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CrossMark
Abstract
We consider random transformations 7}, := T u-1,0---0T4, 0T,, where
each map T, acts on a complete metrizable space M. The randomness
comes from an invertible ergodic driving map o : {2 — €2 acting on a prob-
ability space (€, F,m). For a family of random target sets H,, , C M that
shrink as n — oo, we consider quenched compound Poisson statistics of
returns of random orbits to these random targets. We develop a spectral
approach to such statistics: associated with the random map cocycle is a
transfer operator cocycle ,CZ‘JA’O = Lon-14,00-0Lsu o0 Ly, Where Lo
is the transfer operator for the map T,,. We construct a perturbed cocycle
with generator L, »4(-) := £w70(~eiﬂ”w) and an associated random variable
Sewnk(x) = ZJ].‘;(; 1y, (T,x), which counts the number of visits to random
targets in an orbit of length k. Under suitable assumptions, we show that in
the n — oo limit, the random variables S, , , converge in distribution to a
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compound Poisson distributed random variable. We provide several explicit
examples for piecewise monotone interval maps in both the deterministic and
random settings.
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1. Introduction

In dynamical systems, return-time statistics describe the number of times that trajectories
return to small neighbourhoods of the initial condition. In addition to their intrinsic interest,
these statistics are heavily used in the study of extreme events. Indeed, the occurrence of such
events can often be characterised as visits of trajectories of a dynamical system to a specific
(small) region of the phase space, sometimes called a target set, or a hole.

This work investigates return-time statistics for various sufficiently chaotic dynamical sys-
tems, using compound Poisson random variables. These random variables describe the sum of
a Poisson-distributed amount of independent identically-distributed random variables. More
precisely, a random variable Z: M — N is compound Poisson distributed if there exists a
Poisson random variable N and a sequence X}, X>,... of non-negative i.i.d. random variables
X : M — N such that

N
Z=Y X (L.1)
k=1

Compound Poisson random variables are useful to model the cumulative effect of random
events which occur in a fixed amount of time, e.g. the total amount of rainfall in a year.

A random dynamical system is defined through random compositions of maps 7, : M — M,
drawn from a collection {7, },cq. An ergodic invertible measure-preserving map o : @ — Q
on a probability space (€2, F,m) creates a map cocycle, or random dynamical system, driven
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by o, namely T}, := T,u-1,,0---0 Ty, o T,,. This very general driving setup enables the study
of random dynamics far beyond (and including) deterministic maps (where 7,, = T for every
w € ) and i.i.d. compositions of maps T, (Where 2 is a set of bi-infinite sequences of symbols
labelling the different maps, o is the left shift and m is an infinite product measure m = v®%),

To investigate return-time statistics in the general setting of random dynamical systems,
we consider a sequence of random target sets H,, , C M, which are decreasing in n € N for
eachw € Q). Forw € Q, x € M, n > 1, and k < n, we are interested in studying the following
quantities

k—1
Sk (x) = Zﬂijw,n (Ti)x) ,
j=0

which count the number of times an orbit of length k hits the random sequence of targets on
their associated w-fibres.

It is well known for deterministic dynamical systems, that the limit of S, , x for n — oo,
is degenerate unless one chooses k as a function of the target set, which is known as a Kac
scaling. In the context of random dynamical systems, there are different Kac-type scalings, see
the discussion in remark 3.6. We will use the scaling (1.4) introduced in our former work [5],

which means setting k to be n = {%J . We therefore consider the associated random
variable S, , , : M — N on M and the discrete distributions
foo ({x €M Spnn(x) =j}),  j=0 (1.2)

in the limit n — oo, where {{iy 0}weq is a family of probability measures on M satisfying
the equivariance condition y,, o © T;l = llgw,0- These measures are a natural generalisation
of invariant measures for a single deterministic map 7 to the setting of random dynamical
systems. Roughly speaking, our main result (theorem 3.14) is that for m-a.e. w, in the n — oo
limit, the random variable S, ,, , converges in distribution to a random variable Z that follows
a compound Poisson distribution.

1.1. Background and notation

In our previous paper [5] we developed a spectral approach for a quenched extreme value
theory that considers random dynamics on the unit interval with general ergodic invertible
driving, and random observations. An extreme value law was derived using the first-order
approximation of the leading Lyapunov multiplier of a suitably perturbed transfer operator
defined by the introduction of small random holes in a metric space M. We were inspired
by a result of Keller and Liverani [43] which, in the deterministic setting, developed abstract
conditions on the transfer operator £ and its perturbations L. (for each € > 0) to ensure good
first-order behaviour with respect to the perturbation size.

Our first task was to generalise the Keller—Liverani result when we have a sequential
compositions of linear operators L7, ; 1= Ln-14,00 "+ 0 Low,00 Ly 0, where o :  — Qis an
invertible, ergodic map on a configuration set {2. We then consider a family of perturbed
cocycles Ly, := Lon-145:0-0 Ly 0Ly, ¢, for each e >0, where the size of the perturba-
tion L, 0 — L« is quantified by the value Ay, o = Uy 0 ((Lw,0 — Loe)(Pw,0)) » Where ¢y, o
and v, o (the conformal measure), are respectively the random eigenvector of L, o and of
its dual with common eigenvalue A, 9. We obtained an abstract quenched formula for the
Lyapunov multipliers A, o up to first order in the size of the perturbation A, .. This map
cocycle generates a transfer operator cocycle L7, ,, where Ly, o is the transfer operator for the

map T,. For each w € 2 and each € > 0, a random target, referred to as a hole in [5], If:lw,E cM
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is introduced; this allows us to define the perturbed transfer operator L., . for the open map
T, and target I:IW57 namely L, .(f) = Ew(]lM\FIW,J)'

Suppose now A, : M — R is a continuous function for each w and write z,, as its essential
supremum. For any z,, y < Z,, we can now define the set

HUJ7ZW,N = {)C EM: hw (x) — Z2w,N > 0};

which could be identified as a target in the space M. The suffix N for the point z,, y means that
we will now consider N such targets in order to study the distribution of non-exceedances:

Hw,0 ({x eEM: ha/w (T{u (.X)) < Zolw Na] - - 1})
=/m,o({xeM:T-ju () € Hopo , forj=0,... . N— 1}) (13)

olw,N

where (4, ¢ is the equivariant measure for the unperturbed system. Moreover we will require
an asymptotic behaviour for the targets of the type

Hew,0 (ngZw,N) = (tw + gw’N) /N, (1.4)
for a.e. w and each N > 1, where ¢,, is a positive random variable and &, y goes to zero when
N — o0; see section 3 for more details. Following the spectral approach of [41], we proved
in [5] that the distribution (1.3) behaves asymptotically as ZEN/)\N 0 where A, ., is the

Lyapunov multiplier of L, .,. Such a multiplier is obtained by the first order perturbation
of Ay 0 quoted above, and ultimately will produce the limit Gumbel’s law

Nli_{I;Ouwp (x eM: hg, (T{u (x)) < Zoignid =0,...,N— 1)

= €xp (/ twew,O dm (w)> ’
Q
)\w,O_)\w,sN

where the extremal index 8., o is given by the limit 8, o = limy_, N

There is another equivalent interpretation of Gumbel’s law in terms of fli}{ting times that will
be useful to introduce the main topic of this paper. Let us now consider a general family of
random targets {H,, , }weq, satisfying H,, ,» CH,, ,, n’ > n, and lim,_,¢ 4, 0(H,,») = 0. The
first (random) hitting time to a target, starting at initial condition x and random configuration
w, is defined by:

TwHy, (%) :=inf{k>1, T (x) € Hyin}-

Under the assumptions which allowed us to get Gumbel’s law, in particular (1.4) iy, 0(H,, ») =

t“’+5°” *, with &, , going to zero when n — oo, we can also prove that

lim g0 (Twﬂwuw,o (Hy ) > tw) =exp (—/ 100 dm (w)) )
Q

n—oo

This result suggests that the exponential law given by the extreme value distribution describes
the time between successive events in a Poisson process.
1.2. Main result and literature review

Givenw € ) and a sequence of random target sets H,,, , C M, we consider the random variables

S ( Z o : (1.5)

j=0



Nonlinearity 38 (2025) 085023 J Atnip et al

where the initial condition x € M is distributed according to i, 0. The main result of this work
is that for an appropriate choice of target sets, the distribution of the random variables (1.5)
converge to a compound Poisson distribution as n — co. In order to establish this result, the
measure of the target sets should follow the scaling (1.4). Our proof relies on computing the
characteristic function of the random variable (1.5) and showing that, as n — oo, this character-
istic function converges pointwise to the characteristic function of a random variable which is
discrete and infinitely divisible, and therefore compound Poisson distributed. Our main result
could be summarised as follows. See theorem 3.14 for a detailed statement.

Theorem A. For the random perturbed system introduced above and satisfying assumptions
(C1)—(C8) and (S) (see section 3 for full details), we have that for each s € R and m-a.e. w € (2

n

. A .
lim froo (emSw,n,n) — lim %’S =exp <_ (1 _eIS) / 1,0, (s) dm (w)) ) (1.6)
Q

n—00 n—00 )‘w,o

The quantity A, o is the top Lyapunov multiplier of the operator L, o, while Ay, s is the
top multiplier of a perturbed operator L., , s(f) := Ly o(f- €“ ). The quantities AL and
A s are products of n such multipliers along the w-orbit of length n. Notice that as soon as

we have the limit characteristic function on the right hand side of (1.6), we could use Lévy’s
inversion formula to get the mass distribution of (1.5), namely

1 T N
lim Hew,0 (Sw,n,n = k) = lim 7/ e_ukeXp <— (1 — e”) / twﬁw (S) dm (OJ)> ds.
-T Q

n—o0o T— o0

To obtain the limit (1.6) we again use our generalised version of the Keller—Liverani theorem,
with the associated extremal index 6,,(s) which is given by

. >\w,0 - )\w,n,s is
nli{gc )\w,O,Ufw,O (Hw,n) B (1 © ) ew (S) .

It is not the first time that the Keller—Liverani perturbation theorem has been used to get the
Poisson distribution for the number of visits in small sets. We quote here the result [S8] which
holds in the deterministic setting and which exhibits several differences when compared to our
approach. First of all [58] computed the Laplace transform of the random variable counting
the number of visits in a decreasing sequence of sets with bounded cylindrical lengths around
a non-periodic point. In the limit of vanishing measure of the target set, the Laplace transform
converges to the Laplace transform of the usual Poisson distribution, which from now on will
be referred to as standard Poisson. This result does not cover the case when the target set is
around a periodic point or when it has a different geometrical shape. Furthermore, even if the
limiting Laplace transform could in principle be computed, it is not clear how to invert it in
order to get the probability mass distribution.

In section 2 of this paper we will sketch how to apply our perturbation scheme to determin-
istic systems. In particular we obtain the following corollary of theorem 1.6 specialised to the
setting of deterministic dynamical systems where we consider the space € to be a singleton,
see theorem 2.1 for more details.

Corollary B. Assume that nj(H,) — t for some 0 < t < oo and that conditions (A1)—(A7) of
[43] hold for the operators L, s for each s € R and all n € N sufficiently large. Then we have

lim [ eSuh dy = e=06)(1=")r, (1.7)

n—oo

We will show in example 2.4 that for the aforementioned case of the target set around peri-
odic points, we will get, as expected, the Pélya—Aeppli distribution. We note that if the target
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sets are balls around a point z, then we have a dichotomy regarding the convergence of the
distribution of the number of visits for systems with a strong form of decay of correlations.
Either z is periodic and in that case we have convergence to a Pélya—Aeppli distribution as in
example 2.4, or 7 is not periodic and in that case we have convergence to a standard Poisson
process in example 2.3, see [7] for a rigorous proof of this claim for systems which exhibit
correlation decay with respect to L! observables. Combining these results we prove the fol-
lowing theorem which characterizes the distributions that can be obtained from targets centred
at finitely many periodic and aperiodic points from distinct orbits, see theorem 2.6 for more
details.

