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Abstract We consider multistage stochastic programs, in which decisions can adapt
over time, (i.e., at each stage), in response to observation of one or more random vari-
ables (uncertain parameters). The case that the time at which each observation occurs is
decision-dependent, known as stochastic programming with endogeneous observation
of uncertainty, presents particular challenges in handling non-anticipativity. Although
such stochastic programs can be tackled by using binary variables to model the time at
which each endogenous uncertain parameter is observed, the consequent conditional
non-anticipativity constraints form a very large class, with cardinality in the order of
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the square of the number of scenarios. However, depending on the properties of the set
of scenarios considered, only very few of these constraints may be required for valid-
ity of the model. Here we characterize minimal sufficient sets of non-anticipativity
constraints, and prove that their matroid structure enables sets of minimum cardinality
to be found efficiently, under general conditions on the structure of the scenario set.

Keywords Stochastic programming - Endogeneous uncertainty - Multistage
stochastic programming

1 Introduction

Stochastic programming provides an approach to decision-making that takes account
of the probability distributions of uncertain parameters. Typically the values of these
parameters are revealed over time, or with stage in a multistage decision setting,
and decisions made at each stage hedge against possible realizations of parameters
revealed in future stages. Of enormous practical importance, such multistage stochastic
programming models have been studied for many years now, with the literature offering
a wealth of theoretical and algorithmic tools for solving them: see, for example, [4,25,
26,28,30,32] and the many references therein. Naturally, given the challenging nature
of these problems, decomposition approaches have been a primary focus of research
in multistage stochastic programming, with a recent surge of progress [20,29,31],
especially in the direction of extensions to risk averse measures [2,16,22,23,31,33],
and with increasingly vigorous interest in decision rules [3,11].

The majority of this literature assumes that the sources of uncertainty are exoge-
neous to the decision-making process; relatively little attention has, to date, been paid
to stochastic programming in the presence of endogenous uncertainty. Endogeneous
uncertainty is defined to occur when the underlying stochastic process depends on
the optimization decisions [21]. This can occur via direct alteration of the probability
distributions, or by determination of the timing of parameter uncertainty resolution
(referred to as type I and type 2 forms respectively [14]). The latter form is known as
endogeneous observation of uncertainty. In such cases, one might see a further influ-
ence of stochasticity on decision-making: as noted, for example, in Artstein and Wets
[1], one could, and perhaps should, invest some resources in estimation of parameters
defining the uncertainty.

The importance of stochastic programming with endogeneous uncertainty is under-
scored by the rapidly increasing body of literature on its applications. It has been used
for gas field development planning by Goel and Grossmann [13] and Goel et al.
[15], for the planning of clinical trials in the pharmaceutical R&D pipeline by Colvin
and Maravelias [7-9], for scheduling the production of open pit mines by Boland et
al. [5,24], for process network planning by Tarhan and Grossmann [35] and Gupta
and Grossmann [18], for oil and gas field investment and operation by Tarhan et
al. [36], Vayanos et al. [38] and Gupta [17], for design of groundwater well systems
by Giles [12], for R&D technology project portfolio management by Solak et al. [34],
for workforce capacity planning by Fragniere et al. [10], and for scheduling hospital
operating theatres by Bruni et al. [6]. As an illustration, Fragniere et al. [10] show that
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if the dependence of future demand for the services of an enterprise on the quality of
the service it provides, (a function of the workforce expertise decided in the model), is
ignored, so as to remove the endogeneous uncertainty, the number of qualified workers
needed is underestimated by the model by more than 30 %.

As noted, for example by Jonsbraten et al. [21], endogenous uncertainty makes
the stochastic program substantially more difficult to solve, and even relatively recent
papers (e.g. [19]) comment on the sparsity of literature addressing such cases. A key
challenge in the solution of such problems is the large number of non-anticipativity
constraints (NACs). In the case of endogeneous uncertainty, additional binary variables
and logical constraints are required to model non-anticipativity, with the deterministic
equivalent problem size (number of variables and constraints) increasing with the
number of scenarios. Thus solution approaches have focussed on ways of addressing
the challenge of NACs.

Lagrangian relaxation of the NACs to yield a decomposition by scenario has proved
particularly useful. In[14,36,37] itis applied in conjunction with a duality based search
to close the gap. It is also used in [34], which applies sample average approximation
with Lagrangian relaxation to solve the sample problems and branch and bound to close
the gap. Most recently, the concept has been generalized by Gupta and Grossmann [19],
who exploit the structure of their scenario space to permit Lagrangian decomposition
into scenario group subproblems, with the NACs explicitly retained within each group
but Lagrangian relaxed between the groups.

Delaying the addition of NACs until needed has been another strategy for deal-
ing with their challenge. In [9] a branch and cut algorithm first removes necessary
non-anticipativity constraints that are unlikely to be active from the initial formulation
and then only adds them if they are violated within the search tree, with different
approaches to constraint violation checking explored to improve performance. Gupta
and Grossmann [18] consider (in addition to Lagrangian relaxation) a strategy where
the problem is solved with the NACs included only for the stages up to a specified
number (k), with k incremented and the process repeated until the solution has no
realization of an uncertain parameter occurring after stage k. A two-phase NAC relax-
ation strategy is also proposed, with NACs first treated with a cutting plane approach
(repeatedly solving the LP relaxation, adding violated NACs until all are satisfied), and
then added to the MIPs if needed. All three approaches are very effective in reducing
solve times on two process network examples.

Most approaches to date focus on exact solution for uncertain parameters having
discrete distributions: a novel approach is taken by Vayanos et al. [38], who show
how to approximate the problem via decision rules, using piecewise constant and
piecewise linear functions of the uncertainties. Their techniques extend to continuously
distributed uncertain parameters via partition of the uncertainty domain.

