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Books about mathematics [are] full of strings of
odd–looking, apparently meaningless characters

– like any university maths faculty.

Robert Ainslie, “Bluff your way in maths”

3. PROPOSITIONAL CALCULUS. Dr. S. White, a psychologist
studying the personality characteristics of dwarves, states three facts and
draws a conclusion from them:

“If a dwarf is sleepy and bashful then he is grumpy.
A dwarf is not grumpy only if he is either bashful or dopey.
If a dwarf is not sleepy then he is dopey and grumpy.

Therefore, a dwarf is dopey if and only if he is not bashful.”

The validity (or not) of Dr. White’s reasoning can be examined by means
of propositional calculus. This term denotes a system of rules for the
logical manipulation of atomic propositions – that is, statements which
we regard as asserting individual facts and which we do not analyse
any further. In part, propositional calculus realises Leibniz’ dream of
constructing a language of thought, in which mistakes can be caused
only by errors in computation. However, the class of statements which
be expressed in propositional calculus is very limited. The main reason
for studying this system is to become familiar with the basic ideas of
more comprehensive systems such as the predicate calculus.

Definition. The language PC has an alphabet consisting of

• propositional variables p, q, r, p1, p2, . . . ;

• logical connectives ∧, ∨, ¬, → and ↔ ;

• punctuation marks ( and ) .
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The formulae of PC, or propositional formulae, are defined inductively
as follows:

• any propositional variable is a formula;

• if Φ and Ψ are propositional formulae, so are (Φ∧Ψ), (Φ∨Ψ), ¬Φ,
(Φ→Ψ) and (Φ↔Ψ) ;

• an expression is a propositional formula if and only if it can be
constructed by a finite number of applications of these two rules.

Example. The expression

((p ∧ ¬q)→(q→(¬r ∨ ¬p)))

is a propositional formula, but p¬q→∧(q is not. (Exercise: carefully
prove this!)

We can make do with just the two symbols p and ′ to give propo-
sitional variables p, p′, p′′, p′′′, . . . . (In fact even one symbol would be
sufficient!) Allowing ourselves an infinite number of propositional vari-
ables, therefore, is just a luxury, and does not seriously contravene the
requirement in Chapter 2 that an alphabet be finite. Moreover, we only
really need two logical connectives, ¬ and → : as we shall see later, the
others may be regarded merely as abbreviations.

Propositional formulae are sometimes known as well–formed formu-
lae: this is much the same as referring to a function as “well–defined”.
To slightly simplify writing propositional formulae we will customarily
omit the outermost pair of brackets.

Interpretations. An interpretation of PC consists of a set of “truth
values”, together with rules for determining the truth values of ¬p, p∧ q

and so on, given the truth values of p, q, . . . . In order to formalise
standard methods of reasoning we will take the truth values to be T and
F , and will specify the truth values of elementary combinations of these
by the following truth tables.

p q p ∧ q

T T T

T F F

F T F

F F F

p q p ∨ q

T T T

T F T

F T T

F F F

p ¬p

T F

F T
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p q p→ q

T T T

T F F

F T T

F F T

p q p↔ q

T T T

T F F

F T F

F F T

Following step by step the construction of a propositional formula and
applying the above truth tables, we can determine the truth values of
any formula for all possible truth values of the variables it includes.

Example. Construct the truth table for Φ = ¬p→(¬q ∨ p).

Answer.
p q ¬p ¬q ¬q ∨ p Φ

T T F F T T

T F F T T T

F T T F F F

F F T T T T

Definition. A propositional formula is called a tautology if it takes the
value T for all assignments of truth values to its constituent variables,
a contradiction if it never takes the value T , and satisfiable if it
sometimes (perhaps always) takes the value T . The notation

|= Φ

indicates that Φ is a tautology.

Examples.

• From above, ¬p→(¬q ∨ p) is satisfiable, but not a tautology.

• It is clear from what the formulae “mean”, and can be checked
from truth tables, that p∧¬p is a contradiction while p→(p∨ q) is
a tautology.

Definition. A set of propositional formulae is said to be satisfiable if
there is an assignment of truth values which makes all of the formulae
true simultaneously.
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Example. The set of formulae

{ p→ q , (r ∧ s)→ p , q ∨ ¬r , ¬q↔ s }

is satisfied by the assignment

p← F , q ← T , r ← T , s← F

(among others).

We are interested in whether or not a proposed conclusion follows
logically from given premises, and in when two apparently different state-
ments may be considered logically “the same”. So we define

Definition. Let Φ and Ψ be propositional formulae. We say that Φ
logically implies Ψ, or that Ψ is a logical consequence of Φ, if

|= Φ→Ψ ;

and that Φ and Ψ are logically equivalent if

|= Φ↔Ψ .

An argument with hypotheses Φ1,Φ2, . . . ,Φn and conclusion Ψ is logi-

cally valid if Φ1∧Φ2∧ · · · ∧Φn logically implies Ψ: this will be written

Φ1,Φ2, . . . ,Φn |= Ψ .

The definition of logical implication is supposed to capture the in-
tuitive idea of “if Φ is true then Ψ must be true”. Similarly, logical
equivalence means that Φ and Ψ have the same truth values in all cir-
cumstances, and an argument is logically valid if the conclusion must be
true whenever all the premises are true.

We shall sometimes use the notations Φ⇒ Ψ and Φ⇔ Ψ to express
logical implication and equivalence. Be sure to understand the difference
between the logical connective (or operator) → and the relation ⇒ !
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Examples.

