
GRAPH THEORY AND RAMSEY THEORY. First we establish our
version of the exceedingly non-standardised terminology of graph theory. A
simple graph has neither multiple edges nor loops. A directed graph has
arrows on the edges. A multigraph may have multiple edges or loops, and may
be either directed or undirected. The complete graph on n vertices is denoted
by Kn. The degree or valency of a vertex in an undirected graph is the
number of edges incident on it, and we write Γ(v) = { vertices adjacent to v }.
A graph is regular of degree d if each vertex has degree d.

Proposition. In any graph, the number of vertices having odd degree is even.

Two graphs are isomorphic if there exist a bijection between their vertex
sets and a bijection between their edge sets such that incidence is preserved.

Problem.

7. Are the following graphs isomorphic?

The left hand graph is called the Petersen graph, and has the interesting
property of lacking most interesting properties.

A spanning subgraph of a graph G is one which includes all vertices of G.
The subgraph induced by a set S of vertices consists of all vertices in S and
all edges which have endpoints only in S.

A walk of length n is an alternating sequence x0 e1 x1 e2 x2 . . . en xn of
vertices and edges in a graph, such that ej has endpoints xj−1 and xj for each
j; for simple graphs it will suffice to list the vertices. A path is a walk in which
all edges are distinct. A simple path is one in which all edges and all vertices
are distinct, except for a simple closed path in which x0 = xn. A cycle is
a connected graph, regular of degree 2. A tree is a connected graph with no
cyclic subgraph. A forest is a disjoint union of trees. A spanning tree in a
graph G is a tree which includes every vertex of G.

An Eulerian circuit in a graph G is a closed path including every edge
of G. A Hamiltonian circuit in G is a cycle containing every vertex of G.
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Theorem. A connected graph is Eulerian if and only if each of its vertices has
even degree.

Example. The dodecahedron graph is Hamiltonian, as can be seen from the
accompanying diagrams, but the Petersen graph is not. To see this, consider
Petersen’s graph labelled as above, and assume it has a Hamiltonian circuit
H . Clearly not all of the edges in the outer ring may be contained in H . By
symmetry we may assume H does not contain st, and so H does contain rs,
sx, ut and ty. Now H must include qv, for if not then it includes uq and qr, xv
and vy, and these edges complete a cycle of length eight. Therefore, without
loss of generality, H omits qu and contains qr, and therefore also omits rw.
Finally, then, H includes uz, wz and wy; but then H has as a subgraph the
cycle tuzwyt of length five, which is impossible.

Problem.

X4. How many distinct Hamiltonian circuits has the dodecahedron graph?
Note that according to the definition of a cycle, neither reversing nor
restarting a Hamiltonian circuit will count as a different circuit.

Familiar examples of Hamiltonian circuits are afforded by knight’s tours on
the chessboard (of various sizes). Consider the 4 × 4 case. It is clear that no
knight’s tour exists, since on leaving a corner square the knight is immediately
forced into a cycle of length 4. However an alternative method is instructive.
Label the 4×4 chessboard as shown below left; all knight moves are represented
in the graph on the right.

a c d a
d b b c
c b b d
a d c a
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Now remove all vertices labelled b, together with their incident edges. Then
the graph splits into six connected components (the c’s, the d’s and the four
a’s individually). But removing four vertices from a Hamiltonian graph will
leave at most four connected components.

Problems.

8. Show that if m and n are both odd then the m × n chessboard does not
admit a (closed) knight’s tour.

9. Find a knight’s tour on the 6 × 6 board.

Finding, or proving the non-existence of, a Hamiltonian circuit in a graph is
largely a matter of trial and error. One useful result, however, is the following.

Theorem. Let G be a simple graph with n vertices, n ≥ 3, and suppose that
for any distinct non-adjacent vertices u, v in G we have deg u+deg v ≥ n. Then
G is Hamiltonian.

Proof. Assume there is a graph G for which the stipulated conditions hold,
but which is not Hamiltonian. Adding edges one by one until no further edge
may be added without creating a Hamiltonian circuit, we obtain a graph in
which the same conditions hold, and which contains a Hamiltonian path – say
from u to v – but not a Hamiltonian circuit. Without loss of generality we may
assume that G is already such a graph.

