
GROUP THEORY AND SYMMETRIC FUNCTIONS. By way of in-
troduction we consider some numbers which arise frequently in combinatorial
problems. The Stirling numbers of the second kind Sn

k are defined for all
positive integers n and k, with Sn

k denoting the number of ways of partitioning
a set of size n into k (non-empty) subsets. We have

• Sn
k = 0 for k > n;

• Sn
1 = Sn

n = 1 for all n;

• Sn
2 = 2n−1 − 1 for all n, for if A is a set of n elements and a ∈ A is

fixed, then the partitions of A into two subsets correspond to sets B with
∅ ⊆ B ⊂ A− { a };
• Sn

n−1 = C(n, 2) = 1
2n(n − 1) for all n, as a partition of n elements into

n− 1 subsets is determined by choosing two elements to occupy the same
subset.

We may calculate the following values of Sn
k .

k
Sn

k
1 2 3 4 5 6 7 8

1 1

2 1 1

3 1 3 1

4 1 7 6 1
n

5 1 15 25 10 1

6 1 31 90 65 15 1

7 1 63 301 350 140 21 1

8 1 127 966 1701 1050 266 28 1

Problems.

22. Verify directly the above figures for n = 6.

X14. Investigate
∑

k Sn
k , the total number of partitions of a set with n elements.

In fact the above figures were not calculated from scratch, but by means of the
following recurrence relation for Sn

k . Let A be a set with n + 1 elements,
and distinguish one element a of A. The number of partitions of A in which a
occupies a subset by itself is Sn

k−1. If, on the other hand, a does not appear
in a subset by itself, then each of the Sn

k partitions of A − { a } gives rise to k
partitions of A, by adding the element a to one of the subsets in the partition.
Therefore

Sn+1
k = Sn

k−1 + kSn
k ,
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which suggests that we may regard the Stirling numbers of the second kind as
some sort of “weighted” binomial coefficients.

The Stirling numbers satisfy many other relations, both amongst them-
selves and in combination with powers and factorials. Firstly, by iterating the
above recurrence and noting that Sk−1

k = 0 we obtain

Sn+1
k = Sn

k−1 + kSn−1
k−1 + k2Sn−2

k−1 + · · ·+ kn−k+1Sk−1
k−1

=

n
∑

j=k−1

kn−jSj
k−1 . (1)

Secondly, consider the following questions. In how many ways can n houses
be painted (i) with k colours or fewer; (ii) with exactly k colours, if each house,
unfashionably, is painted in a single colour?

Clearly the answer to the first question is kn. For the second, partition
the houses into k subsets – this can be done in Sn

k ways – and then allocate
each subset a unique colour, which can be done in k! ways. So the number of
possible colourings is k!Sn

k .

However, the second question can also be solved by using the principle
of inclusion–exclusion together with the result of (i). In the terminology used
earlier for inclusion–exclusion, let N be the total number of colourings with at
most k colours, Ni the number with the property that no house is painted with
colour i, and so on. Then the number of colour schemes in which every one of
the k colours is used at least once is

N∅ = N −N1 − · · · −Nk + N12 + · · · − · · ·+ (−1)kN12...k

= kn −
(k

1

)

(k − 1)n +
(k

2

)

(k − 2)n − · · ·+ (−1)k
(k

k

)

(k − k)n .

Combining (i) with the first solution to (ii), and introducing the “falling facto-
rial” notation (k)j = k(k − 1) · · · (k − j + 1), we have

kn =
k

∑

j=1

(k

j

)

j! Sn
j =

k
∑

j=1

(k)jS
n
j (2)

(remembering that before we paint the houses with exactly j colours, we need
to choose which j colours of the k available are to be used), while the two
solutions of (ii) yield

Sn
k =

1

k!

k
∑

j=0

(k

j

)

(−1)k−jjn =
1

k!

k
∑

j=0

(k

j

)

(−1)j(k − j)n . (3)
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In the latter, the last term vanishes and so the upper limit of summation may
be replaced by k−1; likewise, j = 1 suffices for the lower limit in the first sum.
Moreover, we can rearrange (3) to obtain

Sn
k −

kn

k!
=

1

k!

k−1
∑

j=1

(k

j

)

(−1)k−jjn ;

then
∣

∣

∣

∣

Sn
k −

kn

k!

∣

∣

∣

∣

≤ 1

k!

k−1
∑

j=1

(k

j

)

(k − 1)n ≤ 2k

k!
(k − 1)n

and so for any fixed k we have

Sn
k =

kn

k!
+ O

(

(k − 1)n
)

(4)

as n→∞.

Problem.

X15. Prove directly that the sum in (3) vanishes for 0 ≤ n < k.

A frequently useful technique in studying a sequence of numbers is to calculate
its generating function. Fixing k, we could consider the power series

∞
∑

n=k

Sn
k zn .

The order-of-magnitude formula (4) shows that Sn+1
k /Sn

k → k as n → ∞, so
the series converges for |z| < 1

k . Therefore there is no z 6= 0 for which all of
these generating functions converge. As we shall normally be involved only in
formal series manipulations this is not really of great importance; nevertheless
we prefer to use the exponential generating function

fk(z) =

∞
∑

n=k

Sn
k

n!
zn .

Note that for n < k the coefficient Sn
k vanishes and so we may as well sum from

zero to infinity. Using the first sum in (3) we have

fk(z) =
1

k!

∞
∑

n=0

k
∑

j=0

(−1)k−j
(k

j

) (jz)n

n!
=

1

k!

k
∑

j=0

(−1)k−j
(k

j

)

ejz

=
1

k!

(

ez − 1
)k

,
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there being no problems with the rearrangement as the sum over j is only a
finite sum. From this formula it is evident that

fk(z) =
1

k
(ez − 1)fk−1(z) ;

extracting the coefficient of zn+1 on each side yields yet another relation

Sn+1
k = (n + 1)!

1

k

n
∑

j=k−1

1

(n + 1− j)!

Sj
k−1

j!

=
1

k

n
∑

j=k−1

(n + 1

j

)

Sj
k−1 . (5)

Compare (5) and (1) : each gives Sn+1
k in terms of the Sj

k−1 with k−1 ≤ j ≤ n,
yet the coefficients are different! For example, we get

S7
4 = S6

3 + 4S5
3 + 16S4

3 + 64S3
3 = 1

4 (7S6
3 + 21S5

3 + 35S4
3 + 35S3

3) ,

and it seems extraordinary that two such formulae should both be true.

Next (on the principle of doing first things second) we define Stirling

numbers of the first kind. Let X be a set of n elements; we might as well
take X = { 1, 2, . . . , n }. Then there are n! permutations σ : X → X , which
may be written in “correspondence” notation or in cycle notation, for example

σ =
(1 2 3 4 5 6

3 5 6 4 2 1

)

= (1 3 6)(2 5)(4) .

In future, composition of permutations will be written from right to left,
στ(x) = σ(τ(x)), for example,

(1 2 3 4 5 6

3 5 6 4 2 1

)(1 2 3 4 5 6

6 4 3 5 1 2

)

=
(1 2 3 4 5 6

1 4 6 2 3 5

)

.

Let Sn
k be the number of permutations of n objects which are a product

of exactly k cycles. By thinking of x, σ(x), σ2(x), . . . for any x ∈ X it is fairly
clear that each x ∈ X belongs to a unique cyclic “factor” of σ, consequently
that the expression of a permutation as a product of cycles is essentially unique,
and hence that Sn

k is well-defined.
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It is easy to see that Sn
1 = (n− 1)! and Sn

n = 1 for all n ≥ 1, and also that
∑n

k=1 Sn
k = n!. By methods to be revealed shortly we compute a table of the

low values of Sn
k .

kSn
k

1 2 3 4 5 6 7

1 1

2 1 1

3 2 3 1

n 4 6 11 6 1

5 24 50 35 10 1

6 120 274 225 85 15 1

7 720 1764 1624 735 175 21 1

The sequence 6, 11, 6, 1 in the fourth row immediately suggests the conjecture
that Sn

k is the coefficient of zk−1 in (z + 1)(z + 2) · · · (z + k − 1); something
equivalent to this will be proved shortly. But for the time being we observe
that the recurrence

Sn+1
k = Sn

k−1 + nSn
k

holds. To see this, note that the first term on the right hand side counts the
number of permutations of { 1, 2, . . . , n+1 } having k cycles, with n+1 in a cycle
by itself; the factor Sn

k is the number of k-cycle permutations of { 1, 2, . . . , n },
and the n the number of locations in which n+1 can then be inserted into one
of these cycles, so that the second term gives the number of permutations of
n + 1 objects into k cycles with n + 1 not in a cycle by itself. Compare and
contrast this recurrence with that for Stirling numbers of the second kind.

