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ABSTRACT. We study the quantitative simplicity of the Lyapunov spec-
trum of d-dimensional bounded matrix cocycles subjected to additive
random perturbations. In dimensions 2 and 3, we establish explicit
lower bounds on the gaps between consecutive Lyapunov exponents of
the perturbed cocycle, depending only on the scale of the perturbation.
In arbitrary dimensions, we show existence of a universal lower bound
on these gaps. A novelty of this work is that the bounds provided are
uniform over all choices of the original sequence of matrices. Further-
more, we make no stationarity assumptions on this sequence. Hence,
our results apply to random and sequential dynamical systems alike.

1. INTRODUCTION

We study the Lyapunov spectrum of sequences of matrices with additive
noise-like perturbations: we start with a sequence of matrices, which we as-
sume to be of norm at most 1. The entries of each matrix are independently
perturbed by adding a random number uniform in the range [—¢, +¢]. The
unperturbed matrices are denoted (A;)ien, and we write A4; . to denote the
perturbed matrix A;+e=; where Z; are independent matrix random variables
with independent entries uniformly distributed on [—1,1]. We are interested
in universal quantitative simplicity of the Lyapunov spectrum. That is, we
establish lower bounds on the exponential growth rate of the ratio of the
jth and (j + 1)st singular values of the product Aé”) = Ape--Ale. Our
bounds depend only on the maximum amplitude € of the noise, and not on
the particular sequence of matrices.

Our results are in part motivated by questions concerning the behaviour
of Lyapunov exponents of differentiable dynamical systems in the presence
of noise. If Lyapunov exponents are estimated using measurements of the
derivative cocycle, it is natural to model the measurement error as a ran-
dom perturbation of the underlying derivative cocycle. We focus on the
abstracted question: given an arbitrary bounded sequence of matrices, sub-
jected to noise-like perturbations, what can be said about simplicity of Lya-
punov spectrum? Since our results are stated in this general context, it
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follows that for all unperturbed orbits of a dynamical system, and for al-
most all choices of the perturbations, we obtain universal gaps between
consecutive Lyapunov exponents. By contrast, standard methods based on
ergodic theory would likely yield results for almost all orbits. Finally, we
remark that our methods are highly robust, and should apply to other kinds
of absolutely continuous noise, including situations where the structure of
the noise is dependent on the point in the dynamical system.

Since we place no stationarity assumption on the original sequence, the
limits defining the Lyapunov exponents may not exist. Specifically, we show
the following.

Theorem A. Let 0 < € < 1. There exists ca(e) > 0 such that for any
sequence (Ay) of 2x2 matrices, each of norm at most 1, the random variable

A(")
lim inf — log Li))
n—oo n 82(A€” )
is almost surely constant; and the constant is at least ca(e). Further ca(e) >
exp(—1/&3%) for sufficiently small ¢.

Theorem B. Let 0 < ¢ < 1. There exists c3(€) > 0 such that for any
sequence (Ay) of 3 X 3 matrices, each of norm at most 1, and for j =1 or
2, the random wvariable

. A(")
lim inf ~ log L())
noo n g (AD)
is almost surely constant; and the constant is at least c3(g). Further cs(e) >
exp(—1/£%67) for sufficiently small .

In the case d > 3, we have the following theorem showing that the Lya-
punov spectrum is (quantitatively) non-trivial.

Theorem C. Letd > 3 and 0 < e < 1. There exists c,;(¢) > 0 such that for
any sequence (Ay) of d x d matrices, each of norm at most 1, the random
variable

A(")
liminf — log L’Z))
n—oo n Sd(Asn )
is almost surely constant; and the constant is at least c/j(¢). For small e,
c(e) > exp(—1/g'64+3),

Theorem D. Let d > 1 be arbitrary. If the unperturbed d x d matrices
Ay, are orthogonal for each n € N, then there exists a constant c(e) > 0
depending only on € such that for each 1 < j < d we have

O
liminf—logLE())
nTee s (ASY)

For any § > 0, for all small €, c(g) > exp(—1/2+?).

> c(e).
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We remark that this result should be compared with [7], where the ma-
trices (A4,) are orthogonal and the perturbations = are taken to be matrices
with independent standard normal entries. In that paper, using symmetry
properties of multi-variate normal random variables, an exact expression
for the Lyapunov exponents is obtained, as well as the leading terms of a
Taylor-like expansion. In any dimension in that setting, the gaps obtained
are asymptotically 2.

The next theorem provides universal positive lower bounds on all Lya-
punov exponent gaps for perturbed cocycles. This result gives no quanti-
tative information on the gaps, beyond positivity, because it relies on com-
pactness, and does not exhibit an explicit mechanism for the gaps.

Theorem E. Let d > 2 and 0 < ¢ < 1. There exists cq4(¢) > 0 such that for
any sequence (Ay) of d x d matrices, each of norm at most 1, and for each
1<j5<d-1, the random variable

. A(")
liminf — log Le(n))
n—oo n 3j+1(As )

is almost surely constant; and the constant is at least cq(c).

Finally it is worth pointing out that while we focus on the case of uniform
i.i.d. perturbations, our methods would also apply in the case of absolutely
continuous i.i.d. perturbations with density bounded away from infinity; and
away from zero around O.

1.1. Context. The foundational work of Lyapunov [34] relates quantities
of the form

1
Jim —log [|o(¢)o]|

to stability of solutions of differential equations in R%, where v € R? and
©(t) is a d x d matrix —the fundamental solution matrix. These quantities,
now called Lyapunov exponents, have become fundamental for the study
of stability and chaos in dynamical systems. Roughly speaking, negative
Lyapunov exponents correspond to stable behaviour and positive Lyapunov
exponents are a sign of chaos.

For systems observed in discrete time, Lyapunov exponents take the form

n—oo

1
lim —log||4,...Av|,
n

where Ay, As, ... are d x d matrices and v € R?. Furstenberg and Kesten
showed in [23] that if the matrices A; are drawn from an ergodic pro-
cess, then the limit limnﬁooilogHAn ... A1 exists and is almost surely
constant, although not necessarily finite. In a similar setting, Oseledets
showed in [36] that there are between 1 and d distinct Lyapunov exponents,
A1 > -+ > Mg, with multiplicities my, ..., m; summing to d, quantifying
the exponential rates of expansion or contraction that different vectors can
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experience, asymptotically. We refer the reader to the monograph of Viana
[39] for classical theory and recent developments on this topic.

Lyapunov exponents are generally difficult to compute and approximate.
In fact, determining whether Lyapunov exponents are non-zero or if there are
multiplicities remain difficult problems in general. A d-dimensional system
is said to have simple Lyapunov spectrum if it has d distinct Lyapunov
exponents. The question of simplicity of Lyapunov spectrum has received
considerable attention in the literature, first in the case of i.i.d. matrices and
then under increasingly more general stationary driving processes. Works
in this direction include Guivarc’h and Raugi [27]; Gol’dsheid and Margulis
[24]; Arnold and Cong [1, 2]; Bonatti and Viana [15]; Avila and Viana [3];
Matheus, Moller and Yoccoz [35]; Poletti and Viana [37]; Backes, Poletti,
Varandas and Lima [5]. Establishing simplicity of Lyapunov spectra allowed
Avila and Viana to resolve the Zorich—Kontsevich conjecture in [4].

The works above build on the theory developed by Furstenberg [21]. This
theory has been used to obtain qualitative rather than quantitative results.
That is, simplicity is established without providing explicit information on
the gaps between Lyapunov exponents. It is also worth mentioning that a
non-stationary version of Furstenberg’s theorem for random matrix products
has been recently proved by Gorodetski and Kleptsyn in [26].

Despite significant progress, Lyapunov exponents for products of matrices
are still a source of major challenges, even in dimension two. For instance,
the study of Lyapunov exponents for two-dimensional maps, such as the
Hénon map and the Chirikov standard map, falls in this category. Benedicks
and Carleson have shown positive Lyapunov exponents for Hénon maps in
[8]. While the problem remains unsolved for the standard map, Blumen-
thal, Xue and Young in [9, 10], have established positive lower bounds on
Lyapunov exponents for very small stochastic perturbations of the standard
map, and other two-dimensional maps.

From a broader perspective, our results may be contrasted with previous
works on genericity of trivial Lyapunov spectrum. The papers of Bochi [12]
and of Bochi and Viana [14] show that for a generic non-hyperbolic cocycle
(over a continuous base), the Lyapunov spectrum is trivial. That is, they
show that by making very careful perturbations to the cocycle, one can get
the Lyapunov exponents to collapse. In contrast, our results show that for
any initial cocycle (including non-stationary) and almost every sequence of
random perturbations, the Lyapunov spectrum is simple, and in dimension
two or three, they provide explicit bounds on the gaps, only depending on
the perturbation size.

The key source of difficulty in the general setting with Lyapunov ex-
ponents is that singular values may be far from multiplicative. One has
bounds such as s1(A)sg(B) < s1(AB) < s1(A)s1(B) which are far too weak
to control limits. Indeed, this issue underlies the theorems of Bochi and
Bochi—Viana. On the other hand, in our randomly perturbed setting, sin-
gular values are approximately multiplicative (as embodied here by Lemma
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3.4) and this is what makes our theorems work. This approach builds on pre-
vious work of Froyland, Gonzalez-Tokman and Quas [20], and is ultimately
inspired by work of Ledrappier and Young [32]. The idea of controlling
sub-multiplicative quantities with nearly multiplicative ones has also been
exploited in other studies of Lyapunov exponents, in the form of an avalanche
principle, introduced by Goldstein and Schlag in [25] and expanded upon in
Duarte and Klein’s monograph [18]. Apart from specific cases where Lya-
punov exponents have been fully computed (see [7] and references therein),
this work seems to be the first one where explicit lower bounds on Lyapunov
exponent gaps have been found for random perturbations of cocycles with
arbitrary Lyapunov spectrum.