Theorem C. Let M € N and for each 1 <j <M and n € N suppose x; € H,(,j) is simple (see
section 2 for details) with H, = Uf»”le,(,]). Form < M and 1 < j < m suppose the following

(1) x; is periodic with prime period r;,
(2) x; is a continuity point of h,
(3) DT’ is continuous at xj and o = 1/|DT’/ (x;)

’

@ H,(qj ) is centred around xj for eachn € N.

Now for m+ 1 < k < M suppose that xy is aperiodic. Further suppose that xj # T (x;) for
any 1 <j# k< Mand any ¢ €N, and that the following limit exists

lim H(H’Sj))
im-—_ 7

n—oo p(H,) P
Then the random variable Z defined by the characteristic function given in (1.7) can be written
as a sum of independent random variables

Z:WO‘FZW}',

J=1

where Wy is standard Poisson with parameter 9y = IZJM:W, 11 pj and Wi is Polya-Aeppli dis-
tributed with parameters p; = o; and 9; = tp;(1 — o) for each 1 < j < m.

Other compound Poisson distributions will emerge in the random setting, where the notion
of periodicity is lost, and we will give a few examples of them in section 5. We will see that it
is easier to construct examples that are not standard Poisson and this could be interesting for
application to the real world, where the noise is a constituent of the environment, see [12] for
an application to climate time series.

In the deterministic framework, besides [26, 27], two other recent papers developed com-
pound Poisson statistics for general classes of dynamical systems, [31, 34]. Both papers aimed
to compare a given probability measure—namely the distribution of the number of visits to
a set — to a compound Poisson distribution. This will give an error for the total variation dis-
tance between the two distributions. Any compound Poisson distribution depends upon a set
of parameters \;,/ > 1. It has been shown in [34], that those parameters are related to another
sequence oy, > 1, which are the limits of the distribution of higher-order returns and there-
fore are in principle computable. Whenever those limits exist and the «; verify a summability
condition, the error term can be evaluated in two possible ways. In [34], inspired in part by
[17], the error term is evaluated using a very general approximation theorem that allows one
to measure how close a return-time distribution is to a compound binomial distribution, which
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in the limit converges to a compound Poisson distribution. In [31] the error term is instead
evaluated by an adaption of the classical Stein—Chen method [18]. The two approaches tar-
get different classes of dynamical systems. The approach of [34] is more geometric and is
adapted to differentiable systems which are not necessarily exponentially mixing, whereas the
approach of [31] is more devoted to symbolic and ¢-mixing systems.

For quenched random dynamical systems, there are already two contributions proving con-
vergence to a compound Poisson distribution. The first one, [25], is based on analogous results
in the deterministic setting due to Freitas ef al [26]. What is actually shown is the convergence
of marked point processes for random dynamical systems given by fibred Lasota Yorke maps.
The technique is quite different from our spectral approach, even though it uses the Laplace
transform to establish the convergence of random measures. In [25], our threshold assump-
tion (1.4) is replaced by the Hiisler type condition

N—1
> 0 (hoiws (T4, (X)) > Zorww) = 1, (1.8)
=0

which has been used to deal with non-stationary extreme value theory, see [25, 28, 39], and is
proved under strong mixing requirements of the driving system guaranteeing at least polyno-
mial decay of correlations for the marginal measure i = [ 1, 0 dm. In contrast, in this present
work we instead only need that the driving system be ergodic. Moreover the unperturbed trans-
fer operator is defined with the usual geometric potential, forcing all of the fiberwise con-
formal measures to be equal to the Lebesgue measure. Finally, the only example completely
treated gives convergence to a standard Poisson distribution. Recently another paper dealt with
quenched Poisson processes for random subshifts of finite type, [22]. It is proved that hitting
times to dynamically defined cylinders converge to a Poisson point process under the law of
random equivariant measures with super-polynomial decay of correlations. The second recent
paper on quenched systems [2], which became available after the completion of the present
work, adapts the deterministic framework of [34] to the random setting. The approach of [2] is
based on a probabilistic block-approximation, which does not require exponential decay of cor-
relations of the equivariant measure i, o. Instead, [2] requires that the correlations decay with
some polynomial rate together with the correlations of the marginal measure /i, see above. The
allowance of polynomial decay requires the stronger assumption that the driving of the base
dynamical system ¢ : {2 — ) must be mixing, while we only require ergodicity in the base. In
addition, the threshold assumption of [2] fixes the time of observation by averaging over the
measures of the target sets, and is therefore a type of annealed version of our scaling (1.4),
see remark 3.6. The convergence to the limit distribution is obtained along subsequences that
require a certain kind of summability.

The history of Poissonian distributions for the number of visits in small sets dates back to
the seminal papers by Pitskel [54] and Hirata [37]. There have been several other contribu-
tions employing different techniques; we provide here a non-exhaustive list: [1, 16, 32, 33,
38, 44, 45, 59, 60]. A complementary approach to the statistics of the number of visits has
been developed in the framework of extreme value theory, where it is more often called point
process, or particular kinds of it as the marked point process; besides the papers quoted above
[25, 26], see also [7, 27]. The distribution of the number of visits to vanishing balls has been
studied for systems modelled by a Young tower in [17, 35, 36, 52, 56], and for uniformly
hyperbolic systems in [6, 15]. Recurrence in billiards provided recently several new contribu-
tions; for planar billiards in [13, 14, 29, 51] and in [53] spatio-temporal Poisson processes were
obtained by recording not only the successive times of visits to a set, but also the positions.
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2. The deterministic setting: a motivational approach

While our results in the random setting, presented in section 3, imply the compound Poisson
statistics for the deterministic setting, in order to motivate our results for random dynamical
systems, we first give a sketch of our approach to obtain compound Poisson statistics in the
deterministic setting via Keller—Liverani perturbation theory. We will also present a few gen-
eral considerations that can be immediately translated to the random setting.

Suppose that ICR is a compact interval and that 7: I — I is a piecewise smooth (C' ),
piecewise expanding map with finitely many branches. Let 1 be an absolutely continuous
invariant measure for 7. Consider a decreasing sequence of (non-random) targets H, shrinking
to a finite set. We aim to compute the following distribution

k—1
i (S (9 =)

i=0
forj =0,1,..., where, as usual, we set k =n and assume the scaling

=) @D

Rather than following the approach of Zhang [58], who computed the moment generating
function, we compute the characteristic function (CF) of the sum

k—1
Snic(x) 1= 1, (T'x). (2.2)
i=0

We show that it converges to the CF of a random variable (RV) Z, which has a compound
Poisson distribution. We let £ denote the Perron—Frobenius operator acting on the space BV
of complex-valued bounded variation functions, and for each s € R\{0} and n € N we define
the perturbed operator

Ln,s (f) =7 (eis]lﬂnf) .
Note that if s =0, then £,, o = £ for all n € N. Iterates of this operator are given by
L () = L (")

for each n > 1. If & is the density of u (with respect to Lebesgue), then

/ e"Skh dx = / £h(e"Smth) dx = / Ly () dx.
As usual we suppose that the operators £ and L, ; are quasi-compact, and in particular,

Ln,s () = An,sVn,s () ¢n,s + Qn,s () P

where the above objects are deterministic versions of the corresponding random objects in
(C3). As the targets H, shrink to a finite set, the operator £, ; approaches L. The triple norm
difference between the two operators is given by

11(£ = Lug) Il < |1~ €| (Ha) < 2u(Hy). (2.3)

In Keller—Liverani [43] they consider the following normalising quantity

A,y = / (L— Ly hdx=(1—€")pu(H,). (2.4)
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In [41, section 4], using the Keller-Liverani perturbation theory of [42], Keller shows that the
assumptions of [43] hold (namely (A1)-(A6) in [43] or (1)—~(6) in [41]) for a similar setting”.
Thus, applying theorem 2.1 of [43], we have

lim — = =1 "gi(s) = 0(s), (2.5)
n—o00 n,s =0
where
_ 1 ! _ k(o
wo) = Jim s [ L0 C - Lam a2

and the limit in (2.6) is assumed to exist. Calculating g; yields

N 1 k

0 ) = Jim s [ (£ £ £ (= £, () 4o
T 1 _ st (7)) ais[1, (TG)) 4+, (T5(0))]
‘nlinéou—eis)u(m)/(l © )e

X (1 — elslam (")) h(x) dx

1 is)2 i
S O S 1 — o) [T 41, () ) e
n— o0 (1 — els),Uz(Hn) w/H,,ﬂT(kJrl)(Hn) ( ) ( )
~ lim (l—e“)/ e[ (T 41, (T 0D] ) . (2.7
n—o0o /J,(Hn) H’IQT*(/‘JH)(H”)

In view of (2.7), we see'that the orbit 7'(x) can return to H, for ¢ = 1,... k. Each return adds
a multiplicative factor e*, for a positive £. Therefore, for £ =0, ...k, we define

(o P <1 )=

a0 = 1t (Hn)

Now suppose that the limit
Be(£) := lim BN (¢)
n—oQo

exists. Then we have the following alternate formulation of the g,

1 < o LI
gu(s) = lim ——— 3" (1~ )80 (0) = (1-¢%) S (0). (28)
£=0 £=0

It follows from the assumption (A3) of [43] (the deterministic version of our assumption (C4))
that the sum

oo k
S S X @9

k=0 £=0

3 In fact Keller shows the assumptions (A1)—(A6) of [43] (the deterministic versions of our assumptions (C1)—(C7))
hold for further examples of shift maps and higher dimensional maps for which our theory also applies.

9



Nonlinearity 38 (2025) 085023 J Atnip et al

converges absolutely6. Thus, combining (2.5) and (2.8) we obtain the following alternate
expression for 0(s):

k

O(s)=1—(1-¢)) > “Be(0). (2.10)

k=0 ¢=0

In view of (2.5), and using (2.1) and (2.4), we have
4
1= A= 0(s)A s =0(s) (l — e”) -
n
Applying the approach of [41] to our perturbed operators L, ;, we obtain the following

theorem.

Theorem 2.1. Assume that the scaling (2.1) holds and that conditions (A1)—(A7) of [43] hold
for the operators L, ; for each s € R and all n € N sufficiently large. Then we have

lim [ efSuh dx=e 00" = 4 (s). @2.11)
n— o0
Taking (2.10) together with the absolute convergence of the series (2.9), we see that o(s)
is continuous in s = 0, and therefore is the characteristic function of some random variable Z
on some probability space (I'', B/, P’) to which the sequence of random variables (using (2.1)
and (2.2))

Z, = Z 1y, oT' (2.12)

converges in distribution; this follows from Lévy Continuity Theorem (see [47, theorem
3.6.1]). We let v, denote the distribution of Z, and we now denote the invariant measure p
by P. It follows from the Portmanteau Theorem that the variable Z is non-negative and integer
valued as the distributional limit of a sequence of integer-valued RV’. Moreover it is a standard
result that

P'(Z=k)=vz({k}) = lim P(Z, =k). (2.13)

n—oo
Note also that Z is clearly infinitely divisible, since e=¢()(1=¢") = (e=0()(1=¢")/NN_Thijg
along with the fact that Z is non-negative and integer valued imply that Z has a compound

Poisson distribution, see for instance [40, p 389] or [24, section 12.2]. To obtain the probability
mass function for Z we can apply the Lévy inversion formula to get

T .
vz ({k}) = Jim L / Te*if"e”@)(l*e")’ds. (2.14)

Recall the fact that D¥p(0) = i*E(Z*) whenever the kth moments exists, where Dy denotes
differentiation with respect to s. Thus, assuming that ¢ is twice differentiable, elementary

6 For more details in the random setting, see the arguments presented in section 3.
7 If v, denotes the distribution of Z,, then the Portmanteau Theorem implies that 1 = limsup,_, .. vx(No) = v2(Ny),
where No = NU{0}.
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calculations® give that
E(Z)y=¢  and Var(Z) =1(1+2%), (2.15)

with X as in (2.9). If no confusion arises, we will denote the underlying probability with PP,
instead of P/, and its moments with E, Var, etc which are actually computed with the distri-
bution v/7.

