
ADVANCED COMBINATORICS

Norman Wildberger, March – June 1997, with extra material by David Angell.

SYNOPSIS OF COURSE. The following topics may be included.

1. Introduction and discrete mathematics.

2. Graph theory and Ramsey1 theory.

3. Order structures: partially ordered sets and lattices.

4. Symmetric functions, partitions and tableaux.

5. Group actions and representations of the symmetric group.

6. Finite geometries.

INTRODUCTION. Suppose that each of a given finite set of girls knows
some of a given set of boys. For there to be a possibility that each of the girls
may marry a boy she knows from the given set it is clearly necessary (bigamy
excluded!) that for every r, each set of r girls knows between them at least r
boys. That this condition is also sufficient is the substance of

Hall’s Marriage Theorem. Each of a (finite) set of girls can choose a hus-
band whom she knows from among a given set of boys if and only if every
r-element subset of the girls knows collectively at least r of the boys.

Proof. The stated condition is clearly necessary. To prove sufficiency, name
the girls G1, G2, . . . , Gn and the boys B1, B2, . . . , and assume that the condition
holds. We shall prove by induction that for m = 1, 2, . . . , n it is possible to find
a husband for each of the girls G1, G2, . . . , Gm simultaneously.

The basis of the induction is trivial.

Let 1 ≤ m < n and suppose that it is possible to find husbands for the
first m girls; by applying, if necessary, a finite negative time translation, we
may assume that the said “husbands” are in fact merely fiancés. Now let Gm+1

throw a party. Let her invite all the boys she knows; if every one of these is
engaged, let each invite his fiancée; let each of these fiancées invite all the boys
she knows, excepting those who have already been invited; if every one of these

boys is engaged, let each invite his fiancée; and so on. Note that

(1) a girl is invited to the party only by her fiancé;

(2) a boy is invited to the party only by a girl who knows him;

1 Frank Plumpton Ramsey, 1903–1930. Fellow of King’s College, Cambridge.
Produced important work in combinatorics, mathematical logic and the math-
ematical theory of economics.
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(3) as there are only a finite number of girls, the invitations must eventually
cease;

(4) whenever girls are to issue invitations, the number of girls already invited
to the party exceeds the number of boys by one, and therefore at least one
further boy is known and may be invited;

(5) therefore the invitations can only cease when an unengaged boy B is in-
vited.

Now let the hostess put on some music for dancing. Let B dance with a girl
who invited him; there is at least one such girl at the party, and by observation
(2) she knows B. Let this girl’s fiancé dance with a girl who invited him; let
her fiancé dance with a girl who knows him; and so on. Since every person just
mentioned was invited to the party at a strictly later time than the person next
mentioned, all these people are distinct, and the list terminates when some boy
dances with Gm+1.

Observe that those dancing consist of a number of engaged couples, to-
gether with an unengaged girl Gm+1 and an unengaged boy B. So finally, let
all dancing couples become engaged, breaking off any previous engagements.
This does not affect any couples not dancing, it leaves each girl engaged (if at
all) to a boy she knows, and a fiancé has been found for one extra girl Gm+1.
This completes the proof of the inductive step, and hence of the theorem.

Example. Suppose that there are six girls and seven boys, and that the girls
know boys as indicated below.

1 2 3 4 5 6

{ 1, 3 } { 2, 3 } { 1, 3, 4, 5 } { 2, 6, 7 } { 1, 5 } { 1, 2 }

Then by trial and error we can easily form the matches

G1 –B1 , G2 –B2 , G3 –B3 , G4 –B6 and G5 –B5 ;

but then there is no fiancé for G6. So for the party

• G6 will invite B1 and B2
2;

• B1 and B2 will invite G1 and G2;

• G1 and G2 will invite B3;

• B3 will invite G3;

2 It is assumed that G6 is willing to invite Bananas in Pyjamas to her party.
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• G3 will invite B4 and B5.

As B4 is not engaged, there are no further invitations. Then

• B4 dances with G3;

• B3 dances with G1 (there is another possibility too);

• B1 dances with G6;

and the rearranged engagements are

G3 –B4 , G1 – B3 , G6 –B1 , G2 – B2 , G4 –B6 and G5 –B5 .

It is easily checked that these satisfy the requirements of the problem. The
other possible solution is

G3 –B4 , G2 – B3 , G6 –B2 , G1 – B1 , G4 –B6 and G5 –B5 .

