ; that is defined on B(0, (1 — 2Jy,s)s). Using the definition of Sy, and (52) we recover the
existence of an inverse (7* o F N3)*1 on B((7* o F,)(2),Ad).

Step II: The definition and properties of leaves covering 7" (W+y). We may define a
map xo : B((7* o Fy,)(2),Ad) — R% by

Xo = 7" 0 Fy; o (n* o Fy,) .

Note that the graph of x|, is a subset of Fi, (B(z, 5)) by construction. Since the tangent space of
Fly, is contained in Cy(, ) it follows that || Dxo || < ¢y, Hence, forw € B((7* o Fy,)(z), Ad),
we have

[X0((7* © Fin;)(2)) — Xo(w)| < cos A (53)

Recall from the line before (38) that k < 1/2, and from (B4) that ¢/, ) < 2x. Thus, as Ad <
min;r; /6 (see the sentence following [14, equation (3.1)]), from (53) we have

I x0((7* © Fin,)(2)) — xo(w)|| < m}nrj/ﬁ

Since (° 0 Fny)(@) € (—Tevsyn /2, Tevsyy/ 2)d, it follows that xo(w) €
(—27'[(1\/3,},)/3, 27‘[(1\/3,},)/3)[1“. Thus the image of Xo is a subset of (—27'[(1\/3,},)/3, 27‘[(1\/3,)')/3)‘1”.
Since the C"! norm of Fy, may be bounded independently of y € T¢, z € B(x,§) and W € >,
by the inverse function theorem there exists some absolute Y so that for any x, produced
by the construction just carried out we have || xo||cr+1 < Y. Thus the graph of x, belongs to
Gy, ) (Y) (recall the definition of the sets G;(K) from [14, section 3]).

The issue at this stage is that ||xo||c+1 may not be bounded by the constant K set in [14,
lemma 3.1] and so may not define a leaf in 3. Instead, we show that Xo may be covered
by the image of higher-regularity leaves under some iterate of 7. We note that the following
construction is very similar to the one in the proof of [14, lemma 3.3].
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For each j € Z* we define X; inductively as follows, starting with j = 1. As the graph of
Xj—l is in G[(N3+j,1,y)(Rj_l(Y)), by lemma C.9 the image of ’(/)[7(1{,3+qu) o T_1 o ’l/)g(N}Jrj,l,y) o
(Id, xj—1) i in Gypy4;y(R/(Y)) and is therefore the graph of a map Xj which contains
Vit gy © T~ M 07 045 0 (2, X(2). Using the expansivity of 7" as in [14, lemma 3.3],
one deduces that the domain of Xf contains the set

By, gy © T~ 075 0 4y 0 (2, x(2)), AD). (54)

We define X; to be the restriction of X," to (54). By lemma C.9 we have xn, € Gy, 4n,.)(K),
where N4 denotes the constant N(Y) given by lemma C.9 and K is the constant from [14,
lemma 3.1]. Thus the image of

By 1gy) © T~ MY 0.7y 0 4 0 (2, X(2)), 6)

under Yy, 1w, © (Id, xn,) is a leaf in 3.

Step III: Concluding. We may apply this construction to any z € B(x, ) to produce a leaf
W, e > such that TN +Ny(W,) C W+ y. Moreover, the constants N3 and N, are independent
of y € T z € B(x,8) and W € %. Set N = N3 + N,. By varying z we observe that the set of
such leaves covers T~Y(W + y). As in the end of [14, lemma 3.3], the claim that the number
of leaves required to cover T~¥(W + y) may be bounded independently of W and y follows
from [17, theorem 1.4.10], as too does the existence of partitions of unity satisfying all of the
required properties. Hence we have verified all the conclusions of lemma C.5. (|