1. The formula p logically implies p ∨ q – that is,

p ⇒ (p ∨ q)

– since, as we noted above, p→(p ∨ q) is a tautology.

2. Three very important logical equivalences are

Φ ∨Ψ ⇔ ¬Φ→Ψ , Φ ∧Ψ ⇔ ¬(Φ→¬Ψ) ,

Φ↔Ψ⇔ (Φ→Ψ) ∧ (Ψ→Φ) .

They show that, as long as we are only interested in truth values,
the logical connectives ∨, ∧ and↔ can be written in terms of ¬ and
→, and thus can be regarded merely as abbreviations (as mentioned
above).

3. Among other useful equivalences are De Morgan’s laws

¬(Φ ∨Ψ) ⇔ ¬Φ ∧ ¬Ψ and ¬(Φ ∧Ψ) ⇔ ¬Φ ∨ ¬Ψ ,

and the commutative, associative and distributive laws for ∧ and
∨. Compare the laws of set algebra given in part 1 of the course.

4. The argument form

(s ∧ b)→ g

¬g→(b ∨ d)
¬s→(d ∧ g)

.
.
. d↔¬b

is invalid. This can be checked by finding truth values for s, b, g

and d such that the hypotheses are true and the conclusion false,
or, more systematically, by constructing a (large!) truth table to
confirm that

(((s ∧ b)→ g) ∧ (¬g→(b ∨ d)) ∧ (¬s→(d ∧ g)))→(d↔¬b)

is not a tautology.
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Any propositional formula in n variables can be regarded as an n-ary
logical connective. For example, the formula Φ containing propositional
variables p, q, r and having truth table

p q r Φ

T T T T

T T F F

T F T F

T F F T

F T T T

F T F T

F F T F

F F F F

can be thought of as a ternary connective, or as a function of three
variables Φ(p, q, r).

How many logical connectives do we actually need? To help answer
this question we consider propositional formulae of a particular type.

Definition. A formula Φ of PC is in disjunctive normal form if it
is

Φ = (Ψ11 ∧ · · · ∧Ψ1n1
) ∨ · · · ∨ (Ψm1 ∧ · · · ∧Ψmnm

) ,

where each Ψij is either a propositional variable or the negation of a
propositional variable.

Examples. The formulae

(p ∧ ¬q ∧ ¬r) ∨ (¬p ∧ ¬q ∧ r) and (p ∧ q) ∨ (¬q) ∨ (¬p ∧ p)

are in DNF (the first is a full DNF), whereas

(p ∧ ¬q) ∨ ¬(p ∧ q) and (¬p→ q) ∨ (r ∧ p) ∨ q

are not.

By considering the rows of the truth table which give the result
T , we can show that the formula Φ above is logically equivalent to a
formula in DNF:

Φ ⇔ (p ∧ q ∧ r) ∨ (p ∧ ¬q ∧ ¬r) ∨ (¬p ∧ q ∧ r) ∨ (¬p ∧ q ∧ ¬r) .
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Theorem. The Adequacy theorem. Every formula of PC is logically
equivalent to a formula in disjunctive normal form.

Proof. If Φ is satisfiable then its truth table contains at least one row
ending in T and we can apply the above construction. On the other
hand, if Φ is not satisfiable (that is, it is a contradiction) then it is
logically equivalent to p ∧ ¬p .

Corollary. Every logical connective can be expressed in terms of the
connectives ¬, ∧ and ∨.

Corollary. Every logical connective can be expressed in terms of the
connectives ¬ and →.

Exercise. Invent a sensible definition of conjunctive normal form, and
prove theorems similar to those above.

Certain other sets of logical connectives are not adequate to express
all formulae of PC. We give an example of such a set, at the same time
demonstrating a very important method of proving statements about
propositional formulae: induction on the number of symbols in the for-
mula, sometimes referred to as induction on the construction of the
formula.

Theorem. Let Φ be a propositional formula containing no logical con-
nectives other than ∨ and → . If all propositional variables in Φ get the
truth value T , then Φ gets the value T .

Proof. If Φ has only one symbol it is just a propositional variable and
the result is clearly true.

Now consider a formula Φ containing more than one symbol, and
suppose that all the propositional variables in Φ receive the value T .
From the information given about Φ we have either Φ = Ψ ∨ Ω or
Φ = Ψ→Ω ; here the formulae Ψ and Ω are shorter than Φ and contain
no logical connectives besides ∨ and → , so we may assume by way of
induction that the theorem is true for them. But since all of the propo-
sitional variables in Ψ and Ω also occur in Φ they have been assigned
the value T and so, by the inductive assumption, both Ψ and Ω get the
value T . Consulting the truth tables for ∨ and → we see that Φ also
has the value T . Hence, by induction, the result holds for all Φ of the
given form.
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Corollary. → and ∨ do not form an adequate set of logical connectives.

Proof. For example, let Φ be a formula logically equivalent to ¬p. If
p takes the value T then Φ takes the value F ; thus Φ does not have
the property of the above theorem, and therefore cannot be written in
terms of ∨ and → alone.

Formal proofs and theorems. We are now able to analyse, and
determine the validity of, any argument which can be formulated in
PC, simply by drawing up the truth table of some propositional formula.
However, in systems which can handle more realistic statements things
are not so easy: for example, an assertion about “all integers” would
appear to require us to check an infinite number of facts rather than just
the 2n rows of a suitable truth table. Being unable to avail ourselves of
truth tables, we will need to prove results true.

