
APPENDIX 3 : FURTHER TOPICS

HALL’S MARRIAGE THEOREM, POLYANDROUS VERSION.

See pages 1–4.

Let Gn = {G1, G2, . . . , Gn } be a finite set of girls, and suppose that each Gk

wishes to marry hk ≥ 0 husbands. So, Hall’s original theorem is recovered
when every hk = 1. For any S ⊆ Gn write

H(S) =
∑

Gk∈S

hk .

Clearly H(S ∪ T ) = H(S) + H(T ) whenever S and T are disjoint.

Theorem. Each girl can choose her desired number of husbands, all of whom
she has met, from a given set of boys (polygamy forbidden, but polyandry
permitted!) if and only if for each S ⊆ Gn, the number of distinct boys whom
members of S have met is at least H(S).

Proof. The stated condition is clearly necessary. To prove sufficiency we
mimic the alternative proof of Hall’s Theorem, page 3, using in this case a
double induction on n and hn+1. Now the result is clearly true for n = 1;
assume it is true for up to n girls, and consider a set of n + 1 girls for which
the given condition holds. If hn+1 = 0 there is nothing to prove, so we assume
the theorem true for n + 1 girls with hn+1 = m ≥ 0, and take hn+1 = m + 1.
As on page 3, there are two cases.

Case 1 , there is a non-empty S ⊆ Gn such that the girls in S have met collec-
tively exactly H(S) boys. By induction, these girls can be married as desired;
remove all their husbands from consideration. Observe that Gn+1 − S is a set
of n or fewer girls, which satisfies the given condition. For if Gn+1 − S were to
have a subset T whose members have met between them fewer than H(T ) of
the as yet unmarried boys, then the girls in S ∪ T would have met fewer than
H(S) + H(T ) = H(S ∪ T ) boys, and this violates the condition assumed on
Gn+1. Therefore the girls in Gn+1 − S can also find a sufficiency of husbands,
and this case of the result has been proved.

Case 2 , there is no such S. Now Gn+1 has met at least m + 1 boys; let her
marry one of them, and remove him from the problem. We must show that
it is possible to find the previously desired number of husbands for the first n
girls, and a further m husbands for Gn+1; this will follow immediately from the
inductive hypothesis, provided that the acquaintanceship condition is satisfied.
So, let S ⊆ Gn. Then

• the condition holds for the set S since the girls in S have met at least
1 +

∑

Gk∈S hk boys, at most one of whom is no longer available; and
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• the condition holds for the set S ∪ {Gn+1 }, because the number of boys
whom members of this set have met and H(S ∪ {Gn+1 }) have both de-
creased by one.

Thus the condition holds for all subsets of Gn+1, and the required husbands
can be found.

This completes the inductive step and proves the theorem.

MORE EXAMPLES OF THE PIGEONHOLE PRINCIPLE.

See pages 4–5.

“Spreading” points around chessboards and rectangles.

• By dividing an 8 × 8 chessboard into sixteen 2 × 2 sections we see that it
is possible to place on the board sixteen kings, but no more, in such a way
that no two are adjacent either horizontally, vertically or diagonally.

• Suppose that thirteen points are located within a 12×12 square. Partition
the square into twelve 3 × 4 rectangles. Then there must be two points
of the thirteen which are located in the same rectangle, and are therefore
separated by a distance of 5 or less.

Number–theoretic applications.

• Let a and m be positive integers with no common factor. Then there is a
positive integer n, not exceeding m, such that an ≡ 1 (mod m).

Proof. The m + 1 numbers a0, a1, a2, . . . , am cannot all be distinct mod-
ulo m, so we have aj ≡ ak (mod m) for some j and k. Without loss of
generality 0 ≤ k < j ≤ m; since a and m are coprime we may cancel ak

from the congruence to obtain aj−k ≡ 1 (mod m). Writing n = j − k and
observing that 0 < j − k ≤ m completes the proof.

• Let α be a real number, N a positive integer. Then there is a rational
number p/q with (positive) denominator at most N , such that

∣

∣

∣

∣

α − p

q

∣

∣

∣

∣

<
1

Nq
.

Proof. Consider the N +1 numbers 0, α, 2α, . . . , Nα. The N +1 fractional
parts of these numbers all lie in the interval [ 0, 1 ), so two of the frac-
tional parts lie in the same one of the N subintervals [ 0, 1

N
), [ 1

N
, 2

N
), . . . ,

[ n−1
N

, 1 ) and are therefore separated by less than 1
N

. Thus we have, say,

− 1

N
<
(

k2α − [k2α]
)

−
(

k1α − [k1α]
)

<
1

N
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with 0 ≤ k1 < k2 ≤ N ; taking q = k2 − k1 and p = [k2α] − [k1α] gives

∣

∣qα − p
∣

∣ <
1

N
,

and the result follows.

