
ORDER STRUCTURES:

PARTIALLY ORDERED SETS AND LATTICES.

Definition. A partially ordered set P is a set with a relation ≤ defined on
it, such that

(i) for every x ∈ P we have x ≤ x;

(ii) for every x, y, z ∈ P , if x ≤ y and y ≤ z then x ≤ z;

(iii) for every x, y ∈ P , if x ≤ y and y ≤ x then x = y.

Examples.

1. Let S be a set, P = P(S) the power set of S, and define A ≤ B if and only
if A ⊆ B. Then P is a partially ordered set. If, for example, S = { 1, 2, 3 },
then P has a Hasse diagram as shown.

2. Let P = Z+ and write x ≤ y if and only if x is a factor of y. The Hasse
diagram is of course infinite, but part of it looks like this.

3. Let P24 = { factors of 24 } = { 1, 2, 3, 4, 6, 8, 12, 24 }, and let ≤ be the
relation induced from that of example 2. The partially ordered set has
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the following Hasse diagram.

Definition. If a partially ordered set P has the additional property

(iv) for every x, y ∈ P , either x ≤ y or y ≤ x,

then P is called a total order or a linear order or a chain. In any partially
ordered set P ,

• if a ≤ b and a 6= b we write a < b;

• if a < b and there is no c such that a < c < b we say that b covers a and
write a ≺ b;

• an element a is said to be minimal if there is no b with b < a, maximal

if there is no b with a < b, least if every b satisfies a ≤ b and greatest if
every b satisfies b ≤ a;

• the least upper bound of a set A ⊆ P is an element x of P with the
properties

(i) for every a ∈ A we have a ≤ x;

(ii) for every y ∈ P , if a ≤ y for every a ∈ A, then x ≤ y;

the greatest lower bound is defined similarly.

A lattice is a partially ordered set in which any two elements x, y have a least
upper bound, denoted x∨ y and usually referred to as the join of x and y, and
a greatest lower bound x ∧ y, the meet of x and y.

Notes.

• Any relation ≺ on a set P determines at most one partial order ≤ on P

for which ≺ is the covering relation. (Proof, and more, below.) The Hasse
diagram of a partially ordered set P is the graph with elements of P as
vertices, in which x and y are adjacent if either x ≺ y or y ≺ x, and is
drawn in such a way that y is “further up the page” than x if and only if
x < y.
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• Minimal elements are not the same as least elements. For example, the
set P(S) − {∅ } of non-empty subsets of S has singletons as its minimal
elements but has no least element. In fact it is easy to see that

• a partially ordered set has at most one least element, but may have
arbitrarily many minimal elements (in fact if ≤ is the identity relation
then every element of the set is minimal);

• the least element in a partially ordered set is a minimal element, but
minimal elements are not in general least;

• a partially ordered set with exactly one minimal element still need
not have a least element; for example, take P = Z ∪ { z }, let x ≤ y

for x, y ∈ Z if and only if x is less than or equal to y, together with
z ≤ y if and only if y is positive, and z ≤ z.

• Similarly, a subset of a partially ordered set need not have a least upper
bound, but if it has one it is unique.

• It is not necessarily true that every subset of a lattice has a least upper
bound. For example, in Z with the usual order there are sets with no
upper bound at all; while in Q with the usual order there are sets which
have upper bounds but no least upper bound.

Problem.

X8. Prove that the covering relation of a partial order determines the partial
order uniquely, and determine which relations ≺ are the covering relation
of some partial order.

Examples.

1. For any set S the power set P(S) is a lattice, with A∨B and A∧B being
the union and intersection, respectively, of A and B.

2. The set Pk of divisors of a positive integer k under divisibility is a lattice,
with x ∨ y being the least common multiple of x and y, and x ∧ y their
greatest common divisor. The set of all positive integers is also a lattice
under the divisibility relation.

3. Any total order is a lattice with x ∨ y = max(x, y) and x ∧ y = min(x, y).

4. Let V be a vector space over a field F , and set P = { subspaces of V }.
Then P is a lattice under inclusion, and W1 ∧ W2 = W1 ∩ W2. However
W1 ∨ W2 is not in general equal to W1 ∪ W2 since the union of subspaces
need not be a subspace of V ; in fact

W1 ∨ W2 = W1 + W2 = {w1 + w2 | w1 ∈ W1 , w2 ∈ W2 } .