By using lemma C.5 and adapting arguments from [ 14, section 6] we may now complete the
proof of proposition 6.6 by proving (23). Let N be the constant from lemma C.5. We will show
that ||7,L"|| 4 can be bounded independently of y. The argument for bounding |7, LY |1 441
is identical. Moreover, we will only derive the inequality (23) for the spaces B” and B?~ 14!,
since it is straightforward to then derive the corresponding inequality for their complex1ﬁ-
cations. We begin by bounding HTy[,N”(Iq. Lethe C'(TY.R), We X, p e Cd(W,R) satisfy
ll¢llcs < 1,andy € T Let Jwr_, denote the Jacobian of 7_, : W+ y — W. Then

/ LV pdQ = LNh- oy JwTdQ. (55)
w Wty

Recall that LV = (h|det DT" | o TN and let Jw4yT" denote the Jacobian of TV : T-N(W +

y) = Wy Let {W,}_,, {p,}/_, satisfy the conclusion of lemma C.5. By changing coordi-
nates and applying lemma C.5 to (55) we obtain

/ LNh-por - Jyr, dQ
W+y
= / h- |detDTN’_l “(poT_yo ™). JwT_y) 0 ™ - Jy, TVAQ
T-N(Wy) ’
J 1
=> / h-|detDTY| " - (po 1y o TV) - (Jwr_y) o T - py - Ty, TNAQ. (56)

By the definition of ||-||o; the final expression in (56) is bounded above by

|h\|0qZH|detDTN| (o1, oT™) - Uwry) o TV - py- Ty TV

CaWy)
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Recall that ¢ < r — 1. Since T is a C" diffeomorphism and T? is compact, it follows that the
C4(W;) norms of Jy, TV and |det DTV |71 are bounded independently of W and y. Using con-
tinuity and compactness, we observe that sup, .a||Di7y | is finite for every positive integer
k. Thus the C4(W;) norm of po7_, 0TV is bounded independently of y and ¢ (provided
l¢llcaew,) < 1). Similarly, it is clear that the C/(W,) norm of (Jyw7_,) o TV is bounded inde-
pendently of W and y. Recall from lemma C.5 that S and C? norms of each p, are both bounded
independently of W and y. Hence, as ||-||ca(w,) is sub-multiplicative, there exists some Cy, > 0
such that

ZH|detDTN| (o yoT) . py-Jy iy, TV HC o < o
s=1 s)

for every choice of W,y and ¢ with [|¢||cs < 1. Thus, by taking supremums of the terms in
(55) we have

I LYlo, < Coglltllog: (57)

We turn to bounding HTy[,NhH,;quk for 0 < k < p. Let h, W and y be as before. Suppose that
© € CITH(W, R) satisfies ||| co++ < 1 and that {v;}X_, C V"(W) is such that [|v]|e- < 1. Then

/ 1 ... v LYR) - pdQ = / (@01 .o D14LVR) - pdQ,
W W
where 7;,(x) == (D,_,7,)vi(x — y). With Jy7_,, {W,}/_, and {p,}/_, as before we have

/Ty(@u o DALVR) - pdQ = D1y« D10LVR) o Ty JywT
w Wty

- Z/ @1y - 01kLVD 0oy poo TN Jyr ,dQ.
TN (W)

(58)

Since the C77* norms of o 7_, and Jy7_, are bounded independently of ¢, y and W, we may
replace p o 7_, - JwT_, by some ¢ € Cquk(W R) with C7*t* norm bounded independently of ¢,

yand W. Addltlonally, the C" norm of each 9;, may be bounded independently of y and W due
to the sup, ;ca | Di7y|| being finite for each positive integer £. Upon replacing ¢ o 7_, - Jy7_,
with ¢, the expression on the right-hand side of (58) is exactly in the form of [14, (6.4)]. Using
the arguments from [14, lemma 6.3], one then obtains a bound of the form

/(Ul Uk)(TyﬁNh)'SOdQ < Cpglltllpg + Cotgt1llllp-14+15
w

for some C,,, C,—1 441 > O that are independent of #, W, k, y, ¢ and each v;. By the definition
of |[-[[; 444> and as [|-||,, dominates ||-[|,-1 4+1, we therefore have

HTVL:Nthq+k (Cpq+C1—lq+l)Hthq (59)

The required bound is obtained by considering (57), (59) and the definition of |||, 4. Thus we
have established (23), which completes the proof of proposition 6.6.
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Appendix D. Properties of the perturbed cat map

In this appendix we consider the maps T : T> — T2, § € R, defined by
T5(x1,x2) = (2x1 + X2, X1 + x2) + d(cos(2mxy), sin(4mxy + 1)),

and prove the claim made in proposition 6.7 that for 0 < ¢ < 0.0108 the map T is an Anosov
diffeomorphim and satisfies the conditions of proposition 6.6. The proof is broken up into
lemmas D.1, D.3 and D.6.