GENERATING FUNCTIONS.

We all know the binomial theorem,

(1 + t)n =

n
∑

k=0

(n

k

)

tk

for n ∈ N. Up to now we have generally regarded this as a formula giving
a (slightly) “complicated” expression (1 + t)n in terms of the basic functions
1, t, t2, . . . and known coefficients. We now wish to emphasize a different point of
view and regard the identity as a relation between two known functions, which
may be used to obtain information about the (possibly unknown) coefficients.
Some of the techniques we can use are as follows.

• Let t = 1. Then we have
n
∑

k=0

(n

k

)

= 2n ,

which is, of course, also easily established by a counting argument.

• Taking t = −1 and rearranging gives

(n

0

)

+
(n

2

)

+ · · · =
(n

1

)

+
(n

3

)

+ · · · = 2n−1 .

This shows that if S is a set with n elements, then S has just as many
subsets with an even number of elements as it has with an odd number
of elements. To show this combinatorially, let S have n elements, one of
which is s, and let T = S − { s }. Then the even subsets of S consist of
the even subsets of T , and the odd subsets of T with s added. Thus the
number of even subsets of S is equal to the total number of subsets of T ,
and the result follows.

• By equating coefficients of tk in the identity (1 + t)m(1 + t)n = (1 + t)m+n

we obtain
(m + n

k

)

=

k
∑

j=0

(m

j

)( n

k − j

)

.
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Taking k = m = n gives the special case

(2n

n

)

=
(n

0

)2

+
(n

1

)2

+
(n

2

)2

+ · · · +
(n

n

)2

.

• Differentiating the Binomial identity, we have

n(1 + t)n−1 =

n
∑

k=0

k
(n

k

)

tk−1 =

n
∑

k=1

k
(n

k

)

tk−1 .

Then setting t = 1 yields

(n

1

)

+ 2
(n

2

)

+ 3
(n

3

)

+ · · · + n
(n

n

)

= n 2n−1

while comparing coefficients of tk−1 gives

k
(n

k

)

= n
(n − 1

k − 1

)

.

We refer to (1+ t)n as the generating function of the binomial coefficients
(

n
k

)

,
with n fixed and k varying. The (ordinary) generating function of any
sequence (g0, g1, g2, . . . ) is then defined to be

G(t) =

∞
∑

k=0

gktk .

Note that a generating function is normally an infinite series (as, indeed, the
binomial series is in principle). If, therefore, we wish to obtain results by
substituting particular values of t, we shall have to worry about the domain
of convergence of the series. Mostly, however, we shall regard such series as
formal expressions and shall ignore questions of convergence: provided that
we restrict our investigations to operations such as differentiating, integrating
and comparing coefficients, our results will be correct. More details on the
theory of formal power series are given below; for now we continue with further
examples.

• What is the generating function for binomial coefficients with the lower ar-
gument fixed and the upper varying? We start with the Binomial theorem
for a negative exponent,

(1 + t)−n =

∞
∑

k=0

(−n

k

)

tk =

∞
∑

k=0

(−1)k n(n + 1) · · · (n + k − 1)

k!
tk .
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Replacing t by −t gives

(1 − t)−n =

∞
∑

k=0

(n + k − 1

k

)

tk =

∞
∑

k=0

(n + k − 1

n − 1

)

tk ;

by setting n = m + 1 and shifting the index of summation we find

(1 − t)−(m+1) =
∞
∑

k=0

(m + k

m

)

tk =
∞
∑

k=m

( k

m

)

tk−m .

Therefore the required generating function is given by

∞
∑

k=m

( k

m

)

tk =
tm

(1 − t)m+1
.

• As shown on page 131, a generating function for the Stirling numbers of
the first kind is

∞
∑

k=0

Sn
k tk = t(t + 1)(t + 2) · · · (t + n − 1) = t(n) .

Replacing t by −t leads to

t(n) =

∞
∑

k=0

(−1)n+kSn
k tk .

In various sources the Stirling numbers of the first kind are defined to
be the coefficients on the right hand side of this identity, so that these
numbers differ in sign from those we have defined.

• Let f0, f1, f2, . . . be the Fibonacci numbers starting at f0 = 0 and let
F (t) be their generating function. Using the initial conditions and the
recurrence gives

F (t) =

∞
∑

k=0

fktk = t +

∞
∑

k=2

(fk−1 + fk−2)t
k ;

then by shifting the indices of summation we obtain

F (t) = t +

∞
∑

k=0

fktk+1 +

∞
∑

k=0

fktk+2 = t + (t + t2)F (t) .
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Setting α, β = 1
2

(

1 ±
√

5
)

and expanding a rational function in partial
fractions yields

F (t) =
t

1 − t − t2
=

1√
5

(

1

1 − αt
− 1

1 − βt

)

=
1√
5

∞
∑

k=0

(αk − βk)tk

and hence

fk =
1√
5

(

(

1 +
√

5

2

)k

−
(

1 −
√

5

2

)k
)

.