2.1. Further properties of the compound Poisson RV Z

We now point out a few other properties enjoyed by compound Poisson random variables like
our Z. First of all such a discrete random variable may be written as

N
Z:= ij, (2.16)
j=1

where the X; are nonnegative, integer-valued, iid random variables defined on same probability
space, and N is Poisson distributed with parameter ¥. There is a simple relationship between
the characteristic function ¢(s) of the variables Z and X, namely we can write ©(s) = ¢z(s)
where ¢(s) is given by

b7 (s) = (¢ (9-1), 2.17)

see [24, pp 287-288] for the analogous statement and argument for the moment generating
function. Then we use the well-known fact that

}P’(Z:k):iP(N:E)}P’(Sg:k), (2.18)
£=0

where Sy = Zf: 1 X, and S is the random variable identically equal to 0. A standard result
gives E(Z) = YE(X,), thus comparing with (2.15), we must have that 9 = m. Moreover if
follows from the definition of the random variable Z, (2.12) that (Gumbel’s law):

v ({0}) = lim (7, =0) =",

where 6 is the extremal index, see e.g. [46].
If k=01in (2.18), then the only term which survives will be for £ = 0, in which case we get

t

P(Z=0)=P(N=0) —e ¥ =¢ E(M),
and therefore,
E(X;)=6,"

This relationship was also obtained in [34], where a dynamical interpretation of the random
variable X; was given.
Furthermore, using the fact that ¢ = 16y, the fact that p(s) = ¢z(s), and (2.17), we get that

0(s) (e —1)

(;SX] (S) = 0o

+1. (2.19)

8 See section 3 for more details in the random setting.

1
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Taking derivatives of ¢ and ¢y, we can additionally show’

0o (14+2%)—1
Var (X;) = —0( 02 )
0

Note that the probability generating function (PGF) for our compound Poisson RV Z is
given by

Gy (s) = ”(en 9-1), (2.20)

where gy, (s) is the PGF for the RV X;. Set gx, =gx,, and so we have Gz(s)=
exp(gx, (s) — ). Then Hoppe’s form of the generalised chain rule applied to Gz(s) gives

DG, = Golo) [ S S0 S 1y () @ 600k ()

Then

since Gz(0) = e~ and gy, (0) = 0. Since P(Z = K) = DXG,(0) /K, we have

efle(]

P(Z=K) =" (Z %Df (g,) (0)) . (2.21)
P\ &K

Remark 2.2. Note that P(Z=k) can be calculated using (2.13) or (2.14). To calculate
P(X; = k) we can apply the Lévy inversion formula to the CF ¢y, to get

T is
P(X; =k) = lim € / e sk (9(8)(61)+ 1> ds. (2.22)

T—o00 2T | _1 0o

Note that the inversion formula can be used to numerically approximate the distribution of X.
Alternatively, we can recursively solve for D*gx, (0) (and thus P(X; = k)) in terms of P(Z = k)
using (2.21).

2.2. Deterministic examples

We now present several examples in the interval map setting we have just described. We first
show in examples 2.3 and 2.4 that if the targets H, are centred around a single point xy, whose
orbit has nonempty intersection with the set of discontinuities for 7, then the return time dis-
tribution one can get is either standard Poisson (if x( is aperiodic) or Pélya—Aeppli (if x is

9 See section 3 for details of the calculation in the random setting.

12
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periodic). We then show in example 2.5 that if the targets H,, contain finitely many connected
components which are centred around finitely many points, each of which has an orbit that
is distinct from the others, then the return time distribution can be expressed as an independ-
ent sum of standard Poisson and Pélya—Aeppli random variables. Following this classification
of the return time distributions for interval maps with targets centred around finitely many
points with non-overlapping orbits, we give two examples, examples 2.7 and 2.8, describing
the complicated behaviour that occurs when the targets are centred around points on the same
orbit. These examples are related to clustering of extreme events created by multiple correlated
maxima, investigated in [8, 19].

We will say that xq € I is simple if it is a point of continuity for 7" and if its forward orbit
is disjoint from the discontinuity set of T. The following examples deal with targets centred
at simple points. For instance, if T is smooth—not only piecewise smooth—then every xo € 1
is simple. For an analysis of extreme value laws associated to targets centred at non-simple
points, we refer the reader to [7].

We begin with the simplest example of targets centred around an aperiodic point.

Example 2.3. Suppose thatxy € H,CI,n > 1.If xq is simple and aperiodic, then using standard
arguments with (2.7), it is easy to show that the 5;(¢) are zero for all k > 0,0 < ¢ < k, and thus,
the gx(s) are zero for all k > 0 and s € R. In this case we have that § = 1, and so, using (2.1),

the CF ¢(s) = e~(1=¢") which is the CF for a standard Poisson RV.

Example 2.4. Now suppose that xy € [ is a simple periodic point of prime period r > 1, and
that the targets H, are centred around the point xq. Further suppose that the density 4 and DT"
are both continuous at xy. Again using standard arguments with (2.7), we see that all the g, = 0
fork#£r—1 (mod r) and that for k =br—1, b > 1, we have

(1—e)

qpr—1(s) = lim / eVl (x) dx = (1—¢") et~ Disgb,
H,NT= (H,)

w5 i (Hy)
since
H,NT~b(H,
lim ,u( ( )) =al,
n—o0 ’u(Hn)

where oo = 1/|DT" (xp)| < 1. In this case 6 becomes

= i) O ; 1—e 1-a
O(s)=1— i (s)=1—(1—¢" (b=Disgb =1 — — = —.
(S) ;Qb 1 (S) ( ¢ ) bz::le «a a—l —els 1 — aels

Thus, using (2.1), the CF ¢(s) is given by

©(s)= e!(1=¢")0() — eft(lfeis) ( 11—_;“) =e (17 ( ‘]‘_"C:’y) )
which is the CF of a P6lya—Aeppli distributed random variable Z with parameters p = a €
(0,1) and ¥ = #(1 — «). In particular, this means that the random variables N and X; in (2.16)
are respectively Poisson with parameter ¢ and geometric with parameter p. The probability
mass distribution of Z (see [40, section 9.6]) is given by

e’ for k=0,

— k o —7 fh—
e jzl%p’(l—p)k](fill) fork > 1.

P@:@:{

We now present several examples describing the return times distributions one can obtain
in the deterministic setting with targets with multiple connected components.

13
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Example 2.5. Suppose xi,...,xy € I are simple and points of continuity for A, all of which
belong to different orbits, so that 7 (x;) # x; for any i,j,k € N with i # j. Suppose that HY isan
interval centred around the points x; such that for all n sufficiently large we have H,(,i) N H,(,j )=
forall 1 <i#j<M.SetH, = Uj-”le,(lj) and we assume the following limit exists:

LB (1)
pj = lim ——2%.
! n—00 /J(Hn>

Fixing k € N, since the x; all belong to distinct orbits, for all n € N sufficiently large we have

that
U (H};‘) nT* (H,(/‘))) =9.

i#j

Thus, for each k € N, for n sufficiently large we can write

H,NT(H,) = 6 (HO T (HY)),

j=1
and so we can decompose the integral

M

dy= dy.
/HnﬁT"(Hn)f(y) Y z;‘/H’S/)mTk(HV('/))f(y) Y

Thus, we denote

— 1 - eiss,,,k(T(y))h d .
n— o0 M(Hn) /H’(x/'>ﬂ7-—(k+|) (H»(xj)) (v) dy

which implies that g, (s) = Zjv!:l I j(s). Suppose that x; is periodic with prime period r; and

that DT" is continuous at x; for 1 < j < m (for m < M). For each 1 < j < m denote
oy = 1/IDT (x;)|.
For m+1 <j <M suppose that x; is aperiodic. Applying the same arguments from both

examples above we obtain

L) = (1—¢") (ei“(”_')pjoz}’) if x; is periodic and k=br; — 1, b > 1,
Y0 otherwise.

We set
Ki(s) == Iij(s),
k=0

and thus, if x; is aperiodic (m + 1 <j < M), we have k;(s) = 0, and if x; is periodic (1 < j < m),
then following the calculation from the previous examples gives that

_poi(1=e)
o laget

K (s)
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In order to calculate the characteristic function ¢(s) for the random variable Z coming
from (2.11), we first calculate §(s). Collecting together the above calculations we can write

e M oo M m i
pja (1 —e¥
9(S)=I—qu(s)zl—ZZIkJ(s)z1—2@@):1—2flf_(aeis)
k=0 j=1 k=0 Jj=1 j=1 J
m is m M
pioy(1=¢") _ ~pi(l—ay)
:ZPJ_Z jlj,ajeix :Z iiaeljs‘ ZPJ
j=1 j=l1 j=1 j=m+1

Thus the CF (s) is given by

p(s)=exp | —t(1—e") M cexp | —t(1—e") ij

j=1 1iajeu j=m+1
=ex t(1—¢€" Z Hex —1 o) i
- p +1pj p pj 1 —O[jeis N
j=m

Thus the random variable Z can be written as a sum of inde Mpendent random variables Z =
Wo + Zj:] W; where Wy is Poisson with parameter ¢ = ¢ i—m+1Pj and Wj is Polya—Aeppli
distributed with parameters p; = ¢ and ¥; = tp;(1 — ¢j) for each 1 <j < m.

We have thus proved the following theorem classifying the full extent of the return time
distributions when the targets are centred around finitely many simple points with distinct
orbits.

Theorem 2.6. Let M € N and for each 1 < j < M and n € N suppose x; € HY is simple with
H, = }4:1H'(1])~ Form < M and 1 <j < m suppose the following

(1) x; is periodic with prime period r;,
(2) x; is a continuity point of h,
(3) DT’ is continuous at xj and o = 1/|DT"!‘ (x;)]»

@ H,(,j ) is centred around xj for each n € N.

Now for m+ 1 < k < M suppose that xy is aperiodic. Further suppose that xj # T (x;) for
any 1 <j# k< Mandany ¢ €N, and that the following limit exists

u (1)
lim —

oo p(H,)

Then the RV Z defined by the CF (s) given in (2.11) can be written as a sum of independent
random variables

Z=Wo+ ) W,
j=1

where Wy is standard Poisson with parameter 9y = tZ]M:m 11 pj and Wj is Polya-Aeppli dis-
tributed with parameters p; = o; and ¥; = tp;(1 — o) for each 1 <j < m.

15
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We now give examples that show the complexity that arises when the targets H,, are centred
around multiple points with overlapping orbits.

Example 2.7. Suppose x; € [ is aperiodic. Let x, = T?(x;) for some b > 1. Suppose that x;
(and thus also x,) is simple, and suppose H, = ,(11) UHSf) with Hgl) N H,(,z) = () and H,(ﬂ) is
centred around x; for j = 1,2 and each n € N. Further suppose the following limit exists:

()
pj:i= lim ——=
! n—00 N(Hn)

forj = 1,2, and that 1 and DT are continuous at x;. Then all of the g, are equal to zero except
for g, which is given by

is

gp—1(s) = lim l;e/ eis[ﬂ”"(T(y)H”HH"(ﬁil(y))]h(Y) dy
”_)OOH(HH) H,NT—"(H,)

. l_ei‘Y is .
= ngﬂ;o /,L(Hn) /H,SI)QT_”(H,(,Z)) h(y) dy - (1 —¢€ )mln{phPZQ}a
(2.23)
where
o 1
IDT? (x1) |

Setting I' = min{p;,p2a}'?, then O(s) =1 —gp_1(s) = 1 + (¢ — 1)T, and so the CF (s)
from (2.11) is given by

p(s)=exp(t(e*—1) (1+ (" —1)T)).

Note that ¢ is the CF for a RV Z whose distribution is compound Poisson, which is neither
standard Poisson nor Pélya—Aeppli. In view of (2.17) and (2.19), we see that the CF of X is
given by

(5 —1) (14T (¥ — 1))
- ,

¢X1 (S):1+

where we have that , = I" follows from similar calculations as (2.23); see [5].