We obtain finite lattices if F is a Galois field and V is finite-dimensional.
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Problems.

15. Draw the Hasse diagram for the lattice of example 4 in the cases

(a) F = Z2 and V = F 3;

(b) F = Z3 and V = F 2.

X9. Let F = Zp and V = Fn. If k is a natural number not exceeding n, how
many subspaces of dimension k has V ?

A finite lattice 〈L,≤,∧,∨ 〉 always contains a unique minimal element 0 and a
unique maximal element 1. In such a lattice the following relations hold for all
elements x, y, z:

(i) x ∧ (y ∧ z) = (x ∧ y) ∧ z and x ∨ (y ∨ z) = (x ∨ y) ∨ z;

(ii) x ∧ y = y ∧ x and x ∨ y = y ∨ x;

(iii) x ∧ x = x and x ∨ x = x;

(iv) x ∧ (x ∨ y) = x = x ∨ (x ∧ y);

(v) x ∧ 0 = 0 and x ∨ 1 = 1.

Conversely, for any system 〈L,∧,∨, 0, 1 〉 with the above properties we may
define a partial order in such a way that x∧ y and x∨ y are the greatest lower
bound and least upper bound of x and y with respect to the partial order, and
0 and 1 are the least and greatest elements of L.

Proofs of the above assertions. To show that a finite lattice has a unique
minimal element: by finiteness there exists at least one minimal element 0. For
any b ∈ L we have 0 ∧ b ≤ 0, so 0 ∧ b = 0 and thus 0 ≤ b. This shows that
L has no minimal elements other than 0, and, furthermore, that 0 is the least
element of L (recall from p. 34 that a minimal element, even if unique, need
not be the least element in a partially ordered set).

Similarly, L has a unique maximal element, which is also the greatest
element of the partially ordered set.

Proofs of properties (i)–(v) are straightforward.

Given a system 〈L,∧,∨, 0, 1 〉 satisfying (i)–(v), define a binary relation ≤
on the set L by

x ≤ y if and only if x ∧ y = x .

Then

• for any x we have x ≤ x by (iii), so ≤ is reflexive;

• for any x, y ∈ L we have

x ≤ y , y ≤ x ⇒ x = x ∧ y = y ∧ x = y ,
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so ≤ is antisymmetric;

• for any x, y, z, if x ≤ y, y ≤ z then x = x ∧ y, y = y ∧ z and so

x = x ∧ (y ∧ z) = (x ∧ y) ∧ z = x ∧ z ,

which shows that x ≤ z and ≤ is transitive.

Thus ≤ is a partial order on L. Moreover, the first part of (v) shows immedi-
ately that 0 is the least element of L, while the second part of (v) and the first
of (iv) yield x ∧ 1 = x ∧ (x ∨ 1) = x for any x, so 1 is maximal.

Next, let b = x ∧ y. Then b ∧ x = x ∧ (x ∧ y) = x ∧ y = b, so b ≤ x, and
similarly b ≤ y. For any a ≤ x, y we have a ∧ x = a, a ∧ y = a and so

a ∧ b = a ∧ (x ∧ y) = (a ∧ x) ∧ y = a ∧ y = a ;

hence a ≤ b. Thus x ∧ y is the greatest lower bound of x and y.

Finally, let c = x ∨ y. Then x ∧ c = x so x ≤ c, similarly y ≤ c, and for
any d with x, y ≤ d we have

c ∧ d = (x ∨ y) ∧ d

= (x ∨ y) ∧ ((x ∧ d) ∨ d) = (x ∨ y) ∧ (x ∨ d)

= (x ∨ y) ∧ (x ∨ ((y ∧ d) ∨ d)) = (x ∨ y) ∧ (x ∨ (y ∨ d))

= (x ∨ y) ∧ ((x ∨ y) ∨ d)

= c ,

which shows that x∨y is the least upper bound of x, y and completes the proof.
(The last step can be streamlined somewhat by proving that x = x ∧ y if and
only if y = x ∨ y, but I’ve had enough.)