The generating function for Sn
k is obtained by fixing n and letting k vary:

we define

gn(z) =

n
∑

k=1

Sn
k zk = Sn

1 z + Sn
2 z2 + · · ·+ Sn

nzn .

Problem.

23. Prove (essentially what was conjectured above) that

gn(z) = z(z + 1)(z + 2) · · · (z + n− 1) .
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Replacing z by −k in the above result, we find

(k)n = Sn
nkn − Sn

n−1k
n−1 + · · ·+ (−1)n−1Sn

1 k =

n
∑

j=1

(−1)n−jSn
j kj .

This relation, by expressing the “falling factorial” function (k)n in terms of
powers of k, provides an inverse to (2). Combining the two and supposing that
1 ≤ k ≤ n, we have

kn =

k
∑

j=1

(k)jS
n
j =

n
∑

j=1

(k)jS
n
j

=
n

∑

j=1

j
∑

m=1

(−1)j−mSj
mkmSn

j

=

n
∑

m=1

km

( n
∑

j=m

(−1)jSn
j (−1)mSj

m

)

.

We have shown that this identity is true for k = 1, 2, . . . , n, and it is evidently
also true for k = 0. Therefore the left and right hand sides define polynomials in
k of degree n, equal for n+1 different values of k, and hence identical. Thus the
Stirling numbers of the first and second kinds satisfy an orthogonality relation

n
∑

j=m

(−1)jSn
j (−1)mSj

m =
{

1 if m = n
0 otherwise.

Since the summands vanish for j < m and for j > n, this may also be taken as
a sum for j = 1 to ∞.

Pólya’s theory of counting. Consider a set of permutations on a finite set X
(not necessarily all permutations on X) which is closed under products – that
is, compositions – of permutations. Such a set can easily be seen to contain the
identity permutation, as well as the inverse of each of its permutations, and
therefore constitutes a (finite) group of permutations on X . The order

of such a group is the number of permutations involved, and its degree the
number of elements of X , that is, the number of objects permuted.

Example. An equilateral triangle has six symmetries and thus gives rise to a
permutation group of order six and degree three. The elements of this group,
written in cycle notation, are
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• the identity (1)(2)(3);

• reflections about the three medians of the triangle, (1)(2 3), (2)(3 1) and
(3)(1 2);

• rotations of 120◦ in either direction, (1 2 3) and (1 3 2).

The cycle index of a group of permutations of degree d is a polynomial in d
variables defined as follows. Any cycle of order k is represented by the “cycle
variable” fk, and a permutation is represented by the product of the variables
representing its constituent (disjoint) cycles. The cycle index of the group is
the sum of all such products, divided by the order of the group. Thus the group
in the above example has cycle index

f3
1 + 3f1f2 + 2f3

6
.

For another example, consider the symmetries of a regular hexagon. As
a symmetry is determined by its action on one vertex and the orientation of
the hexagon, the permutation group has order 12. (Observe that we could
alternatively describe the group in terms of its action on edge midpoints, or
on the three diagonals of the hexagon; though some care would be required in
the latter case as not only the permutations of the diagonals among themselves
but also their orientation must be considered.) The group is described in the
following table.

symmetry type expression in terms of cycles monomial

the identity (1)(2)(3)(4)(5)(6) f6
1

60◦ rotations (1 2 3 4 5 6) and its inverse 2f6

120◦ rotations (1 3 5)(2 4 6) and its inverse 2f2
3

180◦ rotation (1 4)(2 5)(3 6) f3
2

reflections about a diagonal (1)(2 6)(3 5)(4) and two others 3f2
1 f2

2

reflections about a “midline” (1 2)(3 6)(4 5) and two others 3f3
2

So the cycle index of this group is

f6
1 + 2f6 + 2f2

3 + 4f3
2 + 3f2

1f2
2

12
.

An application to chemistry. The hydrocarbon benzene has the chemical
formula C6H6. If two hydrogen atoms are replaced by other atoms X and Y we
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obtain twice-substituted benzene, C6H4XY. For certain X and Y it is observed
that the latter has just three isomers; we wish to deduce from this information
the molecular structure of benzene. Clearly we need only find the arrangement
of the six carbon atoms. Amongst the possibilities are the following,

and to simplify the problem we assume that other structures have already been
eliminated. If we now consider in how many distinct ways the X and Y atoms
may be attached to this structure, we find three possibilities for the hexagon,

only two for the octahedron,

and five for the triangular prism.

Observe that molecular structures which differ by a reflection are considered
distinct, as such molecules6 have different chemical properties; but those which

6 They are referred to as dextro- and laevo- forms.
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differ only by a rotation in three-dimensional space are considered identical.
As the hexagonal structure is the only one for which twice-substituted benzene
has exactly the observed number of isomers, we deduce that this is the correct
form of the benzene molecule.

Note. It is clear from the diagrams that isomers of C6H4X2 would have served
the same purpose. On the other hand we could, if necessary, have obtained
further information by considering molecules such as C6H2XYZ2.

Such problems may be approached by Pólya’s theory of counting . Suppose
that we have r red beads, s silver and t tan, with r + s + t = n, and we wish
to place one of these at each element of an n-element set X which admits a
permutation group H . Two such assignments will be considered the same if
there is a permutation σ ∈ H which transforms one into the other. How many
different arrangements are there?

Pólya’s method is as follows. First we determine (or choose!) the group
H and calculate its cycle index. Next, construct the figure inventory , a sum
of terms representing the different items. Here we have, say, x + y + z, where
x, y, z represent red, silver and tan beads respectively. Thirdly, substitute the
figure inventory into the cycle index, fk being replaced by xk + yk + zk. The
coefficient of xryszt in this expression is the required answer.

Example. Let’s use this method to recalculate the number of isomers in the
hexagonal case of the above investigation. The cycle index for symmetries of
the hexagon is known from p. 58, and we shall take the figure inventory to be
x + y + h, with the obvious interpretation. We want the coefficient of xyh4 in

1
12

(

(x + y + h)6 + 2(x6 + y6 + h6) + 2(x3 + y3 + h3)2

+ 4(x2 + y2 + h2)3 + 3(x + y + h)2(x2 + y2 + h2)2
)

;

clearly only the first and last terms contribute and the required coefficient is

1

12

( 6!

4!1!1!
+ 3

2!

1!1!0!

)

= 3 ,

confirming the above result. Wasn’t that easy!

Problem.

24. Use Pólya’s method to verify the number of isomers of C6H4XY if we
assume that the carbon atoms form a triangular prism.

To explain why Pólya’s method works – though we won’t give a complete formal
proof – we introduce some ideas from group theory. Let G be a permutation
group on a (finite) set X . For each x ∈ X define

Gx = { g ∈ G | g(x) = x } ,
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the stabilizer subgroup of x, and for each g ∈ G denote by fix(g) the number
of fixed points of g, that is, the number of x ∈ X such that g(x) = x. Define
the orbit of any x ∈ X by

G(x) = { g(x) | g ∈ G } ⊆ X .

The set { hGx | h ∈ G } of left cosets of Gx in G is denoted by G/Gx. As is well
known, these cosets are disjoint and of equal size, and so |G/Gx| = |G|/|Gx|.
For any fixed x ∈ X we have

h1(x) = h2(x) ⇔ h−1
1 h2(x) = x ⇔ h−1

1 h2 ∈ Gx ⇔ h1Gx = h2Gx .

The forward implication shows that the map h(x) 7→ hGx from G(x) to G/Gx

is well-defined, the converse that it is one-to-one; and it is clear that the map
is onto. Therefore we have

|G(x)| = |G/Gx| = |G|/|Gx|

for each x ∈ X , giving the size of an orbit in terms of the corresponding
stabilizer subgroup.

Any two distinct orbits in X are disjoint. For suppose that there is an
element y in G(x) ∩G(x′); then any z ∈ G(x) has the form

z = g1(x) = g1g
−1
2 (y) = g1g

−1
2 g3(x

′) = g(x′) ∈ G(x′) .

Therefore G(x) ⊆ G(x′), and similarly G(x′) ⊆ G(x). Consequently the collec-
tion of orbits {G(x) | x ∈ X } partitions X .

One more important fact is that the cardinality of Gx is constant for all x
in a given orbit. To prove this, consider two elements of X , say x1 and x2, in
the same orbit. We may write x1 = g1(x), x2 = g2(x); then for any h ∈ Gx2

we have g1g
−1
2 hg2g

−1
1 (x1) = x1. This, together with a similar inverse relation,

shows that the stabilizers of x1 and x2 are conjugate, that is,

Gx1
= gGx2

g−1

for some g ∈ G (in fact, with the above notation we may take g = g1g
−1
2 ).