Hall’s Theorem: alternative proof. The result is obviously true if there is
only one girl. Suppose that the result is true for any number of girls up to n;
let there now be n + 1 girls, and consider two cases.

Case 1 , for some r ≤ n there exist r of the first n girls who know between
them exactly r boys. By the inductive assumption, all of these girls can find
husbands. Now consider the remaining unmarried girls (n+1− r of them) and
boys. Any s of these girls know collectively s or more of the unmarried boys,
for otherwise they, together with the girls we’ve already matched, would form
a group of r + s knowing altogether fewer than r + s boys. Since n + 1− r ≤ n
we may apply the inductive hypothesis again to find husbands for all these
n + 1− r girls too.

Case 2 , there is no such group of r girls. That is, for every r ≤ n, each set of r
girls from the first n knows at least r + 1 boys. Marry off the last of the n + 1
girls to a boy she knows; then of the first n girls, every r still know between
them at least r (unmarried) boys. So by the inductive hypothesis, each can
find a husband.

By induction, Hall’s Theorem is proved.

Example. In the situation of the previous example, inspection shows that
every r of the first five girls know more than r boys between them. So let G6

marry (say) B1; the table shows the remaining acquaintances.

1 2 3 4 5

{ 3 } { 2, 3 } { 3, 4, 5 } { 2, 6, 7 } { 5 }

3

It can be checked that the condition in Hall’s Theorem holds, and so the five
girls can all be married. In fact trial and error readily discloses the matches

G1 –B3 , G2 – B2 , G3 –B4 , G4 – B7 , G5 –B5 and G6 –B1 ,

as well as one other solution.

Alternative forms of Hall’s Theorem. Let X be a bipartite graph whose
vertex set is the union of two disjoint (non-empty) sets V1 and V2, such that no
two vertices in the same set are adjacent. A matching from V1 to V2 in X is a
set of |V1| edges in X with no endpoints in common (so that every vertex in V1

is matched to a unique vertex in V2). Alternatively, a matching is a one-to-one
function f from V1 to V2 such that v1 is adjacent to f(v1) for each v1 ∈ V1.

Corollary (Hall’s Theorem: graph form). A bipartite graph X has a matching
from V1 to V2 if and only if for each I ⊆ V1 there exist at least |I| vertices
adjacent to some vertex in I.

Corollary (Hall’s Theorem: matrix form). Let M be an m×n matrix of zeros
and ones. There can be found a one in each row of m, with no two in the same
column, if and only if, for every r ≤ m, any r rows have between them ones in
at least r distinct columns.

Problems.

1. Let M be an m × n matrix of zeros and ones in which, for some d ≥ 0,
each row contains at least d ones and no column contains more than d
ones. Show that the matrix contains m ones, one in each row and all in
different columns.

2. Definition. A square matrix is said to be doubly stochastic if each
entry is non-negative and the sum of the entries in each row and in each
column is 1. Prove the theorem of Birkhoff: the set of n × n doubly
stochastic matrices is the convex hull of the set of n × n permutation
matrices. That is, for every doubly stochastic M there exist non-negative
constants λ1, λ2, . . . , λn! adding up to 1, such that

M = λ1P1 + λ2P2 + · · ·+ λn!Pn! ,

where the Pj are the n× n permutation matrices.

The Pigeonhole Principle. Some examples of the use of this important
technique.

• Given ten different positive integers less than 107, there are two disjoint
subsets of the ten having the same sum. Proof. There are 1024 subsets,
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having sums from 0 to 106+ · · ·+97 = 1015. Therefore there must be two
distinct subsets with the same sum; deleting common elements produces
the required sets.

• Any set of n integers has a non-empty subset whose sum is divisible by n.
Proof. The n + 1 sets ∅, { a1 }, { a1, a2 }, . . . , { a1, a2, . . . , an } cannot
all have different sums modulo n; if { a1, . . . , aj } and { a1, . . . , ak } have
the same sum modulo n, with j < k, then aj+1 + · · ·+ ak is divisible by n.