Alternating permutations. The next problem prompts us to consider a dif-
ferent kind of generating function. An alternating permutation of the numbers
1, 2, . . . , m is a permutation s1, s2, . . . , sm of these numbers such that s1 < s2,
s2 > s3, s3 < s4 and so on. If m = 5 an example is 24153. We wish to
investigate a2k+1, the number of alternating permutations of 2k + 1 integers.
Our solution is inspired by that of Wehrhahn, Combinatorics: an introduction,
p. 41. Take 2k + 1 integers, k ≥ 1, and consider the largest. Clearly it must
occupy an even position, say s2j = 2k + 1. Observe that am is the number of
alternating permutations of any m distinct integers. Therefore an alternating
permutation of 1, 2, . . . , 2k+1 may be chosen as follows: (1) choose the location
2j of the largest number; (2) choose which of the remaining numbers are to
occupy the first 2j − 1 places; (3) arrange these numbers into an alternating
permutation; (4) arrange the last 2k − 2j + 1 into an alternating permutation.
Hence we have the recurrence

a2k+1 =

k
∑

j=1

( 2k

2j − 1

)

a2j−1a2k−2j+1 .

The right hand side suggests that we consider the square of a generating func-
tion, but the binomial coefficient appears to be a stumbling block. However, if
we notice that the formulation

a2k+1

(2k)!
=

k
∑

j=1

a2j−1

(2j − 1)!

a2k−2j+1

(2k − 2j + 1)!

is much closer to a product of two series, we may be encouraged to define the
exponential generating function

A(t) =

∞
∑

k=0

a2k+1
t2k+1

(2k + 1)!
.
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Then we have

A(t)2 =

∞
∑

k=1

( k
∑

j=1

a2j−1

(2j − 1)!

a2k−2j+1

(2k − 2j + 1)!

)

t2k =

∞
∑

k=1

a2k+1
t2k

(2k)!
=

dA

dt
− a1 .

Thus the exponential generating function satisfies A′ = 1 + A2 with A(0) = 0
and we have

A(t) = tan t .

Similarly, writing b2k for the number of alternating permutations of 2k integers,
we find the recurrence

b2k =

k
∑

j=1

(2k − 1

2j − 1

)

a2j−1b2k−2j ,

taking, as seems reasonable, b0 = 1. Let B(t) be the exponential generating
function of the sequence b0, b2, b4, . . . . Then we can show that B is the solution
of the initial value problem B′ = AB, B(0) = 1, and so

B(t) = sec t .

An equivalent problem was proposed by Norm Wildberger: find the num-
ber of permutations of 1, 2, . . . , m in which 1 comes before 2, 2 comes after 3, 3
comes before 4 and so on. The problems are equivalent since π is a permutation
of this type if and only if π−1 is an alternating permutation. George Szekeres
solved this version of the problem by showing directly that the exponential
generating functions above satisfy A(t) cos t = sin t and B(t) cos t = 1.

Another example: as shown on page 54, the Stirling numbers of the second
kind (n varying, k fixed) have the exponential generating function

∞
∑

n=0

Sn
k

tn

n!
=

1

k!
(et − 1)k .

THEORY OF FORMAL POWER SERIES.

Very few of the assertions made in this section have actually been checked.
Thus, the section is really just a brief statement of what I hope is true con-
cerning formal power series.
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Let P be the set of all infinite sequences of real (or complex) numbers.
Define addition and scalar multiplication on P in the obvious way, and

fg = (f0, f1, f2, . . . )(g0, g1, g2, . . . ) = (f0g0, f1g0+f0g1, f2g0+f1g1 +f0g2, . . . ) .

Then all the vector space axioms hold; also, multiplication is commutative,
associative, distributive over addition and satisfies (cf)g = c(fg).

Define 0 = (0, 0, 0, . . . ), 1 = (1, 0, 0, . . . ) and t = (0, 1, 0, . . . ). Then 0 is
the additive identity and 1 is the (unique) multiplicative identity. The sequence
g is the (multiplicative) inverse of f if fg = gf = 1; it can be shown that f is
invertible if and only if f0 6= 0. The sequence tk has a 1 in position k and zeros
elsewhere.

