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Abstract: We develop for the first time a quenched thermodynamic formalism for ran-
dom dynamical systems generated by countably branched, piecewise-monotone map-
pings of the interval that satisfy arandom covering condition. Given arandom contracting
potential ¢ (in the sense of Liverani—Saussol—Vaienti), we prove there exists a unique
random conformal measure v, and unique random equilibrium state ,. Further, we
prove quasi-compactness of the associated transfer operator cocycle and exponential
decay of correlations for ,. Our random driving is generated by an invertible, er-
godic, measure-preserving transformation o on a probability space (2, .%, m); for each
w € 2 we associate a piecewise-monotone, surjective map 7, : I — I. We consider
general potentials ¢, : I — R U {—o0} such that the weight function g, = e% is
of bounded variation. We provide several examples of our general theory. In particular,
our results apply to new examples of linear and non-linear systems including random
B-transformations, randomly translated random S-transformations, countably branched
random Gauss—Renyi maps, random non-uniformly expanding maps (such as intermit-
tent maps and maps with contracting branches) composed with expanding maps, and a
large class of random Lasota—Yorke maps.
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1. Introduction

Deterministic transitive expansive dynamics 7 : [0, 1] — [0, 1Jor T : S I 5 §! have
a well-developed “thermodynamic formalism”, whereby the transfer operator with po-
tential ¢ of sufficient regularity has a unique invariant probability measure pu that is
absolutely continuous with respect to a conformal measure, and p arises as a maximizer
of the sum of the metric entropy and the integral of the potential [9,46] (shifts of finite
type, smooth dynamics), [11,15,33] (piecewise smooth dynamics), [44,46] (distance
expanding mappings), [3,11,12,36,54] (countable shifts, non-uniformly expanding dy-
namics).

Thermodynamic formalism for random dynamical systems has been exclusively re-
stricted to the case of continuous random dynamics and maps that can be coded as
random shifts. Kifer [29] proved the existence and uniqueness of equilibrium states for
smooth expanding dynamics; Khanin and Kifer [28] generalized this to smooth random
dynamics that are expanding on average. In parallel work, Bogenschiitz [7] proved a
variational principle for topological random dynamical systems (the domain X is com-
pact and each 7,, : X — X is a homeomorphism), extending a result of Ledrappier
and Walters [30] to allow random potentials with measurable dependence @ > ¢,.
For random subshifts of finite type, Bogenschiitz and Gundlach [8] and Gundlach [23]
proved uniqueness of (random) relative equilibrium states. Thermodynamic formalism
for countable random Markov shifts has been investigated in various settings by Denker,
Kifer, and Stadlbauer [16], Stadlbauer [49,50], Roy and Urbanski [45], and Mayer and
Urbariski [38]. Mayer, Skorulski, and Urbanski developed distance expanding random
mappings in [39], which generalize the works of [8,29]. Simmons and Urbanski estab-
lished a variational principle and the existence of a unique relative equilibrium state for
these maps in [48]. In the recent articles [51,52], the authors considered sequential dy-
namics given by composition of transfer operators for continuous surjective expanding
and non-uniform expanding maps; this allowed them to construct random equilibrium
states, and to establish statistical laws.

In the present paper, for the first time, we develop a thermodynamic formalism in
the quenched random setting for the difficult situation of discontinuous fiber maps.
Furthermore, also for the first time we consider the case of countably branched random
maps which cannot be coded by a random shift. We work in the random setting in
which one has a complete probability space (2, .%#,m) and base dynamical system
o : 2 — , which is merely assumed to be invertible, m-preserving, and ergodic.
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For each base configuration w € €2, we associate a corresponding surjective piecewise
monotonic map (possibly with countably many branches) T, : [0, 1] — [0, 1]. Our
random dynamical system on the interval is given by a map cocycle 7} := Tyn-1(, ©
-+ 0 Ty (w) o Ty, which satisfies a random covering condition; we have no Markovian
assumptions. Indeed, our maps may have discontinuities and do not necessarily have full
branches. The corresponding transfer operator cocycles Ly, 1= L,n-1(, 0 - -0Lg@w)oLe
are weighted using random versions of the contracting potentials introduced in [33].

A first step in producing a thermodynamic formalism in this random setting is the
construction of a conformal measure. In the deterministic setting Liverani, Saussol, and
Vaienti [33] constructed the conformal measure of a piecewise monotonic interval map
with a contracting potential ¢ via forward iteration of the transfer operator. This forward
iteration is convenient for our random dynamics, and many of the key contributions of
our work are the extension of the methodology of [33] to general random piecewise
expanding dynamics. In Theorem 2.19 we obtain existence of a fiber-wise collection
of conformal measures (V,)weq satisfying L) Vo (w) = AwVe from following the ap-
proach of [33] to extend the functional we obtain via fixed point arguments, similar
to those of [25] and [39, Chapter 3], to a random non-atomic Borel probability mea-
sure. Existence and uniqueness of a family of invariant functions (g,)wcq satisfying
Lwdow = Awqo(w), the corresponding invariant measures (L, = gV, and the unique-
ness of the v,,, will follow from random cone contraction arguments, which in turn rely
on random Lasota—Yorke inequalities. Because our fiber maps 7,, are nonsmooth and
may have discontinuities, care is needed when developing the random Lasota—Yorke in-
equalities; we follow the approach of Buzzi [10], whereby we construct a large measure
set of fibers for which we obtain cone contraction in a fixed, uniformly bounded time
and then show that the “bad” fibers do not occur often enough to distort the obtained
cone contraction too much. We note that if all the maps preserve a common cone, one
could attempt to use the recent approach of [26].

From the random cone contraction arguments we immediately obtain, in Theo-
rems 2.20 and 2.21 , an exponential convergence of the sequence (Ag n (w))’lﬁ,g,,, @) 1
to the invariant density g, as well as a fiberwise exponential decay of correlations with
respect to the invariant measure j,, and the ergodicity of the global random measure p.
Following [48], we define the expected topological pressure of the random contracting
potential ¢ = (¢y)weq by EP(p) = fQ log A, dm(w), see also [4,39,53]. We then
prove, in Theorem 2.23, a variational principle for the expected pressure, a new result
for infinitely branched random maps, and then show that the 7'-invariant random mea-
sure u is in fact the unique relative equilibrium state for the random potential ¢, where
T :Q x I — Q x [ is the induced skew product map.

Our main results are summarized by the following simplified theorem. For a complete
statement of our results see Sect. 2.3.

Theorem. Given a random weighted covering system (2, o, m, I, (T,)weQ, (Pv)wen)
(see Definition 2.18), the following hold.

(1) There exists a unique random probability measure v = (Vy)yeq Such that for each
function f of bounded variation

Vo (w) (Lo fw) = rovo(fw),

where

Ay = Vo (w) (Loly).
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(2) There exists a unique, modulo v, strictly positive random function ¢ = (qu)pe Of
bounded variation such that v, (q,) = 1 and

Logw = Aw‘]a(w)

for m-a.e. v € Q.

(3) The random measure |, given by [y, = quVe, is a T-invariant and ergodic random
probability measure. Furthermore, the random measure 1 = (ly)weq exhibits a
quenched (forward and backward) exponential decay of correlations and is the unique
relative equilibrium state for the random contracting potential ¢ = (@) weQ-

Our results can treat new classes of random dynamical systems, including random S-
transformations (with no upper bound on the number of branches), randomly trans-
lated B-transformations, infinitely branched random Gauss—Renyi maps, random non-
uniformly expanding maps which contain an indifferent fixed point or contracting branches
composed with expanding maps, and a very broad class of random Lasota—Yorke maps.

An outline of the paper is as follows. Formal definitions, assumptions, and other
properties of our random systems are described in Sect. 2, where we also state our main
results. In Sect. 3 we prove the existence of a non-atomic random conformal measure.
Section 4 develops random Lasota—Yorke inequalities for our random contracting poten-
tials in terms of variation and the random conformal measure and in Sect. 5 we construct
the corresponding random cones. Section 6 proves that for a large “Good” subset of
Qg C R, a constant number of iterates of the transfer operator beginning at v € Qg
yields a cone contraction. The remaining “Bad” w-fibers are dealt with in Sect. 7. Us-
ing Hilbert metric contraction arguments, Sect. 8 brings together the estimates from
Sects. 4, 5, 6, and 7 to prove our main technical lemma (Lemma 8.1), which is then
used to prove (i) the existence of a random invariant density and (ii) that convergence
to this invariant density occurs at an exponential rate along a subsequence. Section 9
verifies that the random families of conformal measures, invariant densities, and invari-
ant measures are indeed measurable with respect to w. We also prove the uniqueness of
the invariant density found in Sect. 8. In Sect. 10 we utilize the measurability produced
in Sect. 9 to introduce the expected pressure and then give more refined versions of the
exponential convergence results of Sect. 8 as well as prove the uniqueness of the random
conformal and invariant measures. In Sect. 11 we use the results of Sect. 10 to prove
an exponential decay of correlations for the random invariant measures from Sect. 9 in
both the forward and backward directions. In Sect. 12 we prove a variational principle
and show that the unique invariant measure established in Sect. 9 is in fact a relative
equilibrium state. Finally, in Sect. 13, we apply our results to new classes of random
dynamical systems with detailed calculations.

2. Setup

We begin with a complete probability space (2, %, m) and suppose thato : Q — Qs
an ergodic, invertible map, which preserves the measure m, i.e.
moo ! =m.
Let / denote a compact interval in R!, and for each w € Q we consider a map
To:1 —1

I our theory works equally well if 7 is taken to be an uncountable, totally ordered, order-complete set as
in [33]. In this setting the order topology makes / compact. We choose to work under the assumption that /
is a compact interval in R for ease of exposition.
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such that there exists a countable partition 2 of I such that each Z € Z satisfies the
following:

i) T, : I — I is onto,
(ii) T,(Z) is an interval,
(iii) T,z is continuous and strictly monotone.

Let D,, be the set of discontinuities of Ty, i.e. the collection of all endpoints of intervals
Z e Z}. Denote by 8, the singular set of T, which is defined by

Sw = T, (D) 2.1)
k>0

Then 8, is clearly backward T, invariant in the sense that
T, Sow) S So- 22)
Notice that for each w € €2, 8, is countable. For each w € Q2 let
Xy = 1\S,,

which naturally inherits the subspace topology of 7. In the sequel, by aninterval J/ C X,
we of course mean J = J N X,, for some interval J C [. By virtue of (2.2), we have
that

Tw(Xa)) - Xa(w)'
In what follows we will consider the dynamics of the maps
Ta)|Xw : Xw —> Xg(w).

We note that the maps 7, are continuous with respect to the topology on X,,. We consider
the global dynamics of the map 7' : Q2 x I — Q x [ given by

T(w,x) = (0(w), T,(x)).

Letting

3= Jlo} x Xo.

we

we may also consider the global dynamics T'|g : § — J. For each w € Q we let
2V ={znX,:Ze2}}.

Now, forn > 1 let
n—1
(n) ._ —j (@
2= \/ 1, (zgj(w)).
o

Then Zg’ ) consists of countably many non-degenerate subintervals which are open with
respect to X,,. Now, given Z € Zg ), we denote by

T,%  TNZ) — Z
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the inverse branch of 77 which takes 7} (x) to x for each x € Z. We will assume that
the partitions Z; are generating, i.e.

o0
\/ 2 = 2. (GP)
n=1

where # = (1) denotes the Borel o-algebra of I.
Let B(I) denote the set of all bounded real-valued functions on I and for each
f € B()andeach A C I let
k—1
vary (f) := sup Z |f(x.,~+1)—f(xj)| 1X < X1 <...X, xj € Aforall0 < j<kyg,
j=0

where the supremum is taken over all finite sets {xj} C A, denote the variation of f
over A. We let

BV({) :={f € B() : varj;(f) < oo}
denote the set of functions of bounded variation on /. Let || f|| o, and

[ f gy = var(f) + 1 flloo

be norms on the respective Banach spaces B(/) and BV (7).

Let B(X,,) be the set of all bounded real-valued functions on X, and let BV (X,,) be
the set of all functions of bounded variation on X,,, i.e. all functions f € B(X,) such
that vary (f) < oo. For a function [ : Q x I — Rwelet f, := fl{w)xs : I — Rfor
each w € Q. In particular, we have that

ﬂw = llxw.

Note that if f € B(I), then f,, € B(X,) and if f € B(I) then f,, € BV(X,) with
vary, (f) < var;(f). For this reason we will generally write var( f,,), suppressing the
set dependence, when dealing with the variation, either on the entire interval / or fiber
space X, unless more care is needed.

Definition 2.1. We say that a function f : Q2 x I — R is random bounded if

(i) fu € B(I) foreach w € €,
(i) for each x € I the function 2 > w — f,,(x) is measurable,
(iii) the function 2 > w — || f |l 1S measurable.

Let B (1) denote the collection of all random bounded functions on  x I, and let
BY(D =/ € Ba: I fullo € Ly (@]

The set 85(1 ) becomes a Banach space when taken together with norm

1 floo :=/ 1 follay dm(w).
Q

We say that a function f € Bq(I) is of random bounded variation if f,, € BV(I) for
each w € Q.
We let BV (/) denote the set of all random bounded variation functions and let

BVG() == { £ € BVa(l) : | fullo - logvar(f,). loginf | ful € Ly, @)} . (2:3)
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For functions f : Q@ x I — Rand F : 2 — R we let

n—1 n—1
Sut(fo) =Y friwyoT) and S,o(F):=) Foo’
j=0 j=0

denote the Birkhoff sums of f and F with respect to T and o respectively. We will
consider a potential of the form ¢ : Q2 x I — RU{—o0} and for eachn > 1 we consider
the weight g™ : Q x I — R whose disintegrations are given by

gl = exp(Su.7(9w)) 2.4)
for each w € Q. We define the (Perron-Frobenius) transfer operator, Ly o, : B(X,) —
B(Xo(w)), With respect to the potential ¢ : 2 x I — RU {—o0}, by

Lyo(HNE) =Lu(NHE) = Y gPWFG) [ eBXo), x € Xow):
YT, ' (x)

We define the global operator L : Bq(I) — Bq(l) by

(’C*f)w = La_l(a))fa_l(a))'
Inducting on n gives that the iterates L7 : B(X,) — B(Xsn(y)) are given by
L2 () = Cgnoiy 0 -0 L) ()
= Y W0 feBXo) x € Xonw).  (25)
yeT, " (x)

For each w € Q we let B*(X,,) and BV*(X,) denote the respective dual spaces of
B(X) and BV(X,,). Welet L} : B*(X4(w)) = B*(Xw) be the dual transfer operator.

To ensure that these operators L, are well defined and that the sum in (2.5) does in
fact converge, we will need some additional assumptions on the potential ¢.

Definition 2.2. We will say that a potential ¢ : Q x I — R U {—o0} is summable if for
m-a.e. w € 2 we have

inf gV > 0forall Z e 2, (SP1)

g e BV(D), (SP2)

sh= 3" sup gl (SP3)
ZeZ}

Remark 2.3. Note that if #ZS) < oo and ¢, € BV (/) for each w € 2 then (SP1)-(SP3)

are immediate. Furthermore, as ¢, € B(I) we would also have that inf g( n)
eachw € Qandn € N.

> 0 for

Note that (SP3) implies that the transfer operator L, : B(X,) = B(Xo(w)) is well
defined. The following lemma shows that the operator LI : B(X,,) — B(Xsn () is
well defined for all n > 1.
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Lemma 2.4. Given a summable potential ¢ : Q x I — R U {—o0}, for alln € N and
m-a.e. w € Q2 we have

g e BV(), (i)
SW .= Z sup g < oo. (i)
Zezm ‘

Proof. We will prove each of the claims via induction. To prove (i), we first note that by

(SP2) g{V € BV(I). Now suppose that g/’ € BV(I) foreachw € Qandall 1 < j < n.
Now, note that we may write

Then,

var(g) < 3 (varz<ggf+1>)+zsupg;f+l>)
ZeZ,(Ul) z

Z <Varz(g(<ul)) sup gé"&)) + sup gc(ul)varrm(z) (g[(;"()w)) +2sup g‘(,}) sup gén(zu)>
T,(2) z z Tw(Z)

ZeZﬁ,l)

IA

) M W 0
gU@HBV Zm(varzgw +supg,) +25l;pgw)
ZeZ,

w

(n)

< (35,5)1) +Val‘(g¢(u]))> 85 (w)

HBV’

To see (ii), we begin by noting that (SP3) implies that S(E,l) < 00. Now, suppose that
SC(UJ) < ooforeachw € Qandall 1 < j < n. Now, note that we may also rewrite gg”l)
as

1 1
S0 = 85" - gy © Ta-

Then,

SeV =30 swpel*V < D0 supell sup gy,
n+1) Z n+) Z T3(2)
Z€Zy Z€eZy

(D
> 2 swe swp g,
Z/eZg') ZeZng) z 16

IA

AsYA
n (D
< > supgl”- Y supedy,
Z/ Z//
’ (n) 1" (1)
7'€Zy, z EZJ,,(w)

IA

(e))
SO Sy < 00

and thus we are done. |
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2.1. Preliminaries on random measures. Given a measurable space Y, we let P(Y)
denote the collection of all Borel probability measures on Y. Recall that Z denotes the
Borel o -algebra of I, and for each w € €2, let %, denote the Borel o -algebra of X, i.e.
the o -algebra 28 restricted to the set X,,. Now, let . ® % denote the product o -algebra
of and .# on Q x I.

Let P,,(2 x I) denote the set of all probability measures p on © x [ that have
marginal m, i.e.

Po(Qx T = {MefP(Qxl):Mongl:m},

where 7 : Q2 x X — Q is the projection onto the first coordinate.

Definition 2.5. Amap u : @ x Z — [0, 1] with Q x £ 5 (w, B) — uy(B) is said to
be a random probability measure on I if

(1) for every B € %, the map 2 > w — u,(B) € [0, 1] is measurable,
(2) form-a.e.w € Q,themap Z > B — uy,(B) € [0, 1]is a Borel probability measure.

We let P (1) denote the set of all random probability measures on 7. We will frequently
denote a random measure © by (y)weg-

The following proposition, which summarizes results of Crauel [14], shows that the
collection P,, (2 x I) can be canonically identified with the collection P (I) of all
random probability measures on /.

Proposition 2.6 ([14], Propositions 3.3, 3.6). For each u € P,,(2 x I) there exists a
unique random probability measure (jLy)weq € Po(l) such that

flo,x)dp(w, x) =/Q/If(w,x)duw(x)dm(w)

Qx1

for every bounded measurable function f : Q x I — R.
Conversely, if (Lw)weq € Po(l) is a random probability measure on I, then for
every bounded measurable function f : Q2 x I — R the function

Qs w+— /f(w,X)de(X)
I
is measurable and
F QB> Ar— / /JlA(a),x)d,uw(x)dm(w)
QJI

defines a probability measure in P, (2 x I).

2.2. Conditions on the dynamics. We now give a definition of random covering similar
to the covering properties of [10,33].

Definition 2.7. We will say that our system has random covering if for each w € Q and
each J C [ there exists M, = M, (J) € N such that for all n > M, (J) there exists a
constant Cy, ,(J) > 0 such that

Jnf L1 = Con(J). (RC)
o (w)
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Remark 2.8. Note that random covering implies that for all intervals J C [ there exists
M, = M,(J) € N such that

T () 2 Xgho () (2.6)
and also that for all intervals J € X,, there exists M,, € N such that

TY(J) = X oMo (- (2.7)

Furthermore, note that if the partition 2 is finite then (2.6) and (2.7) are equivalent to
(RO).

We now concern ourselves with special finite partitions of /. For each n € N, each
we Q,a>0,andy > 1 welet P, ,(@, y) be a finite partition of I such that for each
P € P, (&, y) the following hold:

(n)

varp(¢") < a ¢ | . (P1)
> swpel <7 el (P2)
EZg’) ZNP

ZOP#)

Remark 2.9. Note that the for certain potentials we may be able to satisfy (P1) and (P2)
for@ = 0 and y = 1. Indeed, if Zgl ) is finite and if the partition Zg’ ) satisfies (P1) for
& > 0, then we may take 7 = 1 and Py, (&, 1) = 2%, as (P2) holds trivially for 20"
Furthermore, if the weight functions g, are constant then we may take & = 0.

The following lemma gives conditions for such partitions to exist.

Lemma 2.10. [f & > 1 and 7 > 1 then for eachn € N and w € Q2 there exists a
partition P, , (&, y) which satisfies conditions (P1) and (P2).

Proof. Following Lemma 6 of [47], for any ¢ > 0 we can find a finite partition P such
that

Wl 4e

varp(g0) < Hg
for each P € P. Thus for any & > 1 we can find a finite partition P, ,(&) such that

(m) (2.8)

varp(gl”) < & Hg

for each P € P, ,(&). Now, following the argument in the proof of Sub-Lemma 4.1.1

of [33], for B > 1 we can then refine the partition P, , (@) with ng ) to obtain a finite
partition P,, , (&, y) such that

Y sl < e
ny ZNP

(2.9)
ZNP )

for each P € P, , (&, y) since S,E)") < 00. O
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Remark 2.11. For our general theory we are only concerned that there exist & > 0 and
¥ > 1 and partitions P, , (&, ) such that (P1) and (P2) are satisfied. However, as we
will see in Sect. 13, the choice of & and y directly impacts the amount of work necessary
to verify our hypotheses for examples. So, finding (nearly) optimal values for & and p
may be necessary in practice.