All these approaches will benefit when the set of NACs that needs to be considered is
reduced, for example by observing that some NACs are implied by others, and so are not
necessary in the formulation. Key steps in this direction were developed in 5,9, 14, 18].
All observed that substantial proportions of the NACs could safely be ignored, but used
the structure of the application ([5,9]) or the structure of the scenario space ([9, 14, 18])
to determine this. For example, the properties given in [14,18] all depend on the
scenario space being the cross product of realizations of all uncertain parameters.
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Work to date in this direction has largely demonstrated substantial computational
benefits from reduction in the number of conditional NACs included. Goel and Gross-
mann [14] report on a capacity expansion problem in process networks, in which
installation/expansion of three processing units is to be planned over 10 periods, find-
ing that areduction in the number of NACs of 32.5 % reduced the MIP solver computing
time by 44.4 %. In open-pit mining problems, even with a very small number of scenar-
i0s, a speed-up of more than 30 % in MIP solver time as a consequence of halving the
number of NACs is observed [5]. The positive impact of reduction in NACs becomes
even more apparent as the size of the scenario space increases. The work of Colvin
and Maravelius [7,9], in the context of pharmaceutical drug testing, is particularly
striking in this regard. In [7], instances, involving 3 drugs over a 12-period planning
horizon and 5 drugs over a 6-period horizon, generated 37 million and 155 billion
NAC:s, respectively, so reduction of these was essential. More comprehensive tests, in
[9], compared three levels of reduction, and showed that at each level, computation
times decreased, and, more importantly, larger problems could be loaded into mem-
ory, and so could be solved. Even after three levels of reduction, the hardest instance
still had 1.3 million NACs, and hence a specialized branch-and-bound procedure was
developed.

Our primary contribution is to provide general conditions under which NACs can
safely be omitted from the formulation: we define generator sets of NACs, and show
that these are sufficient to imply all NACs. The generator set property is also necessary:
any subset of NACs that guarantees all are satisfied must be a generator set. The
generator set property does not rely on any structure on the scenario space, however
in the case of the cross product scenario space, we recover the properties of [18] as a
special case, and generalize these. We show further that generator sets have a matroid
property, and so minimum cardinality generator sets can be found efficiently by a
greedy algorithm. The generality of our results could be particularly helpful in the
context of recent algorithmic ideas: both sample average approximation (e.g. [34])
and scenario group Lagrangian decomposition ([19]) solve problems over subsets of
scenarios; our results give an efficient method of identifying a minimum cardinality
set of NACs to include in a problem over any scenario subset.

2 A generic model

In general multistage stochastic programming with endogeneous observation of uncer-
tainty, there is a finite set of sources of uncertainty, indexed by Z, and, for eachi € Z,
arandom variable 6;. The set of possible realizations for 6; is given by ©;. A scenario
s € Sis characterized by a vector of realizations (6;);c7, with 67 € ®; foreachi € 7.
A differentiator set D(r, s) is the set of all i € Z such that observation of i allows
scenarios s and r to be differentiated. We assume that D(r, s) # ¢ for all distinct sce-
nario pairs {r, s}. Usually this is simply the set of i for which 67 and 6/ are different,
however in some cases, such as that of uncertain geology in open-pit mining [5], some
notion of “sufficiently different”, such as |9i’ — 95| > ¢ for suitable € > 0, may be of
interest. (The ideas of [38] are also relevant here.) We assume that differentiator sets
are symmetric, i.e. satisfy D(r, s) = D(s,r) forany r,s € S, r # s.
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To illustrate these concepts and our notation, and to highlight the differences
between endogeneous observation of uncertainty in multistage stochastic programs,
and the more well-studied, exogeneous, form of uncertainty, we introduce an exam-
ple application of the former: the game of Hangman. In Hangman, the player tries to
guess a word selected by an opponent. Initially, the player knows only the number
of letters in the word. The player then guesses a letter of the alphabet, and the oppo-
nent must reveal to the player the positions in the word, if any, in which that letter
appears. Usually the player is allowed a maximimum number of incorrect guesses,
(guesses of letters that do not appear in the word), and loses if he cannot guess the
word before these are exhausted. Here we use a simpler variant: the player is allowed
a fixed number of guesses, irrespective of whether they are correct or not. This game
can be modeled as a multistage stochastic program with endogeneous observation of
uncertainty, as follows. Take the scenarios to be the words available to the opponent,
so S can be thought of as a dictionary, consisting of a set of words, each of the given
length, L letters, over an alphabet, Z, of possible letters. For each letter, i € Z, there
is a set of possible patterns for that letter: @; C {0, 1}X. At each stage of the game,
t =1,...,T, the player must choose a letter i € Z, resulting in the revelation of its
realization. The player may adapt his guesses based (only) on what he has learned
about the word so far. A specific example is given below.

Example Game of Hangman Suppose the opponent uses the dictionary & =
{neat, nest, sate, seat, sent, teat, tent, test},ofeightfour-
letter words, over the alphabet 7 = {a,e,n, s, t}. Then the possible real-
izations of letter patterns are @, = {(0,0,0,0), (0, 1,0,0), (0,0,1,0)}, @, =
{(0,1,0,0), (0,0,0, D}, ® ={(1,0,0,0), (0,0, 1,0), (0,0,0, 1), (1,0, 0, 1)}, etc.
A scenario corresponds to a realization for each of the random variables, so, for exam-
ple, 05"t is given by 6" = (1,0, 0, 1), 05" = (0, 1,0, 0), 65" = (0, 0, 1, 0),
and Hl.tent = (0,0,0,0) fori € {a, s}. The letters in the differentiator sets for each
pair of words (scenarios) are shown in Table 1. For example, nest and sent can only
be differentiated by guessing either n or s, since 2°5% £ 957t and 675t £ g5ent,
while §7°5% = 95°"¢ for all i € Z\{n, s}, so D(nest, sent) = {n, s}.

Suppose the player is allowed 3 guesses, so T = 3. If the player guesses n first, then,
depending on the scenario, (word chosen by the opponent), the player will learn, after
the first stage, that the scenario is either one of {neat, nest}, one of {sent, tent},

Table 1 Letters in the differentiator sets for each pair of words in the Hangman example dictionary

nest sate seat sent teat tent test
neat a,s a,e,n,s,t n,s a,n,s n,t a,n,t a,n,s,t
nest - a,e,n,s,t a,n,s n,s a,n,s,t n,s,t n,t
sate - a e, t a,e,n,t a,e,s,t a,e,n,s,t a,e,s,t
seat - a,n s, t a,n,s,t a,s,t
sent - a,n,s,t s, t n,s, t
teat - a,n a,s
tent - n,s

Symmetric entries are omitted
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Fig.1 A scenario tree for the Hangman example, for letters revealed in the fixed sequence (a, t, s, n, e).
Subtrees that are paths have been contracted to their root node. All letters are shown as soon as their choice
is forced

oris one of {sate, seat, teat, test}. In the first case, guessing t next is point-
less, but in the latter two cases, guessing t in stage 2 will be helpful: it will reveal
whether the word is sent or tent in the second case, or {sate}, {seat}, or one of
{teat, test} in the third case.