Throughout this section we denote the Euclidean norm on R? (and the associated operator
norm) by |-|, and the usual Euclidean inner product by (-, -). We begin by proving that T is a
diffeomorphism for sufficiently small § by using a quantitative version of the inverse function
theorem (lemma C.10).

Lemma D.1. [fd € [0,0.0108) then T; is a diffeomorphism.
Proof. We have

b . 2 — 278 sin(27x;) 1
) ds = 1 14+ 4nm0 cos(dmx, +1)/)°

and

det Dy, o Ts = 1 + 876 cos(dmxy + 1) — 278 sin(27x;) — 87207 sin(2mx;) cos(dmxs + 1).
(60)

In particular, D )T} is invertible if || < 1/(8). Denote by T; : R* — R? the lifting of Ty.
For z € R let Z denote the equivalence class containing z in T = R/Z. Define Rs : R*> — R? by

Rs(y1,y2) = Doy Ts) " (Ts(y1,y2) — T5(0,0)) .
Note that R5(0,0) = 0 and Dy Rs = 1d. We will estimate
D61y Rs = Dy Rs| = [P0 T) ™" (D Ts — Daaran Ts) | -
We clearly have
D175 — D Ts| < 8]0]. 61)

Use the fact that the Frobenius norm dominates the Euclidean operator norm, we have

|D.0)Ts| - V6 + (1 4476 cos(1))?

DooT;'| = <
| ©0%s ’ |dCtD((),0)T5| |dCtD((),0)T5|

(62)

Thus, by (60)—(62),

87 |6] /6 + (1 + 475 cos(1))?
1—8n6 =

|D(}'1,)'2)R5 - D(wl«w2)R5| <

If || < 0.0108 then s < 1. Then R; verifies the conditions of Lemma C.10 and has an inverse
Rs : B(0, (1 — s)r) — R?, where r > 0. Since there is no dependence on r in the above proce-
dure, we may extend R(}l to R2. Thus T is invertible, and so T} is invertible too. It is standard
that 7; ! and T have the same smoothness. O
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Let x € T?. The eigenvalues of D, T, are A = 3%5 <land X' = # > 1. Let E*(x)

be the span of (1, #) and E“(x) be the span of (1, @) Note that E‘(x) and E"(x)
are the eigenspaces of A and A\ ™', _respectively. It is trivial that the spaces E“(x) and E*(x)
depend continuously on x, and that E*(x) & E*(x) = T, T* forevery x € T*. Let I, IT’ : R? —

Ii&z denote the orthogonal projections onto £"(x) and E*(x), respectively. Since Ty is symmetric,
E"(x) L E*(x) and so Id — IT* = II". For o > 0 define

K'(x) = {v € T,T*: Il < a[IT"v|}, and K:(x) = {v & T, T*: |II'v| < a|IT*v]}.

To prove that T is an Anosov diffeomorphism it remains to prove that T? is a hyperbolic set
for T5. We do this by verifying the conditions of the following result, which we have adapted
to our setting for simplicity.

Proposition D.2 ([ 5, proposition 5.4.3]). If there exists o > 0 such that for every x € T?
we have

(A1) D, T5(K“(x)) C KX(T5(x)) and D.T; (K3 (x)) C K(T; ' (x)); and

(A2) |D,Tsv| < |v] for v € K5(x)\{0} and | DT 'v| < |v| for v € K(x)\{0}.