Example 2.8. Suppose x; € [ is a periodic point with prime period r > 1. Let xo = T?(x;) for
some 1 < b < r. Suppose that x; is simple, and consequently so is x,. Further suppose that

x1 and x, are points of continuity for 4, and suppose H, = H,(,l) U H,(qz) with H,(,l) ﬂH,(Zz) =0
and H,(/ ) is centred around x; for j = 1,2 and each n € N. Further suppose the following limit

exists:
u(H)
pj = lim ——=*

n—oo [ (Hn>

10 Note that I' = p; when Hf,l) QT*”(H,S2> ), and I' = prcx otherwise.

16
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for j = 1,2 and that DT" is continuous at x;. Set
1 1

o= = ,
DT (x1)| DT (x2)]
and set
= 71 and = 71
T DT ()] P )|

As previously argued, we have

A, 1 (Hy) —he

forj =1,2and k=0 (mod r). Now if k = ar + b then we have

M(H§1>QT—k (H,(f))) min{u (Hﬁ”)w(Hﬁ”) Ww}
lim = Jim

n— 00 /,L(Hn) n—oo :U’(Hn)

. a 1 —_—
= min {pl,pza . DTb(xl)|} =:T'12(a)

and similarly for k = ar — b we have

@ ark(HY i ) My 1
hm M(Hn ﬁT (Hn )) — hm mln{ﬂ/ (Hn )aﬂ(Hn ) IDTm'*b(xz)‘}

n— o0 /,L(Hn) n—oo /’L(H”)
. “— 1
me{pz,pla 1|DT"_h(_xZ)|} ::]-—\271 (a)

Note that there exist a;5,as,1 > 1 such that I'y 5(a) = pya®y, for all a > a, ; and I'y 1 (a) =
p1a®~ly forall a > ay ;. For each k,j,i € N we set

e - |
Ieji(s) = lim © et [La (TOD++ 1, (TD)] y

d
n—oo 1 (Hy) /H'gmﬂT(kJrl)(ngi)) y) dy

and hence for each k£ we have

qi (5) = Te11 (8) + D22 (8) + T2 (8) + T2, (5) -

Following the previous arguments, for k = ar — 1 we have that
Lor—145(s) = (1 =€) (ei‘v(”_l)l’jaa)
forj =1,2, and I,,—112(5) = Lor—12,1(s) =0, so

Iar—l (S) = lar—1,1,1 (S) +Iar—l,2,2 (S)
_ (1 _ eis) (eis(a—l) (Plaa +p2aa)) — (1 _eis) (eis(a—l)aa> .
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Now for k = ar+b — 1 we have I, 11,1 (S) = L,r+b_172,2(s) = ar+b_1,271(s) =0and

Lirio—1(8) = Lurpp—1,12(s) = (1 — ") e @=IT) 5 (a)

and similarly for k=ar—b—1 we have I,—p_11,1(5) = Lo—p—12,2(5) = Loy—p—1,12(5) =0
and

Lir—p—1(8) =Lar—p—12,1 (5) = (1 — eis) "1, (a).

Then we can write

Z Zlar_b 1 (8) + Lar—1 (8) + Lurp—1 (5) - (2.24)

k=0

We now have three cases.

Case 1: If Ty »(a) = pra®y, and Tz, (a) = p1a® !, forall a > 1'!, then using (2.24) we have

Mg

(e“(““)) (o +prpa® + pryia®")
1

a
Il

qu l—e)

=(1—¢€") (pim +a(pn+1)) Z (eisa)a_l

a=1

1_eis

=M +apm+1)) 1

—aels’

Case 2: Suppose that a; » > 1 and I'; ; (@) = pja® ', for alla > 1. Then

D1 forall a < ap
Lip(a) =
praiy, foralla > aj .

Then using (2.24) we have

%) ajp—1
qu Z Iar+b l Z Iar+b 1 +Zlur b— 1 +Iar 1( )
k=0 a=aj >
The first two sums are given by
ay—1 ajp—1 0o
Z Lysp1 ( Z Loysp1 ( Z (1 _els) e13‘(a—l)p1 + Z (l _els) e”(“_l)pza"'yz
a=ai > a=1 a=a >
. . —1
) eu(m,z—l) -1 ) (elsa ai2
=pi(1=e") —5—F—+ (=) pma-g———
. . eSa a2l
=p (1 _els(a1,2—1)> + (1 _els)pz,}/za(l)iis’
— Qe

1T Note that this is the case if p1 = pa.
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and the third of the three sums is given by

Zlal b— 1 +Iar 1 Z l_e ls(a D (Oé +P1a 1’71)
a=1

=(1—¢") <a+pm i_o; )

1—e'
1 —aes’

=(a+pim)

Combining these sums gives

- is(ai p—1) is (eisa)“lﬂ_l 1— eix
> a(s)=pi (1 —elsla2 ) +(1—e )pmozm Hatpm) T
Case 3: Suppose that I'; »(a) = ppa®y, foralla > 1 and ap; > 1. Then
for all a <
Do(@={P e
p1af~y; foralla>ay ;.
Arguing similarly as in Case 2, we have
oo _ ' eisa)all*l AR
— 1— 1S(a2,1—1)) 1—e¥ 7( . 1 P —
qu(S) Pz( e +(1=e") pmag———+all+pn) T

Note that we cannot have a fourth case where both a; > > 1 and a, ; > 1. If this were to
occur, then we would have that

FIZ( )= P1 foralla <ajp
paafy, foralla>app

and

)2 forall a < ay
Iy (a) = l
p1a®~yp foralla>ay ;.

In particular, the definition of I'; » and I', ; for a =1 < ay 2,a,; imply that
pi<poyy  and  py<pimi
Taken together, and noting that «.,7y,,7, € (0, 1), we arrive at the contradiction that

P2 S P11 K D201

In each of the four cases we then have that the characteristic function ¢(s) is given by

w(S)—eXp<tle (12% ))

which is clearly not the CF for a standard Poisson or P6lya—Aeppli distribution.
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3. The random setting: main results
In this section we now move to the setting of random dynamical systems where we will present

our main result. To begin, let (Q2,.%,m) be a probability space and o : Q — Q an ergodic,
invertible map which preserves the measure m, i.e.

For each w € (2, we take 7, to be a closed subset of a complete metrizable space M such that
the map

Q>3 w— T,

is a closed random set, i.e. J,, CM is closed for each w € 2 and the map w — 7, is measurable
(see [20]), and we consider the maps

To :To = JTow-
By T}, : J, = Jom we mean the n-fold composition
T :=Tmmy,0--0T,: Ty — Tonw-
Given a set AC 7, we let
T, (A) = {re J. : T, () € A}
denote the inverse image of A under the map 77, for each w € 2 and n > 1. Now let

J = U {w} x TS XM,

weN

and define the induced skew-product map 7: 7 — J by
T(w,x) = (ow, Ty, (x)).

Let & denote the Borel o-algebra of M and let .# ® £ be the product o-algebra on €2 x M.
Throughout the text we denote Lebesgue measure by Leb. We suppose the following:

(M1) The map T: J — J is measurable with respect to . ® 4.

Definition 3.1. A measure i on 2 x M with respect to the product o-algebra .# @ 4 is said
to be random measure relative to m if it has marginal m, i.e. if

pom = m.
The disintegrations { ., },,c(, of o with respect to the partition ({w} x M), satisfy the fol-
lowing properties:

(1) For every B € #, the map 2 5 w — p,,(B) € [0, 00] is measurable,
(2) For m-a.e. w € 2, the map & > B+— p,,(B) € [0,00] is a Borel measure.

20
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We say that the random measure jt = { i, },c, is a random probability measure if for m-a.e.
w € () the fibre measure 1, is a probability measure. Given a set Z = U, cq{w} X Z,CQ x M,
we say that the random measure p = {1} ,cq is supported in Z if supp(x)CZ and con-
sequently supp (., ) CZ,, for m-a.e. w € Q. We let P (Z) denote the set of all random probab-
ility measures supported in Z. We will frequently denote a random measure p by {0}, cq-

The following proposition from Crauel [20], shows that a random probability measure
{#w},eq on J uniquely identifies a probability measure on 7.

Proposition 3.2 ([20], propositions 3.3). If {j.}, . € Pa(J) is a random probability
measure on J, then for every bounded measurable function f: J — R, the function

Qswr— [ flw,x) dpe (x)
T

is measurable and
f®%9A1—>// 14 (w,x) dpy, (x) dm (w)
Q w

defines a probability measure on J.

Forf: J — R we let

n—1
Sn (fw) = Zf(ﬂ(w) o TL{J
=0

denote the Birkhoff sum of f with respect to 7. We will consider a potential of the form ¢ :

J — R, and for each n > 1 we consider the weight g(()") : J — R whose disintegrations are

given by
n—1
n 1 .
gy = exp (S (pw0)) = [ [ L 00 T 3.1)
Jj=0

for each w € 2. We will often denote g‘(dl?o by g.,0. We assume there exists a family of Banach

spaces { B, || - || B }we o, of complex-valued functions on each J,, with g.,0 € B,, such that
the fiberwise (Perron—Frobenius) transfer operator L, ¢ : B,, — By, given by

Loo(f)®) =Y f()8u0(y), fEBuxE Tnu (3.2)
YETS' (%)

is well defined. Using induction we see that iterates L , : B, — Bgn,, of the transfer operator
are given by

Lo = D fO)&UNG). FEBLxE T
yETL" (x)

We let B denote the space of functions f: J — R such that f,, € B, for each w € 2 and we
define the global transfer operator £y : B — B by

('CQf)w ()C) = ﬁa*‘w,ﬂfa*‘w ()C)

for f € B and x € J,,. We assume the following measurability assumption:
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(M2) For every measurable function f € B, the map (w,x) — (Lof)., (x) is measurable.
We suppose that the following condition on the existence of a closed conformal measure.

(CCM) There exists a random probability measure 19 = {1, 0},,c € Pa(J) and measurable
functions A\ : Q© — (0,00) and ¢ : J — (0,00) with ¢y € B such that

ACr.u,O (¢w,0) = )\w,O(bUw,O and Vow,0 (ﬁw,O (f)) = )\w,OVw,O (f)
for all f € B, where ¢, o(-) := ¢o(w, -). Furthermore, we assume that the fibre meas-

ures v, o are non-atomic and that A, o := Vg 0(Lw 01) with logA, o € L'(m). We
then define the random probability measure (i on J by

Hw,0 (f) = / f¢w,0 de,O: fe Ll (Vw,O)- (33)
Tw
From the definition, one can easily show that p is T-invariant, that is,

foTy,duwo= [ fdpivwo,  FEL (Howo)- (3.4)
Tw Tow

Remark 3.3. Our assumption (CCM) has been shown to hold in several random settings: ran-
dom interval maps [3-5], random subshifts [10, 48], random distance expanding maps [49],
random polynomial systems [11], and random transcendental maps [50].

We will also assume that the fiberwise Banach spaces B,CL* (v, ), where vy =
(Vw,0)weq is the random probability measure given by (CCM). We denote the norm on

L% (1,0) by || - [loo -

3.1. Random perturbations

For each n € N we let H,C.7 be measurable with respect to the product o-algebra .# ® % on
J such that

(A) H, CH, foreachn’ > n.
Then the sets H,, ,C.7,, are uniquely determined by the condition that
{w} xHypn=H,N({w} x T),
or equivalently that
Hyp=m (Ha N ({w} X Tu)),

where 7, : J — J, is the projection onto the second coordinate. The sets H,, ,, are then v, o-
measurable, and (A) implies that

(A’) Hy, 0 CH,, , foreach n’ > n and each w € Q.
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For each w € Q, each s € R, and each n € N we define the perturbed operator L, , ; :
By, — By

Ew,n,s (f) = Ew,O (f eiS]ley,l) )

Note that if s =0 then L., , 0 = L., o for each n > 1. If we denote

k—1
Sk (x) = ZﬂHoiw,n (Ti)x) ,
j=0
then we have that

LY, (f) =L (e¥5mif) . (3.5)

Additionally we make the following assumption on our Banach spaces ,,: for each w € Q2 we
have

(B) 1 € By, 1y, € B, for each n, and there exists C > 0 such that for m-a.e. w € 2 we have
11,5, <C.

ol
With a view toward applying theorem 2.1.2 in [5] we calculate the following quantities

Aw,n (S) =Vow,0 ((‘Cw,O - Ewm,s) (¢w,0)) =Vow,0 (Ew,O (¢w70 (1 - eiS]le‘")))
= )\w,O Vw0 (¢w,0 (1 - eiS]le"n)) = Au.«',() *Hw,0 (1 - eiS]le’")
= Ao (1 =€) w0 (Hon) (3.6)

and

B* — sup ‘Vtrw,O (‘Cw,o(w(l - eiS]le’” ))) ‘

Il <1

=Auor sup_ oo ($(1 e
1l 5,, <1

=Xoo|l =€ sup |vo(¥1n,,))|, (3.7)
9ll5, <1

Nwn(8) 1 = [[Vow,0 (Lwo = Lons) |

where the final equality follows from the fact that 1 — e*"#w.n () = 0 for x ¢ H, .