Now, fixing @ > 0 and y > 1 such that (P1) and (P2) hold for the partitions
Pon(@, ), since 27 is generating, i.e. assumption (GP), for each P € P, (@, y)
there exists a least number N, ,(P) € N and a measurable choice

J(P) € ZNeonP) (2.10)

with J(P) C P.
We will assume the following measurability and integrability conditions on our sys-
tem.

Themap 7 : Q@ x I — Q x I is measurable. M1)
For f € BVq(I) we have L f € BVq(I). M2)
log SV e L! (), (M3)

loginf L1, € L} (), (M4)

min  log inf gg)”“’(J(P)) € L,ln(Q) foreachn € N, (M5)

PePun(@p)  J(P)

max  log Hggfw(/ PNy, H e L! () foreachn € N. (M6)
Peﬂja),n(&,?) o0

Remark 2.12. Note that condition (M4) implies that inf £,1,, > 0 for m-a.e. w € Q.
Furthermore,although condition (M4) may seem restrictive, the following examples
show that it can be easily checked under mild assumptions.

(a) If 2% is finite for each w € Q with ¢, € BV(/) and loginf g, € L,ln(Q), then (M4)
holds.

(b) (M4) holds if for each @ € €2 there exists a finite collection Z,, 1, ..., Zy », € Z5
with Tw(U;f‘;l Zy,j) = 1 such that log inf gw|ujﬁ|zw.j € L,ln(Q). In particular, (M4)

holds if for each w there exists some Z, € Z((D]) which supports a full branch such
that loginf g,|z, € L,ln(Q).

Given a a real-valued function f, we let f*, f~ denote the positive and negative
parts of f respectively with f*, f~ > 0and f = f* — f~. The following lemma now
follows from the previous assumptions.

2 In[33] they consider the case @ = 4 and y = 2.
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Lemma 2.13. For each n € N we have the following:

loginf L" 1, € L} (), 0
logS™ e L} (), (ii)
log [ L210|, € Ly (), (iii)
log* [ g | o € L (), (iv)
(sup 9o,)" € L, (Q). v)

Proof. We begin by noting that (M2) implies that the functions w + inf L,1,,, ® —
sup ¢, (and consequently @ — H gfgl) ||OO), and w > ||Ly 1yl are all m-measurable.

Now we note that the submultiplicativity of | gm | gives

n—1
< +
L= Zlog
j=0

0 < log" g%

n—1 n—1
1 1
géj)(w) Hoo = Z(SUP Poiw)’ = Zlog Sc(;j)(w);
Jj=0 j=0
(2.11)
using (M3) we obtain (iv) and (v). Similarly, the submultiplicativity of Sgl) implied by
the proof of Lemma 2.4 item (ii) and supermultiplicativity of inf L7 1,, yields

n—1 n—1
. . (1
Zlogmfﬁcj(w)]lgj(w) <loginf L] 1, < log ”LZ)LUHOO <log S < Zlog Saj(w)’
j=0 j=0
(2.12)

and thus we obtain (i)—(iii) by (M3) and (M4). As both the right and left-hand sides of
(2.11) and (2.12) are m-integrable, we are done. |

Remark 2.14. Note that since the covering times M, (J (P)) may change with w, our
assumption (M6) does not necessarily follow from Lemma 2.13.

The next definition, which is an extension of [33, Definition 3.4] into the random
setting, will be essential in the sequel.

Definition 2.15. A summable potential ¢ : Q2 x I — RU{—o0} is said to be contracting
if for m-a.e. € Q we have

1 1
lim - log Hggﬂ < lim - loginf £ 1,, 3 (CP1)
n—-oon 00 n—-oon
and there exists N € N such that
EN
—o00 < | log X dm(w) < 0. (CP2)

3 Note that these limits exist by the subadditive ergodic theorem due to the submultiplicativity and super-

multiplicativity of the respective sequences {® +> Hgg” lloo}nen and {a) — inf L7 ]lw}n n- Furthermore,
the limits are constant m-a.e. and the left-hand limit may be equal to —oo.
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Remark 2.16. Since the sequences {& > [g5 lloso}neny and { > inf L1}, . are
submultiplicative and supermultiplicative, respectively, in view of Lemma 2.13 the sub-
additive ergodic theorem implies that (CP1) is equivalent to the assumption that there
exist Ny, N1 € N such that

1
~ |10 H (N2)
v - tog]e¢

If log | 8o € L1 (), then (CP1) is equivalent to (CP2) is equivalent to (2.13).

Remark 2.17. Note that in the deterministic setting our contracting potential assumption
(CP1) implies the contracting potential assumption of [33], and is implied by the usual
assumption that supgp < P(¢), where P(¢) denotes the topological pressure, see, for
example, [15].

1
dm(w) < —/ loginf L1, dm(w). (2.13)
00 Ny Jq

Definition 2.18. We will call the tuple (2, o, m, I, T, ¢) a random weighted covering
system if it satisfies our assumptions (GP), (SP1)-(SP3), (RC), M 1)—~(M6), and (CP1)
and (CP2).

2.3. Main results. Our main results are the following.

Theorem 2.19. Given a random weighted covering system (2,0, m, I, T, ¢), the fol-
lowing hold.

(1) There exists a unique random probability measure v € Pq(I) such that
Va(w)(wa) = AoVo(f),
foreach f € BV(I), where

)\w = Vo (w) (Lw]lw)-

Furthermore, we have that log A, € L} ().
(2) There exists a function g € BVq (1) such that v(q) = 1 and for m-a.e. w € Q2 we
have

Lwa = )\wQU(w)-
Moreover, q is unique modulo v, and
1 1
lim —loginf gyn(, = lim —lo n =0.
[n|—o0 |n| £ " () |n|—o0 |n| & ”‘]a @) Hoo

(3) The measure i = qv is a T-invariant and ergodic random probability measure
supported on J.

We also show that the operator cocycle is quasi-compact.

Theorem 2.20. With the same hypotheses as Theorem 2.19, for each f € BVIQ(I ) there
exists a measurable function Q@ > w — By(w) € (0,00) and k € (0, 1) such that for
m-a.e. w € QL and all n € N we have

| G) ™ 80 o = volfoddoncn| = Br@) I fullpy "

and

-1
‘(Ag”((o)) L ry Jo @ = Vo) For@)o| = Br @) | foriw gy«

o0
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From quasi-compactness we easily deduce the exponential decay of correlations.

Theorem 2.21. With the same hypotheses as Theorem 2.19, for every h € BVIS2 0h)]
and every »x € (k, 1), with k as in Theorem 2.20, there exists a measurable function
Q3w Chw) € (0,00) such that for m-a.e. w € Q, every n € N, and every
fe L}L(Q x 1) we have

|Mw ((fo”(a)) ° Tar)L) hw) - Ma"(w)(fa”(w))ﬂw(hw)} = Cp(w) ”fo”(a)) ||L[1L ") lhwliBY ",

and

Mo (w) ((fo o T;lfn(w))ho—" @) — Mo (fo) ho—n(w) (h(,—n(w))’
< Ch@) I fullzy, Ao gy "

Theorem 2.20 is proven in Sect. 10, while Theorems 2.19 and 2.21 are proven in Sect. 11.

LetPr(2x 1) € Pq(I)denote the set of all T-invariant random probability measures
on I. For n € P7 (2 x I) we denote the (fiberwise) conditional information of the
partition Z* given 7,,! %, with respect to 7, by I,,, which is given by

Ly, = 1, (25T, ' B := —log gy.00.
where
gnwi= Y 17E,, (]1Z|Tw—‘%>
ZeZ}
and E,, (12T, ! 2B) denotes the conditional expectation of 17 with respect to 7, given
the o-algebra 7, 1%,

Definition 2.22. Given a contracting potential ¢ : Q2 x I — R U {—oo} we define the
expected pressure of ¢ to be

EP(p) :=f log Ay, dm(w),
Q

and we say that a random measure 1 € P7 (2 x I) is a relative equilibrium state if

EP(p) = /;2 </I I, +gowd77w> dm(w).

For countable partitions, it is possible that both the entropy and the integral of the
potential could be infinite, which is why we state the following variational principle in
terms of the conditional information as in [33].

Theorem 2.23. The T -invariant, ergodic random probability measure p produced in
Theorem 2.19 is the unique relative equilibrium state for @, i.e.

EP(p) :/ </ Iuw +€0wdﬂw> dm(w) > sup / </ Inw +§0wd77w> dm(w),
Q 1 nePr(QxI) JQ 1

where equality holds if and only if n, = iy for m-a.e. v € Q.
The proof of Theorem 2.23 is presented in Sect. 12.
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Remark 2.24. For n € Pr(Q x I) let H, (Z}) denote the entropy of the partition 2,
which is given by

Hy, (Z5) == Y 0u(Z)logn.(Z),
ZeZ}

and let s, (T) denote the fiber entropy of 7 with respect to 7. Since Z} is assumed to
be generating, if m(H,, (Z})) < oo, then we have

hn(T)=/ H,, (25T B) dm(w) =/ fl,,m dne dm(w).
Q QJI

Thus, we note that in the case that m(H,,,(Z})) < oo, Theorem 2.23 reduces to the
usual variational principle, that is

EP(p) :h,u(T)"'/ /wwdﬂwdm(w) = sup hn(T)+/ /¢wdnwdm(w)~
Qli nePr(QxI) aJi

m(Hy, (Z}))<00

See [6] for details. In particular, this holds if Z7, is finite for m-a.e. w € Q.

In what follows, we will assume throughout that we are working with a random weighted
covering system (2,0, m, I, T, ¢).

3. Existence of a Conformal Family of Measures

In this section we prove the existence of a conformal family of measures. We obtain
these measures, as is often the case, via fixed point methods, see for example [25] or
[39, Chapter 3], for the deterministic and random settings respectively. In the continuous
random setting, one considers the transfer operator £, acting on the space of continuous
bounded real-valued functions, and then applies the Schauder-Tichonov Fixed Point
Theorem to the map vy (w) = L) Vo) /L) v(Lo(w)), Where LY is the dual operator, to
obtain a functional v, such that L} vy () = AuVe Where A, = Vg () (Lewley). In this
setting, the functional v,, can be uniquely identified with a Borel probability measure via
the Riesz Representation Theorem. However, to deal with discontinuities we work with
BV functions rather than continuous functions, so our strategy differs from that of [25] or
[39] in that our functional A, which we obtain via the Schauder-Tichonov Fixed Point
Theorem, must first be extended to the space of continuous functions so that we may
identify A, with a measure v,, via Riesz’s Theorem. We must then show that the measure
Ve 1s equal to the functional A, when restricted to BV functions. After obtaining such
a family of measures (v),ecq it is natural to then ask whether this family is a random
probability measure as in Definition 2.5. As we do not currently have the tools to deal
with the question of m-measurability, we will leave this task for later, specifically Sect. 9.
For now, we simply prove that a conformal family of measures exists.
The main result of this section is the following.

Proposition 3.1. There exists a family (vy)eeq of non-atomic Borel probability mea-
sures, i.e. vy, € P(I), with

/wadvo(w) = )\w/fde (3.1
1 1
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foreachw € Qand f € L},w(l), where

}\w = Vo (w) (Lw]lw)v
such that

(l) vw(Xw) =1,

(i) v, (J) > 0

for each non-degenerate interval J C I.

Proof. For each o € 2 let M, denote the set of all positive linear functionals I' €
BV*(X,,) such that I'(1,) = 1. We begin by noting that Mclo is a convex and weak*-

closed subset of the norm unit ball in BV*(X,,), which is weak*-compact by the Banach-
Alaoglu Theorem. Thus we have that the set

M! = {r = (Tw)wea : Tw € ML}.

is a compact and convex subset of a locally convex topological vector space, namely the
product [ [, .o BV*(X,,). Define the map ¥ = (¥,,)peq : M! — M! by

Lolow
L:f,ra (w) (]la))
Clearly ¥, is weak*-continuous, and thus W is continuous with respect to coordinate
convergence, and thus W is continuous with respect to the product topology. Applying

the Schauder-Tichonov Theorem produces a A € M! which is a fixed point of W. In
other words, we have that there exists A = (A,)oen such that

L Ao (f) = roho(f) (3.2)

Y, (L (w)) =

for all f € BV(X,), where
ro = Ao () (Lole).
In particular, iteration of (3.2) gives that
Aon (@) (L5 f) = 2y A (f) (3.3)
foreachn € Nand all f € BV(X,,), where

n—1
M= Aoy (Lp1w) = [ [ Aoiw)- (3.4)
j=0

Note that we must have
Ao > 0. 3.5)

To see this we note that the random covering hypothesis (RC) implies the existence of
some M,,(I) such that for all n > M, (1), inf L1, > 0, which implies that 1! > 0,
which, in light of (3.4), in turn implies that A, > 0.

We can then extend A, to BV(7) by

Ay(h) == Ay(hlx,), h e BV().
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By the compactness of 7, each continuous function f € C(/) can be approximated in
C([1) by a sequence of functions in BV (/). Thus, each random continuous function can
be approximated uniformly by random BV functions, which means that for each w € Q
we can extend A, to C(7). By the Riesz Theorem we can then identify the functional
A, with a random Borel probability measure v,, on I which agrees with A, on C([/).

Working towards showing that v,, agrees with A, on BV(X,), we first show that
ve(J) = Ay(1y) > O for all non-degenerate intervals J C 1.

Claim 3.1.1. For all non-degenerate intervals J C I we have
Vo (J) = Ap(ly) > 0.

Proof. We first prove that A, (1) > O for all non-degenerate intervals J € [. To that
end, we let M = M, (J) and C = Cgy, p,s)(J) be the constants coming from our
random covering assumption (RC). Then we note that (3.3) gives

A A1) = Agu(y (LX) = C >0,
and hence,
C
Ay(ly) > i > 0. (3.6)
w

Now suppose that J = [a,b] and let ¢ > 0. In light of our contracting potential
assumption (CP1), choose n € N so large that

Il _ 2 3.7
nfLn1, 4 ©7

Note that since 7} is injective on each element of Zgl), we must have that

Lily < ch(o")

(3.8)

e¢]

for each Z € 2. Thus, in light of (3.3), (3.7), and (3.8), forall n € Nand all Z € 2"
we have that

e
£

Ap(1z) = W) T Agniy (L1 1,) < 42~ — 3.9

o(lz) = (A,) " Aon(w)( ‘”Z)_inng)]lw<4 (3.9)

We now claim that there exist open intervals V,, V}, € I containing a and b, respectively,
such that A, (V,) + Ay(Vp) < e. To see this, we first construct V,, by noting that (3.9)
taken together with the fact that ) Zez® A, (1z) = 1allowsusto find a (not necessarily

finite) sub-collection Q, C zﬁ;“ ) such that

(1) Yeo, Ao(lz) <5,
(2) there exist oy, By € X, Ywitha, <a < Ba such that

g, By € Int U Z

Z€Q,

4 Ifa € X, we may take g = a = Bq.
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Finally, take V,, = Int (U, cQ, Z). The construction of V, proceeds in a similar manner.
Let H=JUV,UV,andlet f € BV({) N C(I) such that

1, < flu =1
and f|ge = 0.5 Thus, we have
Vo(1y) < Ap(f) < Ap(1)) + Aw(ly,) + Ap(ly,) < Ap(ly) +e.

As ¢ > 0 was arbitrary, we must have that v, (J) < A, (1) for all intervals J C I. To
see the opposite inequality we simply note that for any disjoint intervals A, B € [ with
AU B = [ we have

1 =vy(A) +vo(B) = Ap(la) + Aw(lp) = 1.

Thus, taking A = J and B = J¢ in the above equation, we have must in fact have
Ap(ly) =1 —v,(J¢) = v, (J) for all intervals J C [.

Note that we have just shown in the proof of Claim 3.1.1 that given any a € X,,, any
& > 0, and sufficiently large n € N we can find a collection Q C Z,(,f' ) such that

(1) a €eUzeqZ =V,
2) 0 <vu(V) <e.

In conjunction with the fact that v, (X,) = Ay(1,) = 1, we see that v, has no atoms,
and in particular that the singular set has measure zero, i.e.

Vy(80) = v (I\Xy) = 0.
We are now able to show that v,, agrees with A, on BV ().

Claim 3.1.2. For all f € BV(I) we have

Vo (f) = Au(f).

Proof. Let ¢ > 0. Since the jump discontinuities of f can be larger than & on only
a finite set D, ¢, we can find a piecewise continuous function f, : / — R such that
If — fello < €. Since f; is piecewise continuous we have that v, (fz) = A, (f:), and
hence

|Uw(f) - Aa)(f)| = |Uw(f - fé‘)| + |Vw(f8) - Aw(f€)| + |Aa)(f - f8)|
S20f = felloo < 2e.

As ¢ > 0 is arbitrary, we must have that vy, (f) = Ay (f).

An immediate consequence of Claim 3.1.2 is that
Vo'(w)('a’wf) = Aa(w)(wa) = Ao (f) = Aovu(f) (3.10)
forall f e Llljw (1), which finishes the proof of Proposition 3.1. O

5 One could prove the existence of such a function in a similar manner to Urysohn’s Lemma to show that
for x < y there exists a continuous, increasing function (hence BV) from [x, y] onto [0, 1].
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We can immediately see, cf. [17], that the conformality of the family (v,)yeq pro-
duced in Proposition 3.1 can be characterized equivalently as: for each n > 1 and each
set A on which 7}| 4 is one-to-one we have

Vor(w) (T, (A)) =AZ)/ e~ @) gy,
A

where
n—1
by = Vo)LL) = [ [ hoi - (.11
=0

In particular, this gives that for each n > 1 and each Z € Z we have
Uan(a))(TLZ(Z)) = )\‘Z)/\ e n,T((/’a)) de'
z

Definition 3.2. We define the normalized operator (for any n > 1) ﬁ;’) : B(X,) —
B(Xon(w)) by

Lh(f) = GMTILnf f € B(Xy).

In light of (3.10) we immediately see that this normalized operator satisfies the
following:

Vo)LL F) = vu(f).  feLl (D). (3.12)

4. Lasota—Yorke Inequalities

In this section we prove Lasota—Yorke inequalities. We first prove a random version of
the Lasota—Yorke inequality appearing in [33]. However, the coefficients produced in
this inequality are highly w-dependent and may grow too much with further iteration.
To rectify this, we then follow [10] to prove a more refined Lasota—Yorke inequality,
Proposition 4.9, with more manageable w-dependent coefficients.

The following Lasota—Yorke type inequality gives a useful bound on the variation of
the image of the transfer operator, which will be crucial in the sequel, and in fact implies
that

LZ(BV(X(U)) - BV(XO’"((U))
foralln € Nand w € Q.

Lemma 4.1. Suppose that @ > 0 and y > 1 and that for each o € Q and n € N
there exists a partition P, ,, (&, y) which satisfies (P1) and (P2). Then for all v € , all

f € BV(Xy), and all n € N there exist positive, measurable constants A,(f ) and Bc(,)n)
such that

var(Cl, ) = AL (var(f) + BSvo(1£D)
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where

@+29) [ La" 10|

infyp,.,) gi) wn)

AW = @27+ 1) o] and BY =
o0

where P, , is some element of the finite partition P, , (@, V), J (P, ;) is the monotonicity
partition element coming from (2.10), and My, n = My, (J (Py p)).