The use of stochastic perturbations as a tool for understanding dynamical
systems has a long history, described e.g. by Kifer in [31]. More recently,
the potential of this approach to provide theoretical and practical insights
into the long-term behaviour of complex dynamical systems has been high-
lighted by Young in [42, 43]. On one hand, random perturbations are a
natural way to model phenomena evolving in the presence of noise. On
the other hand, by taking zero-noise limits, stochastic perturbations have
been effectively used to gain information about dynamical systems, since the
work of Khas'minskii [30]. Results about stochastic stability and Lyapunov
exponents for randomly perturbed dynamical systems include the works of
Young [41], Ledrappier and Young [32]; Imkeller and Lederer [29]; Baxen-
dale and Goukasian [6]; Cowieson and Young [17]; Lian and Stenlund [33];
Froyland, Gonzalez-Tokman and Quas [20, 19]; Blumenthal and Yun [11];
Chemnitz and Engel [16]; Bednarski and Quas [7]. Progress on the related
question of continuity of Lyapunov exponents has been recently reviewed by
Viana in [40].

Acknowledgments. This research has been funded by the Australian Re-
search Council (ARC DP220102216) and NSERC. The authors thank Alex
Blumenthal and Paulo Varandas for bibliographic suggestions.

2. PRELIMINARIES AND NOTATION

For a d x d matrix M, we write || M || for its operator norm, that is | M|| =
SUpP|z =1 [|Mz[]2 and [M|s for max |m;;]. Let (An)nen be a fixed sequence
of d x d matrices of (operator) norm at most 1 and let (Z,,),en be a family
of independent identically distributed d x d matrix random variables with
mutually independent entries, each distributed as U([—1,1]). Let A,. =
Ay + €=, for e > 0. Define A™ 1= A, A,_; - A; and (for ¢ > 0) A" =
An,aAn—l,a o Al,a‘

For a d x d matrix A, let s1(A) > --- > s4(A) be its singular values and
for 1 < j <k <d set S]’?(A) = 5;(A)---sp(A) be the product of the jth
singular value through the kth singular value. For non-zero vectors u and v
in R?, we define Z(u,v) = ||u/||ul — v/||v]|||. For subsets Cy and Cs of R,
we define d(C1,C2) = infyec, yec, [[z — yl|- If the sets are disjoint, one is
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compact and the other is closed, this quantity is positive and the infimum
is attained. We denote the unit sphere in R? by S.

Lemma 2.1. Let R? be the expressed as a direct sum (not necessarily or-
thogonal) E ® F and let g p and g be projections of R? onto E and
F respectively so that for any x € RY, Op)p(x) + Opyg(x) is the unique
decomposition of x in E® F. Let 6 = d(ENS,FNS) where S is the unit
sphere. Then ||Ilgp|l and |lp gl are at most 2/6.

Proof. Let « € S and write x as e — f. We then have |le/|le]| — f/|lell|| =
1/llell and || f/llell = f/1F0]| = [IF1/Nell = 1| = [ILFI = Nell|/llel < I1f -
ell/|le]l = 1/|le]|. Hence by the triangle inequality we see He/HeH —f/Hf||H <
2?“6”- Since e = Il g p(), this gives gy ()|l < 2/||(e/llel)—(F/IIFN] <
2/6. (|

We observe that this proof does not make use of the fact that R? is
Euclidean, so it applies in arbitrary normed spaces.

Lemma 2.2. Let u € S be a unit vector in R? and let V be a subspace of
RY. Then d(u,V N S) < 2d(u,V).

Proof. If d(u,V) = 1, the conclusion follows from the triangle inequality.
Otherwise, let v € V' \ {0} be such that d(u, V) = |Ju — v||. Then d(u,V N
S) < Jlu—o/oll| < flu— vl + oo/l = llu— ol + [[lofl - 1| =
lu = ol + [l = Tull] < 2llu — vl = 2d(u, V). O

This proof also works in normed spaces. In a Euclidean space, the con-
stant can be improved from 2 to v/2.

3. GENERAL STRATEGY

In this section we present the general strategy for proving Theorems A
to D. We begin with the following definition: Given a d x d matrix A and
1 <j <k <d, wesay that A has a (j,k)-gap if zigﬁg > 4, where ¢ is a
constant to be determined depending on €.

The main idea of the proof is to break the sequence of matrices (4,,) into
blocks of length N, B; := A iy Aint1, © > 0, where N is a constant
to be determined based on €. We then show for each such block B;, how to
construct a target block BlQ where BZQ is of the form A%—s—l)N e A%V-H where
|AP — Aj||sc is small for each [ and the target blocks B;” have a (j, k)-gap.

First, in §3.1 we present a procedure for perturbing a matrix to make it
sufficiently non-singular. The full details of the target block construction
will be given in §4. In §3.2, for a given target block By’ with a (j, k)-gap, we
show that any block B/ sufficiently close to B{’ must also have a (j, k)-gap.
Then in §3.3, we show that, when two blocks of any length where the random
perturbations have been fixed are separated by a single matrix where the
random perturbation is not yet determined, the logarithmic (j, k) gap of the
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combined block is the sum of logarithmic gaps of the outside two blocks
plus a random variable with a tight distribution. The gap size is chosen
to ensure that the gains from hitting targets dominate the losses from this
joining procedure. In §3.4, we use the Kolmogorov 0-1 law to show that the
growth rate of the (j, k) gap is constant almost surely. In §3.5, we present a
book-keeping procedure, Theorem 3.8, relying on the gluing lemma (Lemma
3.4), which provides a quantitative lower bound on the exponential growth
rate of (7, k) gaps, for small perturbations of target blocks.

3.1. Non-Singular Initialization. Our target blocks in Lemma 3.2 will be
products of non-singular matrices. The following lemma provides a simple
way to construct non-singular matrices near possibly singular matrices.

Lemma 3.1. Letd > 2. Let A be a dxd matriz with ||A]| <1 and0 < e < 1.
Then, there exists A" such that ||[A' — A| < §, |A'|| < max(3,1— %) and
sa(A’) > 5.

Proof. Let A = VDUT be a singular value decomposition of A. Then,
A" = V((1 —e)D + &(3))UT satisfies the required property. Indeed, if
S1,...,8q are the singular values of A, then the singular values of A’ are
(L1—e)s1+ed,...,(1—e)sqa+e3. Also, |4/ — Al < &. O

In fact by [38, Lemma 1], the singular value decomposition is measurable,
so that U, D and V may be chosen to depend measurably on A, so that A’
may be taken to be a measurable function of A.

3.2. Triangle Inequality for Target Block. The following continuity
lemma shows that under arbitrary suitably small perturbations, the sin-
gular value ratios for subproducts of matrices of length less than N cannot
decrease by more than half.

Lemma 3.2. Letd > 1,1 <m <m' < N—-1and 0 < e < 1. Suppose
AL L A7®n,, called targets, are d x d matrices of norm at most 1 — 5 such
that sd(AZQ) > £ for every m < i < m/. For each m < i <m/, let A be
such that |A — AP |s < (5)N/(3dN). Then, for every 1 < j < k < d we
have

oA AN T 2 (A2, A

Proof. Note that ||A] — AP || < d|A] — AP | < (5)/(3N). Since ||AS||
|AP|| + [JAX — AP]|, we have ||A)| and ||AP|| are at most 1 for each m
1 < m'. Thus, the triangle inequality implies

(3.1)

IAIN

©
1A, i+1

=D A5 AR (AP = A AL AT

o AD —AX AR S T (AD, - APAY LAY - AD - AS L AS

AL
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/

< Z 147 = AF[ < (DN /3.

Using the well-known fact’ that |s;(A) — s;(A4")| < ||A— A’|| for all 5, we see
5i(Apy - AX) > Sj(A® AR — (D3
WA A T se(AS, - AR) + (5) N/s
s;(Am, AR ( 355 (Apy - A&%)))
s, AR) Bsk(Ay, .- Am)) )

Since s;(AY, ... AD) and s,(AY, ... AS) are at least sq(AZ,) - sq(AS) >
(£)N, we obtain

sj(A;L,...ATXn)>5j(AgL,...A ) (1—3

Sk(A:,L,A;%) o Sk(Agn,A%) 1—|—% ’
so that the desired inequality holds. U

We denote by P the i.i.d. probability measure on sequences of matrices
with independent uniformly distributed entries in [—1, 1]. The probability
that the perturbed matrices are close enough along a sampled block to satisfy
the hypothesis of Lemma 3.2 has a straightforward lower bound.

Corollary 3.3. Let d > 1. For all 0 < ¢ < 1 there exists p € (0,1) (for ez-
ample p = (5 VN2 [(3ANYVNT works) such that for any target, AS ,o A,
as in Lemma 3.2 with1 <m <m/ <N —1,

P(|Aiz — AP|oo < (5)N/(3dN) for all i =m,...,m")) > p.

3.3. Gluing Lemma. For 1 < j < k < d and a d x d matrix A, let
gjk(A) =2 E A% We define a function F' whose arguments are d x d matrices
by F(L, A, R) = log qj.k(LAR) —log g; k(L) — log g;x(R).

Lemma 3.4. Letd > 1 and let 1 < j < k < d. Then there exists ( > 0
such that for all invertible d x d matrices L and R and for all A such that
|A <1, all X >0 and all 0 < e < 1, we have

P(|F(L, A+ ¢, R)| > X) < min{1, (e aae '},

where E is a matriz-valued random variable with independent U[—1,1] en-
tries.

Proof. Recall that S{(A) = s1(A)---s(A) for each 1 < ¢ < d, and note that
(3.2) logg;r(A) =log S{(A) —log S{ ' (A) + log SF7(A) — log S¥(A).

