
REPRESENTATIONS OF GROUPS. A character of an abelian group
G is a map χ from G to the unit circle in the complex plane with the properties

χ(g1g2) = χ(g1)χ(g2) and χ(g−1) = χ(g)−1 = χ(g) .

Examples.

• Zn has the n characters

χk : m 7→ e2πikm/n , k = 0, 1, 2, . . . , n − 1 ;

since any finite abelian group is a direct product of such groups we can
use the χk to describe all characters of finite abelian groups. If, say, we
consider the Klein 4-group G = Z2×Z2, then the non-principal characters
are given by

χ(a, b) = eπia , χ(a, b) = eπib and χ(a, b) = eπi(a+b) .

• Let G be the unit circle itself. Choose θ0 such that the powers of eiθ0

are dense in the unit circle, and let χa(eiθ0) = eaiθ0 . Then the relation
χa(eiθ) = eaiθ holds on a dense set in G, and if we insist also that the
characters be continuous functions then the relation holds for all θ. By
taking θ = 2π we see that a must be an integer. Hence the characters of
S1 (subject to the additional condition that they be continuous) are the
maps

χn : eiθ 7→ eniθ

for n ∈ Z. That is, the characters are the basis functions for Fourier series.

• Similarly, the characters of the additive group of real numbers are related
to the Fourier transform.

Theorem. The set Ĝ of characters of a finite abelian group G is isomorphic
to G.

Proof. See the appendix of my notes Characters and Dirichlet series.

Non-abelian groups in general have few characters; for example, S3 has only
the trivial character and the parity function p : S3 → { 1,−1 }, while the
alternating group A5 has no non-trivial characters at all. Their place is taken
by group representations. A representation of a (non-abelian) group G is
a homomorphism π from G to GL(n), the group of invertible n × n matrices
over some field F. The integer n is called the degree of the representation. A
representation is called irreducible if there is no non-trivial vector subspace
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of Fn which is invariant under all the linear transformations π(g). With each
irreducible representation π we associate a character χπ : G → C defined by

χπ(g) = tr
(
π(g)

)
,

where tr() denotes the trace of a matrix. These characters are constant on
conjugacy classes, and they form a basis for the space of functions on the
conjugacy classes of g. It turns out that χπ determines the representation π

(up to equivalence). The character table of a group is a tabulation for all
characters χ and all conjugacy classes C of the value of χ(g) for g ∈ C.

Comments.

• Characters of non-abelian groups are quite different from those of abelian
groups! In particular, a character of a non-abelian group need not be a
homomorphism.

• It’s easy to see that χπ is constant on conjugacy classes, as claimed. Since
we always have tr(AB) = tr(BA) for square matrices,

χπ(g−1hg) = tr
(
π(g)−1π(h)π(g)

)
= tr

(
π(g)π(g)−1π(h)

)
= χπ(h) .

The basis property, and the fact that χπ determines π, seem harder to
prove, but for an example of the former see p. 98.

Examples.

• Clearly any group has a trivial representation π : g 7→ In for any n. This
representation is obviously reducible for n > 1, while the definition of
irreducibility is vacuously satisfied if n = 1.

• Let G be the symmetric group Sn. This group admits a representation
π : Sn → GL(n, R), where π(σ) is the matrix whose jth column is the
standard basis vector eσ(j). For example, in S3 we have

π(1 2) =





0 1 0
1 0 0
0 0 1



 and π(1 2 3) =





0 0 1
1 0 0
0 1 0



 .

An alternative description is that π(σ) is the matrix with i-j element δi,σ(j),
where δ denotes the Kronecker delta. In case it’s insufficiently obvious, this
can be used to show that π is in fact a homomorphism. The i-j entry in
π(σ)π(τ) is

n∑

k=1

δi,σ(k)δk,τ(j) ,
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with
δi,σ(k)δk,τ(j) = 1 if and only if i = σ(k) , k = τ(j) .

Fix i and j. If i 6= στ(j) then this last condition cannot hold; in the
contrary case it holds for exactly one k, namely, k = τ(j). Hence the sum
above is δi,στ(j), which was to be proved.

The representation just described is not irreducible since the subspace
span{ (1, 1, . . . , 1) } is invariant, as is its orthogonal complement.