Apart from u, there are n − 1 vertices in the graph G, all lying on the
Hamiltonian path from u to v. Of these, exactly deg u vertices are adjacent to
u, since u and v are not themselves adjacent. On the other hand, deg v of the
vertices are immediately to the right (that is, towards v along the Hamiltonian
path) of vertices adjacent to v. Since deg u + deg v > n − 1, there is a vertex
y among the n − 1 considered which falls into both of these categories, and G
has a Hamiltonian circuit from u along the Hamiltonian path to x, directly to
v, along the path to y and directly back to u as in the following diagram.

But G was assumed to have no Hamiltonian circuit; so this is a contradiction,
and proves the theorem.

Algorithms in graphs, and minimal spanning trees. Many important
problems can be modelled in such a way as to require finding a minimal

spanning tree in a weighted graph G. That is, a non-negative real number

19

known as a weight is associated with each edge of G, and we seek a spanning
tree of G which has, among all spanning trees, the least possible total weight
on its edges. First some facts about trees.

Proposition. A tree with n vertices has n − 1 edges; a forest with n vertices
and m connected components has n − m edges.

Proof. The first statement is proved by induction, and the second is then an
easy corollary. The result is obvious for n = 1. Now any tree with n > 1
vertices has at least one vertex of degree 1, for if not, a path starting at any
vertex may continue until it reaches a vertex already visited and thus forms a
cycle, which is impossible in a tree. So by removing a vertex of degree 1 and
its incident edge, and using induction, the result is proved.

Lemma. The following algorithm constructs a spanning tree in a connected
graph G with vertices V and edges E.

Let S = ∅.
While (V, S) is not connected, add to S an edge e joining vertices in

different components of (V, S).
When no further edges can be added, return (V, S).

Proof. If (V, S) is not connected there exist vertices y and z in different
components of (V, S). There exists a path from y to z in G; since y and z are
not connected, at least one of the edges in this path is not in S, and therefore
may be chosen as the edge e required by the algorithm. Moreover, adding e
to the graph does not create a cycle as otherwise there would have been a
path already from y to z, namely, along the part of the cycle not containing e.
Therefore at every stage (V, S) is a forest. The algorithm eventually terminates
since E is finite, and at this point (V, S) is a connected forest, that is, a tree.

A refinement of the above procedure yields Kruskal’s3 algorithm for
finding a minimal spanning tree in a weighted graph.

Lemma. Let G = (V, E) be a weighted graph with weight function w. The
following algorithm produces a minimal spanning tree in G.

Let S = ∅.
While (V, S) is not connected, find an edge e of minimal weight among

those edges joining vertices in different components of (V, S), and
add e to S.

When no further edges can be added, return (V, S).

3 In 1956 J.B. Kruskal (1928–), then a student, discovered this algorithm.
Kruskal has spent most of his working life at Bell Laboratories.
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Proof. Let T be the tree produced by Kruskal’s algorithm – we know it is a
tree on account of the previous algorithm – and let T ′ be a minimal spanning
tree of G. (A minimal spanning tree must exist since G has only finitely many
subgraphs, and hence only finitely many trees.) Moreover, choose T ′ so that it
has as many edges as possible in common with T . Denote the edges of T by
e1, e2, . . . , en, listed in the order in which they were chosen by the algorithm,
and the edges of T ′ by f1, f2, . . . , fn, listed in non-decreasing order of weight.

Suppose that T has strictly greater weight than T ′; then there is a k, and
hence a minimal k, such that w(ek) > w(fk). There is then also a minimal
ℓ with fℓ /∈ { e1, e2, . . . , ek−1 }. By the pigeonhole principle ℓ ≤ k; moreover,
fℓ 6= ek since

w(fℓ) ≤ w(fk) < w(ek) .

Now at stage k of Kruskal’s algorithm ek was chosen in preference to
fℓ despite having greater weight; the only possible reason for this is that
{ e1, e2, . . . , ek−1, fℓ } includes a cycle. Resorting to minimisation for the third
and final time, let m be minimal such that { e1, e2, . . . , em−1, fℓ } contains a
cycle C. Then w(ej) ≤ w(fℓ) for each j = 1, 2, . . . , m − 1, as otherwise fℓ

would have been chosen at step j of the algorithm instead of ej .