Comment. Observe that a duality principle obtains in lattices; any axiom or
theorem yields another axiom or theorem if ∧ is replaced by ∨ and vice versa,
0 by 1 and vice versa. This is still true for distributive lattices, which we define
forthwith.

Definition. A lattice L is called distributive if the distributive laws

x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z) and x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z)

also hold in L.

Example. For any set S, the power set P(S) is a distributive lattice.
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Problems.

16. Show that Pk = {n ∈ Z+ | n divides k } is a distributive lattice under
the divisibility relation; but that the lattice of subspaces of a vector space
need not be distributive.

X10. As will be seen later, the distributive laws are not independent; any lattice
satisfying one distributive law must also satisfy the other. Prove this
directly.

Ideals. An order ideal, or simply an ideal, of a partially ordered set P is a
subset I of P with the property that if x ∈ I and y ≤ x, then y ∈ I. The
principal ideal generated by an element x of P is

↓x = { y ∈ P | y ≤ x } ,

the left hand side being pronounced “down x”.

Examples.

• The ideals of P18 include ↓ 6 = P6 = { 1, 2, 3, 6 }, a principal ideal, and
{ 1, 2, 3, 6, 9 }, which is not principal.

• Every partially ordered set P has the ideals ∅ and P .

Denote the set of all ideals of a partially ordered set P by O(P ). For example,
the Hasse diagrams of P18 and of O(P18) are as follows.

It is easy to show that O(P ), ordered by inclusion, is a distributive lattice, with
I ∨ J being simply the union of I and J ; in fact we shall prove on pp. 40–42
that every (finite) distributive lattice has this form.

Further examples of partially ordered sets and lattices.

1. We obtain a partially ordered set with important connections to the theory
of Lie algebras by taking P = { trees} and defining X ≤ Y if and only if
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X is isomorphic to a subtree of Y . The bottom of the Hasse diagram is as
shown.

In studying Lie algebras these trees are known as “simply laced Dynkin di-
agrams”. Those lying on the extreme right hand edge of the above diagram
are denoted A1, A2, A3, . . . , and the ones adjacent to these D4, D5, D6, . . . .
The third from the right in the second highest row is E6, and the one
above it E7. The trees of interest to Lie algebraists are the An, the Dn,
and E6, E7 and E8, which correspond in some way to simple Lie algebras
with the same names.

Is P a lattice?

We can see from the diagram that, for example, D4 ∧ A6 = A3. However,
suppose that T is the least upper bound of D4 and A6. Since D7 and E7

are upper bounds for {D4, A6 }, the tree T must satisfy

T ≤ D7 , T ≤ E7 , T ≥ A6 and T ≥ D4 .

But inspection of the Hasse diagram discloses that there is no such T ;
therefore D4 ∨ A6 does not exist, and P is not a lattice.

Perhaps an easier way to prove that P is not a lattice is to note that the
set of lower bounds of D7 and E7 is

{A1, A2, A3, A4, A5, A6, D4, D5, D6 } ,
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which has no greatest element.

2. For suitably chosen partially ordered sets P , we shall consider the lattices
O(P ), O2(P ) = O(O(P )) and so forth. Firstly, let P be a singleton; then
we have the following Hasse diagrams.

P O(P ) O2(P ) O3(P )

We shall denote these lattices by 1,2,3, . . . ; they are related to the trees
An, and hence to the corresponding Lie algebras. If we begin with a set
P consisting of two unrelated elements, we obtain lattices related to the
trees Dn . . .

P O(P ) O2(P ) O3(P )

. . . while if we begin with the three-element partially ordered set shown
below, the derived lattices have some connections with the En.

P O(P ) O2(P )
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O3(P )

Problem.

17. Draw the Hasse diagram of O4(P ) for the most recent example.

A non-zero element x of a lattice L is said to be join-irreducible if for any
y, z ∈ L we have

x = y ∨ z ⇒ x = y or x = z .