• The Erdős–Szekeres Theorem: any sequence of more than (r − 1)(g − 1)
different numbers contains either an increasing subsequence of r terms or
a decreasing sequence of g terms. Proof. Let { ak } be a sequence with
neither an increasing subsequence of r terms nor a decreasing sequence of g
terms; for eack k let ik be the length of the longest increasing subsequence
starting at ak, and dk the length of the longest decreasing subsequence
starting at ak. By assumption, ik ≤ r − 1 and dk ≤ g − 1 for each k.
Now let k < ℓ. If ak < aℓ then ik > iℓ, while if ak > aℓ then dk > dℓ.
Therefore all the pairs (ik, dk) are distinct; so the maximum number of
pairs, and hence also the maximum number of elements in the sequence
{ ak }, is (r − 1)(g − 1).

Compare the following result from real analysis: any infinite sequence of
distinct real numbers contains either an infinite increasing subsequence or
an infinite decreasing subsequence. (Prove!)

Problem.

3. A chess master plays at least one game a day for 11 weeks, but not more
than 12 games in any one week. Show that there exists a set of consecutive
days in which he plays exactly 21 games.

The principle of inclusion–exclusion.

Theorem. Given a finite set each of whose elements may or may not have
any of a collection of properties denoted 1, 2, . . . , n, write N(i1, . . . , ir) for the
number of elements having the properties i1, . . . , ir (and possibly others). Then
the number of elements having at least one of these n properties is

N(1) + N(2) + · · ·+ N(n)

−N(1, 2)−N(1, 3)− · · · −N(n− 1, n) + · · ·

+ (−1)n+1N(1, 2, . . . , n) .

Proof. Clearly any element with none of the properties contributes noth-
ing to the above sum; we shall show that each element with one or more
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of the properties contributes exactly 1 to the sum. Suppose that we have
an element satisfying exactly r of the properties. Then this element will be
counted in C(r, 1) of the terms N(1), N(2), . . . , N(n), in C(r, 2) of the terms
N(1, 2), N(1, 3), . . . , N(n−1, n), and so on; if j > r then the element is counted
in none of the terms N(i1, . . . , ij). Thus the total contribution of this element
to the sum is

( r

1

)

−
( r

2

)

+
( r

3

)

− · · ·+ (−1)r+1
(r

r

)

= 1−
((r

0

)

−
(r

1

)

+
(r

2

)

− · · ·+ (−1)r
(r

r

))

= 1− (1− 1)r

= 1 .

Examples.

• How many of the integers from 1 to 1000 are perfect powers? Answer.
Clearly, with the exception of 1, only second to ninth powers will occur; a
little more thought shows that only second, third, fifth and seventh powers
need be counted. The number of powers is therefore

Q = N(2) + N(3) + N(5) + N(7)

−N(2, 3)−N(2, 5)−N(2, 7)−N(3, 5)−N(3, 7)−N(5, 7)

+ N(2, 3, 5) + N(2, 3, 7) + N(2, 5, 7) + N(3, 5, 7)

−N(2, 3, 5, 7) ;

many of these terms are 1 and we find

Q = N(2) + N(3) + N(5) + N(7)−N(2, 3)− 2

=
[

10001/2
]

+
[

10001/3
]

+
[

10001/5
]

+
[

10001/7
]

−
[

10001/6
]

− 2

= 31 + 10 + 3 + 2− 3− 2

= 41 .

More generally, if M ≥ 2 then the number of perfect powers from 1 to M
can be expressed as a sum over primes involving the Möbius function. Let
p be the largest prime not exceeding log2 M , and set P = 2×3×5×· · ·×p.
We shall write N(k) for the number of kth powers from 2 to M and shall
count 1 as a special case; recalling that

∑

d|P

µ(d) = 0 ,
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the total number of powers is found to be

1 + N(2) + N(3) + · · ·+ N(p)−N(2, 3)−N(2, 5)− · · ·+ · · ·

= 1−
∑

d|P, d 6=1

µ(d)N(d)

= 1−
∑

d|P, d 6=1

µ(d)
([

M1/d
]

− 1
)

= −
∑

d|P, d 6=1

µ(d)
[

M1/d
]

.

Alternatively, the number of non-powers from 1 to M is

∑

d|P

µ(d)
[

M1/d
]

.

• Euler’s function. Let m be a positive integer with distinct prime factors
p1, p2, . . . , pn. The number of positive integers relatively prime to m and
not exceeding m is given by

φ(m) = m
(

1−
1

p1

)(

1−
1

p2

)

· · ·
(

1−
1

pn

)

.

