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Topics for this talk

• The discrete Fourier transform (DFT) and fast Fourier

transform (FFT)

• Multiplying large integers with the FFT

• Truncated products: a new algorithm and an open problem

• A quick solution to the P = NP problem (time permitting)
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The discrete Fourier transform (DFT)

Let d > 1 be the transform length.

Assume coefficient field K contains primitive d-th root of unity ω,

and that d is not divisible by characteristic of K .

(Example: K = C.)

The DFT is a map from Kd to Kd .

Input: polynomial P(x) = a0 + a1x + · · ·+ ad−1x
d−1 ∈ K [x ]

Output: values P(1),P(ω), . . . ,P(ωd−1)
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The discrete Fourier transform (DFT)

Any fast DFT algorithm leads to a fast algorithm for computing

cyclic convolutions.

Input: P(x),Q(x) ∈ K [x ] of degree < d .

Output: R(x) = P(x)Q(x) (mod xd − 1).

Algorithm:

1. Use DFT to compute P(ωi ) and Q(ωi ) for i = 0, . . . , d − 1.

2. Compute pointwise products R(ωi ) = P(ωi )Q(ωi ).

3. Use inverse DFT to recover R(x).
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The fast Fourier transform (FFT)

Naive DFT algorithm: evaluate P(x) separately at each ωi .

Requires O(d2) operations in K .

1965: Cooley–Tukey FFT algorithm.

Requires only O(d log d) operations in K .

(You may assume d = 2k if you prefer, not strictly necessary.)

Gauss discovered the Cooley–Tukey algorithm

around 1805, not published in his lifetime. He

did not give a general complexity analysis.
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The fast Fourier transform (FFT)

An example giving the flavour of the algorithm:

Let d = 4 and P(x) = a + bx + cx2 + dx3. Then

P(1) = a + b + c + d

P(i) = a + bi − c − di

P(−1) = a− b + c − d

P(−i) = a− bi − c + di .

The FFT takes advantage of common subexpressions such as

a + c , a− c , b + d , b − d .
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Multiplying integers using the FFT

The “primary school” method multiplies n-bit integers in O(n2)

operations:

314159265358
271828182845 ×

1570796326790
1256637061432

2513274122864
628318530716

2513274122864
314159265358

2513274122864
628318530716

2513274122864
314159265358

2199114857506
628318530716
85397342226185298383510
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Multiplying integers using the FFT

1971: Schönhage–Strassen paper on FFT integer multiplication.

Actually they gave two algorithms:

• A fairly simple algorithm that I will explain some detail.

• A less obvious but more famous algorithm that multiplies

integers in O(n log n log log n) bit operations. This was the

best known complexity bound until Fürer (2007).

They also suggested (but did not quite conjecture) that the right

bound is O(n log n). This is still an open problem.
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Multiplying integers using the FFT

Input: positive n-bit integers u and v .

Choose base B = 2b where b is “small” compared to n.

Cut up inputs into chunks of b bits, i.e., write u and v in base B.

Encode into polynomials U(x),V (x) ∈ Z[x ], say degree < d , so

that U(B) = u and V (B) = v .

Baby example in base 10: u = 314159265358, v = 271828182845.

Take B = 1000, d = 4, so

U(x) = 314x3 + 159x2 + 265x + 358,

V (x) = 271x3 + 828x2 + 182x + 845.
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Multiplying integers using the FFT

It’s enough to compute the polynomial product in Z[x ]:

UV (x) = 85094x6 + 303081x5 + 260615x4 + 610706x3

+ 479009x2 + 289081x + 302510.

Then evaluate at x = B to get uv = U(B)V (B) = UV (B):

85094B6

303081B5

260615B4

610706B3

479009B2

289081B1

302510B0

uv = 85397342226185298383510
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Multiplying integers using the FFT

How to compute the polynomial product U(x)V (x)?

It’s enough to do it modulo x2d − 1.

Use convolution algorithm suggested earlier:

(1) Use FFT to (approximately) evaluate at 2d-th roots of unity:

U(1.00000000 + 0.00000000i) = 1096.0000,

U(0.70710678 + 0.70710678i) = 323.35177 + 568.41483i ,

...

V (1.00000000 + 0.00000000i) = 2126.0000,

V (0.70710678 + 0.70710678i) = 782.06750 + 1148.3194i ,

...
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Multiplying integers using the FFT

(2) Multiply pointwise to get values of UV at 2d-th roots of unity:

UV (1.00000000 + 0.00000000i)

= 1096.0000× 2126.0000

= 2330096.0,

UV (0.70710678 + 0.70710678i)

= (323.35177 + 568.41483i)× (782.06750 + 1148.3194i)

= −399838.85 + 815849.86i ,

...
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Multiplying integers using the FFT

(3) Use inverse FFT to recover approximate coefficients of UV :

UV (x) = 85093.9998x6 + (303081.00− 0.0002i)x5 + · · ·

Assuming we maintain sufficient precision during calculations, we

may round to nearest integer:

UV (x) = 85094x6 + 303081x5 + 260615x4 + 610706x3

+ 479009x2 + 289081x + 302510.
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Multiplying integers using the FFT

What is the complexity?

In practice we take B more or less fixed (depending on the

machine word size), so complexity is O(n log n) word operations.

Aside: this doesn’t make sense asymptotically, because the

coefficients of the polynomial product grow as n→∞.

We have to worry about cost of coefficient multiplications!

Should take B = 2b where b ≈ log n.

This leads to M(n) = O(n log n log log n log log log n · · · ).
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How to tell these two gentlemen apart?

• Both studied at UNSW

• Both live in Canberra

• Only one knows the definition of a group
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The truncated product problem

Now suppose u, v ∈ R, and I am given approximations

u ≈ 0.314159265358,

v ≈ 0.271828182845.