Proof. Recall that Lemma 2.4 gives that g(”) € BV(X,) foreachn € Nand w € Q.
Thus, for f € BV(X,) and n > 0 we have

var(Lpy f) < var | Y dzaz) ((gfu”)f) o TJ,'%)

zez®

< Z var (]lTu’;(Z) ((gc(un)f) o Taj'%))

ZeZg')
< X (s r12)

ZeZ.g')
<) (Varz(g‘”)f)+2 Supg(n)fD

ZeZg')
<var(gy' ) +2 ) Supg("’f‘ (4.1)

zezy)

Thus, using (4.1) and (P1)-(P2), we get

varChf) < Y |varp@f)+2 Y [sup gl f ‘
» . ' 1ZNP
€Pun(@.7) Ze2®
ZNP#)

o N

varp(f)+ 1 f1plla | varp (g +2 sup g,

PePyn(@,7) Je Zf,f’
ZNP#

= ¥ (sl O 151p1)
PePyn(a,y)

< Z ((a +29+1) Hg(’” o inf |f|P|)
PePyn(@,7)

< ¥ (@een]] ] ey,
P Q,y oo Vu(P)

€Pun(@,y)

4.2)

Note that Claim 3.1.1 from the proof of Proposition 3.1 gives that v, (P) > 0 for all
P € Py, (&, y). Recall that since ZC(UI) is generating, see (GP), foreach P € P, (@, 7)
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there exists a least number N, ,(P) € N and a measurable choice

J(P) e ZEONw,n(P))
with J(P) € P. In light of (SP1) we have

inf LQA:I‘”(J(P))]IP > Jl?ft;) gaA)/[“’(J(P)) -0

for each P € P, ,, (&, y), and thus for each n € N and each P € P, ,,(&, y) we denote

HLff”“(P))]lw H
&)

. M, (J(P
inf (p) g(s) (J(P))

BMW(P) =

and let P, , be the element of P, ,, (&, y) which maximizes this quantity, i.e.
B"(P,,) := max B"(P).
@ ’ PePy, ©

Then for each P € P, ,(&, 7) we have

VPN p) > (WMol PDY=T jpf oMolI(PI)

Vo(lp) = VoMo (J(P)) () (ZJZI” J(P)

> (B0) = (B9 Puw) 43)

Inserting (4.3) into (4.2), we have
var(L, ) = AL (var(f) + BSvo(1£D)

where

Mw,n = w(J(Pa),n))

denotes the covering time of J(P, ,) and

@+27) |81,
(e8]

AL = @+27 +1) g _and BY = — T 44
infyp,,) 8w
which finishes the proof. O
Define the random constants
om = A and K :=QWBW". 4.5)
@ inf L2 1, @ @ e

In light of our contracting potential assumption (CP1) we see that Qg’ ) 0 exponen-

tially quickly for each w € Q.
Remark 4.2. In order to achieve the exponential decay of the random constants 5;’ ) it
would suffice to replace the fixed numbers @ > 0 and y > 1 with increasing polynomials

a(n), y (n).
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The following proposition now follows from Lemma 2.13 and assumptions (M5) and

(M6).

Proposition 4.3. For each n € N, log* Q% log K € L} (Q)

Now, considering the normalized operator, we arrive at the following immediate
corollary.

Corollary 4.4. Forall w € , all f € BV(Xy), and all n € N we have

var(L? £) < QMWvar(f) + KM, (1 f)).

Definition 4.5. In view of our contracting potential assumption (CP2) and the submul-

tiplicativity of || gg’) ||OO /inf L1, we let N, € N be the minimum integer n > 1 such
that
—o0 < / log QWdm(w) < 0, (4.6)
Q
and we define the number
1
| — / log QM) dm(w). 4.7
N* Q

In light of Corollary 4.4 we may now find an appropriate upper bound for the BV
norm of the normalized transfer operator.

Lemma 4.6. There exists a measurable function v +— L, € (0, 00) with logL, €
L,ln(Q) such that for all f{ € BV(I) and each 1 <n < N, we have

|

g = Eh a4 v (1), (48)

where
LZ) = La)L(T(a)) et L(T”_](a)) Z 551’!
Proof. Corollary 4.4 and (3.10) give
|2 fHBV = var(Zl, )+ [ €1 fHOO < 2var(E" 1) + von () (B )
= 2( QU var(f) + K& (1£D) + vu(1£1)

<20Mvar(f) + (21{}0") + 1) Vo (L f1).

Now, set
L™ = max {55, 200 2K™ 1} 6 (4.9)
Finally, setting
L, := max {z;p << N*} (4.10)

6 55 is chosen because 1/10g55 < 1/4, which will be useful in Sect. 7.
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and
n—1
L' = ]_[ Lgiw)
j=0
for all n > 1 suffices. The log-integrability of L” follows from Proposition 4.3. O

Definition 4.7. In light of Lemma 4.6 we now define the number

1
o= —/ log LY+dm(w). 4.11)
N* Q

Remark 4.8. We would like to note that the hypotheses (M5) and (M6) may be difficult to
check for examples. In the sequel we will only need that these conditions hold forn = Ni.
Thus, we will actually prove our results under the following weaker assumptions:

min log inf gMeVP) ¢ L1 (@), M5’
PeP, N, gJ(P)gw m (S ( )

max 1ogHL3fw“<P>>1wH e L! (). (M6")
o0

PE:PQ,VN*

Of course this means that we need only to consider (P1) and (P2) for n = N, as well.

The constants K, gl) from Corollary 4.4 grow to infinity with n, making them difficult
to use. We therefore now follow Buzzi [10, Lemma 2.1] to prove the main result of this
section, a similar, but more useful Lasota—Yorke type inequality.

Proposition 4.9. For each ¢ > 0 there exists a measurable, m-a.e. finite function
Ce(w) > 0 such that for m-a.e. w € Q, each f € BV(X5-n(,)), and all n € N we
have

var(Ll ) 1) < Ce(@)e™E™var(f) + Ce(@)on (o) (| 1.

Proof. We begin by noting that since o is ergodic and writing

nN,—1 Ny—1n—1
S woot= Y Y poste,
k=0 j=0 k=0

where ¢ : Q@ — R, there must exist an integer 0 < r,, < N, such that
lim lnillo oW < 4.12)
n—00 1 ~ g O'_r”’_kN*(a)) =S. .

Now for each n € N, we may write n = d,, + s, Ny + 1, With s, > 0,0 < d,, < N,.
Note that s, and d,, depend on w through their dependence on r,,. For the remainder of
the proof we will drop the dependence on w from our notation and simply refer to r, s,
and d for ry, Sw», and d,, respectively. Thus, for f € BV(X;-n(,)), we can write

r r F SNy ~d
B i =Ly 0 By 0 L () (4.13)
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We begin by looking at the outer composition in (4.13). Consider some function & €
BV (X;-r(w))- Recursively applying Lemma 4.6 and (3.10) gives

var(L] -, () = var(Lg 14 (L1 ) 1)
= Loi (Var@ !y 1) + Vo1 (2571 D)

< Ly (var(ﬁj;}(w)h) + v(,fr(w)(|h|)>

< Loty Loy (Var L2 1) + Vo (HD) + L1y ()

r r J
<[] Lo-swvar®) +ve—r@y(1hD - D [ | Lot
j=1 j=1k=1
Asr < N, we can write
var(ﬁg,,(w)(h)) < CV(w) (var(h) + vo-r () (1)) , (4.14)
where
N
CV@) =N [ [ Lo-i(w)-
j=1

To deal with the innermost composition in (4.13) we will use similar techniques as when
dealing with the outer composition. However, we first remark that since log L,, € L} (Q),
Birkhoff’s Ergodic Theorem implies that

. 1
g o Lot =0
and thus, we must also have that for each § > 0 there exists some measurable constant
Ca(z) (w) > 1 such that we have
Lok() < C (@) (4.15)

for each k € 7Z. Continuing as in (4.14) together with (4.15), we see

n n J
var@e Ly (M = [ Lo-iwvarD+ Do [ Lot@Ver@UfD

j=n—d+1 j=n—d+1 k=n—d+1

n

5(C§2)(w))dexp 53 j|vartn)

j=n—d+1

J

n .
j—n+d
£ Y (cP@) (s Y k| v fD
Jj=n—d+1 k=n—d+1

N*
<d (CP @) e (ar(f) + vy (1)
< CP(w)e"s (var(f) + vg-ne) (| f1) (4.16)
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where & has been chosen to be smaller than ¢/2~, and

Cc?(w) := N, (cgz> (w))N"

To deal with the middle composition of (4.13) we let T = o ~"*4(w) and consider some
function 7 € BV(X;). Applying Corollary 4.4 and (3.10) repeatedly yields

var(L () = var(L iy, ) (L8N

)Ny Ny)
< QU(S DN (e )Var(L(S ) h)+K((T(S 1)]\,*(t)vr(lhl)

(Ns) (Ny) KN
= 1_[ Qo(s—j)N*(.[)Var(h) + Z 1_[ (QU(J —ONx (1) 0(57j)N*(T)) ve (|hl).
j=1

j=lk=1
“4.17)

Inlight of the definitions of N, (4.6) and & (4.7) and using (4.12), we can find a measurable
constant C® (w) > 0 such that for any j > 1 we have

J
1—[ Q(N*) < C(3)(a))e_(§_%)jN*. (4.18)

o 6=kN« (1)
k=1

Furthermore, since log K(f)N*) € L,ln(Q) we can find a measurable constant C* (w) >
C®(w) such that for any j > 1 we have

KW o < CH(@)e2iNe, (4.19)

o 6=DNx(7) —

Inserting (4.18) and (4.19) into (4.17) gives

Ny) Ny
VaI‘(LYN* (h)) < 1_[ Q( o= ,)N*(T)Var(h) + Z 1_[ Qf)_@ —ONx (1) ((3jj)N*(T)UI(|h|)

j=1 j=lk=1
< CP(w)e™ =D Nevar(h)

s
+ Z C(4)(a))e—(§—%)(5—j)N* . C(4)(a))€%(s_j)N*Vr(|h|)
j=1
. CD ()
< C(4) (w)e—(f—z)SN*var(h) + 1(_6_75))1%‘”{(|h|)

< C9(w)e =D Nevar(h) + CO (@) v, (), (4.20)

where the measurable constant C® (w) is given by

4) 2

1— e*(é*s)N*
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For the remainder of the proof we will ignore the  dependence of the constants C D (w)
and simply write C) instead for j = 1, ..., 5. Note that since sN, = n —d — r and
since 0 < d,r < N,, we can write

—(6=3) M+ T =—E—am+(6=3)@+r) = —E —Om+2E - )N,

2
4.21)
Finally, assembling our estimates (4.14), (4.16), and (4.20), in view of (4.21) we get
s ~ < 5N, sd
var(Ll ) ) = var(L, ., o L;_,Hd(w) 0 LGy ()

= € (var(E} .y 0 L4y (1) + Vi (D)

o)
< CO (O E D Neyar(BL, (1) + (€D 4 D (1fD)
= € (COTEDNCDeS (var(f) + Vo100 (1/1) + (€D + Do (1fD)
< cO O @ 26E=0IN: ~ (=20 (Var(f)+(C(5) + 1)uU_,,(w)(|f|))
< Ce(@)e™C™Mvar(f) + Ce(@)Vonwy (| 1),
where the measurable constant C, (@) > 0 is taken so large that
Co(w) = (CDCO YO 4 1)2E=N:

which completes the proof. O

5. Random Birkhoff Cones and Hilbert Metrics

In this section we first recall the theory of convex cones first used by Birkhoff in [5],

and then present the random cones on which our operator £, will act as a contraction.
The use of convex cones in dynamical systems was first investigated in [20,31,37]. We
begin with a definition.

Definition 5.1. Given a vector space V, we call a subset € € V a convex cone if C

satisfies the following:

(HhenNn-C=4y,

(2) foralla > 0, xC = C,

(3) Cis convex,

(4) for all f,h € Candall o, € R withw,, > @ asn — oo, if h — a, f € C for each
neN, thenh —af € CU{0}.

Lemma 5.2 (Lemma 2.1 [33]). The relation < defined on 'V by
f <hifandonlyifh — f € CU {0}
is a partial order satisfying the following:

(i) f<0=f = f=0,

(ii)» >0and f >0 < Af >0,

(iii) f <h < 0<h—f,

(iv) forallay € Rwithay, — o, ayf <h — af <h,
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v) f>=0andh >0 — f+h=>0.
The Hilbert metric on € is given by the following definition.
Definition 5.3. Define a distance ®( f, k) by

B(f.h)
alf,h)’

O(f, h) :=log

where
a(f,h):=supfa>0:af <h} and B(f,h):=inf{b>0:bf > h}.

Note that ® is a pseudo-metric as two elements in the cone may be at an infinite
distance from each other. Furthermore, ® is a projective metric because any two pro-
portional elements must be zero distance from each other. The next theorem, which is
due to Birkhoff [5], shows that every positive linear operator that preserves the cone is
a contraction provided that the diameter of the image is finite.

Theorem 5.4 ([5]). Let V| and V, be vector spaces with convex cones C; C V| and
Cy C V5 and a positive linear operator L : Vi — V, such that L(Cy) C Cy. If ©;
denotes the Hilbert metric on the cone C; and if

A= sup O(Lf, Lh),
fhe€

then
A
©2(L f, Lh) < tanh (Z) O1(f, h).

forall f,h € Cy.

Note that it is not clear whether (C, ®) is complete. The following lemma of [33]
addresses this problem by linking the metric ® with a suitable norm || -|| on V.

Lemma 5.5 ([33], Lemma 2.2). Let ||-|| be a norm on 'V such that for all f,h € V if
—f < h < f, then |kl < | fl, and let o : C — (0, 00) be a homogeneous and
order-preserving function, which means that for all f,h € Cwith f < handall » > 0
we have

oA f)=2re(f) and  o(f) =eo(h).
Then, forall f,h € Co(f) = o(h) > 0 implies that

1/ = nll < (2P = 1) min {1 /1 A}

Remark 5.6. Note that the choice o(-) = || -|| satisfies the hypothesis, however in the
sequel we shall be interested in the choice of ¢ = v, in Sect. 8.

Definition 5.7. For each a > 0 and w € Q2 let
Cw.a:={f €BV(Xp) : f =0, var(f) < av,(f)}.

To see that this cone is non-empty, we note that the function f + ¢ € 46, , for f € BV
and ¢ > a’]var(f) —infy, f. We also define the cone

(gw& = {f € BV(Xw) : f > 0}.
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Let O, , and ©,, + denote the Hilbert metrics induced on the respective cones 6, 4
and %, +. The following lemma collects together the main properties of these metrics.

Lemma 5.8 ([33], Lemmas 4.2, 4.3, 4.5). For f,h € 6, + the ©, . distance between
f, h is given by

FOh@)
Ows(fi) =1 TR
+(f ) =log sup S hG)

If f,h € 6,4, then
Oup +(fi h) < Oy a(f, h), (5.1
and if f € 6., we then have

1f lloo + 30 (f)
& min {infxw £ %vw(f)}'

As a consequence of Lemma 4.1 we have that

®w,a(]lv f) <lo

'E'a) ((gw&) < %a(w),h (5.2)

and thus ﬁw is a weak contraction on %, +. Our eventual goal is to show a similar
statement for the cones %, ,. We begin that journey with the following lemma, a version
of which first appeared in [32, Lemma 3.2].

Lemma 5.9. Given a > 0, for each € 2 there exists a finite partition Uy, 4 of X,, and
a positive integer ty, 4 such that

Li:f’a]ly
tu)a
L1y

by = sup
UelUgy,q

and for all f € €, 4 there exists Uy € Uy 4 such that inf f|U %vw(f).

Proof. First, we let t,, , € N be given by

(n)
. |2
tw.q -= mMin e N: — forall n >
@ {no inf L1, 2a " n()]
Then for each U € zf,ﬁ‘”‘“) we have
w,a (tw,u)
Loty | _ 8o _ 1
Loy |~ infLe L, 2a

If ij"’*“) is finite then we may set U, 4 := ij“"). If, on the other hand, zfj‘“‘“) is infinite,
noting that Lemma 2.4 gives

17 17 17 12
Lolo= > L&lus Y |ebr] =8 <o,
oo
Uezle® Uezue®
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we can choose intervals Uy, ..., Uy € Z,g‘”vf‘)
such that
Lt(l),{l 1
@ Xw\Uﬁ':lUj 1
tw,a < 2_
Lw' ]la) a
oo

Now the set X\ Uﬁ‘:l U; must consist of at most £ + 1 many intervals (which are

not necessarily elements of zf,fw*“) , though they are unions of elements of Zg“"“)), say
Upt, ..., Up. Setting U, , = {Uj 1<j< L} finishes the first claim. Now fix f €
Gw.q and set

1
A= {U € Uy, : there exists xy € U such that f(xy) < va(f)}.

To prove the second part of Lemma 5.9 we will show that A # U,, ,. Towards contradic-
tion, suppose that for each U € U, , there exists xy € U such that f(xy) < /v, (f).
Now, for n > t,, , we have

Vo (f)

Lo (fly) < L) (1y) (f (xp) +vary (f)) < L (1y) >

+ bwﬁ’?u(]lw)varU (f)

Summing over all U € U, 4 gives

LA f < LM, -

”“’;f ) bo L, - var(f).

Now, integrating both sides with respect to Vs (4, and then dividing by A7) gives

Vo' (w) (LZf) < Vw(f)
A 2

1
+byvar(f) < (5 +aba)) Voo (f).
As the left hand side is equal to v, ( f) and noting that ab,, < !/2, we have arrived at our
desired contradiction, and thus, we are done. O

As an immediate consequence of the previous lemma and its proof we may define
the measurable function Ny, (U, 4) : 2 — N by

Ny.a(Uy,q) = max {Mw(U) U € uw,a} > tw.a- (5.3)

6. Cone Contraction on Good Fibers

In this section we follow Buzzi’s approach [10], and describe the good behavior across a
large measure set of fibers. In particular, we will show that, for sufficiently many iterates
R., the normalized transfer operator Ef,f* uniformly contracts the cone %, , on “good”
fibers w. However, first we must describe what exactly makes a fiber “good”.

Recall that the numbers £ and p are given by

1 (N.) 1 N
E:=—— [ logQ,"dm(w) and p:=— [ logL *dm(w).
N, Q N* Q
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Note that (4.9), (4.10), and the ergodic theorem imply that

n—1

1
log55 < p = lim — Zlog L, " (6.1)

n—oo n N,

The following definition is adapted from [10, Definition 2.4].

Definition 6.1. We will say that w is good with respect to the numbers €, a, By, R, =
qaNy, Cx > 1,and 0 < o, < Cy if the following:

1
Bugue™ R < 2. G1)

1
T et elo s @
Ry > Noya(Uw,a), (G3)
;! sinfofon, < ik < [eka,| <c. (G4)

o
inf LR 1y > a, forall U € Uy, 4. (G5)
Now, we denote
— §

&o := min 3 1, 3 (6.2)

The following lemma describes the prevalence of the good fibers as well as how to find
them.

Lemma 6.2. Given ¢ < g9 and a > 0, there exists parameters By, R,, oy, Cy (all of
which depend on ¢) such that there is a set Qg C Q2 of good w withm(Qg) > 1 —¢/a.

Proof. We begin by letting
Q' =Q/(B,) i={we Q: Ce(w) < By}, (6.3)

where C(w) > 0 1is the m-a.e. finite measurable constant coming from Proposition 4.9.
Choose B, sufficiently large such that m(2") > 1 — ¢/s. Then for any @ €  with
o1+ (w) € Q' for any ¢ € N, Proposition 4.9 gives

var(L9N ) < Bye 99N var(f) + Byvy (f) (6.4)

for any f € BV(X,,). Noting that ¢ < £/2 by (6.2), we set Ry = goN, and choose g
sufficiently large such that
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Now for g1 > go and define the set
Q" =Q"(q1, Cs, ay) := {w € Q: (G2) — —(G5) hold for the value R| = g1 N,} .
Now choose g, > g1, Cy, and oy, with Cy > ay, such that m(Q” (g4, Cy, 00y)) > 1 —¢4.
Set R, := guNy. Set Qg := Q" N o~ Re(Q'). Then Qg is the set of all w € Q which
are good with respect to the numbers By, R, @y, Cyx and m(Q2g) > 1 — ¢/4, and so we
are done. m]
In what follows, given a value B, we will consider cone parameters

a > ap:= 6B, (6.5)

and we set

4% = Yay and R, = Rao = g« Ny. (6.6)

Note that (G1) together with Proposition 4.9 implies that, for ¢ < g9 and w € Qg, we
have

var(LRs f) < Boe € Revar(f) + By (f)
Bygie™ 3™ var(f) + Buvu(f)

1
§Var(f) + By (f)- (6.7)

IA

IA

For each w € ©, a > 0, and some set Y C 4, , we let

diamw,a(y) = sup ®a),a(x: y)
x,yeY

and

diam,, +(¥) := sup @y +(x, )
x,yeY

denote the diameter of ¥ in the respective cones %, , and %, + with respect to the
respective metrics ©,, , and ®, .. We come now to the final, and main, result of this
section which shows that the normalized operator is a contraction on the fiber cones
6w.q and that the image has finite diameter.

Lemma 6.3. If w is good with respect to the numbers ¢, agy, By, Ry, &y, Cy then for each
a > ap we have

LCIS* (%w,a) g %O-R*(w),a/z g %O-R* (w),a

and that

= C.(3+
diam, vy () 4 (Lﬁ*(%,a)) <Ay = 210gM < o0
Oy
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Proof. For w good and f € %, 4, (6.7), (6.5), and (3.10) give

var(LR f)

IA

1 B <(%.+3

SVar(f) + Buv(F) = (5 + B ) vl )
a a _ g R R,

(5+2) volh) = Svomi @& .