This example highlights an important difference from the case of exogeneous uncer-
tainty. In exogeneous uncertainty, scenarios are often modeled using a scenario tree.
Each level of the tree corresponds to both a decision stage, and a stage at which uncer-
tainty is (realized and) observed. In the case of endogeneous observation of uncertainty,
the stage at which an uncertain parameter is observed cannot be known in advance; it
depends on the decisions made. Thus, even if the scenarios can be represented using
a tree, there may be no connection between the levels of the tree, and when sources
of uncertainty are observed. In the Hangman example, there is no a priori reason to
construct the scenarios using a scenario tree. One could be constructed a posteriori
by fixing a sequence in which the letters are revealed. Such a tree is shown in Fig. 1.
However, the first stage decision of the player may be, for example, the third letter in
the scenario tree sequence: the sequence in which the letters are revealed during the
game is precisely the decision problem.

This “divorce” of the scenarios from the decision stages is typical in an endogeneous
uncertainty setting. For example, in open-pit mining, what is observed of a realization
of the underground geology depends on where the decision has been made to dig,
and on how long that takes. In pharmaceutical drug testing, [9], what is learned at
each stage about which drugs will succeed in a trial depends on which drugs were
selected for testing, and on when their preceding trials were scheduled. In general, we
might say that what the decision-maker learns about the scenario depends on where
her decisions cause her to look.

Since non-anticipativity constraints are typically encoded, in the exogeneous case,
in the scenario tree, this separation of scenarios from decision stages illustrates why a
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quite different approach to enforcing non-anticipativity is needed in the endogeneous
case.

Before discussing how this may be done in general, we explain the concept using
the Hangman game, by formulating a deterministic equivalent model for the problem.
In what follows, and throughout this paper, we use the notation [n], for n a positive
integer, to denote the set {1, ..., n}. First, to model the decisions at each stage, we
introduce binary variables, ¢f’ ;» foreach s € S,i € Z,and t € [T], set to 1 if the
player guesses letter i in his fth guess, under scenario s, and zero otherwise. Since the
player cannot choose more than one letter per guess, we require

D¢, <1 VielT], VseS.
iel

Other constraints may be desired, and other variables, depending on how an objective
is modeled; we omit these, as they are not helpful for explaining the key concepts.
Instead we focus on non-anticipativity: we must model the requirement that the guess
made by the player in stage 7 under scenarios » and s must be the same if no letter has
been guessed so far that distinguishes between the two scenarios. In other words, for
each pair of distinct scenarios r, s € S and each stage ¢ € [T], we require that

if ¢in’ = ¢i’t, =0 foralli € D(r,s)andall t' €[t — 1],
then ¢!, =¢/, foralli € 7.

To model this, it is convenient to introduce binary variables, ,BZ.S R for each letter, i € Z,
scenario, s € S, and stage, t € [T], set to 1 if the player guesses i in any stage up to
t, and zero otherwise:

t—1
B, = qu;,,, Vie[T], Vse S, Viel. (1)

t'=1

(Since ﬂi ; is binary, this implicitly requires the right-hand side to be at most one, which
enforces the player to guess a letter in at most one stage; this is expected anyway.) The
condition that qbf’t, = ¢£t, =0foralli € D(r,s) and t’ € [t — 1] is then equivalent
to ziep(m) ,Bi‘ft = 0, for o = r and o = s. In fact, either choice of o suffices; one
cannot hold without the other. This is discussed further, later. Now non-anticipativity
asks that, for each pair of distinct scenarios r, s € S and each stage ¢ € [T],

it > B, =0 then ¢, = ¢!, foralli €.
ieD(r,s)

In general, in the endogeneous case, since the stage of the stochastic program at
which 6; is observed, depends on decisions made by the model, it is natural to model
the uncertainty via a binary variable §;, for each scenario s € S, each source of
uncertainty i € Z and each stage ¢t € [T], to indicate whether or not 5,- has been
observed by stage ¢ under scenario s. We refer to these as observation indicator
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variables. In some applications, for example in open-pit mine production scheduling
[5] and pharmaceutical testing [9], such variables naturally occur in the model; in
others, they may need to be added. (In the Hangman model, they can be substituted
out using Eq. (1)). If a source of uncertainty has been observed by some stage, then it
has certainly been observed by all later stages, thus the observation indicator variables
must satisfy

B, < By, VYieILVseSVtell 1] 2)

Let ¢ foreach s € S and ¢ € [T] be the vector of all scenario-dependent variables
in the model that cannot be different from those in another scenario unless the sce-
narios have been differentiated by stage 7. As in the Hangman example, the condition
2 ieD(r.s) Bir = 0'is equivalent to the condition that scenarios r and s have not been
differentiated by stage ¢, so the non-anticipativity constraints must be applied when this
condition is satisfied. Then the general logical form of conditional non-anticipativity
constraints is

DB, =0 = ¢ =¢/. V{rs)eT. VielTll, 3)
i€D(r,s)

and the natural model of this requirement is the usual linearization of

o, — o =M D B VieLliins)eT.re[T], &)
JE€D(r,s)

where £; is the index set for the ¢ vector and 7 = {{r, s} € S : r # s} denotes the
set of all scenario pairs. This is a “big-M” constraint, and M, l{;’S} can be taken to be
any known upper bound on the value of |¢f’t — 7l

For simplicity of exposition, we omit discussion of decision variables that do not
depend on the observation of uncertainty; these can be included in a straightforward
way.

Non-anticipativity is also required for the observation indicator variables. If at some
stage f, two scenarios have not yet been distinguished, then at the next stage, ¢t + 1,
the information observed must be the same under each of these two scenarios; either
a source of uncertainty has been observed under both scenarios, or it has not. Here
we are now more careful about the scenario superscript used in the condition under
which non-anticipativity is required: we ask here that both >, .. ) B, = 0 and
Zi eD(r.s) ,3; ; = 0 hold, to indicate that r and s have not yet been differentiated,
and then discuss how only one suffices. The logical form of the non-anticipativity
constraints for the observation indicator variables is then

> B2, =0 = B =Bl Vi€ TY(ns) € T.Vo € {r,s), Vi € [T—1],
JE€D(r,s)

(&)
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and the natural model of this requirement is the usual linearization of

BSir =Bl = D BI. VieZ {rs)eT Yo elrs).Vt [T —1], (6)
JE€D(r,s)

together with the initialization
Bi1=0, VieIVseS. )

In fact, only one non-anticipativity constraint from (6) needs to be included in the
model for each unordered scenario pair in 7, rather than the two given, and the choice
of which to include may be arbitrary. The following result is straightforward to prove
by induction; for completeness we provide the proof in the appendix.

Proposition 1 Let 8 satisfy (2) and (7), and suppose that for every unordered scenario
pair{r,s} €T,

Z Bii=0 = B, =B YieLVie|T—1] ()
j€D(r,s)

is satisfied for o = r or o = s. Then (6) holds.

