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Chapter 1

Introduction

Given a Coxeter system (W, S), we can construct a Z[v, v~ !]-algebra called the Hecke
algebra. The Hecke algebra is central to many questions in representation theory, including
the study of representations of finite and p-adic reductive groups. A Hecke category H
is any category which decategorifies to a Hecke algebra. Hecke categories are ubiquitous
throughout representation theory. One example is the category SBim of Soergel bimodules,
whose structure captures information about the regular block of category O [Soe90]. While
SBim is defined algebraically, there are also geometric Hecke categories. For example, take
a reductive group G and and Borel subgroup B C (. There are Hecke categories given by

B-equivariant semi-simple complexes or parity sheaves on the flag variety G/B.

There are two module categories over the Hecke category called the spherical and anti-
spherical categories, denoted M and /. They decategorify to modules over the Hecke alge-
bra, called the spherical and anti-spherical modules M and N. Whereas the Hecke category
depends only on a Coxeter system (W, S), the spherical and anti-spherical modules and
categories depend additionally on a subset J C S of generators. The results of this paper
require that this J is finitary, meaning that J generates a finite subgroup W; < W. Like
the Hecke category, these two module categories capture crucial representation-theoretic
information. Understanding how objects decompose in N gives us characters of tilting

modules for a reductive group G in characteristic p (see Section 1.5 of [LW22]). Simi-



larly, understanding object decompositions in M gives us characters of simple modules for
G |[RW21]. This is analogous to how object decompositions in H give us the decomposition

of objects in category O.

We can compute such object decompositions by looking at the morphisms in each category.
However, in their algebraic and geometric incarnations, these morphisms are not easy to
work with. For this reason, a diagrammatic Hecke category has been constructed by Elias
and Williamson [EW16], whose morphisms are drawn diagrammatically and are easier to

compute with.

The purpose of this thesis is to construct a diagrammatic spherical category. More
precisely, we construct a diagrammatic category Mpg, whose Karoubi envelope M =
Kar(Mgpg) is a spherical category. This was done in type A by Elias [Elil6a], and this

thesis extends his work to all types.

The thesis presents two main results. Our first main result is a basis for the morphism
spaces of Mpg, called the double-leaves basis. To be precise, the objects of Mpg are
indexed by expressions z in the Coxeter system. Given two objects z,y € Mpgs, we present
an algorithm which constructs a collection SDLy y of double-leaf maps in Hom g (z,y).

Let R := Sym(h*), where b is a realizationﬂ of (W, S). Then we have the following.

Theorem 1.0.1. The collection SDEQ,Q is a basis of Hompy,o(x,y) as a right R-module.

The name “double-leaves” follows the basis of the Hecke category of the same name,
constructed by Libedinsky [Lib15] in the algebraic setting, and by Elias and Williamson
[EW16| in the diagrammatic setting.

The second result of this thesis is that this diagrammatic spherical category is equivalent
to the algebraic spherical category. To explain what this algebraic spherical category is, it

is necessary to introduce singular Soergel bimodules.

'We require that our realization is reflection faithful, see Section



1.1 Singular Soergel bimodules

Singular Soergel bimodules were studied by Williamson [Willl] in his thesis, following
earlier work in the direction by Soergel, Stroppel and others. The category SSBim of
singular Soergel bimodules is a 2-category associated to a Coxeter system (W,S). To
define it, we first construct the 2-category SBSBim of singular Bott-Samelson bimodules.
Its objects are ﬁnitaryﬂ subsets J C S. The 1-morphisms in Homgspim (I, J) are a certain
class of (J, I)-bimodules. The 2-morphisms are bimodule morphisms. Then, the category

SSBim has the same objects as SBSBim, and we set
Homgsspim (1, J) := Kar(Homgspspim (L, J)),
where ‘Kar’ denotes the Karoubian closure.

Just as the category SBim categorifies the Hecke algebra, the 2-category SSBim cate-
gorifies the Schur algebroid S, which can be viewed as a 1-category. The fact that SBim
categorifies the Hecke algebra H can be viewed as a special case of this higher categori-
fication. That is, there is a Hom set Homg(@, @) = H in S, with corresponding Hom

category Homgspim (9, @) = SBim in SSBim.

Similarly, there is a Hom set Homg(&, J) in S which is isomorphic to the spherical module
M. Therefore, the corresponding Hom category Homgspim (&, J) in SSBim categorifies
M, and is thus a spherical category. We call Homgsspim (&, J) the algebraic spherical
category. The second main result of this thesis is that our diagrammatic and algebraic
spherical categories are equivalent as module categories. More precisely, the diagrammatic
spherical category M is a right module category over the diagrammatic Hecke category
‘H. Similarly, the algebraic spherical category Homgsspim (2, J) is a right module category
over Homgspim (@, @) = SBim. Work of Elias and Williamson [EW16] showed that we

have an equivalence H = SBim. Then we have the following:

Theorem 1.1.1. We have an equivalence of categories Mps — Homspspim(D,J). After

taking Karoubian closures, this gives us an equivalence between the diagrammatic and

2Le. the subgroup W; < W generated by J is finite.



algebraic spherical categories, M and Homsspim (D, J), as module categories over H and

SBim respectively. That is, the following diagram commutes.

M xH —9- M

O

HomggBim(@, J) X SBim

Homsspim(92, J)

There has been recent major progress by Elias, Ko, Libedinsky and Patimo in constructing
a diagrammatic category to model SBSBim. In [EKLP24| the authors define a diagram-
matic 2-category Frob intended to model SBSBim. In particular, they define an evaluation
functor F : Frob — SBSBim. Further, they construct a basis for the 2-morphism spaces
of SBSBim. This basis is the image of a collection of double-leaf morphisms in Frob,
under the functor F : Frob — SBSBim.

When we restrict this result to the Hom category Homgpspim(¥, J), we end up with a

double-leaves basis for Homgpspim (&, J). This is similar to the main results of this paper.

In particular, combining Theorems [1.0.1] and [1.1.1] also gives us a double-leaves basis for

Homgpspim (&, J). The addition made in this thesis is that this is also a basis of the
diagrammatic category Mpg, not just the algebraic category Homgpspim (&, J). It is this

fact which is necessary to prove the equivalence in Theorem [1.1.1

1.2 Structure of this thesis

We now describe the structure of the thesis. Chapters 2-5 introduce the necessary back-

ground material.

o Chapter [2} We describe Coxeter systems and the Hecke algebra.

o Chapter [3} We describe the categories of Bott-Samelson bimodules and Soergel

bimodules associated to a Coxeter system.



o Chapter [} We describe diagrammatic categories Hpg and H, which are equivalent

to the categories of Bott-Samelson bimodules and Soergel bimodules respectively.

o Chapter B} We give the construction of the double-leaves basis of Hpg.

Then, in Chapters 6-11 we move into the world of spherical modules and categories.

o Chapter [6f We describe the spherical module M as well as the category JBSBim of
J-singular Bott-Samelson bimodules. The idempotent completion Kar(JBSBim) of
JBSBim is called the (algebraic) spherical category, since it categorifies the spherical

module.

o Chapter[7} We construct diagrammatic categories M pg and M which are equivalent
to JBSBim and Kar(JBSBim) respectively (though this equivalence will not be

proven until the final chapter).

o Chapter [8 We construct various categories of standard diagrammatics, and prove
equivalences between them. This will assist us in proving linear independence in the

following chapter.

o Chapter [0} We construct a double-leaves basis of M pg, and prove that it is linearly

independent.

e Chapter We prove that these double-leaves also span, so that they are indeed a

basis.

e Chapter We use this basis to prove that the diagrammatic categories Mpg and

M are equivalent to JBSBim and Kar(JBSBim) respectively as module categories.



Chapter 2

Coxeter Systems and the Hecke
Algebra

To construct a Hecke algebra, or a category of Soergel bimodules, we need to specify the
Coxeter system to which it is associated. Thus Coxeter systems form the ground of all

that follows in this thesis.

Definition 2.0.1. A Cozxeter system is a pair (W, S), where W is a group — called a

Cozeter group — generated by a set S, subject to relations

o 52 =1 for all s € S (quadratic relation)

o for each pair s,t € S, there is an mg € {2,3,...} U {oc} such that (st)"t = id (if
mst # 00). This can also be written sts--- = tst---, with mg terms on each side

(braid relation)

Thus a Coxeter system is specified by a set S of generators — called simple reflections —
and a choice of mg for each pair s,t € S. We can represent this information as a graph,
called a Cozeter graph: The vertices are labelled by the generators s € S. Given a pair

s,t € 5, there is an edge between them if mg > 2. If mg > 3, this edge is labelled by m;.

10



Example 2.0.2. (Type Az). Let W = S3, the symmetry group of a triangle. This is

generated by a pair of reflections S = {s,t}, as depicted below:

--®

We can check that sts = tst, so that mg = 3. Therefore, the Coxeter system (W,.S) is

represented by the following Coxeter graph.

The group S5 generalizes in two ways: to the family of symmetric groups, and the family
of dihedral groups. We call the corresponding Coxeter systems type A and type Io,

respectively.

Example 2.0.3 (Type A). The Coxeter system of type A, is the symmetric group W =
Sn+1, generated by S = {s1,..., s}, where s; is the transposition (i, i+ 1). One can check

that this is given by the Coxeter graph

S1 52 S3 Sp—2 Sn—1 Sp

Note that the n in A,, refers to the number of generators, which generate the group Sy11.

Example 2.0.4. (Type I3) The Coxeter system of type I3(m) is the dihedral group Dih,,
— the symmetries of an m-gon — generated by a set S = {s,t} of two adjacent reflections.

Here is a picture for m = 6.

11



One can check that st gives an anti-clockwise rotation by 2Z, and thus (st)™ = id, so that

mg = m. Thus the Coxeter graph is

Again, the 2 in Is refers to the number of generators. We can also set m = oco. In this

case there is no relation between s and t.

2.1 Expressions

Given a Coxeter system (W, S), any element w € W can be expressed as w = 5183 - - - sy, for
some sequence of generators s; € S. In this case we say that the sequence w = (s1, ..., sp,)
is an expression of w. Note that for a given w € W, there is more than one expression
w of w. For example, in type Ay (Example , we have sts = tst, and so the element
w = sts has two different expressions (s,t,s) and (¢,s,t). In fact, w has more than two
expressions: (s, s, s,t,s) is also an expression for w (using the quadratic relation). But as

this expression is longer than the others, we say it is not reduced.

Definition 2.1.1. We say an expression w = (s, ..., $p,) of w is reduced if there are no

shorter expressions of w.

Definition 2.1.2. We define a length function { : W — NU {0}, where [(w) is the length

of a reduced expression of w.

12



We will often abbreviate ‘reduced expression’ to ‘rex’. We have this useful fact about

reduced expressions due to Matsumoto.

Theorem 2.1.3. (Matsumoto’s theorem) Any two reduced expressions w, w' of some

element w € W are related by a series of applications of the braid relation.

Proof. See |Mat64]. O

For a simple example, in type As the reduced expressions (s,t,s) and (¢, s,t) are related

by a single application of the braid relation.

This notion of expressions will be necessary in constructing Bott-Samelson bimodules in

Section [3.6] A Bott-Samelson bimodule will be determined by an expression w.

2.2 The Bruhat order

Given (W, S), we will put a partial order on the group W, called the Bruhat order. Recall
that the generators s € S are called simple reflections. Conjugates of simple reflections are
just called reflections. They are called reflections because they are of order 2: for s € S,

2 1 1 2,.—1 -1

x € W, we have the reflection zsx~!. Then (zsz™1)? = zsx tosz™ ! =as?z ! =227 =

id, so zsx~ ! is of order 2.

Let T denote the set of reflections in W. For example, for W = S3 = (s,t), we have
two simple reflections s and t. But geometrically, there ought to be one more reflection,

labelled here as r:

13



This 7 is in fact the reflection sts~! = sts (using s = s71). So here, T = {s,t, sts}.

We can define a relation ‘=’ on W as follows: Given z,y € W, we write x — y if
l(x) < l(y), and there exists some reflection ¢ such that xt = yE| The Bruhat graph of
(W, S) is the directed graph with vertices the elements of W, and an arrow from x to y if
x — y. For example, here is the Bruhat graph of W = S3 = (s, t).

sts

st/ \ts
| <]
\id/

Definition 2.2.1. The Bruhat order is a partial order ‘<’ on W, defined to be the

transitive closure of the relation —.

2.3 The descent set

Given a Coxeter system (W, S), and given some w € W and s € S, we have l(ws) = [(w)+1
(see [EMTW20|, Proposition 1.41). That is, multiplying by a simple reflection either
increases or decreases the length by 1. This means that in the Bruhat order, either

ws < w or ws > w.

Definition 2.3.1. We define the right descent set R(w) := {s € S | ws < w}. The left

descent set L(w) is defined analogously: L(w) :={s € S| sw < w}.

Theorem 2.3.2. (The Exzchange Condition): Let (s1,...,Sn) be a reduced expression for

w € W, and suppose t € R(w). Then there is some s; such that wt = s1---8;--- $p.

Proof. See Exercise 2.19 of [EMTW20]. O

I'Putting ¢ on the right here is arbitrary; that is, one can check that zt = t'z, for some
other t' € T

14



Corollary 2.3.3. For w € W, the descent set R(w) is equal to the set

{t € S| w admits a reduced expression ending in t}.

Proof. See Corollary 1.49 of [EMTW20]. O

2.4 The Hecke algebra

Given a Coxeter system (W, S), we can construct a Z[v, v~ !]-algebra H(W, S), called the

Hecke algebra.

Definition 2.4.1. The Hecke algebra H(W,S) (or just H, when (W,S) is clear from

context) is the Z[v, v~1]-algebra with generators d, for s € S, and relations

62 =1+ (v —w)ds forall s €S, (2.1)

65(575(53... = 575555,5... for all S,t S S, (22)

where there are mg terms on each side of equation (2.2]).

Notice that if we replaced v with 1, this would become the group algebra Z[W]. For this
reason, H(W,S) is called a deformation of the group algebra.

There is a very simple basis for H called the standard basis. It contains a basis element
0y for each w € W. When w is a simple reflection, d,, is one of the generators introduced
above. For a general w € W, choose a reduced expression (si,...,s;) for w, and set
Ow 1= 05,05, - - - 05, We need to check that this is well-defined, i.e. that it does not depend
on our choice of reduced expression for w. Let (¢1,...,t;) be a different reduced expression
for w. By Matsumoto’s Theorem [2.1.3] we can get from (s1, ..., sg) to (t1, ..., t) by a series
of braid relations. Equation tells us we are allowed to apply these braid relations in
the Hecke algebra. Therefore we can also get from d, - - - 05, to dy, - - - 0y, using the same

series of braid relations. So §,, is well-defined for every w € W.

Proposition 2.4.2. The set {0, | w € W} is a basis of H as a Z[v,v™']-module.

15



Proof. See Theorem 3.5 of [EMTW20]. O

We can check that every basis element 4, is invertible. First, for a simple reflection

s € S, we have that

0 (0s+ (v —v71)) =624 (v —v 1),
=1+ W —v)ds+ (v —v 1),

=1

)

so that &, is invertible, with 0; ! = d5 + (v —v~!). This tells us that any basis element &,

is invertible. Writing d,, = ds, - - - d5,, for s; € S, we have ot = 5;3 e 5;11.

2.5 The Kazhdan-Lusztig basis

There is another basis of H(W, S) of great significance in representation theory, called the
Kazhdan-Lusztig (KL) basis. Again, we have a basis element b,, for each w € W. In order

to define these b,,’s, we will need to introduce an involution on H.

Definition 2.5.1. The Kazhdan-Lusztig involution (or bar involution) is the Z[v,v~}]-
linear map H — H : h + h which sends &5 +— ;! for s € S, and sends v +— v~1. It

extends to a map on all of H as a ring automorphism, i.e. hk = h -k for all h,k € H.

Definition 2.5.2. Given x € W, we define the Kazhdan-Lusztig basis element b, to be

the unique element of H satisfying:

1. (Self-duality): by = by.

2. (Degree bound): by = 6z + >-,, hy«0y (where < denotes the Bruhat order), for

some polynomials hy , € vZ[v].

It is not clear that such elements necessarily exist, or if they do, that they are unique. In

fact, for each x € W, the KL-basis element b, exists and is unique, and moreover (as one

16



might expect), the collection {b, | x € W} forms a basis of H [KL79|. For a proof of these

statements aligned with our notation see Sections 3.2 and 3.3 of [EMTW20].

The above definition of KL-basis elements defines them implicitly; can we see what they
look like more explicitly? For simple reflections s € .9, it is easy to find bs. We can see

that ds + v satisfies the degree bound condition, and we have that

So &5 + v is also self-dual, and thus by = 05 + v.

How would we find b,, for general w? This is done using an inductive algorithm. For
the details of this algorithm, see section 3.3.2 of [EMTW20|. Here we will only show an

example to give a sense of how the algorithm works.

Example 2.5.3. Take (W, .S) to be type Ay (Example , so that W = S5, S = {s,t},
mg = 3. We have six b,,’s to find, but we already have three of them: b,y =1, bs = ds+ v,
by = 6 +v. So we need to find by, b, and bgs. To find by, we take the product bgb;.
This equals

bsby = (85 4 v)(8; + v) = gy + Vg + VO; + V2.

This satisfies the degree bound condition, and it is self-dual, since both its factors bs; and
b; are self-dual. So we have found bg; = bgby. Similarly, bys = bibs. The only difficult one
is bgts. We start by taking the product bsbibs = bgybs. This equals

bstbs = (5st + 'U(Ss + fU&t + ,02)(58 + 'U)
= Og1s + Vgt + U + 05 + 005 + 028, + 0285 + 03

= Osts + V0s¢ + VOps + '1)261& + (1 + ’1}2)(53 +v+ ’U3.

This is once again self-dual, but does not quite satisfy the degree bound condition: The

coefficients (other than that of d45) need to be in vZ[v], whereas the coefficient (1 + v?)

17



of 4 is not. To rectify this, we subtract off by = d5 + v, leaving
bsts = bsbibs — bs = dgps + VOst + V015 + U255 + 'U25t + fU3
which now satisfies both conditions.
That is the essence of the algorithm: To find b,,, where w = s; - - - s, is a reduced expres-

sion, we take b

in vZ[v].

s1--s5_1 Dsy,» and then possibly subtract off some b,’s to put all the coefficients

2.6 Trace and bilinear form on H

Here we introduce a form on H. This will be important later in giving the dimensions of

Hom spaces between Soergel bimodules.

Definition 2.6.1. The standard trace ¢ : H — Zv, v~ is the Z[v,v~!]-linear map on H

given by taking the coefficient of d;4. That is, €(3,cy €20z) = Cid.
Definition 2.6.2. Let i : H — H be the Z[v, v~ !]-linear anti-involution defined by i(8,) :=

8y-1. We define a Z[v, v~ !-bilinear form (-,-) : H x H — Z[v,v™!] by

(2.9} = e(i(e)y). (2.3)

The standard basis is orthonormal with respect to this form. That is,

1 ife=y
(0z,0y) = (2.4)
0 ifzx#y.

(See Lemma 3.15 of [EMTW20]).

Remark 2.6.3. The anti-involution ¢ does not in general fix KL-basis elements. For
example, in type As, i(bs) = bys. However, i does fix the longest KL-basis element. Let

wo be the longest element of a finite Coxeter group W. Then

by =y 0w =E@)g, (2.5)
zeW

18



(See Proposition 2.9 of [Soe97]). Then we can see that
i(bwy) = bug- (2.6)

Remark 2.6.4. We will use results about this (-,-) from [Willl]. The form is defined
in [Willl] as (z,y) = e(z - i(y)), rather than €(i(x) - y). However, since both are bilinear
forms under which the standard basis is orthogonal, they must be the same. We use this

altered definition to give us the most convenient bilinear form on the spherical module

(see Section [L1)).
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Chapter 3

Soergel Bimodules

We will now describe the category SBim of Soergel bimodules. This gives a categorification

of the Hecke algebra H.

3.1 Graded rings and modules

Before we launch into the machinery involved in Soergel bimodules, let us briefly set out

notation for graded rings and modules.

Definition 3.1.1. A graded ring is a ring A with a decomposition 4 = ;-5 A" into
additive subgroups A, where A*A7 C A"J. An element a € A’ is called homogeneous of

degree 1.

A familiar example of a graded ring is a polynomial ring like A = R[zy, ..., z,], where the

graded piece A’ is the space of homogeneous degree i polynomials.

Definition 3.1.2. Given a graded ring A, a graded module M over A is an A-module which

also has a decomposition M = @;c, M ¥ into additive subgroups M?, where A*MJ C M*7,

We can easily generalize the above definition to graded bimodules. For example, A is a

graded bimodule over itself.
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We can take grading shifts of graded objects: given some graded object B (ring or module),
we set B(n) to be the graded object with graded pieces B(n)! := B"*. So all we are
doing here is relabeling the graded pieces: degree n elements of B are considered degree 0

elements of B(n). Given a polynomial p = Y, p;v’ € Z[v,v™1], we set
B® .= (P B(i)®":.
i

In this way, powers of v can encode grading shifts.

Definition 3.1.3. A morphism f : B — C of graded objects is homogeneous of degree k
if f sends B to C*tF for all i.

Notice that this is exactly the same data as a morphism f : B — C(k) of degree 0. For
this reason, some texts use the convention that morphisms between graded objects are
required to be homogeneous of degree 0; we can talk about morphisms B — C of degree
k by talking about morphisms B — C(k) of degree 0. However, we will not impose that
convention here, i.e. in general we will allow morphisms to be homogeneous of degree k.
This is because not all of our categories allow grading shifts (for example, the category of
Bott-Samelson bimodules). We will, however, impose the degree 0 requirement in certain

categories (for example, the category of Soergel bimodules).

This leads to the notion of a graded category.

Definition 3.1.4. A graded category C is a category whose morphism spaces are graded
abelian groups, and moreover composition of morphisms respects this grading; that is, for

any objects A, B,C € C, we have

Home (B, C)' o Home(A, B)YY C Home(A,C).

Here is an example of a graded category:

Definition 3.1.5. Given a commutative ring A, we let A-gBim denote the category of

graded A-bimodules. We set

Hom_ggim (M, N) := €D Homp_gpim (X, Y)",
nez
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where Homa_gBim (X, Y)" is the space of homogeneous A-bimodule morphisms of degree

n.

Finally, let us introduce the notion of graded rank.

Definition 3.1.6. By a graded free A-module, we mean a graded A-module M with a
basis of homogeneous elements. If {m;} is a basis of M of homogeneous elements, then

we have

M = @Ami &~ @A(—degmi) >~ AP

for some polynomial p. We call this p the graded rank of M, and denote it by rkM.

One potentially confusing aspect of this graded rank is that the degrees in the basis are
the negatives of those in p. For example, If M is a graded A-module generated by a single

2

element of degree 2, then the graded rank of M is v~°. For this reason, many of our

later formulae for the graded ranks of certain spaces (in Section have bar involutions

showing up in them, since the bar involution takes v® to v~

Now let us introduce a particular graded ring.

Definition 3.1.7. Given a Coxeter system (W, S), set R := Rlas | s € S]. That is, R is

a polynomial ring with indeterminates ay, one for each simple reflection s € S.

Note that R is a graded ring: it is graded by the degrees of its polynomials. We will use
the (possibly surprising) convention that deg as = 2; i.e. we double all the degreesﬂ This

grading will play a fundamental role in what is to come.

Soergel bimodules are bimodules over this ring R. In fact, R itself is our first example of
a Soergel bimodule. This R will also be the basic building block in constructing Soergel
bimodules: we will be taking certain tensor products of R with itself. But in order to

describe these tensor products, we first need to describe an action of W on R.

IThe reason for this is that R manifests as a cohomology ring which is non-zero only
in even degrees. See section 1.3 of [EW16]
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3.2 The geometric representation

We want to describe an action of W on R. To do this, it will in fact be enough to describe

an action on the monomials of R — that is, on the space
V := Spang{as | s € S}
— and then extrapolate this action to all of R.