Proof. Consider the set of natural numbers { 1, 2, . . . , m } and the set of
properties 1, 2, . . . , n, where property i is divisibility by pi. Then

N(i) =
m

pi
, N(i, j) =

m

pipj

and so on; therefore

φ(m) = m−N(1)−N(2)− · · · −N(n)

+ N(1, 2) + · · · − · · ·+ (−1)nN(1, 2, . . . , n)

= m−
m

p1

−
m

p2

− · · · −
m

pn
+

m

p1p2

+ · · · − · · ·+ (−1)n m

p1p2 · · · pn

= m
(

1−
1

p1

)(

1−
1

p2

)

· · ·
(

1−
1

pn

)

as claimed.

7

Set-theoretic formulation of the inclusion–exclusion principle. Let X
be a set, and N a collection of properties applicable to elements of X . For any
I ⊆ N we write

AI = { x ∈ X | x has (at least) the properties in I }

EI = { x ∈ X | x has exactly the properties in I }

= { x ∈ X | x has the properties in I and not those in N − I } .

Then the number of elements of X with at least one of the properties N is

|X | − |E∅| = |A1|+ |A2|+ · · ·+ |An|

− |A1,2| − |A1,3| − · · · − |An−1,n|+ · · ·+ (−1)n+1|A1,2,...,n| .

Since X = A∅ we can rewrite this as

|E∅| =
∑

J⊆N

(−1)|J||AJ | .

This identity is generalised in the following theorem to give a formula for |EI |,
where I is an arbitrary subset of N .

Multisets. Roughly speaking, a multiset is a set with repetition of elements
allowed. An element may even occur a negative number of times! The sum and
difference of multisets are adequately illustrated by the following example.

Example. Let A = { 1, 2, 3 }, B = { 3, 4 } and C = { 2, 4 } be multisets. Then

A + B = { 1, 2, 3, 3, 4 } = { 1, 2, 2(3), 4 } ;

A + B − C = { 1, 3, 3 } ;

A + B − 2C = { 1,−1(2), 2(3),−1(4) } .

Observe that |A + B| = 5 = |A| + |B|, and that (A + B) ∪ C = A + B. The
collection of all multisets with given support forms an Abelian group under
addition of multisets.

Theorem. Let X be a set (or multiset) and N a collection of properties; define
subsets AI and EI as above. Then

|AI | =
∑

I⊆J⊆N

|EJ | and |EI | =
∑

I⊆J⊆N

(−1)|J−I||AJ | .

Proof. Corollary of the following problem.
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Problem.

4. With notation as already introduced, and writing
∑

for a sum of multisets,
prove that

AI =
∑

I⊆J⊆N

EJ and EI =
∑

I⊆J⊆N

(−1)|J−I|AJ .

Hint. Reduce the problem to ordinary inclusion–exclusion.

Example. Denote the properties by N, S, E, W
and number regions (purely for reference) as in
the accompanying Venn diagram. Then

∑

{N,E }⊆J

EJ = ENE + ENEW + ENES + ENEWS

= 9 + 11 + 13 + 15

= ANE ,

while

∑

{N,E }⊆J

(−1)|J−{N,E }|AJ = ANE −ANEW −ANES + ANEWS

= 〈9, 11, 13, 15〉 − 〈11, 15〉 − 〈13, 15〉+ 〈15〉

= 9

= ENE .

Problems (extra problem X1). Some random musings on Venn diagrams.
Strictly speaking, a Venn diagram of order n is a collection of n simple closed
curves in the plane which, between them, divide the plane into exactly 2n con-
nected regions, no two of which lie inside precisely the same curves as each
other. Firstly, do Venn diagrams of all orders exist? Answer: yes. Andrew
Mitchell has provided a construction consisting of a rectangle with “binary fin-
gers”, which has, in my opinion, the aesthetic disadvantage that the boundaries
of the various regions coincide at more than isolated points. (This could easily
be fixed, after a fashion.) Brendan Litton has given an inductive construction of
Venn diagrams which amounts to the traversal of a Hamiltonian circuit on the
n-dimensional cube graph. Secondly, a more geometric question. The curves
comprised in the “standard” Venn diagram of order 3 have the following nice
features: (i) they are congruent; (ii) they are convex; (iii) all may be obtained
from a single one by rotating that one about a single point. The Venn diagram
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of order 4 shown above has properties (i) and (ii), but not (iii). Is there a
Venn diagram of order 4 with all three properties? Are there Venn diagrams
of higher orders with all (or any) of these properties?