The set of all join-irreducible elements of L will be denoted by J(L). For
example, the join-irreducibles in Z+ ordered by divisibility are just the prime
powers, while the join-irreducible elements of O3(P ) in the most recent example
are those indicated on the Hasse diagram by black dots. Observe that the
partially ordered set formed by these elements is isomorphic to O2(P ); thus for
L = O3(P ) we have

L = O(O2(P )) ≃ O(J(L)) ,

an instance of the following, already promised, result. A third example: any
principal ideal of a lattice L is join-irreducible in the lattice O(L), ordered (as
usual) by inclusion. For if ↓x = I ∨ J then x ∈ I or x ∈ J ; taking without loss
of generality x ∈ I we have

↓ x ⊆ I ⊆ I ∨ J = ↓x

and so ↓x = I.

Theorem. Any finite distributive lattice L is isomorphic to O(P ) for some
partially ordered set P ; in fact we may take P = J(L) with the order induced
from L.

Proof. Given a finite distributive lattice L, write P = J(L). First observe
that every x ∈ L − { 0 } is a join of join-irreducible elements. For if x is not
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itself join-irreducible we may write x = y ∨ z with 0 < y < x and 0 < z < x,
and by induction we may assume that y, z are already expressible as joins of
join-irreducibles.

In fact, any non-zero x is the join of all join-irreducible elements y ≤ x.
To see this we note that by the previous part of the proof, x is the join of some

join-irreducibles y ≤ x, and hence

x ≤
∨

y∈J(L)
y≤x

y ≤ x .

Next, define S : L → O(P ) = O(J(L)), which we shall prove to be an
isomorphism, by

S(x) = { y ∈ P | y ≤ x } .

It is clear that the right hand side defines an ideal of J(L) – in fact if x is join-
irreducible then S(x) is the principal ideal ↓x in J(L) – so S is well-defined.
Also, from the previous paragraph,

x =
∨

y∈S(x)

y

and so S is one-to-one. Let Y ∈ O(P ) and set

x =
∨

y∈Y

y ;

we shall show that Y = S(x), thus proving that S is a bijection. Clearly y ≤ x

for all y ∈ Y and so Y ⊆ S(x). Conversely, suppose that z ∈ S(x). Then z is
join-irreducible; also

z ≤ x =
∨

y∈Y

y = y1 ∨ y2 ∨ · · · ∨ yn ,

say, and we have

z = z ∧ (y1 ∨ y2 ∨ · · · ∨ yn) = (z ∧ y1) ∨ (z ∧ y2) ∨ · · · ∨ (z ∧ yn) .

Since z is join-irreducible, z = z ∧ yj for some j; therefore z ≤ yj and z ∈ Y .
Thus Y = S(x) and, as claimed, S is a bijection.
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Finally we must show that S is a homomorphism. For any z ∈ L, and in
particular for any z ∈ J(L), we have

z ≤ x ∧ y if and only if z ≤ x and z ≤ y ,

and it follows immediately that S(x ∧ y) = S(x) ∧ S(y). Also,

z ∈ S(x) ∨ S(y) ⇒ z ≤ x or z ≤ y ⇒ z ≤ x ∨ y ⇒ z ∈ S(x ∨ y) ,

while conversely

z ∈ S(x ∨ y) ⇒ z ≤ x ∨ y

⇒ z = z ∧ (x ∨ y) = (z ∧ x) ∨ (z ∧ y)

⇒ z = z ∧ x or z = z ∧ y

⇒ z ≤ x or z ≤ y

⇒ z ∈ S(x) ∨ S(y) ,

where the third implication again uses the fact that z is join-irreducible. Thus
S is an isomorphism between L and O(J(L)), and the theorem is proved.

Comments.

1. Observe that only one distributive law (meet over join) was used in the
above proof. We may deduce (as already shown in problem X10) that in
a finite lattice this distributive law implies the other; for if L is a lattice
satisfying this law, then the proof shows that L is isomorphic to O(J(L)),
a lattice in which both distributive laws hold.

2. In fact the above proof can be shortened: for S to be a homomorphism it
suffices that S(x∧y) = S(x)∧S(y). To see this, call a bijection φ : L → L′

of lattices

• a ∧-isomorphism if φ(x ∧ y) = φ(x) ∧ φ(y) for all x, y ∈ L;

• a ∨-isomorphism if φ(x ∨ y) = φ(x) ∨ φ(y) for all x, y ∈ L;

• an order isomorphism if x ≤ y ⇔ φ(x) ≤ φ(y) for all x, y ∈ L.