• A representation of degree 1 is essentially a character in the sense used for
abelian groups; in fact, a finite abelian group has no irreducible represen-
tation of degree n > 1. The symmetric group has two representations of
degree 1, the constant map g 7→ 1 and the map g 7→ parity(g) = ±1. As
we saw above, these representations are vacuously irreducible. To show
that Sn has no further representations of degree 1 we simply note that in
Sn all 2-cycles σ are conjugate, and therefore either all have π(σ) = 1 or
all have π(σ) = −1; and π(σ) is thereby determined for all other σ, since
every element of Sn is a product of (not necessarily disjoint) 2-cycles.

• For a complete determination of the representations of S3, and its character
table, see pp. 97–98.

Two important classes of groups are the symmetric groups Sn and the
general linear groups GL(k); both have connections with Schur polynomials.
The conjugacy classes of Sn are determined by the cycle structure of the per-
mutations: for example, all permutations which are the product of a 2-cycle
and two 3-cycles are conjugate. This is adequately illustrated by an example.
Let τ1 = (1 7 3)(2 4 8)(5 6) ∈ S8 and suppose that τ1 is conjugate to τ2. Then
there is a permutation σ such that στ1 = τ2σ. By considering the action of
each side on a fixed k we have

τ2(σ(k)) = σ(τ1(k))

for each k. Hence τ2(σ(1)) = σ(7), and by continuing in the same manner we
find that

τ2 =
(
σ(1) σ(7) σ(3)

)(
σ(2) σ(4) σ(8)

)(
σ(5) σ(6)

)
.

Hence τ2 has the same cycle structure as τ1; conversely, if τ2 is known, say
τ2 = (1 4 5)(2 7 6)(3 8), we may equate this permutation in various ways with
the previous equality to give, among other possibilities,

σ =

(
1 2 3 4 5 6 7 8

1 2 5 7 3 8 4 6

)

= (1)(2)(3 5)(4 7)(6 8)

94

or

σ =

(
1 2 3 4 5 6 7 8

7 4 2 5 3 8 6 1

)

= (1 7 6 8)(2 4 5 3) .

Clearly, then, a list of conjugacy classes in Sn may be indexed by partitions
of n. The set of characters Ŝn may conveniently be indexed by the same
partitions – this is unusual, in that the canonical indexing sets for conjugacy
classes and characters are generally “dual” in some sense, but not the same.

The following result, which gives Schur polynomials in terms of the char-
acters of Sn and the sums-of-powers symmetric polynomials pj = x

j
1 +x

j
2 + · · · ,

is a generalisation of Pólya’s cycle index.

Theorem. Let λ be a partition of n, and let the conjugacy classes of the sym-
metric group Sn be {Cµ | µ is a partition of n }. Then the Schur polynomial
Sλ is given by the sum

Sλ =
1

n!

∑

µ

|Cµ|χλ(Cµ) pµ1
pµ2

· · ·

over all partitions µ of n.

Example. Let’s consider S3 again. The group has three conjugacy classes

C111 = { id } , C21 = { (1 2), (1 3), (2 3) } , C3 = { (1 2 3), (1 3 2) } ,

and although we haven’t yet computed the representations of S3, we can recover
the characters from the Schur polynomials by using the previous result. For any
character χ denote χ(g) by u, v and w for g in C111, C21 and C3 respectively.
By the semi-standard Young tableau method we find

S3 = x3
1 + x2

1x2 + x2
1x3 + x1x

2
2 + x1x2x3 + x1x

2
3 + x3

2 + x2
2x3 + x2x

2
3 + x3

3

S21 = x2
1x2 + x2

1x3 + x1x
2
2 + 2x1x2x3 + x1x

2
3 + x2

2x3 + x2x
2
3

S111 = x1x2x3 .

Now the right hand side expression in the above theorem is

1
6

(
u(x1 + x2 + x3)

3 + 3v(x2
1 + x2

2 + x2
3)(x1 + x2 + x3) + 2w(x3

1 + x3
2 + x3

3)
)

.

For the principal character we have u = v = w = 1, for the parity character
u = 1, v = −1 and w = 1. Substituting these values into the formula for Sλ

gives S3 and S111 respectively. Therefore these two characters will be denoted
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χ3 and χ111. To determine χ21 we equate the above expression with S21; this
gives t = 2, u = 0 and v = −1. Thus the third character of S3 is given by

χ21(id) = 2 , χ21(1 2) = 0 , χ21(1 2 3) = −1 ;

since χ21(id) 6= 1, this is certainly not a character in the sense used for abelian
groups.