IThis  follows from the so-called max-min inequality: sj(A)
Maxdim v=; Minyevns [[(A — A" + A)o|| < [|[A = A'|| + maxdim v=;j minyevns || A"v||
JA — A 4 5,(4).
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Using the fact that ||A|| < 1, and the fact that the entries of = are all in
[—1,1], we first note that

(3.3) log SY(L(A + eE)R) < log S{(L) + log S{(R) + dlog(1 + &d).

Following the proof of Lemma 3.5 in [20] we write L = O1 D102 where O
and Os are orthogonal and D1 is diagonal with non-negative entries arranged
in decreasing order. Similarly we write R = O3D50,4, where O3 and Oy are
orthogonal and Dy is diagonal. Let A" = O3A03 and &' = (1/d)02=03 and
Cy be the diagonal matrix with 1’s in the first ¢ diagonal positions and 0’s
elsewhere. (The choice of normalization of Z’ is to ensure that its entries
remain in [—1,1]). In this case we have

SYHL(A+€E)R) = S{(Dy(A'+edZ)Dy), SY{(L) = S4{(D;), and Si{(R)=S{(Dy).

We briefly summarize the next steps of the proof of Lemma 3.5 in [20]. Using
the facts that S{(OM) = S{(M) = SY(MO) for an orthogonal matrix O and
SHCM),S{(MC) < S{(M), we have S{(L(A + eE)R) = S{(O1D102(A +
£2)03D204) = S{(D102(A + €2)O3D3) > S{(CyD102(A + £2)03D2Cy).
Now since CyD1 = CpD1Cy and since Sf is multiplicative for matrices whose
non-zero entries are in the top left £ x ¢ submatrix, we obtain

(3.4) log SY{(L(A+€Z)R) > log S{(L)+log S{(R)+log St (Cy(A'+edECy).

Combining (3.3) and (3.4), we deduce for each ¢ < d we have
(3.5)

log SY(L(A+¢E)R)—log St(L)—log S{(R) ’ < dlog(1+ed)+|log SY(Cy(A'+ed Z)CY)|.

For each 1 < ¢ < d let A} and Zj be the top-left ¢ x ¢ submatrices of A’
and Z’ respectively and note that S{(Cy(A' +ed=Z)Cy) = | det(A] +ed Z))|.
Hence (3.2) gives
(3.6)
[F(L, A+ <2, R)| < 4dlog(1 +ed)+ Y. ‘log|det(A +ed=)].
te{j—1,5,k—1,k}

In order to have |F(L,A+€Z,R)| > X, it is therefore necessary that one
of the |log | det(A} + ed Z])|| terms is greater that 3 — dlog(1 + d).

Since A”—f—&due = CgOg(A—I—Er_J)OgCg, HA”—f—EdH”H < ”A-i—&EH <1l+ed
for each ¢ < d, so that log | det(A} +ed =})| < dlog(1+ ed) for all Z and all
¢ < d. We have shown in the case X > 8dlog(1 + ed), that it is impossible
for log | det(A) +ed Z]/)| to exceed 4 — dlog(1+ed). Hence in order to have
|F(L,A4+¢eE,R)| > X, it is necessary that one of the log|det(A} + ed =)
terms is less than —(— — dlog(1 +ed)).

That is for X > 8dlog(1 + &d),

(3.7)

P(|F(L, A+e=2 X) <4 P(1 = = —dlog(1 .
(F(LA+eZR)| > X) <4 max <og|det( Vted=))| < — (£ —dlog( —|—sd)))
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The distribution of Zj is absolutely continuous with respect to the uniform
measure on £ x £ matrices with entries in [—1, 1], and has a bounded density,
where the bound only depends on d. Indeed, the linear map T : R — RY
given by T'(E) = O2=03 is an isometry in the Frobenius norm, so the density
of 2’ (thought of as a vector in [—1,1]% < R¥) is uniform on its image.
Thus, by taking marginals, the density of the top-left £ x ¢ submatrix of Z’
is scaled by at most a factor of 24"~ i each coordinate.

Now, from the proof of Lemma 3.5 of [20], there exists C' > 0 such that
for all £ < d, for every ¢ x ¢ matrix B of || - ||-norm at most 1, and for all
K >0,

P({Z;: log|det(B +¢Z;)| < —K}) < min{1, Ce K/de™1},
where the random variable Z, is an ¢ x ¢ matrix random variable with
independent entries uniformly distributed in [—1, 1].

Substituting the terms of (3.7) into this, replacing ¢ with ed and absorbing

the factors 4, d and the upper bound for the density into C', we obtain
P(|F(L, A+ ¢E,R)| > X) < Ce~(X/A-dlog(l+ed))/d 1,

which is of the required form. U

Corollary 3.5. In the setting of Lemma 3.4, the random variables |F (L, A+

eE, R)| are uniformly stochastically dominated by the random variable 4d log(g)+

Exp((4d)~1) which has exponentially decaying tails.

In particular, there is a constant K (depending only on d) such that for
any 0 < € < 1, any invertible L and R, and any A of norm at most 1,
E(F(L,A+¢cE,R)) > 4dloge — K.

Proof. Observe that if Y ~ 4dlog(§) + Exp((4d)~1), then for any X > 0,
P(Y > X) = min(1, exp[—(4d) "1 (X — 4dlog(g))]) = min(1, Ce‘ge_l).

Hence for any L, R and A as in the statement of Lemma 3.4, and = a
matrix random variable with independent U[—1, 1] entries,
EF(L,A+¢E,R) > —|EF(L, A + ¢Z, R)| > —4dlog ¢ — 4d = 4dloge — K,
where K = —4d(log¢ + 1). O

In the sequel we will make use of the following theorem.

Theorem 3.6 (Theorem 2.19 of [28]). Let Z,, be a sequence of random vari-
ables and F, an increasing sequence of o-fields such that Z, is measurable
with respect to %, for each m > 1. Suppose that there exists a random vari-
able Z with E(|Z|log’ |Z|) < oo and a constant ¢ > 0 such that for each
X >0 and eachn>1

(3.8) P(|Z,] > X) < P(|Z] > X).

Then the Strong Law of Large Numbers holds for Zy, i.e.

1 n
- > (Zk —E(Zk Fr1)) <2 0
k=1
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as n — o0.

3.4. Constancy of limits. We now show that the quantities appearing in
Theorems A-E are almost surely constant.

Lemma 3.7. Let d > 2, let (A,,) be an arbitrary sequence of d x d matrices
of norm at most 1 and let € > 0. Then for any 1 < j < k < d, the quantity

liminf, , L log (sj(Agn))/sk(Agn))) is almost surely constant.

Proof. The proof is an application of the Kolmogorov 0-1 law. Write A; ;s .
for the product Ay .--- Ajt1.. We rely on the following well-known facts
about singular values: firstly s1(A)sq(B) < s1(AB) < s1(A)s1(B) for any
matrices A and B; and secondly s1(A") = S{(A) and sp(A™N) = ST, (A)
where AN is the I-fold exterior power of A acting on the I-fold exterior power
of R? and D = (‘li) is the dimension of the I-fold exterior power of R

Let m be an arbitrary fixed natural number. We have Ag,, . is almost
surely non-singular. Let ¢ and C' be random variables depending only on
E1,...,2m defined by ¢ = min; ; S (Agm,e) and C = max; j 57 (Agm,e) SO
that 0 < ¢ < C < 0. For n > m, and any 1 <[ < d, applying the above
inequalities to (Agne) = (Amne)™(Agme)N, we obtain

Si (Am,n,e)sgfprl (AO,m,e) S Si (AO,n,s) S Si (Am,n,e)sjll (AO,m,E);

so that for each [, we have

CSi(Am,n,s) < Si(A(n)) < CS%(Am,n,E)

€

for all n. Dividing the [th system of inequalities by the (I + 1)st, we obtain
for each [,

%Sl(Am,n,a) < Sl(Agn)) < %Sl(Am,n,s)a

and hence, dividing the jth system of these inequalities by the kth, we obtain

ﬁ 85 (Am,n.e)

Sj(Agn)) < gsj(Am,n,E)
C? Sk (Am,n,s)

si(AL) T & sk(Amnc)

<
Taking logs, and dividing by n, we see

(At (A
liminf — log L?n)) = liminf — log M
n—oo 1 si(A™) n—oo n sk(Amone)

Letting F;, be the smallest o-algebra with respect to which the sequence of

perturbations =, 11, 212, - . . is measurable, we deduce that lim inf,, % log (sj (Aé") )/ sk(Agn)))
is F,n-measurable. Since m was arbitrary, we deduce that lim inf,, o % log (sj (A§”)) / sk(Agn)))

is tail-measurable. Since the perturbations are independent, it follows from

the Kolmogorov 0-1 law that lim inf,, 1 log (sj(Agn)) / sk(Agn))) is almost

surely constant as required. O
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3.5. Bookkeeping. The main result in this section is a meta-theorem,
showing that if every block of matrices of a fixed length has a nearby “target”
block with a large gap between its jth and kth singular values, then there
is a uniform lower bound on the gap between the jth and kth Lyapunov
exponents of the cocycle A§”> depending only on .

Somewhat more precisely, the hypothesis is that for every € > 0, there
exists an N such that for every block M, ..., My_1 of d X d matrices, there
exists a target M2, .. .Mgf, with 1 <m < m/ < N — 1 consisting of nearby
matrices, for which there is a gap between the jth and kth singular values
(that is s; (M, -+ MS) /s (MS, - - MS)) exceeding a threshold determined
based on the Gluing Lemma above). The conclusion is that there is an
explicit lower bound ¢(e) > 0, such that for all sequences (A )nen of d X d

matrices of norm 1, lim inf,, o % log (sj(Agn))/sk(Agn))) > c(e).