Definition 3.2.1. Given (W, S), the geometric representation of W is the vector space

V := Spang{as | s € S}, under the following action of W. Given v € V and s € S, we set
s(v) == v —2(v, as)as,

where (-, ) is an inner product determined by

™

g, X .= —COS
( CR) t) Mt

and extended bilinearly to all of V.

Thus, the reflection s acts on V' by reflecting across the hyperplane orthogonal to a,. In

particular, s(as) = —as.

Example 3.2.2. Let (W,S) be of type Az (example [2.0.2). In this case, V is a 2-
dimensional real vector space spanned by as and «;. Our inner product gives (as, o) =
—cosZ = —3. The reader can verify that the action of s is given by s(a,) = —as, s(oy) =

as + . Similarly, t(as) = as + ay, t(ay) = —ay.

What is ‘geometric’ about this representation? Note that, with respect to our inner
product (+,-), as and oy are not orthogonal. In fact they are at an angle of %’r from one
another. Therefore, the reflections s and t are also at an angle of 2?” from one-another.
Thus this represents S3 as the symmetry group of an equilateral triangle. Similarly, one

can check that the geometric representation of Dih,, gives the symmetries of an n-gon.

Now that we have defined an action of W on the monomials ag, we can easily extend the

action to all of R by

w(]] of") = [ wlan)®

seS seS
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and extending linearly.

Definition 3.2.3. Given s € S, let R® C R denote the ring of invariants of R under the

action of 5. Given J C S, let R’ C R denote the ring of invariants under all of .J.

For example, s(a?) = (—as)? = a2, so that a2 € R®. These rings of invariants R® will be

crucial in the construction of Soergel bimodules.

3.3 Realizations

The category of Soergel bimodules (as well as the diagrammatic categories we will in-
troduce later) depends on a choice of representation of W. We have given the example
of the geometric representation above. We will also include some extra data with this

representation, so that we have a realization.

Definition 3.3.1. Let k be a commutative integral domain. A realization of a Coxeter
system (W, S) over k is a free finite-rank k-module b, together with subsets {a }ses C b
and {as}ses C b* := Homy (b, k), satisfying

1. as(a))=2forall s € S.
2. For v € b, the assignment s(v) := v — as(v)a, gives a representation of W.

3. A minor technical condition (see Definitions 3.1 and 3.6 of [EW16]).

Given a realization as above, we can also construct a representation of W on h*. For
v € bh*, set

s(7) =7 = ().
We can recover the geometric representation in exactly this way from the geometric re-

alization Bgeom. This is defined as follows: let hgeom be the free R-module with basis

{a}ses, and with elements {as}ses C hgeon defined by

as(a)) = =2 cosnlrt.
S
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Then, given a general realization b, we can set
R:= P S"(h"),
m>0

the symmetric algebra on h*. We view this as a graded ring with h* in degree 2. When

B = Bgeom, We get R as defined in Section

3.4 Reflection faithfulness

Here we address a technical detail: some of our later results require our realization to be

reflection faithful.

Definition 3.4.1. A realization b of (W, S) is reflection faithful if b is a faithful represen-
tation, and if the set of reflections in W is in bijection with the codimension 1 hyperplanes

of h which are fixed by some element of W.

Unfortunately, the geometric realization hgeom constructed above is not always reflection
faithful. For example, let W be the infinite dihedral group I3(oc) generated by s,t. Then
both s and ¢ fix the same hyperplane in §. For this reason we will sometimes need to use
a realization other than the geometric realization hgeom. In Section 2 of [Soe07], Soergel
constructs a reflection faithful representation by mimicking the action of an affine Weyl
group on a Cartan subalgebra of an affine Kac-Moody group. We will refer to this reflection

faithful realization as Hxpy.

Soergel relied on the reflection faithfulness of hx s to prove various results in [Soe07]
(in particular, Soergel’s categorification theorem and Soergel’s conjecture). It was later

proved by Libedisnky |Lib0§| that these results hold for hgeom if and only if they hold for

B

We finally require that k is infinite.
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3.5 Demazure operators

We take this opportunity to introduce a collection of operators called Demazure operators.
These will appear in the construction of our diagrammatic categories in Chapter [d Take
a Coxeter system (W, S) and some s € S. First, we say that f € R is an s-anti-invariant
if s(f) = —f. Note that for any f € R, f — s(f) is an anti-invariant. It is a fact (see
Example 4.12 of [EMTW20|) that any s-anti-invariant is divisible by aSEI Now we can

define a Demazure operator 0s : R — R by
(3.1)

Since both the numerator and demoninator are s-anti-invariants, we have that ds(f) is an

s-invariant for any f € R, i.e. the image of Js lies is R®.

3.6 Bott-Samelson bimodules and Soergel bimodules

Now we can introduce our first non-trivial Soergel bimodules, known as Bott-Samelson

bimodules. The simplest one is
Bs := R®ps R(1)

where R(1) is a grading shift of R by 1. This Bott-Samelson bimodule B; is an R-bimodule,
and we can put a grading on it in a natural way. Given a simple tensor p ® ¢ € By, we
have deg(p ® ¢) = deg p + deg ¢. For example, deg(as ® ay) =2+ 1 = 3, since ay € R(1)
has degree 2 — 1 = 1.

Now, why would we define such a bimodule as B; = R ®ps R(1)? One reason is that Bs
behaves very much like our KL-basis element bs in the Hecke algebra. In particular, note

that bg = vbs + v~ 1b,. Similarly:

Proposition 3.6.1. We have that Bs ® g Bs = Bs(1) & Bs(—1).

2This is a generalization of the fact that odd functions in x are divisible by x.
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Thus the grading shifts behave like powers of v; i.e. Bg(n) corresponds to v™bs (This
“corresponds to" will be made precise in Theorem |3.6.5). To prove Proposition we

will need the following lemma:

Lemma 3.6.2. We have that R = R* @ R*(—2) as R*-bimodules.

Proof. See Examples 4.11 and 4.12 in [EMTW20).

Proof of Proposition We have that

B ®p Bs = (R®ps R(1)) @ (R®pgs R(1))
= R®ps R(1) ®p= R(1)

= R®ps (R°(1) ® R*(—1)) ®rs R(1)

1

(R®ps R*(1) ®ps R(1)) ® (R ®@pgs R°(—1) @pgs R(1))
~ (Rom R(2)® (Rps R)

ng(l)@Bs(_l) O

So we have constructed an R-bimodule B which behaves like the algebra element bs. In
fact, we are going to do the same for all KL-basis elements b,,; that is, for each w € W,
we will construct an R-bimodule B,, which “behaves like" b,, (again, this will be made

precise later).

For example, let us look again at the case of type Ay in Example 2.5.3] Here we had
bst = bsby, bys = brbs. So if we are looking for some bimodule By which corresponds to b,
the natural candidate would be By ®p By (which we denote by BsB;). Modules of this

form — i.e. products of By,’s — are called Bott-Samelson bimodules.

Definition 3.6.3. Given an expression w = (s, ..., S, ), the Bott-Samelson bimodule corre-
sponding to w is BS(w) := B, Bs, - -+ Bs,,. We set BS(@) = R. Given a Coxeter system
(W, S), we associate the category of Bott-Samelson bimodules BSBim. This is the full
subcategory of R-gBim (see definition ) whose objects are Bott-Samelson bimodules.
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Continuing our example of W = S3, we saw that W has six Kazhdan-Lusztig basis ele-
ments: b;q, bs, bt, bst, brs, and bgs. We now have R-bimodules corresponding to five of these

six:
bia ~ R
bs ~ B
bt ~ Bt
bst ~ Bst = Bth

bts ~ Bts = BtBs'

All five of these modules are Bott-Samelson bimodules. For example, Bs = BS((s)), and
By = BS((s,t)). We have one KL-basis element left, however: bgs = bsbibs — bs. It
is unclear that we can model this using a Bott-Samelson bimodule, since we would have
to take something like “B;B;Bs — B,", where the subtraction doesn’t make any sense.
However, we can rewrite bgs = bsbibs — bs as bsbibs = bgs + bs. This suggests (correctly)

that the Bott-Samelson BBy B might decompose as
B;B;Bs = Bgs @ B (3.2)

where By is some (as yet mysterious) R-bimodule corresponding to bgs. Thus, if we want
to model all KL-basis elements of W using R-bimodules, we must take not only Bott-
Samelson bimodules, but also direct summands of them. This motivates the following

definition:

Definition 3.6.4. A Soergel bimodule is a direct summand of a finite direct sum of grading

shifts of Bott-Samelson bimodules.

We can then consider the category SBim of Soergel bimodules. Its objects are (of course)

Soergel bimodules. Its morphisms are homogeneous R-bimodule morphisms of degree OE|

3As noted in section we now require morphisms to be of degree 0. This is because
we now have grading shifts in our category, so we can consider morphisms B — C' of
degree k by considering morphisms B — C(k) of degree 0.
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So far we have been speaking only vaguely about the correspondence between the Hecke
algebra elements b,, and R-bimodules B,,. We are now in a position to make this corre-
spondence precise. Let us first define the split Grothendieck group [SBim]g, of the category
of Soergel bimodules: it is the free abelian group generated by elements [B] for B € SBim,

under the relations
[B] = [B'] if B~ B’;
= + 1 = © L.
[B] [B/] [B//] f B ~ B/ B//
We can turn [SBim|g into a ring by setting
[B] = [B’][B”] if B2 B @ B".

Finally, we can turn [SBim]g into a Z[v,v~1]-algebra by setting

Theorem 3.6.5. (Soergel’s Categorification Theorem, [Soe07])
Suppose our realization by is a reflection faithful realization over an infinite field of char-

acteristic # 2. Then:

(a) For each w € W, there is an indecomposable Soergel bimodule B,, € SBim. These

By ’s are precisely the indecomposables of SBim (up to isomorphism and grading

shift).

(b) The indecomposable By, appears as a direct summand of BS(w) for any reduced

expression w of w. Moreover, all other summands of BS(w) are By for some x < w.

(c) There is a Z[v,v~!]-algebra isomorphism [SBim|e — H sending [Bs] + bs. That is,

SBim is a categorification of H.

Proof. See [Soe07], Satz 1.10, 5.15 and 6.14. O

This map [SBim]g — H is called the character map, and will be described explicitly

at the end of the next section.
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We have by Theorem m (c) above that the indecomposable By gets sent to the KL-
basis element bs. We might hope that this extends to all elements of W; that is, that the

character map sends [By,]| — by, for all w € W. This is known as Soergel’s conjecture.

Conjecture 3.6.6. The character map [SBim|q — H of Theorem (c) sends [By]
by for all w e W.

This conjecture was proved by Elias and Williamson in [EW14] in the case that k is of
characteristic 0. In the case that k is of characteristic p > 0, Soergel’s conjecture fails,

and the image of the [B,]’s under the character map is known as the p-canonical basis.

3.7 Standard bimodules

We have just seen that the Hecke algebra H is categorified by SBim. Under this cor-
respondence, the KL-basis elements b,, correspond to indecomposables B, (at least in
characteristic 0). Which bimodules correspond to the standard basis elements 6,7 The
answer is standard bimodules, which are denoted R,,. These are not Soergel bimodules,
only R-bimodules. The sense in which they “correspond to" the d,,’s will be made precise
shortly. First, we need to define them: standard bimodules R,, are the ring R, except
with a “twisted" right action. To avoid confusing notation, we will first define this twist

for a general R-bimodule M.

Definition 3.7.1. Given an R-bimodule M and an element w € W, we define the R-
bimodule M,, to be the same as M, but with a different right action of R: for m € M,,,

r € R, we have m -, r := mw(r). Left multiplication of M, is the same as for M.

Applying this to the R-bimodule R gives us the standard bimodule R,, (Note that R;q =
R). It is easily seen that R, ®r R, = R,y via f ® g — fz(g), and with inverse map
f— f® 1. This allows us to make the following definition.

Definition 3.7.2. We define the monoidal category StdBim as the full subcategory of
R-gBim (see Definition [3.1.5)) consisting of all direct sums of grading shifts of standard
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bimodules R,,.

Why would we define such objects? Because they are the building blocks of Soergel

bimodules. For example, we have the following short exact sequences of R-bimodules:

0 — Ry(—1) 2%, g, 129709, p(yy 0, (3.3)

0 — R(—1) 22, g, L2920, by o, (3.4)

where ¢, 1= %(as ®1+1®ay), ds = %(as ®1—-1® as). From we have a filtration
0 C Rs(—1) C B; of B, with subquotients Rs(—1) and R(1); i.e. we have a filtration of Bg
by standard bimodules (with grading shifts). It turns out (see Section 5.3 of [EMTW20])
that there is a filtration of any Soergel bimodule by standard bimodules. In fact, there
are many such filtrations for a given Soergel bimodule, but we can choose a canonical one,

called the A-filtration.

Definition 3.7.3. (Definition 5.8 of [EMTW20]) Fix an enumeration xg, 1, ... of all el-
ements of W which respects the Bruhat order, i.e. x; < x; implies ¢ < j. A A-filtration
of a Soergel bimodule B is a filtration 0 = B¥ ¢ B*! ¢ ... ¢ B® = B such that

BZ‘/BH_1 = Rihzi for hxi S ZZO[’Uil].

Given a fixed enumeration, this filtration is unique. Moreover the multiplicities h, of R,
do not depend on the choice of enumeration ( [Soe07], Lemma 6.3). The A-filtration gives
us the isomorphism [SBim|g — H: the standard module R,, is sent to d§,,. More precisely,
let B be a Soergel bimodule with A-filtration 0 = B*¥ ¢ B*~! ¢ ... ¢ BY = B, having
subquotients B'/Bt! = R;ﬁhi. We define the character map ch: SBim — H by

k
ch(B) =Y ")y, (3.5)
=0
This is the isomorphism in Theorem c).

For example, we saw above that we have a filtration 0 C Rs(—1) C B, of Bs, with
subquotients Rs(—1) and R(1). We can see that this is the A-filtration, so that h;q =
v, hs = v~1. Thus ch(Bs) = v - v~ s + vdiqg = 6 + v = bs.
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3.8 Defect and the Hom formula

Given two Soergel bimodules B and B’, the Hom space Homgp;, (B, B) is a left (or right)
R-module. In [Soe07], Soergel showed that this Hom space is a free R-module, with graded

rank given by the following formula.

Theorem 3.8.1. (Soergel Hom formula) Suppose our realization § is a reflection faithful
realization over a field of characteristic # 2. Then for any B, B’ € SBim, the Hom space

Homspim(B, B') is free as a left (or right) R-module, with graded rank given by

TkHO'm/SBim(Bv B/) = <Ch(B)7 Ch(B/)>7

where (-,-) is the bilinear form on H defined in (2.3).

To see more precisely what this formula is telling us, we need to introduce the notion of

defect.

Take any expression z = (1, ..., $p). A subexpression e C x is a binary sequence (ey, ..., €y)
(so e; € {0,1}). The idea is that z = (s1,..., S,) expresses some element z, and that by
leaving out some of these s;’s, we express a different element z¢ := s7' --- s&», which we

call the target of e. The ‘1’s in the binary sequence e correspond to the s;’s that we leave

in, and the ‘0’s to those we leave out.

Example 3.8.2. Take z = (s,t,s) in W = S3. Then the subexpression e = (0,1,1) has
target ¢ = ts, while (1,0,1) has target ss = id. Note that different subexpressions can

express the same group element: the subexpressions (1,0,0) and (0,0,1) both express s.

Take some expression = (1, ..., S, ) and a subexpression e C z. The stroll associated to e
is the sequence wy, Wi, ..., Wy, where wy, := s{* - - - s7*. So for example, the stroll associated
to (1,0,1) C (s,t,s) would be id, s, s, id. We can take the stroll wy, ..., w, associated to
some e C z and decorate it with a sequence dy, ..., d,, where d; € {U0,U1, D0, D1}. The

U and D tell us whether we go up or down in the Bruhat order at that point in the stroll.
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The 1 and 0 correspond to the 1 or 0 at that point in e. More precisely, we have

Ue;, ifw;_1s; > Wi—1,
d; =

De; if wi_18; < w;_1.

So for e = (1,0,1) C (s,t,s), we would have dj,ds,ds = U1,U0, D1.

Given a subexpression e C z, we define the defect of ¢ as
def(e) := #U0 — #DO,

that is, the number of U0’s in its decorated sequence, minus the number of D0Q’s.

Now, we define b, := by, bs, - - - bs,,, where by, is the KL-basis element corresponding to s;.

We have the following lemma.

Lemma 3.8.3. (Deodhar’s lemma) For any expression x = (1, ...,Sn), we have the for-

mula

by =Y 01 (D5,

eCz

Proof. See Lemma 3.36 in [EMTW20]. O

This means that the coefficient of 9, in b, is

Z paef(e)

eCzx
€e__.
rE=w

When we combine this with the above Hom formula, as well as the orthonormality of the

standard basis (2.4)), we get

rkHomspim (BS(2), BS(y)) = (ch(BS(z)), ch(BS(y)))

= <b£7 bg>
— Z ( Z vdef @) Z vdef D)y
weWw ggc_g fCy

gi:w

= 3 yleflertdes(p),

eCzx
fcy

zﬁzgi
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This tells us that there is a basis of Hom(BS(z), BS(y)) consisting of one morphism for
every pair of subexpressions e C z, f C y such that 2¢ = yi. This is exactly the form

that our “double-leaves" basis will take.

3.9 Localization

The standard bimodules R,, show up as subquotients of Soergel bimodules (see Section
. When we localize everything, the situation becomes even simpler: these subquotients
become direct summands. Let @@ be the field of fractions of R. We can localize the Bott-

Samelson bimodule Bg by taking

Bs®rQ=R®p R(1) 9 Q = R®p- Qff

One can show that we have an isomorphism

R Q=Qog Q
as (R, @)-bimodules. In fact, we can show a more general isomorphism.

Lemma 3.9.1. Given any expression w = (81, ..., $n), we have an isomorphism of (R, Q)-

bimodules

BS(w) ®r Q = Q ®gs1 Q ®@s2 -+ - ®gsn Q.
Proof. See Lemma 3.20 of [EW16]. O

This means that we can in fact consider BS(w) ®pr @ to be a @-bimodule. Thus we

have a localization functor BSBim — Q-Bim.

Definition 3.9.2. We define BSBimg to be the essential image of this localization functor
BSBim — @Q-Bim. We define SBimg to be the full subcategory of @-Bim consisting of

direct summands of direct sums of objects in IB%SBimEL

4We do away with gradings when we localize since @ is not graded.
°In the language of Section we have SBimg := Kar(BSBimg).
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We can thus extend our localization functor to SBim — SBimg. These localized Soergel
bimodules are built out of standard @-bimodules. That is, for w € W we can define the
standard ) bimodule Q,, exactly analogously to Definition The following proposi-
tion tells us that when we localize a Soergel bimodule, the standard sub-quotients become

direct summands.

Proposition 3.9.3. Let B be a Soergel bimodule with A-filtration 0 = B¥ ¢ B¥=1 c ... C
B® = B, having subquotients B*/ B! = RZf’ Then

N Ahay (1
B ®RQ = @le( )'
i=1
Proof. See Lemma 6.10 of [Soe07]. O

This is extremely helpful: if we know the image of some Soergel bimodule B under the
character map ch: SBim— H, then by we know these h,,’s and thus we know how
B ®pr @ decomposes into standard @-bimodules. For example, ch(B;) = bs = 05 + v,
so that Bs ®p Q = Qs ® Q. In fact, this lets us easily decompose BS(w) @ @ for any
expression w: Let w = (s1, ..., 5p), and set by, := b, - - - bs,. Deodhar’s lemma tells
us that

by = Z vdef(g)éﬁg.

eCw

We will let Q. denote Qe throughout the rest of the thesis. Then this formula, combined
with Proposition gives us that

BS(w) ®r Q = P Q.. (3.6)

eCw

For example,

BthBS®RQgQsts@Qst@Qts@Qt@Qs@QS@Q@Q-

Just as we have localized Bott-Samelson and Soergel bimodules, we can localize standard

bimodules. We have an isomorphism of (R, Q)-bimodules

RJJ ®RQng-
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This means that, just as with BSBim and SBim, we have a localization functor StdBim

— (Q-Bim.

Definition 3.9.4. We define StdBimg to be essential image of this localization functor
StdBim — @-Bim. It is the full subcategory of @-Bim consisting of direct sums of standard
bimodules Q..

It is clear from the definition of SBimg (Definition [3.9.2), as well as Proposition m
that StdBimQ = SBimQ.

Here we see how localization makes everything simpler: while the category SBim is quite
complicated, the category SBimg = StdBimg is quite simple. For example, morphisms
in StdBimg are easy to describe: they are just given by matrices. To see this, note that

Hom(D; Qu,, D; Qy;) = @; ;Hom(Qx,, Qy;). If our realization is faithful, then

Q ifz=y

0 ifz#y.

1

Hom(Q, Q) (3.7)

(See Lemma 5.2 of [EMTW20]). Therefore, morphisms between localized Soergel bimod-
ules are given by matrices with entries in @), and furthermore, most of these entries will
be 0 in general. This localization will be our primary tool when we prove the linear

independence of the double-leaves basis in Section [9}
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Chapter 4

Diagrammatics

In moving from the Hecke algebra H to the category SBim, we now have morphisms be-
tween objects. Studying these morphisms can give us extra information. However, writing
these morphisms algebraically can quickly get messy and unworkable. Luckily there is an
elegant diagrammatic system for representing morphisms between Soergel bimodules: we

can draw morphisms rather than writing them.

More precisely, in [EW16] Elias and Williamson construct a diagrammatic category which
we will denote H, and which will be equivalent to SBinﬂ This is constructed through a
similar means to SBim; that is, we first construct a diagrammatic ‘Bott-Samelson’ category
‘Hps, which is equivalent to BSBim. We then construct the category H by in some sense
taking “direct summands” of objects in H gg. This process will be made precise in Section

4.5]

The objects in Hpg, just as those of BSBim, are indexed by expressions (si,...,S,) in
(W, S). To each simple reflection s; € S we associate a different colour. Then, the object
in Hpgs associated to an expression (s, ..., s,) is a sequence of dots of the corresponding
colours. We can take the tensor product of two sequences of dots by putting them next

to one-another, so that Hpg is a monoidal category.

'More precisely, they will be equivalent if our realization is reflection faithful.
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Example 4.0.1. We let s € S be red and ¢ € S be blue. Then the object in ‘Hpg indexed

by the expression (s,t,s) is

We think of this as representing the Bott-Samelson B;B;Bs. That is, the red dots are
Bg, the blue dots are B;. We also have an ‘empty object’ corresponding to the empty

expression @. We think of this as representing BS(9) = R.

We abusively let expressions x denote the corresponding objects in Hpg. Given two such
objects z and y, morphisms z — y are given by (k-linear combinations of) certain coloured
string diagrams, with bottom boundary z and top boundary y. For example, here is a

morphism (s,t,s) — (s):

The blue dot in the above diagram does not represent the object (¢); rather, it represents

a certain morphism (t) — @ to be described below.
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Such diagrammatic morphisms have an algebraic interpretation as morphisms of Bott-
Samelson bimodules; that is, we have a monoidal functor A : Hps — IB%SBimE], assigning
every diagrammatic morphism to a morphism in BSBim. This functor will be an equiva-

lence of monoidal categories.

Now, to finish describing Hpg, we need to describe what string diagrams are allowed and

what their relations are. We do this first in the case of a single colour.

4.1 One-colour diagrammatics

We will describe morphisms in the category Hpgs associated to the Coxeter system (W, .S)
with a single simple reflection, so that S = {s} and W = S,. Since we only have one

simple reflection s, our diagrams will only have one colour (say, red).

First, the identity on (s) is just given by a single vertical strand:

We include alongside these diagrams their algebraic interpretations; that is, their images

under the functor A : Hps — BSBim. The identity on & is given by the empty diagram.

R f
R /

2We choose A for ‘algebraic’.

39



We have a morphism R — R given by multiplying by a polynomial g € R. This is

represented diagrammatically by placing g inside a box.

R qf
2|
R f

We will occasionally ignore this box to make diagrams less cluttered.