Proposition. Let X be a set, N = { 1, 2, . . . , n } a collection of properties, f
and g functions on P(N) having the same codomain. Then

g(I) =
∑

I⊆J⊆N

f(J) for all I ⊆ N iff f(I) =
∑

I⊆J⊆N

(−1)|J−I|g(J) for all I ⊆ N .

Proof. Firstly, assume that g(I) =
∑

I⊆J⊆N f(J) for all I ⊆ N . Then

∑

I⊆J⊆N

(−1)|J−I|g(J) =
∑ ∑

I⊆J⊆K⊆N

(−1)|J−I|f(K)

=
∑

I⊆K⊆N

f(K)
∑

I⊆J⊆K

(−1)|J−I| . (∗)

For fixed I, K satisfying I ⊆ K ⊆ N , write

S = { J ∈ P(N) | I ⊆ J ⊆ K } and T = { J ′ ∈ P(N) | J ′ ⊆ K ′ } ,

where K ′ denotes K − I. Consider the map φ : S → T given by φ(J) = J − I.

• If J ∈ S then

x ∈ J − I ⇒ x ∈ J , x /∈ I ⇒ x ∈ K , x /∈ I ⇒ x ∈ K − I ,

so J − I ∈ T and φ is well-defined.

• Let J1, J2 ∈ S and suppose that J1− I = J2− I. Let x ∈ J1. If x ∈ I then
immediately x ∈ J2; if x /∈ I then x ∈ J1 − I, so x ∈ J2 − I, so x ∈ J2.
Thus J1 ⊆ J2, similarly J2 ⊆ J1, so φ is one-to-one.

• If J ′ ∈ T then
φ(J ′ ∪ I) = (J ′ ∪ I)− I = J ′ − I .

Clearly J ′ − I ⊆ J ′; on the other hand, if x ∈ J ′ then x ∈ K ′, so x /∈ I
and x ∈ J ′− I. Hence J ′ = J ′− I = φ(J ′ ∪ I), which shows that φ is onto.

Thus φ is a bijection from S to T ; writing k = |K ′|, the inner sum in (∗)
becomes

∑

J′⊆K′

(−1)|J
′| =

(k

0

)

−
(k

1

)

+
(k

2

)

− · · · ±
(k

k

)

=
{

1 if k = 0
0 otherwise.
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Thus the inner sum is 1 if K = I and 0 otherwise, and the double sum evaluates
to f(I), which was to be proved. The proof of the converse is similar.

Comment. The functions f and g may have as codomain any additive Abelian
group. In particular, the codomain may be any set of multisets closed under
addition; consequently, only one of the identities in problem 4 need be proved.

The calculus of differences. First an alternative viewpoint on (ordinary)
calculus. Let D be the differentiation operator and interpret D−1 as antidif-
ferentiation: more specifically,

(D−1f)(x) =

∫ x

0

f(t) dt .

Choose a function f̃0(x) = 1 and define functions f̃1, f̃2, . . . recursively:

f̃1(x) = D−1f̃0(x) = x , f̃2(x) = D−1f̃1(x) =
x2

2
, . . .

so that

f̃n(x) = D−nf̃0(x) =
xn

n!
.

Any function f : R→ R can be written in terms of the basis functions f̃n (not
really!), and we therefore write such a function as a coordinate vector, making
the identification

∞
∑

n=0

anf̃n(x) ←→ [a0, a1, . . . ] .

From this point of view D and D−1 are simply shift operators defined by

D[a0, a1, . . . ] = [a1, a2, . . . ] and D−1[a0, a1, . . . ] = [0, a0, a1, . . . ] ,

and among the “simplest possible” real functions are

exp = [1, 1, 1, 1, 1, . . . ] , cosh = [1, 0, 1, 0, 1, . . . ] , sinh = [0, 1, 0, 1, 0, . . . ] ,

cos = [1, 0,−1, 0, 1, . . . ] , sin = [0, 1, 0,−1, 0, . . . ] .

Formally (that is, ignoring questions of convergence), any arbitrarily often dif-
ferentiable function f can be written

f(x) =

∞
∑

n=0

an
xn

n!
= [a0, a1, . . . ]
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with an = (Dnf)(0).

