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Learn [Russell’s paradox] by heart and you can
destroy a conversation at fifty paces.

Robert Ainslie, “Bluff your way in maths”

1. INTRODUCTION. In this section we shall revise material from
MATH1081 Discrete Mathematics, introduce some new topics in set
theory and discuss some of the logical aspects of various different areas
of mathematics.

Sets, relations and functions.

Georg Cantor
(1845–1918)

“A set is a collection into a whole, A, of def-
inite and separate objects of our intuition or our
thought. These objects are called the elements
of A.” (Georg Cantor, quoted in Susanna S. Epp,
Discrete Mathematics with Applications.)

This sounds like a perfectly straightforward
and uncontroversial concept. Remarkably, how-
ever, it contains hidden contradictions, and if we
wish to work carefully with sets we must adopt a
different approach. Nevertheless, the concept will be adequate at least
for the first part of this course.

You should be able to tell whether or not a proposed set is well-
defined, that is, whether or not it really is a set. This means that it
must be possible in principle (though maybe very difficult in practice)
to tell whether any given “object” is an element of the set or not.

You should be familiar with writing sets in various ways: as a list
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of elements, as a description of the elements or in “set-builder” notation
{x ∈ U | · · · }. In this last notation we always specify that the elements
x come from a collection U which we already know is a set: this helps
to avoid certain paradoxes which we shall consider later.

You should remember what it means for two sets to be equal – recall
in particular that order and repetition of elements are irrelevant – and
for one to be a (proper) subset of the other.

There is a unique set with no elements, denoted ∅ and referred to
as the empty set. The following notations are more or less standard.

N = {natural numbers}

= { 0, 1, 2, . . . }

Z = { integers }

Q = { rational numbers }

R = { real numbers }

C = { complex numbers }

You should know what is meant by the complement of a set (in
a given universal set), and by the union, intersection and difference of
two sets, and be able to prove “algebraic” relations between sets in
three ways: by the use of Venn diagrams; by an elementwise proof “let
x ∈ LHS . . . therefore x ∈ RHS”; and by using basic properties of set
algebra. If A,B,C are subsets of some universal set U , then

A ∪ B = B ∪ A, A ∩ B = B ∩ A

A ∪ (B ∪ C) = (A ∪ B) ∪ C, A ∩ (B ∩ C) = (A ∩ B) ∩ C

A ∩ (B ∪ C) = (A ∩ B) ∪ (A ∩ C), A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪ C)

A ∪ ∅ = A, A ∩ ∅ = ∅

A ∪ U = U , A ∩ U = A

A ∪ A = A, A ∩ A = A

A ∪ B = A ∩ B, A ∩ B = A ∪ B

A ∪ A = U , A ∩ A = ∅

A = A

A − B = A ∩ B
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For any set A, its power set P(A) is the set of all subsets of A. It
is often helpful to remember that

X ∈ P(A) and X ⊆ A

mean exactly the same thing!

The Cartesian product of A and B is the set of all ordered pairs
with first element in A and second in B:

A × B = { (a, b) | a ∈ A, b ∈ B } .

Definition. A binary relation between two sets A and B is a subset
of A × B. If B = A we speak of a relation on A.

Examples.

1. The well-known relation ≤ on N can be written formally

≤ = { (0, 0), (0, 1), (0, 2), . . . , (1, 1), (1, 2), (1, 3), . . . } .

= { (m,n) ∈ N2 | n = m + p for some p ∈ N }

Formally we may say (1, 2) ∈ ≤, but generally we will just write
1 ≤ 2 as usual.

2. Define a relation on R as follows: x ∼ y if and only if cos x = cos y.
Then ∼ is a set of ordered pairs of real numbers including, for
example,

(0, 2π) , (2π, 0) , (−1,−1 + 4π) , (1
3π,− 1

3π) ,

but not, say, (1
4
π, 1

2
π).

Exercise. Write out a complete description of the ordered pairs
comprising ∼.

3. Let A be a set and consider the relation ∈ on P(A). In most cases,
X ∈ Y is never true for X,Y in P(A), and so the relation will just
be the empty set (or empty relation).

Exercise. Find a set A for which the relation just described is not
empty.
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Puzzles/jokes. Since, formally speaking, relations are sets, we may
consider their unions, intersections and complements. See if the follow-
ing make any sense, and if they do, determine whether they are true or
false:

≤ = < ∪ = 6= = < ∪ > | ∩ 6= ⊂ <

(The first symbol in the third puzzle denotes divisibility.)