However the map h 7→ ghg−1 is a bijection, and so |Gx1
| = |Gx2

|.
Comments.

• In general G/Gx is merely a set; however, if Gx is a normal subgroup of
G then multiplication of (left) cosets is well-defined and G/Gx is a group.
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• The converse of the final property above is generally false; for example, let
X be the set of vertices of a (non-square) rectangle, and G be the group of
two-dimensional rotational symmetries of the rectangle. Then G has only
two elements, and the stabilizer of any element of X consists solely of the
identity; but not all elements are in the same orbit.

The relevance of symmetry groups to counting problems is due to the fact that
permutations of a given set which lie in the same orbit (with respect to the
group of “permissible” symmetries) will be considered as the same arrangement.
So what we need is a method of counting orbits; a method provided by

The orbit counting lemma. The number of orbits into which a set X is
partitioned by a permutation group G acting on X is

1

|G|
∑

g∈G

fix(g) ,

that is, the average number of fixed points of an element of G.

Proof. We count the number of pairs (g, x) ∈ G ×X with g(x) = x. Firstly,
for any fixed g ∈ G the number of such pairs is fix(g), so the total number is

∑

g∈G

fix(g) .

On the other hand, for any particular x ∈ X the number of pairs is |Gx|; hence
the total is

∑

x∈X

|Gx| =
∑

O

∑

x∈O

|Gx| ,

where the outer sum ranges over all orbits in X . This equality holds because
the orbits partition X . Moreover, we have seen above that |Gx| is constant on
any particular orbit, and so

∑

O

∑

x∈O

|Gx| =
∑

O

|Gx| |O| =
∑

O

|G| ,

which is |G| times the number of orbits in X . This completes the proof.

Continuing our explanation of Pólya’s counting theory, consider the ques-
tion of determining the number of ways of colouring a cube with two colours,
if colourings differing only by a rotation are considered identical. Let X be the
set of 2-colourings of a fixed cube; clearly X has 64 elements. Now the rotation
group G of the cube has 24 elements, described in the following table; since
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elements of X in the same orbit with respect to G produce the same colouring
of the cube, the answer to our problem will be the number of orbits.

rotation type order fix(g) monomial

identity 1 64 f6
1

180◦ rotation about a face 2 16 3f2
1 f2

2

90◦ rotation about a face 4 8 6f2
1f4

rotation about an edge 2 8 6f3
2

rotation about a vertex 3 4 8f2
3

This table is produced by the following sort of considerations: a rotation g
about a vertex associates each face of the cube with two others which must
bear the same colour in order that the colouring be a fixed point of g. The
two triples of faces may be coloured independently of each other, so there are
22 = 4 fixed points. Such a rotation is the product of two 3-cycles and so we
have the cycle term f2

3 . Finally, the eight vertices break up into four pairs,
each of which determines two 120◦ rotations, one in each direction; this gives
the coefficient of 8 in the cycle monomial.

By the orbit counting lemma, the number of orbits of X with respect to
G, and therefore the answer to our question, is

1
24 (1× 64 + 3× 16 + 6× 8 + 6× 8 + 8× 4) = 10 ,

which with a little labour may be verified independently.

Problem.

25. Show that the group of symmetries in the above example is isomorphic to
the symmetric group S4.

A further question, which will show quite clearly why Pólya counting works.
In how many ways, up to a rotation, can we colour two faces of a cube red, one
silver and three tan? Let Z be the set of all colourings of a fixed cube with
two reds, one silver and three tans. Then

|Z| =
(6

2

)(4

1

)(3

3

)

=
6!

2!1!3!
= 60 ,

and we wish to find the number of orbits into which G partitions Z. We have
a table of rotations as above, except that the numbers of fixed points will be
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different as we are considering the action of G on a different set. Clearly the
number of fixed points of the identity is 60.

Now consider the number of fixed points of a 180◦ rotation about a face.
Such a rotation associates two pairs of faces and leaves the other two isolated.
Since only one face may be silver, it must be one of the two isolated faces; then
the two reds must be one of the two pairs. So there are four fixed points. A
plainly equivalent problem is the following: in how many ways can we choose
two expressions from r, s, t and two from rr, ss, tt, with repetitions allowed, in
order to make up an expression rrsttt, or some reordering of the same? And
another: in how many ways can we choose two of x, y, z and two of x2, y2, z2

in order to make up a product x2yz3?

It gradually becomes clear(ish) that the contribution fix(g) made to the
sum in the Orbit Counting Lemma by a 180◦ rotation about a face is equal
to the coefficient of x2yz3 in (x + y + z)2(x2 + y2 + z2)2. A similar equality
holds for each other g ∈ G, and this justifies Pólya’s theory of counting. To
finish (by means of orbit-counting methods) the current problem, the remaining
permutations in G have no fixed points in Z, and so the number of rotationally
distinct ways of colouring the faces of a cube with two reds, one silver and three
tans is

1
24 (1× 60 + 3× 4) = 3 .

Problem.

26. Find the number of rotationally inequivalent cubes with one red face, one
silver, one tan and three ultramarine.

Another famous counting problem is to determine the number of possible neck-
laces of n beads, each of which is one of two colours. We shall declare two such
necklaces to be the same if they differ only by a cyclic permutation (that is, a
rotation of the necklace without turning it over). First we need to know the
cycle index of the permutation group Zn.

Lemma. In Zn there are φ(d) elements of order d for each divisor d of n (and
none if d is not a divisor of n).

Proof. We work with Zn as the additive group { 0, 1, 2, . . . , n − 1 }. For any
m ∈ Zn we have

km = 0 in Zn ⇔ n | km in Z ⇔ n

g

∣

∣

∣
k

m

g
,

where g = (m, n). Hence km = 0 in Zn iff n
g | k, and the order of m is the least

positive such k, namely n
g . Clearly this is a divisor of n.
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Let d | n. Then m has order d if and only if (m, n) = n
d . Now the map

m 7→ µ given by m/n = µ/d is a one-to-one correspondence between the set of
m in { 0, 1, . . . , n−1 } such that (m, n) = n

d and the set of µ in { 0, 1, . . . , d−1 }
such that (µ, d) = 1. Hence the number of such m is φ(d), and the lemma is
proved.

Comments.

• In particular, Zn has φ(n) elements of order n, the generators of the group.

• From the lemma we have

n =
∑

d|n

φ(d) ,

and so by Möbius inversion

φ(n) =
∑

d|n

µ
(n

d

)

d =
∑

d|n

µ(d)
n

d
= n

∑

d|n

µ(d)

d
.

Using the lemma, we can write down the cycle index of Zn as

1

n

∑

d|n

φ(d)f
n/d
d ,

and the number of necklaces composed of k white and n−k black beads may be
found by setting fd = xd+yd and calculating the coefficient of xkyn−k. Observe
that putting y = 1 gives a polynomial7 which is the generating function for the
number of n-bead necklaces with k beads white and the rest black. For example,
the number of ten-bead necklaces composed of six white beads and four black
is the coefficient of x6y4 in

1
10

(

(x + y)10 + (x2 + y2)5 + 4(x5 + y5)2 + 4(x10 + y10)
)

,

or just the coefficient of x6 in

1
10

(

(x + 1)10 + (x2 + 1)5 + 4(x5 + 1)2 + 4(x10 + 1)
)

,

which is
1

10

( 10!

6!4!
+

5!

3!2!

)

= 22 .

7 A pólyanomial?
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It would probably be more sensible also to regard two necklaces as the same if
they can be made to coincide by turning one over (and rotating it if necessary).
In this case the group of symmetries would be the dihedral group Dn.

Problem.

27. Find the number of necklaces composed of six white and four black beads
under these assumptions.

Now let’s determine the cycle index of the full symmetric group Sn, which
consists of all permutations on A = { 1, 2, . . . , n }, acting on A itself. Any
particular permutation has, say, ik cycles of length k for 1 ≤ k ≤ n. Clearly

n = i1 + 2i2 + 3i3 + · · ·+ nin , (∗)

and the “cycle term” of such a permutation is f i1
1 f i2

2 · · · f in
n . The cycle index

of the group is
1

n!