If 0 < e < 1is fixed, we say that M is a near-identity perturbation of
M if M = RM or MR for some matrix R satisfying |R — I|| < £ and
IR™ =1l < §.

Theorem 3.8. Let d > 1 be fizred and let 1 < j < k < d. Suppose that
forall0 <e <1 and all 9 > 2, there exists an N € N such that for every
sequence M1y, ..., Myn_1 of invertible d x d matrices there exists a target:
numbers 1 < m < m/ < N —1 and near-identity perturbations M,%, e MS,
of My, ..., My such that
5§ (Myy - M)
sk(Mg, M)

> 9.

Then there exists c(e) > 0 such that for any sequence (An)nen of dxd matri-

ces of norm at most 1, the almost sure constant liminf, % log (sj (Agn))/sk (Aﬁ")))
satisfies
(n)

lim inf — log A ) > c(e).

n—o0 M sk(Aén))
Furthermore, the asymptotic behaviour of the lower bound c(e) can be explic-
itly computed based on the expectations of the random variables appearing
in Section 3.35.

Proof. Let d,j and k be as in the statement of the theorem and let 0 < ¢ < 1.
We recall the definition

(3.9) F(L, A, R) = G(LAR) — G(L) — G(R),

where G(M) = log q; 1 (M).

Let A = inf; g rE=F (L, A + €=, R) where the random variable Z runs
over matrices with independent U[—1, 1]-valued entries, and the infimum is
taken over all non-singular matrices L and R and all matrices A of norm at
most 1. By Corollary 3.5, A > 4dloge — K, where the constant K depends
only on d. We then apply the hypothesis of the theorem with ¢ taken to be
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2e2t2M to obtain an N such that for every (N — 1)-block, My, ..., My_;
there is a target MS, ..., MC,.

Starting with a sequence of matrices Ay, Ao, ..., each of norm at most 1,
we initially make perturbations of size at most § as in Lemma 3.1 to obtain
matrices A}, A, ... each of norm at most 1 — S and with smallest singular
value at least .

For each (N — 1)-block Ajn.4,..., Ay, y_; Where I ranges over N,
we next apply the hypothesis of the theorem to produce a target block
A%erl’ e ASVer; with 1 < m; < mj < N —1 where A is a near-identity

perturbation of A for each i € [IN + my,IN + mj] such that the product
has at least the required gap of 2e2T2A between the jth and kth singular
values. Note that if AY = R; A}, then ||AY — Al|| = ||[(R; — I)Al|| < £ (and
similarly if A = A/R;), which ensures that [|AY — A;|| < 3, [|[AP|| < 1-¢
and sq(AY) > £.

As established in Lemma, 3.2 if the random sub-block A;n e, -+, Ain +mi e
falls in the target area, that is, if [A;c — AP < (§)V/(3dN) for each

IN +my < i <IN + mj, then the ratio of the jth and kth singular val-
ues of Ay e AiNtm,e exceeds 22PN Since |AY — Ayl < AT —
Al < 32, the (£)V/(3dN)-ball in the | - [-norm around A{ lies within
the e-ball around A;. That is, the target area is contained in the support
of A;.. Hence each target is independently hit with probability at least
p = ((5)N/BAN)FN = ()N /(3dN)TN. The quantity c() will end up
being p/N.

Note that the m; and m are determined solely by the unperturbed se-
quence of matrices (that is, they are deterministic). We let By denote the
o-algebra generated by {Z;: i € |J,[IN + my,IN + mj]}. That is By is the
smallest o-algebra with respect to which the matrix random variables =;
in the target sub-blocks are measurable. We then define a By-measurable

random subset of N by

TargHit = U {IN+my, IN+mj]: |Aic— AP |0 < (i)N/(3dN) for all i € [IN+my, IN+mj|}.
1eNg

That is, TargHit consists of the coordinates of those matrices in blocks where
the target is successfully hit. Note that since 1 < m; < mj < N for each
[, there is a gap of length at least 1 between successive targets that are
hit. We now define a second subset called Trans (for transition coordinates)
consisting of those i € N immediately preceding or following a block in
TargHit. This is again Bp-measurable. We enumerate the elements of Trans
as Ty < To < T3 < ..., so that the coordinates (7)) are By-measurable
random variables. Lemma 3.7 implies that the limit in the statement is
almost surely constant.

Further, we assume without loss of generality (using Lemma 3.7 again)
that 77 > 1 and define Ty = 0.
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At this point we introduce a second c-algebra: JFy which is generated
by {Z;: ¢ € Trans}. This is a refinement of By since all of the transition
coordinates lie outside the target sub-blocks (each transition coordinate im-
mediately precedes or follows a target sub-block). We claim that conditioned
on Fy, the random variables =7, are independent and identically distributed
with entries uniformly distributed over [—1,1]. The reason for this is that
the T; are Bp-measurable (hence Fp-measurable) and the =7, are indepen-
dent of all of the =,,’s that generate Fy. (Informally, we could say that we
never “looked at” the Z7,’s when identifying the transition coordinates, so
that the = values at these times are independent of everything that we have
looked at).

We are now ready to define a sequence of o-algebras that will be used
when we apply Theorem 3.6: Let F,, = Fo V o(En,...,27,). That is, F,
is the smallest o-algebra such that all non-transition = variables as well as
the first n transition = variables are measurable. By the observation above,
=1, is independent of F,,_;.

We give names to blocks appearing in Aé") by defining B; . = A1,—1¢-- A1, +1,-
(In the unusual case where T; = T;_1 + 1, B, is just the identity). With
this notation,

Agn) = Rn,sATLn,aBLn,aATLn_l,a te ATQ,aBQ,sATl,aBl,sa

where L, = #(TransN{1,...,n}) is an Fy-measurable random variable and
Ry e is the tail A, .-+ Ar, 41.. Using (3.9), we see G(BAC) = G(B) +
G(C)+F(B,A,C). Applying it twice, first separating out B and A;, we ob-
tain G(BA1CAsD) = G(B)+G(C)+G(D)+F(C, A2, D)+ F(B, A1,CA2D,).
Using induction, we have

(3.10)
L,—1 - B
G(A) = G(Bie)+.. +G(BL, ) +G(Ruc)+ Y | F(Bit1e, A e, Bie)+F(Bne, Ary, e, B, o),
1=1

where Bi,g = B; At ¢+ Ar <Bi1.. Since each transition coordinate is
immediately followed or preceded by a target that was hit, at least half of
the B;. consist of blocks where the target area was hit. By Lemma 3.2,
G(Bie) > 2+ 2|)A| for those blocks. For the other blocks, G(B;.) > 0 by
definition. Hence we see

1 &
(3.11) lim inf i ; G(Bic) > 1+ |\ as.

Welet Z; = F(Bit1,6, Aty e B; ) and note that it is F;-measurable. How-
ever since Zr, is independent of F;_1,

E(F (Bit1,e, A, + €21y, Bi )| Fic1) = E=F(Bij1,e, A1, + €5, Bi o).

That is, E(Z;|F;—1) is exactly the expectation of a random variable as in
Lemma 3.4, so that by definition, E(Z;|Fi—1) > .
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Hence by the version of the Strong Law of Large Numbers, Theorem 3.6,
1 L,—1
(3.12) lim inf Zl F(Bij1,e, A1y e, Bic) > X as.
1=
Since each successive target is independently hit with probability at least p,
we may apply Theorem 3.6 one more time (with o-algebras F,, = o({Z;: i €

U {IN +1,...,IN + N — 1}})) to obtain

Ly,
(3.13) liminf =" > % a.s.

n—oo N

Adding (3.11) and (3.12); and then multiplying by (3.13), we obtain

L Ly—1

SN . _ P

hnrr_l)géfﬁ <z; G(Big) + Zl F(Bi—&-l,stTi,a;Bi,a)) > N &5
1= 1=

Comparing this with (3.10), it remains to control G(Ry <) and F(Ry ., A1, o, BL, ).

By definition, G(R,, ¢) is non-negative. Finally we will show that %F(Rme, ATy, e BLT“E) —

0 a.s. Using (3.10) and the inequalities above, this is sufficient to lead to

the conclusion

(A)
liminf — log %?)) > P s
n—oo N si(AM) N

To show that %F(Rnﬁ, ATy, e Br, ) — 0 as., let n > 0 be arbitrary. Then

P(|+F(Rne, A1y, o2 Br, o)l > 1) = E(P(|+F(Rne, A1y, e B, )| > 0l FL,-1))

= E(P(|F(Bne, Ay, 2, BL,.e)| > 7| Fr,-1))

= E(P5(|F(Rn,g, Aty e+ EE, Br, )| > m7|]-'Ln,1)).
By the bounds in Lemma 3.4, the above quantities are summable, so that by
the first Borel-Cantelli lemma, almost surely |1 F(Ryc, A7, o, Br, )| <n

for all but finitely many n. Since 7 is an arbitrary positive number, we see
%F(Rn,g,ATLnﬁ, By, :) — 0 a.s. as required. O

We also state an alternative formulation of Theorem 3.8 that will be useful
in Section 5.

Corollary 3.9. Let d > 1 be fized and let 1 < j <k <d. Let 0 < e < 1
and suppose that for all ¢ > 2, there exists an N € N such that for every
sequence My, ..., My_1 of d X d matrices of norm at most 1 — 5 and dth
singular value at least 5, there exists a target: numbers 1 <m <m/ < N—1
and perturbations M, .. ., Mrg, of M, .., My such that | M® — M;|oo < vr|
for each m <1 <m’ and

55 (M - M)

Sk(MT%/ M)

Then c(e) > 0, where c(€) is as in the statement of Theorem 3.8.