Removing the edge fℓ from T ′, we obtain a graph with exactly two con-
nected components (proof, as frequently happens, easy to see but hard to write
down precisely). Reconnect the components by adding an appropriate ej from
the cycle C, and call the resulting graph T ′′. Then

• T ′′ is connected and has n edges, so it is a tree;

• w(ej) ≤ w(fℓ), so T ′′ has weight no greater than that of T ′; but T ′ was a
minimal spanning tree and therefore so is T ′′;

• ej is in T while fℓ is not (otherwise T would contain a circuit), and so T ′′

has more edges in common with T than has T ′.

But this last conclusion contradicts the choice of T ′; consequently our assump-
tion that T has greater weight than T ′ is untenable, and T is a minimal spanning
tree. This completes the proof.

Networks, the Max Flow–Min Cut Theorem, and applications. Con-
sider the weighted directed graph on the left at the top of the next page, and
think of it as a network of pipes, each of which admits a flow of water in the
direction indicated only, and up to a maximum capacity as shown. A possible
flow through this network is as shown in the right hand graph. Observe that,
as is required by the above interpretation, the flow into each vertex is equal to
the flow out of that vertex, except at the source s and the target t; also that
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the flow in each edge is at least zero and at most the capacity of that edge. The
value of this flow is 8, the sum of the flows out of the source, or, equivalently,
(as we shall show) of the flows into the target.

An obvious problem is to determine the maximum flow in a given weighted
directed graph. In the present example we can increase the flow of 8 by con-
sidering a “flow-augmenting path” such as sabt. Observe that along this path

• every edge traversed in the right direction (that is, with the arrows) con-
tains a flow strictly less than its capacity;

• every edge traversed in the wrong direction (that is, against the arrows)
contains a strictly positive flow.

Now increase by 1 the flow in each edge traversed in the right direction along
sabt, and decrease by 1 the flow in each edge traversed in the wrong direction.
What we obtain is a valid flow with value 1 more than the previous flow.

Can this flow be increased still further? No, for consider a cut, shown above as
a dotted line, separating vertices s and c from the others. The flow through the
network as a whole will not exceed the maximum possible net flow across this
(or any other) cut. Here the maximum flow occurs when the edges sa, sb, cb
and ct are full to capacity, and the edge bs in the reverse direction is empty.
This is already the case, and so the flow cannot be increased.

We shall show that in any network with rational capacities, the maximum
value of a flow is equal to the minimum value of a cut. It clearly suffices to
prove this for networks with integral capacities.
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Problem.

X5. Is this result necessarily true for a network with irrational capacities?

Definition. A network is a directed multigraph G(V, E) with two distin-
guished vertices s, the source, and t, the target, and a function c : E → N

giving the capacity of each edge. A flow in G is a function f : E → N having
the properties

• f(e) ≤ c(e) for each e ∈ E; and

• for every v ∈ V except s and t we have
∑

ι(e)=v

f(e) =
∑

τ(e)=v

f(e) ,

where ι(e) and τ(e) denote respectively the initial and final (or terminal) ver-
tices of an edge e. The value of a flow is given by

val(f) =
∑

ι(e)=s

f(e) −
∑

τ(e)=s

f(e) ,

that is, the net flow out of the source. For any S ⊆ V we let S→ and S← be
the sets of edges respectively leaving and entering S; more precisely,

S→ = { e ∈ E | ι(e) ∈ S , τ(e) /∈ S }

S← = { e ∈ E | ι(e) /∈ S , τ(e) ∈ S } .

Proposition. Let S be a subset of V with s ∈ S and t /∈ S. Then
∑

e∈S→

f(e) −
∑

e∈S←

f(e) = val(f) .

Proof. Since
∑

ι(e)=v

f(e) −
∑

τ(e)=v

f(e) = 0

for every vertex except s and t, and since t is not in S, we have

val(f) =
∑

ι(e)=s

f(e) −
∑

τ(e)=s

f(e)

=
∑

v∈S

(

∑

ι(e)=v

f(e) −
∑

τ(e)=v

f(e)
)

=
∑

ι(e)∈S

f(e) −
∑

τ(e)∈S

f(e) .
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Consider an edge e = vw. If v and w are both in S then the term f(e) occurs
in both sums on the right hand side, while if neither vertex is in S then f(e)
occurs in neither sum. In each of these cases, therefore, e contributes nothing
to the total sum, and we need only consider edges with one end in S and the
other not. That is, we may assume that e ∈ S→ ∪ S←; in this case,

ι(e) ∈ S ⇔ e ∈ S→ and τ(e) ∈ S ⇔ e ∈ S←

and so
val(f) =

∑

e∈S→

f(e) −
∑

e∈S←

f(e)

as claimed.