In order to achieve this aim we shall first specify exactly what we
mean by a proof. Note that in what follows we will be very careful to
make sure that a proof is finite in every respect. We shall then attempt
to establish PC as a logical system by specifying axioms for the system
and stipulating what methods of logical deduction are to be regarded
as admissible. Ultimately we hope to create a system in which the
statements we can prove are precisely those which are “true”, that is,
the tautologies of PC.

Definition. A formal proof in a logical system is a finite sequence of
formulae of the system, each of which either

• is an axiom of the system; or

• is deduced by some rule of inference from one or more previous
formulae in the sequence.

A theorem is the last formula in a proof, which is then called a proof
of that theorem; that Φ is a theorem will be indicated by the notation

⊢ Φ .

Axiomatisation of propositional calculus. For simplicity we shall
modify PC by restricting ourselves to the logical connectives ¬ and → ;
as we have seen, all other connectives may be regarded as abbreviations
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of expressions in these. The axioms of PC will be all instances of the
following axiom schemata:

Φ→(Ψ→Φ)(A1)

(Φ→(Ψ→Ω))→((Φ→Ψ)→(Φ→Ω))(A2)

(¬Ψ→¬Φ)→(Φ→Ψ)(A3)

There will be only one rule of inference, modus ponens:

From Φ and Φ→Ψ we may deduce Ψ.(MP)

Note that in the axiom schemata Φ, Ψ and Ω may be any formulae of
PC, so that there are actually an infinite number of axioms. This is not
really an infringement of our finiteness requirement since there are only
three distinct types of axiom and it is possible to check (in finitely many
steps!) whether or not a given formula is an axiom.

Three obvious theorems are the axioms (A1), (A2) and (A3). An-
other is the following:

(t1) Φ→Φ (reflexivity of → )

Proof. 1. (Φ→((Ψ→Φ)→Φ))
→((Φ→(Ψ→Φ))→(Φ→Φ)) A2

2. Φ→((Ψ→Φ)→Φ) A1
3. (Φ→(Ψ→Φ))→(Φ→Φ) MP 1,2
4. Φ→(Ψ→Φ) A1
5. Φ→Φ MP 3,4

Note.

1. The numbering of formulae, the statement and name of the theorem
at the top and the reasons given on the right are merely an aid to
explanation. They are not part of the formal proof, which consists
solely of the sequence of propositional formulae.

2. This is not actually a single theorem since Φ may be taken as any
formula of PC. It would be more appropriate to call (t1) a theorem
schema.

3. If we need to use this result in a future proof we could just copy
out the same five formulae. In order to reduce writing, however, we
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adopt the standard convention that any previously proved theorem
may simply be quoted in future proofs.

4. It is most important to realise that a “formal proof” means exactly
that! We may do nothing in a formal proof except what the rules
explicitly permit.

We now wish to show that the theorems of PC (in the present axiomati-
sation) coincide with the tautologies. One half of this statement is very
easy to prove.

Theorem. The Soundness Theorem. Every theorem of PC is a tautol-
ogy. In other words,

if ⊢ Φ then |= Φ .

Proof. We can check by truth tables (exercise!) that each of the three
axioms is a tautology. Moreover, suppose that Ψ is deduced by modus
ponens from Φ and Φ→Ψ, where these two formulae are tautologies.
Then Φ is true in every assignment of truth values; if in some assignment
Ψ is false, then Φ→Ψ will have the form T →F , which is F ; but this
is impossible since Φ→Ψ is a tautology. Hence Ψ can never be false,
that is, it is a tautology. It follows by induction that every formula in a
proof is a tautology, and in particular, every theorem is a tautology.

We shall frequently express the idea behind this proof more con-
cisely as “every axiom is a tautology; modus ponens preserves tautolo-
gies; so every theorem is a tautology.” The Soundness Theorem is not
a (formal) theorem of propositional calculus, but a theorem about PC.
We call it a metatheorem, and the language in which it is written (En-
glish plus some mathematical symbolism) the metalanguage.

Corollary. Propositional calculus is consistent; that is, there is no
propositional formula Φ such that both Φ and ¬Φ can be proved.

Proof. If Φ and ¬Φ were both theorems then both would be tautologies,
which is impossible.

Observe that we have done for propositional calculus what we de-
cided would be impossible for (say) Euclidean geometry: we have given
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an (almost) absolute, not merely relative, proof of consistency. The as-
sumptions we have made are all thoroughly finite in character, therefore
checkable, therefore wellnigh impossible to doubt.

To achieve our aim of showing that the theorems of PC coincide
with the tautologies we need to prove the converse of the Soundness
Theorem: every tautology is a theorem. To help with this we formalise
the idea of proving theorems starting from assumptions.

Definition. A proof in some logical system from the set of hy-

potheses Σ is a finite sequence of formulae, each of which either

• is an axiom of the system; or

• is an element of Σ; or

• is deduced by a rule of inference from one or more previous formulae
in the sequence.

We shall write
Σ ⊢ Φ

to indicate that Φ is the last formula in some proof from the set of
hypotheses Σ.

Lemma. Let Σ be a set of propositional formulae. If Σ ⊢ Φ→Ψ then
Σ ∪ {Φ } ⊢ Ψ.