> 9.
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The proof is almost exactly the same as the proof of Theorem 3.8. Unlike
in that theorem, there is no need to apply Lemma 3.1. The new hypothesis
ensures that || M;” — M;|| < £ for each m < i <m/ which is exactly the con-
clusion that was obtained from the “near identity perturbation” hypothesis
in the proof of Theorem 3.8. From that point in the proof onwards, that is
the only fact about the MZQ that is used, so that the remainder of the proof
of Theorem 3.8 applies directly.

4. CONCRETE TARGETS

This section identifies suitable targets for our general strategy put forth
in §3. First, in §4.1, we show that if we can build a (j, j+1)-gap then we can
build a (d— j,d—j+ 1)-gap. In §4.2, we give a general argument to identify
targets in the case where singular vectors remain spread as they evolve
within a block. Finally, §4.3 and §4.4 complete the target identification step
for the case of 2 x 2 — or more generally, extremal singular values— and 3 x 3
matrices, respectively.

Let B = Mpy_1---M; be a product of N — 1 invertible matrices. Let
the singular vectors of B be vy, ..., vq, listed as usual in order of decreasing
singular values. Let E;(B) denote the span of (v;)i<; and F;(B) denote
the span of (v;);>;. For 1 < j < d and for each 1 < n < N, we let E;,
denote the linear span of (M, ... Mjv;)i<; and let F}, denote the span of
(M, ... Miv;)i>j. We write v for the unit normalization of M, --- Mjv;.
Let 0, ; denote the minimal distance between norm-1 vectors in Fj, and
Fj,n and let 5n = min1§j<d 6n,j- We will say the block MN—I; PN ,M1 is
n-spread if 6, > n for each 1 < n < N and nearly aligned otherwise.

4.1. Complementarity. Recall that for given a matrix M, a fixed £ > 0,
and a matrix R satisfying || R*! —I|| < §, we call RM or M R a near-identity
perturbation.

Let d € N and € > 0 be fixed. We assume there is a quantity ¢, depend-
ing on d and ¢, called the required gap size. We say that we can build a
gap between the jth and (j + 1)st singular values if there is an N such that
for every block Mj,..., My_1 of invertible d x d matrices, there exists a
sub-block M,,, ..., M, with 1 <m < m/ < N —1 and near-identity targets
Mg, ..., ME, of the sub-block such that s; (M, --- M%) /sj41(MS, - - ME) >
9.

Lemma 4.1. Let d € N and € > 0. If we can build a gap between the jth
and (j + 1)st singular values, then we can build a gap between the (d — j)th
and (d — j 4 1)st singular values.

Proof. Let My,...,My_1 be a block of invertiblg matrices and set Mn =
M;,l_n so that we obtain a new block Mi,..., My_1 of invertible matri-
ces. By assumption, there exist a sub-block and near-identity perturbations
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M2, ..., ]\;[7(3, such that
5j(Myy - M)

sj+1(Mf,2,---M%)

> 9.

Now let M = (M§,_;)~ forl = N—m',..., N—m. These are near-identity
perturbations of the matrices My _./, ..., Mn_y,. Since Mﬁ_m - Mﬁ_m, =
(M2, - MS)™, wesee sg_j(My_, -+ My_, ) =sjt1 (M2, - M2)~" and
Sa—ji1(MS_, - My_ ) =s;(MS, - M)~!. This ensures that

Sd—j(M]%_m . Mﬁ_n) _ Sj(M??"L’ - Mg) o @
Sty M) 51 M)
as required. O

4.2. Target when singular vectors remain spread.

Lemma 4.2 (Target for spread block). Let 1 < j<d, ¥ >1,0<n<1
and let 0 < e < 1. Consider a product of N —1 > % invertible matrices,
Mpy_y--- My (a “block”). If the block is n-spread, then there exists a product
Mg _|,..., M (a “target block”) with the properties:

(1) MY = R, M, with |RE' —I|| < § for each 1 <n < N;

(2)

Sj(M]%fl'”M1®> >«
sjr1(My_y---M?) ~

Proof. We first describe the simple idea: after applying each M,,, we expand
the images of the leading j singular vectors by a factor of 1+ %7. The spread
condition implies that the fast and slow subspaces are far enough apart that
the perturbation to each matrix is of size at most . In N — 1 steps, the
cumulative effect of this is to increase the ratio between the jth and (j+1)st
singular values by a factor of ¢, by the choice of N.

Let the spaces E,, and F;, be as above so that Ré=FE,®F,. By Lemma
2.1, we have ||llg, g, || < 2/0n <2/7.

We then set R, = I+ Ilg, |, . The calculation above shows that || R, —
I = |% g, k|l < G(2/n) < 5. Similarly Ry =T—(F/(1+ ), 5,
so that ||R,' — I|| < £ also. Since by definition, M,(E,_1) = E, and

1
M, (F,—1) = F,, we have

MnHEnleanl = HEnHFnMn and
Mg, B, = g, B, Mn,
so that
M, (I + %ZHEnAHanl) = My (HanlHEnfl +(1+ %)HE"*IHF”*)
= (Up, g, + 1+ g, 5, ) Mn.
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Using this inductively, along with the fact that Ilg, g, and g, g, are
complementary projections we see that
O O _ N-1
]\4]\[_1 . e Ml - (HFNleENfl + (1 —'I_ %’7) HENflllFNfl)MN—l . ]\41
Hence
1 5—77]\[_1-]\47..._]\4 for 1 < -
Si(MJ%fl"‘Mlg)): ( +8) Sz( N-1 1) OI"L-_]',
Si(MNfl"'Ml) for ¢ > j.

In particular,

S](MjgflMIQ) :<1+@)N71 Sj(MNflMl) S (1+Q)N71
Sj+1(M]<3_1--~M1®) 8 Sj+1(MN_1-"M1) - 8

Since 0 <e <1 and 0 <n <1, we have 1 4+ % > exp(%). Hence the choice

(MO MO
of N ensures that s My =My

LNl L > & as required. O
sip1(MY_MP) = 77 4

4.3. Targets for d = 2 and extremal singular value gaps. This section
describes how to identify targets for blocks of 2 x 2 matrices. We start by
presenting an auxiliary result about extremal singular value gaps, valid for
arbitrary dimension. The main result of this section is Lemma 4.4 which,
specialised to d = 2, yields targets for 2 x 2 matrices.

Lemma 4.3. Let B be a non-singular d x d matriz and suppose there exist
orthogonal vectors w and v such that Z(Bu, Bv) <n. Then s1(B)/sq(B) >
1/n.

The same conclusion holds if there exist u and v with Z(u,v) < n but Bu
and Bv are orthogonal.

Proof. We assume without loss of generality that ||Bu|| > ||Bv||. We then
have || B"2(uAv)|| = || BuA Bv| < ||Bul|||Bv||£(Bu, Bv) < ||Bul|*y. Letting
L be the restriction of B to lin(u,v) and L"? be its exterior square, it
follows that ||L"2|| < ns1(L)%. Since ||L"?|| = s1(L)s2(L), it follows that
so(L) < msi(L). Finally s1(B) > s1(L) and s4(B) < so(L) giving the
required conclusion. The second statement follows from taking inverses of
B. O

Lemma 4.4 (Target for d x d matrices). Let 0 < ¢ < 1 and ¢4 > 1
be given. Consider a block of N —1 > iﬁ%logg d x d invertible matri-
ces, My,...,Mn_1. Then there exist 1 < m < m’ < N and a sequence
M2, ..., Mn?, of near-identity perturbations of My, ..., M, with the prop-
erty

s1(My), -+ M) -
sa(M?2, -+ M) ~

Proof. We consider two cases:

(1) The block My_1,...,M; is 1/%9-spread. That is, 6, > 1/¥ for each
1<n<N.
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(2) The block Mp_1,...,M; is nearly aligned. That is, there exists
1 <n < N such that §, <1/¥.

In the first case, applying Lemma 4.2, with j = 1 and n = 1/¥, identifies
a target for My_1, ... M;; namely B® := Mﬁ_l . ..MP, as constructed in

Lemma 4.2, satisfies jjigg% > j;gg; > 9.

In the second case, the result follows from Lemma 4.3, with B® :=
M, ... M. O

Remark 4.5. Note that Lemma 4.4, specialised to d = 2, yields targets for
2 x 2 matrices.

4.4. Targets for d = 3. In this section, we describe how to identify targets
for blocks of 3 x 3 matrices. We start with two auxiliary lemmas. The main
result of this section is Lemma 4.8. The reader should recall the definitions
of vj, v, E}, I} and 0y ; from the beginning of Section 4.

Lemma 4.6. Let My,...,Mpy_1 be invertible 3 x 3 matrices and let B =
My_1--- M. Suppose s1(B)/s2(B) < 9. Suppose further that for some
1 <n <N, Z(v},o}) < 475 Then, setting By = M,,--- M, and By =
MN_1 L Mn—i—l; either 81(31)/82(31) Z 9 or 81(32)/82(32) Z 9.

Proof. We use the (known) inequality s1(B2B1) > s141(B2)sq—x(B1), valid

in all dimensions. We briefly indicate the proof: by the max-min characteri-
zation of singular values, namely sj,(B) = maxy.qimw =k} Mingwew, |w|=1} B,
there is a (d — k)-dimensional subspace U of R such that || Byu|| > sq_1(B1)

for all w € UN S and a (1 + k)-dimensional subspace V of R? such that

| Bav|| > s145(B2) for all v € VN S. Since dim(B1U) + dimV = dimU +
dim V' > d, the spaces B1U and V must intersect. That is, there exists u €

U N S such that Biu € V. Hence ||Bu|| = ||B2(Biu)| > s14x(B2)||Biul| >
S1+k(B2)sq—k(B1) as required.