Now we construct the calculus of (finite) differences by considering
functions with domain N (and, usually, codomain N or Z). Eventually we shall
write any such function as a coordinate vector

s = [s0, s1, s2, . . . ]

with respect to a certain basis of functions s̃0, s̃1, s̃2, . . . . First we introduce,
paralleling D, a linear transform ∆ known as the difference operator, which
maps any function s : N→ X to a function ∆s : N→ X given by

(∆s)(k) = s(k + 1)− s(k) .

For example, if s(k) denotes the kth prime we may calculate the following table

of successive differences.

k 0 1 2 3 4 5 6 7 8 9 10 11

s(k) 2 3 5 7 11 13 17 19 23 29 31 37

(∆s)(k) 1 2 2 4 2 4 2 4 6 2 6

(∆2s)(k) 1 0 2 −2 2 −2 2 2 −4 4

(∆3s)(k) −1 2 −4 4 −4 4 0 −6 8

(∆4s)(k) 3 −6 8 −8 8 −4 −6 14

(∆5s)(k) −9 14 −16 16 −12 −2 20

(∆6s)(k) 23 −30 32 −28 10 22

Comment. A problem of some interest is the nature of the entries a0, a1, . . . in
the first column of the above table. Numerical evidence suggests that if k ≥ 1
then |ak| is always at most 2k, and that it may be arbitrarily close to this
bound. For example, Maple calculates that a64 = 17399 47277 80194 07225 =
0·9432×264, and that |ak| > 0·8×2k for 59 ≤ k ≤ 71. Another famous unsolved
problem concerns the first column of the table obtained from an initial row of
primes by taking absolute differences instead of signed differences: as far as
anyone has ever calculated, every element of this column (bar the first) is 1.

The difference operator ∆ has a right inverse defined by

(∆−1s)(k) =

k−1
∑

n=0

s(n) ;
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note that for any s we have

(∆−1s)(0) = 0 , ∆(∆−1s) = s and ∆−1(∆s) = s− s(0) .

Now choose s̃0 = 1 and define s̃n = ∆−ns̃0. Calculating a few of these functions,

s̃1(k) = k , s̃2(k) = 1

2
k(k − 1) , s̃3(k) = 1

6
k(k − 1)(k − 2) ,

and it’s not hard to guess and prove that

s̃n(k) =
(k

n

)

.

In fact the relation ∆s̃n = s̃n−1 is simply a restatement of the Pascal’s triangle
rule.

The functions s̃n will be our basis functions for the (discrete) calculus of
differences, and we shall therefore consider functions of the form

s =

∞
∑

n=0

ans̃n . (∗)

Since s̃n(k) = 0 whenever n > k, the sum is actually only a finite sum for any
particular k and there are no convergence problems. Moreover, we can easily
evaluate the coefficients an. For each m ∈ N we have

∆ms =

∞
∑

n=m

ans̃n−m =

∞
∑

n=0

an+ms̃n ,

and by evaluating each side at k = 0 we find am = (∆ms)(0). In other words,
the coordinates of a function s with respect to the basis { s̃n } are given by the
first column of its table of successive differences. This shows for any s : N→ X
the uniqueness of the representation (∗), and confirms that the s̃n are linearly
independent; in fact the span of the basic functions comprises all functions
from N to whatever codomain we are interested in (contrast the situation in
real calculus), as is shown by the following lemma and its first corollary.

Lemma. Let k be a natural number. For any function s from N to an additive
Abelian group X we have

s(k) =

∞
∑

n=0

ans̃n(k) ,

where an = (∆ns)(0).
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Proof by induction on k. Denote the right hand side by t(k). Then

t(0) = a0s̃0(0) = s(0) ,

where we have used the fact that sn(0) = 0 for n > 0.

Now assume that the result is known to be true for a certain integer k ≥ 0.
Applying the lemma both to s and to ∆s we have

s(k + 1) = s(k) + (∆s)(k)

=

∞
∑

n=0

(∆ns)(0)s̃n(k) +

∞
∑

n=0

(∆n+1s)(0)s̃n(k)

= s(0) +

∞
∑

n=1

(∆ns)(0)s̃n(k) +

∞
∑

n=1

(∆ns)(0)s̃n−1(k) .

Since s̃n(k) + s̃n−1(k) = s̃n(k) + (∆s̃n)(k) = s̃n(k + 1) this equality yields

s(k + 1) = s(0) +

∞
∑

n=1

(∆ns)(0)s̃n(k + 1) =

∞
∑

n=0

(∆ns)(0)s̃n(k + 1) = t(k + 1) ,

which completes the proof.