Proof. The assumption is that there is a proof in (say) n lines from Σ,
ending with the formula Φ→Ψ. Add to this proof the following lines:

n + 1. Φ Hypothesis
n + 2. Ψ MP n,n + 1

We have constructed a proof of Ψ from the set of formulae Σ ∪ {Φ }.

Theorem. The Deduction Theorem. Let Σ be a set of formulae in PC.
If Σ ∪ {Φ } ⊢ Ψ then Σ ⊢ Φ→Ψ.

Proof. Let Φ1,Φ2, . . . ,Φn be a proof of Ψ from the set of hypotheses
Σ ∪ {Φ }. We shall show how to inductively modify this proof to give,
for k = 1, . . . , n, a proof of Φ→Φk from hypotheses Σ. Since Φn = Ψ
this will prove the result.

Firstly, let k = 1. Now Φ1, being the first formula in a proof, is
either an axiom, an element of Σ, or Φ itself. In the first two cases
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1. Φ1 Axiom or hypothesis
2. Φ1→(Φ→Φ1) A1
3. Φ→Φ1 MP 2, 1

is a proof of Φ→Φ1 from Σ. In case Φ1 is Φ we just write down the
above proof of Φ→Φ.

Now assume that we have already shown how to prove Φ→Φ1, . . . ,

Φ→Φk−1 from Σ, where k is some particular integer from 2 to n. In the
proof of Φk from Σ∪{Φ } the formula Φk is either an axiom, an element
of Σ or the formula Φ, or is obtained by modus ponens from two earlier
formulae Φi and Φj , where Φj = Φi→Φk. In the first three cases we
argue exactly as in the basis step. In the last, we know by the inductive
assumption that we can formally prove Φ→Φi and Φ→(Φi→Φk) from
Σ. Writing down these two proofs and another three lines

...
l. Φ→Φi...

m. Φ→(Φi→Φk)
m + 1. (Φ→(Φi→Φk))→((Φ→Φi)→(Φ→Φk)) A2
m + 2. (Φ→Φi)→(Φ→Φk) MP m + 1, m
m + 3. Φ→Φk MP m + 2, l

gives a proof of Φ→Φk from the hypotheses Σ. This completes the
inductive step and thereby proves the Deduction Theorem.

The Deduction Theorem is once again not a theorem of PC but
a metatheorem. Observe also that the proof of the theorem gives an
entirely mechanical procedure (that is, an algorithm) for constructing a
proof of Φ→Ψ from Σ, given a proof of Ψ from Σ∪{Φ }. Moreover, we
can easily give a limit for the length of the derived proof in terms of the
given one.

A simple corollary of the Deduction Theorem is obtained when Σ
is the empty set: for any formulae Φ,Ψ,

Φ ⊢ Ψ if and only if ⊢ Φ→Ψ .

Similarly

Φ , Ψ ⊢ Ω if and only if ⊢ Φ→(Ψ→Ω),

and so on.
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Formal theorems. We shall prove a few theorems of PC: some just
for interest, some for practice at formal proofs and some for future use.

(TI) Φ→Ψ , Ψ→Ω ⊢ Φ→Ω (transitivity of implication)

Proof. 1. Φ Hyp
2. Φ→Ψ Hyp
3. Ψ MP 2,1
4. Ψ→Ω Hyp
5. Ω MP 4,3

This shows that Φ , Φ→Ψ , Ψ→Ω ⊢ Ω, and the Deduction Theorem
gives the required result.

(t2) ¬Φ→(Φ→Ψ) (denial of antecedent)

Proof. 1. ¬Φ Hyp
2. ¬Φ→(¬Ψ→¬Φ) A1
3. ¬Ψ→¬Φ MP 2,1
4. (¬Ψ→¬Φ)→(Φ→Ψ) A3
5. Φ→Ψ MP 4,3

Again the result follows by the Deduction Theorem.

Exercise. By using (TI), prove (t2) in three lines.

(t3) ¬¬Φ→Φ (double negation)

Proof. 1. ¬¬Φ Hyp
2. ¬¬Φ→(¬Φ→¬¬¬Φ) t2
3. ¬Φ→¬¬¬Φ MP 2,1
4. (¬Φ→¬¬¬Φ)→(¬¬Φ→Φ) A3
5. ¬¬Φ→Φ MP 4,3
6. Φ MP 5,1

Once again we apply the Deduction Theorem.

(t4) Φ→¬¬Φ (converse of (t3))

Proof. 1. ¬¬¬Φ→¬Φ t3
2. (¬¬¬Φ→¬Φ)→(Φ→¬¬Φ) A3
3. Φ→¬¬Φ MP 2,1
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The next four proofs are left as exercises.

(t5) Φ→((Φ→Ψ)→Ψ) (“formal” modus ponens)

(t6) (Φ→Ψ)→(¬Ψ→¬Φ) (contrapositive)

(t7) Φ→(¬Ψ→¬(Φ→Ψ)) (falsity of implication)

(t8) (Φ→¬(Ψ→Ψ))→¬Φ (proof by contradiction)

The following proof is harder to find, but the result will be important
later.