Then there are constants v,; > 1 and 0 < v,5 < 1, and for each x € T2, subspaces Ej(x)

and E§(x) such that

(a) T\T* = Ej(x) ® E}(x);

(b) DTy (E5(x)) = E*(T; ' (x)) and D, T5(E¥(x)) = E“(T5(x));

(©) |DxTs lgs | < vs and DTy o
(d) E5(x) C K (x) and Ef(x) C K (x).

In particular, Ts is Anosov.

< 1/,;51; and

Lemma D.3. If§ €[0,0.0108) then Ts is Anosov and the conclusion of proposition D.2
holds with o« = 0.118 72.

Proof. We first diagonalise D, Ty as R,,_lARg, where A is a 2 x 2 diagonal matrix with the
vector [\, 1/\] on the diagonal, and Ry is clockwise rotation by angle # = tan~!((1 — V53) /2).
Note that D, T5 = D, Ty + A, where A, : R? — R? is defined by the matrix

A — —2md sin(2mxy) 0
A 0 4o cos(dmx, + 1))

We use the shorthand §; = —2nd sin(2wx;) and &, = 47w cos(dmxr + 1). In order to sat-
isfy the second part of (Al) of proposition D.2, we require that A +R9AXR;1 preserve
K :={(B,7)" € R*:|B| < |y| a}. One may confirm that

RIAR, = (51 cos” 0+ sin® 0 (1/2)sin(260)(6 — 50) |

(1/2)sin(20)(5; — 62) 65 cos® O + &, sin® @ ©3)

Multiplying A + RyA.R," with the vectors (a, 1)" and (—a,1)" we see that a sufficient
condition to preserve K is that

O\ + a + &
A—0 —da >
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where 0’ = max{sup,di, supyd,} = 4md. Since 1/\ — ¢ — §a >0 for 0 < § < 0.1862 we
may rearrange the above in terms of § to obtain

_a/A=N

S dn(a+ 12 (64)

Since ¢ € [0,0.0108), by lemma D.1 the map 75 is a diffeomorphism. To satisfy the first
part of (A1) of proposition D.2, using the notation above, we note that

140 —1
(D,Ts)"" = (1/ det(D,Ty)) ( tl ? 24 51) , (65)

and that for the purposes of cone preservation we need not consider the determinant factor.
Therefore, (D, T5)~" = (1/det(D, T5))(D:To)~' + A’), where

r_ 52 0
AL = (0 51). (66)

The cone preservation condition will be implied by the preservation of K%, := {(7, )" € R?:
18] < |v|a} by D, T;". Multiplying A~' + RyAR," with the vectors (1,a)" and (1, —a)"
yields an identical set of calculations to those for K, resulting in the same bound for ¢ as in
(64). Substituting « = 0.118 72 into this bound yields a numerical upper bound for 6 of 0.0169,
which is larger than the value reported in the proposition statement.

To verify (A2) we demonstrate contraction for elements of ¥ ; the same contractions occur
in the original (unrotated) cones K? (x) and K(x) under D, T5 and D, T ! respectively. Writing
A+ RyAR,)" = (A i_ a )\,lb+ d) and multiplying by the unit vector (1/+/1 + £2)(1,3)"
for —a < 3 < a, the square of the norm of this vector is (A + a)?> + b?3> + 2(\ + a)bB +
A+ N+ d)?B% + 2¢O + d)) /(1 + 52). We require the above expression to be strictly
less than 1 for contraction. Grouping terms to obtain a quadratic in /5 we wish to show

BB+ "+ = D+28(A+a)+c AT +d)+ (N +a)P 4+ -1)<0
(67)

for —a < B < a. This quadratic has a local minimum since A~! > 1 + |d| whenever § €
[0,0.1288); therefore the maxima are at 3 = +a. Using the fact that max{|al, |b|, |c|, |d|} <
0’ one may readily check that contraction occurs at 3 = +a« for §’ € [0,0.6734) or, equiva-
lently, for 6 € [0,0.0536).