Now we turn to representations of GL(k, C). Two matrices are conjugate if
and only if they have identical Jordan forms; conjugate matrices therefore have
the same eigenvalues x1, . . . , xk, though, on the other hand, matrices with the
same eigenvalues need not be conjugate. Therefore to describe the characters of
GL(k, C) we need to specify appropriate functions of x1, . . . , xk. The following
result may be proved.

Theorem. The irreducible polynomial characters of GL(k, C) are the maps

χλ : A 7→ Sλ(x1, . . . , xk) ,

where Sλ is the Schur polynomial corresponding to λ, a partition of k, and
x1, . . . , xk are the eigenvalues of A.

Note.

• These characters do not distinguish between different conjugacy classes
with the same eigenvalues, that is, between different Jordan forms with
the same diagonal.

• The fact that the conjugacy class of a matrix does not depend on any
particular order among its eigenvalues is reflected in the fact that the Sλ

are symmetric polynomials.

• The determinant is also a character of GL(k, C). So for any m the map

A 7→ (detA)mSλ(x1, . . . , xk)

will also be a character, and if m is negative then the right hand side will
be a rational function of x1, . . . , xk. This is the significance of the word
“polynomial” in the statement of the theorem.

The appearance of the Schur polynomials hints at some connection between Sn

and GL(k). Such a connection was explicated by Weyl. Consider G = GL(k)
acting on V = Rk or V = Ck. Classical invariant theory studies tensor products

W =

n factors
︷ ︸︸ ︷

V ⊗ · · · ⊗ V .
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If { e1, . . . , ek } is a basis for V , then W has a basis consisting of formal products

ej1 ⊗ · · · ⊗ ejn
.

Now G can be made to act on W (on the left) by means of the definition

A(v1 ⊗ · · · ⊗ vn) = Av1 ⊗ · · · ⊗ Avn ,

while Sn acts on W on the right,

(v1 ⊗ · · · ⊗ vn)σ = vσ(1) ⊗ · · · ⊗ vσ(n) .

We can write W =
⊕

Wj , where each Wj is irreducible under the joint action
of G × Sn. Each Wj gives a representation of G × Sn, and this representation
can be factored as πλ ⊗ π′

λ, where πλ and π′
λ are representations of G and Sn

respectively.

Hypergroups. Though hypergroups have been studied in their own right only
since the 1970s, the underlying ideas go back to Frobenius. A commutative

hypergroup consists of a set K = {C0, C1, . . . , Cn }, the elements of the
hypergroup; a set of constants {nk

ij | i, j, k = 0, 1, . . . , n }; a product

CiCj =

n∑

k=0

nk
ijCk ;

and a function C 7→ C∗ in K, such that three axioms hold:

• C0 is an identity element, C0Cj = CjC0 = Cj for all j;

• the product is commutative and associative;

• C∗∗ = C for all C, and n0
ij is non-zero iff Ci

∗ = Cj .

Comment. The sum defining CiCj is to be thought of as a formal sum only.
We may regard it as some sort of probability distribution so that (possibly
after a normalisation), the product CiCj is Ck “with probability” nk

ij . This
suggests an analogy with quantum particle physics, where the products of a
collision of two particles cannot be predicted with certainty. The commutative
and associative laws can then be interpreted as stating that the possibilities
arising from the collisions of two or more particles are independent of the actual
order in which these collisions take place. The third axiom says that there is
no chance whatever of obtaining a “photon” C0 from a collision, except from
that of a “particle” Ci with its “antiparticle” Ci

∗.

97



Consider again the representation theory of S3. As seen above, there are
three conjugacy classes and three characters; now we shall determine the three
irreducible representations. We already know about the two representations of
degree 1, namely, π(g) = 1 for all g and π(g) = parity(g). To find the third
representation observe that S3 acts on R3 by permuting the coordinates. This
does not give an irreducible representation as the subspace spanned by (1, 1, 1)
is invariant; so is its orthogonal complement. Call this complement W ; draw
both rectangular and “hexagonal” axes as shown.

We think of the 2-cycles as reflections about the “hexagonal” axes, and the
3-cycles as 120◦ rotations. Then π(g) will be the 2 × 2 matrix which mimics
the action of g; from the diagram it is easy to see, for example, that

π(1 2) =

(
1 0
0 −1

)

and π(1 2 3) =

(

− 1
2 −

√
3

2√
3

2 − 1
2

)

,

and it is also clear that no line in W is fixed by all g. Therefore this represen-
tation is irreducible.