IA

Hence we have

f;g* (wa,a) C %UR* (®),9)2 - (faR*(w),a

as desired. Now, towards finding the diameter of ££* (€w.q) In C ks (0),a W€ nOte that
Lemma 5.8 implies

5]+ b

min {mf Lw f, iv(,ze* (w)(Lw*f)}

O (wy.a LB . L yre () < log (6.8)

Thus, to finish the proof we look for bounds for ‘

ﬁg*f” and inf ﬁg*f in terms of
o0

Ve R () (Efj* f). To that end, we note that since ﬁg*f € Cre (@),a/2 W€ have

|28 7] < vorei &8y +var @B ) = (145) vomen @) (69)

Since Ry > Nu,ay(Uw,ag) = tw,qo Wwe may apply Lemma 5.9 to find Uy € Uy, 4,, Which,
taken together with (G4)—(GS5), gives

LR R 1 LR sy
1nfL£*f > 1nfL£*(f]lUf) > va(f)lnfﬁg*]lyf > Vw(f) C. —v R*(m)(L ).

=)
(6.10)

Inserting (6.9) and (6.10) into (6.8), simplifying, and applying the triangle inequality
finishes the proof. O

7. Dealing with Bad Fibers

In this section we again follow Buzzi [10] to show that for fibers in the small measure
set of “bad” fibers, Qp = Q\Qg, the cone 4, , of positive functions is invariant after
sufficiently many iterations for sufficiently large parameters a > 0. We accomplish this
by introducing the concept of coating intervals, which we then show make up a relatively
small portion of an orbit.

Recall that R, is given by (6.6), and for each w € 2 we let

0 < yu(@) < Ry (7.1)

be the smallest integer such that for either choice of sign + or — we have

1 ,
lim —#{0 <k <m : o TRA@) () ¢ QG} >1—¢, (7.2)
m—oo m
1 ‘
lim —#lo<k<m:c, (UikR*”*(“’)(w)) < B*} > 1—¢ (1.3)
m—00 m
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This is possible, since by e.g. Lemma 33 [22] ergodicity of o yields the existence of a
o R«_invariant subset E C 2 and a divisor d of R, such that the ergodic components of
m under o %+ are the sets o_i(E), i=0,...,d—1,and m(E) = 1/d. Thus, for m-a.e.
w € £, both limits (7.2) and (7.3) exist by Birkhoff. When ¢+ (w) € o~ (E), by
Birkhoff the limit (7.2) equals m(c ~*(E) N Q¢) - d. Similarly, since o % (Q') C Qg
(proof of Lemma 6.2), and (7.2) is a stronger condition by the definition of ¢, the
limit (7.3) is not less than m (o~ (E) N g) - d. Since m(Qg) > 1 — /4 and since
Q¢ is fixed, we may choose y.(w) so that the limits (7.2) and (7.3) are not less than
1 — (e/4) - d (this worst case is achieved when the mass of Q¢ is distributed equally
amongst the ot (E),i=0,...,d—1).
Clearly, y, : 2 — N is a measurable function such that

Yi(07 @) () = 0, (7.4)
Y0 B (@) = yi(). (7.5)
In particular, (7.4) and (7.5) together imply that
Yu(a @O Re () = 0 (7.6)
for all £k € N. Let
qx—1
. Ny
F@) =[] L) (7.7)
k=0

and for each w € Q we define the coating length £(w) as follows:

o if w € Q¢ then set £(w) := 1,
e if w € Qp then

[

(@) :=min{neN:= 3 (Lg,logl) (0" (@) <logelpR. | . (78)

0<k<n
If the minimum is not attained we set £(w) = o0.
Since Lf,\)’* > 55N by Lemma 4.6, we must have that
[(w) > 558 (7.9)
for all w € Q. It follows from Lemma 4.6 that for m-a.e. w € Q2 we have
var(LX: £) < LE (var(f) + v (f)) = T(@)(var(f) + v (). (7.10)
Furthermore, if w € Q¢ it follows from (G2) that

Ry(p —¢) =logl'(w) < R«(p +¢). (7.11)

2 2
£ <& ::min{( p ) ’<log55) } (7.12)
2+p P

The following proposition collects together some of the key properties of the coating
length £(w).

Now let




852 J. Atnip, G. Froyland, C. Gonzélez-Tokman, S. Vaienti

Proposition 7.1. Concerning the number £(w), we have the following.

For m-a.e. w € Q2 such that y,(w) = 0 we have £(w) < 00, @)

If o € Qp then £(w) > 2. (ii)
Proof. To see (i) we first note that

1 1
= Y (leylogl) @* @) =~ > logl'@ ™ (@)

n
O<k<n O0<k<n

1 > (1gglogT) (R (w)). (7.13)
O<k<n

Towards estimating each of the terms in the right-hand side of (7.13), we recall that
Ry = qqy N+ and use (7.7) and (6.1) to see that

n—1 qzzo_l

1 1
~ D logl@ @) =—3" 3 logL v i,y < 0+ORe  (114)
O<k<n k=0 j=0

for all n € N sufficiently large, while (7.2) (with y, (@) = 0) together with (7.11) ensure
that

1

= Y (LeglogT) (6" (@) = (1 —¢) (0 — ©)Ry) (7.15)

0<k<n

for all n € N sufficiently large. Now, combining (7.14) and (7.15) together with (7.13)
and then using (7.12), for n € N sufficiently large we have

1
= Y (Laylogl) (@ (@) < (p+&)Re — (1 — &) (0 — £)R)

O<k<n

<e(2+ p)R, (7.16)
< S%PR*. (7.17)

In light of the definition of £(w), (7.8), we see that £(w) < oo.
Now to see (ii) we suppose that @ € Qp and derive a contradiction if £(w) = 1.
Indeed, in light of (7.9), we see that £(w) = 1 implies that

R, log55 <logI'(w) < s%pR*,

2
. <log55> ’
0

which contradicts the fact that we have chosen ¢ < ¢;. O

and thus that

Remark 7.2. Given wy € 2, foreach j > Oletw;4 = o H@j)Rx (wj). As a consequence
of Proposition 7.1 item (i) and (7.5), we see that for m-a.e. wy € Q2 with y,(wp) = 0,
we must have that £(w;) < oo forall j > 0.
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Definition 7.3. We will call a (finite) sequence w, o (), . .., c“@R~1(w) of £(w)R,
many fibers a good block (originating at w) if w € Q¢ (which implies that £(w) = 1).
If, on the other hand, w € Q2p we call such a sequence a bad block (originating at w).
For each w € Q we define the coating intervals along the orbit starting at w to be bad
blocks of the form 0% R (), 0% Rt (w), ..., oiR~1(w) where a;, b; are given by

aji=min{k = bjo 0" @) e Qp} and by =a; + R @)

for j > 1 and setting by := —1.

Choosing ¢ < €1, we may define the number

1
e2pR,

— < (7.18)
R, log55

y=y(e) =

Note that since !/ogss < !/+ we can find e, < ¢ sufficiently small such that y < /4.

Now we set
£3 = min { &2, <i>2 .
3 80

Observation 7.4. By our choice of ¢ < €3 we must have that

—% >2ip—(E—e)l—y)>elp—( —e)(l—y). (7.19)

To see this we note that ¢ < &3 implies that

26tp < and !

g2p < = an < -,

p=y @ V=y

which in turn implies that
1 § § 3¢ §
2e2p —(§E —e)(1 — = —1 - —==—=
e2p —(§ —e)( J/)<4+§(J/ )<4 1 >

as desired.

The next lemma shows that the normalized operator is weakly contracting (i.e. non-
expanding) on the fiber cones %, , for sufficiently large values of a > ao.

Lemma 7.5. For every ¢ < €3 and all v € Q2 with {(w) < 00 we have that
ﬁﬁ,(w)R* (ng,a*) c ngl(w)R* (w),as

where

1 1
Ay = ay(e) := ape®” PR = 6B, PR, (7.20)



854 J. Atnip, G. Froyland, C. Gonzélez-Tokman, S. Vaienti

Proof. Lemma 6.3 covers the case of w € Q¢, so suppose w € Qp. Throughout the
proof we will denote £(w) = £ > 2. Using (6.4) on good fibers and (7.10) on bad fibers,
forany p > 1 and f € %, + we have

p—1 p—1 p—1
F PR« (R«) (Ry) (Ry)
varBR ) < [ [T @SR, ) | varH + Do | DSy T @iy | Yol
j=0 j=0 k=j+1
(7.21)
where
k) _ Bie G0 fort e Qg (7.22)
I'(o) fort € Qp
and
D‘ER*) _ B* fort € QG (723)
I'(r) fort e Qp.
For any 0 < j < £ we can write
> (laglogl) @ @) = Y (Lo, logT) (6" (@)
0<k<t 0<k<j
+ Z (1g, logT) (0" (w)).
Jj<k<t
The definition of £(w), (7.8), then implies that
1 1
— ) (laylogl) (6" (@) > e2pR.,
J 0<k<j
and consequently that
1 1
= Z (1o, logT) (6" (w)) < e2pR,. (7.24)

j<k<t

Now, using (7.9), (7.24), and (7.18) we see that the proportion of bad blocks is given by

_ 1 ; . kR, 1 KR,
e_j#{]§k<€.a (a))EQB}——E_jJSk<Z(]lQB)(a (w))
______l______ kR,
= €= )R, log55 Y (lgylogl) (@** () < . (7.25)

j<k<t
In view of (7.22), using (7.24), (7.25), for any 0 < j < € we have

-1

R, —(E—¢e)Ry *

k=j j<k<t j<k<t
ok R (w)eQg ok R (w)eQp
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A=p)(t—)
< (B*e‘@‘”R*) - exp ((ﬁpR*) (= j))

_ 1 =j
= (B! 7 exp ((e20 - € -1 = 1)) R.))
1 =
< (B* exp ((ezp —E—e)— y)) R*>) . (7.26)
Now, since By, '(w) > 1 for all w € €, using (7.23) and (7.24), we have that for
0<j<t?

) 1 =)
D ) < BT @ @) < B[] F(o”*(w))sB*(eﬂpR*> :

g!R*( ) et
j<k<
kR (w)eQp

(7.27)
Thus, inserting (7.26) and (7.27) into (7.21) we see that

-1 -1 £—1
~ . R, . R R .
var (E{f 1) < (H @f,mi(@) var(f)+ 3 (Df,ml(w) I 4>§m(w>) o ().

Jj=0 k=j+1

< (1on (- 60 -) 1) e
S (eg%pR*)wih (Beewn ((etp €~ - ) &)
=0

= (Beew (20— € — )1 =) R.)) var(p)

4 Buet PRy (f) % (Beewp (2620~ €~ - ) R))
j=0

Therefore, using (7.19) in conjunction with (G1), we have that

var (LLR £ ) < (Boe 3R ) var(f) + Bue® PR .y, (f)Z(B*e 5 )e‘j‘l

j=0
1\¢ =1 —j-1
< (§) Var( ) + Byet PR (f)Z( ) ,

and so we must have that

. 1 3
var (ﬁfuR* f) < Jvar(f)+ 2B PRev, ()]

Thus, for any f € 6,4, We have that

var(L4R f) < _Vw(f) & Va)(f)

7 Qur final estimate of Lemma 7.5 differs from Buzzi’s [10, Lemma 3.4] because of a term in the sum that
was overlooked. The problem can be corrected by carefully choosing R« = Ry, and then by defining ax > ag
in terms of R, as we have done here.
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()R ()R DR A@r,e)Re re B ()

wo w1 Wy Wg—1 Wk, (n) Wk+1 oln e (o) 0™ (wo) Wh+2

g

~
Lwk+1) R

Fig. 1. The decomposition of n = ZOSjSka ) U@ )Ry + rey (n) Ry + ¢ (n) and the fibers ;

and consequently we have
Lﬁ)R* (Cw.a,) S Cers (@), /s C G, er. ().
as desired. |

The next lemma shows that the total length of the bad blocks take up only a small
proportion of an orbit, however before stating the result we establish the following
notation. For each n € N we let K, > 0 be the integer such that

n=K,R,+¢(n) (7.28)
where 0 < ¢(n) < R, is a remainder term. Given wq € €2, let
wj = @Ry, ) (7.29)

for each j > 1. Then for each n € N we can break the n-length o -orbit of wq in €2 into
ke, (n) blocks of length £(w;) Ry (for 0 < j < kg, (n)) plus some remaining block of
length r,,,(n) Ry where 0 < ry,(n) < E(wkwo (n)+1) plus a remainder segment of length
Z(n), i.e. we can write

n= Y )R +rem)Ry+(n):; (7.30)
0= j <kuyy (1)

see Fig. 1. We also note that (7.28) and (7.30) imply that

Ki= ) ) +ra). (7.31)

0<j <kuy (n)

Lemma 7.6. There exists a measurable function Ny : Q@ — N such that for all n >
No(wg) and for m-a.e. wy € Q2 with y.(wp) = 0 we have

H
Epym) = > lw))+rey(n) < H eK, < e
0<j <kpy (n) ¥
a)jEQB
where
22+ p)R
H=H, = XCFOR) (7.32)

EIpR,

and where K, is as in (7.28), wj is as in (7.29), and k., (n) and v, (n) are as in (7.30).
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Proof. Using (7.8), we see that forany w € Qpand2 <m < {(w) thenm — 1 > m/2,
and thus

> (1aylogl) (@7 @) > (€2pRIm — 1) = T(eTpR).  (133)

0<j<m

Now, in view of Remark 7.2, we suppose that wy € €2 with y,(wp) = 0 and £(w;) < o0
for each j > 0. Writing n = K, Ry + ¢(n) and using (7.31) and (7.33) we have

Do (loglogl) (@ @)= ) loglwp+ Y logle/™ (@, w))

0<j<Kn 0<j <kag () 0<j <rag (1)
wj€Qp ajR*(wkwo(n))ng
Lwj) 1 Tog(n) 1
> ——(¢2pR + ——(e2pR
> ( 5 (2 PRy S (@1 pR)
0=j=<kay(n)
w;€EQp

I o1
= 5(gzloR*) Z é(wj)+rw0(n)
0=j =<k (n)
ijQB

1
= E(e%plmzzm(n). (7.34)

Now using (7.34) and (7.16) for all n sufficiently large, say n > No(wo), we can write

1 .
SE2PRIEm(m < Y- (La,logT) @/ (@) = (2 + p)Ru) Ko,
0<j<Ky

and thus we have

2(2+p)R 2(2+ p)R

Euy(n) < (( 1,0) *)eKnS ((1 o) *)En
+E2 PRy (62 pRy) Ry

as desired. O

To end this section we note that ¢ - H, — 0 as ¢ — 0. Thus, we let

1
&4 ::min{£3,sup{8>0:8~H£<ZH. (7.35)

8. Invariant Family of Measures

In this section we adapt the methods of [10,33] to establish the existence of invariant
measures on the fibers X, as well as some of their properties. We now present the main
technical result from which all the rest of our convergence results follow. Set

C.(3+ay)

*

A=A, =2log

to be the diameter value defined in Lemma 6.3 for the cone parameter a, defined in
Lemma 7.5, and set

£5 1= min {84, ﬁ} . (8.1)
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Lemma 8.1. Let ¢ < e5and V : Q — (0, 00) not necessarily measurable. Then there
exists O € (0, 1) and a (not necessarily measurable) function N3 : Q@ — N such that
form-a.e. w € Q, alln > N3(w), alll > 0, and all |p| < n we have

®o"+P<w>,+( oot S L ) = AY" (8.2)

forall f € Cor(w),+ With Ver ) (f) = 1 and var(f) < e*"V(w), and all h € %O-pfl(w)’_*,
with Vo p—1 (1) (h) = 1 and var(h) < e‘g(’”l)V(a)). Furthermore, A and ¥ do not depend
onV.

Proof. We begin by noting thatby (5.2) foreach/ > 0 we have that Ll
foreach h € €, p-1(,) ., and let

ol )h € Cor(w),+

Fl
h =L, Ly P

Set y, = y«(0”(w)) (defined in Sect. 7) and let d, = d,(o”(w)) > 0 be the smallest
integer that satisfies

logV
vt dR, > TI0EV©) (8.3)
E—¢
Ce (o PR () < B,. (8.4)
where & was defined in (4.7). Choose
logV
Ni(w) > —2 222 - . 8.5)

and let n > Nj(w). Now using (8.5) to write

den en+en _ en+logV(w)
- = > (8.6)
§ £§/2 §/2
and then using (6.2) and (7.1), we see that (8.3) is satisfied for any d, R, > 4en/&.
Using (7.3), the construction of y,, and the ergodic decomposition of o R+ following
(7.3), we have for m-a.e. w € Q there is an infinite, increasing sequence of integers
d; > 0 satisfying (8.4). Furthermore, (7.3) implies that

lim
n—o00 n/ %

# {O <k < Rl 1 C, (aikR**'y*(w)(a))) > B*} <e,

*

and thus for n € N sufficiently large (depending measurably on w), say n > N (w) >
Ni(w), we have that

n en
# {0 <k< 4G (oikR*+y*(w)(w)) > B*} <% 8.7)

Thus, combining (8.6) and (8.7), we see that the smallest integer d, satisfying (8.3) and
(8.4) also satisfies

d*R*<4ﬂ+sn=<4+§>en. (8.8)
- ¢ 3
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N
l s (7o) R« Urj)Re £(75) Ry fro(M)Be  ((n)
L L L L L L L L L L ]
I T T T L. T T T L. T T T 1
T T=0P(w) To T 7j 70 T T o™ (T) Tin
~ ~ ~
Z]R* ECR* [(TZ)R*
A
~
YR,

Fig. 2. The fibers 7;, ri* and the decomposition of n = y4 + TRy + f(n)

Let
Vi = Vs + di Ry (8.9)

Now, we wish to examine the iteration of our operator cocycle along a collection

Y R, of blocks, each of length £(w) Ry, so that the images of ﬁﬁfw)R" are contained in
Cort@hre () 4, s in Lemma 7.5. This collection Y R,® will be comprised of an initial
segment, 37 R,, of bad blocks followed by a segment X¢ R, of blocks, beginning with
a good block, over which we obtain cone contraction with a finite diameter image, and
finally a remainder segment, of length 7, (1) R, which is not long enough to ensure
cone contraction; see Fig. 2.

We begin by establishing some simplifying notation. To that end, set 7 = o”(w),
1 = o’ (), and 1y = o7V (w); see Fig. 2. Note that in light of (7.6) and (8.9) we
have that

y&(10) = y: (6P (w)) = 0. (8.10)

Now, by our choice of d,, we have that if f € %, + with v (f) = 1 and var(f) <
"V (w), then

LY f € Gy, (8.11)
Indeed, applying Proposition 4.9 and (8.3) and (8.4) from above, we have
var(£d" £) < Ce(0 ™ (0)e™ M rvar(f) + Co (0™ (1) (f)

< Bue ™% var(f) + Buv: (f)

_ g )
- T e"V(w)

*

+B, <2B, < % (8.12)

where we recall that a, > 6B, is defined in (7.20). A similar calculation yields that if
h e, . withv, () = 1 and var(h) < 5™V (w), then L7 h € Gy ..

Next, we wish to find the first good block; we denote the origin of this first good
block by r{)k. If 19 € ¢, then we are done, and we set 19 = t(;‘. However, it may be the
case that g € Q2p and there may even be several bad blocks (originating at 7) in a row
before we encounter the first good block.

8 Here the number X is playing the same role as the number K, _;_from Lemma 7.6.

y
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Now, if 79 € Qp, foreachi > 1 while o *Ti-DR«(7;_1) € Qpsetr; = otTi-DR(g;_)).
Note that since y.(t9) = 0, by Remark 7.2, we must have that £(7;) < oo foreachi > 0.
Let j > 1 be the largest integer such that t; € Qp foreach 1 <i < j, and let

j
¥ = Zz(n)
i=0

be the total length of the initial coating intervals starting at tg. Hence X R, is the total
length of all the consecutive initial bad blocks; see Fig. 2. Such an integer j must exist
for m-a.e. w € Q as Lemma 7.6 ensures that, for all n > N|(w) > No(w), we have

. H
E[ =< E‘L’o(n - y*) =< ET()(n) < —én,
R,
and thus an initial segment of consecutive bad blocks can only take up a small portion
of an orbit of length n. Therefore, we set 75 = o TR (¢ j) to be the origin of the first
good block after 7, and for each i > 1 let ‘L’l-* = o@D R (‘L’itl ).
As there are only finitely many blocks (good and bad) that will occur within an orbit
of length n, let k > 1 be the integer such that

k—1 k
Fu+ TiRe+ Y LTIRe <1 < Put T R+ Y _L(T])Rs,
i=0 i=0

and let
k—1
Yc = Zé(ri*) and P (n) = rg(n — Pu)
=0

where ry, (n — ,) is the number defined in (7.30). In other words, ¢ R is the total length
of the consecutive good and bad blocks beginning with the first good block originating
from 7. Finally setting

L =%,+Zc+y®? and  {(n) :=n— . — TR,

we have the right decomposition of our orbit length n into blocks which do not expand
distances in the fiber cones 6, 4, and €, +. Now let

n > N3(w) := max {Nz(a)), %} . (8.13)

Since y,, E(n) < Ry, by (8.13), (8.8), and our choice of ¢ < €5 (8.1), we must have that

ER*=n—§7*—£(7’l)=n_Y*_d*R*_E(n)

>n— <ﬂ>£n—2R* >n— <ﬁ>sn—2£n
3 §
>n (1 —s(4+3§)) -2 (8.14)
& 2

9 Note that if 7o € Qg, in which case we have 79 = 7§, then £; = 0 and ¥ = 2477, (n).
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Now we note that since ﬁii")(‘ﬁfk* +) € Com+r(w),+ We have that ﬁiﬁn) is a weak con-
k ’ ’ k
traction, and hence, we have

Oonvys (LED fLLEN) < @ps ((f 1), flih € Oy (8.15)
s tk tk k k

Recall that E4(n — V4), defined in Lemma 7.6, is the total length of the coating intervals
(bad blocks) of the n — 3, length orbit starting at 7o, i.e.