(t9) (Φ→Ψ)→((¬Φ→Ψ)→Ψ) (division into cases)

Proof. 1. Φ→Ψ Hyp
2. ¬Φ→Ψ Hyp
3. (Φ→Ψ)→(¬Ψ→¬Φ) t6
4. ¬Ψ→¬Φ MP 3,1
5. (¬Φ→Ψ)→(¬Ψ→¬¬Φ) t6
6. ¬Ψ→¬¬Φ MP 5,2
7. ¬¬Φ→(¬Φ→¬(Φ→Ψ)) t2
8. ¬Ψ→(¬Φ→¬(Φ→Ψ)) TI 6,7
9. (¬Ψ→(¬Φ→¬(Φ→Ψ)))

→((¬Ψ→¬Φ)→(¬Ψ→¬(Φ→Ψ))) A2
10. (¬Ψ→¬Φ)→(¬Ψ→¬(Φ→Ψ)) MP 9,8
11. ¬Ψ→¬(Φ→Ψ) MP 10,4
12. (¬Ψ→¬(Φ→Ψ))→((Φ→Ψ)→Ψ) A3
13. (Φ→Ψ)→Ψ MP 12,11
14. Ψ MP 13,1

. . . and, at long last, two applications of the Deduction Theorem com-
plete the proof.

We proceed to prove that every tautology in PC is a theorem. First
we need a lemma which is somewhat technical, but can be thought of as
saying that if a certain assignment of truth values makes a propositional
formula true, then this fact can be proved formally from the axioms.

Lemma. Let Φ be a propositional formula and let p1, . . . , pm be propo-
sitional variables including all those in Φ. Take any assignment of truth
values to these variables and define

p′k =

{

pk if pk gets T

¬pk if pk gets F ,
Φ′ =

{

Φ if Φ gets T

¬Φ if Φ gets F
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under this assignment. Then

p′1 , . . . , p′m ⊢ Φ′ .

Proof. We use induction on the length of the formula. If Φ has only one
symbol then it is a propositional variable pk. In this case the required
result is either pk ⊢ pk or ¬pk ⊢ ¬pk, each of which is clearly true.

If Φ contains more than one symbol then Φ is constructed from
shorter formulae in one of two ways.

Case 1, Φ = ¬Ψ. We consider two subcases.

• If Ψ gets F under the given assignment of truth values we have
Ψ′ = ¬Ψ ; also, Φ gets T . Since Ψ is shorter than Φ, the inductive
assumption is that

p′1 , . . . , p′m ⊢ ¬Ψ .

As Φ′ = Φ = ¬Ψ, this is already the required result.

• If Ψ gets T then we have

p′1 , . . . , p′m ⊢ Ψ .

Now Φ′ = ¬Φ = ¬¬Ψ, so an n-line (say) proof of Ψ from the
hypotheses p′1, . . . , p

′

m can be augmented

n + 1. Ψ→¬¬Ψ t4
n + 2. ¬¬Ψ MP n + 1,n

to give a formal proof of Φ′ from p′1, . . . , p
′

m.

Case 2, Φ = Ψ→Ω. Here we need three subcases.

• If Ω gets T then Φ gets T , so Ω′ = Ω and Φ′ = Φ. By assumption
p′1 , . . . , p′m ⊢ Ω; quoting this proof and adding

n + 1. Ω→(Ψ→Ω) A1
n + 2. Ψ→Ω MP n + 1,n

shows that p′1 , . . . , p′m ⊢ Φ′.

• If Ψ gets F then Φ gets T and Ψ′ = ¬Ψ, Φ′ = Φ. Again a proof of
¬Ψ from p′1 , . . . , p′m becomes a proof of Φ′ upon adding

85

n + 1. ¬Ψ→(Ψ→Ω) t2
n + 2. Ψ→Ω MP n + 1,n

• The remaining case is when Ψ gets T and Ω gets F . Here we have
Ψ′ = Ψ, Ω′ = ¬Ω and Φ′ = ¬Φ = ¬(Ψ→Ω). Since Ψ and ¬Ω are
provable from p′1 , . . . , p′m we can write down their proofs followed
by

n + 1. Ψ→(¬Ω→¬(Ψ→Ω)) t7
n + 2. ¬Ω→¬(Ψ→Ω) MP n + 1, . . .
n + 3. ¬(Ψ→Ω) MP n + 2, . . .

to show in the final case that

p′1 , . . . , p′m ⊢ Φ′ .

Example. To illustrate how the above lemma works consider the for-
mula Φ = (p→ q)→¬p and suppose that p← T , q ← F . We shall con-
struct step by step a proof that p , ¬q ⊢ (p→ q)→¬p. Observe that the
construction is purely algorithmic and implements precisely the methods
given in the five subcases of the above proof.

p , ¬q ⊢ p (basis)

Proof. 1. p Hyp

p , ¬q ⊢ ¬q (basis)

Proof. 1. ¬q Hyp

p , ¬q ⊢ ¬¬p (by induction)

Proof. 1. p Hyp
2. p→¬¬p t4
3. ¬¬p MP 2,1

p , ¬q ⊢ ¬(p→ q) (by induction)

Proof. 1. p Hyp
2. ¬q Hyp
3. p→(¬q→¬(p→ q)) t7
4. ¬q→¬(p→ q) MP 3,1
5. ¬(p→ q) MP 4,2
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p , ¬q ⊢ (p→ q)→¬p (by induction)

Proof. 1. p Hyp
2. ¬q Hyp
3. p→(¬q→¬(p→ q)) t7
4. ¬q→¬(p→ q) MP 3,1
5. ¬(p→ q) MP 4,2
6. ¬(p→ q)→((p→ q)→¬p) t2
7. (p→ q)→¬p MP 6,5

Exercise. Do the same if p is F , q is T and Φ = q→¬(p→ q).