The contraction of vectors in [ under D, T(;_1 follows similarly. With the notation above,
one easily verifies 1 — (5/2)0' — (0')*/2 < det(D,Ts). Replacing the two ‘1’s in (67) with
the factor 1 — (5/2)0' — (8')*/2, one verifies as above that the polynomial (67) has posi-
tive leading term for 6 € [0,0.1288) and is negatively valued for —a < 5 < « provided that
0 €[0,0.0293). Thus vectors in K% are contracted under D, Tgl for § in the advertised range.

As we have verified all the conditions of proposition D.2 for 75 whenever 6 € [0,0.0108),
it follows that T is Anosov for § in the same range. |

To complete the proof of proposition 6.7 it now suffices to prove that T} satisfies the condi-
tions of proposition 6.6. Denote by 7} (resp. 7y) the projection onto E5(x) along Ej(x) (resp.

Ej(x) along Ej(x)). Let wy and w, be the unit vectors in the rays defined by (1, = 25’1) and
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(1, @) , respectively. Let w,(x) and w,(x) be the unit vectors in £5(x) and E}(x) for which

{(wy(x), w,) > 0 and (w(x),ws) > 0. For v € R? we denote by v the vector obtained by
rotating v anticlockwise by 7 /2 about the origin. In particular, w;* = w, and w;- = —wy. For

v € T, T? let
[vllo = /w30 + |meol’.

We can recover a Riemannian metric from ||-||o by the polarisation identity. By proposition D.2
-1

DXT(; |Ef$(x)’ § Vss and ‘DXT(S ‘Eg(x)‘

(M2) and is adapted. In the following two lemmas we collect some useful inequalities, before

proving that T} satisfies the conditions of proposition 6.6 for all 6 € [0,0.0108) in lemma D.6.
The first such bound follows from basic trigonometry.

we have

<y, +. Thus the metric induced by ||-|o satisfies

LemmaD.4. [fv; € Ki(x),i = 1,2with |v;| = L and (vi,v2) > 0, then |v; — v < \/%

Similar statements hold for v; € K/ (x).
LemmaD.5. Ifa < 1, then for every v € T, T? we have

V(1 —a2)? = B(a) V(1 —a2)? 4+ B(a)

1—a2 1—a2

ol < [lollo < o]

where
B@) =V2aBa + V2 + 362\ 1 + a2 + 302

Proof. Letv € T, T? with |v| = 1. By writing v = v + 7“v we find that

lvllo = \/’7‘('5(1}’2 + ’7:‘;11’2 = \/1 — 2(msv, Th). (68)

{wy (0t W)

(u;u(x)i,@ Uy,
ws(x) and mv = (wy(x)+ 3wy (x))

(wy () ws (x))

(wy(x), wu()) (ws (), V) (W), v)

One verifies that mv = w,(x). Hence

[(myo, mo)| = ‘ (wy ()L, wy (X)) (Wi (x)+, wy(x)) 9
Since wy(x) € K} (x) and w,(x) € K!(x), basic trigonometry yields
| (wy(x), wa(x))| < cos (g 2 tanfl(a)) =2 sin(tan™ (@) cos(tan™ (@) = - iaaz' (70)
Alternatively, as w,(x)" € K*(x),
)
|(ws(x)™, wu(x))| = cos(2 tan™ ' (@) = cos’(tan~'(@)) — sin*(tan™ ' (a)) = 1—0‘2
1+«
(71)

The same argument yields the same lower bound for |<wu(x)l, ws(x)) | Writing v = Awg(x) +
Bw,(x)*", we have

<ws(x)l, v)(wu(x)l, v) = B(—A + <u),,()c)L + wy(x), v)).
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Since w(x) and wy(x)* are orthogonal and |v| = 1, we have |B| = v/1 — A2, On the other

hand, by lemma D.4 and Cauchy—Schwarz we have |<wu(x)L + wy(x), 11>| < \/% Upon

substituting we have

2
oo o)| < V=2 (] + o). 72)

We may bound the right-hand side of (72) from above by differentiating with respect to A and
solving the resulting quadratic equation (noting that we only have to consider the case where
A > 0 due to the symmetry about A = 0 in the right-hand side of (72)). In particular, (72) is
maximised when

—a+ V2 +3a2
2V1+a2

which, when substituted into (72), yields

. Ba+ V2 +3a2)V 1+ av2 + 3a?