This result also shows that (4) is well-defined, in the sense that the choice of
superscript in the observation indicator variable on the right-hand side can be made
arbitrarily. This result is equivalent to Property 1 of Gupta and Grossmann [18]; see
also [14].

3 Necessary and sufficient sets of non-anticipativity constraints

The previous section shows that—at least in principle—endogeneous observation of
uncertainty can be modeled linearly with the use of binary variables. However the
model has a very large number of constraints: Eq. (4) contains £2(|S |2 ZLI [L:])
constraints. The primary difficulty is that the number of non-anticipativity constraints
depends on the number of scenarios squared. In what follows here, we show that the
structure of the scenarios, and the resulting relationships between the differentiator
sets, can be used to substantially reduce the number of non-anticipativity constraints
that must be included for a valid model; we characterize sets of non-anticipativity
constraints (NACs) that are both necessary and sufficient to ensuring all NACs are
satisfied.

It is helpful to consider the complete (undirected) graph (S, 7) on the vertex set
given by the scenarios. Differentiator sets are given by a function from the graph edges
to the power set of Z, i.e. D : 7 — 2Z. This graph for the Hangman example is given
in Fig. 2. Paths in the graph satisfying a differentiator set containment property will
be particularly useful. We refer to path P € 7 in the graph between vertices r and s,
i.e. having r and s as its two end nodes, as an r-s-path.
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Fig. 2 The graph (S, 7) for the Hangman example. The edge label for edge {r, s} is the differentiator
sets D(r, s) for the pair of scenarios r and s. Dashed edges indicate scenario pairs with differentiator set
of cardinality 3, (except for {seat, sate}, which is solid), dotted edges indicate pairs with differentiator
set of cardinality 4, and missing edges represent pairs for which the differentiator set is the entire set of 5
letters, Z. Solid edges show a minimum cardinality generator, which is, in this case, unique

3.1 Generator sets are necessary and sufficient

Since the key proof in this section relies only on the combinatorial structure of sce-
narios, and not on the formulation of the model of non-anticipativity, we present these
results in terms of a general graph, G = (V, E), and function, D : E — 2011 from
the edge set to the power set of the set [] = {1, 2, ..., u}. However, these are to be
applied to the node set V = &, with [u] identified with Z and D defining the scenario
differentiator sets identified by index.

The following definitions are with respect to D, which is omitted in the notation
because we fix one D throughout.

Definition 1 A pair (f, g) of functions f : V. — {0,1}* and g : V — R is called
E-consistent if for every edge e = {v, w} € E we have the implication
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> i) =0 = g) = gw).

i€D(e)

The NACs say that for the complete graph (S, 7) on the scenario set, the pairs
(B, Bii+1) fort € [T —1],i € Z, and the pairs (B;, ¢;;) fort € [T]and [ € £, must
be 7 -consistent.

If the pair (f, g) is E-consistent thenitis also E’-consistent forevery subset E’ C E.
We call E’ NAC-sufficient for G if the converse is also true. More precisely, we have
the following definition.

Definition 2 An edge set E’ C E is NAC-sufficient for G if every E’-consistent pair
(f, g) is also E-consistent.

Definition 3 Given a graph edge ¢ = {v, w} € 7, any v-w-path P having D(¢’) C
D(e) for all ¢’ € P is called a differentiator set containment path for e, or dsc-path
for e for short.

For example, in the Hangman instance, the path test, sent, seat, sateisnota
dsc-path for {test, sate} since

D(sent, seat) = {a,n} Q {a,e,s,t} =D(test, sate).

However, the path test, teat, seat, sateisadsc-pathfor {test, sate}, since
the differentiator sets for the edges on the path, {a, s}, {s, t} and {a, e, t}, are all
subsets of D(test, sate) ={a, e, s, t}.

Definition 4 An edge set E/ C E is a generator for G = (V, E) if for every edge
e = {v, w} € E, there is a v-w-path P with P C E’ that is also a dsc-path for e.

A (minimal) generator for the Hangman example is indicated by the solid lines in
Fig. 2. To check that this is a generator, simply confirm that, for each dashed, dotted
or missing, edge, there is a dsc-path between its nodes consisting only of solid edges.
Recall that a missing edge has differentiator set the entire set of letters, so a dsc-path
for a missing edge is simply any path connecting its end points (the differentiator set
containment property is automatically satisfied by any edge in the path).

Theorem 1 An edge set E' C E is NAC-sufficient for G if and only if it is a generator
for G.

Proof First let E’ be a generator, and suppose the pair (f, g) is E’-consistent. Let
e = {v,w} € E with Zie’D(e) fi(v) = 0. Since E’ is a generator there is a path
(v = v, vi,...,U, = w) with e; = {vj_1, v;} € E' and D(e;) S D(e) for
j €{1,..., m}. Therefore, we have Ziep(ej) fi(v) =0forall j € {1,...,m}.Since
(f, g) is E’-consistent, this implies

gw) = gm) = gWm-1) = g(um—2) = --- = gvo) = g(v).

Thus the pair (f, g) is E-consistent, and E’ is NAC-sufficient for G.
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Conversely, let E’ be NAC-sufficient for G, and assume that it is not a generator.
Then there is some edge ¢ = {v, w} € E\E’ such that there is no dsc-path for e in
E’. Let Vj be the set of all vertices u € V for which there exists a u-w-path P in E’
such that D(e’) C D(e) for all ¢’ € P, including w itself. By assumption v ¢ V. We
define two functions f : V — {0, 1}* and g : V — {0, 1} by

0 fori € D(e),
fiwy =19 forieP@ weV,iclul and
1 otherwise,

0 f Vo,
gu) = orue Yo ueV.
1 foru € V\Vp,

Suppose the pair (f, g) is not E’-consistent. Then there must be a node u € Vj and
anode u’ € V\Vp with {u, u'} € E"and 3 ;. p(,.,) fi(u) = 0. But the latter implies
fi(u) = 0foralli € D(u, u’), which is only possible if i € D(u, u’) C D(e). Then
since u € Vj, by the definition of Vy, u’ must be in V too, giving a contradiction.
Thus the pair (f, g) is E’-consistent.

However ( f, g) is not E-consistent, since Ziep(e) fiv)=0butg(v) =1#0=
g(w), which contradicts the assumption that E’ is NAC-sufficient for G. O

A consequence of this theorem is that if G is a generator set for (S, 7), it suffices
to require NACs (3) and (5) only for scenario pairs in G; those for pairs in 7\§ are
implied by the constraints for pairs in G. It also shows that any set of scenario pairs
with the property that their NACs imply the rest must be a generator. In other words,
it shows that applying NACs only for a subset of scenario pairs having the generator
set property is necessary and sufficient for ensuring all NACs hold.