Specializing to the case d = 3 and k = 1 gives the inequality

(4.1) s1(B) > s2(B2)s2(B1),

valid for 3 x 3 matrices. Combining this with the assumption that B does
not have a (1,2) gap, we see so(B) > 9 lso(Ba)sa(B1) so that S2(B) >
g_182(32)282(31)2.
On the other hand, we have
SH(B) = s1(B)s2(B)

= HBUI VAN B’UQH

< 51(B2)?||Biv1 A Byvs||

< s1(B2)?|| Bron| || Broa||9~°

< 81(32)281(31)2g75.
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Combining this with the preceding inequality gives
s1(B2)?s1(B1)? > @t
82(32)282(31)2

so that, by taking square roots, at least one of s1(B2)/s2(B2) > ¢ and
s1(B1)/s2(B1) > ¢ must hold as required. O

Lemma 4.7. Let 0 < e < 1,9 > 2 and N > 2. Let My,...,Myn_1 be a
sequence of invertible 3 x 3 matrices. If there exists 1 < n < N — 1 such
that 0,9 < min{¥ Y, 7}, then there exist 1 < m < m' < N, a sequence of
matrices Ry, ..., Ry and target matrices MZQ = R;M; such that

(1) |R —1) < g for each m <i <m';
(2)
Sl(Mn?/ S M2)
SQ(M,%/ M)

Proof. Let B = My_1---My, By = M, --- My, and Bo = My_1-- - Myt
If s1(B)/s2(B) > 9, s1(B1)/s2(B1) > 9 or s1(Ba)/s2(B2) > ¥, we can use
either B, By or Bs as the target block (with m =1, m' = N —1; m = 1,
m' =mn;orm=mn+1,m = N — 1, respectively, and R; = I for all i) to
satisfy the conclusion of the lemma.

Hence we assume B, By and By have no (1,2)-gap. That is, we assume
s1(B)/s2(B), s1(B1)/s2(B1) and s1(B2)/s2(Bs2) are all less than ¢. Using
(4.1) and the absence of a (1,2)-gap for By and Bs, we see

(42) Sl(B) Z SQ(Bl)SQ(BQ) 2 g_251(31)51(32).

> 4.

Since B does not have a (1,2)-gap, we see from (4.1)
(43) SQ(B) > g_lsl(B) > g_182(Bl)SQ(B2).

Finally, using the fact that S3(B) = | det B| = | det By || det Ba| = S3(B1)S;(Bs)
together with (4.2) and (4. 3) we see

(44) 83(3) S ggsg(Bl)Sg(BQ).

By hypothesis, there exist e € E,2 NS and f € F,2 NS satisfying
le — fll < min{¥°,£}. Welet m=1, m' = N —1 and let R; = I for each
i # n so that M = M;, for each i # n. We define M? = R, M,,, where
R, is a near identity orthogonal transformation such that R,e = f. Since
|f—e|| < min{%°, £}, R, may be chosen so that ||[RE! — I|| < £. We next
show that B® = By R, By satisfies condition (2). Let eg and fy be such that
Bieg =e and By fy = f.

Since fo € Fa(B), ||Bfoll = s3(B)|foll. By properties of singular val-

B
es, [Bifoll > ss(Bu)llfoll- Hemce ||BaRnBryp2pll = [|Biyeyllfzil <

s1(B1) 8833(§)) < 51(B1)s3(B2)¥93, where the last inequality follows from (4.4).
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Lemma 4.3 ensures that s;(Bz)/s3(B2) > 4°. Thus, using (4.2) in the last
step, we get

(4.5) HBQR B4 ||€ T H < 7 (31)81(32) < g7481(3).

B s3
Next, || By Ry By gyl < s1(Bo)l|Bupfepll < s1(Bo) EEIEMOL — 5 (By) 222 <

51(Bg)s3(B1)¥3, where the last inequality follows from (4.4). Lemma 4.3
ensures that s;(B1)/s3(B1) > ¥°. Thus, using (4.2) again, we have
(4.6)

BoR, B < 51 B2 Sl(Bl)g < 81( )g_4.

/o IIH

Note that, by construction, eg L fy. Then, (4.5) and (4.6) imply that for
every 0 # v € lin(eg, fo), ||BaRnBiv||/|v] < V29 *s1(B) < 97 3s1(B).
Therefore by the min-max characterization of singular values,

(4.7) s2(BaR,B1) < 9 351(B).
In view of (4.1) and (4.2),
(4.8)

Sl(BanBl) Z 82<B2R )82(31) = (32)82(31) g_231(BQ)81(Bl) Z g_Qsl(B).

9
Since B® = ByR,Bj, (4.7) and (4.8) imply s1(B®)/s2(B®) > ¥, as re-
quired. O

Lemma 4.8 (Target for 3 x 3 matrices). Let 4 > 2, 0 < e < 1, n =
min{¥ 9, 7} and consider a product of 3x3 invertible matrices, My_1, ..., M,
with N —1 > % log¥. Then there exists 1 <m < m’ < N and a sequence

MS, ..., M®, with the properties:

(1) MY is a near-identity perturbation of M, for each m <n < m/';
(2) The target B® := MS, - ME satisfies

s1(B?)
s;(BQ) 2.

Proof. For each 1 < j < 3 and 1 <n < N we recall that ¢, ; denotes the
minimal distance between points in E;, NS and F},NS. We consider three
partially overlapping cases that cover all situations:
(1) The block My_1,..., M is n*spread. That is, §, > n? for each
1<n<N.
(2) There exists 1 < n < N such that d,;1 < n?, and dp2 > n for every
1<n<N.
(3) There exists 1 <n < N such that 0,2 < 7.

In the first and third cases, Lemma 4.2 and Lemma 4.7, respectively, identify

targets for My_1, ... Mi, namely B® := MJC\DF1 . M1® satisfies z;ggg; >4,

To finish, we show how to identify a target block in the second case. Let
1 <n < N —1 be such that 6,1 < 7?, and let av} + Bov} € lin(vg,v}) NS
be such that [|[v? + vl + BvE| < n?. We wish to show |3| < 2. If 8 = 0,
this is immediate. If 8 # 0, then we have d(v%,lin(of,v8)) < n%/|B|, so
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using Lemma 2.2, §, 2 < 21?/|3|. By assumption, d, 2 > 7, so it follows that
18] < 2n.

Hence, |[v? 4+ av?|| < 21 + n?. Therefore, using Lemma 2.2, Z (v}, v%) <
2(2n + 772) < 47°. Thus Lemma 4.6 shows that either B® = My_;--- M,
or B® = By = M,---Mj or B =By = My_1--- M, yield a target for
My_1,... M.

U

Corollary 4.9. Let 9 > 2,0 < e < 1 and n = min{¥ 7, ¢} Consider a
product of 3 x 3 invertible matrices, Mn_1,..., My, with N —1 > % log¥ .
Then, there exist 1 < m < m’ < N and a sequence MS, ... ,MSL, with the
properties:

(1) M? is a near-identity perturbation of M, for each m <n <m/';
(2) The target B® := M2, --- M satisfies

SQ(BQ)
53(B®) =7

Proof. The result follows directly from Lemma 4.8 and Lemma 4.1. O

5. ABSTRACT TARGETS

In this section, we show that one may find targets in all dimensions d,
and for each pair j,7 + 1 of exponents with 1 < j < d — 1. The proof
shows that for all 0 < ¢ < 1 and all ¢4 > 0, there exists an N such that
the target property is satisfied. However we do not give any upper bounds
for N. The proof is based on a contradiction argument. One supposes for
a contradiction that for some 0 < ¢ < 1 and some ¢ > 0 there is no such
N. Then there would be arbitrarily long blocks of matrices for which no
perturbation has s;(-)/sj+1(-) exceeding 4. One may then take a limit of
these blocks to obtain a closed shift-invariant collection of sequences of ma-
trices with the property that for any perturbation of any sub-block, the ratio

5j(+)/sj+1(-) remains below . In particular, when perturbing such a matrix
¢/(4d) _ ye/(4d)
j j+1
the Furstenberg Correspondence Principle [22], used in Additive Combina-~
torics, to relate questions about configurations in positive density subsets of
the integers with questions in dynamical systems. It also has some resem-
blance to the argument in the paper [13] of Bochi and Gourmelon where a
dynamical system was constructed to relate two non-dynamical statements.
The conclusion of Lemma 5.1, however, contradicts Theorem 5.3 in which
we show that additive noiselike perturbations of cocycles always have simple
Lyapunov spectrum. Unlike in the previous section, we give no information
on how the targets are constructed. Rather, we infer their existence from
the contradiction and compactness argument described above.

In this section, we consider an invertible ergodic measure-preserving trans-
formation, o, of a probability space (€2, p). If A: Q@ — Maty(R) is a map, we

cocycle, one gets that A . This construction is reminiscent of
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write A (w) = A(6" 'w) -+ A(w). We let Soo = {M € Maty(R): |M|s <
1} and let Sy be equipped with the uniform measure, so that each entry
is uniformly distributed in the range [—1,1] and distinct entries are inde-
pendent. We also use the notation S to denote {M € Maty(R): || M| < 1}.
As before, we denote by P the measure on SZ where the matrices in the
sequence are mutually independent and each is distributed uniformly as
described above. Finally let Q = Q x SZ and we equip Q with the mea-
sure p x P, invariant under & := o x shift. Given (w,() € Q x SZ, we write
A (w, () = A(w)+eo (that is, we perturb A(w) by e times the zeroth matrix
in the sequence ¢). We then write A (w,¢) = A (6" 1 (w,Q)) - Ac(w, ().
Since px P is ergodic, lim,, % log sj(Agn) (w)) exists pxP-a.e. and is almost
surely equal to a constant that we call 1. As usual, we let A\] > ... > A{ be
the distinct almost-sure constant values taken by uj and we let m; be the
multiplicity of Aj.