Corollary. By taking S = V − { t } we see that

val(f) =
∑

τ(e)=t

f(e) −
∑

ι(e)=t

f(e) ,

and so the value of the flow is also the net flow into the target.

Definition. A cut in a network G(V, E) is a subset C of E such that every
(directed) path from s to t contains an edge in C. The capacity of a cut is
the sum of the capacities of its edges.

The Max Flow–Min Cut Theorem (Ford and Fulkerson, 1956). In any
network G(V, E) the maximum value of any flow is equal to the minimum
value of any cut.

Proof. Let f be any flow and C any cut in a network G(V, E). Let S be
the set of vertices v ∈ V for which there exists a (directed) path in G from s
to v, using no edge from C. Clearly s ∈ S (use the empty path) and t /∈ S
(definition of a cut). Moreover, if the initial vertex of e is in S and e /∈ C, then
the terminal vertex of e is also in S; hence S→ ⊆ C. Using the proposition on
the previous page, we have

val(f) =
∑

e∈S→

f(e) −
∑

e∈S←

f(e) ≤
∑

e∈C

f(e) ≤
∑

e∈C

c(e) ,

which is the capacity of the cut. Thus the maximum value of any flow is less
than or equal to the minimum value of any cut.

Conversely, let γ be the minimum capacity of any cut in G. We shall show
by induction that for each n = 0, 1, 2, . . . , γ there is a flow in G of value n.
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The basis of the induction is trivial. Suppose that a flow f of value n < γ is
given. Define a flow-augmenting path from s to w to be a sequence of vertices
s = x0, x1, x2, . . . , xm = w with the property that for each k = 1, 2, . . . , m
either xk−1 is adjacent to xk and the flow in xk−1xk is less than its capacity,
or xk−1 is adjacent from xk and the flow in xkxk−1 is strictly positive. Write
W for the set of vertices w such that there exists a flow-augmenting path from
s to w. It is clear that s ∈ W . Moreover, there is a flow-augmenting path from
s to any w ∈ W , but none to any x ∈ V − W . Hence every edge e ∈ W→

has f(e) = c(e), for if not, then there would be a flow-augmenting path from
s to ι(e) ∈ W and thence to τ(e) ∈ V − W ; and similarly every e ∈ W← has
f(e) = 0. It follows that t ∈ W , for otherwise we could apply the proposition
on p. 23 with S = W to conclude that W→ is a cut with capacity

∑

e∈W→

c(e) =
∑

e∈W→

f(e) −
∑

e∈W←

f(e) = val(f) < γ ,

contrary to the choice of γ.

Since, as we have just shown, t ∈ W , there is a flow-augmenting path
s = x0, x1, x2, . . . , xm = t. Define

g(xk−1xk) = f(xk−1xk) + 1 if xk−1 is adjacent to xk;

g(xkxk−1) = f(xkxk−1) − 1 if xk−1 is adjacent from xk;

g(e) = f(e) if e is not in the above path.

Then it is easy to check that g is a flow in G and that val(g) = val(f)+1. This
completes the proof.

In a directed graph G, two paths from a vertex s to a vertex t are said to
be edge-disjoint if they have no edges in common. (Note that edge-disjoint
paths may have vertices in common besides s and t.)

Menger’s Theorem. Let s and t be vertices of a directed graph G. Then the
maximum number of pairwise edge-disjoint simple paths from s to t is equal to
the minimum number of edges in a cut separating s and t.

Proof. If G has m pairwise edge-disjoint simple paths from s to t then removing
fewer than m edges from the graph must leave at least one path from s to t.
Therefore fewer than m edges cannot constitute a cut, and we have proved one
half of the inequality.