Remark 3.4. If there exists some measurable, finite m-a.e. function K : 2 — (0,00) such that
Il lloo,w < Kull - || B, then the final equality of (3.7) can be bounded by the following:

iS| sup ||¢Hoo,wl/w,0 (Hw,n)
lls, <1

< Kw)\w,0|1 _eis‘Vw,O (Hwﬂ)» (38)

New,n (S) < )\w,O ’1 —¢©

Note that the right hand side of (3.8) approaches zero as n — oo if v, o(H,, ») — 0 as n — oco.
Furthermore, if 3, is the space of bounded variation functions, we may take K, = 2.

On the other hand, letting o > 0 sufficiently small such that «||1 ||, < 1, in light of (3.7),
we see that (for ¢ = al)

Ao |1 = €] a0 (Hesn)) < N (5). (3.9)
In particular, we see that if 7, ,(s) — 0 as n — oo, we must also have that v, o(H,,,) — 0.
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In what follows, for each w € €2 and k € N, we let )\’U‘J,O = A0 Agk—14, 0- Now for each

weQ,neN,seR,and k € N, we define the quantities qgi),, (s) by the following formula:

Vow.0 ((Lw‘o —Luns) < o 5) (ﬁa—(w)w,o - /30—(k+u)w,,,,x) (¢U—<k+n>W,o)>
Ao (s)

A iy o o) 0((1fei“ﬂ”w“‘”‘:i(wx)w) (S‘So—kw‘»,k”f(w')w) (17 B — 1) >>
w,0 g w,

q), (s) ==

Aw,0(1—€¥) pe 0 (Hoon)

. —+1 .
)\k+l(k+|) CH =) 0 ((1 —elxﬂ"“"’OTka*(Hl)w) <euscf—kw,u,A°Ta*(k+')w) (l o o= (D), )
o~ w,0 g w,

(1 =€) peo,0(Heo )
PGa

512 isS_ . oT _
Sy (l —e) Ho—G+10 0 ((1HW OTk_(H_]) ) (e Kk g = (k1) g ) ( = ,)>

(1 - els)/iw,O(Hw‘n)

k1 i i8Sy oT _
)\ () ( _e”)y‘g_("'*")w,O((nT (k1) (me)> (e ok o (Hrl)w) 7(k+l)w >

— (),
ﬂw,O(Hw.n)

For notational convenience we define the quantity q( ) n(s) by

; isS oT
1 —els By, 1 (e (e” o~k ,nk g—(H")w) (]lH B )
( ) (=410 T J(AQ.) (Hes ) G

Hew,0 (Hu.;,n)

AORES . (3.10)

and thus we have that

a5 = (M) ah(s).
We assume the following conditions hold for each n € N sufficiently large and each s € R:

(C1) There exists C; > 1 such that for m-a.e. w € () we have
Cr' < L,ol <Cy.

(C2) There exist v, , € B, (the dual of B,,) and measurable functions A, , : 2 — C\{0} with
log [Awns| € L' (m) and ¢, 5 : 7 — C such that

Ew,n,s (¢w,n,s) = /\w,n,sqsaw,n,s and Vow,n,s (Ew,n,s' (f)) = /\w,n,st,n,s (f)
for all f € B,,. Furthermore we assume that for m-a.e. w € Q2

Vo (@uwns) =1 and v,o(1)=1.

(C3) There exist operators Q.. 0, Qu n,s : B — Bow such that form-a.e.w € 2and eachf € B,
we have

)\;,l()ﬁwvo (f) =Vw,0 (f) ! ¢Jw,0 + Qw,O (f)

and

)\; n, y['w,n,x (f) = Vu,n,s (f) : ¢aw,n,s + Qw,n,s (f) .
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Furthermore, for m-a.e. w € {2 we have

Qw,O (¢w,0) =0 and Vow,0 (Qw,O (f)) =0

and

Qw,n,s ((z)w,n,s) =0 and Vow,n,s (Qw,n,s (f)) =0.

(C4) There exists C >0 and a summable sequence «(N) > 0 (independent of w) with « :=
> ve; @(N) < oo such that for each f € B, for m-a.e. w € , and each N € N

103 ofooll oy < Ca (N [Ifill 5, -

and
sup 108 .ol v, < Ca (W) Ifil 5, -

(C5) There exists C, > 1 such that

H(bw,OHBW <G and SuPHd’w,mSHoo,w <G
n>0

for m-a.e. w € Q).
(C6) For m-a.e. w € 2 we have

lim 7, , (s) =0.

n—oo

(C7) There exists C3 > 1 such that
essinfg, 0> Cy' > 0.

(%)

w,O(s) = lim, o qg‘%(s) exists for each k > 0,

(C8) For m-a.e. w € ) we have that the limit g

AK) N s
where G, (s) is as in (3.10).

(S) For any fixed random scaling function 7 € L>(m) with ¢ > 0, we may find a sequence of
functions &, € L>°(m) and a constant W < oo satisfying

.0 (Hwn) = (tw +E&wn) /n,forae. wand eachn > 1,

where:
(1) lim,— 0 &, = 0 for a.e. w and
(i) |€w 0| < Wforae. wandalln > 1.

Remark 3.5. Assumption (C4) can easily be shown to imply the following decay of correla-
tions condition:

e For m-a.e. every N € N, every f€ L' (1) and every h € B we have

'Mw,o ((fa-N(w) ° TZ) hw) — Mo (w),0 (foN(w)) Heo,0 (hw)’
§C|lfonHL1( |hel| B, (N). (3.11)

u’o‘Nw,O) |
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Remark 3.6. (On the scaling (S) for non-randomt) If t is non-random, there may be situations
in which it is easier to check (S)(i) using natural annealed quantities. A scaling that has been
proposed in the quenched random setting reads (in our notation) forn > 1 :

limn/,uwo( W) dm(w) =1 (3.12)

n—oo

see [2, 55].
We claim that the scaling (3.12) together with an additional annealed assumption: for any
t > 0, there exist x(¢) > 0 and a bounded constant C(¢) such that

/Inuwo ) — tldm (w) < 1;2[), (3.13)

imply condition (S)(i). It is sufficient to show, by Borel-Cantelli, that for any & >
0,>, m(|npw,0(Hw,n) — 1| > €) < co. By Tchebychev’s inequality we have

1
m(|np,0 (Hon) — 1] > €) < E]E(|”Nw,0 (Hom) —1)-
Thus (3.12) and (3.13) imply part (i) of our condition (S):
Nptg0 (Hwn) — 1, a.s.

To ensure that part (ii) of (S) holds, it suffices to assume that there exists K > 0 such that

limsupng, o (Hen) < K+t

n— oo

Indeed, this immediately implies that
-K g R, ,0 (Hw,n) —1 g K

for all n sufficiently large.
In the other direction, it is immediate to see that condition (S) (with non-random ¢) implies
a limit version of (3.12), namely n [ pu, o(Hy,,,)dm(w) — , as n — co.

Definition 3.7. We will call the collection (2,m, 0, , T, B, Lo, vy, o, H,) a random perturbed
system if the assumptions (M1), (M2), (CCM), (A), (B), (C1)—~(C7) are satisfied.

Remark 3.8. See [5] for examples of systems which satisfy the assumptions of definition 3.7
for perturbations similar to what we consider here.

Note that

>\w,0 - )\w,n,s = )\w,OVw,O ((bw,n,s) —Vow,0 (Aw,n,s(baw,n,s)
=Vow,0 (Lw,O (¢w n s)) —Vow,0 (Lw S (wa,n,s))
= Va'w,O((‘Cw,O wns) ((bwns)) (314)

It then follows from (3.7), (3.8), and (3.14) that
‘)\w,O - )\w,n,s‘ < C277w,n (S) . (315)
Taking (3.15) together with the assumption (C6), we see that for each s € R

>\w,n,x — )\w,O (316)
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as n — oo. Using (CCM), (3.5), (C3), and (C2), for 1, € B,, we can write

VW,O (,(/}weissw,n,k) = (AZ,O)il Vakw,O (‘CZ,O (wweissw,,,,k)) = (/\Iz,{uO) - Va’kw,() (‘Cﬁ),n,st)
k

>‘w n,s
= — (Vw,n,s (1/@) Vokw,0 (¢0kw,i1,.v) + Vokw,0 (Qﬁ),n,sww))

e (Vw,n,s (ww) + Vokw,0 (Qi)ﬁ”’sww)) ’

. M
Vi (€55 = ;{, 1(;? (Veons (1) + Viko 0 (O ns1) ) 5 (3.17)
and if v, = ¢, 0 we have
S0 nk )‘ﬁ),n,s k
Hew,0 (e o ) = )\k . (Vw,n,s (¢w,0) + Va-kw,() (me,yd)w,())) . (318)

In order to apply theorem 2.1.2 in [5], we need to check assumptions (P1)-(P9), however as
it is clear that our assumptions (C1)—(C8) directly imply (P1)—(P6) as well as (P9), we have
only to check the assumptions (P7) and (P8) of [5]. This is done in the following lemma.

Lemma 3.9. Given a random perturbed system (Q,m,o,J,T,B,Lo, vy, Po,H,), for m-a.e.
w € Q and each s € R we have that

lim v, (¢w,0) =1, (3.19)
n—o0o
and
lim Timsup (Awn (5) ™ Vowo ((c%o — Lons) (Qﬁ,,kw‘n qu(,_kw,o)) —0. (3.20)
k=00 poo U

Thus, (P7) and (P8) of [5] follow from (3.19) and (3.20) respectively.

Proof. First, using (3.6), we note that if i, 0(Hy ) > 0 then A, ,(s) # 0. To prove (3.19),
we note that for fixed k € N we have

Y, A
lim — 2% g1, 0 (e5emk) =1 (3.21)

n—oo \K
w,n,s

since /\f;,o / /\’jw’S — 1 (by (3.16)) and since (3.9) and (C6) together imply that, again noting
that k is fixed, 1,0 (eiSSWv"vk) — 1 as n — o0. Using (3.18) we can write

k

A .
V,n,s (¢w,0) = I\ 0 Hw,0 (elssw’n’k) — Vokw,0 (Q];.;,n,s (wa,())) ; (3.22)

w,n,s
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and thus using (3.21) and (C4), for each w € 2 and each k € N we can write

k

,0( i85, "k) + HQw n,s (¢w 0) H

lim |1 — vy s (¢wo)] < lim
n— o0

k
n— o0 00,0fw

w,n,s

|5,

As this holds for each k € N and as the right-hand side of the previous equation goes to zero
as k — oo, we must in fact have that

< C¢oa (k) ||¢w,0

lim |1 = vy s (o) =0,

n—o0o

which yields the first claim.
Now, for the second claim, using (3.6), we note that (C7) implies

(B () o (L = L) (@ cbat00) )|

soen (Een (026008 (0 20)
Aw,0 (1—eb) M0 (Hw,n)

Vw,0 ((1 euﬂ”w ") Q,7 kwon,s (qbcr*kw,O))
(1 =€) pre,0 (Hon)

Vw,0 (Hw,n)
Hw,0 (Hw,n)

< ||Qlc(r*/‘w,n,x (QSU*"W,O) Hoo,w < C3||Q]<(7*/‘w,n,s (¢Ufkw-,0> ||oo w

Thus, letting n — oo first and then k — oo, the second claim follows from (C4).