The composition

f ◦ g = (f0, f1g1, f1g2 + f2g
2
1, f1g3 + 2f2g1g2 + f3g

3
1 , . . . )

is defined provided g0 = 0. Composition is associative but not commutative,
and the sequence t is an identity for composition. The sequence f has an inverse
for composition if and only if f0 = 0 and f1 6= 0.

The (formal) derivative of f is

f′ = (f1, 2f2, 3f3, . . . ) ;

it has the properties

(f + g)′ = f′ + g′ , (cf)′ = cf′ , (fg)′ = f′g + fg′ ,

(f−1)′ = −(f−1)2f′ , (f ◦ g)′ = (f′ ◦ g)g′ .

An infinite sum
∞
∑

k=0

fk

is defined provided that for each j, only finitely many fk have their jth entry
non-zero. It follows that any sequence g can be written

g =

∞
∑

k=0

gktk .

Theorem. The Binomial theorem for formal power series. If n is an integer
then

(1 + t)n =

∞
∑

k=0

(n

k

)

tk .

Proof. Obvious for n = 0. Prove n = −1 as a special case. Then use induction.
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The derivation of the Fibonacci formula given above can be performed
more rigorously as follows. Let f be the Fibonacci sequence. Then

f = (f0, f1, f2, f3, . . . )

= (f0, 0, 0, 0, . . . ) + (0, f1, 0, 0, . . . ) + (0, 0, f1 + f0, f2 + f1, . . . )

= (f0, 0, 0, 0, . . . ) + (0, f1, 0, 0, . . . )

+ (0, f0, f1, f2, . . . ) − (0, f0, 0, 0, . . . ) + (0, 0, f0, f1, . . . )

= f01 + f1t + tf − f0t + t2f

= t + (t + t2)f

since f0 = 0 and f1 = 1. Hence

(1 − t − t2)f = t ;

if we take α, β = 1
2

(

1 ±
√

5
)

it is easy to check that

1 − t − t2 = (1 − αt)(1 − βt) and
√

5 t = (1 − βt) − (1 − αt) .

Hence

f = (1 − αt)−1(1 − βt)−1t = 1√
5

(

(1 − αt)−1 − (1 − βt)−1
)

,

noting that the inverses exist as each factor has zeroth term non-zero. Finally,
the Binomial theorem with n = −1 gives

f =
1√
5

( ∞
∑

k=0

αktk −
∞
∑

k=0

βktk
)

,

from which we have

fk =
1√
5

(

(

1 +
√

5

2

)k

−
(

1 −
√

5

2

)k
)

.

We now introduce a mechanism for “substituting a value for t”. Note
that it is only here that we must begin to consider convergence of infinite series
of complex numbers. The standard valuation on P is the partial function
v : P × C → C given by

v(f, t) =

∞
∑

k=0

fktk ,
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provided the right hand side converges. It has the properties

v(f + g, t) = v(f, t) + v(g, t) , v(fg, t) = v(f, t)v(g, t)

and so on. The result for composition is

v(f ◦ g, t) = v(f, v(g, t))

under suitable convergence conditions. We often write F (t) instead of v(f, t).

Theorem. If v(f, t) = v(g, t) for all t in some non-empty disc 0 < |t| < r in
the complex plane, then f = g.

Proof. Once rephrased into more conventional notation, this is seen to be a
standard result of complex analysis.

The importance of this result is that it greatly simplifies the proof of many
identities in P . For example, take

f = (1 + t)n and g =

∞
∑

k=0

(n

k

)

tk .

By properties of valuations we have

v(f, t) = v(1 + t, t)n = (1 + t)n and v(g, t) =

∞
∑

k=0

(n

k

)

tk ,

both valid for |t| < 1. Since we know these two expressions are equal, the
Binomial theorem is proved without any messy sequence manipulations.

Catalan numbers. Now we use formal power series methods to find the
generating function for the Catalan numbers. Recall from page 79 that (with
a slight change of notation)

c0 = 0 , c1 = 1 and cn =

n−1
∑

m=1

cmcn−m for n > 1.

For any power series f and g it is easy to prove that

if fg = 0 then f = 0 or g = 0 ,

and it follows immediately that

if f2 = g2 then f = g or f = −g .
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Suppose that a power series f is given and we wish to find g such that g2 = f.
We have

(g2
0 , 2g1g0, 2g2g0 + g2

1 , 2g3g0 + 2g2g1, . . . ) = (f0, f1, f2, f3, . . . ) .

It is easy to see that there is no solution if f0 < 0 and that there are exactly
two solutions if f0 > 0; in the latter case, one solution has g0 > 0 and the other
has g0 < 0. The case when f0 = 0 is slightly more complex, but we don’t need
it for the present problem.