3.2 Stage-dependent generator sets and exogeneous uncertainty

So far, we have focused on subsets G C 7 so that applying the NAC constraints for
all pairs {r, s} € G and all stages, ¢, ensures all NACs hold. However, a more general
approach would be to seek subsets GT € 7 x [T] so that applying NACs only for
({r, s}, 1) € G suffices. In the case of endogeneous uncertainty discussed so far, it is
not hard to see that nothing is lost by taking Gt = G x [T] for G a generator of T,
since Gt C 7 x [T]is sufficient if and only if GT has the form

T
Gt =J@" x {th

t=1

where, for each ¢t € [T], g,+ is a generator for 7, Thus we may take gﬁ = @ for any
G a generator of 7, giving GT = G x [T].

In the case of exogeneous uncertainty, the situation is subtly different. Before dis-
cussing this further, we note that finding minimal ways of expressing NACs under
exogeneous uncertainty is far less important than in the endogeneous case, since in
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the latter, big-M constraints over binary variables are needed to model each NAC,
whereas in the former, the NACs can be used to substitute out variables, leading to
a more compact model. Nevertheless, it is instructive to consider how the concepts
presented here apply in this, more widely studied, setting.

In the standard multistage stochastic programming setting, the random variables
are indexed by the time periods, i.e., Z = [T]. In the first stage, non-anticipativity
usually requires that

¢ =¢i,  VirsteT.

Here non-anticipativity is expressed using a constraint for every pair of scenarios.
This corresponds to applying the constraint for every edge in the clique (complete
graph) (S, 7). But it is obvious that far fewer constraints suffice. For example, if the
scenarios are ordered, with S = {s1, ..., 5|5}, then it suffices to require that

o =i, VkellSI -1l

This corresponds to applying the NAC for every edge in a Hamiltonian path in (S, 7).
However, it is intuitively clear that applying the NAC for every edge in any spanning
subgraph of (S, 7) suffices, and this is what the generator set devolves to when
non-anticipativity is unconditional. The differentiator set containment property of a
dsc-path captures the requirement that if the condition under which an NAC for a
scenario pair should be applied is met, then it is also met on all edges of the path
connecting the two scenarios. Without the need for a condition to trigger application of
the NAC, this part of the dsc-path definition can be dropped, and the only requirement
for a generator is that there is a path between every pair of nodes (scenarios).

In general, for the exogeneous case, non-anticipativity can be captured as follows.
We define a sequence of graphs G, G2, ..., Gt on the vertex set S, where G, has
edge set

T ={{r.s} : 6 =6 fori =1,...,1}.
In other words, each graph G, is a node-disjoint union of cliques, one for each sce-
nario tree node at stage 7, and the cliques of G; correspond to the scenario prefixes
(01, ...,0;). The NACs have the form

¢ =¢; forallr,s e Swithf] =06; fori € [r], t € [T].

Under endogeneous observation of uncertainty, the stage at which the realization
of each random variable will be observed is not known, so all NACs must be applied
at every stage. Thus the graph structure is the same throughout all stages. By contrast,
under exogeneous uncertainty, as we see above, we know a priori how the graph
changes over time, so in later stages we don’t need a generator for the whole graph.
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Indeed, it is not hard to see that if

T
G < | J@ < i,

t=1

enforcing NACs
¢; =¢; forall ({r,s},1) € G
is necessary and sufficient to enforce all NACs,
¢, =¢; forall {r,s} e T;, t €[T],

if and only if G has the form

T
G=JG x

t=1

where G, is a spanning subgraph of the connected components of G;.

As a consequence of this structure, we see that minimal sets of NACs, under exo-
geneous uncertainty, must be precisely those in which each G; is a spanning forest
for Gy, i.e., a forest such that two vertices are in the same tree of G, if and only if
they are in the same connected component of G;. Observe that spanning trees are
minimal cardinality spanning subgraphs, and all have the same cardinality, hence are
also spanning subgraphs of minimum cardinality. In what follows, we shall see that
minimal generator sets in the endogeneous case also have this property, since they,
like spanning trees, are the bases of a matroid.

In the remainder of this paper, we focus on properties of minimal generators—those
with minimal cardinality—in the endogeneous case. To date, reducing the number
of NACs applied has focused on scenario sets having an underlying cross product
structure, so we examine these first.

4 Minimal generators for cross product scenario sets

In the special case that the 6; are discrete random variables, and the scenario set
is obtained as a cross product of all realizations, we obtain Goel and Grossmann’s
Theorem 2 in [14] (also Property 2 in [18]) as a corollary of Theorem 1. When {6° :
s € 8} = Xiez®; (and D(r,s5) = {i € T : 0] # 67}), the set Gl = {{r,s) C
S : |D(r,s)| = 1} is a generator. To see this we need to check that for every e =
{r, s} € T\G' there is a dsc-path for e in G. We prove this by induction on = |D(e)|.
For n = 1 the statement is vacuously true because there is no edge ¢ € 7\G! with
|D(e)| = 1.Forn > 2with D(e) = {iy, i2, ..., iy}, lets’ be the scenario With@lt‘/ =07
fori # i, and 91.5)7, = Oi’n. Then D({r,s'}) = {i1, ..., ip—1} and D({s’, s}) = {iy}. By

induction, there is a dsc-path P for ¢’ = {r, s’} in G! with D(e”) C {iy, ..., ip1} for
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all ¢” € P, and together with the edge {s’, s} € G! this forms the required dsc-path
for e.

Property 3 of Gupta and Grossmann [18] can also be obtained as a corollary to
Theorem 1. Property 3 makes use of an ordering of the set of possible realizations of
each random variable to reduce the set of non-anticipativity constraints required in the

model. For each i € Z, take n; = |®;| and write ®; = {h’, ..., h;i}. With a scenario
vector 6 € X;7®); we can associate a vector e Xiez{l, ..., n;}inthe obvious way:
0; = j for the unique j € {1,...,n;} with 6, = h‘j. Then we can define a distance

d(6,0’) between two vectors 6 and 0’ by d(9,0") = Ziel"éi — 9~l.’|, and Property 3
states that it is sufficient to require non-anticipativity for scenario pairs of distance
1. We show that such scenario pairs form a generator, and furthermore constitute a
minimal generator.