Now, for all £ > 0, we define the following:

.kt k i _
Homttwo ({x EH, () Tka—(k+1>w () € Hooons 305 Lttt (Fo—w')w (x)) B ZD

® (py.—
Ponll) = o (Hor)
Thus, in light of (3.10), we have that
gh (s)=(1—¢" Ze'&ﬂ(k) (3.23)
Note that
iﬁ(k) ( ) Ho= G+ 0 (Ha*(’“r‘)w nl To (IZ::%—ll))w (Hw,ﬂ))
Hw,0 (Hw,n)

£=0

Using the decay of correlations condition (3.11), which follows from our assumption (C4),
together with the assumption (B) and the T-invariance of (i, gives that
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k
G
=0
< Hw,0 (Hw,n) ,UU%HI)W’O (Hgf(kJrl)w,n) + C,Uw,O (Hw,n) ||1HU—(k+l)w,” |BU—(A+l)wOé (k+ 1)
= Hew,0 (Hw,n)
= Ho—G+Dg,0 (Ha—<"+‘)w,n) + CH]]'HU—(H»I)“”I ||BU—(k+l)wa (k+1)
S o-t0 (Hy—wing ) + Cra(k+1). (3.24)

In view of (3.23), we now claim that for each 0 < ¢ < k the quantities Bf,k)n (£) converge
as n — oo.

Lemma 3.10. I (C8) holds, then the limit
8% (0) = 1im B, (0

exists for each 0 < ¢ < k.

Proof. Note that (3.23) applied to s = 1,2,...,k+ 1, yields, for each n,k,w,

Ag,;n(l) ﬂ{% (0)
Aw,n 2 Bw,n 1
K ) @ = DMy . @ ) (3.25)
G (k+1) BN (k)
where
1—¢ 0 .. 0 1 el ... ek
0 1—e% ... 0 1 e ... g2k
Dy = and M;=
6 0 1 — e 1 ek+Di o (k1)

Clearly, Dy is invertible. The next paragraph shows that M, is invertible. Thus, pre-multiplying
(3.25) by M, 'D; ! yields an expression for the /3,’s as linear combinations of §,’s. Taking
limits as n — oo, and recalling that (C8) ensures the limits exist for §,’s, the lemma follows.

To finish the proof, we show that M; is invertible. This is a consequence of (Baker’s version
of) Lindemann—Weierstrass theorem [9, theorem 1.4], stating that if ay,...,ay are algebraic
numbers, and «a, ..., ay are distinct algebraic numbers, then the equation

aie® +ae® + - +ane™ =0

has only the trivial solution a; =0 for all 1 <i < N. Indeed, detM; = Z,}-V:o a;eV, where

N= ZI;:OE(E +1), g; is an integer for each 0 <j <N, and ay = 1. Thus, the Lindemann—
Weierstrass theorem (with «; = ij) implies detM; # 0 and thus M, is invertible. O

It follows from lemma 3.10 that (assuming (C8) holds) we have
k
~(k . ~ is ils p(k
Q5% (s) = 1im ), (s) = (1—¢) DBl (1),
£=0
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and furthermore, it follows from (3.24) that

(k) _ k) 2
;B nlggoZﬁ 0 < Calk+1). (3.26)
Denote
ook
Sui= S AN 0. (3.27)
k=0 £=0

Hence, by the assumption of the summability of the «(k) coming from (C4), we have ¥, is
well defined and

[oe]
0<%, <Y Calkt+1)=Ca<x. (3.28)
k=0

Thus we have that

e’} ook
Z i) ( (1-¢9) 3N e Bl ( (3.29)
k= k=0 £=0

and furthermore we have shown that |0,,(s)| is bounded uniformly in w and s.

Remark 3.11. Note that the ﬂik)o( 0) are the qi) from [5], and thus the standard extremal index
0.0 from [5] is given by

f0:=1 ZB(") 0). (3.30)
k=0

Remark 3.12. From the calculation of (3.24) and (3.28), we note that the assumption (B) can
be weakened from the uniform requirement that ||1, is required is that

o0
Z ”]ch,f(Hl)w,,, ||Baf(k+l)wa(k+ 1) <oo
k=0

for each n € N and m-a.e. w € Q.

Under our assumptions (C1)-(C8) we are able to apply theorem 2.1.2 in [5] to get the
following result.

Theorem 3.13. Suppose that (2,m,o,J,T,B, Lo, vo,Po,H,) is a random perturbed system.
If (C8) holds, then for each s € R and m-a.e. w € )

Mz(l—ewm»

lim
n—r00 Aw 0Mw,0 (H

Now following the proof of [5, theorem 2.4.5] and making the necessary changes to suit
the perturbations of our current setting, assuming (C1)—(C8) and (S), we obtain the following.
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Theorem 3.14. Given the random perturbed system (Q2,m,0,J,T,B, Lo, vy, Po,H,) that also
satisfies assumptions (C8) and (S), we have that for each s € R and m-a.e. w € )

. . A
. . . w,n,s
lim V.0 (CISSW’”’”) = lim e, 0 (elsSW’"’") = lim
n—o0o ? n—o00 ’ n—o00 )\z 0

=exp <—(1—ei“)/9tw0w () dm(w)). (3.31)

Denote the right hand side of (3.31) by

I if =0,
pls) = {exp(— (1= €9) [ tubo () dm(w))  if 54£0. 632

Note that since |6, (s)]| is bounded above and below uniformly in w and s, and since ¢ € L (m),
we have that | [, 7,0, (s) dm(w)| < co, which further implies that ¢(s) is continuous at s = 0.

From theorem 3.14, we get that ¢(s) (which does not depend on w) is the limit of the
characteristic functions of the (w-dependent) random variables

n—1
Zipn :=Suwnn(x)= Z]IHGJ.Wl (Ti,x) .
j=0

Since (s) is continuous at s = 0, it follows from the Lévy Continuity Theorem (see [47, the-
orem 3.6.1]) that ¢ is the characteristic function of an w-independent random variable Z on
some probability space (I'/,3’,[P’) to which the sequence of random variables (Z,, )52, (for
m-a.e. w € 1) converge in distribution.

We will denote the distribution of Z by vz. The random variable Z is non-negative and
integer valued as it is the distributional limit of a sequence of integer-valued random variables.
Furthermore, for m-a.e. w € ) we have that

P/ (Z=K) = vz ({k}) = Tim ps (Zon = ).

If no confusion arises, we will denote the underlying probability with P, instead of P/, and its
moments with [E, Var, etc which are actually computed with the distribution v.

Now by [24, section 12.2] (see also [57, theorem 3.1]) we see that Z is clearly infinitely
divisible, i.e. for each N € N we have that ¢(s) = (pn(s))", where ¢y is the CF'? given by

onts)i= (e (= (=) [ 20,0y am)) ).

and thus we have that Z is a compound Poisson random variable.

Remark 3.15. Using the Lévy inversion formula we can calculate the probability mass func-
tion associated to the random variable Z, that is for each k € {0,1,2,...} we have

P(Z=k)= lim i /T e Fexp ( (1—¢") /Qtuﬁw (s) dm (w)) ds.

T—oo0 2T -T

o1
12 Note that since @n(s) = lim,— oo Heo,0 (e”VSWW'), one can argue that ¢y is a CF in the same manner that was

done for ¢.
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Remark 3.16. In view of (3.32) we see that the map s — (s) is N-times differentiable at s =0
if the map s — 6,,(s) is N-times differentiable at s = 0. It is well known that if N is even, then
the RV Z has finite moments up to order N, and if N is odd, then Z has finite moments up to order
N — 1 (see, for example, [47, theorem 2.3.3]). Since the differentiability of 6, (s) implies the
differentiability of ¢, in this case we have that D¢ (0) = i*E(Z*) for k < N, where D; denotes
the derivative operator with respect to s. In light of (3.29) and the fact that DYel® = (if)Vel®s,
it is clear that the map s — 6,,(s) is N-times differentiable at s =0 if

ZZWW’ (3.33)

k=0 £=0

Using (3.28), we see that (3.33) will hold if

00 k
Za(k—i— 1)Z€N< 0.
k=0 =0

Note that (3.33) certainly holds if the decay rate (k) in assumption (C4) is exponential, i.e. if
a(k) = > for some » € (0,1). In fact, if we have exponential decay in (C4), then the map
s+ 0, (s) is infinitely differentiable at s = 0, and thus, each of the moments of the RV Z exists
and is finite.

The next proposition follows from remark 3.16 and elementary calculations.

Proposition 3.17. Ifthe map s — 0,,(s) is twice differentiable (with respect to s) at s = 0, then,
if Z is the compound Poisson RV corresponding to the CF ¢ coming from theorem 3.14, we
have

E(Z):/Qtwdm(w) and Var(Z):/Qtw(l—&-ZEw)dm(w).

Proof. Note that if s+ 0,(s) is twice differentiable, then so is the map s @(s).
Thus we must have that D;p(0) =iE(Z) and D?p(0) = i’E(Z?) = —E(Z?). Let u(s) =
(e — 1) [1,0,,(s) dm(w), then p(s) = e“(") by (3.32). Then we have Dyp(s) = Dyu(s) - ¢(s)
and D2p(s) = ((Du( ))? + Diu(s)) - ¢(s). Calculating Du(s) gives

Dgu(s) = iei‘y/ t,0, (s) dm(w) + (ei‘Y —1) / t,Dsb,, (s) dm(w),
Q Q
where (by (3.29))

ook ook
5) =ie' ZZeM‘Yﬁﬁ)O (0)+ (e" = 1) Z Ziéeizsﬁﬁ)o (€)
k=0 j=0 k=0 £=0

In view of X, defined in (3.27), we note that

o k
0)=i>_> 840 =ix..

k=0 j=0

Since ¢(0) =1, 6,,(0) = 1, and | D,8,,

—~

0)| < oo (by (3.28)) we have that
Dsp(0) =Dsu(0) =i [ t,dm(w),
Q

and so E(Z) = [, 1, dm(w).
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Now calculating D?u(s) we have
D’u(s) = —eis/ 1,0, (s)dm (w) + 2ieis/ tuDy0., (s)dm (w) + (e" — 1)/ t.D*0,, (s)dm w).
Q Q Q
Noting that |D?6,,(0)| is finite and 6,,(0) = 1, plugging in s = 0 gives that

D2 (0) = (Du(0))* + Du(0)
2
=i’ (/szdm(w)) +i2/szdm(w)+2i/QthS9w (0) dm (w)

:—</Qtwdm(w))2—/ﬂtwdm(w)—Z/Qthwdm(w).

Since D?p(0) = —E(Z?), we have

E(Z*) = (/Qtwdm(w)>2+/Qtwdm(w)+2/ﬂtw2wdm(w). (3.34)

Calculating the variance Var(Z) = E(Z?) — (E(Z))? finishes the proof. O

Since Z a compound Poisson random variable there exists N, a Poisson RZ with parameter
), and iid RVs X; such that

N
Z:=) X
j=1

Furthermore, the CF ¢(s) = ¢z(s) of the RV Z is related to the CF ¢y (s) of the RV X; by the
following

bz (5) = (o (=1), (3.35)

Arguing as in section 2, for each ¢ > 1, we set Sy = Zf:1xi and Sy the RV equal to 0. Since
Z is compound Poisson we can write

P(Z:k):iP(N:E)IP(Sg:k), (3.36)
£=0

and so, using Wald’s equation and proposition 3.17, we have that E(Z) =JE(X,) =
Joy 1w dm(w). Therefore, we must have that

_ Jo twdm (w)

v E(X;)

(3.37)

Now we note that it follows from the definition of the RV Z that P(Z = 0) is given by Gumbel’s
law (see [5, section 2.4]), and thus

P(Z=0) = e Jotbuodn() (3.38)

where 0,,, o is the usual extremal index defined by (3.30). Setting k = 0 in (3.36), the only term
which survives is £ = 0 (since P(Sy = 0) = 1 as Sy = 0), which gives

_ Jo 1w dm(w)

P(Z=0)=P(N=0)=e " =¢ =) | (3.39)
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and therefore using (3.37)—(3.39) to solve for E(X;) we get

E (X)) = Jo twdm (w)

o Jo twbuodm (w) (3:40)

Note that this relationship generalises the relationship found in section 2 and in [34]. It follows
from (3.37) and (3.40) that

ﬁ:/tw&u’odm(w). (3.41)
Q

To find the variance of the RV X; we differentiate the CF ¢z(s) and ¢x,(s) as in
proposition 3.17. In particular, we have

D¢z (s) = IDsx, (s) - dz(s)

and
D292(s) = (9D2x, (5) + (WDsox, (5))7) - 62(s).
Plugging in s = 0 together with (3.37), the fact that D;¢x, (0) = /E(X;), and (3.40) gives that

—Mﬂ:m@@=m%wwp%mmw+QAMMWOZ

:lﬁ¢&(0)/;hﬁwpdm(w)—'(/wadm(w))z-

So using (3.34), the formula for E(Z?) from the proof of proposition 3.17, we can solve for
E(X}) = —D3¢x,(0) to get

 Jotw (1425, dm(w)
E(X%) = =2 thwH%Odm(w)

and so we can calculate the variance of X to be

_ fQ t, (1+2%,) dm(w)

Var (X;) = fQ 1600 dm (@) - (

kmmw“y.