R gf
.
R f

Then, the morphisms in Hpg for one colour are generated (in a way made precise below)

by these identity morphisms and polynomials, together with the following four generators:

R fg By fes
SRR
B I feg R f (4.1)
Bs Os(g)f @ h B, B feleg
| .- 1
B;B; f®gah B f®g

Here, 0; is the Demazure operator (see Section , and ¢g 1= %(as ®14+1® as). One
can check that fcs = ¢sf for all f € R. We call € an ‘up-dot’ and n a ‘down-dot’. We
call p a ‘merging trivalent vertex’, and ¢ a ‘splitting trivalent vertex’. We set the degrees
of each of these generators to match that of their algebraic image. That is, € and 7 each
have degree 1, and p and § each have degree —1. Thus, Hpg is a graded category (see
Section . We find the degree of a diagrammatic morphism by adding the degrees of

each generator that shows up, as well as any boxed polynomials.
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We can combine these generators in a number of ways: First, we can combine them hor-
izontally as tensor products: given two diagrams f : B — B’ and g : C — (', we can
represent the map f ® g : B® B’ — C ® C’ by putting the two diagrams next to each
other. For example, take u : Bs ® Bs — B and id : B — Bs. We can combine these
horizontally to get p ® id : Bs ® Bs ® Bs — Bs ® Bs.

Second, we can combine diagrams vertically. This is just composition of maps. For exam-

ple, we can compose p ® id above with p to get:

Third, we can add diagrams which have the same source and target. This is just addition

of morphisms. For example, we can add id : Bs — Bs to noe.

We represent the morphism e o p as a cap.
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Similarly, we represent § o n as a cup.

N

Now comes a crucial point: we consider diagrams to be equivalent up to isotopy. That is,
we treat the diagrams as if they were made of elastic string that we can move and stretch.

For example, we consider the following diagrams to represent the same morphism in Hpg:

Of course, it is not at all trivial that isotopic diagrams represent the same morphism
algebraically; that is, that the functor A : Hps — BSBim is well-defined. But we will see
in Theorem [.4.] that it is.

The diagrams in Hpg satisfy certain local relations, which can be applied to any part of
a diagram, leaving the rest of the diagram unaffected. These relations are what make the
diagrammatics so powerful: they allow us to take complicated combinations of morphisms

and simplify them easily.

Here is the full set of (one-colour) relations:
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Unit:

Counit:  _______ e __ -
Associativity:
Coassociativity:

Multiplication:

Keyhole:
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Barbell:

,,,,,,,,,,,,,,,,,,,, (4.9)
Fusion: i 7777777777777777777777777
=3 +
,,,,, T U S I S (4.10)
Polynomial Forcing:
= s(f) + forall f € R
T (4.11)

This concludes our presentation of Hpg in one-colour.

4.2 Two-colour diagrammatics

So far we have only been working with one-colour diagrammatics. This one colour stands
for one simple reflection s € S, in a Coxeter system (W, S). If we want to work with
Coxeter systems with more than one generator (i.e. anything except type A;), we will need
to extend our diagrammatic machinery to include these extra generators. In this section
we will describe the category Hpg associated to Coxeter systems with two generators s
and ¢ (labelled red and blue respectively). These are the Coxeter systems of type Iz2(m),
with m = mg (see Example . For example, mg = 3 gives us our favourite Coxeter
group W = Ss.

The objects in Hpg will now be sequences of red and blue dots. The morphisms will be

string diagrams in two colours, like the one below:
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Every part of the above diagram will be familiar from the one-colour diagrammatics,

except one: the 6-valent vertex in the lower left:

This is called the 2mg-valent vertex. In our example, mg = 3, so this is the 6-valent

vertex shown above. For my = 4, the 8-valent vertex would look like

(Note that we also have versions of these with the colours switched). In fact, this 2mg-
valent vertex is the only additional generator we need for two-colour diagrammatics. Of
course, it brings with it a host of new relations. But before we describe those relations,

we will describe the image of the 2m-valent vertex under A : Hps — BSBim.

Recall that for each w € W, we have an indecomposable Soergel bimodule B,, (see The-
orem . When W = S35, we had in equation the decomposition B;B:B; =
Bgsts ® Bs. Similarly, we can swap the s’s and t’s here to get the decomposition By B;B; =
Byt @ By. We see that Bgs = Byt is a summand of both B;By B, and B;BsB;. Therefore,
we can take the following morphism from Bg;B;B; to B;BsB;: Project onto Bgs and then

include into B;BsB;. That is precisely what the 6-valent vertex represents.
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How do we generalize this to other dihedral groups, where my # 37 For a given di-
hedral group W = Dih,, the longest word wy has two different reduced expressions:
z = (s,t,s,...) and y = (t,s,t,...). Theorem b) tells us that the indecomposable
Biis... = Byst... appears as a unique direct summand of both BS(z) and BS(y). Therefore
we can construct a morphism from BS(z) to BS(y) that is projection onto By, followed

by inclusion into BS(y). This is the morphism represented by the 2m-valent vertex:

Note that this morphism is not easy to describe explicitly.

This new generator bring new relations. To describe these, we need to introduce the

Temperley-Lieb category and Jones-Wenzl projectors.

Let T'Ls denote the (generic) Temperley-Lieb category. Its objects are positive integers n,
representing a row of n dots. Morphisms m — n in T Ls are crossing-less matches up to
isotopy, with m dots on the bottom and n on the top. For example, here is a morphism

from 3 to 5.

N AN

~

Composition of morphisms is given by vertical concatenation. Finally, whenever there is

a closed circle (a “bubble”), this evaluates to a formal variable 4.
O
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So the category is defined over the base ring Z[6]. We can form different variants of
the Temperley-Lieb category by specializing §. For example, specializing § = —2 gives a

category T'L_o which controls the representation theory of 5[2E|

There are certain idempotents in T'Ls called Jones-Wenzl projectors. To define them,
we need to extend scalars from Z[0] to Q(6). Then, there is one Jones-Wenzl projector

JW, : n — n for each n. It is the unique morphism satisfying the following properties:

o JW, is sent to zero by post-composition with any cap.

e JW, is sent to zero by pre-composition with any cup.

The coefficient of the identity morphism in JW,, is 1.

JW2 = JW,.

We picture JW5 below.

_
(W ] = 4
8

(4.12)
It is straight-forward to check that this morphism satisfies the four required properties.

We can elaborate T'L; into a 2-category 2T Ls,,, the two-colour Temperley Lieb category.
Intuitively we should think of this as T'Lg, with regions in our string diagrams coloured

in alternating red and blue.

(4.13)

3In particular, TL_s is equivalent to the full subcategory of representations of sly
consisting of tensor products of the natural representation V = C2.
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(We have drawn our red and blue lighter here to provide contrast to the black lines. We
should think of them as the same red and blue as before.) More precisely, we define the
two-colour Temperley-Lieb category 21'L; ~ as follows. The objects are the two colours red
and blue, which we think of as representing s and /. We can picture them as coloured line
intervals. The 1-morphisms are tensor generated by a morphism s — ¢ and a morphism

— 5. We picture these morphisms as going from right to left. For instance, the morphism

s — t — s — [ can be pictured as follows.

The 2-morphisms 27T'L;. are Temperley-Lieb diagrams coloured in alternating red and
blue, as in (4.13). We think of these as morphisms going from bottom to top. Finally, a
red bubble surrounded by a blue region evaluates to ¢, whereas a blue bubble surrounded

by a red region evaluates to .

Now, let us specialize § +— a5 := Oi(a), and v — ag = Os(ay). We can take a 2-
morphism in 27'Ls, and send it to a morphism in Hpg by taking deformation retracts of

the coloured regions. Here is an example:

We have specialized § and v so as to make this retract well-defined.

We will perform this retract slightly differently to above, however. Following Section 5.2
of [EW16|, we will take the deformation retract onto a disk, with alternating red and blue

boundary points.
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Of course, this diagram in a disk is not a well-defined morphism in Hpgg, since it has no

well-defined source and target. We will rectify this shortly.

We are interested in the images of the Jones-Wenzl projectors JW,, under this deformation
retract onto a disk. We will call the image of JW,, under deformation retract to a disk
a JW-box, where the n is implied by the number of strands coming out of the box. For

example, here is the image of JWs.

|

— W — = —e | e— -

|

1

ast

T (4.14)

We can now state the two-colour relations in Hpgg.

Elias-Jones-Wenzl:

The above is the relation when mg is odd. There is of course the analogous relation for

(4.15)

Mgt eVen.

Two-colour dot contraction:

We present two-colour dot contraction for mg = 4 and 5, but it is true for any value
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of Mst.

= — JW (Mg = 4)

[ (116

= — JW (ms =5)

Using the JW-box in figure (4.14]), we can see what this looks like explicitly for mg = 3.

(e

Two-colour associativity:

We present two-colour associativity for mg = 2,3 and 4, but it is true for any value

of mg;.

= (mst = 3)

(4.17)
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So, the morphisms in Hpg in two-colours are string diagrams constructed from the one-
colour generators and the 2mg-valent vertex, up to isotopy, and modulo the one-colour

and two-colour relations given.

Before moving on to three colours, let us dwell for a moment on the ‘two-colour dot
contraction’ relation (4.16]), since this will be of fundamental importance in later proofs.
In particular, we will often encounter 2m-valent vertices with an up-dot somewhere along

the top, like this:

(4.18)

In this situation, we call pull the dot through the 2m-valent vertex. More precisely:

Proposition 4.2.1. A 2m-valent vertex with an up-dot anywhere along the top can be

written as a sum of diagrams, each with an up-dot somewhere along the bottom.

Here is an example (for mg = 3), which is a result of two-colour dot contraction in figure

ED).

Proof. Recall that the JW-box is defined by Jones-Wenzl projectors in T'Ls, in the manner
described earlier in this section. These Jones-Wenzl projectors are sums of crossingless
matches from m to m. It is clear that such crossingless matches must either have an

identity strand on the left, or a cap on the bottom and a cup on top. After colouring the
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regions and deformation-retracting to a disk, this imples that the JW-box must either have
a dot on the left, or an up-dot on the bottom and a down-dot on the top. For example
in , the first diagram has a dot on the left, while the second has an up-dot on the
bottom and a down-dot on the top. Combining this fact with two-colour dot contraction

proves the proposition. O

We now want to describe Hpg associated to a general Coxeter system, with potentially
more than two generators. We might expect that when we move beyond two-colours, we
will need to introduce a host of extra generators and relations. However, it turns out that
there are no extra generators, and only one extra relation. This last relation involves three

colours. To motivate it, we introduce rex mowes.

4.3 Rex moves

Given an element w € W, and two reduced expressions w, w’ of w, by Matsumoto’s theorem
(Theorem these two reduced expressions differ by a sequence of applications of the
braid relation. Given such a sequence, we can construct a corresponding diagrammatic
morphism w — w’, where we have a 2m-valent vertex for every application of the braid
relation. Such a morphism is called a rex move. For example, consider W = Sy = (s, ¢, u),

with Coxeter graph

The expression w = (s,t,s,u,t) can be transformed into w’ = (¢,s,u,t,u) via braid

relations: (s,t,s,u,t) — (t,s,t,u,t) — (t,8,u,t,u). This gives us a rex move w — w'.
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4.4 Three-colour diagrammatics

As mentioned above, we have only one relation left to introduce. It applies to any finitary
rank 3 subset of S, i.e. a three element subset I C S which generates a finite subgroup
Wi < W. The specific form of the three-colour relation depends on the type of W;. Pre-
cisely, Wi must be one of the following types: As, Aj x Is(m), Bs or H3 (Theorem 1.34
of ) Here we present the new three-colour relations when W7y is of type A3 and
Ag x Is(m). For the others see . We include the Coxeter graph to indicate which

colours are which.

Type As:
S t U
*—o—90
Type A; x Io(m)
S t U
o g Y
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The relation for type Ag x I5(m) is fairly intuitive: the element u moves past s and ¢ in the

Coxeter group, and in the diagrammatics the u-strand moves past the 2mg-valent vertex.

The relation for type As looks more intimidating. Notice, however, that both sides are
a rex move (s,t,u,s,t,s) — (u,t,u,s,t,u). It is not true in general that two different
rex moves are always the same. One has to choose particular reduced expressions, and

particular rex moves between themf]

We have thus concluded our presentation of Hpg. We have also defined a functor A :

Hps — BSBim.

Theorem 4.4.1. Suppose our realization is such that Soergel’s categorification theorem

holds. Then A : Hps — BSBim is well-defined and is an equivalence of categories.

Proof. See Claim 5.14 and Theorem 6.30 of [EW16]|. O

4.5 Diagrammatics of Soergel bimodules and the Karoubian

closure

Thus far we have constructed a diagrammatic category Hpg which is equivalent to BSBim.
We will now extend this to a category H which is equivalent to SBim. Recall that we
extended BSBim into SBim by including direct summands of objects in IB%SBim[ﬂ It is
not immediately clear how to do this to Hpg; objects in Hpg are sequences of coloured
dots, and there is no clear notion of what a direct summand of these would be. There is,
however, a formal way of expanding a category C to include direct summands of objects,
known as taking the Karoubian closure Kar(C). It is also called idempotent completion.

Our motivating example will be SBim = Kar(BSBim). In particular, the objects of SBim

4In type Hs, there is no choice of reduced expressions such that two different rex moves
between them are equal. The best that can be said is that two different rex moves are the
same modulo “lower terms”. See Remark 5.4 in [EW16).

SMore precisely, we included direct summands of direct sums of grading shifts of objects
in BSBim.
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are direct summands of direct sums of grading shifts of objects in BSBim. We will treat

each of these three elements one by one.

First, let A be a pre-additive category, that is, a category whose Hom spaces are abelian
groups. We can construct an additive category A¥, called the additive closure. The objects
of A? are formal finite direct sums of objects of 4, and the morphism spaces are what
one would expect:
Hom e (@ A, @ Bj) := @ Hom 4 (4;, Bj).
( J .3

Thus we have added direct sums to our category.

Now we want to know how to formally include grading shifts in a category. We will require
our category to be a graded category, a notion we introduced in Section[3.1] It is a category
whose morphism spaces are graded abelian groups, such that composition of morphisms
respects this grading. Given a graded category C and two objects A, B € C, we denote the
Hom space in C as

Homp (A, B) = @ Hom¢ (A, B).
nez

For example, BSBim is a graded category: Morphisms in Homggp, (A4, B) are homoge-

neous morphisms of degree n.

There is a related notion of a category with shift functor. A shift functor on a pre-additive
category C is an automorphism (1) : C — C which respects additivity. Of course, one
should think of the grading shift described in Section [3.1]as the canonical example of such

a functor.

Given a graded category C, we can construct a category C*" with shift functor as follows:

The objects of C*" are {X(n) | X € Ob(C), n € Z}. The morphisms are given by
Homgsn (X (n), Y (m)) := Homy" " (X,Y).

Speaking intuitively, we are including grading shifts of objects, and mandating that mor-

phisms between them are homogeneous of degree 0.
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Now we describe how to formally include direct summands in a category. The idea is that
given a direct sum decomposition X = Y & Z, we can identify the direct summand Y with
the idempotent X — X which projects onto Y. Given an additive category C, let Kar’'(C)
denote the category described as followsﬂ the objects of Kar'(C) are pairs (X, e), where
X € Ob(C) and e : X — X is an idempotent. The morphisms in Kar’(C) are those of
C, pre- and post-composed with the appropriate idempotents. That is, given two objects

(X,e) and (Y, f) in Kar'(C), the morphisms are

HomKar/(C)((X7 6), (K f)) = {f(,O@ | wE HOIIlc(X, Y)}

Definition 4.5.1. Given a pre-additive graded category C, the Karoubi envelope of C is

Kar(C) := Kar'(C®*")

As stated before, we have that SBim = Kar(BSBim). Recall that Hpg is a graded
category. It is also pre-additive, since we are allowed to take sums of diagrams. Therefore

we can use the Karoubian closure to define H.

Definition 4.5.2. The diagrammatic Hecke category is H := Kar(Hps).

Suppose we have a functor F' : C — D between two pre-additive graded categories C
and D. We can naturally extend this to a functor Kar(F) : Kar(C) — Kar(D) via
(X,e) — (F(X), F(e)). It is straight-forward that if F' is an equivalence of categories,
then so is Kar(F'). This yields the following corollary to Theorem m

Corollary 4.5.3. When our realization is such that Soergel’s categorification theorem

holds, then we have an equivalence of monoidal categories Kar(A) : H = SBim.

Remark 4.5.4. A category C is called idempotent complete if every idempotent splits.
That is, for every idempotent e : X — X for X € C, we have X = Y @& Z and e is projection
onto one of these summands Y or Z. The category Kar(C) is idempotent complete by

construction.

6We are reserving the term Karoubian closure and the notation Kar(C) for when we
also include direct sums and grading shifts. See Definition [£.5.1}
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Chapter 5

Light-Leaves and Double-Leaves

Given two Bott-Samelson bimodules B, B’, the set Hompgspim (B, B') is a left (or right) R-
module. A basis of this Hom set was constructed by Libedinsky in [Lib15], and is called the
double-leaves basis, since it consists of so-called double-leaves. More precisely, Libedinsky
gave an algorithm for constructing a basis: Given any two Bott-Samelson bimodules B, B’,
the algorithm produces a basis for Hompgpin, (B, B'). The diagrammatic counterpart to
this double-leaves basis was constructed in [EW16]. Thus, given any two elements z,y €
H s, we have a double-leaves basis of Homy ¢ (2, y) as a left (or right) R-module. We will
use the terms ‘light-leaves’ and ‘double-leaves’ to refer to these diagrammatic incarnations.
To describe these diagrammatic double-leaves, we have to describe what they are built

from: light-leaves.

5.1 The light-leaves algorithm

Light-leaves are certain morphisms between objects in Hpg, and will form the building
blocks of the above mentioned double-leaves. Take some expression z = (s1, ..., $,) and a
subexpression ¢ C z. Recall from Section that to e we can associate a stroll wy, ..., wy,,

where wy, = s{'---s*. Recall also that to this stroll, we can associate a decoration
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dy, ..., dn, where d; € {U0,U1, D0, D1}, and

Ue;, if w;_18; > w;_1,

d; =
De; if wi_18; < wi_1.
Now, for any z and any e C z we will form a light-leaf map LL;. : x — w, where w
is a reduced expression for w = z£. So for an object x € Hpg of length n, we will have
2" light-leaf maps from z, corresponding to the 2" subexpressions e C x. These LL,.’s

will be constructed by an algorithm, and each step of the algorithm will depend on these

labels d;.

Here we give the algorithm for constructing light-leaves. We will follow the description
in Chapter 10.4.2 of [EMTW20|. To describe it precisely is somewhat intricate, but the

examples given afterwards should make the procedure more intuitive.

We take an expression x = (s1,..,$,), and a subexpression e = (e, ...,e,) C z. We will
construct a morphism LL, . : £ — w, where w is a reduced expression for w = z£. One
important point is that we will have choices in how we construct this light-leaf: there is not
a notion of the light-leaf LL, .. Rather, the label LL, . could refer to any one of a number
of possible constructions. In particular, we will have choices of reduced expressions and
rex moves at each step in the construction (for example, there may be many choices for
the rex w). When it comes time to construct a basis out of these light-leaves, we will fix a
choice of the construction of LL, ., for each e C z. But in fact, this choice will not matter:
we end up with a basis no matter which constructions of the light-leaves we choose. This
flexibility in the construction of light-leaves will be helpful to us in our proofs in the later

sections.

We use the notation z<y := (s1,...,sx), and e<y, := (e1,...,e;). Then set wy, := gigk’“ =
STt sk (so wo,wi, ..., wy, is the stroll associated to e). Now, the light-leaf map LL :
x — w will be constructed using a recursive algorithm. At each step ¢ we will construct
amap LLg : x< — wy, where wy, is some reduced expression for wy . We will refer to
these wy’s as intermediate expressions. We get to choose each reduced expression wy,, so

this gives us our first degree of freedom in constructing the light-leaf. We build LLj from
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LLy_1 by tacking on a map ¢ : (wy_1,Sk) — wy, in the way pictured:

LLk =

LLy

S1 Sk—1 Sk (51)

So each LLj, incorporates a new s; on the bottom right, until we have LL; . := LL,, : x =

(S1y vy Sp) — W.

Our light leaf is built out of these maps ¢r: We start by setting LL; = ¢1, and then
successively tack on ¢p’s to get our LL;’s. These ¢;’s can each be one of four different
kinds of map, depending on four different options (U0, U1, DO, D1) for the decoration dj
at that step. These ¢;’s contain two different kinds of rex moves: “necessary” rex moves
B, and “optional” rex moves «. These optional rex moves « give us our second degree of

freedom in the construction of the light-leaf.
uUo

If di, = U0, then ¢y, is some rex move « : wy_, — Wy, with an up-dot on the rightﬂ

!We have called o an ‘optional’ rex move, but if wy, is chosen to be different from wj,_;
then « is not optional. However we still get the freedom to choose the specific form of
a. The precise thing to say is that we get to choose either the expressions wy, or the rex
moves «. The choice of o’s determines the choice of w;,’s, whereas the choice of wy,’s does
not entirely determine the choice of a’s.
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Ul

-
Wp_1 Sk

If di, = U1, then ¢y, is some rex move « : (wy_q, k) — wy,

o =

Do

If di, = DO, we have:

-
Wp_1 Sk

-
Wp_1 Sk

Since we have d; = D0, that means that wy_1sr < wg_1, so that by Corollary there

is a reduced expression of wy_1 with s on the right. So we apply a rex move § to put

s on the right. Then, we apply a merging trivalent vertex to this s strand, and finally

apply a rex move « to give the target wy,.
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D1

The case for d = D1 is very similar to DO:

W1 Sk
Let’s now see how this works in an example.

Example 5.1.1. Take W = S3 = (s,t), x = (s,t,5), e = (1,0,0). Sow =2 = s, and w =
(s). We will construct the light leaf LL, . : ¢ — w, i.e. from (s,t,s) — (s). Our associated
stroll is wg, w1, ws, w3 = id,s, s, s, and our decorations are di,ds,ds = U1,U0, DO. Note
that each of these wy’s only has one reduced expression, so we don’t get any choices here
in how to construct the light-leaf. We start by constructing LL; = ¢;. We have that
dy = U1, so ¢ is just the identity on (s).

Then we construct LLs : (s,t) — (s) by tacking ¢o onto this LLj. Since do = U0, we have
that ¢9 : (s,t) — (s) is the following.
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Tacking this onto L Ly in the way pictured in the diagram (5.1)) is just putting id: (s) — (s)

on the lower left of ¢9, which won’t change anything:

The last stage is more interesting. We want to construct LLs via ¢3 : (s,s) — (s). Since

ds = D0, we have:

Note that the degree of a light-leaf map LL, . is exactly the defect def(e) = #U0— #D0.
This is because the morphisms ¢ corresponding to U0 and D0 have degree 1 and -1
respectively, while those corresponding to U1 and D1 are neutral. In the example above,
the decoration of e was U1,U0, DO, so that the defect is 1 — 1 = 0, and the morphism

LL, . pictured above is indeed a degree 0 morphism.
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5.2 The double-leaves basis

Now that we have constructed our light-leaves, we will use them to construct bases of
morphism spaces. Take any two expressions x and y. We will construct a diagrammatic
basis of Homy,,4(z,y). The morphisms of this basis are called double-leaves, and they

will each be made of two light-leaves stuck together.

We first need to fix a choice of the construction of the light-leaves. We write that w < z
if there is some subexpression e C z such that ¢ = w. For each w < z, we fix a choice
of reduced expression w of w. Similarly, for each w’ <y, we fix a choice of rex w’ of w'.
These choices must be compatible, in the sense that if w < z and w < y, then we make
the same choice of rex w of w in both cases. Then, for each e C z, we fix a choice of the
construction of LLg, : 2 — w, where w = z¢. Similarly, for each f C y, we fix a choice of
f

the construction of LL, y : y — w’, where v’ = yZ.

Now, suppose we have subexpressions e C z and f C y such that 2¢ = y~ = w. Then by the
way we have fixed our rex’s, we will have two light-leaves LL; . : £ — w and LLE» fry—w
with the same image. Let @ denote LLy ¢ flipped upside down, so that @ is a
morphism w — y. Then we can take the composition DLy . := @OLLQQ tT—w =Y.