Eq(n—$) =31+ Y L)) +ry0n— 5.
0<j<k
‘L’*EQB
J
Lemma 7.6 then gives that
Eq(n—y,) < HeX. (8.16)

We are now poised to calculate (8.2), but first we note that we can write

n =3+ XR, +g:(n)
= Ji+ TR + R, + £ (n)
=P+ SRy + Re+ (Zc — DR, + L (n) (8.17)

and that the number of good blocks contained in the orbit of length n — 3, is given by
EG:=#{05j5k:r;feQG}zx—Em(n—y*)gxc. (8.18)

Now, using (8.17) we combine (in order) (8.15), (5.1), and Lemma 6.3 (repeatedly) in
conjunction with the fact that 7j € Qg to see that

O (E20H). L2 ()
= Ogn+p (1) + (ﬂi};n) ° ﬁ,l)%R* ° ii’*(f), ﬁién) ° EE)R* o f,f* o f“lf—l (h))
< O+ (EZR 0 L3 (), LER o L3 ()
< Octa (LER 0 L3 (1), EER o L) )
— ®r,f,a* (E’E?C_I)R* o f’;’j o ETE()IR* ° ﬁi*(f)’ ﬁi?c—l)R* o ﬁ%f o i%/R* Oﬁf*(hl))
A X1 - B . - B .
< (tanh (Z)) Ot a, (Lf(;f o LZ1Re o L3+ (), Lo EEiRe o 15 (hz)) )
(8.19)

Now since r{)“ € Q¢ and since f)tzol R of)%‘ is a weak contraction (and thus non-expansive
with respect to O+ 4, ), in light of (8.11), applying Lemmas 6.3 and 7.5 gives that

Ot a, (ﬁR* o LEIRe o (1), ks o LEIF+ o L] (h,)) <A. (8.20)

*
%o
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Using (8.18), the fact that E;,(n — ) > 1, (8.16), and (8.14), we see that

S56—1=X—(E;(n—3)+1)
> _2E'L'()(n_j}*)
> Y —2HeX
=X (1 —-2He¢)
(1—-2He)n
> — (8.21)
2R,

Note that 1 — 2He > 0 by our choice of ¢ < &5 < g4 (7.35). Finally, inserting (8.20)
and (8.21) into (8.19) gives

ST (ﬁﬁ( £, L (h)) < A",

where

(1-2He)
A 2Ry
Y= (tanh (—)) <1,
4
which completes the proof. O

Remark 8.2. Note thatif V : Q — (0, 0o) is measurable then so is dy : & — N. Thus
we may choose Ny, Ny : © — N measurable, which implies that N3 : Q@ — N is also
measurable. Also note that our choice of N3 depends on V.

The following corollary establishes the existence of a family of fiberwise invariant
(with respect to the normalized operator L) densities (with respect to v,,).

Corollary 8.3. There exists a family of functions (qy)weq With q, € BV(Xy) and
Vw(qw) = 1 for m-a.e. w € Q such that

Lw‘]a) = )\wCIU(w)-

Proof. Let e < ¢5,and let f € BV(I) with f > 0 such that v, (f,) = 1 for m-a.e.
w € Q. Take V(w) = var(f). Then f,, € 6.+ for each w € Q. Setting

fw,n = i‘an(w)f(r*”(w)
for each n > 0, we note that Lemma 8.1 (with p = —n) and Lemma 5.5 (with o =

Vorn(ey and [[-]| = ||-|lo) together imply that the sequence (fu »)n>0 is Cauchy in
6w+ Indeed, we have

o = fostloe = ol (27 =1)

for each n > N3(w) and [ > 0. Thus, there must exist some g, f € %, 1+ S BV(X,,)
such that

WM fon = qo. s (8.22)
n—00
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Since v, (fw) = 1 for m-a.e. w € Q we must also have that v, (g, ) = 1 for m-a.e.
we Q.10

Now, to see that the limit in (8.22) does not depend on our choice of f, we suppose
that h € BV(I) with v, (h,) = 1 for m-a.e. w € Q and V(w) = var(h). Then, as before
we obtain

o = lim hg ,.
n— oo
Using Lemma 8.1 again, we get

Ou,+ (qw,f, qw,h) < Op,+ (qa),f7 fw,n) + O, + (fa),n, hw,n) +Ou + (‘]a),hﬁ hw,n) <3Av"
(8.23)

foreachn > N3(w).Inserting (8.23) into Lemma 5.5 withg = vopn () and || -|| = |- [loo
then gives

”CIw,f - Qw,h”oo = (e®w.+(qm“ﬂquh) - 1) qu’f“oo
< (1)l

which goes to zero exponentially fast. But this of course implies that g, f = g, for
m-a.e. w € 2, and thus we denote their common value by g,,. In particular, (8.22) gives
that

Lo =Lo (ngrgo Eﬁfn(w)llg—n(w)) = 1im £ 1 = o) (824)

O

Remark 8.4. The proof of the previous Lemma shows that¢,, € BV(X,,) foreachw € Q.
Furthermore, we note that it follows from Proposition 4.9 and (8.24) that

var(qy) < Ce(w). (8.25)
Indeed, for each n € N, Proposition 4.9 gives
var(L2 L Lo (@) < Ce(@)e™ €™ var(ly-n () + Ce (),

and in light of (8.24), we must in fact have (8.25).
Using (8.25) we get that

g llBy = lI90lloo + Var(gw) =< 2var(ge) + vo(ge) < 2Cs(w) + 1. (8.26)

The following lemma shows that the BV norm of the invariant density g, does not
grow too much along a o -orbit of fibers by providing a measurable upper bound.

Lemma 8.5. Forall § > 0 there exists a measurable random constant C(w, §) > 0 such
that for all k € Z and m-a.e. v € Q2 we have

”%f"(w) “BV = ”qok(w) “oo + Var(Qak(w)) < (o, S)elslkl'

10 Tndeed, one can see this by considering the continuous linear functional A, which is equivalent to v, on
BV(I). As fo,n = qu,r we musthave 1 = Ay(fo,n) = AGw, f) = Vo(quw, ) = 1.
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s[k| 5|k|
4(po+1) 4(po+1)
/_/H /_/H
L 1 1 1 1 1 1 1 |
I 1 1 1 1 1 1 1 1
. k| S|k . 8|k k| .
72‘k| 7“{" = 2(po+1) 7%‘ T 4(po+1) 7“‘" w ‘k‘ T 2(po+1) |k‘ T 4(po+1) ‘k‘ 2|k|

Fig. 3. The 2|k| length forward and backward o -orbits originating at w

Proof. Lete < esandlet0 < & < 2(pp + 1) where

00 :=/ log L, dm(w).
Q

By the ergodic theorem for m-a.e. w € 2 there exists a measurable ns(w) € N such that
for all n > ns(w) and each choice of sign + or —, we have

n—1

Y log Ly < (po+ D (8.27)
j=0

Now let n, € N so large that

8

m({w € Q:nsg(w) > ny}) < 32(,00—"'1).

By (8.25) we have that var(g,) < C¢(w) < oo for m-a.e. w € L, and so for As > 1
sufficiently large we have

)

eQ:C A —_.
m ({o e(w) > As})) < 2o+ 1)
Thus the ergodic theorem gives that for m-a.e. w € Q2 we have

8

%
8(po+1)
(8.28)

1 . 4
lim —# {0 <j<nl:Co(o™ (@) > A or ny(oF (@) > n*} <
n—=oo |n|

Then for m-a.e. w € Q and all large 2|k| (depending on w) there exists an integer

c (k L B 1K ) (8.29)
P 200+ D) " 4(po+1) '
such that
Var(qor(ey) < Co(@P(@)) < As and  ns(0? (@) < n,. (8.30)

Without loss of generality we assume that

4ny(po + 1)

k| =
8

(8.31)

Now we note that since k > p, we have that

0<k—p<lk| (8.32)
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for each k € Z sufficiently large. Furthermore, using (8.29) and (8.31) we have that

S|k 8k 8
n*§L<k—p<L<|k|—. (8.33)
4(po+1) 2(po+ 1) 2

Now using (8.33) and the fact that x < e* for x > 0 gives that
8 8 k13
A3+k—p<A3+|k|§<A5~|k|§<Age 2, (8.34)
Using, in order, (8.24) and (4.8) (with n = 1) repeatedly followed by (8.30) and (8.34),

we see that, for all large |k|, say |k| > ks(w) > 1 with ks : Q — N measurable and
satisfying (8.29) and (8.31), (8.27) gives that

_ | fk=r
|95t |5y = HLUW%W ”Bv
= var <£~/gk—l o---0 £~J(r”(w)(qUP(CU))) + Hﬁgk_] -0 £~J”p(w)(qap(@)Hoo

< Lyk-1(y) (Var (ﬁok_z 0---0 fmp(w) (qg/’(w))) + 1)

k—p—1 k—p—1k—p—1
= Lo/"f.f(cu)var(‘IJV(w)) + Z l_[ L(fpﬂ'(w) (8.35)
Jj=0 Jj=0 i=j
k—p—1
S (A(S +k - p) 1_[ Lo.erj(w)
j=0
s k—p—1 5 s S
< Agelkl? H Lgpi() < Aae\k\ze(k—p)(poﬂ) < Aaelk\ze\k\z — Aaelklﬁ_
Jj=0

(8.36)

To obtain the inequality (8.36) for all k € Z, and not just |k| > ks(w), we use (8.26) to
define the measurable constant

Cw,8) = max {2cg(ok(a))) + 1}.
|k|<ks(w)

Thus combining with (8.36), we have

90t lgy = Cl@. 0)el?
for all k € Z, which finishes the proof. O

Definition 8.6. Given f € HweQ BV(I), w € @, and n € Z we will say that (D1),
respectively (D2), hold for the triple (f, w, n) if for each & > 0 there exists Vs, : @ —
(0, 0o) such that the following respective conditions hold:

var(fon(w) < Vye(w)e, (D1)

Vor (@) (foniw ) = V7 (@)e™. (D2)

We let D denote the collections of functions f € [[,cq BV(I) such that (D1) and (D2)
hold for the triple (f, w, n) for m-a.e. € Q and each n € Z. Let D* C D denote the
collection of all functions f € D such that f,, > 0 for each w € Q.
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Remark 8.7. Note that D is nonempty as it contains the functions 1 and ¢ by Lemma 8.5.
Furthermore, note that (D1) and (D2) are clearly satisfied for all f € BVIQ (I), which
was defined in (2.3).

The following lemma provides conditions ensuring that (D1) and (D2) hold for
products and quotients. Its proof consists entirely of elementary calculations, and is
therefore left to the reader.

Lemma 8.8. If f € D then

S
D.
<Vw(fw))weﬂ © @

Furthermore, if h € [[,.q BV*(I) and there exists a sequence (ny)yen such that

1
inf hgni () >0 and  lim — loginf hgm () =0
k—o00 nj

and (D1) holds for (h, w, ny) for each ng, then we have the following:
(D1) and (D2) hold for (fh, w, ny) for each ny, (b)

(D1) and (D2) hold for (%, w, nk) for each ny. ©

We now wish to describe the rate at which the convergence to the invariant density
g, from Corollary 8.3 is achieved.

Corollary 8.9. There exists0 < k < 1suchthatif f € [[,cq BVY(I), withv,(f,) =1
for m-a.e. w € Q then there exists A r(w) : Q2 — (0, 00) such that for all n € N and all
|p| < n, with (D1) holding for (f, o (w), n), we have

Hﬁﬁmw)fa"(w) ~ dor(w) Hw < Ap©) [ forw gy k" (8.37)

Proof. Webegin by noting that Lemma 4.6, together with the fact that || f,|Igy » 19w lle >
1 for m-a.e. w € 2, implies that for each n € N we have

H'ﬁﬁp(w)ﬂ;ﬂ(w) ~ Gor(w) HOO < Hﬁﬁp(w) for@) Hoo + | gor @) | o
< 2Lg o [ for@ gy 4077 |
<23 [for@ lpy o (838)
Now, fix ¢ < ¢5 small as in Lemma 8.1. Lemma 8.5 implies that
var (o)) < C(w, )P,
foralln > 0. Let
V(o) = max {C(w, &), Vie(w)} . (8.39)

Then Lemma 8.1 gives that

O 41 (), + <£(",p(w)fop(w), %W(w)) = Ogpn () + (iﬁp(w)fap(wy E‘gp(w)qap(a))> < A"
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for all n > N3(w), which was defined in (8.13) in the proof of Lemma 8.1. Applying
Lemma 5.5 with 0 = vgp+n(y) and |- || = |- |, together with Lemmas 8.1 and 8.5 then
gives

‘ﬁ’ﬁp(w)faﬂ(w) = qorn(w) Hoo < | gor* (@) Hoo (exp <®U”+”(a)),+ (ﬁgp(w)fop(w% qap+"(w)>> - 1)

< ool (647" =1) = Jaormior ] o 2 (8.40)

for some k¥ € (0, 1). Combining (8.38) with (8.40) we see that

Hﬁgwcu)fa”(w) ~dor(@) Hoo <2 {Lim))’? _j} | for@ gy 97 @ o #"
= 2L 3O forwn | gy [dor ) | oo "
< 2L ) F T | for gy g0 | o "
(8.41)

for all n € N. Now in light of Lemma 8.5 we may rewrite (8.41) so that we have

“Lgp(w)fol’(w) — qort(w) HOO = Af(w) H fal’(w) ”BV K"
for all n € N, where

Ap(@) =2C(0,5) LN =N

o~ N3(@) ()
and « := Ke?® for some § > 0 sufficiently small. O

The following proposition serves two purposes: we show that the invariant density
qe 1s strictly positive and finite for m-a.e. € 2, and we provide measurable upper
and lower bounds for ¢, despite the fact that (at this point) we do not know whether the
maps @ > inf g, or o — ||gy || o are measurable as we also do not currently know that
the maps w +— v, and w — A, are measurable.

Proposition 8.10. There exist measurable functions u, U : 2 — (0, 00) such that for
m-a.e. v € Q we have

u(w) < gy < U(w).

Proof. For the upper bound we simply set U(w) = C(w, §) as in Lemma 8.5. Now,
for the lower bound we begin by noting that (8.25), our choice of B, in the proof of
Lemma 6.2, and the fact that we have a,. > 6B, gives that g,, € €, 4, foreach w € Qg.
Thus, for w € Q¢ (6.10) implies that

oy oy

- 1 -
infg g, =inf LR, > —inf LR*1, > >
4o R (w) o 4o = 2 o “Ugy = 2)\'5* - 2C*

=:t, >0, (8.42)

where U, € U, is coming from Lemma 5.9, and thus
Q, :=0®(Qe) CH:={weQ:infg, > 0}. (8.43)
In light of (8.42), for w € Q2+ we have

inf g, > t,
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and (8.43) together with Lemma 6.2 imply that
() = m(Q) = 1- 2.
Note that for any w € J{ (up to a set of measure zero) and any n € N we have
inf g, = inf £, 4o (@)

—1
(M2 r) 0 o i0F L2 Lo

>
inf L”_,, —n
> inf gy n(w) @lo@ >0 (8.44)
L}nfn 10-—”
o " (w) (w) 00

since Lemma 2.4 implies that the fraction on the right-hand side is positive for m-a.e.
o € Q. Now since €2, has positive measure, the ergodic theorem ensures that we may
define the measurable number

iy =min{n e N: o "(0) € Q}. (8.45)
Then, using (8.44), we have

n

-1
nw )
inf ¢, = inf L Lo (oo (@) = ()Lgfﬁw (w)) inf G- () Inf L e (w)]l(,_nw ()

inf Lo 1
oo —o ()
> 1, @ 7 7 .
—
o "w (w)~ @ ((U) 00
Taking
inf L""in 1 s,
u(w) =ty - (@) 070
O-—nu)(w) ﬂa*”w (w) 00
finishes the proof. O

For each w € Q we may now define the measure u,, € P(I) by
Io(f) = / fqodve.  feL) (D. (8.46)
Xo

Proposition 3.1 and Proposition 8.10 together show that, for m-a.e. w € 2, p, is non-
atomic, positive on non-degenerate intervals, and absolutely continuous with respect to
V. Furthermore, in view of Proposition 8.10, for m-a.e. w € 2, we may now define the

fully normalized transfer operator ﬁw :BV(X,) — BV(X45(w)) by

~ 1
Lo(fq0) = ———Lo(fq0).  f €BV(Xo). (8.47)

o(w) wYqo(w)

ﬁwf =

Alternatively, we may think of the fully normalized transfer operator L., as the usual
transfer operator taken with the potential ¢,, which is given by

Go = Yo +108 g, — 108 Go () © Ty — 10g Ay, (8.48)
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A

ie. L, = Ly . This gives rise to the weight functions g, given by

B =P = Mﬁﬁ, (8.49)
and the alternate formulation of ﬁw:
Lo(H@ = Y 8Mf() feBV(Xy), x € Xo(w)- (8.50)
veT, ' @)
As an immediate consequence of (8.24) and (8.47), we get that
Loly = o). 8.51)
Furthermore, the operator L., satisfies the identity
Lo(h-(foTh)=f-L'h (8.52)

for all h € BV(Xy), f € BV(Xsn(w)), and all n € N. We end this section with the
following proposition which shows that the family (i), cq of measures is 7 -invariant.

Proposition 8.11. The family (j1,)weq defined by (8.46) is T -invariant in the sense that

foludio= [ fdiaw (8.53)

Xo Xq (w)

for feLl (=L (I.

Mo (w) Vo (w)

Proof. In light of (3.12), we note that for f € L }LU (w) (I) we have

/ ﬁwfdﬂo(w) = f £~Ja)(qu) dVo(w) = f fqwdvy, = fdue. (8.54)
Xo(w) Xo(w) Xw X
Now, if h- (foT,) € L}Lw (1), (8.54) and (8.52) give that

/ h-(foTw)de=/
Xo X

In view of (8.51), taking 4 = 1 finishes the proof. O

Loy (- (f 0 T)) ditoe) = / F - Boh dito).

o(w) X5 (w)
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9. Random Measures

In this section we show that the families of measures (V,)w,cq and (Lw)w,cq are in
fact random probability measures as defined in Definition 2.5 as well as show that the
invariant density ¢ is unique. First we establish the existence of a measurable choice
of an increasing sequence (ni(w))r>1 of positive integers along which we obtain the

exponential convergence of Lyf £,

Lemma 9.1. For m-a.e. w € 2 there exists a measurable choice of an increasing se-
quence (ng(w))k=1 of positive integers such that if f € ]_[weQ BV ) with(D1)and(D2)

holding for (f, w, ni(w)) foreachk € Nand w € 2, then there exists Af 1 Q2 — (0, 00)
such that

228 fo = o omn | =A@ W ullay

Proof. Suppose first that f € D*. In light of Lemma 8.8 item (a), we consider Corol-
lary 8.9 (with p = 0) for the function f = (f»/ve(fw))weo € DY, and thus, for each
n > N3(w), we have that

rn fw ) fa) n
L — Gol (0 < A+ _— . 9.1
‘ ‘”<vw<fw) G| = AT G ey oD
Multiplying both sides of (9.1) by v, ( f) yields
|Efo) = volfoldonw| _ < AF(@) Il follpy <" ©.2)

Now let u(w) be the measurable lower bound for g, coming from Proposition 8.10, and
choose u, > 0 sufficiently small such that

m (2 ={we Q:u, <u(lw)}) >0.
The ergodic theorem then gives that for m-a.e. @ € 2 there exists a measurable choice
of an increasing sequence of positive integers (nx)r>1 = (nk(w))r>1 such that " (w) €
Q, for each k > 1. It follows from Proposition 8.10 that
0 < uyx <u(0™(®) < o (w) 9.3)
for each k > 1. Then in light of Lemma 8.5 and (9.3), Lemma 8.8 item (b) implies that,

for m-a.e. w € 2, (D1) and (D2) hold for (fq, w, ny) for each k > 1. Thus, applying
(9.2), with n = ny and the function f,,¢q,, in place of f,,, gives

|22 (fot) = oUfdoni| = Ag@ W follsy Iaulpy €™, ©94)

It then follows from (9.4) and (9.3) that we have

”ﬁ’g\fw - /’Lw(fw)ﬂtr”k (w) Hoo = E’zk (quw) - //Lw(fw)CId"k (w) Hoo

<A@ | follpy 19w llpy €™ 9.5)
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Now, forafunction f € D,wewrite f = f*—f~,with f*, f~ > 0,and f,, = f}— f;
for each w € Q. Rerunning the previous argument with f = f* — f~ to (9.5) and
applying the triangle inequality we get

|28 fo = ot Lo =A@ I folluy ™

for each k € N, where

Ap():= (A7 (@) + A= () g0y u; ' (9.6)
O

In the following lemma we give a characterization of the measure v,, as a limit of
measurable functions along the measurable sequence nj produced in the previous lemma.