Definition. For any formal power series f with f0 > 0 we define
√

f, the
“positive square root” of f, to be the power series g with the properties g2 = f

and g0 > 0.

Next we need to put certain square roots into “standard” series form. Let
a be a non-zero constant. Then it is well known that

1 + at =

(

∞
∑

k=0

( 1
2

k

)

aktk

)2

for |t| < |a|−1. So by the theorem on valuations we have

1 + at =

(

∞
∑

k=0

( 1
2

k

)

aktk

)2

and, noting that each side has zeroth component positive,

√
1 + at =

∞
∑

k=0

( 1
2

k

)

aktk .

With the above preparation we can investigate Catalan numbers. Using
the recurrence, we have

c2 = (0, 0, c2
1, 2c1c2, 2c1c3 + c2

2, . . .) = (0, 0, c2, c3, c4, . . .) = c − t .

Completing the square gives (2c − 1)2 = 1 − 4t and hence

c =
1 −

√
1 − 4t

2
=

1

2

∞
∑

k=1

( 1
2

k

)

(−1)k+14ktk ;
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as on page 79 we find the formula

ck =
1

2

( 1
2

k

)

(−1)k+14k = · · · =
1

k

(2k − 2

k − 1

)

.

ROTA’S METHOD OF LINEAR FUNCTIONALS

This idea was introduced into combinatorics by Gian–Carlo Rota in the
1960s. It is a method of deriving relations between numbers from relations
between polynomials. First recall that P, the set of all polynomials with real
coefficients, is a vector space over R, and that a linear transformation T : P → R

is completely determined if its values are specified on a basis of P. Observe
also that a set of polynomials { p0(t), p1(t), p2(t), . . . } will certainly be a basis
of P if deg pk(t) = k for all k, though not all bases are of this form.

For example, consider the standard basis { 1, t, t2, . . . } for P, and define T
by T (tk) = 1 for all k. Then the value of T at any element of P is given by

T

( n
∑

k=0

aktk
)

=

n
∑

k=0

akT (tk) =

n
∑

k=0

ak ,

the sum of the coefficients of the polynomial.

Binomial coefficients. Next we shall consider an infinite collection of linear
maps T0, T1, T2, . . . defined by

Tm(tk) = δm,k =

{

1 if m = k
0 if m 6= k

and extended by linearity to all of P. For any polynomial p(t) we have

Tm

(

p(t)
)

= Tm

( n
∑

k=0

aktk
)

=

n
∑

k=0

akδm,k = am ;

that is, Tm

(

p(t)
)

is the coefficient of tm in p(t). In particular,

Tm

(

(1 + t)k
)

=
( k

m

)

.

One reason for considering this particular example is that the polynomials
(1 + t)k for k = 0, 1, 2, . . . also form a basis for P. Thus each tk can be written
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in terms of the (1 + t)k, and conversely, and this reciprocal relationship will
yield various relations involving binomial coefficients. In fact,

tn = (1 + t − 1)n =

n
∑

k=0

(−1)n−k
(n

k

)

(1 + t)k ;

applying Tm to both sides of this identity gives

δm,n =

n
∑

k=0

(−1)n−k
(n

k

)

Tm

(

(1 + t)k
)

=

n
∑

k=0

(−1)n−k
(n

k

)( k

m

)

.

Since the second binomial coefficient vanishes for k < m we can write

n
∑

k=m

(−1)n−k
(n

k

)( k

m

)

=

{

1 if m = n
0 if m 6= n.

The attractive feature of this method is that we can define T quite arbi-
trarily on a basis and just see what we get. If we define a map T by T (tk) = k
and perform calculations similar to the above, we obtain the identity

n
∑

k=1

k
∑

j=1

(−1)n−kj
(n

k

)(k

j

)

= n .

On the other hand, results obtained in this way may be of little interest in
themselves. If we wish to prove a specific identity, perhaps conjectured on the
basis of numerical evidence, or to simplify a specific expression, it may be hard
to see where we should start.

Another way of applying linear mappings to combinatorial problems is il-
lustrated by considering the above T0, T1, T2, . . . again, together with the linear
transformation D : P → P given by D

(

p(t)
)

= p′(t). For any n and for any
k ≥ 1 we have

kTk(tn) = kδk,n and Tk−1D(tn) = Tk−1(ntn−1) = nδk−1,n−1 = nδk,n .

Now kδk,n and nδk,n are clearly equal if k = n, and are both zero if k 6= n.
Therefore

kTk(tn) = Tk−1D(tn)
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for all n. But two linear functions which coincide on a basis of the vector space
P must be equal at all elements of P. That is,

kTk = Tk−1D .

Applying this equality to (1 + t)n yields a familiar identity:

k
(n

k

)

= Tk−1

(

n(1 + t)n−1
)

= n
(n − 1

k − 1

)

.