This DLy . is called a double-leaf, and such double-leaves form a basis of Homy, ;¢ (2, y):

Theorem 5.2.1. Given two expressions x,y, let DL, be a collection of maps containing
one double-leaf map DLy . for each pair e C z, f C y expressing the same element. Then

DLy, is a basis of Homyy s (z,y) as a left (or right) R-module.

Proof. See [EW16|, Sections 6 and 7. O

Remark 5.2.2. Note that this basis agrees with the Soergel Hom formula. We saw at

the end of Section [3.8] that this Hom formula could be expressed as

rkHomspim (BS(z), BS(y)) = > plef(e)tdef(f) (5.2)
eCx
fcy

o= gi
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That is, in our basis for Homgsgim (BS(z), BS(y)) we should have one morphism of degree
def(e) + def(f) for each pair e C z, f C y such that 2¢ = gi. When we pass across the
equivalence BSBim =2 Hpg, these are exactly our double-leaves, and the degrees match up

since the degree of a light-leaf LL, . is exactly def(e).
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Chapter 6

The Spherical Category

Thus far we have been investigating two categories which each categorify the Hecke algebra:
the category SBim and its diagrammatic counterpart H. We will now move on to study a
certain module over the Hecke algebra, called the spherical module M. We will do so using
methods exactly analogous to those we have used to study the Hecke algebra. That is, we
will construct a “Bott-Samelson-esque” category JBSBim, and take its Karoubian closure,
giving us a categorification of M. Then, we will construct a diagrammatic category Mpg,
equivalent to JBSBim (though this equivalence will not be shown until the final chapter).
Its Karoubian closure M will then be a second categorification of M. The first central
result of this thesis will be to construct a ‘light-leaves’ basis of Mpg, and to prove that
it is indeed a basis. In Chapter [11| we use this basis to prove that Mpg is equivalent to

JBSBim, and thus so are their Karoubian closures.

6.1 The spherical and anti-spherical modules

Given a Coxeter system (W, .S), choose a subset J C S of the generators, and let W; be
the subgroup of W generated by J. Such a subgroup is called a parabolic subgroup. We
will require that J is finitary, meaning that W is a finite subgroup. Each coset of W;\W
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has a unique minimal coset representative (or m.c.r.) (see p. 31 of [Bou02]). We let /W

be the set of minimal coset representatives of W;\W. Then
TW ={weW|sw>wforall s € J}.

Example 6.1.1. Let us take W = S3 = (s,t), and J = {s}. Then W;\W has three
cosets: {id, s}, {t, st},{ts, sts}. Thus, the collection /W of minimal coset representatives

is {id, t,ts}.

We will take this opportunity to state a pair of lemmas, which will be necessary later on:

Lemma 6.1.2. Given w € W, there is a unique decomposition w = uz, where u € Wy

and z € VW . Moreover, l(w) = l(u) + 1(2).

Proof. See p. 31 of [Bou02]. O

Lemma 6.1.3. If x € /W but s ¢ W for some s € S, then

(a) xs > x

(b) xzs =tx for somet e I.

Proof. See Lemmas 3.1 and 3.2 of |[Deo77]. O

Now, let H := H(W,S), Hy := H(Wj,J) be the Hecke algebras associated to (W, S)
and (W, J) respectively. Set £ := Z[v,v~!]. We are going to construct a right H-module
of the form L&y, H, but to do this, we need to make £ into an H j-module. One way to do
this is to construct an algebra morphism ¢ : H;y — L, since then we can set p-h := pp(h)
for h € Hy, p € L. What are our possible choices of ¢? Revisiting the relations which
define the Hecke algebra, we had the quadratic relation

62 =1+ (v —0)d,, forall s € J.

We can rewrite this as

(6s +v)(6s — v~ 1) =0, for all s € J.
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Then ¢[(6s+v)(0s —v™ )] = (0(65) +v)(¢(ds) —v~!) = 0. This tells us that ¢(Js) is either
—vor vt forall s € J. Let ¢,(ds) = u, for u € {—v,v71}, and let L(u) be L as a right

H j-module, with action defined by ¢,. This gives us two right H-modules:
N = N(J) := L(—v) ®u, H, the anti-spherical module;

M = M(J):= L ') @y, H, the spherical module;

Note that we have one of each for each finitary J C S.

Let us focus on the spherical modul For z € W, set my := 1® 8, € M. Then
the set {m, | + € 7W} forms a basis of M as a right (or left) £-module. This is because

for anyw¢JW, we have w = sy for some s € J, y < w. Then
mw:1®5w:1®55y:1®535y:v_1®5y:v_1my.

Continuing in this way, we can write my, as a polynomial times m, for some z € W. We
call the set {m, | € YW} the standard basis of M. We have the following formula for
how to multiply this standard basis by the KL-basis of H on the right. For s € S and
z € W we have
Mas +0 gy fas <z, zse’W
Mebs = ¢ myy + vmy, if xs >z, xse’W (6.1)
(v+v Vm, ifxsg W

The spherical module M can be realized as a right ideal of the Hecke algebra.

Proposition 6.1.4. Given a finitary subset J C S, let wy be the longest element of
Wy. Then we have an isomorphism of right H-modules ¢ : M(J) = by, H defined by

d(p® f) :=bw,pf forpe L, f € H.

Proof. 1t is immediate that ¢ is a right H-module morphism (if it is well-defined). So
first, we need to check that it is well-defined. That is, for f € Hy, we need to check that
d(1® f) = ¢(o(f)®1), where p = p,—1 : Hy — L is defined above. It is enough to check

!The anti-spherical module was categorified by Libedinsky and Williamson in [LW22)].
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this for the elements bg, s € J. For this we use the fact ( |[Lus14], Theorem 6.6) that for

s € J, by,bs = (v+v71)by,. This means that, for s € J,
(b(l ® bs) = b’LUJbS - (U + U_l)wa = ¢(90(b5> ® 1)7
since ¢(bs) = (v +v71).

Then, we need to check that ¢ is an isomorphism. It is clear that it is surjective, since for

any h € H, $(1 @ h) = by, h.

Now we want to see that it is injective. Take any element > sy ez = D oy Pz @0z €

M, and suppose
(D pe®8)= > Pabu,ds =0.

zelW ze!W
We claim that for each = € JW,

wa(Sac = 5w1$ + Z Qy,:céy

yeW
y<wjgx

for some ¢y, € L, so that the elements b, ,0,, = € JW are upper-triangular and thus
linearly independent. To see this, let by, = ZwewJ Tw0y for some 1, € L, so that
by, 0, = Z TwOyly = Z TwOwz-
weWy weW
This last equality follows from Lemma [6.1.2] since for each w € Wy, wx is the unique
decomposition into w € Wy, 2 € YW, which means I(wz) = I(w) + I(z) and 8,0, = Guws-

Furthermore, for each w € Wj; with w # wjy, we have

lwz) =l(w) +U(z) < l(wy) +l(x) =l(wyx),

so that
wa5$ = Z Tw(swx = 5w,]a: + Z dewar = 6wﬂc + Z Qy,azfsy
weWy weW s y<wgx
wH#wW g

as required. Therefore the elements b,,,d, for z € JW are linearly independent. Thus,

(Y Pe®6s)= > pubu,dy =0

ze!W ze! W
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implies that p, = 0 for all z € YW, and therefore > wedw Pz @0z = 0, so that ¢ is injective.

Thus ¢ is an isomorphism of right H-modules. O

We state a fact about this b,,, that will be useful shortly.

Definition 6.1.5. Given a finitary subset J C S, we define the Hilbert polynomial w(J)

to be
w(J):= v~ Z 1)2[(“”),

zeJ

where d; is the length of the longest element of W;.

Then we have

(see equation 2.9 in [Willl]).

Finally, we introduce a bar involution on M.
Definition 6.1.6. The bar involution = : M — M is the abelian group automorphism
defined by p@ h:=p® hforpe L, h € H.
Just like the Hecke algebra, the spherical module has a Kazhdan-Lusztig basis.
Theorem 6.1.7. ( [Deo87]) The spherical module M(J) has a Kazhdan-Lusztig basis
{co |z € "W}, It is defined to be the unique basis satisfying

1. Gz =c, forallze'W,

2. For each x € "W we have

Ce = My + Z ky zmy
yEJW
y<x

for some polynomials ky , € vZ[v].
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Just as the Hecke algebra is categorified by SBim = Kar(BSBim), we are going to cate-
gorify this spherical module with the category Kar(JBSBim), where JBSBim is the cate-
gory of J-singular Bott-Samelson bimodules. To motivate this, we will introduce singular

Soergel bimodules.

6.2 Singular Soergel bimodules

Singular Soergel bimodules are a generalization of Soergel bimodules. More precisely,
singular Soergel bimodules form a 2-category, and SBim appears as a Hom category inside

this 2-category.

We will now define the 2-category SSBim of singular Soergel bimodules. In a procedure
that will seem familiar by now, we first define the 2-category SBSBim of singular Bott-
Samelson bimodules. These are defined as follows. The objects of SBSBim are finitary
subsets J C S. The 1-morphisms J; — Jo are the (R’2, R/t)-bimodules (note the order)
which are tensor-generated by Ind; := /Ry, and Res’ := p,Rp,(I(J) — (1)), where
I C J are any two finitary subsets of S which differ by a single simple reﬂectiorﬂ The

2-morphisms are bimodule morphisms.

We can think of a 1-morphism in Homgspim (/, I) as given by a sequence (I = Iy, I1, ..., I,, =
J), where I; and I;11 always differ by a single element. For example, in the case where

L oI, Ccl3D---D1I,-1 CI,, then the corresponding bimodule is
IQ In—l
RflR Qpls ~ " ®an—2 RRIn (d>7

where d is the number of restriction bimodules used in the product. For a simpler example,

take the sequence (&, s, @). This yields the R-bimodule

R ®Rs R(l)a

2The notation pr Rps means R considered as an (R!, R”)-bimodule. The notation I(.J)
means the size of J.
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which is the Bott-Samelson bimodule Bg. Indeed, we can see that Bott-Samelson bimod-
ules are all contained in the Hom category Homgspspim (&, @). However, not all bimodules
in Homspspim (&, @) are Bott-Samelsons. For example, the sequence (&, {s}, {s,t}, {s}, @)

gives the bimodule
R(l) R Rs Rs(l) R st R? R Rs R=R R st R(Q),
which is not a Bott-Samelson bimodule.

We then define the 2-category SSBim of singular Soergel bimodules: it has the same objects
as SBSBim, and
Homgspim (1, J) := Kar(Homgspspim (L, J)).

Just as SBim categorifies the Hecke algebra, the 2-category SSBim categorifies the Schur
algebroid.

Definition 6.2.1. The Schur algebroid S is the Z[v, v~!]-linear category defined as follows.
Its objects are finitary subsets J C S. The morphisms in Homg(I, J) are right H-module
morphisms M () — M (J), where M(I) and M(J) are the spherical modules associated
to I and J.

We saw in Proposition that M(J) = by, H. Therefore one right H-module morphism
M(I) — M(J) is given by left multiplication by by, hb,,. In fact, this gives all morphisms
from M(I) to M(J); that is, Homs(I,J) = by, Hby, (see [Willl] Remark 2.1). As a
slight technical detail, we associate the element by, ,hb,, € by, Hby, with the morphism
in Homg(I, J) given by left multiplication by by, ,hby, /7(I), where 7(I) is the Hilbert
polynomial (Definition [6.1.5)). This is because, due to we have

by hbuy - buogh' = by W02, B = 1(1)byy, hby, 1,

so we want to divide out by 7(I). Then, composition of morphisms in S is given by the

product — *; — : by Hbyy; X by, Hbyyy — by e Hby,y, defined by

hihs
m(J)’

h1 *J h2 = (63)
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The gives the Schur algebroid its ‘algebroid’ structure. Note in particular that Homs (&, J) =
by, H = M(J), so that the spherical module M (J) shows up as a Hom set in S. Moreover,

the composition of morphisms
Homg (2, J) x Homg(9, @) — Homs (9, J)
is exactly the right module structure

M(J) x H — M(J).

Now, a main theorem of [Willl] is that the split Grothendieck group of SSBim is iso-
morphic to the Schur algebroid S. This is made precise in the theorem below (see
Theorems 1.1, 1.2 and 1.4 of [Willl]). We let /S7 := Homg(J,I) = by, Hb,,,, and let
IB7 .= Homgspim(J, I). We will write B := ?B?, and /B := 'B7.

Theorem 6.2.2. (a) Fach 'S’ has a basis {Ibg | p € WI\W/Wy} indexed by double

cosets, which we call the Kazhdan-Lusztig basis.

(b) The indecomposables of 1B’ are also indexed by double cosets W \W/W ;. They are
denoted 'B; for p e W \W/Wj.

(¢c) We have a character map ch : 1B — 187 such that ch : [IB']q = 187 is an

isomorphism of abelian groups, and such that the following diagram commutes.

187 5 J§K_ T IgK (6.4)

Moreover, in the case where Soergel’s conjecture (Conjecture holds, the map

InJ Iy J
ch sends Bp to bp.

As a particular case of this, we have that B = SBim, and this categorifies ?S° = H. An-
other case is that /B categorifies /S? = by, H = M(J). Recall that 7B = Homgssgim (2, J)
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was defined as the Karoubian closure of Homgpspim (2, J). This in turn was some sub-
category of (R’, R)-mod which contained all Bott-Samelson bimodules, as well as other
bimodules. It turns out that it is enough to consider only Bott-Samelsons. That is, we

make the following definition.

Definition 6.2.3. Let JBSBim be the full subcategory of (R”7, R)-mod, whose objects
are Bott-Samelson bimodules, restricted on the left to be left R’/-modules. We call this

the category of J-singular Bott-Samelson bimodules.

Proposition 6.2.4. We have that /B = Kar(JBSBim).
Proof. See Claim 2.47| of [Eli16a). O

This category JBSBim is much easier to work with than Homspggim (R, R’). In terms
of sequences of subsets I C S, a Bott-Samelson BS(sq,...,s,) is indexed by a sequence
(2,{s1},9, ..., {sn}, ). A J-singular Bott-Samelson bimodule is given by precompos-
ing such a sequence with a ‘decreasing’ sequence (J = Jg, J4—1,...,J1 = {s}) for some
s € J, where J; contains one less element than J;;1. Thus we see that the bimodules con-
tained in JBSBim are far more constrained than those in Homgspspim (R, R’ ). However,

the Karoubian closures of the two categories are the same.

Definition 6.2.5. We refer to this category Kar(JBSBim) = Homgspin (2, J) as the

algebraic spherical category, since it categorifies the spherical module.

The remainder of the thesis will be highly analogous to what we have already presented,
only we replace H with M, and replace BSBim with JBSBim. That is, we are going to
construct a diagrammatic category Mpg equivalent to JIB%SBirrEL and then construct a
“double-leaves" basis of M pg. The Karoubian closure M := Kar(Mpg) provides another

categorification of the spherical module, which we call the diagrammatic spherical category.

3Technically this claim is made in type A, but the proof applies to all types.
4 Again, this equivalence will not be proven until Chapter
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Chapter 7

Spherical Diagrammatics

7.1 The categories Mpg and M

We now present a diagrammatic category Mpg which is equivalent to JBSBim. This
category was introduced in type A by Elias in [Elil6a]ﬂ The definition extends to all

types without significant change.

The only difference between BSBim and JBSBim is that objects in JBSBim are considered
left R/-modules. This gives us more freedom with the morphisms: since R C R, a left
R-module morphism is certainly a left R/-module morphism as well. But the converse is

not always true: we have R’-module morphisms which are not R-module morphisms.

For example, consider the morphism ¢ : Bs — R given by ¢(f ® g) := 0s(f)g for some
s € J. This is not a left R-module morphism: for h € R, ¢(h- f ® g) = 0s(hf) ® g,
and in general ds(hf) # hos(f). However, if h € R’, then we do have ds(hf) = hds(f)
(this can be checked easily from the definition of ds). Therefore ¢ is a morphism of

(R’, R)-bimodules, but not of (R, R)-bimodules.

So we have more morphisms in JBSBim than in BSBim. This should be reflected in the

Tt is denoted T in [Eli16a]
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diagrammatic category Mpg. The morphisms will look something like this:

That is, the diagrams will look the same as those in Hpg, except that we have this black
‘wall” on the left which our strands can plug into. This wall represents our parabolic subset

J C S, and only colours in J can plug into the wall.

We now present M pgg formally.

Definition 7.1.1. The category Mpg is defined as follows. Its objects are the same as
those of Hpg: they are sequences of coloured dots, with each colour corresponding to a
simple reflection in S. Again we will use an expression z to denote the corresponding object
in Mpg. The morphisms x — y are certain string diagrams with bottom boundary x and
top boundary y, with a wall on the left. Precisely, they are isotopy classes of diagrams

generated by the generators of Hpg, together with two new generating morphisms

(7.1)

for each s € J. Since diagrams are defined to be the same up to isotopy, we can consider

this to be the addition of only a single generator

so long as we keep in mind that this is not a well-defined morphism in itself; it needs to

be attached to other strands to give it a well-defined source and target.
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The diagrams in M pg are subject to the same local relations as those in Hpg (see Chapter

E[), together with new relations corresponding to the new generator:

(7.2)

1
11
- .

The relation ([7.4) has been drawn in the case mg = 3, but holds for general mg.

The relations ([7.2]) - (7.4]) say that dots, trivalent vertices and 2mg-valent vertices can all

be pulled into the wall. These give rise to some other relations:

(7.5)

(7.6)

o =1 +
(7.7)

Relations ([7.5)) and (7.6)) are both a result of combining ([7.3|) with the keyhole relation
(4.8). Relation ([7.7)) is a result of combining ((7.2)) with fusion (4.10).
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Definition 7.1.2. We define the diagrammatic spherical category to be M := Kar(Mpg).

Remark 7.1.3. It is clear that M pg is a right module category over Hpg. That is, we
have a map

Mps X Hps = Mps

giving a right action of Hpg on Mpg. This map concatenates objects and morphisms in
the natural way. This action of Hpg on Mpg induces an action of H on M by taking
Karoubi envelopes. Thus, M is a right module category over H. Similarly, we know
from the structure of SSBim (see Theorem that the algebraic spherical category
Kar(JBSBim) is a right module category over SBim. In Chapter we will show that
the diagrammatic and algebraic spherical categories M and Kar(JBSBim) are equivalent

as module categories. That is, the following diagram commutes:

M xH —9- M

O

Kar(JBSBim) x SBim— > Kar(JBSBim)

The first step in this direction will be to construct a functor Mpgg — JBSBim, which
we will do presently. After taking Karoubi envelopes, this induces the functor M —

Kar(JBSBim) in the above diagram. We prove in Chapter [11| that this is an equivalence.

We will construct a functor A : Mpg — J IBSSBi analogous to the functor A : Hpgs —
BSBim presented in Chapter . We define A to be the same as A on generators of Hpg.
So we only need to define it on the new generators . The images of these maps in
JBSBim is given by the following.

JR JBS
H 0:(f)g P 1 f
B f®g > R f

S RJ

2The category JBSBim is defined in Definition [6.2.3
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It can easily be checked that these are indeed (R’, R)-module morphisms. To see that the
functor A is well-defined up to isotopy, it suffices to check that it respects the following

relation.

The functor A sends the right-hand diagram to the map
feg 10 f®g— 0s(f)®g— 0s(f)g,

which is exactly the left hand side. From this, we also get

111

so that the functor A is well-defined up to isotopy.

We also want to show that it respects the relations (7.2)), (7.3]) and (7.4). The fact that it
respects ([7.2]) comes from the computation

so that this is the identity morphism. The relation (7.3) comes from the following com-

putations.
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191 f 1®1®f
|/>/J1®f |i/) 1® f

Finally, the relation (7.4]) follows because both of the following maps send 1 to the 1-

tensoIEl

Thus we have shown that the functor A is well-defined. Once we have constructed the

double-leaves basis of Mpg, we will be able to show that the functor A is in fact an

equivalence of categories (see Theorem |11.0.1)).

7.2 Spherical light-leaves

Just as in the case of Hpg, we would like a basis of the morphism spaces of Mpg.
Specifically, we want an algorithm that takes any two objects z,y € Mpg and gives us
a diagrammatic basis for Homa,g(2,y). This algorithm will be much the same as the
light-leaves algorithm described earlier, with slight variations. First, we construct the

spherical light-leaves, and then put them together into a “double-leaves" basis.

Recall the construction of light-leaves in Hpg: For any expression z = (s1, ..., S,,) and any
subexpression e = (ey, ..., e,) C z, we constructed a light leaf LL, . : £ — w, where w is a

reduced expression for w := z£. This was done by taking the stroll wy, ..., wy, associated to

3This is because the 2m-valent vertex send the 1-tensor to the 1-tensor. See Definition

3.9 of [EKT11].
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e and decorating it with a sequence dy, ..., d,, with d; € {U0,U1, D0, D1}. There are some
small differences in the spherical case: First, instead of taking the stroll w; = s7*--- sjj ,
we take the coset representative stroll (or just ‘coset stroll’) zg,...,2,, where z; is the
minimal coset representative of Wjyw;. So zo, ..., z, is a stroll in the set JW of minimal
coset representatives. This set YW has a partial order inherited from the Bruhat order.
We again decorate this coset stroll with a sequence df, ...,d,,. In the spherical case, there

are two extra options for d}, which we call X0 and X1. The d;s are chosen by the rule

Ue; if z_18; > z_1 and z;_1s; € JW
d; =43De; if z;_18; < z_1 and z;_18; € Tw (79)
Xez- if Zi—1854 ¢ JW

So for example, take W = S3 = (s,t), J = {s}, z = (t,s,t), and e = (0,1,1). Then
our usual (non-coset) stroll is wq, w1, we, w3 = id,id, s, st, but s and st are not minimal
coset representatives (since they have s on the left). So our coset stroll is zg, 21, 22, 23 =

id,id,id,t, and our decoration is d},d5, ds = U0, X1,U1.

7.3 Spherical light-leaves algorithm

Take an expression z = (s1,...,$,) and a subexpression e C z. We will construct a mor-
phism SLL, . : x — z in Mpg, where z is now a reduced expression for the minimal coset
representative z of z¢. Once again, this SLL, . will be constructed inductively: at each
step k we construct a map SLLy, : z<) — 25, where <, := (s1, ..., 5;) and z;, is a reduced
expression for the minimal coset representative zj, of wy := s{'---si* (so 2, ..., zn is the
coset stroll associated to e). We again call these expressions z;, intermediate expressions.
These SLLy’s will be built out of maps ¢y : (z4_1,Sk) — 25 in exactly the same way as in
the non-spherical case (see figure (5.1))). In the non-spherical case there were four options
for ¢y, corresponding to the four possibilities for di : U0, U1, DO and D1. In the spherical

case, dj, can also be X0 and X1, giving us two more possibilities for ¢y:
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X0

If d), = X0 then we get the same ¢y, as for UO:

-
Zk—1 Sk

So in fact, there is only one genuinely new possibility for ¢, and that is when d} = X1.

X1

(7.10)

If di. = X1, then z;_15; is not a minimal co;et representative. Therefore by Lemma
(b), we have z_18; = tzp—1 for some ¢t € J. This ¢ is given in blue in the diagram. By
Lemma (a), 2k—18k > zk—1, so that (z,_1, sk) is a reduced expression. Thus, (¢,z;_1)
is also a reduced expression (being of the same length), and so there is some rex move /3
taking (zz_1,sk) to (t,z,_1). We apply this 5, and then plug ¢ into the wall. Finally, we

apply some rex move a to get the required target z;.

This will be made clearer with an example.

Example 7.3.1. We take W = S3 = (s,t), J = {s}, z = (t,s,t) and e = (1,1,1) C z.
Then z¢ = tst = sts, and the minimal coset representative of this is z = ts. So we will
construct a light leaf SLL, . : © — z, where z = (t,s). First we find that di,d5, ds =
U1,U1, X1 (the X1 comes because tst = sts is not a minimal coset representative). Thus

the first two steps SLL; and SLLs proceed exactly as in the non-spherical algorithm:
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SLLy =

The last step is more interesting. Since tst is not a minimal coset representative, we have
some reduced expression of tst with s on the left: of course this is sts. Thus we first apply
a rex move [ to take (t,s,t) to (s,t,s): this is just the 6-valent vertex. Then we plug the

s-strand into the wall.