Lemma 5.1 (Compactness). Suppose that for some 0 < € < 1, for all
d > 0, there exists a sequence of d x d matrices (A;) of norm at most 1 and
1< j <d, such that

(A)
lim inf — log Ls(n))
" sj+1(Ae”)

Then there exists an ergodic invariant measure on S” such that A

/(4d)
XD,

<d a.s.

e/(4d) _
¥ =

Proof. Notice that the hypothesis of the lemma implies that the conclusion
of Corollary 3.9 fails, so that the hypothesis of Corollary 3.9 must fail also.
Hence we deduce that there exists ¢4 > 0 such that for all N, there exists a
block My, ..., My of matrices with the properties:

o |[M;]| <1 — 5 for each i;

o 5q(M;) > § for each i;

e foralll <m < m' < N and all M/,,..., M/, such that |M] —

M;|oo < 4 for each m < < m/, one has

50 M)
Sj+1(My,, - My,)
For each N, let My 1,..., My 2n+1 be such a block with the above property,
of length 2N + 1, and build an element Ay of SZ by Ay = (ANi)iez by

{MNi+N if —-N <i<N;
AN’L_ ’

I otherwise.

Equip S with the norm topology induced by || - || and S% with the prod-
uct topology. Then S is compact and so is SZ. Let A = (A;);cz be
a sub-sequential limit of Ay = (An;)iez. That is, there is a sequence
(Ng) converging to oo such that A; = limgy o An,; for each i. Then let



24 ATNIP, FROYLAND, GONZALEZ-TOKMAN, AND QUAS

—o0o <m <m/ <ooandlet By,..., B, bean arbitrary perturbation such
that |B;—Aj|ee < 4 foreachi. Let By; = Ay, i+(Bi—A;) so that By; — B;
for each m < i < m' and |By; — An,ileo < 45 for each m < i < m/. By
the choice of the An’s and the assumption, we have that for all sufficiently
large g,

$j(Bgm' - - Bgm)

$i+1(Bgm’ -+ Bgm)
By continuity of singular values,
53 (B - Bm)  _ .

Sj+1(Bm -+ Bm) ~

Let So = {M € Maty(R): [[M]| <1— 5 and s4(M) > 5} and set

Q={A€SE: q¢j(Bu - Bp) <% for all m < m’ whenever |B;—A;|o < 0 Vi},

where ¢;(M) = s;(M)/sj+1(M) as before. The arguments above show that
) is a non-empty closed, and hence compact, shift-invariant subset of Sg.
By the Krylov-Bogoliubov theorem, there exists a shift-invariant measure
supported on ). Taking an ergodic component, we may assume that P is an
ergodic measure supported on ).

Now for every w € Q and every sequence (Z;) in SZ, by definition

(
5; ((A(e™ lw) + mﬂn 1) (Aw) + 55%0))
5]'+1((A(G “lw) + 550-1) - (A(w) + 4dEO)) N
It follows that A5/“? = A/, 0

<9.

The following result is essentially well known (see for example [12]). We
include the proof for completeness.

Lemma 5.2 ((Semi-)continuity). Let o be an invertible ergodic measure-
preserving transformation of a probability space (2, p) and let A: Q — Mat,,(R)
be a cocycle of matrices such that ||A(w)|| ™! < ¢ a.e. and [log||A(w)| dp <
00. Suppose A has trivial Lyapunov spectrum. That is, there exists A such
that limy, o + log 5;(AM (W) = X a.e. forj=1,....,m. Then for alle >0,
there exists a § > 0 with the following property:

Let 5: (Q,p) — (Q,p) be an ergodic invertible extension of o: (2, p) —
(2, p) with factor map . If B: Q — Mat,,(R) satisfies | B(0) — A(n(@))]| <
0 for p-a.e. w, then all Lyapunov exponents of the cocycle B lie in the interval
A—g, A +e).

The proof here is essentially a semi-continuity result (that holds for arbi-
trary cocycles), and the additional assumption that the unperturbed Lya-
punov spectrum is trivial yields the continuity result.

Proof. By the Multiplicative ergodic theorem and the Kingman sub-additive
ergodic theorem,

1 1
A= lim — [ log|A™(w)|d _'f/l AM(w)||dp and
Jim - [log A @) dp = int > [log 4™ @) dp an
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n—

.1 n _ .1 n _
A= Jim > [log (A" @) dp = inf [ Tog (A7) @) dp.
Let n be such that

1
- /log 1AM (W)||dp < A + € and

1 _
+ [0l AP @) o < A +e,

Define
fs(w) = IIEoll,..ﬁ%quSélog H(A(an_l(w)) +Z-1) - (Alw) + EO)H and
o) = max o | (A0 (@) + ) (Alw) +20)

Let 6 < mm( +). For 0 < e < 6 and = such that ||Z]| < 1 and A such that
sa(A) > ¢, we have (2 = a)llzll < (A + eE)all < ((max(]|A]l,1) + 1)||z].
Since log(max(t,1)+1) < log* t+1, the right inequality gives that log ||(A+
eZ)| < log™ || Al + 1. The left inequality gives log ||(A + €Z) 7| < log(2c).
This yields fs(w) < > i (1 + log™ [|A(0'w)||) and gs(w) < nlog2c. Since
| Al ||A]|=* > 1, we also Obtaln fs(w) + gs(w) > 0, giving the bounds

n—1
nlog 5= < fs(w Z (1+1log™||A(c'w)|) and
=0
n—1 .
=Y (1 +log" | A(cw)]) < gs(w) < nlog(2e).
=0

Also fs(w) — log || A" (w)]| and gs(w) — log ||(A™ (w)) Y| for each w € Q
as 6 — 0. Hence by dominated convergence, for all sufficiently small 9,
L fsdp<A+ecand L [gsdp<—A+e.

Now let (,p) be an extension of (£2,p) and let B be a cocycle on
such that ||B(@) — A(7(@))|| < 6 a.e. Then by definition log || B (@)|| <
f5(m(@)) and log ||(B™ (@)~ < gs(m(@)). It follows that A\j(B) < A +¢
and A\, (B) > —21 [ gs(n(@)) dp > X — ¢ as required. O

Theorem 5.3 (Simplicity). Let o be an invertible ergodic measure-preserving
transformation of a probability space (2, p) and let A: Q@ — Matg(R) such
that ||A(w)|| <1 for every w € Q2. Then for all0 < e <1, forall1 <j <d,
and p X P-almost surely,

2(n)
i Lig S
e s (As (w))

That is N5 > A5,y for each j: the noiselike perturbation of an arbitrary
bounded matriz cocycle has simple Lyapunov spectrum.
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Proof. The proof is divided in three steps.

Step 0: Initial perturbation
Let o be an ergodic invertible measure-preserving transformation of (€2, p)
and A: Q — Matgy(R), such that ||[A(w)|| < 1foreveryw € Q. Let 0 <e < 1
and let 1 < 5 < d—1 be fixed. We first apply Lemma 3.1 to obtain a cocycle
Ag where [[Ag(w) — A(w)| < 5, [[Ao(w)]| £ 1—5 and sq(Ao(w)) > § for each
w € Q.

Step 1: A nearby extension with simple Lyapunov spectrum
In this step, we find an extension ' of , together with a factor map
m: € — Q and a cocycle A’ on € such that [|4'(w’) — A(n(w'))|| < 3 such
that the cocycle A’ has simple Lyapunov spectrum.

We inductively build a sequence of extensions of €2, each one breaking a
tie between a pair of Lyapunov exponents at the previous level, taking care
not to create any new ties. We let g = 2. Then we build an extension €2y
of ¢ with a new cocycle A1; an extension {29 of {2y with a cocycle Ay etc.

More precisely, we claim the following: There exist 0 < K < d—1, spaces

Qo, ..., Qx; transformations og,...,0x; probability measures pg, ..., pK;
factor maps 71, ..., 7x and cocycles Ay, ..., Ax defined on Qg, ..., Qx such
that:

e The map oy, is an invertible ergodic measure-preserving transforma-
tion of (Q, px) for each k =0,..., K;

e For each 1 < k < K the map 7 is a factor map from (2, pr) to
(-1, pk—1): pr(my, ' B) = pr_1(B) for all measurable subsets B of
Qk—l and Ok—1OTf = Tk OO0k,

e Let the Lyapunov exponents of the cocycle Ay over 2 with repetition
be Uk 1 > ... 2 Uk.d- For any 1 < k < K, if Pk—1,7 > Hk—1,5+1,
then pug; > pp j41. Further there exists at least one j such that
Pk—1j = Hk—1,4+1 While pg j > pgji1;

e Each cocycle is a small perturbation of the previous one: ||Ag(w) —
Ap_1(mp(w))|| < 45 for each 1 <k < K;

e The K'th cocycle has simple Lyapunov spectrum: pug 1 > ... > liKq.

For the base case, g = €0, pg = p and we already constructed Ag. Now
suppose Qq, ..., Qk; Po,- -, Pk; 00, ---,0, and Ag, ..., Ax have already been
constructed to satisfy the above conditions.

Let the Lyapunov exponents of the A cocycle over o without repetition
be A\g1 > ... > Mgy, with multiplicities my q,...,mg . If the cocycle A
over g has simple Lyapunov spectrum, we let K = k£ and the induction is
complete. Otherwise, fix a j such that my, ; > 1. Applying the Multiplicative
Ergodic Theorem, let V(w) be the Oseledets space corresponding to the
jth Lyapunov exponent of the Ay cocycle, and U(w) be the direct sum
of all of the other Oseledets spaces. For Pg-a.e. w, V(w) and U(w) have
trivial intersection and satisfy Ag(w)V(w) = V(ogw) and Ag(w)U(w) =
U(okw). The function g(w) := d(U(w) N S,V (w) N S) is measurable and
almost everywhere positive. Hence there exists an 7 > 0 such that Py (g(w) >
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n) > 2. We let G = {w € Q: g(w) > n} and say this is the good set. Given
w € Qy, the n’s such that o}'(w) € G are called the good times.