Al =

S (0, v) (wa(x), 73
[ (w0, v) (w0, v)| N (73)
Applying (70), (71) and (73) to (69) yields
s aBa+ V2 +302)V 1+ av2 + 302
(o, miv)| < : (74)
: V2(1 — a2)?
Hence, upon substituting (74) into (68) we obtain
V(1 —a?)? — B(a) V(1 —a?)? + B(a)
ol < lello < T
as announced. O

Lemma D.6. In the setting of lemma D.3 and proposition D.2 we have C;,Or;0 < 1.

Proof. Since o < 1 the conclusion of lemma D.5 holds. Since D, is an isometry with
respect to the usual Riemannian metric on the tangent space of T2, by lemma D.5 we have

sup [|Dmyvljo <
Ivlo<t

(1 —a2)? + B(w)
(1—a??—Ba)

Thus

(1 —a?)? + B(a)
C;D < x/(l——Cﬂ)z——ﬁKOO. (75)

We turn to bounding Or; . Since 7} and 7 are complementary orthogonal projections with
respect to the inner product associated to ||-||o we have

®T{§,0 = Sup ||7Ti+ny7'y - (D’CTVV)ﬂ-i”O'
x,yeT?
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By using lemma D.5 in the same way as when bounding C; o, we find that

(1 —a?)? + B
Or,0< | —S5—— sup |mi,Di7y — (Dy1y)my| .
75,0 \/(1 — az)z _ ﬂ(a)x,ye¥2 | +y y y |

Let v € T, T? with |v| = 1. Recalling the definition of 7¢ and then applying the triangle and
Cauchy—Schwarz inequalities we have

‘(775(+ny7}‘ — (D))

- ‘ {wa (iwi(;)f,ﬁj(ﬁ ) Y %w‘m‘

S ‘ <wu(<xwi()yc)f,ﬁj(}v>+ WY T ﬁ”yﬁfiﬂl Ty )‘
™ )~ T+
‘m%u +3)- mws(m’

[(wax + 05 0) = (w5 0)] | [ + 0wy +9) = (W) w,0)]
[(w, (x + ¥4, we(x + y))| [(wu(x + Y, wex + y)) (w, ()1, ws(x))|

|’LUS()C + y) - ’LUS()C)|

. (76)
(Wi (x)+, wy(x))|
We will bound the various terms on the right-hand side of (76). By lemma D.4 we have
[+ 95, 0) = (w0h ) € 2o and ) — w )] < e
V1+a? VI1+ao?
(17

By definition we have (wu(x)i,ws(x» < 0 for every x € T2. More precisely, by using
Cauchy—Schwarz and (71) we find that

< (w0 ) < )
S ()™ w) < 775
Hence,
i 1 o’
[ (w4 )%, wyx £ 3)) = (o), wi) | < 7 — (78)
Using (78) and (71) to bound the second term of (76), we obtain
[{wax + )% wix +3)) — (w5 wi)| _ a?(1+0?) 79)

(i + 95w+ ) (W@ w@) S A —a?)?
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Using (77) and (71) to bound the first term of (76), (78) and (71) to bound the second term,
and the bound (79) yields

20/1 +a2 21 +a?) 201+ a?

(734, Damy — (Dx) ] <

1 —-a? (1 — a?)? 1 —a?
. 4a(l —a®)V1I+ a2+ (1 +a?)
S (1 — a2p '

Thus,

o <[ JA= @) [dall V1 + a2 + 21 +a?)
AV A= a2 - ) (1—ay? '

(80)
Combining (76) and (80) yields

(1 —a?)? + B(a)) <4a(1 — W T a2+ + a2)>

Cr 00150 < <(1 — 22 — B(a) (1 —a?)?

Soif o < 0.118 72 then CT,O@T&O < 1. |
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