The three irreducible representations lead to three characters of S3; their
action on the conjugacy classes is described in the character table.

C111 C210 C300

χ0 1 1 1

χ1 1 −1 1

χ2 2 0 −1

The table agrees with the values of characters found on p. 96. Moreover, since
any function on the set of conjugacy classes amounts to an ordered triple, and
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since the three ordered triples given by the rows of the character table are
linearly independent, we see that the characters form a basis for the space of
all such functions, as asserted on p. 93.

With any finite group G we can associate a commutative hypergroup K(G)
known as the class hypergroup. The elements of K(G) are the conjugacy
classes of G, and for each i, j, k we take nk

ij to be the proportion of all products
gigj, with gi ∈ Ci and gj ∈ Cj , which lie in Ck. Thus for G = S3 we have
K(G) = {C0, C1, C2 }, where, changing our previous notation,

C0 = { id } , C1 = { (1 2), (1 3), (2 3) } , C2 = { (1 2 3), (1 3 2) } .

Clearly C0 is the identity, as it should be, and so we need only compute three
products. Since the product of an odd and an even permutation is odd we have

C1C2 = C1 ,

and clearly also C2C1 = C1. The product of two 2-cycles is the identity if the
2-cycles are the same (three products) and a 3-cycle if they are different (six
products), so

C1C1 = 1
3C0 + 2

3C2 ;

and similar considerations yield

C2C2 = 1
2C0 + 1

2C2 .

Taking Cj
∗ = Cj for each j, we have almost proved that the structure just

described is a commutative hypergroup.

Problem.

X24. Complete the proof by showing that multiplication is associative.

Now define a character of a hypergroup K to be a map χ from K to the set
of non-zero complex numbers satisfying

χ(Ci)χ(Cj) =

n∑

k=0

nk
ijχ(Ck) and χ(C∗) = χ(C) .

Since C0 is the hypergroup identity we shall always have χ(C0) = 1. Returning
to the case of K(S3) above and writing χ(Cj) = xj , the three non-trivial
products determined above yield the relations

x1x2 = x1 , x2
1 = 1

3 + 2
3x2 , x2

2 = 1
2 + 1

2x2 .
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These equations are easily solved to give three characters, shown in the follow-
ing table.

C0 C1 C2

χ0 1 1 1

χ1 1 −1 1

χ2 1 0 − 1
2

The correspondence with the table on p. 98 is evident, and this illustrates the
fact that the characters of a non-abelian group are essentially the characters
of its class hypergroup. In fact the latter turns out to be, in essence, Frobe-
nius’ original, somewhat “mysterious” definition of the character of a group,
proposed in 1896 and supplanted two years later by the modern definition.

An important unsolved problem is to determine the class hypergroup of a
given group G. In particular, one would like to find the coefficients nk

ij when
G = Sn. Recalling that the conjugacy classes of Sn are indexed by partitions of
n, the problem is this: given partitions λ1, λ2 and λ3 of n, find the “probability”
that σ1σ2 ∈ Cλ3

given that σ1 ∈ Cλ1
and σ2 ∈ Cλ2

.

An application to number theory. Let p be prime. We can partition the
set of integers modulo p as

Zp = O ∪ Q ∪ N ,

where O is the singleton { 0 }, Q is the set of quadratic residues modulo p and N

is the set of non-residues. We may construct the hypergroup K = {O, Q, N }
by taking nk

ij to be the proportion of sums x + y (NB! not products!) which lie
in the class k, given that x ∈ i and y ∈ j. For example, if p = 11 then

Q = { 1, 3, 4, 5, 9 } and N = { 2, 6, 7, 8, 10 } ,

and by listing all sums we obtain the three non-trivial products

Q2 = 2
5Q + 3

5N , QN = 1
5O + 2

5Q + 2
5N , N2 = 3

5Q + 2
5N .

We have also Q∗ = N . The coefficients nk
ij are known as cyclotomic constants,

and were determined for all p by Gauss.

Problems.

X25. Show that the structure just defined is indeed a hypergroup.

X26. Prove the following, which gives a short cut for calculating the coefficients
in the hypergroup product: the proportion of all sums x + y with x ∈ i

and y ∈ j which lie in k is equal to the proportion of sums x + y which lie
in k when x is an arbitrary element of i and y is a fixed element of j.
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