SLLy,=SLL3 =

Just as with the non-spherical light-leaves, we have some flexibility in the construction
of a light-leaf SLL, .; that is, we get choices in the intermediate expressions z; and the
rex moves o and 3. So once again, there is not a notion of the light-leaf SLL, .. Rather,
the label SLL; . could refer to any of a number of possible constructions, depending on
our choices of the z,’s and rex moves. When it comes time to form a basis using these

light-leaves, we fix a choice of the construction of SLL, . for each e C z.

7.4 The double-leaves basis

Just as in the non-spherical case, we can now use our light-leaves to construct bases of
morphism spaces. Given any two expression z and y, we can produce ‘double-leaf’ maps

z — y by sticking together two light-leaves.

We do this just as in Section We first fix our light-leaves: For each z € /W such

that Wz = Wit for some e C z, we fix a reduced expression z of z. Similarly, for each
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2/ € YW such that Wyz' = Win for some f C y, we fix a rex 2’ of 2/. We do this in a

compatible way, i.e. if z = 2/, we choose z = 2/.

Then, take subexpressions e C z and f C y, and let z and 2’ be minimal coset represen-
tatives of 2¢ and gi respectively. We fix constructions of light-leaf maps SLL;.: 2z — z
and SLLyy @y — 2. If z = 2/, then by the way we have fixed reduced expressions,
these both have the same image z = 2’. Thus we can construct a ‘spherical double-leaf’
SDLy,e := mg’ foSLLye : x = z — y. We will spend the next few chapters proving

that these double-leaves form a basis of Hom-spaces in M pg:

Theorem 7.4.1. Suppose our realization b is reflection faithfu. Given z,y € Mpg, let
SDL;,y contain one double-leaf map SDLLy . for every pair of subexpressionse C z, f Cy
such that Wjz¢ = WJQL Then SDL, y is a basis for Homp g (2,y) as a right R-module.

4In fact, h only needs to be faithful. In particular, if it is reflection faithful, it is also
faithful. For the sake of simplicity, we always assume throughout the paper that b is
reflection faithful, since this is necessary for the results in Section
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Chapter 8

Standard Diagrammatics

In Chapter [9) we will prove the linear independence of the spherical double-leaves, using
localization techniques. Let ) once again be the field of fractions of R. Our aim in this
chapter is to show that, after localization, we can express our double-leaf maps as matrices
with entries in ). This means we can use the tools of linear algebra to investigate the

double-leaves.

More precisely, our double-leaves lie in M pg. When we localize them, they lie in Mpg g :=
Mps®Q. We will show that Kar(Mpg,g) is equivalent to JStdBimg (Proposition [8.4.6]).
The category JStdBimg is the same as StdBimg (see Deﬁnition, except we consider
objects as (Q”, Q)-bimodules rather than Q-bimodules. We will see in Lemma that,
like in StdBimg, morphisms in JStdBimg are just matrices with entries in @). Since we

have a fully-faithful embedding
Mpsg = Kar(Mpgs,g) = JStdBimg,
we can consider our double-leaf maps to be matrices in Q.

It will be useful to first construct the analogous picture for our non-spherical categories.
That is, we take the localization Hpsq = Hps ® Q, and show that Kar(Hpsg) =
StdBimg. This is the content of Sections and which largely reiterate material
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from [EW16|. In Sections and we move on to our spherical categories, to show that
Kar(Mps,g) = JStdBimg. In both cases, our strategy for proving the equivalences will
be to relate them via a third category of standard diagrammatics ’HSQtd or /\/lgd, yielding

the following commutative diagrams of equivalences.

Kar(HBs,Q)

P o

HStd 40"—> StdBlmQ (8.1)

Kar(Mps,)

P o

MStd J-—J.S’tdBlmQ (8.2)

Again, it is proving the equivalence G : Kar(M Bs,Q) — JStdBimg above which is the
primary goal of this chapter.

8.1 The category H%*® and the functor F5t4 : 7{5td — StdBim

We will define a diagrammatic k-linear additive category H**d. It is the diagrammatic
version of StdBim. That is, we have a functor F**d : H**d — StdBim, and when our
realization is faithful, this is an equivalence (see Theorem . The objects of 75t are
(direct sums of grading shifts of) sequences of coloured dots, with each colour correspond-
ing to a simple reflection in S. Whereas in Hpg the sequence w = (s1, ..., s,) could be
thought of as representing the Bott-Samelson bimodule BS(w) = B, ® - - - ® By, in H*
the sequence w represents the standard bimodule R;, ® - - -®@r Rs,, = Ry,. More precisely,
we have a functor F**4 : H5*d — StdBim which takes (s, wySn) t0 Rg, ®p -+ QR Rs,,.
In particular, while the Bott-Samelson bimodule BS(w) depends on the choice of reduced
expression w of w, the standard bimodule R, = R;, ®---® R, does not. Thus given two
different expressions w and w’ for w, the corresponding objects in H**! will be isomorphic

(but not identical). We call the objects in H*? given by a single s € S reflection indices.
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Morphisms in H*'Y are k-linear combinations of isotopy classes of standard diagrams,
diagrams of dotted strings with top and bottom boundaries being objects in H**9, such
that the only vertices are 2mg-valent vertices, together with polynomials in boxes. Here

is an example of a standard diagram:

How should we interpret these diagrams algebraically, i.e. what is the image of F5d :
Hstd 5 StdBim? A vertical dashed strand represents the identity on the corresponding
Rs. A polynomial box represents multiplication by that polynomial. Then, we have
an isomorphism R, ®p Rs — R sending the 1-tensor to 1. This isomorphism is drawn

diagrammatically as a cap, and its inverse as a cup.

R fs(g) R; ®p Ry

/ \

R, ®p R, feg: R f (8.3)

This gives rise to the following relations.

(8.5)
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(The empty diagram on the right of (8.5)) gives the identity on R). Similarly, if mg = 3,
we have an isomorphism R; ® R ® Rs = Rgs = Ry ® Ry ® R, sending the 1-tensor to
the 1-tensor. This isomorphism is represented diagrammatically as a dashed 2mg-valent

vertex, with relation

(8.6)

Polynomial boxes multiply as we would expect. We can also slide polynomials across

dashed lines by applying the corresponding s.

= ED

I (8.7)

The final relations are the three-colour relations, which are exactly the same as the three-
colour relations in Hpg, only with dashed lines instead of solid linesﬂ See Section 4
of [EW16] to see these relations explicitly in each type. This concludes the presentation

of Hstd,

To see that the functor F*'4 is well-defined up to isotopy, it suffices to check that the

following equalities are maintained under Fs':

(8.8)

i = } = | 3‘( [ (mst = 3)
| S PERN

(8.9)

IThe exception is in type Hs, where we no longer have the “lower terms”.
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This follows from the fact that all these morphisms are isomorphisms sending 1-tensors to

1-tensors.

Theorem 8.1.1. The functor F'¢ : H5'Y — StdBim is faithful and essentially surjective.

When our realization is faithful, F*'* is an equivalence.

Proof. See Theorem 4.11 of [EW16].

We can also localize everything to get an equivalence ]-"Sd : Hgd = StdBimg. Here,
Hzﬁd is the category which is the same as H**, except that now we are allowed to have
elements in @) on the right of our diagrams. Note that this means we can have elements

in @ anywhere in our diagrams, since using (8.7) we have:

Similarly, we can localize Hpg to form Hpg g, in which we allow elements in ) on the
right of our diagrams. Once again, this means we are allowed elements in ) anywhere in

our diagrams, since using polynomial forcing (4.11) we have:

1 _ 1] | fs(f)
i 7 s
(8.10)
_ I - i
= el = BU D
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8.2 Mixed diagrammatics: the category Kar(Hps)

Recall from Section that we localized BSBim to form BSBimg, and then included
directs sums and summands to get SBimg. Using the terminology of Section Fl;gl, we
have that SBimg = K ar(BSBimQ)ﬂ Then we had that SBimg is equivalent to StdBimg,
the category of direct sums standard @-bimodules. We will take an analogous path with
our diagrammatic categories. We have localized Hpg to form Hpsg. Now we want to

construct a diagrammatic category Kar(Hps,q), the Karoubian closure of Hpg g.

Here we will describe how to take the Karoubian closure in a slightly different manner to
Section which will be more conducive to our current purposes. Taking the Karoubian
closure means formally including the images of idempotents as new objects in our category.
Take a general category C, and an object X € C with idempotent e : X — X. Let Y be
the new object representing the image of eE| To append Y as a new object in C, we need
inclusion and projection morphisms ¢ : Y — X, 7 : X — Y, satisfying relations mor = idy

and tom =e.

Let us now apply this to the category Hps . We have an idempotent e : s — s.

Recall from equation (3.6 that we have

BS(w) ®r Q = P Q..

eCw

2When we defined the Karoubian closure, it required the addition of grading shifts of
objects. However, there are no grading considerations here, since we do not consider @)
to be a graded ring. Therefore, when a category C is not a graded category, we slightly
abuse notation by not requiring Kar(C) to have grading shifts.

3This Y corresponds to the pair (X, e) in the terminology of Section
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In particular, we have Bs ®p @@ = Q @ @s. The above idempotent e corresponds to
projecting from Bs; ® @ to @, and including back in. Therefore the other idempotent
1 — e gives projection onto (), followed by inclusion. But there is no object in Hpg g
corresponding to ;. Thus to construct Kar(Hps,q) we add new objects s for each
s € S called reflection indices, representing the standard bimodules J;. More precisely,
we will have a functor G : Kar(Hps,q) — StdBim, sending s**¢ to Q. Taking inspiration

td

from our category H5'd, we represent the identity on s%*¢ as a dashed line. Then, we

Sstd

construct morphisms 7 : s — s and ¢ : — 5. We include the algebraic images of

these morphisms under G alongside the diagrams.

Qs B, ®Q
: +s(9) fds
@ | - |
fog | f (8.11)
B, ®Q Qs

Here, ds := %(as ®1—1® as). We have chosen to put a% as part of the projection map,
simply to make the diagrammatics work out more nicely. We call these maps bivalent
vertices (ignoring the a%) The requirements m o ¢ = idy and ¢ o m = e, after multiplying

by as, give diagrammatic relations
(8.12)

T (8.13)

It is not too hard to check that G respects these relations. Note that we are not yet con-
sidering our diagrams up to isotopy. In fact, in the end isotopic diagrams in Kar(Hps,Q)

will only be the same up to sign. Using the above relations we can obtain the following
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crucial consequence:

; : (8.14)

This in turn tells us that we can move polynomials across dotted strands in the same way

as in H*' (see equation (8.7)).

- B

(8.15)

We defined the functor G : Kar(Hpsg) — StdBimg on the reflection indices and the
bivalent vertices. All other objects and generators of Kar(Hpsq) lie in Hpg,g, and on
here we define G via the functors

Hps,o Aﬂ} BSBimg — StdBimg
where A is the functor from Hpg to BSBim defined in Chapter

Now that we have appended objects representing Q)s to Hpsg, we also have objects

representing all standard @-bimodules @, for w € W. That is, if w = (s1,...,$,) is an
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std
s ey Sy

expression for w, then we have an object w4 := (s5td ). For example, the identity

)std

on (s,t,s would be drawn as

The corresponding projection and inclusion morphisms are just tensor products of those

for 4. For example, the projection and inclusion between (s, t,s) and (s, t,s)s*! are

™= lal||lad||2s L
| |
| |
L |
| |
| IS

More generally, recall from equation (3.6)) that we have

BS(w) ©r Q= @D Q..

eCw
The projection from BS(w) ® @ to Q. will be drawn in Kar(Hpsq) by tensoring the
projections to s and s**9 appropriately. For example, let w = (s,t,s) and e = (1,0,1).

Then we have a projection 7 : (s,t,5) — (s, 5)%d drawn as

The inclusion is similar.
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The fact that these maps 7 and ¢ satisfy the required relations for projections and inclusions

is a result of the Corresponding fact for projections and inclusions between s and s**¢ for

s € S — i.e. relations and ( -

In essence we are done defining Kar(H BS’Q)@ In fact it is not yet totally clear that
Kar(Hps,q) is the Karoubian closure of Hpg g since we do not yet know that it is idem-
potent complete (see Remark . However we will soon see (by Corollary that
Kar(Hps,Q) is equivalent to StdBimg, and therefore is idempotent complete, so that

Kar(Hps,q) is indeed the Karoubian closure.

It will be useful, however, to introduce some diagrammatic shorthands to the category
Kar(Hpsq). Let us briefly zoom out to provide some motivation for this. We have
already noted that the dashed lines we are introducing in Kar(Hps,q) have a strong
resemblance to our standard diagrammatic category H5'9. In fact, we will construct a
functor Std : ’HSQtd — Kar(Hps,g), such that the following diagram commutes:
Kar(Hps,)
2 o N
]:std
H3d  ——9 — StdBimg (8.16)

This functor Std will be an equivalence of categories. This is the diagrammatic version of
the equivalence StdBimg = SBimg. Note that since by Theorem the functor f"csgtd is

an equivalence, we will have that G is also an equivalence.

It is currently unclear how to construct this functor Std, since there are currently no
dashed cups, caps, or 2mg-valent vertices in Kar(Hps,g). The lack of cups and caps also

means we do not yet have a notion of isotopy in Kar(Hps,q). We will rectify this now.

We introduce dashed caps and cups into Kar(Hps,q), such that their image under G is

the same as the image of dashed caps and cups under F**9. We then include the following

4We are not literally done defining it, since we are about to add new generators and
relations. However, these will not change anything: each new generator can be expressed
using generators we already have, and each new relation is implied by relations we already
have. Therefore, these new generators should be considered diagrammatic shorthand.
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new relations in Kar(Hps,):

(8.17)

: (8.18)

: : (8.19)

From these we can see that by adding dashed caps and cups, we are not actually adding

anything new to our category. For example, we can re-express a dashed cap as

Furthermore, these relations tell us that isotopic diagrams in Kar(Hps,g) are only the

same up to sign. For example,

|
|
|
|
= — | = —

To define the image of the dashed 2mg-valent vertex under the functor Std, we need to
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define an element p,; € R. It is defined by the diagram

T T T T T T T T T
| | | | | | | | |
| | | | | | | | |
| | | | | | | | |

| | | | | |

I I I I I I
- @ E =P

I I I I I I
| | | I I I I I I
| | | I I I I I I
| | | I I I I I I
| | | I I I I I I

(8.20)

Figure depicts the situation for mg = 3. In general we have mg; strands of alternat-
ing colours. We define p,; by moving the a’s to the left, using . This is the product
of positive roots corresponding to the dihedral group (s,t) (see Section 3.4 of [Elil6b| for
a definition of positive roots). This means in particular that ps; is well-defined, i.e. it
doesn’t matter which colour is on the left in . Now, if we moved all the a’s to the
right rather than the left, we would end up with (—1)"s*p,;. This tells us that moving
ps,t from left to right through the dotted strands multiplies it by (—1)™s.

We then set the following morphism to be the image of the dashed 2m-valent vertex under

Std.

We use the dashed 2m-valent vertex as a short-hand for this morphism in Kar(Hps,q).

That is, in Kar(Hps,q) we set

=

(8.21)
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The reason for the 1/p out the front is two-fold. First, this renders the morphism a degree
0 morphism, just as the 2m-valent vertex is degree 0 in H**d and in Hpg. Second, it means

that in Kar(Hps,q), the 2m-valent vertex is cyclic.

The second equality above comes from repeated applications of (8.18]) and (8.19).

We can also pull bivalent vertices through 2m-valent vertices. That is, in Kar(Hps,g) we

have the relation

(8.22)

Let us justify this relation now. First, note that if we put an up-dot anywhere on the top
of the left-hand diagram in , then by Proposition we can pull this dot through
to the bottom and get zero by . The identity on (s,t,s) is a sum of projection
and inclusion morphisms to/from its summands. The only non-zero projection is onto

(s,t,5)*, since the other projections contain up-dots. We therefore have

o =

’
N
S —
RN
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We can now define the functor Std : Hgd — Kar(Hpsg). It sends w to wd. It sends
dashed cups and caps to dashed cups and caps. It sends the dashed 2m-valent vertex to

the morphism in (8.21]).

Proposition 8.2.1. The functor Std is well-defined, and is an equivalence of categories.

Proof. See Proposition 5.23 of [EW16]. O

Corollary 8.2.2. When our realization is faithful, the functor G : Kar(Hpsg) —
StdBimg in is an equivalence of categories.

Proof. This is due to the equivalences .Fatd : Hgd — StdBimg and Std : ’Hgd —
Kar(Hps,q) in (8.16). [l

The fact that G is an equivalence implies that Kar(Hps,q) is indeed the Karoubian clo-
sure of Hpsg. This is because we know that all objects in Kar(Hps,g) decompose as

td

direct sums of sequences of reflection indices w*'“, and this goes to the indecomposable

Qw under G, so that Kar(Hps,g) is idempotent complete.

This equivalence G is the equivalence which will be most significant for uﬁﬂ It allows us
to think of morphisms in Hpg g as matrices of polynomials in (). Let us illustrate this

with an example.

Example 8.2.3. We consider two morphisms (s) — (s) in Hps,Q.

id = Y=

We know that in Kar(Hps,q), (s) decomposes as s*'4@ 1, where 1 is the monoidal identity.
When we pass to StdBimg via G, this becomes Bs ® Q = Q @ Q,, and our two morphisms

®More precisely, the analogous equivalence for our spherical diagrammatic categories.

See Corollary [8.4.6]
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become 2-by-2 matrices. By the formula (3.7), these matrices should be zero off the
diagonal. We can use the diagrammatics of Kar(Hpg,g) to find out what the diagonal

entries should be.

The entries of the matrix corresponding to each morphism are found by pre- and post-
composing with the appropriate inclusion and projection morphisms. Inclusion and pro-

jection morphisms to/from 1 are

lid = i Tid — L

while those to/from s%'¢ are

From this we can find the entries of the matrix corresponding to id:

1
Widoidobz’d:I =

il
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This tells us that the matrix corresponding to id is indeed the identity matrix. Similar

computations tell us that the matrix corresponding to ¢ is

as 0

0 0

8.3 Spherical standard diagrammatics: the categories

As mentioned, we wish to prove the linear independence of spherical double-leaves using
localization techniques. These double-leaves live in Mpg, so when we localize them,
they will live in Mpgg: the category which is identical to Mpg except that we allow
polynomials in @) on the right of our morphisms. By the same argument as in , this

means we are allowed elements of ) anywhere in our diagrams.

We will now repeat the procedures of the previous section in the case of our spherical
categories. That is, we will take Kar(Mpgg) and construct the following commutative

diagram of equivalences, analogous to (8.16).

Kar(Mps Q)
Std N
d Ftd .
M@l — =@ JStdBimg (8.23)

In particular, the equivalence G : Kar(M Bs.Q) — JStdBimg will allow us to express
morphisms in Mpg g (such as our localized double-leaves) as matrices with entries in Q.

Of course, we have yet to define the categories involved in (8.23]).

Definition 8.3.1. The category Kar(Mps,q) is the same category as Kar(Hps,g), ex-
cept that we have a wall on the left which solid J-strands can plug into, satisfying all the

same relations (7.2) - (7.4) of Mpgq.

Once again, Kar(Mps,q) is temporarily abusive notation since we have not yet shown
that Kar(Mpg,g) is idempotent complete. However, this will be proven in Corollary

3.4.6
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Definition 8.3.2. The category M9 is the same as H5', except that morphisms have
a wall on the left which dashed strands can plug into, if the strand corresponds to some

s € J. That is, we have new generators

: (8.24)

for each s € J, satisfying the relation

///’\‘
I l L (8.25)

This means that, like %%, morphisms in M are well-defined up to isotopy. We also

have the relations ‘ ‘
) I
I |

1 | ) (8.26)

I ) (8.27)

' L : (8.28)

(Of course, this last relation generalizes for all mg;).

The localization Mgd is the same as M9 but we allow elements of @ on the right of
our morphisms. By a now familiar argument, this means we allow elements of () in any

region of our diagrams.

Let us turn to the final undefined category in (8.23)).
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Definition 8.3.3. The category JStdBim is the same as StdBim, but we now consider
objects as (R’, R)-bimodules, rather than (R, R)-bimodules. That is, we can consider
ecach standard bimodule R, (for x € W) as an (R, R)-bimodule, and we let .JStdBim be
the full subcategory of (R, R)-Bim consisting of direct sums of grading shifts of standard

bimodules.

When we localize these standard modules in JStdBim, we once again have an isomorphism
R, ®rQ = Q. of (R, Q)-bimodules. We can therefore consider R, @ Q to be a (Q”, Q)-

bimodule, so that we have a localization functor JStdBim — (Q”, Q)-Bim.

Definition 8.3.4. We let JStdBimg be the essential image of this localization functor
JStdBim — (Q”,Q)-Bim.

The objects of JStdBimg are clearly the same as StdBimg: they are direct sums of
standard @Q-bimodules @, (considered as (Q”,Q)-bimodules). However, we have more

morphisms in JStdBimg than in StdBimg. Recall from formula (3.7) that

Q ifz=y

0 ifx#y.

12

Homgstapime (Qz, Qy)

That is, all morphisms between different standard bimodules are 0. In JStdBimg we have

a bit more freedom.

Lemma 8.3.5. For z,y € W, we have

Q if Wyx =W,y

|

HomstdBimg (Qu, Qy) (8.29)

0  otherwise.

Proof. For q € Q, and r € @, we let g-, denote the right action of 7 on ¢, i.e. q-,7 := qx(r).
Then, let ¢ : Qz — @, be a (Q”7, Q)-bimodule morphism. This is determined by ¢(1) € Q:
for ¢ € Qu, ¢(q) = ¢(1 2 x7'(q)) = ¢(1) -y 27 (q) = ¢(1)ya~"(g). Then, for ¢ € Q”, we
also have ¢(q) = ¢(q1) = qp(1) = yz~1(q)¢(1), so that for ¢ to be well-defined, we need
yr~Y(q) = q for all ¢ € Q7. If Wz = Wy, then yz=' € W; and so yz~'(q) = ¢ for all
g € Q7 and ¢ is well-defined.
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We need to prove the converse; that is, if yz=! ¢ W, then there exists ¢ € Q7 such
that yz~'(q) # q. Set u := yx~!. Our realization b is faithful. This means that the
only element of W which stabilizes all of b is id. Therefore, since k is infinite (see the
end of Section [3.4) and since W is finite, there is some element v € b which is not
stabilized by any element of Wy, nor any element of uW;. This in turn implies that all
points in the orbits Wy (v) and W u~!(v) are different. Therefore there is some function
f € R = Sym(h*) such that f is 1 on all points of W;(v), and f is zero on all points of

Wyu~!(v). Then set

1
Q-:W Z w(f)-

weWy

It is immediate that g is invariant under Wy, so that ¢ € Q7. We claim that u(q) # ¢q. To

see this, note that

whereas

8.4 Spherical standard diagrammatics: the functors

We have now defined all categories in (8.23). We will now define the functors involved

and prove that they are equivalences.
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First, let us define 75 : M4 — JStdBim. The sequence w = (s1, ..., s,) of reflection
indices in M®'d gets sent to the object Ry, ®p Rs, ®p - ®r Rs, = Ry, in JStdBim
(where w is an expression for w). On any morphism not involving one of our new “wall
generators" , Ftd is defined the same way as F5'9 : 154 — StdBim. The image of

these wall generators in JStdBim is defined as follows.

R,
s " s(f)
o f (8.30)
R, R

(Oddly enough, the map given by each generator has the same expression, only with
different domain and codomain). It is easy to check that these are both (R”, R)-bimodule

morphisms. It is also easy to check that this functor is well-defined with respect to the

relations (8.25)), (8.26|) and (8.27). As for relation (8.28)), both diagrams go to morphisms

Rgis... — R which send 1 — 1, so they are the same map.

Proposition 8.4.1. When our realization is faithful, the functor F**¢ is an equivalence

of categories.

It is clear that F®'d is essentially surjective. So we need to show that it is fully faithful.