Proposition 2 If {6° : s € S} = X;c70; where ©; = {h', ...k } foreachi € T
and C :={{r,s} €T : d(©6°,0") = 1} then C is a minimal generator.

In fact this result follows from a more general one that we give shortly. As a means
of introducing the reader to the idea before abstracting it further, we provide a direct
proof (in the appendix) and an example to illustrate the concept. Suppose |Z| = 2,
®; = 1{0,2,5,6,9,13} and ®, = {3,4,5,7, 10}, and consider the scenario pair
{r,s} € T with 8" = (0,10) = (h!, hg) and 6° = (6,5) = (h}, h%). Then the
scenario sequence with realization vectors

6" = (0, 10), (2, 10), (5, 10), (6, 10), (6,7), (6, 5) = 6°,
or equivalently
0" = (hi, h2), (h}, hd), (W}, h2), (Wi, h3), (h, h3), (W), h3) = 6%,

in which each uncertain parameter in the differentiator set D(r, s) = {1, 2} steps one
by one through its realization set between its values under r and s, has consecutive
scenarios differing in exactly one element of D(r, s), with realizations adjacent in that
element’s realization set order, and hence lie in C, as required for C to be a generator
set.

We now show that these results can be generalized. To do so, it is more convenient
to work directly with the realization index sets than the realization values themselves.
Thus if © = |Z] is the number of sources of uncertainty, we identify the scenario set
with

S = Xl’E{l,‘..,/\L}{ls 27 ceey nl}'
(Recall n; = |®;] is the number of possible realizations for 6;.) The differentiator sets
are then given by D(r, s) = {i € [u] : r; # s;}. Forasubset G C 7, an uncertainty
source i € [u], and a vector & = (o, ..., 01, Qiyl,...,ay) € SF where S is
defined by

SF = (Xjeq,.i—nylnjl) x (X jefi+1,.. 1) .
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we define a graph Gg = (V;, Ega) with vertex set V; = [n;] and edge set

Ega ={{p.q} : {(o1, ..., ic1, i1, - ),
(ala~"aai—17Qaai+l’"'aalt)} € g}‘

Definition 5 We call G C 7 a tree conglomerate if the following two conditions are
satisfied.

1. |D(r,s)| = 1 for every {r, s} € G.
2. Gga is a spanning tree on V; for every i € [u] and every & € S

Theorem 2 An edge set G C T is a minimal generator if and only if it is a tree
conglomerate.

The proof that tree conglomerates are generators will be by induction on the distance
between scenarios » and s. In order to define this distance consider the graph Ggs,
defined to be the subgraph of (S, G) induced by the scenario set

Srs={peS : pi=ri=siforali e [pu\D(r,s)}.

Thus any edge {p, g} in Ggs has D(p, q) € D(r, s), and any r-s-path in G;Cfs must be
a dsc-path for {r, s}. Observe that the second condition of Definition 5 ensures that for
any r, s € S there exists an r-s-path in G . Thus when G is a tree conglomerate, we
may define the distance d 9(r, s) to be the dlstance between r and s in the graph Gr o
i.e. the number of edges in the r-s-path in G,’ , with fewest edges. Note that for every G

which satisfies the first condition in Definition 5, we have G = {{r, s} : a9 (r,s) =1}

Proof First let G be a tree conglomerate. We prove that for every e = {r, s} € 7\G
there is a dsc-path for e in G. We proceed by induction on d9(r,s). Ford9(r,s) = 1
the statement is vacuously true because there is no edge e = {r,s} € 7\G with
d9 (r,s) = 1. For d9 (r,s) > 2, let s’ be the last scenario before s on a shortest r-s-
pathin GY . Then d9(r, s') = d9(r, s) — 1l and d9(s', s) = 1, i.e., {s', s} € G. By
induction, there is a dsc-path P for e’ = {r, s’} in G with D(e”) € D(¢’) € D(e), and
together with the edge {s’, s} we obtain the required dsc-path for e.
For the minimality of G, consider e = {r, s} € G:

r = (alv"'saiflv p’ai+17°"’a//.)’ § = (alv"'1ai717q’ai+17°"’aﬂ)'

Any dsc-path for e can contain only edges ¢’ with D(e’) = {i}. So any dsc-path for
e (other than e itself) corresponds to a p-g-path in (V;, E? g «\ {1, q}}), which cannot

exist because Gg is a spanning tree for V;. This shows that G\{e} is not a generator.
For the converse, let G be a minimal generator. We need to establish the following
three claims.

Claim 1. Forevery i € [u] and every € S, the graph Gfa is connected. This true

because if any vertices p, ¢ € V; cannot be connected by a path in Giga, the
edge e = {r, s} for scenarios
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r= (0{17”"0[1.717 p5ai+17~~'sau)’ § = (0[1, e 01,4, 0G4, ...,Olﬂ)

is not in G, and there is no dsc-path for e in G, contradicting G a generator.
Claim 2. For every i € [u1] and every a € S, the graph G?a is cycle-free. This is

true because a cycle in Gfa corresponds to a cycle C in G with D(e’) = {i}
for all ¢’ € C. Thus for any e € C, G\{e} is still a generator, contradicting
minimality of G.

Claim 3. If e = {r,s} € G with |D(e)|] > 1 then G\{e} is still a generator. Let
D(e) = {i1, ..., ix}. By Claim 1, G contains a path P; from r to r! with

| [r,- fori # iy,

s; fori =i

and D(¢’) = {i1} forall e € P;. Then Claim 1 yields the existence of a path
P, in G from r| to rp with
» |l fori # i,

s; fori =i
and D(e’) = {i} forall e € P,.Continuing in this way we obtain a sequence
of paths Py, ..., P, with D(¢) = {i} forh = 1,2, ..., k. Concatenating

the paths Py, ..., Py we obtain a dsc-path for e in G\{e}, thus establishing
that e can be removed.

Claims 1 and 2 establish the second condition of Definition 5; Claim 3 establishes
its first condition. Hence G must be a tree conglomerate. O

Remark 1 Set C from Proposition 2 (also Property 3 of [18]) is the special case of
a tree conglomerate where G%‘x is the path (1,2, ...,n;) for every i and «. Thus

Proposition 2 follows as a corollary of Theorem 2. Note that since G! D ¢, this also
shows that G! is a generator set, hence by Theorem 1 nonanticipativity constraints in
G! suffice for validity ([18] Property 2). Of course G 1'is not a minimal NAC-sufficient
set, whereas C is. A slightly more general special case of a tree conglomerate is to fix
spanning trees 7; on the vertex sets V; and take the cartesian product of the trees T;.
This will yield tree conglomerates with the same cardinality as C. (Our results in the
next section will show this is to be expected in general, as all minimal generators are
bases of the same matroid and hence must have the same cardinality.)