Stirling numbers. Let’s investigate the possibility of using the method of
linear functionals to find relations involving Stirling numbers. Notice that the
method worked for binomial coefficients because they are the coefficients giving
the basis { (1+ t)k | k ∈ N } of P in terms of the basis { tk | k ∈ N }. Therefore,
the formula

tk =

k
∑

j=0

Sk
j t(j)

involving Stirling numbers of the second kind suggests that we define

Tm(t(k)) = δm,k .

Since the falling factorials t(k) also form a basis for P, these conditions define
unique linear mappings T0, T1, T2, . . . from P to R. We find easily that

Tm(tk) =

k
∑

j=0

Sk
j δm,j = Sk

m ,

and so applying Tm to both sides of the identity

t(n) =

n
∑

k=0

(−1)n+kSn
k tk

yields
n
∑

k=m

(−1)n+kSn
k Sk

m = δm,n .

We observe, further, that the falling factorials satisfy the recurrence

t(n+1) = t(n)(t − n) = t t(n) − n t(n) .
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Introducing the linear mapping M : P → P given by M
(

p(t)
)

= tp(t), we can
rewrite the above recurrence as

M(t(n)) = t(n+1) + n t(n) ;

hence we have

TkM(t(n)) = Tk(t(n+1)) + nTk(t(n)) = Tk−1(t(n)) + kTk(t(n)) .

By the argument used above we have TkM = Tk−1+kTk; applying this equality
to tn yields the recurrence

Sn+1
k = Sn

k−1 + kSn
k ,

which we proved on page 52 by a combinatorial argument.

Another recurrence for the falling factorial functions is obtained by sepa-
rating the first term instead of the last:

t(n+1) = t (t − 1)(n) .

Consider the “shift” mapping S
(

p(t)
)

= p(t + 1). We have

Tk−1(t(n)) = Tk(t(n+1)) = TkMS−1(t(n))

for all n, and so Tk−1 = TkMS−1. Evaluating both sides at the polynomial
(1 + t)n and using the Binomial Theorem, we obtain

Sn+1
k =

n
∑

j=0

(n

j

)

Sj
k−1 .

Remarkably, this appears to be a genuinely different recurrence from that found
earlier,

Sn+1
k =

1

k

n
∑

j=0

(n + 1

j

)

Sj
k−1 .

Bell numbers. Continuing to consider the basis for P consisting of falling
factorials, we define a functional by T (t(k)) = 1 for all k. Then

T (tk) = T

( k
∑

j=0

Sk
j t(j)

)

=

k
∑

j=0

Sk
j = Bk .
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Here Bk is known as the kth Bell number, and is the total number of partitions
of a set with k elements. As above we can easily show that T = TMS−1.
Applying this equality to (1 + t)n and to tn yields the identities

Bn+1 =

n
∑

k=0

(n

k

)

Bk

and

Bn =
n
∑

k=0

(−1)n−k
(n

k

)

Bk+1 .

The first of these is the more interesting. It makes it easy to calculate the first
few Bell numbers

1 , 1 , 2 , 5 , 15 , 52 , 203 , 877 , 4140 , . . . ;

it can be used to show that the exponential generating function B(t) for the
Bell numbers satisfies B′(t) = etB(t) with B(0) = 1, and is therefore given by

B(t) = eet−1 ;

and it can be proved elegantly by combinatorial means. To partition a set of
n + 1 objects fix one object a; for any k from 0 to n, choose k of the remaining
objects to be not in the same subset as a and then partition these k in any
way.

Finally, and tangentially, we prove Dobinski’s formula, a rather surpris-
ing infinite series for the Bell number Bn. Firstly, for any n ∈ N we have

∞
∑

k=0

k(n)

k!
=

∞
∑

k=n

k(n)

k!
=

∞
∑

k=n

1

(k − n)!
=

∞
∑

k=0

1

k!
= e .

Next, noting that an infinite series and a finite sum may always be interchanged
when the individual infinite series are convergent,

∞
∑

k=0

kn

k!
=

∞
∑

k=0

1

k!

n
∑

j=0

Sn
j k(j) =

n
∑

j=0

Sn
j e = Bne

and so

Bn =
1

e

∞
∑

k=0

kn

k!
.
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MORE ON RAMSEY THEORY.

See pages 27–31.