Jo 1wl 0dm (w

Using (3.32), (3.35), (3.41), and the fact that ¢(s) = ¢z(s), we can solve for the CF ¢, (s) of
X to get

( is 1) fQ 1,0 (5) dm (w)

¢x, (5) = (e T tfoodm(@) T L.

Thus, we have just proved the following proposition.

Proposition 3.18. The CF of the compound Poisson RV Z can be written as
o (5) = bz (s) =" (P71,
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where Z = Zszle, N is a Poisson RV with parameter 9 = [, 1,0, 0dm(w), and X;,X,,. ..
are RV whose CF is given by

)thww )Jrl

fQ l‘w ()dm )

Moreover; if the map s — 0,,(s) is twice differentiable (with respect to s) at s =0, then, the
expectation and variance of the RV X is given by

¢X1 (S) = ( i

E(Xl)—m and

Q (.d

. Jolto (1 425,) dm(w) [ Jytedm(w)
Var(X1) = [yt dm () ([Qtwew,odm(w)> '

The distribution of X can be obtained by applying the Lévy inversion formula

P(X, =k) = lim 1/T e“"<(e )fﬂt“ o )) +1> ds. (3.42)

T—o00 2T | _¢ thw w()dm

Following the procedure outlined in section 2 to solve for P(X;) by differentiating the PGF
Gz(s) of Z, and noting that ¥ = [, 1,0, 0dm(w), we have

7fQ 108 0 dm(w) K 1
eT (Z D5 (&) (0>> : (3.43)

k=0

P(Z=K) =

Thus one could obtain the distribution for X (as an alternative to using (3.42)) by using (3.43)
to solve for P(X; = k) = D}i(gx,) (0)/k! recursively in terms of P(Z = k).

4. Checking our general assumptions for a large class of examples

In this section we present an explicit class of random piecewise-monotonic interval maps for
which our general assumptions (C1)—(C7) hold. We follow the approach of section 2.5 of [5]
adapted to the setting of our current perturbations.

We now suppose that the spaces J,, = [0, 1] for each w € Q and the maps T, : [0,1] — [0, 1]
are surjective, finitely-branched, piecewise monotone, nonsingular (with respect to Lebesgue
measure Leb), and that there exists C > 1 such that

esssup|T,| < C and esssupd(T,) <C, (F1)

w w

where d(T.,) == supc(o 1 #71, '(y). We let Z,, denote the (finite) monotonicity partition of
T, and for each k > 2 we let qukz) denote the partition of monotonicity of 7% .

(MC) The map o :  — Q is a homeomorphism, the skew-product map 7: Q x [0,1] — Q x
[0,1] is measurable, and w — T, has countable range.

Remark 4.1. Under assumption (MC), the family of transfer operator cocycles {L,, s} sat-
isfies the conditions of theorem 17 [30] (m-continuity and o a homeomorphism). Note that
condition (MC) implies that T satisfies (M1) and the cocycle generated by L, satisfies condi-
tion (M2).
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Recall that the variation of f: [0,1] = Ry on Z C [0,1] be

varz (f) = sup Z If (xje1) —f(x)],

X0 <...<Xg, Xj GZ

and var(f) := varpg ;(f). We let BV = BV([0, 1]) denote the set of complex-valued functions
on [0, 1] that have bounded variation.We define the Banach space BV CL>°(Leb) to be the set
of (equivalence classes of) functions of bounded variation on [0, 1], with norm given by

Ay, :==_ mf var@ +Leb(|f]).

Leba.e.

We denote the supremum norm on L>°(Leb) by || - ||co,1- We set J,, := |T,| and define the
random Perron—Frobenius operator, acting on functions in BV

Z f

}ET

The operator P satisfies the well—known property that
/ P, (f)dLeb = / fdLeb 4.1
[0,1] [0,1]

for m-a.e. w € Q2 and all f € BV. Recall from section 3 that go = {gw,0},,c(, and that

Loo(H)®) = > 8uo(f(y), fEBV.

YETS ' (%)
We assume that the weight function g, o lies in BV for each w € () and satisfies

ess Sup || gw,0ll00,1 < 00, (F2)

w

and

ess infinf g, o > 0. (F3)
Note that (F1) and (F2) together imply

ess sup||£w ol ; <ess supa’( w) 18w oll o1 <00 (4.2)

and

ess sup [|gu 0w [ o | < 00 (4.3)

We also assume a uniform covering condition'?

(F4) For every subinterval J C [0, 1] there is a k = k(J) such that for a.e. w one has 7% (J) =
[0,1].

13 We could replace the covering condition with the assumption of a strongly contracting potential. See [4] for details.
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Concerning the holes system we assume that H,,, , [0, 1] are chosen so that assumption (A)
holds. We also assume for each w € {2 and each n > 1 that H,, , is composed of a finite union
of intervals such that

(F5) There is a uniform-in-z and uniform-in-w upper bound f > 1 on the number of connected
components of H,,, ,.

We now assume that

lim ess supLeb(H,, ,) = 0. (Fo6)
n—o0o

w

Because we are considering small targets shrinking to zero measure, it is natural to assume
that

T, (HE,,) = [0.1] (F7)

for m-a.e. w € Q and all n > 1 sufficiently large. Further we suppose that there exists N’ > 1
such that 4

(9 + 12HN’) - ess sup ||g£N0) [loo,1 < ess inf, infﬁﬁioll. (F8)

Remark 4.2. Note that if ess sup,,|/gw.o0llco,1 < essinf,infL, o1, then the gap between
ess sup,,||8w.0llco,1 and ess inf,, inf L, o1 grows exponentially, and thus such an N’ exists.

For each k€ N and w € 2 we let szufkg be the collection of all finite partitions of [0, 1]

such that

vary, (85%) <2ls%ll (44)

for each A= {A;} € dékg Given A€ ) let Zb(f)* be the coarsest partition amongst all

w,0?
those finer than A and ng%.

w,0

Remark 4.3. Note that if varz(gii)o) <2 gEJk,)OHoo | foreach Ze Z ®) then we can take the

partition A = Zgiz). Furthermore, the 2 above can be replaced by some & > 0 (depending on
8u,0) following the techniques of [3, 5].

We assume the following covering condition

(F9) There exists k,(N’) € N such that for m-ae. we, and all Z€ Zu(,[jl,:) we have
™ )(Z) = [0, 1], where N’ is the number coming from (F3).

Remark 4.4. Note that the uniform covering time assumption (F9) clearly holds if (F4) holds

and if there are only finitely many maps T,,. Remark 2.C.2 of [5] presents an alternative
assumption to (F9) which could be adapted to the setting of this paper.

14 Note that the coefficients appearing in (F8) are not optimal. See [3, 5] for how this assumption may be improved.
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Since TjJ| 7 1s one-to-one for each Z € ijk)* and each 1 <j < k, the number of connected

components of ZNT/(H,,,) is bounded above by h by assumption (F5). Since the function

exp(isl H,, © T/)) has at most 2h jump discontinuities on each interval Z € fo‘)* foreach 1 <

j < k, we have that e'*S~+ has at most 2hk many jump discontinuities. Furthermore, '+ is

constant between consecutive discontinuities. Using this together with the fact that the distance
in C between points on the unit circle is bounded above by 2, we have that

vary (e“s“*”vk) < 4bk

for each Ze Zf,k)* Recalling that ggi),,,S = exXp(Sk(Puw0) +18Swnk) = 8w,0eXP(isSw n k),
where g, 0 = exp(@w.0) is as in section 3, we see that (4.4) implies that

varz (85),5) < 188l yvarz (€4574) + 5 ovary (&7

< 40klIg ¥ lloot + 2018800 < UleWlloot (2+4BK)  (45)

wvo”oo,l

for each Z € Z‘E,k)*
The following lemma of [5] extends several results in [23] from the specific weight g,, o =
1/|T.,| to general weights satisfying the conditions just outlined.

Lemma 4.5 (Lemma 2.5.9 of [5]). Assume that a family of random piecewise-monotonic inter-
val maps {T,,} satisfies (F1), (F2), (F3), and (F4), as well as (F8) and (MC) for the unperturbed
operator cocycle. Then (CCM) and (C1) hold, and the parts of (C2)—(C5) and (C7) corres-
ponding to the unperturbed operator cocycle hold as well. Further, v,, o is fully supported and
condition (C4) holds with Cy = K, for some K < 0o, and a(N) = AN for some v < 1.

From lemma 4.5 we have that A\, ¢ := V4, 0(L. 01) and thus for each k& > 1 we have
esswinf)\ﬁw > esswinfinfﬁl;70]l > esswinfinf gg‘)o > 0. (4.6)

Furthermore, since v,  is fully supported on [0, 1] and non-atomic for a.e. w, we have that
(F6) implies that for m-a.e. w € Q lim,_, o0 ¥y 0(Hy ») = 0, and since ess sup A, o is bounded
(by (4.2)) together with remark 3.4, we have that (C6) holds.

We now use hyperbolicity of the unperturbed transfer operator cocycle to guarantee that we
have hyperbolic cocycles for large n, which will yield (C2)—(C6) for large n.

The main result of this section is the following.

Lemma 4.6. Assume that a family of random piecewise-monotonic interval maps {T,}
satisfies (F1)—(F9) together with (MC). Then (CCM), (A), and (B) hold as well as (CI).
Furthermore, for all n> 1 sufficiently large, conditions (C2)—(C7) hold. In particular
(Q,m,0,(0,1],T,BV, Lo, vy, do, Hy,) is a random perturbed system.

Proof. The proof of this lemma follows similarly to the proof 2.5.10 in [5]. The main argument
is to apply theorem A of [21]. Denoting L., ,,  := )\;’loﬁw%s foreachw,n > 1, and s € R\{0}
we can write the hypotheses of theorem A [21], in our notation, as:

(1) L, is a hyperbolic transfer operator cocycle on BV with norm || - ||gy, and a one-
dimensional leading Oseledets space (see definition 3.1 [21]), and slow and fast growth
rates 0 < v < T, respectively. We will construct v and I" shortly.
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(2) The family of cocycles {ﬁw n.s bn>n, Satisfy a uniform Lasota—Yorke inequality

I£E,,, Ay, < Ac|fllsy, + B[
for a.e. w and n > np, where o < 7 < I' < B.
‘ =0, where ||| - ||| is the BV — L!(Leb) triple norm.

Lw,O - Ew,n,s

The proofs of items (1) and (3) are similar to the proofs given in the proof of lemma 2.5.10
in [5]. To prove item (2), we require the following Lasota—Yorke inequality inspired by lemma
1.5.1 of [5].