∑

i1,...,in

hi1,...,in
f i1
1 · · · f in

n ,

where the sum is over all n-tuples (i1, . . . , in) satisfying (∗); it only remains to
determine the coefficients hi1,...,in

, a problem first solved by Cauchy. In fact
hi1,...,in

is the number of ways of arranging the elements of the set { 1, 2, . . . , n }
into i1 individual elements, i2 pairs, i3 triples and so on, where the order of the
groups is unimportant and the order of elements within any one group is im-
portant only up to a cyclic permutation. It is not hard to see that if we ignore
these restrictions, each permutation with the given “cycle structure” i1, . . . , in
is counted i1! 2

i2i2! 3
i3i3! · · ·ninin! times in the total of n! arrangements; there-

fore

hi1,...,in
=

n!

i1! 2i2i2! 3i3 i3! · · ·ninin!
=

( n

i1 · · · in

)/

n
∏

k=1

kik

and the cycle index of Sn is

∑

i1,...,in

n
∏

k=1

f ik

k

kikik!
,

where, again, the sum is over n-tuples satisfying (∗).
An n-tuple for which i1 + 2i2 + 3i3 + · · · + nin = n is effectively just

another way of notating a partition of n into a sum of positive integers, with
reorderings of the same summands being considered identical. Therefore we
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may conveniently determine all such n-tuples, and hence compute the cycle
index of Sn, by considering partitions of n. By way of example we take n = 4.

partition i1 i2 i3 i4 monomial

4 = 1 + 1 + 1 + 1 4 0 0 0 f4
1

= 1 + 1 + 2 2 1 0 0 6f2
1f2

= 1 + 3 1 0 1 0 8f1f3

= 2 + 2 0 2 0 0 3f2
2

= 4 0 0 0 1 6f4

The cycle index of the full symmetric group on four objects is thus

f4
1 + 6f2

1f2 + 8f1f3 + 3f2
2 + 6f4

24
.

Observe that a different cycle index would have been obtained for the rotation
group of the cube, which problem 25 assures us is also isomorphic to S4. Thus
the cycle index is not an isomorphic invariant. This topic is explored further
in problem X16.

Actually, applying this computation directly to the set { 1, 2, . . . , n } is
pointless. Doing so will count the number of colourings, or whatever, of n
objects under the assumption that any two are considered the same, and so the
answer to the question (any question!) is 1. We may check this by confirming
that, for example, substituting fk = xk + yk into the cycle index gives the sum
of all monomials of total degree 4 in x and y, each with coefficient 1, and that a
similar result holds if we let fk = xk + yk + zk . However, we may obtain useful
results by considering the action of Sn on different sets. For example, we can
find the number of non-isomorphic simple graphs on four vertices by taking
X to be the collection of 2-subsets of { 1, 2, 3, 4 } and counting the number of
orbits of its power set P(X) with respect to S4.

Problem.

X16. Do so!

X17. Can problem X4 be solved by Pólya’s method, or by counting orbits?

Tableaux: an introductory talk by Ben Hutchinson. Let n be a positive
integer. A partition of n is a sequence λ = (λ1, λ2, . . . , λk) of positive integers
with λ1 ≥ λ2 ≥ · · · ≥ λk and λ1 + λ2 + · · · + λk = n. We associate with such
a partition a diagram of n squares, comprising rows of λ1, λ2, . . . , λk squares
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(in that order). A tableau of shape λ is an assignment of positive integers to
the cells of the diagram of shape λ, and a Young tableau is one in which the
entries increase to the right along rows and downwards along columns. For the
present we shall assume that all entries in a tableau are distinct.

Examples.

• The diagram associated with the partition (4, 3, 1), and a Young tableau
of shape (3, 3, 1), are given below.

1 3 7

2 6 8

9

• Problem. Find all Young tableaux with entries 1, 2, 3, 4. Solution. The
partitions of 4 are (4), (3, 1), (2, 2), (2, 1, 1) and (1, 1, 1, 1); there are,
therefore, five possible shapes of tableaux. Filling in the numbers in all
possible ways gives ten Young tableaux altogether.

1 2 3 4
1 3 4

2

1 2 4

3

1 2 3

4

1 2

3 4

1 3

2 4

1 2

3

4

1 3

2

4

1 4

2

3

1

2

3

4

Comment. Young tableaux have connections with the theory of symmetric
groups, with Lie algebras and harmonic analysis. Tableaux can also be asso-
ciated in a fairly obvious way with partial orders; for example, the diagram of
shape (4, 3, 1) above corresponds to a partial order with the following Hasse
diagram.

A little thought shows that the number of Young tableaux with given shape λ
and entries consecutive integers upwards from 1 is equal to the number of ways
of totally ordering the partial order corresponding to λ.
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A permutation σ ∈ Sn is called an involution if and only if σ = σ−1.
Equivalently, σ is an involution if σ2 is the identity, or if σ has order 1 or 2,
or if the expression of σ as a product of disjoint cycles consists of 1-cycles and
2-cycles only. For example, S4 has ten involutions,

id, (1 2), (2 3), (3 4), (1 3)(2 4), (1 2)(3 4), (2 4), (1 4), (1 3) and (1 4)(2 3).

We shall show that the number of involutions in Sn is equal to the number of
Young tableaux with entries 1, 2, . . . , n. To do so we shall associate with each
permutation σ a Young tableau (actually, a pair of Young tableaux), placing
the integers 1, 2, . . . , n into the tableau one by one in the order indicated by σ.
We begin, therefore, by developing a systematic method of performing such a
construction.

The Insertion algorithm. Given a Young tableau T and an integer n not
occurring in T , we wish to define a Young tableau T ′ = I(T , n) whose entries
are those of T , together with n. In addition, we would like to do this in such
a way that I is (more or less) invertible, that is, that given T ′ we may recover
the initial values of T and n. Consider the following procedure.

Let r = 1.
If n exceeds every element in row r of T , place n in a new square at

the end of this row and stop. Otherwise let n′ be the smallest
element in row r exceeding n, exchange n and n′ (so that the
new value of n is n′ and the old value is placed in the tableau),
increase r by 1 and repeat.

Example. Shown below are a tableau T , followed by the tableaux T ′ = I(T , 5)
and T ′′ = I(T ′, 2) obtained by two applications of the insertion algorithm.

T =

1 3 6

4 8 9

7

, T ′ =

1 3 5

4 6 9

7 8

, T ′′ =

1 2 5

3 6 9

4 8

7

.

Theorem. For any Young tableau T and any n not already in T , the above
algorithm terminates and produces a Young tableau containing n together with
the elements of T .

Proof. The algorithm clearly terminates when an element is added to a pre-
viously empty row (as seen in T ′′ above), unless it has already finished at an
earlier stage (as seen in T ′ above). Also, the resultant arrangement plainly has
the required entries.
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The shape produced by the algorithm corresponds to a partition. For if
not, then some step of the procedure would be as follows (only the relevant
parts of the diagrams are shown).

··· a

··· b
−→ ··· a′

··· b
−→ ··· a′

··· b x

But since the x in the lower row must have originally come from the upper row
we have x ≤ a < b < x, which is impossible.

Finally we must show that the result is a Young tableau, that is, that
entries increase along rows and down columns. We shall prove that at each
step in the execution of I the arrangement T (as modified) is a Young tableau.
If an element is placed at the end of a row we have a transformation

··· a b ···
··· c

−→ ··· a′ b′ ···
··· c

−→ ··· a′ b′ ···
··· c x

,

and by the specification of the algorithm, c < x. If x lies at the end of the
first row then the elements a, b, a′, b′ in the above diagrams are absent and
there is nothing more to prove. Otherwise x comes from the upper row; since
x > c > a, either x is equal to b and was replaced by b′, or x > b and b′ = b.
In either case b′ ≤ b ≤ x with one of the inequalities strict, so b′ < x and the
third diagram above is indeed a Young tableau.

The other possibility to be considered is that an entry y is replaced by x
in the following sequence of tableaux.

··· a b ···
··· c y d

··· e

−→
··· a′ b′ ···
··· c y d

··· e

−→
··· a′ b′ ···
··· c x d

··· e

By definition of the algorithm, y was the least element in its row exceeding x,
so clearly c < x < d and x < e. Moreover, x > c > a and x was formerly in
the upper row; so, as above, either x was replaced by b′ or x occurred to the
right of b. In either case we have x > b′, and the proof is complete.