For this it is enough to show that for two expressions x,y of xz,y € W, we have
Hom sta (2, y) = Hom stapim (R Ry)-

We will first show this on degree 0 morphisms. That is, define Mg to be Ms' but with
no polynomial boxes. The image of ./\/lf)td under 759 lands in JStdBimg, the subcategory
of JStdBim with only degree 0 morphisms. Then we haveﬁ

k if Wy =W,y
HomJStdBimo (ny Ry) = (831)

0 otherwise.

6The formula in Lemma [8.3.5| for J StdBimg has an obvious analogue for JStdBim,
which is true by virtually the same proof. The formula (8.31)) is a result of that.
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So we want to show that Hom Mitd (z,y) contains a single non-zero morphism up to scalar
if Wyx = Wyy, and is empty otherwise (and that non-zero morphisms in ./\/l(s)td get sent
to non-zero morphisms in JStdBimg). In fact, we know the analogous fact is true in our

non-spherical categories.

Proposition 8.4.2. Let ]:gtd : Hgtd — StdBimg be the restriction of F*¢ to degree 0
morphisms. Then fgtd is faithful. When our realization is faithful, }"gtd is an equivalence

of categories.
Proof. See Theorem 4.11 of [EW16]. O

This will be very helpful to us in proving Proposition It says, for example, that
two rex moves between elements z,y € ’H(sfd are the same, since the morphism space is

one-dimensional, and both morphisms take the 1-tensor to the 1-tensor.

Lemma 8.4.3. Let ]}Std s Mgt — JStdBimg be the restriction of Fotd to degree 0 mor-

phisms. When our realization is faithful, fétd is an equivalence of categories.

Proof. Assume our realization is faithful. First, let us take two expressions z,y of z,y € W
such that W x = W;y. We want to show that there is only one morphism x — y in ./\/lBtd
up to scalar. We will do this by constructing a specific morphism, and then showing that

any other morphism x — y is the same as the one we constructed.

We construct a morphism ¢ : z — y as follows. Let = uz and y = 'z, for u,u’ € W;
and z € /W. We know these decompositions are unique by Lemma Set v := w'u"t,
and fix a rex v of v. Then vx = vuz = uv'z = y. This means that (v,z) and y are
both expressions for y. Therefore by Proposition there is a unique morphism (up
to scalar) ¢ in H§' from (v,z) to y. We construct our morphism ¢ : z — y as in the

following diagram.
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¢ = v
—
T T T T
A R
_—’/// o
- | | |
I
Lo
N
x

Now, consider an arbitrary non-zero morphism z — y in M%td. We will shift any wall-

strands to the bottom via isotopy.

Y Yy
—_—— —_——
I I I I I I I I
I I I I I I I I
{lw 97 = 7
w
_
T T T — T T T T
| | I _-7 7 o
I I I --"_ .7 o
I I I - o
I I I o
! ! I o
W—/ —

So we have some expression w of w € W coming in from the wall. This means that
wz = y, since in the box labelled ‘??" we have a non-zero morphism (w,z) — y in HH.
This means in particular that wx = y = vz, where v is defined above, so that w = wv.
Now, we can in fact choose the box ‘7?7’ to be any morphism in ’H(S)td that we want, since
they will all be the same up to scalar. Let us choose the ‘7?7’ box to be a map v:w — v

consisting of rex moves and capsﬂ, followed by the morphism ¢ : (v,z) — y we chose

above.
Yy Yy
PR AR PN AN
| | | | | | | |
| | | | | | | |
1 1 1 1 1 1 1 1
v Y
29 ——
—_— T T T
w - | | |
—
T T

"This is possible since v is reduced.
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Since v consists of 2m-valent vertices and caps, it can be pulled into the wall using relations

(8.27) and (8.28)). We end up with the map ¢.

Thus we have seen that if Wjyx = Wj;y, then there is only one non-zero morphism
z — yin ./\/l%td up to scalar. This means that the morphism spaces Hom Mzt (z,y) and
Hom jstdBim, (Rz, Ry) are both isomorphic to k. Furthermore, the image of any non-zero
morphism in Hom  jsa (z,y) under F* sends the 1-tensor to (a non-zero scalar multi-
ple of) the 1-tensor, so this is a non-zero map. This also means that in the case that
Wjx # Wy, there are no non-zero diagrams from z — y in M3t since if there were,
they would go to something non-zero in Hom jstgpim Rz, Ry), which is empty. Therefore

in each case, 754 maps Hom Mt (z,y) isomorphically to Hom js:aBim, (R, Ry)- O
We now just need to extend from degree 0 morphisms to all degrees.

Proof of Proposition . In any morphism in Hom ysta(2z,y), we can move all polyno-
mial boxes to the right via relation . This means that we have a surjective morphism
HOInMBtd (z,y) ®k R — Hom ysta (2, y). To see that this is also injective, note that there is
only one morphism ¢ (up to scalar) in HOmMEtd (z,y), and if p@ 7 € HomMEtd (z,y) @k R
gets sent to 0 under the map, this must mean that » = 0. This gives us an isomorphism

Hom ygsta (2, y) = Hom ygea (2, y) @k R

Similarly, any morphism in Hom jg:gpim (Rz, Ry) is a degree 0 morphism times a polyno-

mial. Therefore the same reasoning as above tells us that
Hom jstapim (Rz, Ry) = Hom jstdBim, (Rz, Ry) @k R.

Since F**4 is R-linear, we have that F*'4 = F5td @, R. Since R is a free k-module, it is

flat, so that F5* = F5td @y R is an isomorphism. O

Corollary 8.4.4. The functor ﬁgd =FllepQ : ./\/lthd — JStdBimg is an equivalence

of categories.

Proof. The field of fractions @ is a flat R-module. U
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We have now constructed one side to the commutative triangle in (8.23|) and shown that
it is an equivalence. Our next task is to construct the other two functors Std and Q and

show that they are also equivalences.

The functor Std : MStd — Kar(Mpg,g) extends the functor Std : HStd — Kar(Hps,Q),

so we only need to define it on the new wall-generators in ({8.24] ) This is done as follows.

I 3 F I (8.32)

We must show that this functor is well-defined; i.e. it respects the relations (8.25) - (8.28]).
The fact that it respects (8.25]) is a result of the following computation in Kar(Mpgsg).

NN

Relations ({8.26]) and (8.27)) are the result of the following.

| | |

: \ |

|

‘ 1 =1 =1
- ==
| | [Cs]i

| | |

Q
B ._.
|
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1
11

As for the third, recall that placing an up-dot anywhere on-top of the following diagram
will yield 0.

This is because we can pull dots through 2m-valent vertices, yielding zero-morphisms as

in (8.14). This leads to the following computation.

In the first equality we have applied to all three strands, along with the fact above
that up-dots pull through 2m-valent vertices to yield zero-maps. In the second equality,
we have shifted all barbells to the left using polynomial forcing, yielding p, which cancels
with %. The third equality is just . Since the first diagram in the above picture is the
image of the 2m-valent vertex, this shows that Std respects relation , and thus the

functor is well-defined.

Next, we define G : Kar(Mpg,g) — JStdBimg. To do this, we need to define JBSBim,.

The category JBSBim( is defined exactly analogously to BSBimg. That is, we have a
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localization functor JBSBim — (Q7, Q)-Bim, and we define JBSBimg, to be the essential
image. We also have an embedding JBSBimg — JStdBimg coming directly from the
embedding BSBimg — StdBimg,.

Then, the functor G extends G : K ar(Hps,q) — StdBimg, so we only need to define it on

the “wall-generators”. Here is it defined via the functors
A®Q . .
Mps,qg — JBSBimg — JStdBimg

where A : Mpg — JBSBim was defined in Section || In other words, G is defined

such that the following diagram commutes.

Mps,g ——Kar(Mps,g)

o,

JBSBimQ <—>JStdBimQ (8.33)

Now we want to show that the diagram in does indeed commute. It is immediate
that it is commutative on objects. For any morphism which does not interact with the
wall, the commutativity is a result of that of . So we only need to show that it is
commutative on wall-generators . The images of the wall-generators under Std were

given in (8.32). We then want to find the image of these under G. Using the algebraic
images given in (8.11)) and (7.8), we get that the image under G is

Q s(f) Qs s(f)

fds 1®f
1 I o
Qs f Q f

which matches the images of the wall-generators under ]:'3‘1 given in 1Dﬁ Therefore
the diagram (8.23) commutes.

8The morphisms in (8.34) come from straight-forward algebraic computations using
the Demazure operators, defined in (3.1)).
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Our final goal is to show that all functors in (8.23|) are equivalences (when our realization
is faithful). We already know from Corollary that j—gd is an equivalence. So it will

be enough to show that Std is an equivalence.

Proposition 8.4.5. When our realization is faithful, the functor Std : Mgd — Kar(Mpsq)

s an equivalence of categories.

Proof. Every object in Kar(Mps,g) decomposes as a direct sum of reflection indices, just
as in Kar(Hps,q). These reflection indices are clearly in the image of Std. Therefore the

functor is essentially surjective.

Now we want to show that Std is fully faithful. First we show that it is full. We can take

any morphism in Kar(Mpg,q) and move the wall-strands to the topﬂ

R (8.35)

Then, the diagram in the box labelled ‘??’ is in Kar(Hpsq). Since Std : ’Hgd —
Kar(MHps,q) is an equivalence (see Proposition [8.2.1]), there is some (sum of) diagrams in
”HSthd which is mapped to ‘??” under Std, and therefore also under Std.

Now, the solid strands plugging into the wall in the above diagram can also be seen to be

in the image of Std, using the relation

| I . (8.36)

9Recall that not all diagrams in Kar(Mpgg) are well-defined up to isotopy. For
example, see (8.2). However, the problem only comes from rotating bivalent vertices,
which we need not do to move these wall-strands to the top.
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We obtained the above relation by dividing (8.13) by as, and then pulling the dot into
the wall. The right-hand side of this relation can be seen to be in the image of Std. This

is because bivalent vertices are in the image of Std : Hgd — Kar(HpBs,q), and the map

is the image of

~

N
\

\
R
Qg |!
|

Therefore in (8.35) both the box labelled ‘7?7’ and the wall-strands above it are in the
image of Std. Therefore the functor is full.

Finally, to show Std is faithful, take two morphisms ¢, in Mgd such that SNtd(qS) =
Std(v)). This implies G o Std(¢) = G o Std(v)). But since we know the diagram
is commutative, this means fgd(qﬁ) = ﬁgdW). If our realization is faithful, then by
Corollary the functor ]}3‘1 is an equivalence. Thus we get ¢ = 1, and the functor
Std is faithful. O

Corollary 8.4.6. When our realization is faithful, G : Kar(Mpsq) — JStdBimg is an
equivalence.
Once again, this proves that Kar(Mpgg) is indeed the Karoubian closure of Mpg g.

This equivalence G : Kar(Mps,g) — JStdBimg is the key result of this section. We will

now use it to prove the linear independence of the double-leaves.
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Chapter 9

Linear independence

Throughout the remainder of the paper, we fix a reflection-faithful representation h. We

will prove that the localized double-leaves form a basis.

Proposition 9.0.1. Given z,y € Mpg, let SDL;, contain one double-leaf map SDILy .
for every pair of subexpressions e C z, f C y such that Wzt = WJQL Then, after
localization, this set of double-leaf maps forms a basis of Homays o (2,y) as a right R-

module.

Our double-leaf maps lie in M pg. We take the images of them under the functorsE]

Mps T2 Mpso < Kar(Mpso) = JStdBime. (9.1)

We will show that these images form a basis of the Hom spaces in Kar(Mpgg) =
JStdBimg. Then, because Homapgg o (2,y) & Hompr(mps ) (@:y) (see Section ,
this implies that the localized double-leaves form a basis of Mpg . This in turn means

that the double-leaves are linearly independent in Mpg. For if

ZSDH"Lg . CLg = 0, Ci,g S R,

"Here, the equivalence Kar(Mps,g) — JStdBimy is the functor G described in section

B4
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then
ZS]D]LLg “Cre ®idg = ZS]D)LLg ®idg - cre =0,

so that ¢y = 0 for all (f,e).

9.1 A partial order on pairs of subexpressions

We will abuse notation by letting SDL . denote the image of the double-leaf in K ar(Mps,g) =
JStdBimg under the functors in (9.1). It will be clear from context exactly which category

we are working in at a given time. In JStdBimg, the double-leaf map SDLy, : x — y

is a map Py, Qe — @£Cg Qﬂ. We can therefore think of it as a matrix, with entries

SDL; .
pi}ff, € . To be precise, we let pz}ff, be the composition Q. — z ——— y — Q. (Note

that by Lemma pz;f = 0 unless Wz = ngf—/). We will prove Proposition m
by showing that the maps SDLf. in JStdBimg are upper-triangular with respect to a
certain partial order on the set of pairs (e, f). To define this partial order, we first define

a partial order each of the components; i.e. a partial order on subexpressions.

Take an expression w = (sq, ..., $p), and let E be the set of subexpressions ¢ C w. There is
a partial order on F called the path-dominance order: for sub-expressions e = (e, ..., €y)
and f = (fi,..., fn), we can take their strolls o, ...,x, and yo,...,yn respectively (i.e.
x; := s7'---s5"). Then we say that f < e in the path dominance order if y; < x; in the
Bruhat order, for all 7. For example, let w = (¢, s,t) in S3 and set e = (1,0,0), f = (0,0, 1).

Then the stroll of e is id, ?,,t, whereas that of f is id, id, id, . We can see that at each

step, the stroll of e is higher (or equal) in the Bruhat order, so e > f.

We will put a partial order < on F which is a slight variation of this. Rather than taking
the strolls associated to e and f, we will take coset strolls, introduced in Section
The coset stroll cos(e) of e is @, ..., &, where &; is the minimal coset representative of
x; = s7t -+ sk We write cos(f) < cos(e) if g; < &; for all i, where g, ..., §p and Zo, ..., Tp

are the coset strolls of f and e respectively.
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Definition 9.1.1. We define a partial order < on the set E of subexpressions of w as
follows: for f,e C w, f =< e if either cos(f) < cos(e), or cos(f) = cos(e) and there is no

step k at which e is X0 and i is X1.

Example 9.1.2. Let (W, S) be type Aa, and let J = {s}. Take w = (s,t,s,t). Let
e f,g Cw be
e=1(0,1,1,1), f= (0,1,1,0), g= (1,1,1,0).

The coset strolls of each of these expressions is id, id, t,ts, s, so cos(e) = cos(f) = cos(g).
The decoration (see (7.9))) of e is X0,U1,U1, X1, while that of f is X0,U1,U1, X0. There
is no step at which e is X0 and f is X1, so we have f < e. Similarly, we have f < g.

However, e and g are not comparable.

Now we use this partial order on subexpressions to define a partial order (abusively denoted

<) on pairs of subexpressions (e, f), where e C z, f C y.

Definition 9.1.3. For e,e’ C z, f, f' Cy, we write (¢/, f') X (e, f) if € < e and f' < f.

9.2 Proof of linear independence

We will now show that the maps SDLL¢ . are upper triangular with respect to this partial

order.
Proposition 9.2.1. (a) prZ}ff/ #0, then (¢, f') = (e, f).

(b) Moreover, pZZf #0 foranyeCz, fCy.

This proposition will be proven over the next few lemmas. Recall that pz}f 1 given by
the composition

SLLse  SLLys
Qe — z y—>Qp (9.2)

where z is a rex of the minimal coset representative z of Wz = W. Jgi. Consider the first
half of this map (we will call this ¢, ¢ ):

SLLy.
(ng,g’ = Qg = —2Zz. (9.3)
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We will first show the following statement:

Lemma 9.2.2. If ¢ # 0, then ¢/ < e.

Proof. First, consider the case where cos(e) = cos(e’). Suppose ¢’ £ e. Then there is some
step k at which ¢’ is X1 and e is X0. At this step in the construction of SLL, ., the map
SLL will have an up-dot I on the right. When we then precompose with the inclusion
map @ =z, we will end up with a strand | , rendering the whole map zer Therefore

e = 0.

Now, take the case where cos(e) # cos(e’). We suppose that ¢, # 0, and we will show
that cos(e’) < cos(e) (and that therefore ¢’ < e). Recall the recursive construction of the

spherical light-leaves:

Ok

SLLk -

S1 Sk—1 Sk (94)

At the end of this construction we precompose with the inclusion ¢ : Q¢ — x to get
Geer = SLLge o te. Now, at any step k, let z<; = (s1,52,...,5¢), and let QISk be the
subexpression (€], €5, e3,...,e;,) C <. Let yp = gigkk = sill . "SZ;C (i.e. Yo,...,yn is the
stroll of €/). Then, let 1<) : Qy, — <. We can see that the composition SLLy o i<y

will appear inside SLLg o ¢/, depicted below inside the green box (for k =n —2, ¢’ =

(1,0,1,0,1,0)):

2Here, we are of course considering the image of SLL, . in Kar(Mpgsg) = JStdBimg.
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Pn

¢n—1

SLLy,.

&

LTI TIT

(9.5)

From this, we can see that if any SLLj, o 1<}, is zero, then so is ¢ o = SLLg ¢ © L.

Now, the map SLLy o 1< is a map Qy, < Z<p — 2, where z; is a rex for the minimal
coset representative zj of ggfkk (i.e. 2p,...,2n is the coset stroll cos(e)). For this map to
be non-zero, we need that @,, can map to some summand @, in z;, (ie. w < z;). By
Lemma [8.3.5] this means that Wy, = Wjw. If g is the minimal coset representative of
Yk, then Wigr = Wiy = Wyw, so that g, < w (since g is minimal). We stated above
that w < zg, so that g < w < zk. So g < zx for all k, i.e. cos(e') < cos(e). Since we

assumed cos(e’) # cos(e), we get cos(e’) < cos(e), and therefore ¢’ < e. O

We can use this to prove part (a) of Proposition

Proof of Proposition|9.2.1| (a). Suppose pz}ff, # 0. We want to show that (¢/, ') < (e, f),

i.e. that ¢/ < e and i’ = f. Recall (again) that pZ}f p is given by the composition

SLLy.  SLLyj
Qo vz ——z2——y—> Q. (9.6)

The first half of this we called ¢, ./, and so if pi}ff, # 0, then ¢, # 0. By Lemma

this means e’ < e.

116



Now consider the second half of the map p:;f Iz

Note that (up to a constant) this is just ¢y gy 1e. ¢y flipped upside down. This is
because projection map y — @ is (up to a constant) the inclusion map Q, — y flipped
upside-down (see Section. So pZ}f F # 0 implies ¢ if # 0, which implies ¢ I8 # 0. Again
by Lemma this means f’ < f. Thus we have ¢’ < e and f' < f,ie. (¢, f) = (e f).
]

To prove part (b) of Proposition we need another lemma. Take any expression
w and a subexpression e C w. This gives us a light-leaf map SLL, . : w — z, where
z is a reduced expression for the minimal coset rep z of w® Then in JStdBimg, z =
riBS(2) ®r Q = @D/, Qer, so we have a projection map p : z — @ onto the unique

summand @) .

Consider the composition

SLLy ..
Qe ww—"2—>Q;

Since z is the minimal coset rep of w¢, we have that Wjywe¢ = Wj;z, so that by Lemma

the composition above is given by some ¢, € Q.

Lemma 9.2.3. For any e C w, g, # 0.

Proof. This proof follows almost exactly the proof of Proposition 6.6 in [EW16]. We have
SLLuy,e
that g, is given by the map Q. — w ——— z — @,. Diagrammatically in Kar(Mpgg)

this will look something like the following picture (for e = (1,0, 1,0, 1) and w unspecified).
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SLLy.,

£1=3

i

Note in particular that we attach dashed lines to every strand at the top. We want to show
that this map is non-zero. First, suppose e contains a ‘0’ somewhere, say e = 0. If ¢ is
U0 or X0, then at this step in the light-leaf construction, we will have a up-dot T We see
from the above picture that this will connect to a down-dot l to form a barbell, which is
a; for some s € S. This can move to the right through the dashed lines, as in , and
so this will contribute some non-zero constant. If ej is DO, then we get a trivalent vertex
at this step in the construction of the light leaf, so that the downward dot in the inclusion
map (as depicted in the above picture) can be pulled into a strand: A=l What we are

left with is a case where e consists of only 1’s, so it remains to prove it in this case.

If e consists entirely of ‘1’s then, by the construction of the light-leaves, SLL,, . will consist
entirely of caps, rex moves, and strands plugging into the wall. To compute ¢., we are
taking this SLL,, . and adding dashed lines to all the top and bottom strands. Take one of
these dashed strands at the bottom, and follow it upwards. From relation , we can
move the dashed strand through 2mg-valent vertices, and therefore through rex moves. If
we continue upwards in this way, we will eventually hit either: a strand at the top, a cap,
or the wall. If we reach the top, then by the relation , we end up with a dotted line
and a barbell, which slides to the right to become some (non-zero) constant. If we reach
a cap, then relations and say something similar: we are left with a dashed
cap, and a barbell which slides to the right. Finally, if we reach the wall, then we get the
dashed strand going into the wall, as in . This map sends 1 — 1, and the dashed
caps and dashed 2mg-valent vertices both send 1 ® ---® 1 +— 1 ® --- ® 1. Therefore as
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a map, g. sends the 1-tensor to some non-zero constant times the 1-tensor, so is non-zero. [
We can now prove Proposition (b):

Proof of Proposition m (b): We want to show that p§§ # 0. We will show that in

fact, pzﬁ = C-ge-qf, where c € @ is non-zero. Since by Lemma [9.2.3| we know that ¢. and

gy are non-zero, this will imply p?’ ¢ # 0.

We know that pz}c is given by the map

Qe =z ——2>Q;, —z—y Q. (9.8)

We claim that this does not change anything, i.e. that the maps and are the
same. To see this, look at the first two maps Q. — z — z in : Qe can only land in
direct summands @, of z such that Wjw = Wz = Wj;z. Since z is a minimal coset rep,
this implies z < w. But since z is reduced, we also have w < z, so that w = z. So the first

two maps Q. — x — z land in @), so that projecting onto (), and including back into z

does nothing. Thus, the maps (9.7) and are equal.

Now, consider the first half of :

SLLy .
Qe w2z —— 2> Q;

This is exactly g.. Similarly, the second half is (again, up to a non-zero constant) the map
qy, le. qf flipped upside down. But since af € Q, we have a5 = a5 Thus, the map in
is ¢ ge - gy for some non-zero ¢ € Q, and so pif; =c-qe-qr. So pzjjj # 0 for any
eCuxz, fCuy. O

Thus, the localized maps SDL; . ® idg are upper-triangular with respect to the partial
order ‘<’, and thus form a basis, proving Proposition [9.0.1} O

119



Corollary 9.2.4. Given x,y € Mpg, let "S'DELg contain one double-leaf map SDLy . for
every pair of subexpressions e C x, i C y such that Wjz¢ = iji. Then the maps in

SDLy,y are linearly independent.
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Chapter 10

Spanning

We will now prove that the double-leaves span. More precisely:

Proposition 10.0.1. Given two expressions x,y, let SDL;, be a collection of maps
containing one double-leaf SDIL. y for every pair of subexpressions e C z, f Cy such that

Wizt = Wyyl. Then SDLyy spans Homppg(2,y)-

Our proof draws heavily on the proof that double-leaves span in H g presented in section

7 of [EW16).

First, some terminology. Let us take a diagrammatic morphism in Mpg. We can arrange
this diagram so that it has no horizontal lines. Then, at any particular height, this diagram
has a certain width; that is, we pass a horizontal line through our morphism and count

the number of strands it passes through.
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Then, we classify each of our generators as positive (+), negative (-) or neutral (=) de-

pending on whether they increase, decrease or preserve the width.

Y Fir AKX

+ + + - - - =

We don’t consider polynomials to affect the width. We say that a diagram is negative-
positive if it consists of negative and neutral (non-positive) generators, followed by positive
and neutral (non-negative) generators. A diagram is strictly negative-positive if the width
actually shrinks and then increases again non-trivially. Note that this notion is not well-

defined up to isotopy. For example, consider the following map.