To demonstrate, finally, that tautologies and theorems coincide in PC

we prove

Theorem. The Completeness Theorem. Every tautology is a theorem
in PC.

Proof. Let Φ be a tautology with propositional variables p1, . . . , pm.
Since Φ is a tautology the preceding lemma says that for every assign-
ment of truth values to the pk we have

p′1 , . . . , p′m ⊢ Φ , (∗)

where the p′k are defined as in the statement of the lemma. We shall
show that for every assignment of truth values we have in fact

p′1 , . . . , p′m−1 ⊢ Φ ;

applying this step m times will show that Φ is a theorem.

So, assign any truth values whatever to p1, . . . , pm−1. Now (∗) holds
whether pm gets T or F . Therefore

p′1 , . . . , p′m−1 , pm ⊢ Φ and p′1 , . . . , p′m−1 , ¬pm ⊢ Φ ;

and the Deduction Theorem gives

p′1 , . . . , p′m−1 ⊢ pm→Φ and p′1 , . . . , p′m−1 ⊢ ¬pm→Φ .

That is, there exist formal proofs of pm→Φ and ¬pm→Φ from the
hypotheses p′1, . . . , p

′

m−1. Write down these proofs, followed by
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n + 1. (pm→Φ)→((¬pm→Φ)→Φ) t9
n + 2. (¬pm→Φ)→Φ MP n + 1, . . .
n + 3. Φ MP n + 2, . . .

This is a proof of Φ from the hypotheses p′1, . . . , p
′

m−1. The Completeness
Theorem follows as explained above.

Summary. In propositional calculus we

• have specified the elements of the language;

• have defined propositional formulae (that is, intuitively, the “mean-
ingful” statements of the language);

• can check by a mechanical procedure (an algorithm) whether or not
a string of symbols is a propositional formula;

• have defined the “true” statements of the language (tautologies);

• have an algorithm (truth tables) to check the truth of a proposi-
tional formula;

• have defined what it means to “prove” a statement;

• have shown that the provable facts are precisely the true proposi-
tional formulae, from which it follows that the system is consistent;

• can mechanically (algorithmically!) construct the proof of a given
truth.

Thus, the propositional calculus is a system in which the notions of
“truth” and “provability” can be reduced to simple computational de-
vices such as truth tables; a system in which, as Leibniz hoped, no logical
error is possible other than simple “arithmetic” or “algebraic” slips.

Consistency and compactness. To conclude this chapter we look
more closely at the relation between the “semantic” and “syntactic”
sides of propositional calculus, and demonstrate some applications of
formal logic to other areas of mathematics. We begin with two results
concerning familiar concepts; the first is a generalisation of the com-
pleteness theorem.

Theorem. Let Φ1,Φ2, . . . ,Φn and Ψ be formulae of PC. Then

Φ1 , . . . , Φn ⊢ Ψ if and only if Φ1 , . . . , Φn |= Ψ .
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Proof. Exercise. (Use induction and problem 7 from sheet 3.)

Recall that a set of propositional formulae is satisfiable if there is an
assignment of truth values making every formula in the set true simul-
taneously. For finite sets we can write this in terms of argument forms.

Theorem. A finite set of propositional formulae Σ is satisfiable if and
only if there is no formula Φ such that both

Σ |= Φ and Σ |= ¬Φ .

Proof. Exercise.

The formal analogue of satisfiability is

Definition. A set Σ of formulae in PC is consistent if and only if
there is no formula Φ such that both

Σ ⊢ Φ and Σ ⊢ ¬Φ .

Example. The set of formulae consisting of p and ¬(¬q→ p) is not con-
sistent since from these hypotheses we can formally prove, for example,
both ¬q→ p and ¬(¬q→ p). The latter is obvious and for the former we
have

p , ¬(¬q→ p) ⊢ ¬q→ p

Proof. 1. p Hyp
2. p→(¬q→ p) A1
3. ¬q→ p MP 2,1

Theorem. Let Φ be a propositional formula and Σ a set of formulae.
Then Σ ∪ {Φ } is inconsistent if and only if Σ ⊢ ¬Φ.

Proof. If Σ ⊢ ¬Φ then also Σ∪{Φ } ⊢ ¬Φ. But obviously Σ∪{Φ } ⊢ Φ,
so Σ ∪ {Φ } is inconsistent.

Conversely, if Σ ∪ {Φ } is inconsistent then

Σ ∪ {Φ } ⊢ Ψ and Σ ∪ {Φ } ⊢ ¬Ψ

for some Ψ. By the Deduction Theorem we have

Σ ⊢ Φ→Ψ and Σ ⊢ Φ→¬Ψ ;
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augmenting these two proofs by (Φ→Ψ)→((Φ→¬Ψ)→¬Φ), which is
a theorem of PC, and two applications of modus ponens shows that
Σ ⊢ ¬Φ.

For finite sets the concepts of satisfiability and consistency coincide.

Theorem. A finite set of formulae in PC is consistent if and only if it
is satisfiable.

Proof. By definition, a finite set Σ is not consistent if and only if

Σ ⊢ Φ and Σ ⊢ ¬Φ

for some formula Φ. By the above generalisation of the Completeness
Theorem, this is true if and only if

Σ |= Φ and Σ |= ¬Φ

for some Φ; and this in turn, using another theorem from the previous
page, is true if and only if Σ is not satisfiable.

With more work we can remove the restriction to finite sets in the
above theorem. The proof will depend upon the following result, which
is also important in its own right.