Note. In the final part of the proof, some of the diagrammed elements may be
absent (a and b if x is placed in the first row of the diagram, a and c if in the
first column, d if x replaces the last element in a row, and e if it replaces the
lowest element in a column). In such cases part of the given proof may simply
be omitted.
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The insertion algorithm is not quite, but almost, invertible. Suppose that
a tableau T ′ = I(T , n) is given; if we also know which row of T ′ contains a
cell not in T , then we can determine T and n. Rather than give a formal
statement of the deletion algorithm we shall illustrate the procedure by a
couple of examples. Suppose that T ′ is the leftmost tableau below and that
the new cell is known to lie in the fourth row. This new cell was created by
moving a 7 from the third row; the 7 must have been displaced by a 4 coming

1 2 5

3 8

4 9

7

←−
1 2 5

3 8

7 9

←−
1 2 5

4 8

7 9

←−
1 3 5

4 8

7 9

from the second row. This 4 was replaced by a 3 from the first row and, finally,
the 3 must have been replaced by the largest element not exceeding 3 now
contained in the first row, that is, 2. Thus n = 2 and T is the rightmost
tableau; the action of I can be seen by reading the above transformations from
right to left. If we had begun with the same T ′ but with the information that
the new cell was in the third row, we should have found n = 5 and T as on the
right below.

1 2 5

3 8

4 9

7

←−

1 2 5

3 9

4

7

←−

1 2 8

3 9

4

7

Given a permutation σ ∈ Sn we define tableaux P(σ) and Q(σ). First,
let P1 be the tableau with a single cell containing the entry σ(1), and define
P2, . . . ,Pn inductively by

Pk = I(Pk−1, σ(k)) ;

then set P(σ) = Pn. Set Q1,1 = 1, and for k = 2, . . . , n, let Qi,j = k if Pk

has a cell in row i, column j while Pk−1 does not. That is, Q(σ) has the same
shape as P(σ), and its entries indicate the order in which cells of P(σ) were
created by the successive insertion process.

Example. If

σ =
(1 2 3 4

3 1 2 4

)
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then we obtain

P1 = 3 , P2 =
1

3
, P3 =

1 2

3
and P(σ) = P4 =

1 2 4

3
.

Consequently

Q(σ) =
1 3 4

2
.

Theorem. For any positive integer n, the map σ 7→ (P ,Q) is a bijection
between Sn and the set of ordered pairs of Young tableaux having the same
shape and entries 1, 2, . . . , n.

Proof. Given σ, we already know that P is a Young tableau and it is clear
that P and Q have the same shape. Also, Q is a Young tableau as the insertion
algorithm always adds new cells at the end of a row and (except in the first
row) at the bottom of an existing column. Thus the map is well-defined. Given
P and Q we can tell where a cell was most recently added to obtain Pn;
applying the deletion algorithm determines σ(n) and Pn−1, and by iterating
this procedure we obtain a unique permutation σ which maps to the pair (P ,Q).
Thus the map is bijective.

The next problem we shall pose is this: given the image (P ,Q) of σ under
the above bijection, find the image of σ−1. First we introduce some more
terminology. We say the pair (i, σ(i)) is in class t of σ if σ(i) occupies column
t of Pi; that is, if t is the location in the first row into which σ(i) is (first)
inserted into P . For instance, the permutation σ of the previous example has
(1, 3) and (2, 1) in class 1, has (3, 2) in class 2 and (4, 4) in class 3.

Lemma. A pair (i, σ(i)) is in class t if and only if there are t indices ik, but
no more, with the properties

i1 < i2 < · · · < it = i and σ(i1) < σ(i2) < · · · < σ(it) = σ(i) .

Problem.

X18. Prove it.

Now suppose that (i, σ(i)) is in class t of σ. Then we have

σ =
( · · · i1 · · · i2 · · · it = i · · ·
· · · σ(i1) · · · σ(i2) · · · σ(it) = σ(i) · · ·

)

and therefore

σ−1 =
( · · · σ(i1) · · · σ(i2) · · · σ(it) = σ(i) · · ·
· · · i1 · · · i2 · · · it = i · · ·

)

.
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Let (σ(i), i) be in class t′ of σ−1. From the representations of σ and σ−1 just
produced we have t′ ≥ t; but in exactly the same way we could have shown
that t ≥ t′. Thus t = t′. That is,

(i, σ(i)) is in class t of σ ⇔ (σ(i), i) is in class t of σ−1 .

Now fix t. Let class t of σ be

{ (i1, σ(i1)), (i2, σ(i2)), . . . , (ik, σ(ik)) } .

Without loss of generality i1 < i2 < · · · < ik; since σ(i1), σ(i2), . . . , σ(ik) are
the entries successively placed into row 1, column t by the insertion algorithm
we have σ(i1) > σ(i2) > · · · > σ(ik). Therefore the row 1, column t entry of
Q(σ) is i1, and that of P(σ) is σ(ik). On the other hand, class t of σ−1 is

{ (σ(ik), ik), . . . , (σ(i2), i2), (σ(i1), i1) }

with σ(ik) < · · · < σ(i2) < σ(i1) and ik > · · · > i2 > i1, and so the row 1,
column t elements of Q(σ−1) and P(σ−1) are respectively σ(ik) and i1. This
is true for all t, and so the top row of Q(σ−1) is the same as the top row of
P(σ), while the top row of P(σ−1) is the same as that of Q(σ).

Now remove the top rows from all these tableaux. By induction on n we
may assume that what has just been proved for the top rows also holds for all
subsequent rows; hence P(σ−1) = Q(σ) and Q(σ−1) = P(σ). That is,

if σ 7→ (P ,Q) then σ−1 7→ (Q,P) .

It is now easy to prove the result asserted on p. 69. We know that the map
σ 7→ (P ,Q) introduced above is a bijection. If we consider only the involutions
of Sn, and if we identify a Young tableau T with the pair (T , T ), then we obtain
a one-to-one correspondence between the involutions and the Young tableaux
with entries 1, 2, . . . , n. Hence these sets are of equal cardinality, as claimed.

Example. The ten involutions of S4 at the top of p. 69 are listed in the order
corresponding to the ten Young tableaux on the previous page.

Partitions (lectures resumed by Norm Wildberger). Given a partition λ of n,
we associate with it a configuration of square cells as explained above. Exchang-
ing the rows and columns of this configuration gives the diagram of another
partition of n, known as the dual partition and denoted λ∗.
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Example. For λ = (5, 4, 4, 3, 2, 1, 1) we obtain the first diagram below, and
swap rows and columns to get the second diagram:

Hence the dual partition is λ∗ = (7, 5, 4, 3, 1). In fact it is fairly easy to see that
for any partition λ, the kth entry of λ∗ is the number of j such that λj ≥ k.

We denote by p(n) the number of partitions of a natural number n. By
convention, 0 has a single partition, the empty partition. Below is a brief table
of values of p.

n 0 1 2 3 4 5 6 7 8 9 10 · · · 200 · · ·
p(n) 1 1 2 3 5 7 11 15 22 30 42 · · · 3972999029388 · · ·

The following result gives a generating function for p.

Theorem.

∞
∑

n=0

p(n)qn =

∞
∏

m=1

1

1− qm
.

Proof. To prove this relation as a formal sum/product identity we write the
right hand side as

(1 + q1 + q1+1 + · · ·)(1 + q2 + q2+2 + · · ·)(1 + q3 + q3+3 + · · ·) · · ·

and then stare at it until it becomes clear that the coefficient of qn is the
number of ways of writing n as a sum of positive integers, that is, p(n). An
analytic proof addressing questions of convergence is a little harder; in fact the
sum and product both converge whenever |q| < 1. See George E. Andrews,
The Theory of Partitions, Encyclopedia of Mathematics and its Applications
2, Addison-Wesley (1976), p. 3.

. . . and we can also find a recurrence relation.

Definition. A pentagonal number is one of the form 1
2k(3k ± 1), where k

is a non-negative integer; equivalently, of the form 1
2k(3k − 1), where k is any

integer.
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Notation. We write pe(n) for the number of partitions of n into an even
number of distinct parts, and po(n) for the number of partitions of n into an
odd number of distinct parts.

Euler’s Pentagonal Number Theorem. If n is not a pentagonal number
then pe(n) = po(n). If n = 1

2k(3k − 1) then pe(n) = po(n) + (−1)k.

Proof. Omitted.

Examples. The partitions counted by pe(8) and po(8) are

{ (7, 1), (6, 2), (5, 3) } and { (8), (5, 2, 1), (4, 3, 1) }

respectively. These are equal in number, and 8 is not a pentagonal number.
On the other hand 12 is a pentagonal number, corresponding to k = 3, and the
relevant sets of partitions are

{ (11, 1), (10, 2), (9, 3), (8, 4), (7, 5), (6, 3, 2, 1), (5, 4, 2, 1) }

and

{ (12), (9, 2, 1), (8, 3, 1), (7, 4, 1), (7, 3, 2), (6, 5, 1), (6, 4, 2), (5, 4, 3) } .

Corollary.

∞
∏

m=1

(1− qm) =

∞
∑

k=−∞

(−1)kqk(3k−1)/2.