Lemma 9.2. For each f € D and m-a.e. w € Q we have

|26 fo oo

vo(fu) = lim e
L6 L]

9.7)

where (ni(w))k>1 is the measurable sequence of positive integers coming from Lemma9.1.

Proof. Let (ni)i>1 = (nx(w))r>1 denote the measurable sequence of positive integers
coming from Lemma 9.1. In light of Lemma 8.5, Lemma 8.8 item (c) implies that, for
m-a.e. w € Q, (D1) holds for (f/q, w, ny) for each k > 1. Furthermore, the uniform
lower bound for ¢, given in (9.3) together with Lemma 8.8 item (c) implies that, for
m-a.e. w € 2, (D2) holds for (f/q, w, ny) for each k > 1. Thus Lemma 9.1 gives that

H Ly (&> ’ vl e ©.8)
qw o0
for m-a.e. w € Q and each k € N. Hence, taking limits, we get
S N 1 ) T
lim +———= = lim = =v,(fo)-
k—o0 ||ka]1w|| k— 00 HLnk ( )H V(1)
O

We now arrive at the main result of this section.

Proposition 9.3. The map w +— A, is measurable withlog A, € L}n (R2) and the families

(Vo) wes (Mw)weq are random probability measures giving rise to v, u € P, (2 x I)
defined by

b(f) = / / fodvedm(@) and u(f) = / / fodiwdm@) — (9.9)
QJI QJI

for f € LL(Q x I). Furthermore, the maps @ + ||qullco and w + inf q,, are measur-
able.

Proof. We prove the proposition in four steps:
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(i) We first show that (v,),eq is a random probability measure as in Definition 2.5.
Indeed, for every interval J C I, the function w — v, (J) is measurable, as it is the
limit of measurable functions by (9.7) applied to f,, = 1. Since Z is generated
by intervals, w +— v, (B) is measurable for every B € 4. Furthermore, v,, is a
Borel probability measure for m-a.e. w € 2 from Proposition 3.1.

(if) Given that A, := V5 (w)(Lwle), (i) and Proposition 2.6 immediately imply that
o > A 1s measurable. The log-integrability claim then follows from Lemma 2.13,
and the fact that

inf £,1p < Ap < 1Lp1lplle -

(iii) The measurability of A,, together with (M2) and the fact that
Go = Hm ()™ 05 Lo

(see (8.24)) yield the measurability conditions on g.

(iv) The Borel probability measures (i) wes also define arandom probability measure.
Indeed, because intervals generate 4, it is enough to check that for every interval
J C I, the function @ — 4 (J) is measurable. This follows from (iii) and the
fact that 1., (J) is the limit of measurable functions, coming from (9.7) applied to

fa) = 1./5]&)'

To end this section we now prove the uniqueness of the invariant density ¢.

Proposition 9.4. The global invariant density g € BV q(I) produced in Corollary 8.3
is the unique element of L‘])(Q x 1) (modulo v) such that

Lw‘]w =40 (w)-

Proof. Towards a contradiction, suppose that there exists ¢ € Ll (QxT)with ||yl 1=
1 such that

LoVo = Vow)- (9.10)

By ergodicity we must have that ||1pw||L11) = 1 for m-a.e. w € Q. Since BV(Xy) is
dense in Liw(Xw) for each w € 2, and in particular the set { f € BV(I) : ||f||L5 =1}

isdenseinthe set { f € L,ljw(l) : ||f||L5 = 1}, foreach§ > Owecan find f € BVq(/)
with || £l L = 1 such that we have

o = follpy =9 9.11)
for m-a.e. w € 2. Now let Vy, > 0 be sufficiently large such that
m(Qy = {w e Q:var(f,) < Vy}) >0, (9.12)
and for each w € 2 we define the function 1} € BVq(l) by

o ifeeqy,

Vo =01, ife ¢ Q. ©-13)
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Thus, using (9.12) and (9.13) we have that
var(Y,,) < Vy < 00, (9.14)
A

=1 9.15)
L,

for each w € 2 and using (9.11) we see that

wa —Vw S 8 (9.16)

for each w € Q. Now in light of (9.14) and (9.15) we see that IZ € D, and thus we
apply Corollary 8.9, and more specifically equation (8.40), to see that

40 = B s Vo _ = 10l #” ©.17)

for all n € N sufficiently large, where ¥ € (0, 1). Next we note that using (3.12) and
(9.10) gives that

”ww - 'ﬁzfn(w)&of"(w)‘

- Hﬁﬁw(w)%f" @ Lo Vo) HL‘

= flﬁgfn(a» (

= ” wﬂ—”(a)) - 1/’}0'_”((0)‘

1
Ly,

I//0*"((4)) - IZ/J*”(w)‘) dl)w

(9.18)
Ll
oM (@)
for each n € N. It then follows from (9.12), the ergodic theorem, (9.16), and (9.18) that
for m-a.e. w € 2 there are infinitely many n € N such that

< 4. 9.19)

” Ww - L’;fn(w)wa*”(w) HLI = H I/fa*”(w) - I/Qr*”(w)‘ L =
Vo Va*”(w)

Thus, in light of (9.17) and (9.19), for m-a.e. w € Q2 we have

Ve — Qw”Lll)w = HQw - La—”(w)lpa—"(w)’ + H'ﬂw - LZ—n@)&g—n(w)’ 11 <24

L)

for infinitely many n € N sufficiently large. As this holds for each § > 0, we must in
fact have that v, = ¢, modulo v, for m-a.e. w € 2, which implies that 1 = ¢ modulo
v as desired. o

10. Expected Pressure

In this section we exploit the measurability produced in Proposition 9.3. We begin by
defining the expected pressure, as in [48], and then prove an alternate characterization of
the expected pressure in terms of limits. An important consequence of the proof of this
characterization is that we obtain the temperedness of the quantities inf g, and ||gq | o>
which allows us to prove improved versions of Lemmas 9.1 and 9.2 , thus completing
the proof of Proof of Theorem 2.20.
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Towards that end, given that log i, € L,l,1 (€2) by Proposition 9.3, we define the
expected pressure by

1 1
EP(p) ::/ log iy dm(w) = lim —logAl, = lim —logkg,n(w), (10.1)
Q n—oon n—oon

where the second and third equalities hold m-a.e. and follow from Birkhoff’s Ergodic
Theorem. The following lemma provides alternate characterizations of the expected
pressure.

Lemma 10.1. For m-a.e. w € Q2 we have that

. 1 1
nll)rréo - logl7_, (@ Lo — - log Al _, | =0 (10.2)
o0
and
. 1 1
lim ||—logl”1, — —logAl| =0. (10.3)
n—oo || n n 00

Furthermore, we have that
.1 . 1
nlLrI;o - loginf ggn () = nan;O - log ||qgn(w) HOO =0.

Proof. Towards proving (10.2), Corollary 8.9 (with p = —n and f-n(y) = Ls-n(y))
allows us to write

o-1(w) Lo~ (@)

)\n

o (w)

inf g, — A1 (0)k" < < golloo + A1 ()"

for each n € N. Thus, for n sufficiently large, we have
Lg—n (@) ]]-O'”l(a))

)\’n

o (w)

1 . " 1 1 "
;log (quw — A1 (w)x ) < ;log < ;log(llqwllOo + A1 (w)k )

Since Proposition 8.10 implies that loginf g, > —oo and log ||gy |l < 00, letting
n — oo finishes the first claim.

Before continuing on to prove the second claim, we first note that Corollary 8.9
implies that

inf gon (e > inf ﬁglw — A1 (w)x",
for all n € N sufficiently large, and thus,

1 ] ~
~loginf g () = log (inf £r1, — Aﬂ(w);c”) . (10.4)

It follows from (10.2) that inf Lyly, is tempered, and thus for each 0 < § < « there
exists a m-a.e. finite function Kg : 2 — (0, c0) such that

inf £ 1, > Ks(w)e " > Ap(w)c" (10.5)
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for each n € N. Inserting (10.5) into (10.4) and taking a limit as n — oo gives

1 1 .

lim ~ loginf gon(u = lim ~log (inf L1, — A1 (@)")
n—-oon n—-oon
1

> lim —log (Ks(@)e ™™ — A (w)k™)
n—-oon
1

= lim —log (Ks(w)e ) = —4.

n—oon

As this holds for every § > 0 we must in fact have that

.1 . .1
nll)rrgo - loginf ggn () = nll)rr;o - log ”qgn(w) HOO =0, (10.6)

where we recall that the second equality follows from Lemma 8.5. Now to prove the
second claim, we again note that using Corollary 8.9 gives that for each n € N we have

1, n
= < | qonw) | o + AL(@)K",
w

inf gon(w) — A1(@)k" <
and hence, for n sufficiently large, we have

log

1 1
n Al n

10g (|| gom (@) “oo +Ar(w)k").
(10.7)

1 .,
- log (inf gon () — A1(w)k") <

In view of Proposition 8.10 and (10.6), we see that letting n — oo in (10.7) finishes the
proof of the second claim and thus the lemma. O

The following corollary ensures the measurability of the coefficients Ay and A f
which appeared respectively in Corollary 8.9 and Lemma 9.1.

Corollary 10.2. For each [ € BVIQ(I) the maps w — Ajy(w) and w Af(w) are
measurable and f/v(f), fq, f/q € D.

Proof. From Remark 8.7, we see that BVIQ(I ) € D and using (10.6), Proposition 8.10,
and Lemma 8.8, we have that f/v(f), fq, f/q € D foreach f € BVIQ(I).

Now to see the claim that the random coefficients A y and A r are measurable we first
note that the map @ — V(@) from Definition 8.6, which depends on || f,llgy and
Il foll Ll (1)»can be chosen measurably for each f € BVlg2 (I). Thus the map w — V(w),
defined in (8.39), must also be measurable. In light of Remark 8.2, we see that the
map w — N3(w), defined by (8.13), is measurable, which then implies that the map
w > A y(w) is measurable for each f € BVIQ(I ). Furthermore, since N3(w) depends
on || fullgy and ”f‘””Liw(l) (via V¢ (w)), so does A y(w). The measurability of Af then
follows from (9.6). |

Now in light of the proof of Lemma 10.1, in particular (10.6), we can give improved
versions of Lemmas 9.1 and 9.2 which no longer depend upon a particular sequence of
integers ny.
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Theorem 10.3. For each f € BVIQ (1) and each » € (k, 1) there exist measurable
Sunctions By, Cy : Q — (0, 00) such that for m-a.e. w € Q, alln € N, and all |p| <n
we have

HLZ,,(w)fgaw) — Vor ) (for @)qorn () Hoo < By (@) | for@| gy "
and
”Lwa)faP(w) — Hor @) (for@)lornw) Hoo = Cr@ [ forw gy #"

where k < 1 is as in Corollary 8.9.

Proof. Suppose first that f € BVIQ(I ) with f > 0. Since Lemma 8.8 item (a) ensures
that 7 = (fw/Vo(fw))wen € D, we apply Corollary 8.9 to obtain

N forw) )
Ln 2 <— - q n+p
H 7@\ Vo p () (for (@) @

Jorw)

- ™ (10.8)
Vap(a))(fal’(w))

BV

= A5(w)

[e.¢]

for each n € N, where A?(a)) is as in Corollary 8.9. Multiplying both sides of (10.8) by
VoP(w) (fal’(w)) yields

In view of Corollary 10.2, applying (10.9) with the function fg € D* gives

for each n € N. It follows from (10.10) that

L2 by (for@) = Vorw)(for@))domr ) HOO < A5 (@) || for@ | gy " (10.9)

ﬁZﬂ(w)(ftff’(w)‘ial’(w)) = Hor@ (for@)domr () Hoo < Apg(@) | for@ gy 1907 @ [l gy «"
(10.10)

”LZP(w)fGP(w) — MoP(w) (fap(w))]lﬂf’”' (w) Hoo

: H’E’gp(w)(fal’(w)QJP(w)) — Ko (w) (for @) dor (w) Hoo

1

< 475 oro oy 907 oy o (10.11)

~inf g rn ()

for each n € N. Now in light of (10.6), we have that

lim -
n—00 p inf gon ()

[ e

and thus, for each § > 0, there exists a measurable constant D(w, §) > 0 such that

lg07 @) |5y

. < D(w, 8)e" (10.12)
inf gon (w)

for each n € N. Inserting (10.12) into (10.11), for § > O sufficiently small and each
n € N we have

L2 oy for@) = Hor@) (for@) Lor(w) ”OO < A7 (@) D@, 8) | forw) |y #"
(10.13)
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where 0 < k < s :=«e® < 1.
Now, we write a function f € BVL(I) as f = f* — f~ with f*, f~ > 0, and
apply the triangle inequality with (10. 9) to obtain

|2

gp(w)fol’(w) — Vor(w) (for ) dor (w) Hoo < Bf(w) H Jor ) ”BV K",
where
By (w) = (AF(CU) + AF(w)) (10.14)

Similarly, using the triangle inequality with (10.13) yields

HLZP((D)JCUP(Q)) - Map(w)(fal’(w))]lal”"(w) Hoo = Cf(w) ” fal’(w) ||BV i
where

Cr(@) := D(w, ) (Ap (w) + Ap=_()). (10.15)
To finish the proof we note that claim that B and Cy are measurable for f € BV (1 )
follows from Corollary 10.2 and equations (10.14) and (10.15).

The following Proposition is an improvement on Lemma 9.2 in that we prove a
general limit for the measures v,,, rather than a limit along a subsequence. Furthermore,
we now prove that the random measure v is unique.

Proposition 10.4. The family (vy,)weq of probability measures is uniquely determined
by (3.1). In particular, we have that for each f € BVIQ(I)

£ oo

vo(fo) = lim
= [Ly10].

(10.16)

Furthermore, we have that the family (lLo)we of T-invariant measures is also unique.

Proof. Suppose (v,,)yeq is another family of probability measures which satisfies (3.1),
ie.

V(;(w)(ﬁ’w w) = )‘;)V;,(fw)v with )\;) = Vc/;(w) Lwly), f€ BV .

Further define ), = g,,v,, for each w € Q. Foreach i € BVZQ(I ) Theorem 10.3 (taken
with p = 0) applied to the measure u/, gives that

[ €aho] _ = 1isthon| = Ch@) oy 5"

for each n € N. Inserting the function f/q € D, for h € BV. (1), into the previous

estimate gives
=
qw o0

’ - Vcl,)(fa) fw

qo

<Cf(a)) J/’
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for each n € N. Thus we have

leasule _ [ @)L _ wo
e e, & ()]~

= Vc/u(fa))

As the limit on the left-hand side has no dependence on the family v/, the uniqueness
of the limit, and of the density q,,, implies the uniqueness of the families (v,),eq and

(Hw)wes- O

We are now ready to prove Theorem 2.20.

Proof of Theorem 2.20. Theorem 2.20 follows from Theorem 10.3 with p = —n and

11. Decay of Correlations

In this short section we prove Theorem 2.21, i.e. the forward and backward exponential
decay of correlations. As a consequence of this, we obtain that the invariant measure
is ergodic, thus completing the proof of Theorem 2.19.

Theorem 11.1. For m-a.e. every w € Q, every n € N, every |p| < n, every f €
L!(Q x I), and every h € BV (I) we have

e ((forcry 0 TF) he) = ton (o) (for )it (he)| < Ch(@) || for o) HL;]L . lhellgy ",

(11.1)
where T = o?(w), and where Cj(w) and » are as in Theorem 10.3.
Proof. First let fzw = hy — e (hy) for each w € 2. Now, we note that
we ((forco) o TF) he) = pon () (for )it (hr)
= o) (foreLthe ) = ono fon)pe o)
= ion (fonm L) (11.2)

Theorem 10.3 then gives that

| L2 < Ch(@) Ihelly 5" (113)

= Hgﬁht — pr(he)lon(r)
00 00

for each n € N. So by (11.2) and (11.3), we have
|MT ((fU"(T) ° Trn) hr) - /’LU”(T)(fU"(T))/’L‘E(h‘L’)|
< Hon(r) ( Foney LAy ) < Ch(@) on (o) (| for o) 1z Iy 5"

for each n € N, which finishes the proof. O
We are now able to prove Theorem 2.21.

Proof of Theorem 2.21. Theorem 2.21 now follows from Theorem 11.1 taking p = —n
and p =0. O
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Remark 11.2. We now show that the right-hand side of (11.1) does in fact converge to
zero exponentially fast. First, note that for f € L }L (2xI)andh € BVIQ (I') the Birkhoff
Ergodic Theorem implies that for each § > 0, there exists some measurable function
Wip : Q — (0, 00) such that

| forn | L < Wen(@nd < Wep(@)e®  and  |ho-ni | < Wrn(@)nd
oM (@)
< Wf,h(a))ems.
Thus we may rewrite the conclusions of Theorem 11.1 (with p = 0 and p = —n) to be

|to (for @) © TL) B) — ton (@) (for @) o ()| < Ch@)W i h(w)k)

and

Mo =n(w) ((fw © T(f,n(w)) ha"’(a})) - Mw(fw):u'a_"(w)(ha_”(a)))‘ = Ch(w)Wf,h(w)K(r)l

foreachn € N, where 0 < 3 < kg = - e’ < 1 forsomed > 0 sufficiently small.
Thus we see that the right-hand side of (11.1) does in fact go to zero exponentially fast.

Remark 11.3. If one were able to show that the measurable function 2 3 w = Cr(w) €
R* were in fact m-integrable, then, following the proof of [40, Theorem 6.2], which is
written in the setting where the coefficient C s (w) is independent of f and w and uses
the method of Gordin and Liverani, we immediately obtain the Central Limit Theorem
as a consequence of Theorem 11.1. For a more thorough treatment of stronger limit laws
in the setting in which the coefficient C s (w) is independent of f and w see [18,19].

We are finally ready to prove the following proposition, which hinges on Theo-
rem 11.1, and will complete the proof of Theorem 2.19.

Proposition 11.4. The measure | defined in Proposition 9.3 is ergodic.

The proof of Proposition 11.4 is the same as the proof of Proposition 4.7 in [39], and
is therefore left to the reader.
We now prove Theorem 2.19.

Proof of Theorem 2.19. Part (1) of Theorem 2.19 follows from Proposition 3.1, Propo-
sition 9.3, and Proposition 10.4.

Part (2) follows from Corollary 8.3, Propositions 9.3, 9.4, and Lemma 10.1.

Part (3) follows from Propositions 8.11, 9.3, 10.4, and 11.4. O

12. Relative Equilibrium States

In this section we show that the random T '-invariant probability measure p defined in
(9.9) is in fact the unique relative equilibrium state for the system, thus completing the
proof of Theorem 2.23.

Recall that P7 (22 x I) € Pq(I) denotes the set of all T'-invariant random probability
measures on /, and for n € P (2 x I) the conditional information of the partition 2
given T, 198, with respect to 7, is given by

Ly, = L, 1251 T, B := —log 8.,



880 J. Atnip, G. Froyland, C. Gonzélez-Tokman, S. Vaienti

where

gnwi= Y 12E, (]lz|TC;193>.
ZeZ}

Remark 12.1. Note that g, , = 8, Where g, is the weight function defined in (8.49).
To see this we note that

Ey, (1211, ) = dulz
for each Z € 2} since we have

Lolz = gulz.

We now show that the T -invariant random measure p defined in Proposition 9.3
is a relative equilibrium state, where we have followed the approach of [33] using the
conditional information /,,, rather than the entropy /4, (T'), which for countable partitions
may be infinite.

Lemma 12.2. The T -invariant random measure | defined by (9.9) is a relative equilib-

rium state, i.e.
EP(p) :/ (/ I, +§0wdﬂw) dm(w).
Q \JI

Proof. In light of Remark 12.1 and (8.49), the conditional information of Z given
7' A, with respect to 1, is given by

1, = _loggu,w =—10g8w = —Pu-

Thus, we can write
/Iﬂw + o diy = / —Puw + Yo dite
1 1
= log iy + / 4o (w) © Ty — qodiw
1

=logkw+fqg(w> dite (o) —/qwduw.
1 1

As m is o-invariant, integrating over 2 completes the proof. O

In the following lemma we prove a variational principle for 7T -invariant random
measures on J.