Conversely, consider G as a network with each edge having capacity 1. We
shall prove by induction that if the network admits a flow of value m, then the
directed graph contains at least m edge-disjoint simple paths from s to t.
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There is nothing to prove for m = 0. Suppose the claim true for some non-
negative integer m, and consider a graph having a flow f with val(f) = m + 1.
Construct a path from s to t along edges with flow 1, using no edge twice. Such
a path exists as we may start from s and follow one edge at a time – we cannot
get stuck at any vertex other than s or t since the flow out of such a vertex
equals the flow in, nor at s itself as the flow out exceeds the flow in – until we
reach t. We may assume that the path is simple as any circuits may be deleted.
Now remove from the graph the edges constituting this path. What remains
is a network G′ with a flow of value m; by the inductive hypothesis it has m
edge-disjoint simple paths, and reinstating the one we just removed gives m+1
such paths in G.

The minimum number of edges in a cut in G is equal to the minimum
capacity of a cut and hence is equal to the value of a certain flow in the network.
But by what we have just proved, there are at least this many edge-disjoint
simple paths in G, and this completes the proof.

Comment. Compare Dilworth’s Theorem: if the set L is partially ordered by
the relation ≤, and if the largest antichain in L consists of n elements, then L
can be partitioned into n chains. Here an antichain in a partially ordered set
is a set of elements no two of which are comparable.

An edge-covering of an (undirected) graph is a set of vertices which
between them include at least one endpoint of every edge of the graph. In the
following result a matching in a bipartite graph is any set of edges without
common endpoints, a definition which differs slightly from that on p. 4.

König’s Theorem. Let G be a bipartite graph. The maximum number of
edges in a matching in G is equal to the minimum number of vertices in an
edge-covering of G.

Proof. Given a bipartite graph G(V1, V2, E), direct all edges in E from V1 to
V2; add a source s adjacent to every vertex in V1 and a target t adjacent from
every vertex in V2. To each matching in G there corresponds a set, equal in
cardinality, of pairwise edge-disjoint simple paths from s to t in the network,
and conversely. Hence the maximum number of edges in a matching is equal
to the maximum number of edge-disjoint simple paths.

On the other hand, to any edge-covering X of G we may associate a cut

{ su | u ∈ X ∩ V1 } ∪ { vt | v ∈ X ∩ V2 }

of the same cardinality; and to any cut C we may associate an edge-covering
of equal or smaller cardinality, consisting of each u with su ∈ C, each v with
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vt ∈ C, and an arbitrary choice of u or v for each uv ∈ C with u 6= s, v 6= t.
Consequently the number of vertices in a minimal edge-covering is equal to the
number of edges in a minimal cut, and by appealing to Menger’s Theorem we
complete the proof.

Problems.

10. Deduce Hall’s Theorem from Menger’s Theorem.

11. Prove that König’s Theorem is equivalent to the assertion that the mini-
mum number of lines (rows or columns) containing all the non-zero entries
of a matrix A is equal to the maximum number of independent non-zero
entries in A. (A set of entries is said to be independent if no two occupy
the same row or the same column.)

Ramsey Theory4. The game of Sim begins with a number of dots on an
otherwise blank sheet of paper. Two players Red and Green alternately join
two of the dots with a straight line, each of his own colour; the first to complete
a triangle in his colour loses.

It is easy to show that if a game of Sim begins with six points or more,
the result cannot be a draw. That is, if each edge of the complete graph K6

is coloured with one of two given colours, then there will be a monochromatic
complete subgraph K3. In fact six-point Sim is known to be a win for the
second player, but this was determined by an exhaustive search of all possible
games, and no “practical” strategy is known.

Problem.

12. Show that in six-point Sim a fifteen-move game is possible. That is, show
that it is possible to colour fourteen edges of K6 each red or green without
producing a monochromatic triangle.

The game of Sim could be generalised by varying the number of points, the
number of players, or the configuration (or configurations) to be avoided. We
consider a two-player game in which the loser is the first to colour in a complete
graph K4. A natural problem is to find the least number of points (if any) which
guarantees that the game cannot end in a draw. In fact we shall show that
playing this version of Sim on 18 points (possibly even fewer) ensures a result.

Problem.