Proposition. These three properties are equivalent.

Proof. Let φ be a ∧-isomorphism. For any x, y ∈ L we have

x ≤ y ⇔ x = x ∧ y ⇔ φ(x) = φ(x) ∧ φ(y) ⇔ φ(x) ≤ φ(y)

and so φ is an order isomorphism. Conversely, suppose that φ is an order
isomorphism. Let x, y ∈ L. Since φ is onto, any element of L′ may be
written as φ(z) and we have

φ(z) ≤ φ(x), φ(y) ⇔ z ≤ x, y ⇔ z ≤ x ∧ y ⇔ φ(z) ≤ φ(x ∧ y) .
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Thus φ(x∧ y) is the greatest lower bound of φ(x) and φ(y), that is to say,
φ(x ∧ y) = φ(x) ∧ φ(y). Thus φ is a ∧-isomorphism.

Similarly any bijection φ : L → L′ is an order-isomorphism if and only if
it is a ∨-isomorphism.

Problems.

18. Show that each of the following partially ordered sets (commonly known as
the diamond lattice and the pentagon lattice) is a non-distributive lattice.

X11. A sublattice of a lattice L is a subset of L which is closed under meets and
joins. Prove that a lattice is distributive if and only if it has no sublattice
isomorphic to the diamond lattice or to the pentagon lattice.

Free distributive lattices. Roughly speaking – we won’t give a formal def-
inition – a free distributive lattice on a finite set X consists of all expressions
involving meets and joins of elements of X , subject to no relations apart from
the distributive lattice axioms. That is, two such expressions are equal if and
only if they can be proved equal by using only the axioms. The free distributive
lattice also has a maximal element 1, which may be identified with the empty
expression ε, and a minimal element 0. Evidently we must have ε ∨ w = ε

for any expression w, though it’s unclear how to interpret this in terms of
combinations of the xj ; and ε ∧ w = w, which seems more reasonable.

By using the distributive laws we can write every non-zero element of the
free distributive lattice F on X as a join of meets of elements of X . For example,
the expression x1 ∨ (x2 ∧ x3) is already in this form, while the calculation

(x1 ∨ x2) ∧ x3 ∧ (x2 ∨ (x1 ∧ x3))

= ((x1 ∧ x3) ∨ (x2 ∧ x3)) ∧ (x2 ∨ (x1 ∧ x3))

= (x1 ∧ x3 ∧ (x2 ∨ (x1 ∧ x3))) ∨ (x2 ∧ x3 ∧ (x2 ∨ (x1 ∧ x3))

= (x1 ∧ x3 ∧ x2) ∨ (x1 ∧ x3 ∧ x1 ∧ x3)

∨ (x2 ∧ x3 ∧ x2) ∨ (x2 ∧ x3 ∧ x1 ∧ x3)

= (x1 ∧ x2 ∧ x3) ∨ (x1 ∧ x3) ∨ (x2 ∧ x3)

= (x1 ∧ x3) ∨ (x2 ∧ x3)
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shows, availing ourselves of other axioms besides the distributive law, how
a more complicated expression can be converted into the required form. It
follows from this representation that the join-irreducibles among the non-empty
expressions in F are meets of non-empty subsets of X ; the empty expression
is also join-irreducible, since a join w1 ∨w2 of non-empty expressions in F can
never equal ε.

It follows that J(F ) is isomorphic to P(X) with order reversed; for ex-
ample, x1 ∧ x2 < x1 while { x1, x2 } ⊃ { x1 }. Better still, we can identify
the meet of a collection of xj with the set of all other xj ; then the same iso-
morphism holds with order preserved. Since we know that any lattice satisfies
L ≃ O(J(L)), we have sketched a proof of the following result.

Theorem. The free distributive lattice on a finite set X is (isomorphic to)
O(P(X)).

Example. For X = { x1, x2 }, the following Hasse diagrams depict P(X) and
the isomorphism between O(P(X)) and the free distributive lattice FX . In the
latter diagrams the join-irreducible elements are indicated by black dots.