Proof. Writing out the left hand side at length we have

(1− q)(1 − q2)(1 − q3)(1 − q4) · · · ,

and upon expanding this product we obtain terms in qn from (and only from)
partitions λ = (λ1, λ2, . . . , λs) of n into distinct parts. The coefficient of each
such term is (−1)s, and so the total coefficient of qn on the left hand side is
pe(n)− po(n). By Euler’s Pentagonal Number Theorem this is the same as the
coefficient of qn on the right hand side.

We can rewrite each side of the identity just proved:

LHS =
(

∞
∑

n=0

p(n)qn
)−1

, RHS = 1 +

∞
∑

k=1

(−1)k(qk(3k−1)/2 + qk(3k+1)/2) ;

therefore

(

∞
∑

n=0

p(n)qn
)(

1 +

∞
∑

k=1

(−1)k(qk(3k−1)/2 + qk(3k+1)/2)
)

= 1 ,
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and by equating coefficients of qn we obtain the recurrence relation for the

partition function

p(n) = −
∞
∑

k=1

(−1)k
[

p(n− 1
2k(3k − 1)) + p(n− 1

2k(3k + 1))
]

= p(n− 1) + p(n− 2)− p(n− 5)− p(n− 7) + +−− · · · .

provided n ≥ 1.

We now turn to relativistic quantum mechanics, using it to prove the
Jacobi Triple Product Identity. The ideas of this section originate in work
of Dirac from the 1930s. Define a level to be a number of the form n − 1

2
with n ∈ Z, and a state to be a set of levels which contains only finitely
many positive levels and omits only finitely many negative levels. The state
V = { . . . ,− 5

2 ,− 3
2 ,− 1

2 } is called the vacuum. The energy of a state S is

E(S) =
∑

ℓ∈S
ℓ>0

ℓ−
∑

ℓ/∈S
ℓ<0

ℓ ,

the sum of all the positive levels in S minus all the negative levels not in S,
and its particle number ν(S) is the number of positive levels in S minus the
number of negative levels not in S. Clearly 2E(S)− ν(S) is always even.

The idea behind all of this is that a positive level contained in a state
corresponds to an electron at a certain energy level, and a negative level omitted
from a state corresponds to a positron. Note that since a state is defined to be a
set, and therefore repetition of elements is forbidden, each level in a given state
may contain only one electron; thus a form of exclusion principle operates. For
example,

• as we should expect, the vacuum has no electrons, no positrons, particle
number zero and energy zero;

• the state S = { . . . ,− 7
2 ,− 5

2 ,− 1
2 , 5

2 , 7
2 } contains two electrons and a posi-

tron, and we have ν(S) = 1 and E(S) = 15
2 . Notice that both particles

and antiparticles have positive energy, though the latter count negatively
towards the particle number.

We shall derive the Jacobi Triple Product Identity by counting in two ways the
number of states with given energy m ∈ 1

2N and particle number ℓ ∈ Z. First,
consider the product

∞
∏

n=1

(

1 + qn− 1

2 z
)(

1 + qn− 1

2 z−1
)

,
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and think of terms qn− 1

2 z and qn− 1

2 z−1 as representing respectively an electron
and a positron of energy n − 1

2 . A product of s such terms gives a monomial

qE(S)zν(S), where S is the state consisting of the s particles corresponding
to the individual terms. Since the correspondence between states and (finite)
products of terms is bijective,

∞
∏

n=1

(

1 + qn− 1

2 z
)(

1 + qn− 1

2 z−1
)

=
∑

S

qE(S)zν(S) ,

and the number of states with energy m and particle number ℓ is the coefficient
of qmzℓ in this expression.

Secondly, we count states by considering how they may be obtained by
“boosting” electrons from a “ground state” Sℓ = { . . . , ℓ− 5

2 , ℓ− 3
2 , ℓ− 1

2 }. It
is easy to calculate that this state has energy 1

2ℓ2 and particle number ℓ. For
any integers n1 ≥ n2 ≥ · · · ≥ ns > 0 we can promote the highest s levels of Sℓ

by n1, n2, . . . , ns levels respectively and thereby obtain a state S with energy
1
2ℓ2 + n1 + n2 + · · ·+ ns and particle number ℓ; conversely, any state S can be
derived from a ground state in such a way. To obtain a state with energy m
and particle number ℓ we require

n1 ≥ n2 ≥ · · · ≥ ns > 0 and n1 + n2 + · · ·+ ns = m− 1
2ℓ2 ,

and so the number of such states is p(m − 1
2ℓ2), or zero if m − 1

2ℓ2 is not an
integer. This is the coefficient of qmzℓ in

∑

k∈Z

q
1

2
k2

zk
∞
∏

n=1

(1− qn)−1 .

Combining our two answers we obtain

∞
∏

n=1

(

1 + qn− 1

2 z
)(

1 + qn− 1

2 z−1
)

=
∑

k∈Z

q
1

2
k2

zk
∞
∏

n=1

(1 − qn)−1 .

Transferring the product on the right hand side (which is independent of k) to
the left hand side and replacing q by q2 yields the Jacobi Triple Product

Identity

∞
∏

n=1

(

1 + q2n−1z
)(

1 + q2n−1z−1
)(

1− q2n
)

=
∑

k∈Z

qk2

zk .

77



Comment. The identity may be proved (a bit) more directly by taking levels
to be odd integers rather than halves, and proceeding in a similar fashion.

Counting tableaux; Catalan numbers. For any partition λ of a positive
integer n, let fλ be the number of Young tableaux of shape λ with entries
1, 2, . . . , n. For example, f(3,2,1) = 16; the sixteen tableaux are shown below.

1 2 3

4 5

6

1 2 3

4 6

5

1 2 4

3 5

6

1 2 4

3 6

5

1 2 5

3 4

6

1 2 5

3 6

4

1 2 6

3 4

5

1 2 6

3 5

4

1 3 4

2 5

6

1 3 4

2 6

5

1 3 5

2 4

6

1 3 5

2 6

4

1 3 6

2 4

5

1 3 6

2 5

4

1 4 5

1 6

3

1 4 6

2 5

3

We can interpret the number fλ in terms of a vote-counting problem. Imagine
an election involving k candidates who will eventually receive, in decreasing
order, λ1, λ2, . . . , λk votes; suppose further that any candidates with equal
numbers of votes at the end of the count are placed in a particular order by
some tie-break mechanism. The number of ways in which the votes may be
counted, subject to the condition that at no stage shall the eventual order
of candidates be reversed, is fλ. For example, if three candidates A, B and
C receive 3, 2 and 1 votes then the ways of counting votes correspond to the
above tableaux, beginning with AAABBC and AAABCB and ending with
ABCABA.

In particular, consider the case of two candidates A and B who end up in a
tie with n votes each. In how many ways can the votes be counted if at no point
B is ahead of A? We shall show that f(n,n) is equal to 1

n+1C(2n, n), which is
commonly denoted by Cn+1 and known as the (n + 1)th Catalan number.

Catalan numbers arise in many different contexts8; the problem originally
studied by Catalan in the 1830s was to determine the number of distinct ways

8 See David Wells, The Penguin Dictionary of Curious and Interesting Num-

bers, Penguin (1986), p. 121–122.

78

in which a product of n factors may be bracketed. If there are four factors, for
example, we have

((x1x2)x3)x4 , (x1x2)(x3x4) , (x1(x2x3))x4 , x1((x2x3)x4) and x1(x2(x3x4)) ,

and the number of ways of bracketing the product is C4 = 5.

For any positive integer n define Cn, the nth Catalan number, to be
the number of ways of bracketing a product of n factors. For n > 1, the last
multiplication performed in evaluating such a product will be an expression of
m terms (somehow bracketed) times a product of n − m terms, for some m
from 1 to n− 1. Hence we have a recursive formula

Cn =

n−1
∑

m=1

CmCn−m

for n > 1. Now the generating function

f(x) =

∞
∑

n=1

Cnxn

of the Catalan numbers satisfies

f(x)2 =

∞
∑

n=2

(

n−1
∑

m=1

CmCn−m

)

xn =

∞
∑

n=2

Cnxn = f(x)− x ;

solving the quadratic yields

f(x) =
1−
√

1− 4x

2
,

where we have chosen the negative root since f(0) = 0. Using the Binomial
Theorem to find the coefficient of xn on the right hand side gives

Cn = −1

2

( 1
2

n

)

(−4)n

= 2n−1 1× 1× 3× 5× · · · × (2n− 3)

n!
=

(2n− 2)!

(n− 1)! n!