Corollary. Every function s : N→ X has a unique representation in the form
(∗); moreover, the coordinates an are the elements of X to be found in the first
column of the table of successive differences of f , that is, an = (∆ns)(0).

Corollary. Let X be an Abelian group, let a function s : N→ X be given by

s(k) =

∞
∑

n=0

ans̃n(k) =

∞
∑

n=0

an

(k

n

)

,

and let Y be a subgroup of X . Then s(k) ∈ Y for all k if and only if an ∈ Y
for all n. In particular, taking (say) X = Q, every s(k) is an integer if and only
if every an is an integer.

Proof. If s(k) ∈ Y for all k then every element of the difference table of s is
in Y , and in particular every an = (∆ns)(0) is an element of Y ; the converse
is true because every s̃n(k) is an integer, and only finitely many are non-zero.

Comment. The second corollary is not true if we consider instead the coeffi-
cients of a polynomial in the usual sense. For example, 1

2
k(k + 1) is always an

integer despite having non-integral coefficients.
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Problem.

X2. Let t(k, n) be defined and integral for every k ∈ Z and every n ∈ N. We
seek t(k, n) with the property that a function of the form

s(k) =

∞
∑

n=0

ant(k, n)

is an integer for every k ∈ Z if and only if an ∈ Z for every n ∈ N. From
the above corollary and comment, powers do not have this property, while
binomial coefficients do. Are there other t(k, n) having the same property?
(Conjecture: no.)

Once again we turn to writing functions as (infinite) coordinate vectors. We
identify

∞
∑

n=0

ans̃n and [a0, a1, . . . ] ,

and once again ∆ and ∆−1 become shift operators,

∆[a0, a1, . . . ] = [a1, a2, . . . ] and ∆−1[a0, a1, . . . ] = [0, a0, a1, . . . ] .

We may use the basis functions s̃n or the coordinate notation to perform “finite
integration”. For example,

s(k) = k4 = [0, 1, 14, 36, 24, 0, 0, . . . ]

by computing the successive differences for k4 and reading off the first column,
and hence

k
∑

n=0

n4 = (∆−1s)(k + 1)

= [0, 0, 1, 14, 36, 24, 0, 0, . . . ](k + 1)

=
(k + 1

2

)

+ 14
(k + 1

3

)

+ 36
(k + 1

4

)

+ 24
(k + 1

5

)

= 1

2
(k + 1)k + 7

3
(k + 1)k(k − 1)

+ 3

2
(k + 1)k(k − 1)(k − 2) + 1

5
(k + 1)k(k − 1)(k − 2)(k − 3)

= 1

30
k(k + 1)(2k + 1)(3k2 + 3k − 1) .

Of course the above working would be even simpler if we were unswayed by
prejudice in favour of polynomial or factored expressions.
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Problem.

5. Use a similar method to evaluate

k
∑

n=0

n5.

Let b = [b0, b1, . . . ], and write a = [a0, a1, . . . ] where an = (∆nb)(0). Then, as
seen above,

bk =

∞
∑

n=0

ans̃n(k) =

∞
∑

n=0

an

(k

n

)

.

This relationship can be written as b = Ma, where M is the “infinite matrix”

M =













1 0 0 0
1 1 0 0 · · ·
1 2 1 0
1 3 3 1

...
. . .













;

if the rows and columns of M are numbered beginning at zero we may write

mij =
( i

j

)

.

Since
∆b = [b1 − b0, b2 − b1, . . . ]

∆2b = [b2 − 2b1 + b0, b3 − 2b2 + b1, . . . ]

and so forth, the inverse relationship a = M−1b is given by

M−1 =













1 0 0 0
−1 1 0 0 · · ·
1 −2 1 0
−1 3 −3 1

...
. . .













,

with M−1 having i-j element

µij = (−1)i+j
( i

j

)

.

Problems.

6. Prove directly that the matrices with elements mij and µij as defined are
mutually inverse. Hint. Use the proposition on p. 10.

X3. Find relations involving ∆ and ∆−1 and mimicking the standard rules for
differentiation and integration.

Reference. For more on the difference operator see Peter Brown’s article in
Parabola 34 No. 1 (1997).
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