X6. Find the smallest n with the following property: if the edges of Kn are
coloured in such a way that there are equally many red and green edges

4 . . . which but for a historical accident could have become known as Szekeres
Theory.
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(if the total number of edges is even), or one more red than green (if the
total is odd), then there is a K4 of one colour or the other.

Definition. Given integers r, g ≥ 2, if there exists an integer n such that any
red-green colouring of the edges of Kn contains either a red Kr or a green Kg,
then the smallest such n is called a Ramsey number and denoted R(r, g).

Note. It is not necessary here, as it is in the game of Sim, that the graph Kn

contain (almost) equal numbers of red and green edges.

Theorem. For r, g ≥ 2, let

n =
(r + g − 2

r − 1

)

.

Then any red-green colouring of the edges of Kn contains either a red Kr or a
green Kg.

Proof by induction on r + g. The least possible value of r + g is 4; in this case
the claim is that every two-colouring of K2 contains an edge of one colour or
the other, which is (very!) clearly true.

Let k be some particular integer greater than or equal to 4, and suppose
that the result has been proved whenever r + g = k. Let r, g be integers with
r ≥ 2, g ≥ 2 and r + g = k + 1. Write

n =
(r + g − 2

r − 1

)

, n1 =
(r + g − 3

r − 1

)

, n2 =
(r + g − 3

g − 1

)

.

We know that any two-colouring of Kn1
includes a red Kr or a green Kg−1,

and that any two-colouring of Kn2
includes a red Kr−1 or a green Kg.

Now colour the edges of Kn in an arbitrary fashion with two colours. Fix
a vertex v of Kn. Since v has degree n − 1, and since

n − 1 =
(r + g − 2

r − 1

)

=
(r + g − 3

r − 1

)

+
(r + g − 3

g − 1

)

− 1 > (n1 − 1) + (n2 − 1) ,

the vertex v must have n1 incident green edges or n2 incident red edges. With-
out loss of generality we consider only the former possibility. The vertices
adjacent to v along green edges form a complete graph Kn1

and hence, by the
inductive assumption, contain either a red Kr or a green Kg−1; in the latter
case, adding v and its incident green edges creates a green Kg. So in any case
the colouring of Kn includes either a red Kr or a green Kg, and the proof is
complete.
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Corollary. For any r, g ≥ 2, the Ramsey number R(r, g) exists, and

R(r, g) ≤
(r + g − 2

r − 1

)

.

A lower bound for Ramsey numbers is given by the following result.

Theorem. R(r, g) > (r − 1)(g − 1).

Proof. We have to show that the complete graph on (r−1)(g−1) vertices may
be two-coloured in such a way that it includes neither a red Kr nor a green
Kg. This is accomplished by arranging the vertices in r − 1 rows and g − 1
columns, and joining two vertices by a green edge if they lie in the same row,
and a red edge otherwise. The result is then clear.

Known values of Ramsey numbers. It is clear that R(2, g) = g for all g.
Apart from this the only known Ramsey numbers are

R(3, g) = 6, 9, 14, 18, 23, 28, 36 for g = 3, 4, 5, 6, 7, 8, 9

and
R(4, 4) = 18 , R(4, 5) = 25 .

Bounds for other R(r, g) are known from the above results; in some cases better
bounds are known. For example, we have from above 17 ≤ R(5, 5) ≤ 70, but
it is known, in fact, that 43 ≤ R(5, 5) ≤ 49. Some idea of the difficulty of the
problem may be glimpsed from the fact that even with such close bounds for
R(5, 5), its exact value is yet to be determined. For further information see
Peter Brown’s article in Parabola 31 No. 3 (1995).

Problems.

13. Show that for r, g > 2 we have

R(r, g) ≤ R(r − 1, g) + R(r, g − 1) ,

and that the inequality is strict if both terms on the right hand side are
even.

14. Let g ≥ 2, and consider the complete graph with vertices { 1, 2, . . . , 3g−4 }.
Colour an edge ij red if |i−j| ≡ 1 (mod 3), green otherwise. Prove that the
graph has neither a red K3 nor a green Kg. Deduce that R(3, g) > 3g− 4,
and that R(3, 4) = 9.