P(X) O(P(X)) FX

P(X) ε
X

{ ∅,{ 1 },{ 2 } } x1 ∨ x2

{ 1 } { 2 } {∅,{ 1 } } {∅,{ 2 } } x2 x1

{∅ } x1 ∧ x2

∅

∅ 0

Observe that if X has n elements, then the partially ordered set P(X) is
isomorphic to the n-fold Cartesian product 2× 2× · · · × 2, where the order on
a Cartesian product P × Q is defined by

(p1, q1) ≤ (p2, q2) if and only if p1 ≤ p2 and q1 ≤ q2 .

The Hasse diagrams for P(X) when n = 0, 1, 2, 3, 4 are as shown.
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The order of the free distributive lattice on a set of n elements has been cal-
culated for n = 1, 2, . . . , 8. The results, given in the following table, make it
fairly clear why the order is as yet unknown for n ≥ 9.

|X | |O(P(X))|

1 3 = 3

2 6 = 2 × 3

3 20 = 22 × 5

4 168 = 23 × 3 × 7

5 7581 = 3 × 7 × 192

6 7828354 = 2 × 359 × 10903

7 2414682040998 = 2 × 3 × 1123× 3989 × 89839

8 56130437228687557907788 = 22 × 2239× 2938307× 2132981901839

Problem.

X12. “Clarify” any of these figures.

Boolean lattices. Prompted by the example of lattices of subsets, we consider
an even more special type of lattice. A complemented distributive lattice,
more commonly known as a Boolean lattice, is a distributive lattice together
with a complementation operation x 7→ x′ having the properties

(x ∧ y)′ = x′ ∨ y′ , (x ∨ y)′ = x′ ∧ y′ , x ∧ x′ = 0 and x ∨ x′ = 1

for all x, y in the lattice.

Problem.

X13. In fact both of De Morgan’s laws follow from the complementation laws.
Prove this, and also that in any Boolean lattice, x′′ = x for all x.

For example, if X is any set we may define S′ = S = X − S in P(X). This
makes the power set into a Boolean lattice. Essentially, such lattices are the
only possible Boolean lattices, and so we have axiomatically captured the notion
of a power set.

Theorem. Any (finite) Boolean lattice is, up to isomorphism, the power set
of some finite set.

Proof. Let L be a finite Boolean lattice and take X = J(L). We know that L

is isomorphic to O(X), so we need only show that in this case O(X) = P(X),
that is, that any collection of join-irreducible elements of L forms an ideal
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of J(L). To do this we show that any two distinct join-irreducibles in L are
incomparable. So suppose, say, that x and y are join-irreducible and that x < y.
Then

y = y ∧ 1 = (x ∨ y) ∧ (x ∨ x′) = x ∨ (y ∧ x′) ;

since y is join-irreducible and y 6= x we have y = y ∧ x′. Therefore

x = x ∧ y = x ∧ (y ∧ x′) = 0 ∧ y = 0 ,

which is impossible since a join-irreducible element is, by definition, non-zero.

Thus any two join-irreducible elements are incomparable. Hence, for any
S ⊆ J(L) the assertion

if y ∈ S and x ≤ y then x ∈ S

is vacuously true, and S is an ideal. This completes the proof.

Corollary. The number of elements in a Boolean lattice is a power of 2.

Boolean lattices and propositional logic. We consider propositional vari-
ables p1, . . . , pn which may take values T and F , and propositional formulae
Φ, Ψ, . . . built up recursively from these using ¬ , ∧ and ∨. A valuation is a
function v : { p1, . . . , pn } → {T, F } and is extended to the set of all proposi-
tional formulae by rules such as

v(Φ ∧ Ψ) = T if and only if v(Φ) = v(Ψ) = T .

A tautology is a formula Φ such that v(Φ) = T for all valuations, a contradic-

tion the opposite. An equivalence relation is defined on the set of propositional
formulae by

Φ ⇔ Ψ if and only if v(Φ) = v(Ψ) for all v ;

if we denote equivalence classes by square brackets, we may define meets, joins
and complements of such classes by

[Φ] ∧ [Ψ] = [Φ ∧ Ψ] , [Φ] ∨ [Ψ] = [Φ ∨ Ψ] and [Φ]′ = [¬Φ] .

