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Waiter! A table. .. 2: One-to-one correspondence

One-to-one correspondence. If we have two sets and we can match up their elements in
pairs, in such a way that every element of each set is matched with exactly one element of

the other set, then we say that we have established a one-to-one correspondence between the
sets.

Cardinality. We say that two sets have the same number of elements, or have the same

cardinality, or are equinumerate, if it is possible to establish a one-to-one correspondence
between them.



Waiter! A table. .. 3: Examples
Examples. This is a one-to-one correspondence:

Alexander Bronwyn Caroline David Esther




Waiter! A table. .. 4: ... continued

... but this is not:

Alexander Bronwyn Caroline David Esther
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Waiter! A table. .. 5: ... continued
This is not a one-to-one correspondence:

Alexander  Bronwyn Caroline David Esther

even though the two sets obviously do have the same number of elements.



Waiter! A table. .. 6: Counting

Counting. Here is a very useful one-to-one correspondence:

Alexander Bronwyn Caroline David Esther

7 7 ) 7 7

one two three four five

“Counting” the elements of a set means placing them in one-to-one correspondence with an
initial segment of the set

P = { one, two, three, four, five, ... }

of positive integers.

Is there a one-to-one correspondence between the positive integers and the even (positive)

integers?

1 2 3 5 6 7

4
! !
4 6

Note that the failure of this attempted one-to-one correspondence does not mean that it is
impossible to find a correct one-to-one correspondence! This can be done as follows:

1 2 3 4 - n
11117 !
2 4 6 8 -

2n
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Waiter! A table. .. 7: Squares, primes, integers

Similarly, the positive integers can be put into one-to-one correspondence with the squares. ..

1 2 3 4 -+ n
T 1T 1 )
1 4 9 16 --- n?
...and with the primes. ..
1 2 3 4 n
1T 117 )
9 3 5 7 the nth
prime

There is even a one-to-one correspondence between the set of positive integers and the set 7Z
of all integers:

5 .- n
) )
—92 ...

DN < =~

3
!
—1

O
=< N

Problem. Find a formula to fill in the gap. Hint. The expression (—1)" is equal to 1 if n is
even, —1 if n is odd.



Waiter! A table. .. 8: Aleph-nought
The number of positive integers is called aleph-nought and we write
Pl =g .

Exactly as for finite sets, we say that two infinite sets have the same number of elements if
there is a one-to-one correspondence between them. Therefore, the sets of positive integers,
positive even numbers, squares, primes and (signed) integers all have the same number of
elements:

1Z| = |{ primes }| = |{ squares }| = |{ even numbers }| = |P| = N .

Galileo could not accept that there are just as many squares as integers, and concluded that
it is impossible to compare the sizes of infinite sets.



Waiter! A table. .. 9: Rational numbers

All the infinite sets we have seen so far have the same number of elements. Can we find a
“larger” infinite set than these? A little thought suggests trying the set of all fractions —
there are infinitely many fractions between any two integers, so it seems obvious that there
must be more fractions than integers.

1 1 1 1 1
1 2 3 4 5
2 2 2 2 2
1 2 3 4 5
3 3 3 3

1 2 3 4

4 4 4

1 2 3

] ]

1 2



Waiter! A table. .. 10: ... conclusion

In fact, there is a one-to-one correspondence

= <= =
D= <— N
I <— W
Wi £
—lw <— Ot
= <= O
Wi <—

and therefore |{ fractions }| = Xy. There are no more fractions than integers!!



Waiter! A table. .. 11: Reals

Cantor’s Diagonal Argument. Are all infinities really the same after all?

No! It turns out that
[{ real numbers }| # Nq ,

as there are actually more real numbers than integers.

We start by considering J, the set of real numbers between 0 and 1. We wish to show
that there is no possible one-to-one correspondence between the (positive) integers and J.
The proof will be by contradiction (reductio ad absurdum): we will assume that there is a
one-to-one correspondence and show that this assumption is self-contradictory.