Lemma 4.7. For any f € BV we have

(8+ 126/ g5l

v (Cns (1)) < O 200 Il var(h) + et ()

Proof. By considering intervals Z in Zo(ff)*, we are able to write
cf =3 (1fe) o7k (47
zez().
where
T;,E : Tﬁ (ons) =2
is the inverse branch that takes T* (x) to x for each x € Z. Now, since
]lon Z_ ]l’rk (Z)a
we can rewrite (4.7) as
conf= 3 My ((fs,) 0T5Y). (48)
7220,
So,

var (£5,.1) < Y Var<]lpk Z)<(f w,ﬂ) *"Z)) 4.9)

zez®,

Now for each Z € ng)*, using (4.5), we have

Vaf(]lﬂ Z)((fgwns) T;k)) VarZ(fgwns)‘Fzsupvgwns

< 3varz (fg),.) + 2inf|fe ).
<380l varz (1) + 3suplivarz (88, ) + 2018l nfl

k k k .
<38l varz (1) + (6+ 1200 gl supl+ 205y, inflf
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< (9+120k) g5 (varz (f) + (8+ 126 g% Ll
Vw
<0+ 1200) [ 41, vare) + 8-+ 1200 ey, NP o)
Using (4.10), we may further estimate (4.9) as
ok o ®) ®) Vo (1f]z])
var(Con,f) < 3 | O+1200) gl varelh) + @+ 120kDlgnll., , =~
ZEZS,)* w,0
<o gt ¢ S @.11)
Vi , .
g maneZLk?* l/w)o(Z) 0
and thus the proof of lemma 4.7 is complete. O
To complete the proof of item (2) of lemma 4.6 we begin by setting
9+ 120N"))ess sup, |8 |
oV o= * <, (4.12)

ess inf,, inf LV (1

which is possible by (F8). For item (2) using the the Lasota—Yorke inequality proven in lemma
4.7, together with (4.12) and dividing through by A" o gives

PR Pl (8+126N)llgl I,
Var([‘w n,sJ /) X )\N’ —var f
w,0

Vu,o(I£1)
Ao mmzeszfi) () Ve (Z)
N/

<aV var(f) + @

vio.o(If1)- (4.13)

minzezﬁ?fﬁ (A) Vu,0(Z)

We note that (F3), (F9), (4.6), and the equivariance of the backward adjoint cocycle imply
that for Z € ZSY*) we have

LV T k() inf 512"
Vw,0 (Z) = l/ok"(N,)w,O (()\;,0 ) [/;70 ]12) = W > 0. 4.14)
w,0

As stated above, the remainder of the proof of lemma 4.6 follows similarly to the proof of
lemma 2.5.10 in [5]. O

5. Examples

In this section we present several examples of random dynamics resulting in varying types of
compound Poisson distributions. We provide examples of systems in the class described in
section 4.

Example 5.1. Compound Poisson that is not Pélya—-Aeppli from random maps and ran-
dom targets: Let {Q;} be a partition of 2. We consider the following family of maps {7, }:

L, (x), 0<x<(1=1/7)/2
To() =9 Yx—(r—1/2, (1-1/%)/2<x<(1+1/7)/2; 6.1
R, (x), (I+1/v)/2<x<1,
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0 0.5 1
X

Figure 1. Graph of a map T, with v, = 2.

where L|q, and R|q, are maps with finitely many full linear branches, 1 <~y <, <I'<oo
and 7|q, is constant for each j > 1. We take g, 0 = 1/|DT,,| and since these maps have full
linear branches, Lebesgue measure is preserved by all maps T',; i.e. ji,,0 = Leb for a.e. w.
The central branch has slope v,, and passes through the fixed point xo = 1/2, which lies at the
centre of the central branch; see figure 1. A specific random driving could be o : S' — S! given
by o(w) =w+ o for some o ¢ Q and v, =7 +~'-w for 1 <+° < 0o and 0 < v! < oo, but
only the ergodicity of o will be important for us. We consider the Banach spaces B, to be the
space BV of complex-valued functions of bounded variation.

For each w € Q and each n € N consider a sequence of shrinking balls H,, , containing
the fixed point xo such that xo € H,, ,+1CH,, , for each n € N. Then assumption (B) is clearly
satisfied. Furthermore the targets H,, , are chosen so that the assumption (S) is satisfied. Such
targets H,, , are constructed in section 2.7 of [5] as neighbourhoods of extremal points of
observation functions 4 : M — R.

To verify our general assumptions (M1), (M2), (CCM), (A), (C1)—(C7) it suffices to check
the assumptions (F1)—(F9) 3. This is done in a similar manner to the way in which the assump-
tions (E1)—(E9) of [5, section 2.5] are checked in [5, example 2.7.1] for transfer operators act-
ing on the space of real-valued BV functions with different perturbations. Therefore we have
only to verify assumptions (C8) and (S).

Assumption (S) states that p,, o(H,, ) < |[|°°T+W . In this example, all fibre measures 1, o
are Lebesgue and so the targets H,, , are neighbourhoods of xo of diameter no greater than
(|f|oo + W) /n. Because the maps T, are locally expanding about xo, for fixed k >0 one can
find a large enough r so that it is impossible to leave a small neighbourhood of xy and return
after k iterations. Therefore we can always find n sufficiently large to guarantee that ﬂn(dk),, (£)=0
for all 0 < £ < k. If this were not the case, there must be a positive j1, -1, o-measure set of
points that (i) lie in H,—@+1), ,, (ii) land inside ¢ < k of the targets H, -« ;- - -, Hy-1,,,, OVEr
the course of the next k iterations, and then (iii) land in H,, ,, on the k + 1%t iteration, which we
have argued is impossible. On the other hand, the equality £ = k corresponds to the situation

15 We note that since the targets consist of a single interval, to to check (F8) with N’ = 1, it suffices to ensure that
ess inf,, 7y, > 21 and that the slopes of the branches of the maps L., and R, are at least as large as ..
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where points remain in the sequence of targets for all k iterations, which will occur for a
positive measure set of points. This immediately implies that ﬂu(,]?,(k) # 0, and thus

R
s o000 (ﬂjzo T " i, (HJ—<k+1)+/w,n))

~(k) — l_is iks (k)k: l_is
qw,n (S) ( € )C Bw,n( ) ( € )e Lo 0 (me)

Because the scaling 7,, varies along the orbit o~ **t1w . ... w, to simplify the above expression
we assume that ess sup,,,./f, < ess inf,, |T.,(xo)|. This mild assumption on the variation of
the scaling ¢ removes the ‘Case 2’ considerations in example 2.7.1 [5], and taking the limit as
n — oo gives

iks

k
~ (k) is € is\ _iks
G (s)=(1-¢") —g—— = (1-¢") * [ [eo-wrnsias

,0 < ) ( ) |D]—J;4:1<k+l)w (.Xf())! ( ) s (k+1)+,

where we have set o, = ;! = |DT,,(x0)| !, and thus we have
0. (s)=1—(1—¢")

Applying theorem 3.14 gives that

) . >® eiks
or=om (10 [ (1200 e Janto)

k=0

oo k
=exp| — (1 — eis) Alw 1— (1 — eis) ZeiksHOéo.—(k+l)+jw dm (W)
k=0 j=0

Note that since 1 <y <7, <T, and so 1 >a, >T"">0, the series > = e H]]'{:o
Q- (1) 4, cONverges absolutely to say 3, (s) (which depends on w). Since X, (s) is not neces-
sarily a geometric series, then ¢(s) is the characteristic function of a compound Poisson dis-
tribution which is not the Pélya—Aeppli distribution. It is unclear which specific compound
Poisson distribution is represented by ¢(s). .

Note that the tail of the series X, (s) is approximately given by e 7 372 . (e*Jalog v dm )kt
where N, is the (w-dependent) time that it takes for the Birkhoff Ergodic Theorem to apply.

Example 5.2. Pélya—-Aeppli from non-random slope and random targets: Taking the fam-
ily of maps {7, } from the previous example, we now suppose that the reciprocal of the slope
of the central branch is constant; i.e. 1/DT,,(x9) = o, = & > 1 is constant. Then we have

p(s) = exp (— (1 —e“)/ﬂtw (1 -1 —e“)zeikfak“) dm(w))

k=0

~exp (— (1-a) (/szdm@)) (11‘eea)> .

Then ¢(s) is the characteristic function of a Pélya—Aeppli (geometric Poisson) distributed
random variable Z with parameters given by p = o € (0,1) and ¥ = (1 — ) [, t,,dm.
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Example 5.3. Polya—Aeppli from L.I.D. Maps and targets: Now suppose that we are in the
setting of the previous example where now we have two maps 7 and T, chosen iid with
probabilities p; and p, respectively. Again we let xo denote the common fixed point of the
maps 7 and T, and let o; denote the reciprocal of the slope of the map 7; at xo, i.e. a; =
1/DT;(xy), for i = 1,2. Further suppose there are two values of #, namely #; and ,, which are
chosen iid with probabilities p; and g, respectively'®. Such a model can be implemented by
0 :{0,1}% x {0,1}%, where ow := o((wP,w"))) := (6D WD c0W®), with ¢ the left
shift acting on the sequence w(") controlling the choice of map and o) the left shift acting on
the sequence w(® controlling the choice of scaling constant z. We set m = m") x m") where
m7) is the Bernoulli measure generated by (p;,p;) and m" is the Bernoulli measure generated
by (01, 02)- Thus, using the fact that the « are chosen iid, we have that

k
/ Haa%kﬂww dm (w) = (proy +pron) " =@t (5.2)
Q:
j=0

Note that @ € (0, 1). Now since 7,, is independent of the « terms in the product appearing
in (5.2) (since the product does not contain a «,), we can use (5.2) to write that

00 k
/tw 1— (176“)2611{31_[040_(“1)4_‘,“ dm(w)
Q =0  j=0
. o . k
=r|1- (1-8”)261]@/Han—(k+l)+jwdm(UJ)
k=0 Qo
, e [ 1-a
_ _ Al iks—~k+1 | _
_t<l (1 e);e o ) t(l—e”a)’

where = fQ t,,dm = t| 01 + 1, 02. Inserting this into the formula for ¢(s) gives

o100 (1)) e (a2 (£252)),

which is the characteristic function of a Pélya—Aeppli (p =@ € (0,1) and ¥ = (1 — @)7) dis-
tributed random variable.

Example 5.4. Standard Poisson from random maps and random targets: Unlike the pre-
vious examples, we now provide an example in which the characteristic function produced
from theorem 3.14 is for a standard Poisson random variable rather than compound Poisson.
We recall the setting of example 4 of [5]. Let Q = {0, 1,2,3}%, with o the bilateral shift map,
and m an invariant ergodic measure.

16 The argument here goes through exactly the same if ¢ takes on countably many values #; with probability o;.
Furthermore, the argument still goes through if the ¢ values are chosen according to some ergodic process rather
than being chosen i.i.d. In this case example 5.2 can be seen as a special case of example 5.3.
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To each letter j =0,...,/— 1 we associate a rational number v; € (0,1)NQ. We con-
sider targets H,, , = B(vwo,e_z"(‘“)), where wq denotes the 0-th coordinate of w € () and the
thresholds z,(w) are chosen such that assumption (S) holds. For each w € € we associate a
map 7T, where Tp,...,T5 are maps of the circle which we will take as S-maps of the form
T;(x) = Bix+r (mod 1), with 5; € N, 5; > 3, and 0 < r < 1 irrational and independent of i.
Similar arguments to those given in [5, example 4] show that our assumptions (M1), (M2),
(CCM), (A), (C1)—~(CT7) are satisfied for this system. This is accomplished as in example 5.1,
by showing that our assumptions (F1)—(F9) follow from arguments similar to those of [5,
example 4] used to verify the assumptions (E1)—(E9). Furthermore, assumption (B) is satis-
fied by taking the Banach spaces B,, again to be BV.

Following the argument of [5, example 4], it follows that a necessary condition to get

Lkl(é) 2 0 for some k > 0 and 0 < ¢ < k, and thus qff)o (s) # 0, is that the centre V(o= D w)o)
is sent to the centre v,,,. Let z be one of these rational centres. The iterate T7,(z) has the form
T'(z) = Bu,_, *** Buwoz + kyr (mod 1), where k, is an integer. Therefore such an iterate will

never be a rational number, which shows that all qfi)o(s) =0 for each k> 0, w, and each
s € R\{0}. Therefore we have 6,,(s) = 1, and so applying theorem 3.14, we have

0= (~(1-69 [ )

which is the characteristic function of a Poisson random variable with parameter ) =
Jo twdm(w).
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