=
1

n

(2n− 2

n− 1

)

.
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To show that f(n,n) = Cn+1 we solve an equivalent problem: find the
number of paths from (0, 0) to (2n, 0) which consist of single northeast and
southeast steps on the lattice Z

2 and which never go below the x-axis. First,
this number is the same as the number of paths from A = (0, 1) to B = (2n, 1)
which never touch the x-axis. To count the number of paths from A to B which
do touch the x-axis we make use of the reflection principle.

By reflecting about the x axis
the segment of the path from A up
to the first point at which it meets
the axis we shall obtain a path from
A′ = (0,−1) to B, which (naturally)
touches the x-axis. Since the corre-
spondence is invertible, the number
of paths from A to B which touch the x-axis is equal to the total number of
paths from A′ to B. To specify one of the latter paths we need only decide
which n+1 of the 2n steps are to be the northeasterly ones, and so the number
of paths is C(2n, n + 1). Similarly the total number of paths from A to B is
C(2n, n), and so f(n,n), the number of paths from A to B avoiding the axis, is
given by

f(n,n) =
(2n

n

)

−
( 2n

n + 1

)

=
1

n + 1

(2n

n

)

= Cn+1

as claimed earlier.

Problems.

X19. It is clear from the above that n + 1 is a factor of C(2n, n). Prove this
directly. From Maple we find that n + 2 is not a factor of C(2n, n) when
n = 1, 2, 4, 6, 7, 10, 13, 14, 25, 28, 30, 31, 34, 37, 40, 62, 79, 82, 85, 88, 91, . . . .
Prove or disprove that there are infinitely many such n.

28. A clown stands at the edge of a pool with a bag of n red and n blue balls.
He picks out one ball at a time, at random, and takes one step forwards or
backwards according to the colour. Find the probability of his still being
dry when the bag is empty.

29. In how many ways can a convex n-gon be decomposed into triangles by
n− 3 non-intersecting diagonals?

To conclude this section we state without proof two results concerning fλ. The
hook determined by any cell in the diagram of a partition consists of the cell
itself and all those to the right of, or beneath, this cell. The hook length

corresponding to any cell is the number of cells in the associated hook.
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The Hook Length Formula (Frame, Robinson and Thrall). If λ is a partition
of a positive integer n, then fλ is equal to n! divided by the product of all the
hook lengths in the diagram of λ.

Examples. The hook lengths for the partitions (3, 2, 1) and (4, 2, 2, 1) are
indicated in the tableaux.

5 3 1

3 1

1

7 5 2 1

4 2

3 1

1

Hence we can evaluate

f(3,2,1) =
6!

5× 3× 3
= 16 and f(4,2,2,1) =

9!

7× 5× 2× 4× 2× 3
= 216 .

Theorem. Let ∆(x1, x2, . . . , xk) denote a Vandermonde determinant. Then

f(λ1,λ2,...,λk)

=
n!

(λ1 + k − 1)! (λ2 + k − 2)! · · ·λk!
∆(λ1 + k − 1, λ2 + k − 2, . . . , λk) .

Examples. Evaluating the Vandermonde determinants by the product-of-
differences rule,

f(3,2,1) =
6!

5! 3! 1!
× 2× 4× 2 = 16

and

f(4,2,2,1) =
9!

7! 4! 3! 1!
× 3× 4× 6× 1× 3× 2 = 216

as found above.

Symmetric functions. A function f of k variables is said to be symmetric

if f(x1, . . . , xk) = f(xσ(1), . . . , xσ(k)) for all permutations σ on { 1, . . . , k }. We
denote by P [x1, . . . , xk] the set of all polynomials in x1, . . . , xk; by Ω the set
of all symmetric polynomials in x1, . . . , xk; and by Ωn the set of all homoge-
neous symmetric polynomials of (total) degree n in x1, . . . , xk. We define the
elementary symmetric polynomials by

ej =
∑

i1<···<ij

xi1 · · ·xij
,
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that is, ej is the sum of all products of j distinct xi; and we write

pj = xj
1 + · · ·+ xj

k .

Theorem. Every symmetric polynomial f in x1, . . . , xk can be written as a
polynomial in the elementary symmetric polynomials e1, . . . , ek.

Proof by induction on n, the degree of f , and k, the number of variables. The
result is trivial if n = 0 or k = 1; let f be a symmetric polynomial of degree n
in x1, . . . , xk, and assume that the result is true for all polynomials with degree
at most n in at most k variables (with at least one of these inequalities strict).
Let

f ′(x1, . . . , xk−1) = f(x1, . . . , xk−1, 0) ∈ P [x1, . . . , xk−1] ,

and similarly write

e′j = ej(x1, . . . , xk−1, 0) ;

as the notation suggests, the e′j are in fact the elementary symmetric polyno-
mials in x1, . . . , xk−1.

Now since f is symmetric, f ′ is also symmetric; it has fewer than k variables
and degree at most n, and so by the inductive assumption there is a polynomial
Q such that f ′ = Q(e′1, . . . , e

′
k−1). Consider the polynomial

f(x1, . . . , xk)−Q(e1, . . . , ek−1) ,

which is clearly symmetric in x1, . . . , xk. This polynomial has xk as a factor;
since it is symmetric, each other xj is also a factor, and hence ek is a factor.
Thus

f(x1, . . . , xk)−Q(e1, . . . , ek−1) = ekh(x1, . . . , xk) ,

where h is again a symmetric polynomial. Since ej and e′j are of equal degree
we have deg Q(e1, . . . , ek−1) = deg Q(e′1, . . . , e

′
k−1) = deg f ′ ≤ deg f , and so h

has smaller degree than f . By induction we may assume that h is a polynomial
in e1, . . . , ek, and this completes the proof.

Comments.

• This proof provides an algorithm for expressing a symmetric polynomial
in terms of elementary symmetric polynomials. For example, take

f = x2
1(x2 + x3) + x2

2(x3 + x1) + x2
3(x1 + x2) .
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Then f ′ = x2
1x2 + x2

2x1, and by inspection (or by setting x2 = 0 and
iterating the algorithm) we have f ′ = e′1e

′
2. So we calculate

f − e1e2 = x2
1(x2 + x3) + x2

2(x3 + x1) + x2
3(x1 + x2)

− (x1 + x2 + x3)(x1x2 + x2x3 + x3x1)

= −3x1x2x3 ,

which shows that f = e1e2 − 3e3.

Another example: let f = p3 = x3
1 + x3

2 + x3
3. We find successively

f ′ = x3
1 + x3

2

f ′′ = x3
1 = (e′′1 )3

f ′ − (e′1)
3 = (x3

1 + x3
2)− (x1 + x2)

3 = −3x2
1x2 − 3x2

2x1 = −3e′1e
′
2

f ′ = (e′1)
3 − 3e′1e

′
2

f − e3
1 + 3e1e2 = · · · = 3x1x2x3 = 3e3

and so f = e3
1 − 3e1e2 + 3e3.

• For a different algorithm (and, consequently, a different proof of the preced-
ing theorem) see I.N. Stewart and D.O. Tall, Algebraic Number Theory ,
Chapman and Hall (1979), pp. 24–27.

• The elementary symmetric polynomials en are given in terms of the sums
of powers pn by a relation first proved by Newton:

en =
1

n

n
∑

j=1

(−1)j−1pjen−j .

By convention, e0 = 1. Using the relation to calculate a few en recursively,

e0 = 1

e1 = p1e0 = p1

e2 = 1
2 (p1e1 − p2e0) = 1

2 (p2
1 − p2)

e3 = 1
3 (p1e2 − p2e1 + p3e0) = 1

6 (p3
1 − 3p1p2 + 2p3)

e4 = 1
4 (p1e3 − p2e2 + p3e1 − p4e0) = 1

24 (p4
1 − 6p2

1p2 + 3p2
2 + 8p1p3 − 6p4) ,

and the last expression is easy to check – at least if we use Maple.

Problems.

X20. Prove that the expression of a symmetric polynomial as a polynomial in
the elementary symmetric polynomials is unique.

X21. The expressions for e3 and e4 in terms of sums of powers are almost iden-
tical to the cycle indices for S3 and S4 (cf . pp. 58, 67). Investigate!
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Consider a polynomial p(x) with roots x1, . . . , xk. We have

p(x) = (x− x1) · · · (x − xk) = xk − e1x
k−1 + e2x

k−2 − · · ·+ (−1)kek .

Thus any symmetric polynomial in the roots of p can be written as a polynomial
in the coefficients of p; here the roots are to be considered as indeterminates, as
otherwise the statement is trivial. In particular, consider another Vandermonde
determinant9

∆ = det









xk−1
1 · · · x1 1

xk−1
2 · · · x2 1
...