Lemma 12.3. For all n € Pr(J), the collection of all T -invariant random probability
measures supported on J, we have

logsz/ o+ @0 dne (12.1)
Xw

for each w € Q. Consequently, we have

€P(¢))2/ (/ Inw+g0wdnw> dm(w), (12.2)
o \Jx,

where equality holds if and only if n, = e for m-a.e. w € Q.
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Proof. Letn € Pr(J). Then
Ly, + 00 = =102 8n.0 + Pu

= —log gy,w +10g 8w +1og Ay, —10g ge +108 Go () © T

= log So + o,
8n,w

where
D, :=log Ay —10gqe + 108 Go(w) © Tp.
Noting that n,(®,) = log A, we see that to prove (12.1) it suffices to show that
/ log Lo dne < 0.
X0 8w

Now, let F,, denote the set of bounded functions f : X, — R which are supported in a
finite number of intervals of ZEOI ) Let Lyo: Fo = Fow) be given by

Loof@ =Y 2o, f€TFu x€Xow). (12.3)
veTy ' (@)
To complete the proof of (12.1) we prove the following claim.

Claim 12.3.1.

Forall f € F,, we have 1g(w) (Lo (f)) = nu(f), €y
log" 22 ¢ L] (X,,) for cach w € , (i)

&n,w @
/ log 22 < 0. (iif)

X g’?sw
Proof. We begin by noting that we may write

Lno(f) = Z (f -1z -8gpw)o Tw_lz (12.4)

ZEZ,(,,I)

To prove (i) it suffices to prove the claim holds for the function 1 4 for some set A which
is contained in a finite number of partition elements. To that end, using (12.4) and the
T -invariance of n, we calculate

nc(w)(Ln,w]lA) = No(w) Z (lA]lZgr],w) o T(;lz
ZeZ,(Ul)

= No Z Talzgnw
ZeZ((l,l>
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> | 1alz Y (11yE,7w (]ly|Tw_1§3>)

ZeZ((Ul) YeZ,(ul)
= > o (1a12E,, (1217, %))
ZeZ((DU

> No(lalz) = nu(La).

Zer,)”

To prove (ii) we first note that g, ., > 0 n,-a.e. since, if g, ,|4 = 0 for some subset
A C X, then L, ,14 =0, and in light of (i) we would have 7,(A) = 0.

Enumerate the intervals of Zc(,)l) by Z; for j € N. Since log g;,» > —00 n,-a.e. and
sup g, < oo (by assumption (SP3), (3.5), and Proposition 8.10), we set

| ifxeZU.--UZ d(l fo ‘
Fo(n)(x) = ifx € Z; n and |log - x) <n (12.5)
0 otherwise,
and
v P 72
Aoy = {x € Xy :log—(x) > O}.
8n.w
Since 8, > gy, On x5, we have
0< Lo (Fomly) < Lo (Fomly:) < Loly = Lo, (12.6)
In light of the definitions of ﬁw, (8.50), and L, ,,, (12.3), we see that
Lo (fg—“’> () = Lo f (). (12.7)
8n,w

Now, using (12.5), (i), the fact that logx < x — 1 for x > 0, (12.7), and (12.6) we thus
get that

/ Tys logg—wdnw = lim Fo(n)Lys logg—wdnw
X0 y 8n,w = Jx, y 8n,w

, 8

lim Lo (Fw(n)IlX; log —“’) dNo (@)
Xa(u))

n—o00o gT] w

lim Lo <Fw(n)11X$ <g—‘“ - 1)) o)
00 J X o (w) 8n.w

= lim (L,W (Fw(n)]lx{t :—‘”) Lo (Fw(n)]lx(:)) AN )
Xo'(tu)

n—00 N

IA

lim (ﬁw (Fom)lys) = Lo (Fw(n)]lxz)) Ao @)

n=>00 Jx o

<1 (12.8)

Hence, we have that x} 10g(8w/gy.0) € L}?w (X ), which proves (ii).
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Now to prove claim (iii), we note that if

/ log g—wdnw = —00
Xo 8,0

then we are done. Otherwise, by (ii), we have log(8»/gn.») € L}]w (Xw). Repeating
the calculation from the beginning of the previous display block of equations to (12.8)
without the characteristic function 1+ and then using (8.51) and (i) gives

/ log 5 dn,, < lim Lo (Fo)) dng () — lim_ /X Ly (Fo(m)) dng (w)

gn>w n—00 Xa(w) o(w)

- /Xa<w) Fo () Ao = nll>moo_/x Lo (Fo() dig (@)

o(w)

<1-— lim Fy(n)dne, = 0.
X(J)

n—o00

Thus, we have that

/Inw"'(/’wd’?w:/ q)wdnw"'/ logg—wdnwflogkw,
Xﬂ) w w

8n,w

which finishes the proof of (12.1). Thus, (12.2) follows by integrating over €2 .
Finally, we note that equality holds if and only if g,, = g5, 1w-almost everywhere on

X, which implies that f;wf(x) =L, 0f(x) for ny-a.e. x € X, and all f € BV(X,,).
Thus, applying Theorem 10.3 with p = 0, we have

10(f) = 1o (D] = [1on@) (0 ) = 10(F)]
= ﬂa"(w)(ﬁz)f) - ,Uva)(f)’
Non(w) (ﬁ’:l,)f - Mw(f)]lan(w)))

No™ (w) (Hfﬁf = Ho(f)Llon(w) HOO)‘
Cr(@) |l fllgy "

IA

IA

foreachn € Nandevery f € BV(X,). Thus we must in fact have that n,(f) = u,(f)
for each f € BV(X,,), and thus n,, = u,, on a dense set of C(X,). We conclude finally
that u, = n, for m-a.e. w € 2, which completes the proof. O

To finish the proof of Theorem 2.23, we now extend the variational principle on J,
proved in Lemma 12.3, to Q2 x 1.

Lemma 12.4. For any n € Pr(Q2 x I) we have

EP(p) z/ </ I,,w+<pwd77w> dm(w). (12.9)
Q \J1

Moreover, equality holds if and only if n, = |ty for m-a.e. w € Q.
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Proof. Suppose n € Pr (2 x I) is a T -invariant random probability measure on 7, and
suppose that for each w € 2 we have that

N = Cwnz) + awnz)

where 7 is a non-atomic probability measure on /, n¢ is a purely atomic probability
measure on /, and ¢, +a, = 1. As ¢, is non-atomic, we must have that n{, (8,) = 0 as
the singular set 8,,, defined by (2.1), is countable. Without loss of generality, we suppose
that

/ ae,dm(w) > 0,
Q

as otherwise the lemma would follow from Lemma 12.3.
We easily see that Iy , = 0 17 -a.e, and since ng, and 7, are singular, we can choose
Iya o = 0 ng-a.e and e o, = 0 ng-a.e. Therefore, we have that

byo = Iew+ lpoo = Iy o,

and hence, applying Lemma 12.3 gives

/ (/ Iﬂzu+(pwd77w> dm(w):/ Cw/In",w+(pwdn§)dm(w)+/ aw/‘ﬂwdng)dm(w)
Q 1 Q I Q 1

S/Cwlogkwdm(w)+/ awfwwdnidm(w). (12.10)
Q Q 1

Since 7 is a random probability measure we have that n¢ (¢,,) € L,ln (£2). Thus, applying
the Birkhoff Ergodic Theorem, (CP1), and Lemma 10.1 for each ¢ > 0 we can find
n € N so large that

1
/ /(pwdnz)dm(w) — &< =S80 (@)
QJI n

1 _

= ; (Tli(%)) +--- nZ)(‘pa"“(w) © Tar)l 1))
1, I

—n% (log gy < ~ 1o H )

o0

1
< —loginf L' 1, < EP(p) +e&.
n
As this holds for every ¢ > 0 we must in fact have
/ aw/(owdnfo dm(w) < / ay 1og Ay dm(w). (12.11)
Q I Q
Inserting (12.11) into (12.10) we see that then
/ /I,,w + Qp ANy dm(w) < / cwlog)»wdm(a))+/ aglog Ay dm(w)
QJiI Q Q

= / log Ay, dm(w).
Q
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Thus, integrating with respect to m, we see that if fQ a, dm(w) > 0, then

EP(p) > / (/ I, +g0wdnw> dm(w).
Q \JI

Thus for equality to hold in (12.9) for n € Pr (R x I) with n, = conf, + a,ns, we see
that we must have

f a,dm(w) =0,
Q

and thus, in light of Lemma 12.3, we must have that ,, = 1, = u,, form-ae. w € Q.
O

Proof of Theorem 2.23. Theorem 2.23 now follows from Lemmas 12.2, 12.3, and 12.4.
O

13. Examples

In this section we present several examples for which our general theory applies. In partic-
ular, we treat random S-transformations, randomly translated random S-transformations,
random infinitely branched Gauss—Renyi maps, random maps with non-uniform expan-
sion (specifically random systems with Pomeau-Manneville maps and random maps
with contracting branches), and a broad class of random Lasota—Yorke maps.

Concerning examples, we would like to point out that S-transformations are an im-
portant class of systems, among the most studied in ergodic theory since the pioneering
work of Parry [42]; they serve also as a prototype to test theories of random perturba-
tions in the non-stationary setting. For instance limit theorems for sequential expanding
dynamical systems were rigorously proved in [13] for S-transformations using quite
advanced technical tools. Similar care is necessary to treat the quenched case we deal
with and we will show that the methods we use can also be generalized to wider classes
of map like the Lasota—Yorke ones.

As stated in Remark 4.8, it suffices to check conditions (M5’) and (M6’) rather
than (MS5) and (M6). Thus, in the general strategy of checking that the conditions are
satisfied for a particular example, one must find the number N, as defined in (4.6). For
computational ease we have selected some of our examples (Sects. 13.2, 13.4, and 13.5
) so that we will have N, = 1. However, we would like to point out that one could deal
with the case of N, > 1 using similar arguments as the ones we present here.

For the rest of this section, we assume 2 is a topological space, m is a complete prob-
ability measure on its Borel sigma-algebra and o : (2, m) — (€2, m) is a continuous,
ergodic, invertible, probability-preserving map.

13.1. Random B-transformations (I). Let 8 : 2 — Ry, given by w +— B, be an m-
continuous function. That is, there is a partition of 2 (mod m) into at most countably
many Borel sets 21, 22, ... such that 8 is constant on each 2, say S| Q; = B;.Consider
a random beta transformation 7, : [0, 1] — [0, 1] given by

T, (x) = Bpx (mod 1).
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Lemma 13.1. Assume B satisfies the expanding on average condition E := |, o log By dm
> 0. Then, the system has the random covering property (RC) (Definition 2.7).

Proof. Let J C I be an interval. The expanding on average condition, combined with
the Birkhoff ergodic theorem, ensures that for m a.e. w € , in finite time,say £ —1 € N,
the image of J contains a discontinuity in its interior. Hence, at the following iterate, it
contains an interval of the form [0, a] for some a > 0. After this, it takes at most

n(w) =min{n > 1: ﬂé’?wa > 1}

more iterates for the images of J to cover I, where ﬁc(,)") = Bwbow - - - Bgn-1,- Once
again, this time is finite for m a.e. @ € €2 because of the expanding on average condition
and Birkhoff ergodic theorem. O

Lemma 13.2. Let ® : Q — BV (I) be an m-continuous function.'' Let ¢ : Q@ x I — R
be given by ¢, ‘= ¢(w, -) = ®(w). Then g, = e¥» € BV (I) form a.e. w € Q. Assume
there exist p_, 4+ € R such that o_ < ¢p(w, x) < ¢4, and that

P+ — - < /Qlog [Bwl dm =: E_.

Furthermore, assume the integrability condition fQ log B, dm < 00.'2 Finally, assume
that either

(i) g0 = |T)| " for some t > 0,
(i) condition (P1) holds for the dynamical partitions P, ,(0, 1) = Z,g'),

Then ¢ is a summable contracting potential for (2, o, m, (Ty)weq), and conditions
(GP) and (M1)—(M4) are satisfied.

Proof. Condition (GP) holds because the system is expanding on average. The summa-
bility conditions (Definition 2.2) are straightforward to check. Indeed, (SP2) is a hy-
pothesis. (SP1) and (SP3) hold because ¢ is bounded and the partitions are finite. When
8w = |T)|™" for some 7 > 0, (P1) holds with & = 0 because gé)") is constant a.e. In
general, (P2) holds with y = 1 because P, ,(0, 1) coincides with the dynamical parti-
tion ng ). (M1) and (M2) follow from m-continuity; see e.g. [21]. (M3) holds because

e~ < Sfol) < [Bo] e+, where [B,] is the least integer greater than or equal to 8 and
also the cardinality of 2. Thus,

/ |log S| dm SmaX{lsﬂl,/ log [B,] dm+|<p+|} < o0,
Q Q

Notice that inf £, 1, > n(T,)e?-, where n(T,) = min{#Tw_l (x) : x € I} is the mini-
mum number of preimages of a point x € I under 7,,. Since T, is a B-transformation,

n(T,) = #(T,) " (1) = LBl ,

T Without loss of generality, we assume the partitions on which 8 and ® are constant coincide.
12 Note that this condition is equivalent with the assumption that /Q log [Bw] dm < oo.
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the largest integer less than or equal to S,,. Thus, in view of Remark 2.16, with N1 =
N3 =1, in order to show the potential is contracting (Definition 2.15), it is sufficient to
have that

Oy < - +/Qlog [Bw] dm,

as assumed.
Furthermore, the condition E_ > ¢, — ¢_ ensures that |8, ] > 1 form a.e. w € Q2.
This implies that 8, > 1 form a.e. w € @, and so loginf £L,1 > ¢_. This yields (M4).
0

Remark 13.3. Note that the hypotheses of Lemma 13.2 imply those of Lemma 13.1.

Lemma 13.4. Under the hypotheses of Lemma 13.2, Theorems 2.19-2.23 apply pro-
vided

Moy, € LL(Q) and loghl™™ e L} (%), (13.1)

where N is defined in (4.6), M, y, = max Ny My (Z) is the maximum covering

ZeZ
time for branches of Ta[,V “and by, 1= [By] is the least integer greater than or equal to

Bo-
Proof. In view of Lemmas 13.1 and 13.2 , in order to satisfy the hypotheses of Theo-
rems 2.19-2.23, it is enough to verify the conditions (M5’) and (M6’), namely

log 160" 1]l € L1 (Q), logessinf g0 e L1 (). (13.2)

Let us assume ¢, ¢p_, ¢, € R are as in Lemma 13.2. Then

M, n,o— <logessinf gC(UM“”N*) < logesssup gc(OM“‘N*) < My N, ¢+

Also, recalling that the map x +— B,x (mod 1) has b, = [B,,] branches, we have that

log ess inf g7 < Jog |L Mo o < log ess sup(

Mo, (Mo n,
b(E) N, )gé} N. )),
where b\ = ]_[’]1;(1) by, Therefore,

M{U * M(l), *
Mo n,0— <108 Lo Lo < log(by ™) + My n, ¢4
Thus, under the hypotheses of the lemma, conditions (13.2) hold. O

In what follows, we discuss explicit conditions which will hold if (13.1) holds. Notice
that once the first condition of (13.1) holds, the second one also holds provided there
exists B+ € R such that B, < B4. Let us investigate the first condition of (13.1) in more
detail.

Let us first discuss the case N, = 1. That is, assume (4.6) holds with N, = 1. Let

5y = Lokt (13.3)

Bo

where {8}; denotes the fractional part of 8 if 8 ¢ N and {8}y = 1if 8§ € N. Then,
s, 1s the length of the shortest branch of the monotonicity partition of 7;,. Note that all
but at most one of the elements Z € 2 have the property that 7,,(Z) = I, and the
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remaining one is of the form Z,, = [1 — s, 1]. Thus, it takes at most 7, (s,,) iterates for
each Z € Z to cover I, where

7, (s) ;== min{n > 1: M5 > 1}. (13.4)

Then, the covering time satisfies M, | = 7,(s). The fact that 7, (s) < oo for every
s > 0and m a.e. w € Q follows from the expansion on average property. Thus, in this
case, (13.1) holds provided

/ T (Se) dm < 00.
Q

One may construct examples (as done in the following subsection, where the upper
bound on g is also relaxed) when this occurs, for example by controlling the occurrence
of small pieces s,, and small values of j,,.

When (4.6) holds with N, > 1, (13.1) holds provided

/ T (Sw,N,) dm < 00, (13.5)
Q

where s, y, is length of the shortest branch of 2N This length may be characterized

inductively as follows: s, 1 = s, is given by (13.3). Assuming s, x has been computed,

| Sk, BV sw i)+ }
S = min | =& - .
w,k+1 { ﬂc(ok) s ﬂak((u)

13.2. Random B-transformations (II). In this subsection we assume that there is some
8 > 0 such that for m-a.e. w € Q2 we have

Bo e | Jlk+5.k+1].

keN

We consider the potential ¢,, = —rlog|7/|, t+ > 0. Note that in this setting we have
relaxed the uniform lower bound on ¢,, and the uniform upper bound on the number of
branches of T, from the previous subsection.

Lemma 13.5. Under the above conditions, the time for an interval of monotonicity of

T, to cover is no more than 1 + Lo_gl(%g)—‘.

Proof. 1f the interval of monotonicity is a full branch it takes one iteration. Otherwise,
we must be at the final (non-full) branch and therefore after one iteration we have an
interval [0, §). At each subsequent iteration this interval grows by a factor at least 1 + 6.
If the interval is cut at some future point, it means the interval has expanded across a full
branch and we have covered. In the worst case, we repeatedly apply the map with least
slope, namely 1+ and it takes n further iterations beyond the first, where §(1+46)" > 1.
Solving for n yields the claim. O
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Lemma 13.6. Under the m-continuity conditions of Lemma 13.2 and the conditions on
the maps in this subsection, additionally assume that

/ log| B, dm(w) > log3 (13.6)
Q
and
/ log[Bw] dm(w) < oo. (13.7)
Q

Then ¢ is a summable contracting potential, and the system satisfies conditions (M1)—
(M4) and (M5’ )—(M6’). Thus Theorems 2.19-2.23 apply.

Proof. We first note that (SP1), (SP2), and hold since gc(u1 ) is constant for m-a.e. w € Q
and that (SP3) holds since Sf,)l) = Tg—‘f] < 0o. Now we note that we may take the finite
partition P, ,(0, 1) = 2. Indeed, condition (P1) holds with & = 0 because g is

constant for m-a.e. w € €2, and Since ZC(,?) is finite for m-a.e. w € 2, by Remark 2.9,
(P2) holds with y = 1. Conditions (M 1) and (M2) hold by m-continuity, see [21], and

(M3) holds since log S(E)l) = log[By] — tlog By, using (13.7) and noting B, > 1 + 4.
Similarly, (M4) holds since

log|B.] — tlog B, < loginf L1 < S,

again using (13.7) and noting B, > 1+ 4. To show ¢ is contracting we apply (2.13) with
Ni = N3 = 1. One has

/10g|gw|oo dm = —t/log,Bw dm < /logL,BwJ dm—tflog,Bw dm
< /loginfLw]lw dm,

with the central inequality holding by (13.6).

For (M5”) and (M6’) we first show that N, = 1. The quantity QS ) defined in 4.5)
is bounded between 3/, and 3/|B,]. Recalling that 8, > 1 + § for m-a.e. » € Q
and using (13.6)—(13.7), we obtain

—00 < f log QS) dm < 0,
Q

and therefore it follows from (4.6) that we may take N, = 1. By Remark 2.9 and the

fact that N, = 1 we may check (M5’) and (M6’) for P, 1 = Z.((ul ). Thus, to verify (M5”)
and (M6’) we need to check that

min loginf gM") = min inf —¢ log |(TM=")Y| e L} (@) (13.8)
PGZ,(UI) P PEZ((DU P

and

max log |7 1,0 € Ly, (), (13.9)
PGZS)
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respectively. By Lemma 13.5,
—logé
M,(P)<1+|—28° |
log(1 + &)
Thus (13.8) will hold if

—logé

logﬁi%‘m’D e Ll (@),

or equivalently, if [ log B, dm(w) < oo, which is the case by (13.7).
Concerning (13.9),

(M (P))
|log LYP)1,| < 1og<rz‘ﬂ)
1.1\ (] s |)
< log< A )
— ltogrp,1 (e 1) _ ;1o ﬂa()”hgﬁg@ﬂ)‘
< (1+1) logrﬁww(“hgiﬁgﬂ)’. (13.10)

Asinthe case of (M5’) above, integrability of (13.10) is equivalent to f g loglBuldm(w) <
00, which follows from (13.7). O

Remark 13.7. Note that we could replace the requirement that fQ log| By dm(w) >
log 3 in the previous lemma with the requirement that 8, > 1+ § for m-a.e. v € Q at
the expense of calculating the number N, > 1 to satisfy (CP2), and checking (M5’) and
(M6’). Furthermore, note that (M5’) and (M6’) are automatically satisfied in the setting
of finitely many maps 7.

13.3. Randomly translated random B-transformations. Let a, B : Q@ — Ry, be m-
continuous functions such that S, is essentially bounded and satisfies the expanding
condition essinf,ecq By, = 2 + 8, for some § > 0. Consider the random beta transfor-
mation 7, : [0, 1] — [0, 1] given by

Ty(x) = Box + o, (mod 1).