Waiter! A table. .. 12: Example

For example, suppose that we have a one-to-one correspondence beginning as follows:

1 < 0-34939---
2 < 0-15578---
3 < 0-16932---
4 < 0-28264 ---
5 &

0-53463 ---

Consider the decimal appearing on the diagonal:
0-35963 - - -
and change every digit to get a number such as
xr=0-19220--- .

Now the list on the right hand side above is supposed to contain every number between 0
and 1. But this is not so: it doesn’t contain x since

e 1 and the first number differ in the first decimal place;

e 1 and the second number differ in the second decimal place;

e and so on.

Therefore our list does not establish a one-to-one correspondence.



Waiter! A table. .. 13: Cantor

This argument can be generalised to show that a matching between P and J is never a
one-to-one correspondence.

Consider any matching
0-dqi1d2r d3rdar -+

0-diodaadsadys - -
0-di3dosdssdas -
0-diadogdsgdyg -+

kR W NN
T 77

Let
r = 0-e1ege3ey - - -

where we choose

e1 # di1, e F#doa, e3F#dsz, e4F#da,...

Then x is not in the list. Hence, there is no possible one-to-one correspondence between P

and J.



Waiter! A table. .. 14: All reals

The cardinality of the continuum. We have just found a new infinite number, which we
call c:

T=c.
Since P can be matched with part of J, but not with all of J we say

Ng < c.

What is the cardinality of R, the set of all real numbers? It is ¢ again,
since we can draw a graph to illustrate a one-to-one correspondence Yy
between J and R. There are many possible formulae for a graph of this
general shape, for example

1 1 :
Yy = R :
-z 0 1!z
(Exercise. Find another!) From the graph we can see that
- 1 1
x R —
l—-x =

is a one-to-one correspondence between J and R. So

R =|J|=c.



Waiter! A table. .. 15: An unanswerable question

We have seen an infinite number Ng, and a larger one c. Are there any infinite numbers
between these two?

This question was first posed by Georg Cantor in 1878. He was unable to answer it, but
suspected that the answer is no.

The continuum hypothesis. There is no infinite number 8 such that

Ng<f<c.

It turns out that Cantor’s question is unanswerable! In 1938 Kurt Godel showed that, given
the standard basic assumptions of set theory, the continuum hypothesis is consistent — that
is, it cannot be proved to be false. But in 1963 Paul Cohen showed that the continuum
hypothesis cannot be proved true either! In other words, the continuum hypothesis is
independent of ordinary set theory, and is simply an extra assumption which must either be
accepted or rejected — or neither!



Waiter! A table. .. 16: Power sets

Higher infinities. It is not too hard (exercise!) to convince yourself that there are no infinite
numbers smaller than Ny, and we have seen that it is not possible to decide whether there are
infinite numbers between Ny and c. Are there any infinities larger than c?

Yes: in fact there are infinitely many infinities! Consider

P(R) = { subsets of R }
= { {rationals }, {reals greater than m}, {decimals without the digit 7},...}

Suppose we have a one-to-one correspondence
r <+ Sx)
between R and P(R), for example,

1 < {rationals}
V10 <« {reals greater than w }
m <> {decimals without the digit 7 }



Waiter! A table. ..

Now consider
{z|z ¢ S(x)}.

This is matched with some real number a:

Sla) ={z|z ¢ S(); .
Let’s ask the question: is the real number a an element of the set S(a)?

Well, the definition of S(a) says

x € S(a) if and only if x ¢ S(x)
for all real numbers x. Substituting x = a,

a € S(a) if and only if a ¢ S(a) .
Thus the situation is self-contradictory. So

[PR)>c,

17: ...

continued

that is, P(R) is a larger infinite set than R. And we can use a similar argument to show that

P(P(R)) is larger again, and so on indefinitely.



Waiter! A table. .. 18: Algebraic and transcendental numbers

Definition. A number is called algebraic if it is the solution of a non-constant polynomial
equation with integer coefficients. A number is called transcendental if it is not algebraic.