The benefits of generator sets in terms of the reduction in number of nonanticipa-
tivity constraints required is readily observed in the case of cross product constructed
scenario sets. From

|T|=%Hni [Tr -1

ieZ jeT
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we get reduction to

IG'| = Z H nj (%”j(nj - 1))

jeTie\{j}

(formed by taking each j € Z and each realization vector in x;c7\{;}©;, and then
forming all distinct pairs of elements in @), and then further reduction (eliminating

the %n j term) to

cr=>[] n; -1

JeLie\{;}

(formed by taking each j € 7 and each realization vector in x;c7\(;)®;, and then
forming all pairs of adjacent elements in @, giving n; — 1 pairs). As noted by Gupta
and Grossmann [18], in the case that |®;| = K for all i € Z, this gives

1 1
T = SK"(K" = 1), 1G] = SpK"(K = 1) and [C] = pK"~ (K = 1).

As illustrated in [18], for K = 3 and u = 2, this gives a reduction from |7| = 36
to |G'| = 18 to |C| = 12 nonanticipativity constraints required. The effects are of
course even more dramatic as the number of realizations and sources of endogeneous
uncertainty rise, e.g. for K = 5 and u = 2, we have |7| = 29,403, |g1| = 1215 to
IC| = 810.

The above discussion concerns generator sets for scenario sets formed from all
cross products of the possible realizations of the endogeneous uncertain parameters.
How can we find generators in general? Naturally we would seek a minimal generator;
ideally it would be one of minimum cardinality. In fact, as we will shortly prove, a
greedy algorithm will find just that.

5 Greedy is optimal for minimizing cardinality of generator sets

In what follows, we will need to manipulate dsc-paths used in the definition of generator
sets. We first make a helpful observation.

Remark 2 Let G be a generator and suppose ¢ = {r, s} € G has a dsc-path, P, in
G\{e}. In other words, suppose there exists P an r-s-path with D(e’) € D(e) for all
¢ € Pand P C G\{e}. Now for any ¢ = {r’, s’} € T\{e} one of two cases must
hold: either (i) D(e") Q D(e) so any dsc-path for ¢’ in G does not include e, or (ii) for
any dsc-path, P’, for ¢’ in G using e, the path

(P'\feh U P

is a dsc-path for ¢’ in G\{e} (since differentiator set containment is transitive). Thus
G\{e} is also a generator.
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To show that any minimal generator is in fact one of minimum cardinality, and
hence that a greedy algorithm can be used to find a generator of minimum cardinality,
we prove that the collection of sets of scenario pairs that are the complement of a
generator set is a matroid. We first recall the definition of a matroid, in terms of the
notation in which we will apply it.

Definition 6 A matroid consists of a finite set of elements, 7, together with a collec-
tion of subsets of 7', denoted by @, that satisfies the following properties:

1. @ contains the empty set,

2. for F € @ and F’ C F, it must be that F’ € @, and

3. if F1, F, € @ with |F1\F>| = 1 and |F>\Fi| = 2, then there must be some
e € F>\F1 such that F1 U {e} € .

Note that the third property is more usually stated as

if F1, F, € @ with |F|| < |F>|, then there must be some e € F>\ F| such that
FiU{e} e ®.

(See, for example, the text by Schrijver [27].) The definition we give above is equiv-
alent, and somewhat more convenient for our use.

Theorem 3 The collection ® = {T\G : G is a generator} is a matroid on the ground
set T.

Proof The collection @ is not empty because § € @.If F' C F and F € & then
T\F' 2 T\F is a generator, and consequently F’ € @. Thus the first two properties
required of a matroid are satisfied. To check the third, we suppose that F1\ F, = {e*}
and Fo\F; = {ey, ez} with e* = {x, y} and ¢; = {x;, y;} for i € {1, 2}. There are
x;-yi-paths P; in 7\ F such that D(e’) C D(e;) for every ¢’ € P;. If e* ¢ P; then
P; witnesses that ¢; can be removed from the generator set 7\ F; without losing the
generator property, and consequently F; U {e;} € @. Assume e* € P;. There is an
x-y-path P in T\ F; with D(¢’) C D(e*) for every ¢’ € P.1If ¢; ¢ P then we can
replace e* by P to obtain the x;-y;-path

Pl = (P\{¢*})UP

in 7\ (F1 U {e;}) which ensures that F] U {¢;} € ®@. The remaining case ¢; € P can
occur only if D(e*) = D(e;). This implies that we may assume e* € P; N P, and
D(e*) = D(e;) = D(ep). Without loss of generality, Py has the vertex sequence

X1 = V0, V1, «« Uk, Vk15 Vk425 -+ -5 Un = Y1,
where vy = x and v+ = y, and P, has the form
X2 = WO, W1y «vwy Wiy Wi/ 1y Wh425 «« oy Wi/ = Y2,
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where wyr = x and w41 = y. Now the path

X1 =00, V]y.ee. s Vg =X = Wi/, Wi/ —1, Wi/—2y « ooy WO = X2, V2 = Wyy/, Wyy/ —1,
s Wil = Y = V415 V425 -+ U = Y1
ensures that F U {e|} € ®. O

We have thus proved the following for generally defined endogenous uncertainty
scenario sets.

Corollary 1 Any minimal generator of T is one of minimum cardinality.

Consequently a minimum cardinality generator G* of 7 can be found by a greedy
algorithm, for example, by initializing G* := 7 and then iteratively removing elements
from G* while retaining the property that G* is a generator of 7. The straightforward
implementation gives a runtime of O(|S|*): for each e = {r, s} € T check if there is
a dsc-path for e in G*\ {e}, and remove e from G* if that is the case.

We illustrate these concepts with a small example, having three sources of uncer-
tainty, given by the random variables 61, 6, and 63, each with three possible realizations.
For ease of exposition, we denote these by &; = {L, M, H} (e.g. representing “Low”,
“Medium” and “High” values) for i = 1, 2, 3 and simply concatenate the symbols to
form a scenario, i.e. write M L L rather than (M, L, L). Only 7 of the 27 possible cross
products are valid scenarios: the scenarios are

={LLL,LLM,LMH,LHM,MLL, MMM, HHL}.

Although we may initialize G to be all 21 unordered pairs of scenarios in 7, in fact
we observe that all pairs {r, s} with D(r,s) = {1,2,3} = Z can immediately be
removed, since the result is a connected graph on S: every pair of scenarios {r, s} must
be connected by a path in the graph, and since all differentiator sets are subsets of Z,
it must be that every remaining edge must have differentiator set a subset of D(r, s).
Thus without too much effort, we may start with G taken to be the pairs indicated in
Fig. 3.