It is easy to check that these operations are well-defined and that the collection
of all equivalence classes then forms a Boolean lattice.

What is the order of this lattice? Since the valuations are arbitrary func-
tions from an n-element set to a 2-element set, there are 2n of them. But an
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equivalence class [Φ] is determined by the 2n values of v(Φ), and so there are at
most 22n

classes (“at most”, since it is conceivable that some collection of T s
and F s would not be the values v(Φ) for any formula Φ). However, we may use
the disjunctive normal form to show that there are indeed exactly this many
equivalence classes.

An important problem in computer science is this: given a function G from
the set of valuations to {T, F } – that is, given a truth table or truth function
in n variables – find a minimal formula Φ such that v(Φ) = G(v) for all v. In
other words, we seek a formula with fewest possible ¬ , ∧ and ∨ operations
which realises a given truth table. Such problems are commonly solved by the
device of Karnaugh maps (see, for example, K. Kalmanson, An introduction

to discrete mathematics and its applications).

Möbius inversion on partially ordered sets. Let P be a finite partially
ordered set. We shall consider mappings α : P × P → C, which we shall
sometimes interpret as matrices with rows and columns indexed by elements of
P . Define

U(P ) = {α : P × P → C | α(x, y) = 0 unless x ≤ y in P } .

That is, U(P ) consists more or less of upper triangular matrices, though this
is not quite accurate since we are yet to decide on the order of elements of P

for indexing purposes. For any two mappings from P × P to C we may define

(αβ)(x, y) =
∑

z∈P

α(x, z)β(z, y) ,

which is just matrix multiplication under a very thin disguise; if α, β ∈ U(P )
the product may be written

(αβ)(x, y) =
∑

z∈[x,y]

α(x, z)β(z, y) ,

where [x, y] denotes the set { z | x ≤ z ≤ y }. It is then easy to see that U(P )
is closed under addition, scalar multiplication and the product just defined;
hence U(P ) is an algebra, known as the incidence algebra of P .

A particularly important element of U(P ) is the zeta function of P ,
defined by

ζ(x, y) =
{

1 if x ≤ y

0 otherwise.
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Lemma. The function ζ is invertible in U(P ); moreover, its inverse µ is
integer-valued.

Proof. Let µ(x, x) = 1 for all x ∈ P , and µ(x, y) = 0 for x 6≤ y. Then certainly
µ ∈ U(P ). For each fixed x, define the remaining values of µ by induction on
y: if x < y then

µ(x, y) = −
∑

x≤z<y

µ(x, z) .

It is clear that µ is integer-valued. Also, µζ ∈ U(P ) and so µζ(x, y) = 0 if
x 6≤ y, while for x ≤ y we have

µζ(x, y) =
∑

x≤z≤y

µ(x, z)ζ(z, y) =
∑

x≤z≤y

µ(x, z) = µ(x, y) +
∑

x≤z<y

µ(x, z)

=
{

1 if x = y

0 otherwise.

Since all we are really talking about is linear algebra with square matrices, it
follows that ζµ is also the identity mapping, and µ = ζ−1 as claimed.

Examples.
1. Consider the partially ordered set P12, ordered

by divisibility, and for indexing purposes order
the set as { 1, 2, 3, 4, 6, 12 }. Note that this total
order is compatible with the partial order on
P12, in the sense that x ≤ y if (though not only
if) x | y. Then P12 has Hasse diagram, zeta
function and Möbius function as shown.

ζ =















1 1 1 1 1 1
0 1 0 1 1 1
0 0 1 0 1 1
0 0 0 1 0 1
0 0 0 0 1 1
0 0 0 0 0 1















, µ =















1 −1 −1 0 1 0
0 1 0 −1 −1 1
0 0 1 0 −1 0
0 0 0 1 0 −1
0 0 0 0 1 −1
0 0 0 0 0 1















.

2. The zeta and Möbius functions for the diamond lattice defined on p. 43
are given by given by

ζ =











1 1 1 1 1
0 1 0 0 1
0 0 1 0 1
0 0 0 1 1
0 0 0 0 1











and µ =











1 −1 −1 −1 2
0 1 0 0 −1
0 0 1 0 −1
0 0 0 1 −1
0 0 0 0 1











.
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Notes.