Suppose that I want to compute an approximation for uv .

I can scale everything to convert to integer multiplication:

314159265358× 271828182845 = 85397342226185298383510.

Hence

uv ≈ 0.085397342226185298383510.

But this is silly — only the first 12 digits are meaningful!
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The truncated product problem

What I really want is

uv ≈ 0.085397342226.

Equivalently, I would be happy with the answer

314159265358× 271828182845 ≈ 85397342226000000000000,

I only want the top half of the integer product.

This is an example of a truncated product.
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The truncated product problem

If we use “primary school” multiplication, then we can compute a

truncated product about twice as fast as a full product:

314159265358
271828182845 ×

1570796326790
1256637061432

2513274122864
628318530716

2513274122864
314159265358

2513274122864
628318530716

2513274122864
314159265358

2199114857506
628318530716
85397342226185298383510
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The truncated product problem

What if we use FFT multiplication?

Can we compute a truncated product faster than a full product?

Recall that we converted the problem to polynomial multiplication:

(314x3 + 159x2 + 265x + 358)× (271x3 + 828x2 + 182x + 845)

= 85094x6 + 303081x5 + 260615x4 + 610706x3

+ 479009x2 + 289081x + 302510.

Only the “top half” of this polynomial contributes to the top half

of the integer product.
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The truncated product problem

So the question becomes:

Can we compute the “top half” of a polynomial product faster

than computing the whole product?

No!

The FFT simply doesn’t let you do this.

You can’t “stop halfway” to get half of the answer.

It is not known how to achieve any constant factor savings for this

problem.

(One can even prove this in some algebraic complexity models.)
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The truncated product problem

Last year I proved that in the context of certain FFT-based integer

multiplication algorithms, one can compute a truncated integer

product in 75% of the time of the full product.

This is the first known constant-factor savings for any type of

FFT-based truncated product.
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The cancellation trick

Consider again the polynomial product

(314x3 + 159x2 + 265x + 358)× (271x3 + 828x2 + 182x + 845)

= 85094x6 + 303081x5 + 260615x4 + 610706x3

+ 479009x2 + 289081x + 302510.

I said before that we only want the “top half” of this polynomial.

Actually, I lied.

It suffices to find a polynomial that when evaluated at x = B

gives the same result as evaluating only the “top half” at x = B.
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The cancellation trick

I claim that it suffices to compute

Bx−d+1U(x)V (x) (mod xd − Bxd−1 + B).

In our running example:

1000x−3U(x)V (x) (mod x4 − 1000x3 + 1000)

= 84614991x3 + 781800919x2 + 549393490x + 913216000.

Evaluating at x = B yields

85397342225706000.

Compare with full product:

85397342226185298383510.
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The cancellation trick (most important slide of this talk)

Why does it work?

84614991B3

781800919B2

549393490B1

913216000B0

85397342225706000

=⇒

85094000B3

479009B3

−479009000B2

303081000B2

−289081B2

289081000B1

260615000B1

−302510B1

302510000B0

610706000B0

85397342225706000

Interesting higher-order coefficients in BLUE.

Unwanted lower-order coefficients in RED.
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Roots of the special modulus

How do we multiply modulo P(x) = xd − Bxd−1 + B?

This polynomial has roots very close to those of xd−1 − 1 (plus

one extra root near B itself).

Example for d = 9 and B = 2:

◦ roots of x8 − 1

• roots of x9 − 2x8 + 2
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A fast truncated multiplication algorithm

Sketch of fast algorithm for evaluating at roots of P(x):

1. Compose U(x) with a power series that maps roots of

xd−1 − 1 to roots of P(x).

2. Use ordinary FFT to evaluate at roots of xd−1 − 1.

Why do we get a factor of 3/4 speedup?

• Save factor of 2 in transform length (d vs 2d).

• Lose factor of 3/2 due to larger coefficients.
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Does it work in real life?

For my paper, I wrote a not-too-heavily-optimised implementation

of full and truncated integer multplication, using the well-known

FFTW library for underlying complex FFTs.

I demonstrate savings of around 15–20% for large n.

So the answer is YES. But...
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Does it work in real life?

What about GMP, the de facto standard integer arithmetic library?

Whenever you multiply huge integers in Mathematica, Maple,

Magma, Sage, etc, you are using GMP.

Can I speed up truncated multiplication in GMP?

NO.

GMP does not use FFTs over C.

It works over Z/NZ where N = 2a·2
k

+ 1 is a generalised Fermat

number.

28



Does it work in real life?

What about GMP, the de facto standard integer arithmetic library?

Whenever you multiply huge integers in Mathematica, Maple,

Magma, Sage, etc, you are using GMP.

Can I speed up truncated multiplication in GMP?

NO.

GMP does not use FFTs over C.

It works over Z/NZ where N = 2a·2
k

+ 1 is a generalised Fermat

number.

28



Does it work in real life?

I wrote a specialised integer arithmetic library in connection with

my work on computing zeta functions of varieties in “average

polynomial time” (joint work with Andrew Sutherland, MIT).

Can I speed up truncated multiplication in my own library?

NO.

My library does FFTs over Fp.

The archimedean property of C is absolutely crucial.
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My dream

The million dollar question

Can the truncated multiplication algorithm be adapted to work

over Fp or Z/NZ?

The cancellation trick still works.

What is missing is a way of evaluating quickly at the roots of a

polynomial like

P(x) = xd − Bxd−1 + B.

For example, is it possible to choose d and/or B and/or p so that

the roots of P(x) modulo p have some special structure?

Has anyone seen these sorts of polynomials before?
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A quick solution to the P = NP problem

Suggested by Z. Harvey in 2017.

The solution is N = 1.

(He missed the other solution P = 0.)
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Thank you!
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