Examples of algebraic numbers:

V2 is a solution of 2 —-2=0
/3/5 is a solution of  5z% —3 =0

V7410 s a solution of 2% —34224+9 =0

sin %8# is a solution of 8x° —6x+1=0
There are also algebraic numbers which cannot be written down in any convenient way. For
example, the equation z° + 22* — 3z — 5 = 0 has three real solutions, and each of these

(whatever they are) is an algebraic number.

In fact the complex numbers may also be classified as algebraic or transcendental — for
example, ¢ is algebraic because it is a solution of z? + 1 = 0 — but for this talk we shall only
consider real algebraic numbers.



Waiter! A table. .. 19: Existence of transcendentals

Examples of transcendental numbers.

Are there any?

Yes, there are. Liouville (1850) found some. His proof is not altogether easy. But we can
show that transcendentals exist without actually producing any specific examples! We will
show that

[{ algebraic numbers }| = Nq |

and since we know that
[{ real numbers }| = ¢ > Ng ,

it follows that there must exist numbers which are not algebraic, that is, which are
transcendental.

To prove what we need, we shall create a list of all (real) algebraic numbers by creating a
list of polynomials with integer coefficients and then writing down their roots. We need only
consider polynomials whose first coefficient is positive, as these polynomials will yield all
algebraic numbers.



Waiter! A table. .. 20: Listing polynomials

The weight of a polynomial is defined to be its degree plus the maximum absolute value
of its coefficients. Notice that a non-constant polynomial with integer coefficients must have
weight 2 or more, and that there is only a finite list of polynomials with any specified weight.

The polynomials of weight 2 have degree 1 and coefficients —1,0 or 1. Since we can take the
first coefficient to be positive there are only three possibilities,

r—1,z, x+1.

Polynomials of weight 3 may have degree 2 and coefficients —1,0, 1. ..

2

2 —x—1, 22

—x, 2t —x+1,2°—1, 2%, 2241, 22 +z—-1, 2°+z, 22 +z+1,

...or degree 1 and coefficients from —2 to 2,
r—2,z—1,z,z+1,2+2,22—-2,2x—1,2x,2x+1, 20+ 2.

Polynomials of weight 4 may have degree 3 and coefficients 0, +1 (there are 27 possibilities),

degree 2 and coefficients 0, -1, £2 (50 possibilities), or degree 1 and coefficients 0, +1, 42, +3
(21 possibilities), and the list can be extended as far as desired.



Waiter! A table. .. 21: Listing algebraic numbers

By continuing this procedure we obtain a list of all non-constant polynomials with integer
coefficients (and first coefficient positive). We can now take the polynomials in the list one
by one and write down the roots of each. Any algebraic number will in fact be a root of
many polynomials, so we shall find the same algebraic number occurring many times in the
list; we simply ignore such repetitions. Applying this procedure to the above list we obtain a
complete list of algebraic numbers,

1-v5  14v6 =1-v56 =145
1 ) 07 —1 ) 9 ) 9 ) 9 ) 2 ) 2 ) —2

N|—
N

Y

The polynomials of weight 4 include 2% — 2, so v/2 is on the list; those of weight 11 include
8x3 — 6x + 1, so sin 1—187T is on the list; and so on. A little thought should make it clear that

every algebraic number is on our list. Therefore we have a one-to-one correspondence

1 2 3 4 5 - n
r7T ¢t 1 !
1 0 —1 =6 14V | the nth number

2 2 . on the list



Waiter! A table. .. 22: Transcendental numbers

...and this proves that
[{ algebraic numbers }| = N .

Since we know that
|{ real numbers }| = ¢ > Ny,

there must be numbers which are not algebraic. Therefore transcendental numbers exist.

Examples of transcendental numbers:
0-110001000000000000000001000 - - -

— the proof of this is quite hard;

e = 2-71828182845904523536 - - -
— the proof of this is harder;

m = 3-14159265358979323846 - - -
— the proof of this is very hard;

0-1101000100000001000 - - -

— the proof of this is extremely hard.
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