The left-hand diagram is negative-positive, whereas the right-hand diagram is not. We say

that a map is (strictly) negative-positive if it can be moved via isotopy into a diagram which

is (strictly) negative-positive. For example, the above map is strictly negative-positive.

Take a reduced expression z for a minimal coset representative z. Let I, be the right ideal
(top ideal, thinking diagrammatically) of morphisms which are positive on top. Again,
this notion is not well-defined up to isotopy; We say that a map is in I, if it can be moved

via isotopy into a map which is positive on top.

So, a map in I, (up to isotopy) finishes with one of our positive generators, followed by rex
moves. But note that since z is a reduced expression for a minimal coset representative,
this positive generator cannot be the trivalent vertex, nor a strand coming from the wall.
Therefore a morphism in I, must end in an up-dot i followed by rex moves. By proposition
@ we know that this dot will pull through our rex moves to the top. Therefore, I, is

the right (top) ideal of morphisms with an up-dot at the top.
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10.1 Preliminaries

Before getting to the heart of the proof, we need to introduce a few lemmas.

Lemma 10.1.1. Let w and w' be two reduced expressions for the same element, and let 3
and 3 be two different rex moves from w to w'. Then B— 3" has a strictly negative-positive

decomposition.

Proof. Lemma 7.4 of [EW16] gives this in the case of Hpg, so it is also true in Mpg. O

Lemma 10.1.2. Let z be an arbitrary expression. Then the map idy is a sum of negative-

positive maps which each factor through some reduced expression w of some w < z.

Proof. Again, lemma 7.5 of [EW16| gives this in the case of Hpg, so it is true in Mpg as
well. O

In fact, we can say something slightly stronger than the above lemma: the elements

w can be minimal coset representatives.

Lemma 10.1.3. Let z be an arbitrary expression. Then the map idy is a sum of negative-
positive maps which each factor through some reduced expression z for a minimal coset

representative z < x.

Proof. We proceed by induction on the length of z. The base case x = @ is trivial. If
2 is not a reduced expression, then we can apply Lemma [10.1.2 to write id, as a sum
of negative-positive maps which factor through reduced expressions w for w < z. In

particular, {(w) < l(z), so we can apply induction.

Then, suppose z is a reduced expression for some z. If x is an m.c.r., then the statement
is immediate. If z is not an m.c.r., then there is some other reduced expression z’ of x
which has some s € J on the left. Let o : £ — 2’ and o' : 2’ — x be rex moves. We
can compose these to get o’ o : z — 2’ — z. So we now have two rex moves from x

to itself: id; and o o a. By Lemma [10.1.1] the difference between these two is a sum
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of strictly negative-positive maps, so that they each factor through expressions y, with
I(y) < I(z). We can apply the inductive hypothesis to these y’s, so now we only need
to show that o’ o : z — 2’ — z is a sum of negative-positive maps factoring through
reduced expressions z for m.c.r’s z. It will be sufficient to show this for the map id,, since

then we can pre- and post-compose with o and o/.

To the left strand of id, we apply the following relation:

bk
=1 HO‘S+2 H + H +2 P
2 o T

= —Qg + +

T

This means id, is a sum of maps which factor through an expression of smaller length; i.e.
2/ but with the s € J on the left removed. We can then apply the inductive hypothesis.
O

Let us first prove spanning in the simplest possible situation. Take an expression z in
Wj. The light-leaves from z will all go to @. Given a subexpression e C z, the decoration

", ...,d], of e will consist of only X0 and X1. The corresponding light-leaf map SLL, .
will thus consist only of up-dots and identity strands plugged into the wall. We show that

these light-leaves span Hom (2, ).

Lemma 10.1.4. Take an expression x in Wy and a map ¢ : x — & in Mpg. Then ¢

lies in the right R-span of light-leaves SLLg ¢ : v — &.

Here is an example to illustrate the idea (using two-colour dot contraction (4.16))):
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J O DS A

Proof. By shifting the wall plug-ins to the top using isotopy, we can consider our map ¢
as a map ¢ in Hpg (i.e. with no wall plug-ins), followed by plugging all strands into the

wall.

First, we can shift any polynomials in v to the right using polynomial forcing . Now,
take any up-dots that show up in ¥ and pull them as low as possible. They pull through
rex moves via proposition Eventually each up-dot will reach either the bottom of the
diagram, a down-dot (forming a barbell), a splitting trivalent vertex (thus disappearing),
or a merging trivalent vertex (forming a cap). In the case where it reaches a down-dot,
forming a barbell, we can again move this to the right using polynomial forcing. Any
up-dots formed in this process we again move as low as possibleﬂ After this process, we
end up with all our up-dots at the bottom of the diagram; the others are all either part

of caps, or have turned into barbells and been shifted to the right.

Then, we rearrange the diagram so that no two generators are at the same height (other
than all the up-dots at the bottom of the diagram). For the purposes of this proof we will
consider a cap as a single generator, rather than the combination of a merging trivalent
and an up-dot. We can assume the first generator from the top in 1 is a cap: if it is

a down-dot, a merging trivalent or a 2m-valent vertex, it gets pulled into the wall by

!There’s a danger here of an infinite loop: each barbell moves to the right and creates
more barbells. In Appendix EI, we show that this doesn’t happen.
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relations ([7.2)) - (7.4). If it is a splitting trivalent, then the whole map is zero by (7.6]).

If it is one of the up-dots at the bottom of the diagram, then the diagram is one of our

light-leaves.

Now we induct on the number of 2m-valent vertices present in the diagram. We first work

with the base-case, where there are no 2m-valent vertices. A key relation (throughout the
rest of the chapter) will be the following.

] Bl f 2
o (10.2)

When we apply this to the cap at the top of the diagram, we can pull the cap into the

LT

We have thus reduced the number of caps by 1. We then pull these a;’s to the right using

D[
N[
NI
D[

wall.

N[

polynomial forcing, creating more up-dots in the process, which we then pull downwards
through the diagram as before. Then we again take the top most generator in each
resulting diagram, which we can again assume is a cap. We repeat the process, each time
eliminating the top most cap. Note that more caps can be created during the procedure
of moving up-dots downward: one of these up-dots may meet a merging trivalent vertex,
forming a cap. But there are a finite number of merging trivalent vertices, and since by
assumption there are no 2m-valent vertices in the diagram, there is no way for new merging
trivalents to be formed. Therefore eventually both the merging trivalents and caps will
eventually run out. We will be left with a sum of diagrams which are just up-dots, and
identity strands plugged into the wall (with polynomials on the right). This is a linear

combination of light-leaves.

Now assume that when 1) has less than M 2m-valent vertices, it is in the span of light-

leaves. Take a map ¥ with M 2m-valent vertices. We perform exactly the same procedure:
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move any polynomials to the right using polynomial forcing, move any up-dots as low as
possible in the diagram. By the same procedure as before, we eliminate caps on the top of
the diagram one by one, and then pull the resulting up-dots down through the diagrams.
If at any point one of these up-dots gets pulled through a 2m-valent vertex, that vertex
disappears using , so that by induction we are done. Otherwise, as before, the caps

will eventually run out, so that we are left with only light-leaves. U

Corollary 10.1.5. Take an expression xz in Wy and a map ¢ : x — & in Mpg. Then ¢
is a sum of maps which are made only of strands from z into the wall, with polynomials

in the gaps.

Here is an example of such a map.

Proof. By lemma ¢ is in the span of light-leaves x — @. Each of these is made of
strands into the wall, and up-dots. Each of these up-dots can be pulled into the wall using
(7.7), leaving polynomials on either side. This will yield a sum of maps of the desired

form. O

The bulk of the work in this chapter will go towards proving the following:

Proposition 10.1.6. Let z be a reduced expression for a minimal coset representative z,
and let x be an arbitrary expression. Choose a light-leaf map SLL, . for each e C x such
that Wjae = Wyz. These maps span Hom(z, z)/1.

We note that the analogous statement has been proven in the context of Hpg.

Proposition 10.1.7. Let w be a reduced expression for w € W, and let x be an arbitrary

expression. Choose a light-leaf map LL, . for each e C x such that 2¢ = w. These maps
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span Homyy o (2, M)/Iﬂ.

Proof. See Proposition 7.6 of [EW16]. O

The fact that this has already been proven in the case of Hpg will be extremely help-
ful to us in doing so for Mpg (i.e. proving Proposition [10.1.6)). Once we have proved
Proposition [10.1.6] it is not too hard to prove that double-leaves span.

Proof of Proposition [10.0.1] given [10.1.6; Take any expressions z,y, and an arbitrary
morphism ¢ : z — y. We want to show that ¢ lies in the (right) R-span of double-leaves.
We know from Lemmal[I0.1.3|that id, is a sum of maps which factor through some reduced
expression z for an m.c.r. z. So we may assume ¢ factors through such a z, i.e. we have

¢z — z—y. We will induct on z in the Bruhat order.

To prove the base-case, take a map z 5 @ i> y. Notice that Iy is empty. Thus, by

proposition [10.1.6] we have that the map z % @ is spanned by light-leaves. Similarly,
%] i> y is spanned by upside-down light-leaves. Therefore x — & — y is spanned by

double-leaves.

Now, assume that for any m.c.r. v, with v < z, any map 2 — v — y is in the span of

double-leaves (for v a rex of v). Take our map ¢ : x Ny i) y. By proposition |10.1.6

we can write g = g, + g;, where g, is in the span of light-leaves from z to 2, and ¢; € I..
Similarly, we can write f = f. + f;, where f, is in the span of inverted light-leaves, and
fi€l,. Sod=fg=f.9.+ f-91+ f19- + figi. Now, f.g. is clearly spanned by double-
leaves. As for the other maps, we will prove that for any map ¢ : z — y, the composition
g, is spanned by double leaves. This will take care of f,g; and f;g;. Then f;g, can be

dealt with using the same argument upside-down.

2We technically only defined I, as an ideal of Mpg rather than Hpg, and only when
w is a rex of some w € JW. The ideal I, in Hpg, for general w, is defined exactly
analogously; i.e. it is maps to w which are positive on top. When w is reduced, this is
exactly maps with an up-dot at the top.
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The map g; : ¢ — z is in I, and thus passes through an expression w shorter than z. Then
by Lemma [10.1.3] id,, factors through reduced expressions v of m.c.r’s v, so that 1g; is
a sum of maps z — v — y. It is not too hard to see that v < z, so we can apply our

inductive hypothesis. O

So now it remains to prove Proposition [10.1.6 This will be the task of the remainder
of this chapter.

Let z be a reduced expression of an m.c.r. z, and let x be arbitrary. We take a map
¢ :x — 2z, and we want to show that it is a linear combination of spherical light-leaves,
plus maps in I,. We first note that all the strands which plug into the wall can be moved

to the top, so that we have

77

u Z

| (10.3)

where u is some sequence of s; € J. We can in fact assume that w is reduced, using
relations and ﬂ Since z is a reduced expression of an m.c.r., we get that the
concatenation (u, z) is in fact a reduced expressiorﬁ Therefore by Proposition we
know that the box labelled ‘77’ above is in the span of (non-spherical) light leaves, plus
maps in [, (y,z)ﬂ (In fact, we get to choose which light-leaf maps to use here. This will be
important, and we will describe this choice in detail in the section below.) Maps in 1 (u,2)
are those with down-dots at the top. If this dot is part of z, then our map is in I,. If
this dot is part of u, then it gets pulled into the wall using . So u gets replaced by

a shorter expression u/. We can then play the same game: we can turn ' into a reduced

3 Any non-reduced expression either has a doubled simple reflection (in which case we
apply (7.3)) or can be moved to an expression with a doubled reflection via braid relations

(in which case we apply (7.4)).

4This is a consequence of Lemma |6.1.2

SHere, I, (u,z) 18 the ideal in Hpg of maps which are positive at the top.
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expression u” (shorter than u) and replace the ‘??” box with light-leaves plus maps in
Iy ). Since we are shortening our expression each time we go through this procedure,
this must eventually terminate. What we end up with is a sum of non-spherical light-leaf

maps, followed by plugging strands into the wall, and maps in I,.

10.2 Construction of non-spherical light-leaves

We noted above that we get to choose the particular construction of these non-spherical
light-leaves. That is, at each step in the light-leaves construction, we have a choice about
our intermediate expressions wj, and which rex moves to apply (see Section . We
will now describe in detail precisely how we choose these intermediate expressions and
rex moves. This choice will be crucial in proving Proposition [10.1.6, The description is

somewhat involved, as this choice will do most of the heavy-lifting in our proof.

Roughly speaking, the idea is to make these non-spherical light-leaves look as much like
spherical light-leaves as possible. That is, our spherical light-leaves have various strands
which plug into the wall on the left. Non-spherical light-leaves don’t have any wall to plug

into, so we will instead collect all these “wall-strands" on the left of the diagram.

We choose intermediate expressions w; so as to move strands s € J to the left after
each step. More precisely, suppose we are constructing a light-leaf LL, . : £ — w for
z = (t1,...,tar). At step k we construct a map LLj to a rex w;, of wy := gigkk =t7 -tk
How do we choose this rex w,? We know from Lemma that wy can be uniquely
decomposed as upzp, where up € Wy and z; € JW. We also know from the same lemma
that l(wg) = l(ug) 4+ 1(2x), so wg has a rex (uy, z;,) for rex’s uy, z; of uk, zi respectively.
We set wy, := (uy, 2;,)- This ensures that the image of each LLj has the maximal number

of J-strands on the left.

We also choose our rex moves so as to leave these left J-strands alone as much as possible.
The remainder of this section will describe in detail how we choose these rex moves. The

choice of rex move at a given step will depend on the labelling of the subexpression. Recall
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that the subexpression e C w has two different labellings: the one used in the non-spherical
light-leaves construction, and the one used in the spherical light-leaves construction. We
will refer to these as d,...,dy and df,...,d}, respectively. For example, consider W =
Sz = (s,t), J = {s}, w = (s,t,s), and e = (1,0,0). Then the non-spherical labelling of
e would be di,ds,ds = U1,U0, DO, whereas the spherical labelling would be d},d, d; =
X1,00,X0.

Consider the map ¢y : (up_1,25_1,tk) — (u,2z;) in the k’'th step of our light-leaf con-
struction. To decide which rex moves to use in ¢, we have two cases: first, when dj, = dj,
and second, when dj, # d). If di = d}, then in particular dj, must be either U or D (not
X). If dj, = dj, = UO or U1, then we can apply separate rex moves v and « to the u’s and

the z’s respectively:

R R
v [ e ]
o [ ]
Upq Zk—1 U1 Zk—1
LLj_4 LLi_4
e e (10.4)
dp =d,, =U0 dp=d;, =U1

(We include LLjg_q in our diagrams, so that the diagrams depict the map LLy). If dj =
dj, = DO or D1, then we need to apply some rex move 5 to move t to the right. Since

% = D, this 8 can be applied solely to z;_;:
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Q@ 2L
v J B8 ]
U1 Zk—1 Up—1 Zk—1
LL LLy
e e (10.5)
dp = §€:D0 dp, =d, = D1

Here, o is some other rex move to z,. The point is that the u and z components can be

dealt with separately, so that we have something of the following form.

M _Zk

’\--7‘ \‘ ’ |- \‘

ENER

ukilLLk—fkil (10.6)
do=d,

We can notice that in each of the above four cases, the map ¢’ is exactly the ¢ associated
to dj, in the k'™ step of the spherical light-leaf construction. Thus we are making our

non-spherical light-leaves look like spherical light-leaves.

The second case, where dy, # dj., is more involved. This can only happen if d), = X. We
will describe how to choose ¢y, on a case by case basis. Unlike in the above dj, = dj, case,
we can’t keep the u and z strands entirely separate, but we keep them as separate as

possible.

° dk:Ul, d/ :Xl
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——
Up—1 Zk—1
LL

123
d,=Ul, d, = X1

(10.7)

If d, = X1, then by Lemma (b) there is some s € J such that zp_1tx = szx_1. By
Lemma (a), (2p_1,tk) is reduced so that there is some rex move ¢ : (z;_1,tx) —

(s,25_1). Then, since dy = U1, (uj_1,s) must also be reduced, so there is some rex move

v (up_q,8) — up. Again, « is one of our ‘optional’ rex moves.

. dk:UO, d/ = X0:

[ e ]
[ [ ]
—k—[l/Lk_;k—l

tx,
d, = U0, d, = X0

In this case we apply separate rex moves v : u,_1 — u; and a : z;,_1 — 2.

e dy=D1,d, = X1:
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b (10.9)

Since d, = D1, we need to apply some rex move (3 to (uy_1,25_1) to get tx to the right
of the expression. This is done as follows: Let up_1 = (S1,...,81), 21 = (T1ye,"m)-
Since d = D1, the exchange condition (Theorem tells us that up_q1zp_1tx =
S1 STy Tt = 81§+ 811+ - - 'y, for some i, where the hat denotes deletion (the
deleted generator cannot be among the r;’s by Lemma (a)). Since dj, = X1, there
is some s € J such that z;_1tp = szp_1. This means up_12zp_1tpy = S1--- 81821 =
S1+++8; - S12k—1, meaning s is in the right descent set of ug_1. Therefore there is some
rex of ug_1 with s on the right (in fact it is (s1,..., $;, ..., 51, 8)). We apply a rex move =y
to uy_; to move this s to the right, and then apply a rex move ¢ : (s,z,_1) = (Zp_1, tk)-
We have thus moved ¢ to the right as required. After applying a cap to this t, we apply

rex moves 7' and 4’ to make sure the targets are correct.

The key in this case will be that we can rotate the s and ¢; strands in 4:

Zk—1 Zk—1
_Ek-1 Lkl

(10.10)

S Zh_1 tk S Zh_1 tk

Here 4 is some other rex move. This will assist us in turning non-spherical light-leaves

into spherical light-leaves.
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. dk:DO7 d, = XO0:

Uy ZE—1
LLi 4

bk (10.11)

This final case is the most daunting. It is in fact similar to the previous case of dp = D1,

% = X1: we first apply v as 0 in almost the same way. The difference will be that ¢
will be a carefully chosen rex move (s,z;_1) — (Z4_1,tx), where z;,_; and Z,_; are not
necessarily the same. We then apply a third rex move & : (Z;,_1,tx) — (8,Z;_1). Finally

we apply rex moves 7' and « to ensure our map has the correct target (ug, z1)-

We want to choose § and ¢’ so that we can repeatedly apply two-colour associativity
in order to pull the trivalent vertex from the right to the left (This will be necessary
when we turn our light-leaves into spherical light-leaves). This is best illustrated through
examples. If § is a single 2m-valent vertex, then we can set & = § (i.e. & upside-down),
and we can pull the trivalent vertex to the left using a single application of two-colour

associativity:
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This also works if 0 is a chain of 2m-valent vertices right next to one another, moving left

to right:

This final result we can arrange as

This is just 6’ = § with a merging trivalent at the top left.

Of course, not all rex moves consist of a chain of 2m-valent vertices going left to right in
this way. But it turns out (and we will show) that in our situation we can always choose
a 0 that ends in such a chain of 2m-valent vertices. This will be enough for us to pull the

trivalent vertex from right to left.

To make this precise, we define a sweep to be a sequence of applications of the braid
relation to an expression, moving left to right: the first one acting on letters 1, ...,mq, the
second to letters my, ..., ma, and so on, right to the end of the expression. For example,

let mg = 3, mg, = 2 and my, = 3. Here is a sweep from (¢, s,t,u,t,s) to (s,t,u,t,s,t):

(t,s,t,u,t,s) — (s,t,s,u,t,s) — (s,t,u,s,t s)— (s,t,u,t,s,t)
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We will abuse terminology by using ‘sweep’ to refer to the corresponding rex move in Hpg
or Mpg, i.e. a map consisting of 2m-valent vertices moving left to right. We saw above

that if 0 is a sweep, then we can apply two-colour associativity to get the following.

(10.12)

Lemma 10.2.1. Take some z € W and s,t € S such that sz = zt > z. Then there is

some rex Z of z such that (s,Z) can be transformed into (Z,t) via a sweep.

Proof. We proceed by induction on [(z). For the base case, if I(z) = 0, then s = ¢ and the
statement is trivial. Suppose the statement is true when [(z) < M, and suppose I(z) = M.
Take any rex z of z. Note that since 2t > z, we know by Corollary [2:3.3] that z does not
end in ¢, so neither does (s,z). But (z,t) does end in ¢, and there is some rex move from
(s,z) to (z,t). Therefore at some step in this rex move, the last letter is changed to a ¢
from (say) a w. This can only happen via an application of the braid relation. That is,
at this step in the rex move we have (si, ..., sp,u,t,u) — (s1, ..., Sn, t,u,t) for some s; € S
(here we let my, = 3 for clarity of notation, but everything works the same for different
My, ). Then, we have zt = s1 - - - sptut, so that z = s1 - - - sptu. Thus sz = ss1 - - - sptu. But
sz = zt = s1---sputu, so that ss;---s, = s1---sp,u. We can thus apply our inductive
hypothesis to 2/ := s1 -+ s,, with 52/ = 2'u > 2[f| That is, there is some rex 2’ of 2 such
that (s,z’) can be turned into (z’,u) by a sweep. Then set zZ := (2/,¢,u). We can turn

(s,Z) into (Z,t) via a sweep:

sweep

(872) - (S7§/7t7 U) —_ (§I7U7t7 u) — (§/7t7u7t) = (27 t)

SWe get z'u > z by the fact that (sq, ..., 8n,u,t,u) is reduced, so that (s1, ..., sp, u) is a
rex of 2'u.
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This tells us how we should construct our 6. Recall (see (10.11)) that we are apply-
ing § to the expression (s,zj,_;), where szx_1 = zp_1tx. By the above lemma, there is
some expression Z,_; of zx_1 such that (s,Z;,_;) can be transformed into (Z;_;, ) via a
sweep. First, apply a rex move d; from z;,_; to Z;,_;. Then apply a sweep Jy from (s, Z;_;)

t0 (Zg_1,tk):

k=1t

(10.13)
Sz 5 Zg
We then choose &’ := ;. Applying this choice to figure we get
Uy, Z Uy, 2k
[ IR IR [ - 1 | |
[ v e ] L ][]
5 B
5|
v ~ -
U1 2R Ug—1  Zp—1
LLj_y Ll (10.14)

where we have applied (10.12) to d» and 8. The final diagram on the right of (10.14)

will hopefully give some sense of why we have gone to so much trouble here. Once again,
we are trying to make our non-spherical light-leaves look like spherical light-leaves. If we
imagine the strands joining v and +' as a ‘wall’, then this diagram looks a lot like the step

of the spherical light-leaves algorithm corresponding to dj, = X1 (see diagram (7.10])).
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10.3 Proof of spanning

Again, let z be a reduced expression for z an m.c.r., and let z be an arbitrary expression.
We saw that any map ¢ : z — z in Mpg can be considered a map ¢ : £ — (u, 2) in Hps
(for some rex u in Wy), followed by plugging the u-strands into the wall (see diagram
(10.3)). We then saw that this is a sum of our carefully chosen (non-spherical) light-leaf
maps, followed by plugging the u-strands into the wall, as well as maps in I,. What we
would like to show is the following: A light-leaf map to (u, z), followed by plugging the u-
strands into the wall, is in the span of our choice of spherical light-leaves and I,. This would
prove Proposition that any choice of spherical light-leaves spans Hompy 4 (2, 2) /1.
This is eventually what we will show, but first we will show something weaker. Let X, .
be the collection of any constructions of spherical light-leaves (SLL’s) from z to z, with

polynomials f € R anywhere along the wall. Here is an example:

Lemma 10.3.1. Let z be a rex of an m.c.r. z, and let u be a reduced expression in Wy.
Let x be an arbitrary expression. Take a (non-spherical) light-leaf LLy . @ © — (u, 2),
constructed in the way described in Section [10.3 Then, plug the top u-strands into the
wall, and place some polynomials f € R anywhere along the wall. Then this new map is

a sum of maps in X ;.