Theorem. The Compactness Theorem. A set Σ of formulae in PC is
satisfiable if and only if every finite subset of Σ is satisfiable.

Proof. If Σ is satisfiable then there is an assignment of truth values
which makes every formula in Σ true. Clearly, then, every (finite) subset
of Σ is satisfied by the same assignment.

Conversely, suppose that every finite subset of Σ is satisfiable. De-
note the propositional variables occurring in Σ by p1, p2, . . . We shall
prove by induction the following statement:

“for each n ≥ 1 we can define truth values for p1, p2, . . . , pn

in such a way that every finite subset of Σ is satisfied by an
assignment of truth values including these n”.

Note that the following argument serves both for the basis (n = 1) and
the inductive step (n > 1).
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Suppose that truth values for p1, . . . , pn−1 have been defined in
such a way that every finite subset of Σ is satisfied by an assignment
agreeing with these, but that it is impossible to define pn as required.
Then there is a finite subset Σ1 of Σ which is not satisfied by a system
of truth values including the n − 1 already defined and pn ← T , and
there is a finite subset Σ2 which is not satisfied by the first n− 1 truth
values and pn ← F . But then Σ1 ∪ Σ2 is finite and cannot be satisfied
by any assignment of truth values agreeing with those already found for
p1, . . . , pn−1. This contradicts the inductive hypothesis (or what is given
in the case n = 1). Hence, having assigned truth values to p1, . . . , pn−1,
it is always possible to define a value as required for pn.

We now prove that the whole (infinite) set Σ is satisfied by the truth
values we have constructed. Any formula Φ in Σ contains only finitely
many propositional variables, say up to pn. By what has just been
proved, Φ is true under the truth values we have assigned to p1, . . . , pn;
and therefore is true under the entire assignment, since the variables
pn+1, pn+2, . . . do not occur in Φ. Hence every formula in Σ is true
under the sequence of truth values found above, and this means that Σ
is satisfiable.

Theorem. The Extended Completeness Theorem. A set of formulae in
PC is consistent if and only if it is satisfiable.

Proof. If Σ is an inconsistent set of propositional formulae, then

Σ ⊢ Φ and Σ ⊢ ¬Φ

for some formula Φ. But since a formal proof can use only finitely many
hypotheses we have

Σ1 ⊢ Φ and Σ2 ⊢ ¬Φ

for some finite Σ1,Σ2 ⊆ Σ. Therefore Σ has a finite inconsistent subset
Σ1 ∪Σ2. Conversely, it is clear that if Σ has a finite inconsistent subset
then Σ itself is inconsistent.

Therefore, using the Compactness Theorem and the preceding the-
orem about finite consistent sets, we have: a set of formulae in PC is
consistent if and only if every finite subset is consistent; if and only if
every finite subset is satisfiable; if and only if the whole set is satisfiable.
This completes the proof.
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We can often use the Compactness Theorem to show that a prop-
erty given (or already known) to be true for all finite “parts” of some
structure is true for the whole structure.

Example. Let G be a graph with a countably infinite set of vertices
V = { v1, v2, . . . }. Then G is bipartite if (and only if) every finite
subgraph of G is bipartite.

Proof. Suppose that every finite subgraph of G is bipartite, and intro-
duce propositional variables p1, p2, . . . (We shall think of pn as asserting
that vn ∈ A.) Let Σ be the set consisting of all formulae

pm↔¬pn

such that vm and vn are adjacent in G.

Let Σ0 be a finite subset of Σ and write

V0 = { vn ∈ V | pn occurs in a formula in Σ0 } .

Then V0 is finite. Let G0 be the graph having vertex set V0, with vm and
vn adjacent in G0 if and only if they are adjacent in G. By assumption
there is a set A0 ⊆ V0 such that vm and vn are adjacent only if one is in
A0 and the other is not.

Assign truth values

pn ← T if and only if vn ∈ A0 .

Now for any formula pm↔¬pn in Σ0, the vertices vm and vn are adjacent
in G, therefore adjacent in G0, and so one is in A0 and the other not.
Therefore one of the propositional variables pm and pn is true, the other
false; so the formula is true. Hence, Σ0 is satisfiable.

By the Compactness Theorem, Σ is satisfiable.

Choose an assignment of truth values which makes every formula
in Σ true. To show that G is bipartite, define

A = { vn ∈ V | pn is true in this assignment } .

Now if vm, vn are adjacent then Σ includes the (true) formula pm↔¬pn;
therefore one of pm, pn is true, the other false; and hence one of vm, vn

is in A, the other not. Thus G is bipartite.
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Exercise. Try to prove a similar result for tripartite, tetrapartite, . . .
graphs. (Hint: you will need more than just one series p1, . . . of propo-
sitional variables.)

Definition. An ordered group is a group G together with a relation
< having the properties

• for all a, b, x ∈ G, if a < b then ax < bx and xa < xb;

• transitivity;

• if a < b then b 6< a;

• for all a, b ∈ G either a < b or a = b or b < a.

Note.

1. We would also like a 6< a, but (exercise!) this can be proved from
the above properties.

2. Not every group can be ordered. For example, show that a finite
cyclic group cannot be ordered.

Theorem. If every finitely generated subgroup of a countably infinite
group G can be ordered, then G can be ordered.