Lemma 13.8. Let ¢ : Qx I — R be a potential satisfying the conditions of Lemma 13.2.
Then, Theorems 2.19-2.23 hold for the random beta transformation (T,)yeq, provided

logsy.n, € L) (), (13.11)

where N is defined in (4.6) and s, n, is length of the shortest branch of ZEUN*).

The proof of this lemma relies on the following consequence of a result of Conze
and Raugi [13, Lemma 3.5].
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Lemma 13.9. Let 5., n be the length of the shortest branch of ZﬁUN), M,, n be the maxi-

mum of the covering time for the intervals of Z.L(UN) under the sequence of maps {T)} },eN,
and

o]

C=1+2=Z 2 r.
8 2+86

r=0

—log &
Moy <| ——CS |+N
log(1 + 3)

Proof. Let0 < & < s,_n.The proof of [13, Lemma 3.5] shows that whenever C(z_ia)r <

&, or equivalently
re| e
log(1+3)

then [0, 1] is covered, up to a set of measure &, by full branches for the maps T(f)v s TQ{V +l
ey Tal)V *=1 Note that this implies that if ¥ € ZEUN) (and so Y has measure greater than

), and
R>N+ —gca ,
log(1+ %)

then Y is a union of branches of Z,C(,)R) , and so it must contain a full branch for ch . Thus,
M, ny < R. The conclusion follows from letting & 1 54, - |

Then we have that

Proof of Lemma 13.8. The proof goes as in Sect. 13.1. Condition (GP) holds because
the system is expanding on average. Hence, (RC) follows from Lemma 13.9 because the
partitions are finite (see Remark 2.8).

Let us assume ¢, ¢, ¢4 € R are as in Lemma 13.2. The summability conditions
(Definition 2.2) are straightforward to check. Indeed, (SP2) is a hypothesis. (SP1) and
(SP3) hold because ¢ is bounded and the partitions are finite. When g, = |7,)|~" for

some ¢ > 0, (P1) holds with & = 0 because gc(,)") is constant for each w € 2. In general,

(P2) holds with y = 1 because P,, ,(0, 1) coincides with the dynamical partition Zgl).

Conditions (M1) and (M2) follow from m-continuity; see e.g. [21]. (M3) holds be-
cause the map x +— B x + o, (mod 1) has at most by = [Bw] + 1 branches. Then,
e¥- < SC(UI) < I;we“’ﬁ Since B, is essentially bounded, say by B,

/ l1og SOl dm < max {lp_1, log(B +2) + g1} < .
Q

Notice that inf L1, > n(T,)e¥-, where n(T,) = min{#Tw_l(x) :x € I} is the
minimum number of preimages of a point x € [ under 7,,. Since 7, is a shifted §-
transformation, n(7,) = |By] . Thus, in view of Remark 2.16, with Ny = N3 = 1, in
order to show the potential is contracting (Definition 2.15), it is sufficient to have that

O+ < Q- +/ log | Bo] dm,
Q
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as assumed. Note that this condition ensures that |B,] > 1 for m ae. v € 2, so
By > 1formae. w € 2, and so loginf £L,1 > ¢_. This yields (M4). Finally, we show
conditions (M5”) and (M6’), namely

log 1L 1]loe € L] (), logessinf g e L} (). (13.12)

Note that

M.y, o— <logessinf g < logesssup g™ < My n.¢s.

Recalling that the map x — B,x + «, (mod 1) has at most l;w := [B,] + 1 branches,
we get

log ess inf gC(UM“”N*) < log ||LQA,4””N* 1lloo < logess sup(EfUM”"N*)gi)M””N*))

)

where 5 = ]_[7;(1) b, ;- Therefore,

Ma). * 7 Mw, *
My n.o— <log [|Ln Y 1]l < log(ba™ ™) + My v, @

Lemma 13.9 shows that [, M,, v, dm < oo whenever

/ |log s, N, |dm < oo,
Q

which is a hypothesis of the lemma. Recalling that 8, < B, we get

/loglgé)M“”N*) dm < /MwyN* log(B +2)dm < oo.

Hence, (13.12) is satisfied. |

Remark 13.10. We could use similar techniques to show that Theorems 2.19-2.23 apply
for maps with nonlinear branches. For example, let S, : I — R be a C? expanding
map, with

2+8 <essinf|S)| <esssup|S,| < B

forma.e. w € Q, forsome 0 < §, B, and let Tw(x) = S, (x) (mod 1). Each map f"w(x)
has at most two non-full branches (the leftmost and rightmost ones). For simplicity,
assume N, = 1. Lemma 13.9 (with N = 1) relies on [13, Lemma 3.5] for the case
n = 1 only, and an inspection of the proof shows that its conclusions remain valid for
T, instead of T,,. Then, the proof of Lemma 13.8 remains applicable for T, with minor
modifications, after replacing the hypothesis of Lemma 13.2 involving E_ with

01— Q_ </logessinf|S;)|dm,
Q

and ensuring hypothesis (i7) of Lemma 13.2 is satisfied. These modifications essentially
amount to changing |8, ] and [B,] to essinf | S/ | and ess sup | S, |.
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13.4. Random maps with infinitely many branches. In this section we consider compo-
sitions of the Gauss map 7p and the Renyi map 71, defined by

x =0,
(mod 1) x #0,

x =1,

0
o) = {1 (mod 1) x # 1.

and Ti(x) = 01
T—x

=

This class of random maps was investigated in [27] in connection with continued fraction
expansions. Let 7 : Q@ — {0, 1} be a measurable function. Let T,, = Ty if T(w) = 0
and T, = T} otherwise. We denote by L; the transfer operator associated to 7;,7 = 0, 1.
Since both Ty and 77 have only full branches, the system is covering, with M, , = 1
forevery w € Q,n € N.

Lemma 13.11. Consider a potential of the form ¢(w, x) = —tlog|T, (x)|, for 0.5 <
t <0.613. Then, the hypotheses of Theorems 2.19-2.23 hold.

Proof. We will use the shorthand notation ¢;(x) = ¢(w, x) whenever T,, = T;, and
similarly for g; (x). Note that since at the differentiability points, |7;(x)| = )%, then

1
go(x) =x*,  |loggo(x)| = lgo(x)| = 2rlog ,
and for each partition element J; = [j e ! ],

| log es;inf 8| =2tlog(j +1).
j

The analysis for 77 is entirely analogous, since 77 (x) = To(1 — x).
Then,

(1) The summability conditions (Definition 2.2) are satisfied. (SP1) and (SP2) follow
directly from the definition of g,,. (SP3) follows from the fact that

oo o0 1
D_supg =) < oc.
j=1 /i =17

The first part of (M3) holds because sup ¢, = 0, the second part follows from (SP3),
because SL(,)]) can only take two different values. Also, (M1) and (M2) hold because

T is measurable and of finite rank.
(2) Conditions (P1) and (P2), with @ = y = 1, are satisfied for n = 1, with partitions
Poa(1,1) = P11(1,1) given by P; = {Z’,Z’z,...,Z,’(, Zi 1, fori = 0, 1, where
= k(1) is chosen such that 333, ., - < I, 79 = [g. Hfor 1 < j <k

= [0, T +1] and Z1 obtained from Z0 by the transformatlon x +—> 1 — x. Indeed

gw is monotonic on [0 1] and varyg, 1 gw =1, so (P1) holds with @ = 1 regardless
of the partition. The choice of k precisely ensures condition (P2) holds with y = 1
andn = 1.

(3) (CP1) holds, i.e. ¢ is a contracting potential. In fact, we check that condition (4.6)
holds with N, = 1, i.e. we have that

4
/ log M dm < 0.
Q inf £, 1

JHL g
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Indeed, [|go(x)|looc = 1 and Lol (x) = Z?il (j+]x)2” 80

dlgols 4 4

- 1,
infLol o, L ) —1

because ¢(1.226) > 5, where ¢(x) is the Riemann zeta function. For T,, = T,
g1(x) = go(1 — x) so the bound is the same.

(4) In light of Remark 4.8 we check that conditions (M5’), (M6’) hold for N, = 1. For
each w € Q, the elements of P,, consist of (unions of) full branches for T,,. Hence,
Ny.1(P) = 1 (coming from (2.10)) and M, (J(P)) = 1 (coming from (RC)) for
every P € P,,. In particular, for every w € €,

¢@2t) — 1 =inf L1 = [[Lolllee = £(21) < 00

forr > % so the integrability condition (M6’) is satisfied. Also, by choosing J (P)
to be the largest full branch in P, we get that

1 inf g, > —2¢log(k +2
ogessinf g, = og(k +2)

for each w € €2. Hence the integrability condition (M5’) is satisfied.
O

Remark 13.12. Note that we have only chosen ¢ € (0.5, 0.613] to ensure that we have
N, = 1. One could treat larger values of ¢, in particular ¢ > 1, by considering N, > 1.

13.5. Random non-uniformly expanding maps. In this section we consider random
compositions of a B-transformation 7 and the Pomeau-Manneville intermittent map
T1, defined by

20 xM+a f 0,1/2

Tox)=Bx mod1 and Ty(x)={> ~7" orx €0, 1/2]
2x — 1 forx € (1/2,1]

where @ > 0 and 8 > 5. The map 77, in this form, was first introduced in [34], but
dates back to the works of [35,43]. Sequential and random compositions of 77, and maps
similar to 77, taken with varying values for a, have been investigated previously, see e.g.
[1,41].

LetT : Q — {0, 1} be ameasurable function. Let T,, = Ty if T (w) = 0and T,, = T
otherwise. We denote by L; the transfer operator associated to 7;,i = 0, 1.

Lemma 13.13. Consider a potential of the form ¢(w, x) = —tlog|T) (x)|, fort > 0. If

log L:‘%J

log LB1Qatdr”
21 +(a+2)!

0<p=m(T (1) <

then the hypotheses of Theorems 2.19-2.23 hold.
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Proof. We begin by noting that our random covering assumption (RC) follows from
the Birkhoff Ergodic Theorem as for n sufficiently large we will see the map T with
frequency (1 — p)n, and thus any small interval will eventually cover. As each map has
only finitely many branches (SP1)—(SP3) are satisfied. Now, we note that

. 1 . 1
inf go = lgollec = B inf g; = @ and  [|g1lloo = 1.

It then follows that

% <infLol < [[Lollls =< LA (81, (13.13)

=g =

and

21+ (a+2) 1 1 1
(@+2) o, =inf 011 < 811l =1+ 5, <2 (13.14)
2a +4)! (a +2) 2f 21
Thus conditions (M1)—(M4) are satisfied. Concerning the variation, we note that
varz(gp) = O for each Z € Z(()l), varpo,1,21(g1) = 1, var[i,2,11(g1) = 0. Thus, in view
of Remark 2.9, the partition P; 1 (1, 1) = 2" satisfies (P1) and (P2) with @ = 7 = 1
for eachi € {0, 1}.
We claim now that we can take the number N,., coming from (4.6), to be 1. Indeed,
since

4 4
/Qlog lgewll oo dm(@) = (1 — p)log 'Ilzg'ollc,oerlOg llg1lloo

inf L1, inf Lol inf L1
< (1 )1 4/ +pl 4
— (o) (o)
= TR g TP @ 2 J2a + 4
C (1= p)log 4 plog Gt (13.15)
j— — O —_— 0 N .
PYIo8 gy T P08 5 Ty
(4.6) holds whenever
log &1
p< - S— (13.16)
8] (a+4)!
10g 2’+(aa+2)’
Thus, as we have chosen p > 0 satisfying (13.16), we see that
4118wl oo
I dm 0. 13.17
/Q og——— nf o, L, (@) < ( )

In light of Remark 4.8, we now check conditions (M5’) and (M6’). To that end, we note
that (M5°) holds since inf 7 go = 1/ foreach Z € 2", infjo 1,2 g1 = 1/(a +2), and
inf[1/2,1181 = 1/2, and (M6’) follows from (13.13) and (13.14). Finally, we see that
(CP1) and (CP2) hold in light of (13.17) and Remark 2.16. O
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Remark 13.14. Notice that our choice of § > 5 was instrumental in obtaining N, = 1.
Using similar arguments one could yield the conclusions of Lemma 13.13 with any
B > 2and N, = 3 for p > 0 sufficiently small.

Furthermore, it is interesting to point out that our results hold for any positive value of
the parameter a defining the intermittent map 77. This is in contrast to the deterministic
setting (of the map 77 together with potential ¢ = —log|77|), where the density with
respect to the conformal measure, which is the Lebesgue measure, for the map 77 is
Lebesgue summable only fora < 1.

Also note that the upper bound on p tends to zero as ¢ tends to infinity.

Remark 13.15. Here we have chosen, for the ease of computation and exposition, to
present Example 13.5 as the random iteration of two maps each with positive probability,
however, assuming the m-continuity conditions of Lemma 13.2, one could easily apply
similar arguments to the setting where one considers maps of the form

Box mod 1 if w e Qo

T =
w(®) X +2%x ¥ for x € [0,1/2]

ifweQ
2 — 1 forx e (172,17 " @S

where Q = Qo U Q is infinite with Q¢ N Q| = @ such that m (), m(2;) > 0, and
where the maps o — a,, € (0, a*], for some a* > 0, w — B, €[5, ).

Note that the “intermittency” of the map 77 in the previous lemma is a bit misleading.
We chose p so that 71 was applied sufficiently infrequently to achieve a map cocycle
that was expanding on average. This same technique allows us to deal with maps with
contracting branches.!? Indeed, if we consider the maps

- _ax for x € [0, 1/2]
To(x)=Bx mod1 and Ti(x)= {(2 —a)x —(1—a) forx e (1/2,1],

with 0 < a < 1 and 8 > 5,'* in the same setup as the previous example, then using
similar reasoning we arrive at the following lemma.

Lemma 13.16. Consider a potential of the form ¢(w, x) = —tlog|T, (x)|, fort > 0. If

log L%J

log 112"

0<p=m(T ') <

then the hypotheses of Theorems 2.19-2.23 hold.

Remark 13.17. As with Lemma 13.13, we note again that p must go to zero as ¢ tends
toward infinity.

13 The maps are still required to be onto, however some branches may be contracting.

14 The same argument given in Remark 13.14 allows us to replace § > 5 with f > 2 at the expense of
taking Ny = 3.
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13.6. Random Lasota—Yorke maps. In this final example we discuss the very broad class
of random piecewise-monotonic maps, where each fiber map 7Ty, is a finite-branched map
which takes the interval onto itself. We consider a general potential ¢ € BVq(7). Recall

that #Zc(u1 ) denotes the number of branches of monotonicity of 7, and for eachn € N
define 75" := min,ejo.1 #{T,; " (1)}

Lemma 13.18. Under the m-continuity conditions of Lemma 13.2, we assume the inte-
grability conditions log 38), log #Zc(ul), inf @, sup ¢, € L}n(Q), and that

/(supww—infww)dm(w) </1ogjg}>dm(w). (13.18)
Q Q

Then conditions (M1)—(M4) hold and the potential ¢ is summable and contracting, i.e.
conditions (SP1)—(SP3) and (CP1)—(CP2) hold.

Proof. In light of Remark 2.3 we see that (SP1)—(SP3) hold since #qul ) < 00 and
¢ € BVq(I). Conditions (M1) and (M2) hold by m-continuity, see [21]. For conditions
(M3)—(M4), we note that because

log fJ((Ul) +inf ¢, < loginf L1 < log S(E}) < log#Z((Ul) + sup @y,

these conditions hold by the integrability hypotheses on the terms in the above inequal-
ities. Using (13.18), we have

/log l8wlls dm(a)):/ sup ¢, dm(w)
2 Q
</1ong(H')dm(a))+/ inf(pwdm(w)ffloginfLw]ldm(a)),
Q Q Q

and thus, applying (2.13) with N = N> = 1, we see that ¢ is a contracting potential. O

Remark 13.19. Using similar arguments, we could replace (13.18) in Lemma 13.18 with
the following: there exists N € N such that log JEUN) € L,ln (2) and

/ sup Sy.7(¢e) — inf Sy .17(¢w) dm(w) < / logﬁg)N) dm(w).
Q Q

Corollary 13.20. Assuming the hypotheses of Lemma 13.18, if, in addition, we assume
the random covering condition (RC) and the general integrable covering conditions
(M5), (M6), then the hypotheses of Theorems 2.19-2.23 hold.

We now present a final example of the class of random Lasota—Yorke maps focusing
on geometric potentials, i.e. potentials of the form ¢, = —t log |Ta’)‘ fort > 0.

We will require the following strengthening of our random covering assumption (RC)
which has appeared before in [2,24].

Definition 13.21. We say that the family (7y,)cq satisfies strong random covering if
there exists M(n) € N such that for any w € Q and any Z € zﬁ;“ ) we have that
TM®W 7y = 1.

Remark 13.22. Note that this strong random covering condition is satisfied by the maps
considered in Sect. 13.2.
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Lemma 13.23. Let ¢, = —t log |T) | fort > 0, and assume the m-continuity conditions
of Lemma 13.2. We further suppose the system satisfies strong random covering as well
as the following:

(1) foreachw € Q, Z € 2, and x € Z

(a) Tolz € C?,
(b) there exists K > 1 such that

"
|7, (x)] <
|7, (x)]
(2) there exists ng € Nand 1 < A < A < oo such that
(a) |T)| < A form-a.e. v € ,
(b) (T%)| = A™ for m-a.e. w € Q,
(c) L [ologT0” dm(w) > tlog 2,
(3) for each n € N there exists

8y := inf min diam(Z) > 0.
we ZEZg’)

Then the hypotheses of Theorems 2.19-2.23 hold.

Proof. First we note that hypothesis (2) implies that we have
Afkn()l < g(kn()) < X*knol (13 19)
<8, = .

for each w € Q and k € N, and therefore inf Sk, 7 (¢w), SUP Skng, 7 (@w) € L,ln(Q) for
each k € N. Furthermore, (13.19), together with hypothesis (2), gives that

1 A 1
— | SUp Sug,7(¢w) — inf Spy,7(¢0) dm(w) < tlog — < — / log 370 dm (w).
no Jo Ao onoJg

To see that the last of the hypotheses of Lemma 13.18 is satisfied, we note that hypothesis
(3) implies that there exists D € N such that

#2) <D

for each w € 2, which of course implies that log #Z((Ul) € L}n (€2). Thus, Lemma 13.18
and Remark 13.19 imply that ¢ is contracting and summable and that conditions (M1)—
(M4) hold. Thus, given our strong random covering assumption, we have only to find
an appropriate partition P, , (&, p) (satisfying (P1) and (P2)) for which we can check
conditions (M5’) and (M6’) for N,.

To that end, using hypotheses (1) and (2), we note that for any w € @, k € N,
7 e 2, and any interval J C Z we have that

o |(ssmeo)
© Jy

vary (g{") <2 Hgi)""(’) dx

| - |
A Z || T, @]
kno=l A j
szugg‘"") LK ’jf:” - diam(J)




Thermodynamic Formalism for Random Weighted Covering Systems 899

kng
gzuggcno)‘ LK (A> - diam(J).s (13.20)
oo

A—1 \W

Now we for each Z fo ), we subdivide Z into

AT A"
SRR
many pieces Pz 1,---, Pz,, of equal length. Since hypotheses (2)(b) and (3) imply
that foreachw € Q,k e N,and Z € Zg‘"‘)) we have that
Skng < diam(Z) < 2740,

then forany Pz ; € Z (1 < j < vgpn,) wWe have

1 A —kng At —kng A —kngo 1
Skng Vg, < diam(Pz ;) = {——‘ . (—-‘ -diam(Z) < [7_‘ -_
0“kng J Al A Al kkl’l()( \k

AL \K"no
%)

S F I I T IR

Thus, inserting (13.21) into (13.20) gives

(K A\

o + o1 <F) - diam(Pz ;)
tK A kno A —kng

(s R e

<(eamo) el

In light of (13.22) and the fact that Pz ; € Z for each 1 < j < wyy,, we note that
conditions (P1) and (P2) are satisfied for the partition

tK
A-1

varp, (g5") <2 Hgff"")

(kno)
w

22l

(13.22)

Porsons = Peokng <2+ 1) = {Pz,j 1< < Vg, Z € Zgj‘"())} .

Let k, be the minimum integer such that

k.
giano)

X dm(w) < 0

K
[ (5+45)|
0g
Q inf LK1
and let N, = k.no. Now let k1 € N be the first integer such that for each P € P, y, we
have

8 1
Ak < SN o diam(P).
ZUN* 2
Thus for each P € P, n, there exists J € Z((jf 110) quch that J C P, and by strong
random covering we have that 711" (J) = I. Finally, we see that (M5") and (M6")

are satisfied since for each w € @, each P € P, v,, and each J C P we have

iI}f g(E)M(kI”O)) > A~ MUano)
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and

H LM(klnqu < H gMano) || pMtang) < 5 =Mkino)t pM(kino)
2] — w = .
o0

»

O

Remark 13.24. Note that if the set {7, : @ € 2} is finite, i.e. we have only finitely many
maps, then hypothesis (3) of Lemma 13.23 always holds.
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