The value of R(3, 4). Colour the edges of K9 red and green in any manner
whatsoever. If every vertex in the graph is the endpoint of three red and five
green edges, then the subgraph which includes only the red edges has nine
vertices, each of degree 3; this is impossible. Thus there is a vertex v which is
the endpoint of at least four red edges, or of at least six green edges. In the
former case, consider vertices a, b, c, d adjacent to v along red edges. If any of
the edges connecting two of these four vertices is red then these two vertices,
together with v, form a red K3; otherwise a, b, c, d are the vertices of a green
K4. In the case where v has six incident green edges, denote by a, b, c, d, e, f
the other endpoints of these edges. The edges connecting these six vertices
must include either a red K3 or a green
K3; in the latter case adding v gives a
green K4.

Thus any red–green colouring of K9

includes either a red K3 or a green K4,
and we have shown that R(3, 4) ≤ 9.

On the other hand, colour the edges
of the complete graph K8 as shown (solid
is red, dotted is green). Because of the
symmetry of the colouring it is easy to
see that there is no red triangle. Trying
to find a green K4 we may start (once again by symmetry) with vertex 1. To
complete the green K4 we must reject vertices 2, 5 and 8; we may take one
(but not both) of 3 and 4, and one (but not both) of 6 and 7. Therefore we
can only include three vertices, and cannot find a green K4.

This shows that R(3, 4) > 8, and completes the proof that R(3, 4) = 9.

The value of R(4, 4). Using the fundamental inequality for Ramsey numbers
we have R(4, 4) ≤ R(3, 4) + R(4, 3) = 18.

Consider the complete graph on 17 vertices. Label the vertices 0, 1, . . . , 16;
colour the edge ij red if i − j is a power of 2 modulo 17, that is,

i − j ≡ 1, 2, 4, 8, 9, 13, 15, 16 (mod 17) .

Since −1 is a power of 2 modulo 17, the colouring is well-defined.

Now suppose that the graph contains a K4 with vertices i, j, k, ℓ and all
edges red. Then the six differences of these four numbers are all powers of 2.
Since this property remains true if i, j, k, ℓ are all multiplied by a power of 2,
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we may without loss of generality choose one of the differences to be a specific
power of 2. We choose

i − j ≡ 2α , j − k ≡ 1 , k − ℓ ≡ 2β ;

then
i − k ≡ 2α + 1 , j − ℓ ≡ 2β + 1 , i − ℓ ≡ 2α + 2β + 1

must all be powers of 2. By considering when powers of 2 can differ by 1
modulo 17, we have the possibilities

2α ≡ 1, 8, 15 (mod 17) and 2β ≡ 1, 8, 15 (mod 17) .

But then
2α + 2β + 1 ≡ 0, 3, 7, 10, 14 (mod 17) ,

and this cannot be a power of 2. So the graph contains no red K4.

Note that if i is a non-zero residue modulo 17, then 3i is a power of 2 if
and only if i is not a power of 2. Therefore, if i, j, k, ℓ form the vertices of a
green K4, then 3i, 3j, 3k, 3ℓ give a red K4, which we have already shown to be
impossible. Therefore K17, coloured as indicated, contains neither a red nor a
green K4. This completes the proof that R(4, 4) = 18.

Generalised Ramsey numbers. For integers r1, r2, . . . , rm ≥ 2 and k ≥ 1
we define

• R(r1, r2, . . . , rm) to be the least n such that if the edges of Kn are coloured
with m colours, then there is a Kr1

with all its edges having the first colour,
or a Kr2

with all its edges having the second colour, . . . or a Krm
with all

its edges having the mth colour;

• R(k; r1, r2, . . . , rm) to be the least n such that if each k-subset of an n-set
is placed into one of m categories, then there is an r1-subset with each of
its k-subsets in category 1, or an r2-subset with each of its k-subsets in
category 2, . . . or an rm-subset with each of its k-subsets in category m.

The relation between the set-theoretic formulation and the graph-theoretic for-
mulations is explained on page 30.

The result R(1; r, g) = r+g−1, easily proved, shows that Ramsey Theory
may be viewed as a generalisation of the Pigeonhole Principle.

Theorem. In the following inequalities, assume that all Ramsey numbers
mentioned on the right hand sides exist. Then the Ramsey numbers on the left
hand sides exist, and the inequalities hold.

• R(2; r1, r2) ≤ R(2; r1 − 1, r2) + R(2; r1, r2 − 1) for r1, r2 ≥ 3;
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• R(k; r1, r2) ≤ R(k − 1; R(k; r1 − 1, r2), R(k; r1, r2 − 1)) + 1 for k ≥ 2 and
r1, r2 ≥ 3;

• R(k; r1, . . . , rm) ≤ R(k; R(k; r1, . . . , rm−1), rm) for m ≥ 3.

Comment. The first of these inequalities follows from the second and the
Pigeonhole Principle.

Proof. The first result is part of problem 13 (page 29, solution on page 116),
and the proof of the second follows the lines of question 5(b) on the 1997
examination (page 149, solution on page 152).