Proof. Suppose every finitely generated subgroup of G can be or-
dered; introduce propositional variables pab, where a, b are elements of
G. (Think of pab as denoting “a < b ”.) Let Σ be the set consisting of
the formulae

• pab→ pcd whenever a−1c = b−1d ;

• pab→ pcd whenever ca−1 = db−1;

• (pab ∧ pbc)→ pac for all a, b, c ∈ G;

• pab→¬pba for all a, b ∈ G;

• pab ∨ pba whenever a 6= b.

Let Σ0 be a finite subset of Σ; let A0 be the set of all subscripts occurring
in formulae in Σ0; let G0 be the subgroup of G generated by A0. Since
A0 is finite, G0 can be ordered by the relation (say) <0.

Assign pab the value T if and only if a <0 b. Then all of the formulae
in Σ0 receive the truth value T . For example, consider a formula of the
first type above. If a−1c = b−1d = x then we have c = ax, d = bx; by
definition of an order on a group, if a <0 b then ax <0 bx; thus, if a <0 b
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then c <0 d. Hence the formula pab→ pcd is true. Check the other four
types as an exercise.

Hence every finite Σ0 ⊆ Σ is satisfiable, and by the Compactness
Theorem Σ is satisfiable.

Given an assignment of truth values which satisfies Σ, define a re-
lation on G by

a < b if and only if pab gets T in this assignment.

Then it can be shown that < is an order on G: this time we check
the last part of the definition and leave the others as an exercise. Let
a, b ∈ G. If a 6= b then the formula pab ∨ pba is in Σ and therefore gets
T . Thus either pab is true, so a < b ; or pba is true, so b < a. Hence in
every case we have either a < b or a = b or b < a.

Except for the bits to be done as exercises, this completes the proof.

Independence of the propositional calculus axioms. We show
that the three axioms we have taken for PC are independent, that is,
that none of them can be deduced from the other two. The most impor-
tant way of doing this will be to re-interpret the undefined concept of
truth values: recall how we showed that Euclid’s first theorem is not cor-
rectly deduced from his axioms by re-interpreting the undefined notions
of point and line.

Definition. Consider a three-valued logic with truth values T,U and
F . The logical connectives ¬ and → are defined by the following truth
tables:

p ¬p

T F

U U

F T

p q p→ q

T T T

T U U

T F F

U T T

U U T

U F U

F T T

F U T

F F T
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Define well-formed formulae, tautologies, theorems and so forth as in
standard (two-valued) logic.

Exercise. Invent “sensible” truth tables for ∧, ∨ and ↔ in this three-
valued logic.

We shall show that in the above interpretation, (A1) and (A3) are
“true” while (A2) is not, and that a valid deduction cannot lead from
“true” premises to an “unknown” or “false” conclusion. This will show
that (A2) cannot be deduced from (A1) and (A3).

Constructing the truth table for (A1) in this three-valued logic,

Φ Ψ Ψ→Φ Φ→(Ψ→Φ)

T T T T

T U T T

T F T T

U T U T

U U T T

U F T T

F T F T

F U U T

F F T T

we see that (A1) is a tautology. Likewise (A3) is a tautology (exercise).
Furthermore, modus ponens preserves tautologies: that is, if Φ and
Φ→Ψ are both tautologies, then so is Ψ. To see this, look at the truth
table for → . The only row in which p and p→ q both get T is the first,
and in this case q gets T as well.

Since (A1) and (A3) are tautologies and modus ponens preserves
tautologies, every formula provable from (A1) and (A3) is a tautology.
But (A2) is not a tautology: if Φ← U , Ψ← U and Ω← F then

Ψ→Ω gets U , Φ→Ψ gets T , Φ→Ω gets U ;

so
Φ→(Ψ→Ω) gets T , (Φ→Ψ)→(Φ→Ω) gets U ;

so
(Φ→(Ψ→Ω))→((Φ→Ψ)→(Φ→Ω)) gets U .
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This shows that

Theorem. In propositional calculus, (A2) is independent of the other
axioms.

In a similar manner – by using different truth tables, or perhaps
by allowing more than three truth values – we can show that (A1) is
independent of (A2) and (A3), and that (A3) is independent of (A1)
and (A2). Thus all three axioms are independent; removing any one of
them will leave us with a different system of formal logic.

Quite a different method of proving the independence of (A3) is as
follows.

Theorem. In propositional calculus, (A3) is independent of (A1) and
(A2).

Proof. If Ω is a propositional formula, let Ω′ be the formula (exercise:
check that it really is a propositional formula) obtained by erasing all ¬
signs from Ω. We call Ω stable if and only if Ω′ is a tautology.

Consider Ω = Φ→(Ψ→Φ), which is an instance of axiom (A1). We
have

Ω′ = Φ′→(Ψ′→Φ′) ,

which is also an instance of (A1) and is therefore a tautology. Hence all
instances of (A1) are stable; similarly, so are all instances of (A2).

Now suppose that Φ and Φ→Ψ are stable; then Φ′ and Φ′→Ψ′ are
tautologies; hence Ψ′ is a tautology, and Ψ is stable. So modus ponens
preserves stability.

Thus, stability is a property which is possessed by axioms (A1) and
(A2) and is preserved by modus ponens; therefore, every propositional
formula which can be proved from (A1) and (A2) is stable. But (A3) is
not stable since, for example,

Ω = (¬q→¬p)→(p→ q)

is an instance of (A3), but

Ω′ = (q→ p)→(p→ q) ,

which is not a tautology. Therefore, axiom (A3) is not provable from
axioms (A1) and (A2).
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