X7. Do the above results have any connection with the slightly mysterious
choice of notation involving r and g on p. 5?
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Observing that an edge of a graph is, in effect, a two-element subset of its
vertices leads to a further extension of the Ramsey numbers. For the sake of
brevity5 we refer to a k-element set as a k-set. Replacing 2 by k we are led to
ask: is it true for sufficiently large n that if each of the k-subsets of an n-set
is “coloured” red or green, then the set has either an r-subset, all of whose
k-subsets are red, or a g-subset, all of whose k-subsets are green? If such n
exist, the smallest is denoted R(k; r, g).

Theorem. R(k; r, g) exists for all k, r, g.

The following result is a consequence of the existence of these generalised Ram-
sey numbers.

Theorem (Erdős and Szekeres). For every n ≥ 3 there is an integer f(n) with
the following property: any collection of f(n) points in the plane, no three
collinear, includes the vertices of a convex n-gon.

Some of the history of Ramsey Theory: a talk by George Szekeres.
The following simple problem and its important generalisation were presented
by Esther Klein (later Szekeres) in 1932 to a group of Budapest undergraduate
mathematics students including George Szekeres, Paul Erdős and Paul Turán.

Prove that any five points in the plane, with no three collinear, include
the vertices of a convex quadrilateral.

Consider the convex hull of the five points. If this is a pentagon or a quadrilat-
eral the conclusion is obvious. Otherwise the points form a triangle with two
points in its interior. Draw the line through the two interior points; this line
intersects exactly two sides of the triangle. Then the two endpoints not com-
mon to these two sides, together with the two interior points, are the vertices
of a convex quadrilateral.

The problem generalises naturally to give the question of proving or dis-
proving the following assertion.

For every integer n ≥ 3 there exists an integer N(n) having the prop-
erty that among any N points in the plane, provided no three are
collinear, there may be found the vertices of a convex n-gon.

By 1932 Ramsey had already proved, in connection with his work in formal
logic, the theorem which now bears his name (indeed, Ramsey had died in
1930 at the age of 26); a simplified proof had been given by Skolem. The
simplest form of Ramsey’s Theorem, and a slight generalisation, are as follows.

5 and hence, proverbially, of wit (Hamlet II. ii. 90).
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Theorem. For any positive integer i there exists an integer N(i) such that if
the edges of the complete graph KN are partitioned into two classes α and β,
then at least one of the classes contains the edges of a complete graph Ki.

Theorem. For any positive integers i and j there exists an integer N(i, j) such
that if the edges of the complete graph KN are partitioned into two classes α
and β, then either class α contains a Ki or class β contains a Kj.

The first of these theorems is the case j = i of the second. To generalise the
theorem further, focus attention on the vertices of the graph KN , and observe
that an edge may be identified with a two-element subset (a “2-subset” for
short) of the vertices. If we consider k-subsets instead of merely 2-subsets, the
following version of Ramsey’s Theorem may be proved.

Theorem. Let i, j and k be positive integers with i, j ≥ k. Then there exists
an integer N = N(k; i, j) with the following property: if the k-subsets of an N -
element set S are partitioned into two classes α and β, then either S contains a
i-subset with all its k-subsets in α, or S contains a j-subset with all its k-subsets
in β.

This result can be used to prove the assertion above, and thus to generalise
Esther’s problem. Take i = n, j = 5 and k = 4, and let N be chosen large
enough that the conclusion of Ramsey’s Theorem follows. We shall show that
any set S of N points in the plane, no three collinear, includes the vertices of
a convex n-gon.

Consider the 4-subsets of S as quadrilaterals, and refer to a subset as
convex if and only if the corresponding quadrilateral is convex. Let α be the
class of convex 4-subsets of S, and β the class of non-convex 4-subsets of S.
Now by Esther’s original problem, any five points in S include the vertices of
a convex quadrilateral. In other words, there is no 5-subset of S with all its
4-subsets in β. Hence, by Ramsey’s Theorem, there is an n-subset of S with all
its 4-subsets in α. That is, translating back to geometric language, the N given
points include an n-gon in which any four vertices form a convex quadrilateral.
It is then easy to see that the n-gon is itself convex.

Comment. How many points do we actually need in order to guarantee the
existence of a convex n-gon? Paul Turán showed that taking nine points forces
a convex pentagon. Turán and George Szekeres in about 1958 constructed, for
any n ≥ 3, a set of 2n−2 points in the plane containing no convex n-gon.
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