We now see if any pairs in G can be removed without losing the generator prop-
erty. For example, consider the pair {LLL, LHMY} with D(LLL, LHM) = {2, 3}.
Observe that if there is a dsc-path for {LLL, LHM} in G distinct from the edge
{LLL, LHM} (call this path P) then we may safely remove it: the path P maintains
the connectivity between L LL and L H M, and any other pair that uses {LLL, LHM}
in its dsc-path can have that edge replaced in that path by P, as per Remark 2.
Now {{LLL,LLM},{LLM,LHM}} is a dsc-path for {LLL, LHM} in G, since
D(LLL,LLMYUD(LLM,LHM) ={3}U {2} ={2,3} € D(LLL, LHM). Thus
we can replace G := G\{{LLL, LHM}} and be sure G is still a generator. By next
considering each of the pairs shown as dashed edges in Fig. 3 in turn, we find that all
can be removed in a similar fashion, resulting in G consisting of the solid edges in
the graph. Attempting to remove any of the pairs corresponding to solid edges does
not succeed: in all cases the corresponding edge is the only dsc-path for its pair in the
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MMM

Fig. 3 The graph (S, G) for the example, showing the initial generator G (all edges) after all pairs with
differentiator set {1, 2, 3} have been removed, and the final generator (solid edges only). The edge label for
edge {r, s} is the differentiator set D(r, s) for the pair of scenarios {r, s}

generator. Thus the generator G given by the solid edges is minimal, and hence by
Corollary 1 is a sufficient set of minimum cardinality.

Note that, depending on the order in which pairs are considered for removal, differ-
ent generator sets may result. For example, if {LLM, L M H} is considered first, rather
than {LLL, LM H} then the latter will replace the former in the minimal generator.
However regardless of the order used, Corollary 1 ensures the end result is a minimum
cardinality generator.

To conclude, we observe that minimum cardinality generators can also be con-

structed “upward”, starting from the empty set, rather than “downward”, starting from
7.

Remark 3 The dual of @ is the matroid
®* ={F C T : F is contained in some minimal generator}.
Minimal generators are precisely the bases of the matroid @*, and we can determine

one in the following way. We order the elements e € 7 in non-decreasing order of the
cardinalities of the sets D(e):

@ Springer



90 N. Boland et al.

ID(en)| < [D(e2)| < --- < [Dlem)l-

We initialize G = . Fori = 1,2, ..., m, if G does not contain a dsc-path for ¢; then
we add ¢; to G. The final G is a basis of the matroid @*, i.e., a minimal generator.

Illustrating this approach on the small example, we see that the ordering

e1 ={LLL,MLL},e» = {LLM, LHM}, e3 = {LLL, LLM},
es = (MLL.HHL), es = (LLM, MMM}, e¢ = {LMH, MMM},
e7={LHM,HHL}, e = {LLM, LMH}, eo = {MLL, MMM}, ... etc.

yields the minimal generator given by the solid lines in Fig. 3.

6 Conclusions

This paper contributes to the general field of multistage stochastic programming
with endogenous uncertainty by characterizing necessary and sufficient sets of non-
anticipativity constraints, without any restriction on the scenario space. Existing
results for scenario sets constructed from cross products are obtained as corollar-
ies of the results presented here, and generalized. We prove that sufficient sets of
non-anticipativity constraints have matroid structure, and hence prove that such sets
having minimum cardinality can be identified efficiently, in the general case.
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Appendix
This appendix provides the proofs of Propositions 1 and 2.

Proof (Proof of Proposition 1) Let {r, s} € 7, let o € {r, s} be chosen so that (8)
holds, and define ¢ so that {o, 6} = {r, s}. Thus (8) ensures that, for any giveni € Z,

S 20 = B =T O
J€D(r,s)

is satisfied. To show (6) holds, we must show

> B, =0 = B, =B Vt=1..T-1 (10)
JED(r,s)
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is also satisfied. We proceed by induction on ¢. For the case ¢+ = 1, (7) ensures
B7, = 0so by (9) we have B, = B/,, and (10) must hold for # = 1. Make the
inductive assumption that (10) holds for some ¢t € {1,...,T — 2}. Now suppose

that ZjED(r,s) ,3%+1 = 0. Then by (2), Zjep(”) :Bf,z = 0, so by the inductive
assumption, it must be that ﬂiﬂr] = B, Hence zjeD(r,s) 137,1+1 = 0 and so by
(9) it must be that ,3;,+2 = ﬂirtJrz as required; (10) holds for 7 + 1. O

Proof (Proof of Proposition 2) We prove that C is a generator by showing that for
every e = {r,s} € T\C there is a dsc-path for ¢ in C. We proceed by induction on
d@",60%).Ford(6", 6°) = 1 the statement is vacuously true because there is no edge
e ={r,s} € T\C withd(0",0%) = 1. For d(6",6%) > 2, pick i € T with 0] # 67,
let j and j' be the indices with 6 = A’, and 6} = h',, and define s' by 6 = 6, for
k #1i and

i
o5 — M

! hi.,_l if j < j.

if j > j,

Then d (6", Gs/) =d(©®", 6°) — 1 and d(@s/, 0%) = 1,1i.e., {s', s} € C. By induction,
there is a dsc-path P for ¢’ = {r, s’} in C with D(¢”) € D(¢’) C D(e), and together
with the edge {s’, s} we obtain the required dsc-path for e.

Minimality of C is not difficult to establish. Consider ¢ = {r,s} € C: with-
out loss of generality suppose 6" = (h,l, a,...,ay) (where p = |Z]) and 6° =
(h,ch, a2, ...,ay) forsome (az, ..., ay) € XxOp(y andsome k € {1,...,n1 — 1}
Then D(e) = {1} and any dsc-path for e in C must have the formr = vg, vy, ..., v, =
swithe; = {vj_1,vj} € Cand D(e;) = {1} for j = 1, ..., m. Thus it must be that
0% = (h} ,aa,...,a,) for h}i € O and |ij —ijqi| = 1, forall j. So iy = k,
im = k+1, ij e {l,...,n1} forall j = 0,...m and |ij — ij_1| = 1, for all
j =1,...,m. Since the path can be assumed to be simple, {i j}’}lzo are distinct. The
unique solution to these requirements is to take m = 1. Thus {r, s} is necessarys; if it
is removed from C, the set will no longer be a generator. O
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