We modify the cocycle only on the good set. Also our modifications
change only what is happening on V' (w), leaving all of the cocycle alone on
U(w). That is, we are considering perturbations A’(w’) of A(w) such that
A (W) w) = AW)|u(w)- In fact, we will also require A’(w')(V(w)) = V(ow)
so that the perturbed cocycle preserves the equivariant direct sum R? =
U(w) @ V(w). It follows from the Multiplicative Ergodic Theorem that the
multiset that is the Lyapunov spectrum (with repetition) of the cocycle A’
is the union of the Lyapunov spectra of the restriction of A’ to U(w) and the
restriction of A’ to V(w). Also, the Lyapunov spectrum of the restriction
of A’ to U(w) agrees with the Lyapunov spectrum of the restriction of A to
U(w).

Notice that A'(w')—A(w) = (A" (W) —A(w)) oIy () |U(w), SO that || A" (W) —
Aw)] < (A() = Aw)) vy Ty oy By Lemma 2.1, at good times
1Ty o) || < % To ensure that [|A'(w') — A(w)|| < 45, it suffices to ensure
that [[(A'(w) — A(w))lvwll < &-

We also want to ensure that the Lyapunov exponents of the restriction of
the perturbed cocycle to V(w) remain strictly bigger than ;1 and strictly
smaller than A;_; (where we take Ao to be oo and X;, 11 to be —o0). To
this end, we use Lemma 5.2 to obtain a ¢ such that if we build an extension
Q41 and a cocycle such that [(Bg — Ar@))|v(r(@))leo < 6 for all 0 € Qpq 1,
then the Lyapunov exponents of the restriction of B to V(m(w)) are in the
range (Aj4+1,Aj—1). Hence this paragraph and the previous paragraph taken
together allow us to choose a k so that if the restriction of the extension
cocycle to V(w) differs at good times by at most x and the extension cocycle
restricted to U(w) is unchanged, then the exponents of the restriction of the
cocycle to V(w) are in the range (Aj11,Aj-1) and ||A'(w') — A(w)| < 53

We use a very similar strategy to that in Section 4.3 where we found a
target for s1/s4. Let % be as computed in the start of Theorem 3.8 with e
replaced by x and d replaced by my, ;. Here we aim to create a gap between
the fastest and slowest vectors in a block within V(w). In a block, either
there are two orthogonal vectors whose angle of separation at some stage
within the block is less than 1/%; otherwise one may incrementally boost
one direction.

Now let N > %% log 9,.. We apply Rokhlin’s lemma to build a Rokhlin
tower with base H of positive Pr-measure contained in the good set G
such that the return time to the base always exceeds N. Let rg denote
the return time to H under ;. An element w € H of the base is said
to be good if Z:go(w)_l lg(otw) > LQ(M) and let H' C H denote the
set of good elements of the base. Since pi(G) > %, H' has positive py-
measure. For w € H', let B'(w) = Ay(oiw) - Ag(ogw). If there exists
a good time 1 < ¢ < ry(w) such that there exist two orthogonal vec-
tors v and v in V(og(w)) for which /(B (w)v, B (w)') < if%c’ then
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51(31_1(W)|V(gk(w)))/5mk,j (Bl_l(w)|v(ak(w))) > % by Lemma 4.3 In that
case, the block B*~1(w) is taken to be the target block.

Otherwise, let v1,...,vm, ; be a (measurably-chosen) family of singular
vectors for the restriction of B"™#©)~1(w) to V(oy(w)) with singular values
812 ... 2> Sm, ;- As in Lemma 4.2, we modify the cocycle (but only at the
good times), each time expanding the image of v; by a factor of 1 + %,
leaving the other v images (as well as U(o}(w))) unchanged. We write
A(op(w)),. .. ,A’(U,ZH(w)_l(w)) for the matrices in the perturbed block and
B”"H(w)*l(w) for the product A’(G;;H(w)*l(w)) -+ A'(op(w)). By the end of
the block, as in the lemma, since the number of good times exceeds N/2,
we have sl(B’TH(w)_l(w))/smk,j (B @) (5)) > &,. We call this a Type I
target.

The coordinates immediately preceding and following a target block are
called transition coordinates as in the proof of Theorem 3.8. We then define
an extension system Q1 = Q) x SZ equipped with the measure pj, x P
where PP is the i.i.d. measure on matrices with independent uniform [—1, 1]
elements. We define the cocycle A1 by

A(w) if w lies inside a Type II target block;
Apy1(w,E) = ¢ A(w) + kEy  if w is a transition coordinate;
Aw) otherwise.

A calculation exactly analogous to the calculation in Theorem 3.8 shows
that the restriction of the Ayy; cocycle to the equivariant V(w) block has
non-trivial Lyapunov spectrum. By the choice of k, all Lyapunov exponents
lie in (Aj—1, Aj41), completing this step of the induction.

Step 2: Completion of the proof
At the end of the induction, we have an ergodic invertible extension Q := Qx
of Q and a measurable cocycle A := Ag with simple Lyapunov spectrum
A > ... > M. Let @ = m o...ong denote the factor map from Q to
Q. We have |[4o(7(@)) — A(T(@))|| < § for each @ € Q. Similarly, by
definition of the perturbations, we have ||Ag(7mgi10...0mK(w)) — Ag—1 (7 0
..omg(@))|| < 55 for each k and each @ € Q. Summing these, we obtain
| A(@) — A(7(@))]| < 2 for each w € €.

Let ¢ be the required gap identified in the beginning of the proof of The-
orem 3.8 for perturbations of size € and dimension d. From Raghunathan’s
proof of Oseledets’ theorem [38], we know that lim, . % log 5;(AM (@) —
Aj for each 1 < j < d and for a.e. @ € Q. Since the Lyapunov spectrum
is simple, it follows that s;(A™ (@))/s;+1(A™(®@)) — oo for ae. @ € Q.
Hence, there exists an N such that the probability that s;( AN =Y (@))/s;41(AN =1 (w))
exceeds ¥ is at least % Let G C Q be this set.

Since p is an ergodic invariant measure, p-a.e. @ hits G with frequency
equal to p(G) > % Since p may not be ergodic with respect to o'V, we
are unable to conclude that for a.e. @ € Q, limps_yo0 #{n < M: a"Nw €
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G}/M > p(G), however this inequality holds on a set of measure at least
%. Call this set H.

Let @ € H and consider a realization (X, ),cz of the cocycle A, where
Xn = Agn(z(w)) T €Zn- We say that the realization hits the target area on
the fth block if the following two conditions are satisfied:

(1) s;(AND(GNE)) /5741 (AN (5NE)) > #; and
(2) |Xn — Asn(m)loo < (5)Y/(3dN) for n ={N,... {N + (N —1).

By definition of H, the first condition is satisfied with frequency at least %
Given that the first condition is satisfied, the block (A, (a”w)JrsEn)f;]iZs,N*m
hits the target area with probability [(£)" /(3dN )]#*(V=1) (independently of
whether other targets are hit). Following the proof of Theorem 3.8, we see
that the jth exponent of the (A, (w)) cocycle is strictly larger than the

( + 1)st. O

6. PROOFS OF MAIN THEOREMS

Proof of Theorem C. Lemma 4.4 shows that the hypothesis of Theorem 3.8
is satisfied. From the proof of Theorem 3.8, 4 = C/ e84 From Lemma 4.4,
the block length is given by N = (16/¢)% log¥, so that N = ¢~ (8d+1+o(1)),
The lower bound is then given by the quantity %, where p appears in Corol-
lary 3.3. That is, dj(e) = (%)d2N2/[N(3dN)d2N], so that cj(e) = exp ( —
4e~(16d+2+0(1))|Jog £| — 4e=(BdH1H0() 1og(3dN) — log N). Hence cj(c) =
exp(—e~(164+2+0(1))) a5 claimed. O

Note that in the case d = 2, s1(A)/sq(A) = s1(A)/s2(A). Hence ca(e) =
s (g), so that Theorem A is a special case of Theorem C.

Proof of Theorem B. Lemma 4.8 in the case j = 1 or Corollary 4.9 in the
case j = 2 shows that the hypothesis of Theorem 3.8 is satisfied. From the
proof of Theorem 3.8, we take & = C/e8 = C/e**. From Lemma 4.8 or
Corollary 4.9, for small e, n = 49 = Ce?16, s0 that N = ¢~ 433+°(1)_ giving
c3(e) = exp(—1/e866+0(1)) as claimed. O

Proof of Theorem D. Let 1 < j < d. Let 4 = /<8¢ as required in Theorem
3.8. Since orthogonal matrices preserve orthogonal frames, any block is
V/2-spread. Letting N be as in the statement of Lemma 4.2, we see N =
g—(+o(1) " Substituting in the expression for & in Theorem 3.8, we see that

c(e) = eXP(—1/€2+°(1)) as required. 0

Proof of Theorem E. Let ¢ > 0. Let 4 = C /% be as constructed at the
start of the proof of Theorem 3.8. Suppose for a contradiction that there
does not exist a ¢4(g) > 0 such that for all sequences of matrices (A4,,) of norm
atmost 1and all 1 < j < d—1, one has lim inf,, 5, % log[sj(Agn))/st(Agn))] >
cq(e). That is, there exist 1 < j < d—1 and sequences of matrices (A,,) such
that liminf, o L logls; (Agn))/sjﬂ (Agn))] is arbitrarily close to 0. Then the



30

ATNIP, FROYLAND, GONZALEZ-TOKMAN, AND QUAS

hypothesis of Lemma 5.1 is satisfied. So one concludes that there exists an

¢/(4d)

ergodic invariant measure on SZ for which )\j/ “d) _ )\j 't1 . However, this
contradicts the conclusion of Theorem 5.3, so that there must exist a positive

universal gap cq(g) > 0. O
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