To prove the third inequality, assume that R(k; r1, . . . , rm−1) exists and
denote it by R1; assume that R(k; R1, rm) exists and denote it by R2. Take a
set S with R2 elements and place each of its k-subsets into one of the categories
1, 2, . . . , m. Let category 0 be the union of categories 1, 2, . . . , m − 1. Then,
by definition of the Ramsey number R(k; R1, rm), the set S has either an R1-
subset with all its k-subsets in category 0, or an rm-subset with all its k-subsets
in category m. In the former case the R1-subset, and a fortiori the set S, has
an r1-subset with all its k-subsets in category 1, or . . . or an rm−1-subset with
all its k-subsets in category m− 1. Hence S contains, for some j = 1, 2, . . . , m,
an rj-subset with all its k-subsets in category j, and the proof is complete.

Corollary. All the Ramsey numbers R(k; r1, . . . , rm) exist.

Proof by induction. The third inequality above, applied repeatedly, allows
us to reduce the existence problem to the case m = 2, and then the second
inequality reduces the whole problem to the case of R(k; 2, r). But a little
thought shows that

R(k; 2, r) =

{

r + 1 if k = 1
r if k = 2
2 if k ≥ 3.

Comment. It might make more sense to define R(k; r1, . . . , rm) only when
r1, . . . , rm ≥ k. Then we would have R(k; k, r) = r for r ≥ k as the minimal
case.

Schur’s Theorem. For any m ≥ 2 there is an integer N with the following
property: if each of the integers 1, 2, . . . , N is placed into one of m categories,
then there are integers x, y, z, all in the same category, for which x + y = z.

Proof. Given m, choose N = R(2; 3, 3, . . . , 3) − 1, where there are m threes
in the list. Place the members of S = { 1, 2, . . . , N } into categories 1, 2, . . . , m
in any manner whatsoever. Now draw KN+1 and colour its edges as follows:
edge ij has colour c in the graph if and only if |i − j| is in category c of the
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set S. Clearly this colouring is well-defined. By definition of the Ramsey
number R(2; 3, 3, . . . , 3), the graph has a monochromatic K3 with vertices, say,
i < j < k. Take x = j − i, y = k − j and z = k − i. Then x, y, z are in the
same category of S, and x + y = z.

An application to Fermat’s Last Theorem. The following will show that
any attempt to prove Fermat’s Last Theorem by simple congruence methods
must fail. Together with the preceding result, it was proved in 1916 by Schur.

Theorem. Let n ≥ 2 be a positive integer. For all sufficiently large prime p
there exist x, y, z ∈ { 1, 2, . . . , p − 1 } such that

xn + yn ≡ zn (mod p) .

Proof. Let p be a prime not less than R(2; 3, 3, . . . , 3), where there are n threes
in the list. Let Up be the group of units modulo p, and let S be the subgroup
consisting of nth powers. Then S has at most n cosets in Up, and these cosets
will be the categories into which we partition Up. As in the previous theorem
we can find X, Y, Z in the same coset with X + Y = Z. Hence

X ≡ sxn , Y ≡ syn , Z ≡ szn (mod p)

for some invertible s, and the result follows.

An estimate for R(3, 3, . . . , 3). Let R1 = 2; for m ≥ 1 we define recursively
Rm+1 = (m + 1)Rm + 1. It is easily shown that

Rm = m!

(

1 +
1

1!
+

1

2!
+ · · · + 1

m!

)

for all m, and hence Rm = m! e − E, where

E = m!

(

1

(m + 1)!
+

1

(m + 2)!
+ · · ·

)

=
1

m + 1
+

1

(m + 1)(m + 2)
+ · · ·

<
1

m + 1
+

1

(m + 1)2
+ · · ·

≤ 1 .

Therefore
m! e − 1 < Rm < m! e .

and we can write Rm = [m! e] for all m ≥ 1.
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Let m ≥ 2. Consider the complete graph on Rm+1 +1 vertices, and colour
its edges using m + 1 colours. By the Pigeonhole Principle, any vertex v of
the graph has at least Rm + 1 edges of the same colour. Now if the Rm + 1
vertices at the other ends of these edges span an edge of this same colour we
have a monochromatic triangle including v; otherwise we have an m–coloured
complete graph on Rm + 1 vertices, and we proceed by induction. Therefore

R(3, 3, . . . , 3) ≤ [m! e] + 1 ,

where there are m threes on the left hand side.

Comment. The estimates for R(3, 3, . . . , 3) with m = 1, 2, 3, 4, 5, 6 are

3 , 6 , 17 , 66 , 327 , 1958 ,

and the first three of these are known to be exact.
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