Here is an example of the kind of map being described:
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To avoid cluttering the diagrams, we will represent polynomials as black circles:

We will also use a single diagram to represent sums of a certain diagram with different

LT

polynomials. For example, the sum

would be represented as

Proof. We proceed by induction on the length of z. If x = &, then the statement is
trivial. Then, suppose the statement is true for [(z) < M, and suppose z = (t1,...,tpr) is
of length M. Take some light-leaf LL; . : £ — (u, 2), and plug the u-strands into the wall
and place polynomials along the wall. Consider LL, . as the map LLys—_; followed by ¢a.
Let LLp;—1 have target (up;_q1,2p—1), Where up_; is a rex of ups—1 € Wy, and z,_; is

arex of zp_1 € W (see Section |10.2)).

ty
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Once again, the subexpression e C z has two different labellings dy, ...,dy and df, ..., d),
used in the non-spherical and spherical light-leaves construction respectively. The case
where dyr = d); is easiest. Here, we can take ¢p to act separately on uy,_; and zp,_; as

in figure yielding

I

1

° I
|

|
S — !
Up—1 EM-1||
LLy 4 l

I

I

We can include v as part of ¢pr—1 in LLjs—1, so that by induction, the diagram in the
green box above is in the span of SLL’s with polynomials along the wall. We noted below
figure 1) that the ¢’ here is exactly the ¢ associated to dj, in the Eth step of SLLg..

Thus the whole diagram is in the span of SLL’s with polynomials along the wall.

The case where dj, # d), is trickier, and this is where all the work we did in Section

will pay off. As in that section, we break it down into the four cases:
. dk; = U]_, d/ = X1:

We apply the choice of ¢ that we chose in figure ((10.7]):
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N
Up—1  EZM-1
LLy

tym

In the second equality we have applied Corollary [I0.1.5] Once again by induction, the
map in the green box is spanned by SLL’s with polynomials. The part of the diagram
outside the green box is exactly the ¢ associated with dj, = X1 (see Section [7.3]).

. dk:UO, d/ :XO

We apply our choice of ¢ as in figure (10.8)):
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We can include v as part of LLys_1, and thus by induction the green box is spanned by
SLL’s with polynomials. The part of the map outside the green box is the ¢ associated
with d}, = X0.

« dy=D1, dj, = X1:

Applying our choice of ¢y in figure (10.9)), we get

N ——
Up—1  ZM-1
LLy

ty

In the second equality, we have repeatedly applied . In the third, we have used
Lemma on v and +. In the fourth, we repeatedly apply . Finally in the fifth
equality, we rotate & into § as described in figure . Then, as in the other cases, by
induction the map in the green box is in the span of SLLs with polynomials. The part of

the map outside the green box is the ¢ associated to d}, = X1.
e dp = DO, d|, = X0:

We choose ¢ as in figure |10.11}, and apply equation (10.14)):

143



The first equality is from equation . The others follow very much like the above
case of dp = D1, dp = X1. By induction the map in the green box is in the span of SLL’s
with polynomials. The part of the map outside the green box is the map ¢ associated
with X'1. (Note that it’s okay that this is X1 and not X0: we just need the result to be

some SLL, not necessarily the ones associated to e.) O

We have now shown that, for a rex z of z an m.c.r., and arbitrary z, any map ¢ : x — 2z
in Mpg is in the span of some SLL’s with polynomials along the wall, and maps in 1.
If we want to prove Proposition we are left with two issues to address. First, we
want to show that any map is in the span of any particular choice of SLL constructions.
Second, we need to somehow move these polynomials to the right. Our strategy will in
fact be to move the polynomials up along the wall to the top-left corner of each diagram,

and from there along the top of the diagram to the right.
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The following lemma replaces the SLL’s with any particular choice of SLL’s, and moves
polynomials up along the wall to the top-left corner. All that will be left after this is to

move these polynomials along the top to the right.

Lemma 10.3.2. Given an arbitrary ezpression x, and z a rex of some z € W, let Se.z
be a collection of maps x — z, containing one spherical light-leaf map SLL, . for each
subexpression e C x such that Wiz = Wjiz. Then any map ¢ : x — z is a sum of maps

in Sg . with polynomials in the top-left corner, plus maps in I.

Proof. We prove the statement by induction on /(x). Suppose the statement is true for
any z with [(z) < M. Take some z with I(z) = M, and a map ¢ : z — z (for z a rex of
some z € YW). We know by Lemma (and the discussion at the end of Section [10.1)
that ¢ is a sum of some SLL maps (not necessarily the ones in S, ) with polynomials
along the wall, plus maps in I.. Take one of these SLL maps with polynomials along the
wall. It corresponds to some e = (ey,...,epr) C z; in particular, ej; will determine the

map ¢pr. This SLL map can be pictured as

where SLLy_1 is an SLL map with polynomials along the wall. Say this SLLy—1 has
target z,,_1, arex of zp7_1 € 7W. Now we apply the inductive hypothesis to this SLLys_1;
that is, we can replace it with SLL’s of our choice, with polynomials in the top left

corner, plus maps in I,

v, More precisely, for each subexpression e C T< M,1|Z| such

/
that WJ&%Mil = Wjzp—1, we choose a construction of SLL%M_I’Q/ STopo1 Y Zy—1-
We choose this construction as follows: Given such an ¢ C z,;_;, we append ej; to

get a subexpression f := (¢/,epy) C z, with Wizl = Wj;z. Thus there is some map

"A reminder about notation: Following Section if = (t1,...,tn), then zop; 1 =
(tl, ooy tM—1)~

145



SLLy ¢ € Sz.. At the (M — 1)’th step in the construction of this SLL, ¢, we have a
map SLLy—1 @ Z<pr1 — Zh_p, where 2, is a rex of zpr—1. However, 2}, _; may

not be the same as z;;_;. Thus, to construct SLL P Zapo1 — Zyp—1, we take

!
Top—1-€

SLLy—1: Z<py—q — 2y and then compose with some rex move 3 : 2, | — zp/_1.

So now, we take the map SLLj/_; in the above picture and replace it with these maps

SLLy_,, . which we have constructed, plus maps in I, .

(10.15)

The map on the right of (10.15) represents some map in I _, followed by ¢p. In

particular, the up-dot may be at any position above the box labelled ‘77".

Now, we want to show that this sum is a sum of maps in S, . with polynomials in the
top-left, plus maps in I.. Let us first look at one of the maps in the first sum in (10.15).

By the way we have constructed SLL ¢/, this will be of the form

Lapm—1

where we have composed 3 and ¢, to make ¢';, which is another valid construction of
this step in the light-leaf construction. Again, SLLj—q is the (M — 1)’th step in the
construction of SLLy y € Sy .. So the map on the right is a valid construction of SLLy ¢,
but may not be precisely the map SLL,, I € Sz,z- In particular, the final step ¢}, may
contain different rex moves. Call this final map ¢}, in SLL, f- Using Lemma we
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have

SLLy_1 SLLy—1

(10.16)

where the map labelled ‘7?7’ has a strictly negative-positive decomposition. In particular,
‘??” has a down-dot at the top. If dj; # X1, then both the maps on the right of
are of the form we want: the map ¢}, does not plug into the wall, so we can move
the polynomial up past ¢/, to the top-left corner, leaving us with exactly SLL, f with
polynomials in the top-left. And if d}j; # X1, then the down-dot on top of ‘??’ means

that map is in 1.

So the only difficult case is where d};, = X1. In this case we have, using polynomial forcing

(10.17)

where v is some rex move. The first map on the right of 1' is again exactly SLL, ¢
with polynomials in the top left. As for the map on the far right of (10.17)), the up-dot
pulls through ~ using Proposition leaving us with maps of one of the two following

forms:

(10.18)

tym
Now we use an argument that we will use again later, so we refer to it as the argu-

ment (x). Let 2}, ; = (s1,...,sk). In the first case in (10.18), the map ‘??’ is a map
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(814 eey Siy ooy Sy tar) — z. By Proposition this map ‘??’ is spanned by light-leaves
and maps in I. Light-leaves are negative or neutral maps, and since the input and output
of ‘77’ have the same length, the light-leaves must be neutral. So if there is a light-leaf
LL : (s1,...,8iy..., Sk, tar) — 2, then it is a rex move and thus (s, ..., $;, ..., Sk, tar) is re-
duced, and s1---8;---sptyr = 2. But d;, = X1, so that by Lemma (a), ztyr > 2,
whereas s1--+8; -+ Sptytyr = S1-- 8-S < 81---8;--Spty. So we have a contradic-
tion, and thus there can be no light-leaf map LL : (s1,..., $;, ..., Sg, tar) — 2z, so that the

first map in (|10.18)) lies entirely in I,. (There ends argument (x)).

Then we consider the second map in . Once again, the box labelled ‘77’ is a sum
of light-leaves and maps in I.. Since z},_; and z are of the same length, a light-leaf map
LL: 2z, | — z must be a neutral map, i.e. a rex move. But placing a rex move in the box
labelled ‘77" would leave us with an SLL map with X0 at the end; more precisely, it would
leave us with a possible construction of SLL, ;/, where f := (¢/,0) C z. Unfortunately, it
may not leave us with the map SLL%f/ € Szz- This is because SLLjys—1 was chosen to be
part of SLLy § € Syz, not SLL, . Thus, we need to reapply our inductive hypothesis to
this SLL;_1; that is, we replace SLLjy;_1 with a sum of light-leaves and maps in Iﬁ?w_l
just as in equation , and then proceed through the steps we have just carried out
(or are about to carry out). Note that there is no danger here of an infinite loop: we only
reached the situation in because we had d; = X1. If we repeat the procedure with

. = X0, we will not run into the same problem.

We have yet to address the right-hand map in ((10.16)), in the case that d); = X1:

(10.19)

Here, again, the box labelled ‘77’ has a strictly negative-positive decomposition, so that
it has a dot at the top and at the bottom. If the dot at the top is not connected to the

wall strand, then this map is in I,. Otherwise, the dot gets pulled into the wall and we
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have a map that looks like one of the following two:

(10.20)

ty

This is exactly the situation in (10.18]), which we have already dealt with.

We have now dealt with maps in the first sum in ((10.15). We now move on to maps in

the second sum, of the form

(10.21)

where again, the up-dot could be positioned anywhere above ‘??". First, if d), is either

U0,U1 or X0, then the up-dot will pull through any rex moves to the top, landing in I..

If d}, = DO or D1, we can assume there are no ‘necessary’ rex moves (labelled § in
Section as part of ¢y, since if there were, we could pull the up-dots through g and
then incorporate what remained into ‘7?7’ Therefore, if the up-dot is not on the very right
of ‘77", then it will again pull upward through any rex moves to land the map in I,. If the

up-dot is on the very right of ‘7?’, then we are in one of the following situations:

(10.22)

dyy = DO dy; = D1

where « is some rex move, and y is a rex of some y € W (because dp = DO or D1).

Therefore we can reapply our inductive hypothesis to the box labelled ‘7?°, replacing it
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with SLL’s of our choice (with polynomials in the top-left), and maps in I,. These SLL
maps will become (up to adjusting the final rex move «, as in ) the SLL maps in
S,,» corresponding to dj; = U1 and U0 respectively. The dots at the top of the maps in
I, will pull through « to land in I,.

So we are left with the case d3\4 = X1.

77

(10.23)

The up-dot will pull through 3, either landing in I, or pulling into the wall. If it pulls

into the wall, then by the argument (), what remains will be in I,. O

Thus, we have shown that any map ¢ : £ — 2z is a sum of any particular choice of
SLL’s, with polynomials in the top-left. The only thing left to do is to move these poly-
nomials to the right, using polynomial forcing. This leaves a right R-linear combination
of our choice of SLL’s, plus maps in I,. This proves Proposition and thus also
proposition [I0.0.1} Therefore, we have proved that the double-leaves span, and also that
they are linearly independent (Corollary . So we have proved Theorem that

the double-leaves form a basis. OJ
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Chapter 11

Equivalence of Diagrammatic and

Algebraic Categories

Now that we have constructed the double-leaves basis of Mpg, we will use this to prove

the following.

Theorem 11.0.1. The functor A: Mpg — JBSBim defined in Section s an equiva-

lence of categories.

The key will be that we have formulae for the graded ranks of the Hom spaces in each
category, and that these are the same. Recall the Soergel Hom formula on Bott-Samelson

bimodules:

tkEHomsspim (BS(w), BS()) = (ch(BS(w)), ch(BS(y))) = (by.b,),

where (-, -) is the Z[v, v~!]-bilinear form on H defined in (2.3). The two components of this
formula — the character map ch and the bilinear form (-, -) on H — both generalize to all
singular Soergel bimodules (see Section[6.2]for a description of singular Soergel bimodules).
For all finitary subsets I, J C S, we have a character map ch : /87 — 1S7. In particular,
we get a character map ch : 7B — M (.J), which we can restrict to ch : JBSBim — M(.J).
From Theorem (c), we know that the following diagram commutes.
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_®_

B x B ’B
ch x ch ch
M(J) x H————M(J)

By following where psR ® BS(w) € /B x B is taken in this diagram, we can determine
that
ch(grsBS(w)) = migby = 1® by, € M(J).

We also have a Z[v,v~!]-bilinear form (-,-); y on 87 for all finitary subsets I,.J C S. We

will not define this form on general S”7, since this would require defining the standard

basis of each /S7. We will simply define it on M(J) = /S. We define a Z[v, v !]-bilinear

form (-, ) on M (J) by identifying M (J) = b,,, H as in Proposition and settingﬂ
(s )01 2 buw, H X by, H — Zv, v~ ],

—dy (11.1)

<h1,h2>M = U_dJ€<’i(h1) *J hg) = %<h1,h2>.

Finally, we have a formula for the graded rank of
HomJBSBim(RJBS(w> YRJ BS(Q))
as a right R-module.

Proposition 11.0.2. We have

rkHom jgspim(gs BS(w), riBS(y)) = (ch(BS(w)),ch(BS(y)))m

= (10 bu, 1@ by)ur.

Proof. This is a specific case of Theorem 7.9 of [Will1JP] O

'We have added in a factor of v=47 to the formula given in Section 2.3 of [Will1]. This
is in order to make the standard basis of M orthonormal with respect to this form. We
have altered the Hom formula appropriately to adjust for this.

2 Again, we have removed the grading shift that shows up in [Will1] to match the extra

factor of v~ in l)
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We now want to show that the graded ranks of the Hom spaces in JBSBim match those
of Mpg.

Proposition 11.0.3. Given any two expressions x,y, we have

rkHomp s (2,y) = rkHomJBgBim(RJBS(g),RJBS(Q)).

We saw in Remark that this was the case for BSBim and Hpg, and the proof here
will be highly analogous to that. In particular, we had a version of the Soergel Hom
formula which was expressed in terms of the defects of subexpressions. This defect
was defined in such a way that the degree of a light-leaf LL, . was exactly the defect
def(e). We will want a notion of defect which extends to our spherical light-leaves. We
will now define a new notion of defect, the spherical defect Def(e) of a subexpression

e C z, in such a way that deg(SLL,.) = Def(e).

Recall from Section that given an expression z = (s1,...,S,), a subexpression ¢ C z
has a coset stroll 2o, ..., zp, where zj is the minimal coset representative of xj := s7' - - - SZ’“.
This coset stroll has an associated decoration d1, ..., d),, with dj, € {U1,U0, D1, D0, X1, X0}.
These d}’s then determined the form of the spherical light-leaf SLL, ., by specifying the
maps ¢. If we want to know how to define Def(e), we should look at the degrees of the
¢i’s corresponding to each of the possible labels U1, U0, D1, D0, X1, X0. The degree of
¢ associated to U1 and D1 is zero, while U0 is +1 and D0 is -1. Then, X0 gives a degree
+1 map, while X1 gives a degree -1 map. Therefore we should define the spherical defect

as

Def(e) := #U0+ #X0 — #D0 — #X1. (11.2)

By the way we have defined it, we have deg(SLL,.) = Def(e). By the fact that double-

leaves form a basis, we have the following Hom formula for Mpg.

rkHompgsg (2, y) = Y pPef(@+Def(f) (11.3)
a eCa
fcy
WJ§E:WJQL
We now wish to show that we can rewrite the Hom formula for JBSBim from Proposition

11.0.2[in terms of the spherical defect, so that it matches the above formula ((11.3]).
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Recall that we have a standard basis {m, | 2 € W} of the spherical module M, where

My =1 0.

Lemma 11.0.4. The standard basis {m, | x € "W} of M(J) is orthonormal with respect
to the form (-, ).

Proof. Under the identification M (J) = b,,,H, the standard basis element m, € M(J)
goes to by, ;0 € by, H. Therefore by (11.1) we have

v
<m$7 my>M = m(buu&xv wa6y>'

It is a straight-forward consequence of the definition (2.3]) of (-, ) that

<wa5mwa5y> = <i(bwj)wa5z75y>
= (b, 0, 0y)
= ﬂ—(‘])<wa6w7 5y>7

where i(by,,) = by, by Remark This gives us
(Mg, my)ar = v~ (b, 0z, 8,).

We have from (2.5 that
buy = 3 05,

weW

and so

buy, 0 = Z plwn)=lw)g
weW

since z is a minimal coset representative. Therefore if Wjix # Wiy, then wzx # y for any
w € Wy, so that

(Mg, my) v = v*dJ<wa§x, dy) =0,
by the fact that the standard basis of H is orthonormal with respect to (-, -).
Conversely if Wz = Wy, then x = y since they are both minimal coset representatives.

Therefore

(buy 6, 0y) = (Y WD) 5, 8,) = o) =yl
weWy
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Therefore

(Mg, my)pr = vt =1,

and so the my,’s are orthonormal. O

Next we prove a lemma analogous to Deodhar’s lemma (Lemma [3.8.3). We will use

the notation mge := m,, where z is the minimal coset representative of W z<.

Lemma 11.0.5. For any expression x we have

1@by = 0P Omye. (11.4)

eCz

In other words, the coefficient of m, in 1 ® b, is

Z pPef(e).

eCx
Wize=W;z

Proof. We proceed by induction on the length of x. Suppose the statement is true when
l(z) = n—1, and take z = (s1,...,5,). Set y := (s1,...,5,-1). Then we know by the
inductive hypothesis that

1@by =Y v Dm
fcy -

so that

— _ Def(f)
1®by = 1® bybs, _;C:v D 1bs,. (11.5)
fcy

We can find the product m,i bs, using the formula 1’ which we reproduce below.

Mas + vy, if ws < w, ws € Tw
Muwbs =  Mys + VM if ws > w, ws € W (11.6)

(v+vm, ifwsg W

Thus each term m,s bs, in (11.5) will yield two terms. These two terms will be mge for

e = (f,0) and (f,1), with some powers of v in front. We just need to show that these

powers of v are exactly Def(e).
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Note that the three cases in correspond exactly to the cases where s is labelled
by D,U or X in the labelling of the coset stroll (see Section . More precisely, if we
replace w with gi and s with s, in the above formula, then the three cases correspond to
when the labellings of the coset strolls associated to (f,0) and (f,1) finish with D, U or
X respectively. When they finish with D, then using the definition of Def in we

will have
Def(i70) = Def(i) -1, Def(i? 1) = Def(i)v

which exactly corresponds to the powers of v in the first case of (11.6]). If the expressions
finish with U, then

Def(f,0) = Def(f) + 1, Def(f,1) = Def(f),

which corresponds to the powers of v in the second case of (11.6). Finally, if the labelling
of the coset strolls of (f,0), (f,1) C z finish with X, then we will have

Def(f,0) = Def(f)+1, Def(f,1) = Def(f) — 1,
which corresponds to the final case in (11.6]).

Therefore the coefficient of mge in each case will be pDef(e), O

Proof of Proposition[11.0.3 Proposition [I1.0.2] tells us that

I'kHOHlJIBSBjm(RJBS(w),RJ BS(Q)) = (1 X b&? 1® bE>M'
Lemmas [1.0.4] and IT.0.5] tell us that

<1 ® b&a 1® bg)M = <Z UDEf(g)ngv Z vDef(i)myi>M
eCa fCy =
R St

eCz
Icy
Wrze=W. Jgi

)

which is exactly rkHom g, (2,y) given in 1) O
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We now know that Mpg and JBSBim have matching Hom space ranks. We will use

this fact to show that A : Mpg — JBSBim is an equivalence of categories.

Proof of Theorem [11.0.1. Tt is clear that A is essentially surjective, so we only need
to show it is fully faithful.

We will first show that it is faithful. We take the diagram (8.33]) which we used to define
the functor G in Section

MBSQ —>KCL’F MBSQ

o,

JBSBimQ <—>JStdBimQ

We can extend this diagram on the left.

MBSQ ——Kar(Mps,g)

\ D

- JIB%SBlmQ «———JStdBimg (11.7)

When we proved linear independence of the spherical double-leaves in Section [9] we in

fact proved that they are linearly independent after mapping from Mpg to Kar(Mpsq)
across the top of . This means that the map Mpg — Kar(Mpgg) across the top
of (11.7) is faithful. Furthermore, since by Corollary the functor G is an equivalence,
we find that the map Mpg — JStdBimg in is faithful. Therefore the map A must
also be faithful.

Finally, since by Proposition [11.0.3| the graded ranks of the Hom spaces of Mpg and
JBSBim are the same, the fact that A is faithful implies that it is full. [l

Corollary 11.0.6. The diagrammatic spherical category M := Kar(Mpg) is equivalent
to the algebraic spherical category Kar(JBSBim).

157



So far we have only shown that the diagrammatic and algebraic spherical categories, M
and Kar(JBSBim), are equivalent as categories, with no additional structure. However,

as mentioned in Remark they are also equivalent as module categories.

Corollary 11.0.7. The diagrammatic and algebraic spherical categories, M and Kar(JBSBim),
are equivalent as module categories over H and SBim respectively. That is, the following
diagram commutes.

MxH o= M

O

Kar(JBSBim) x SBim— > Kar(.JBS Bim)

Proof. This is a direct consequence of the fact that the corresponding Bott-Samelson

categories are equivalent as module categories. That is, the following diagram commutes.

— ® —
Mps x Hps Mps

O

JBSBim x BSBim

JBSBim
This in turn is a consequence of how the functor A was defined in Section In particular,

A clearly respects the right action of Hpg on Mpg, both on the level of objects and

morphisms. Taking Karoubi envelopes of this commuting diagram proves the result. [
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Appendix A

The ‘infinite loop’ problem

Here we deal with a finicky problem that arose in proving Lemma [10.1.4] involving the
possibility of an infinite loop. Let us restate that lemma here: Take an expression z
in Wy and a map ¢ : £ — & in Mpg. Then ¢ lies in the right R-span of light-leaves

SLLgze:2x — Q.

Let us now recall was the ‘infinite loop’ issue was. In the proof of this lemma, we start

with an arbitrary map ¢ : x — @ and move all the wall plug-ins to the top.

The first step was to move all polynomials to the right using polynomial forcing. The
problem is that the polynomial forcing relation can create more barbells. These barbells
will then need to be moved to the right using polynomial forcing, which could again create
more barbells, and so on. For example, consider the following diagram (here we just draw

the ‘¢’, and ignore the wall).
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If we move f to the right using polynomial forcing, we end up with the following.

fl = s(f) + 0s(f) = s(f) + |as0s(f)

In this instance it is clear that we do not have a problem. All our new polynomials (s(f)
and a05(f)) are closer to the right of the diagram. Alternatively, we can just move f

underneath the down-dotlll

f = f

This is not always possible, however. In the following example, it is not possible to move

f under the blue strand; we must go through it using polynomial forcing.

o
f t(f) 9 (f)

= +

Let us expand out the second diagram using two-colour dot contraction (4.16)).

LOne can check, using the formula for the Demazure operator, that this gives the same
result.
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o(f) o (f) o(f)
= +
)

We have created a red barbell which is in fact further from the right of the diagram than

o . i .

the f was. However, we have reduced the number of 2m-valent vertices by 1. Therefore,
since the number of 2m-valent vertices in a given diagram is finite, this can only happen

finitely many times.

In summary, moving polynomials to the right creates new barbells in two situations. One
is the situation from the first example: we break a strand using polynomial forcing, and

the bottom component of this broken strand is isolated:

As we saw, in this case there is no problem: all polynomials are closer to the right of the
diagram (or alternatively, we just move f underneath and to the right). The second case
is via two-colour dot contraction. In this case we reduce the number of 2m-valent vertices

by 1, and this can only happen finitely many times.

Therefore, this process of moving polynomials to the right must eventually end.
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