...
...

xk−1
k · · · xk 1









=
∏

i<j

(xi − xj) .

It is easy to see that ∆ is not a symmetric polynomial, but that ∆2 is; so ∆2

is a polynomial in the coefficients of p. It is called the discriminant of p, and
vanishes if and only if p has repeated roots. For example, if p(x) = x2 + bx + c
then

∆2 = (x1 − x2)
2 = (x1 + x2)

2 − 4x1x2 = e2
1 − 4e2 = b2 − 4c .

Problems.

30. Show that the discriminant of x3 + cx + d is −4c3 − 27d2. . .

X22. . . . and that of x3 + bx2 + cx + d is b2c2 + 18bcd− 4b3d− 4c3 − 27d2.

Any f ∈ Ωn is a linear combination of monomials eµ1

1 · · · eµk

k of total degree
n, so that the exponents µ1, . . . , µk satisfy µ1 + 2µ2 + · · · + kµk = n. These
monomials therefore correspond to the partitions of n into parts not exceeding
k, and Ωn has a basis (linear independence follows directly from problem X20)

B1 = { eµ1

1 · · · eµk

k | (1µ1 , 2µ2 , . . . , kµk) is a partition of n
into parts not exceeding k } .

The duals of the partitions indexing B1 are the partitions λ = (λ1, λ2, . . . , λk)
of n into at most k parts; since for given n and k the µ and the λ are equal
in number, we might hope to find a basis for Ωn which is naturally indexed by
the λ. In fact, define for any partition λ of n into s ≤ k parts the “monomial
symmetric function”

mλ =
∑

σ∈Sk

xλ1

σ(1) · · ·x
λs

σ(s) ;

9 Not quite, if examined closely.
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then
B2 = {mλ | λ is a partition of n into at most k parts }

is a basis for Ωn. To find yet another basis, let hj be the sum of all monomials
of degree j in x1, . . . , xk, and for any partition λ = (λ1, . . . , λs) of n into at
most k parts set

hλ = hλ1
· · ·hλs

.

Problem.

31. Show that

B3 = { hλ | λ is a partition of n into at most k parts }

is also a basis for Ωn.

A fourth basis for the same set will arise from ratios of determinants. In this
section we shall again consider partitions of n into at most k parts; but we shall
require a partition to be a sequence of exactly k integers. Therefore a partition
of n into s < k parts will have s − k zeros appended to it. For example, if
n = 11 and k = 5 we shall identify (7, 3, 1) and (7, 3, 1, 0, 0). In effect, we
shall employ partitions of n into exactly k non-negative parts. For any such
partition λ we define the alternant aλ in the variables x1, . . . , xk to be

aλ = det
(

x
λj

i

)

.

This is an alternating function of x1, . . . , xk – it changes sign if any two vari-
ables are interchanged – and it vanishes if any two λj coincide, or if any two
xi coincide. Therefore every difference xi − xj is a factor of aλ, and so the
Vandermonde determinant ∆(x1, . . . , xk) is a factor of aλ. In fact if we set

δ = (k − 1, k − 2, . . . , 1, 0)

then aδ is the Vandermonde determinant (possibly with a change of sign).

Definition. The Schur polynomial corresponding to any partition λ of n
into k non-negative parts is defined by

Sλ = aλ+δ

/

aδ .

It is easy to see that Sλ is a symmetric polynomial of degree n; and it can
be shown that

B4 = {Sλ | λ is a partition of n into at most k parts }

is another basis for Ωn.
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Example. We calculate S(1,0,0); the details of this simple example will suggest
that finding Schur polynomials for more “interesting” partitions would require
a large amount of computation. We have

S(1,0,0) = a(3,1,0)

/

a(2,1,0)

= det





x3
1 x1 1

x3
2 x2 1

x3
3 x3 1





/

det





x2
1 x1 1

x2
2 x2 1

x2
3 x3 1





=
x3

1(x2 − x3) + x3
2(x3 − x1) + x3

3(x1 − x2)

(x1 − x2)(x2 − x3)(x1 − x3)

= x1 + x2 + x3 ,

where at any rate the last step requires no computation as we know the result
must be a symmetric polynomial of degree 1 in three variables, and it is easy
to see that the coefficient of x1 is 1.

An alternative definition of Schur polynomials is due to Young. For
any partition λ = (λ1, . . . , λk) of a positive integer into non-negative parts,
a semi-standard Young tableau of shape λ is an assignment of integers
from { 1, 2, . . . , k } to the cells of D(λ) which is non-decreasing along rows and
strictly increasing down columns. To any semi-standard Young tableau T we
associate a monomial xT , the product of all xi with i ∈ T , counted according
to multiplicity. The Schur polynomials are given by

Sλ =
∑

T

xT , (∗)

where the sum is over all semi-standard Young tableaux of shape λ.

Examples.

• If λ = (4, 2, 1, 0) we can construct, among others, the following semi-
standard Young tableau and its associated monomial:

T =

1 1 1 2

2 3

4

←→ xT =
∏

i∈T

xi = x3
1x

2
2x3x4 .

• Let’s recalculate S(1,0,0). The possible semi-standard Young tableaux have
only one cell each,

T1 = 1 , T2 = 2 , T3 = 3 ,
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and so S(1,0,0) = x1 + x2 + x3. This is much easier than the last time we
calculated it!

• For λ = (3, 2, 1) we have eight semi-standard Young tableaux

1 1 1

2 2

3

1 1 1

2 3

3

1 1 2

2 2

3

1 1 2

2 3

3

1 1 3

2 2

3

1 1 3

2 3

3

1 2 2

2 3

3

1 2 3

2 3

3

from which we can write down

Sλ = x3
1x

2
2x

1
3 + x3

1x
1
2x

2
3 + x2

1x
3
2x

1
3 + 2x2

1x
2
2x

2
3 + x2

1x
1
2x

3
3 + x1

1x
3
2x

2
3 + x1

1x
2
2x

3
3 .

Problem.

X23. Prove that (∗) is correct (a) in the last example above; (b) in general.

There are various rather amazing identities involving Schur polynomials and
determinants. Omitting the proofs, we present and illustrate three.

The Jacobi-Trudy Identity. Let hj be the polynomials introduced on p. 85,
and take hj = 0 for j < 0. Then

Sλ = det









hλ1
hλ1+1 hλ1+2 · · · hλ1+k−1

hλ2−1 hλ2
hλ2+1 · · · hλ2+k−2

...
...

...
...

hλk−(k−1) hλk−(k−2) hλk−(k−3) · · · hλk









.

For example,

S(1,1,0) = det





h1 h2 h3

h0 h1 h2

0 0 h0



 = h2
1 − h2 ,

using the fact that h0 = 1.

Giambelli’s identity. For any partition λ let µ = (µ1, . . . , µℓ) = λ∗ be the
dual partition. Then

Sλ = det









eµ1
eµ1+1 eµ1+2 · · · eµ1+ℓ−1

eµ2−1 eµ2
eµ2+1 · · · eµ2+ℓ−2

...
...

...
...

eµℓ−(ℓ−1) eµℓ−(ℓ−2) eµℓ−(ℓ−3) · · · eµℓ









.
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For example, let λ = (2, 0, 0). Then µ = (1, 1) and so

S(2,0,0) = det

(

e1 e2

e0 e1

)

= e2
1 − e2 .

Observe that it doesn’t matter whether or not we insist that µ be a “proper”
partition – we would have found the same result upon taking µ = (1, 1, 0).

Pieri’s formula. Given a partition λ and a positive integer m, consider the
partitions whose Young diagrams may be obtained from that of λ by adding
altogether m new cells at the ends of rows, with no two new cells occupying
the same column. We have

SλS(m) =
∑

ν

Sν ,

where the sum is over all partitions ν of the form just described. For example,
take k = 3, m = 2 and λ = (2, 1). Being careful to note that λ must be
interpreted as a partition into three parts and therefore has a diagram with
rows of two, one and zero cells, this diagram is extended as follows to give the
possible partitions ν.

Therefore Pieri’s formula states that

S(2,1)S(2) = S(4,1) + S(3,2) + S(3,1,1) + S(2,2,1) ,

or in more precise terms

S(2,1,0)S(2,0,0) = S(4,1,0) + S(3,2,0) + S(3,1,1) + S(2,2,1) ,

and this is confirmed by Maple. In the case k = 2 with the same m and λ only
the first two tableaux ν would have been admissible. Here we should have

S(2,1)S(2) = S(4,1) + S(3,2) ,

and it is something of a surprise to find that this can be checked by hand,
perhaps even mentally.
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