• Since ζµ is the identity we find

µ(x, y) = −
∑

x<z≤y

µ(z, y)

for x < y; so we could calculate values of µ beginning at the top of the
partially ordered set.

• As is well known, the “classical” number-theoretic Möbius function takes
no values other than 0, 1 and −1. The example of the diamond lattice
shows that this need not be true for the more general Möbius function.

• Observe that if x < y and [ x, y ] is a chain (that is, any two elements are
comparable), then we can write

x ≺ z1 ≺ z2 ≺ · · · ≺ zk ≺ y ,

where no z other than the zj satisfies x < z < y. So in this case we have

µ(x, y) =

{

−1 if k = 0
0 if k ≥ 1.

• Let’s reconsider the above with the use of higher-powered results from
linear algebra. Writing P = { x1, x2, . . . , xn } in an order compatible with
the partial order on P , we see that U(P ) is the set of upper triangular n×n

matrices over the complex numbers. In particular, ζ is an upper triangular
matrix of integers with ones on the diagonal, so det ζ = 1 and hence ζ has
an inverse µ with integer entries. Moreover, the Cayley-Hamilton Theorem
shows that µ can be written as a polynomial in ζ, and hence is an element
of U(P ). To complete this argument it only remains to prove that any
partial order on a finite set has a compatible total order. But this is an
easy induction: having totally ordered n of n + 1 elements in a given set,
the last element need only be fitted into its proper place.

Problems. Prove the following results, which give the Möbius function explic-
itly in certain cases.

19. Theorem. If P is the power set of a finite set X , ordered by inclusion,
then

µ(A, B) =

{

(−1)|B|−|A| if A ⊆ B

0 otherwise.
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20. Theorem. If P is the set of divisors of a positive integer n, ordered by
divisibility, then

µ(a, b) =











µ
( b

a

)

if a | b

0 otherwise,

where the µ on the right hand side is the classical Möbius function defined
by

µ(n) =
{

(−1)r if n = p1p2 · · · pr is a product of r distinct primes
0 otherwise.

The Möbius Inversion Theorem on a partially ordered set. Let P be a
partially ordered set, and µ the Möbius function on P ; let f and g be functions
from P to C. Then

g(x) =
∑

y≤x

f(y) for all x ∈ P iff f(x) =
∑

y≤x

µ(y, x)g(y) for all x ∈ P .

Proof. Assuming the formula for g in terms of f , we have

∑

y≤x

µ(y, x)g(y) =
∑

y≤x

µ(y, x)
∑

z≤y

f(z)

=
∑

z≤x

f(z)
∑

y∈[z,x]

µ(y, x)

=
∑

z≤x

f(z)

{

1 if z = x

0 otherwise

}

= f(x)

for each x ∈ P . The proof of the converse is almost identical.

Examples.

1. Applying the above theorem to the power set of a finite set, and using the
result of problem 19, we obtain the proposition on p. 10, and hence the
inclusion–exclusion formula.

2. Similarly, by applying the theorem to Pn (or to Z+) we find the classical
Möbius Inversion Formula

g(m) =
∑

k|m

f(k) for all m iff f(m) =
∑

k|m

µ
(m

k

)

g(k) for all m.
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Problem.

21. The Riemann zeta function is defined by

ζ(s) =

∞
∑

n=1

1

ns

for Re s > 1. Prove that

1

ζ(s)
=

∞
∑

n=1

µ(n)

ns

for Re s > 1, and deduce that ζ(s) is never zero for Re s > 1.

Generalising problem 21, for any arithmetic function f we define a generating
function, the Dirichlet series

F (s) =

∞
∑

n=1

f(n)

ns
.

The product of two Dirichlet series is the Dirichlet series of an arithmetic
function f ∗ g known as the convolution of f and g:

F (s)G(s) =
∞
∑

n=1

(f ∗ g)(n)

ns
with (f ∗ g)(n) =

∑

k|n

f(k)g
(n

k

)

.

The collection of all arithmetic functions, combined by means of addition, scalar
multiplication and convolution, forms an algebra similar in some respects to
the incidence algebra introduced above.
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