Important properties of relations. Let ∼ be a relation on the set
A. The relation is said to be

• reflexive when for all a ∈ A we have a ∼ a;

• symmetric when for all a, b ∈ A, if a ∼ b then b ∼ a;

• transitive when for all a, b, c ∈ A, if a ∼ b and b ∼ c then a ∼ c;

• antisymmetric when for all a, b ∈ A, if a ∼ b and b ∼ a then
a = b.

Examples.

1. The relation ≤ over N is reflexive, antisymmetric and transitive,
but not symmetric.

2. The relation of example 2 above is reflexive, symmetric and transi-
tive, but not antisymmetric.

Exercise. Find an example of a relation which is both symmetric and
antisymmetric! Is there more than one example of such a relation?

Definition. An equivalence relation is one which is reflexive, sym-
metric and transitive. A partial order is a relation which is reflexive,
antisymmetric and transitive.

Examples.

1. Example 1 above is a partial order.

2. Example 2 is an equivalence.

3. For any set A, the ⊆ relation is a partial order on P(A). Note that
we can find sets X,Y such that neither X ⊆ Y nor Y ⊆ X is true.
In this respect ⊆ is a more “typical” partial order than ≤ .
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Definition. A function f from a set A to a set B is a relation between
A and B with the property

for each a ∈ A there is exactly one element b ∈ B such that
(a, b) ∈ f .

We write f : A → B and call A and B respectively the domain and
codomain of f . As usual, we shall write

b = f(a)

instead of (a, b) ∈ f or a f b. The range of f is the set of all possible
values of f(a):

range f = { f(a) | a ∈ A } .

Examples.

1. There is a function f from { 1, 2, 3, 4, 5 } to {♠,♥,♦,♣} defined by

f = { (1,♦), (2,♠), (3,♦), (4,♦), (5,♥) } .

2. The set
{ (x, y) ∈ R2 | y = x2 }

is a function from R to R, but

{ (x, y) ∈ R2 | x = y2 }

is not. How about

{ (y, x) ∈ R2 | x = y2 } ?

3. Let f : Q → Z be given by the “rule” f
(

p

q

)

= q. Then f is not a

well-defined function (that is, not actually a function at all) since

(

1
2
, 2

)

∈ f and
(

1
2
, 4

)

=
(

2
4
, 4

)

∈ f .

Definition. A function f is said to be one-to-one (or injective) if and
only if for each y in the codomain there is only one ordered pair (x, y)
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in f (possibly even none at all): in other words, if for all x1, x2 in the
domain of f ,

if f(x1) = f(x2) then x1 = x2 .

The function is called onto (or surjective) if for every y in the codomain
there is at least one ordered pair (x, y) in f (possibly more than one):
in other words, if for every y in the codomain,

y = f(x) for some x in the domain.

A function is called a bijection (or a one-to-one correspondence) if it is
both one-to-one and onto: in other words, if for each y in the codomain
there is exactly one x with y = f(x).

Examples.

1. The “hailstone” function h : N → N, defined by

h(x) =

{

3x + 1 if x is odd
1
2
x if x is even,

is onto but not one-to-one.

2. Let f : Z → N be given by

f(x) =

{

2x if x ≥ 0
2|x| − 1 if x < 0;

then f is both one-to-one and onto.

Definition. A partial function p from a set A to a set B, written
p : A · · ·→ B, is a relation between A and B with the property

for each a ∈ A there is at most one element b ∈ B such that
(a, b) ∈ p.

In other words, a partial function is just like a function except that some
values of p(a) may be left undefined.

Examples.

1. The (non-negative) square root defines a partial function sqrt :
Z · · ·→ Z . Written as a set of ordered pairs, this is the relation

sqrt = { (0, 0), (1, 1), (4, 2), (9, 3), . . . }
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and we may write, for example,

sqrt(25) = 5 , sqrt(26) is undefined .

If we allowed both positive and negative square roots, however, this
would not be a partial function.

x

y

0

1

2. Define p : R · · ·→ R by

p(y) is the smallest x such that
ex + x2 = y.

By sketching the graph it is clear that
p(y) will be defined for y ≥ 1 and not
for y ≤ 0; but it is not easy to determine
precisely the values between 0 and 1 for which p(y) is defined.

3. For n ∈ Z+ define f(n) to be the nth-smallest positive integer m
such that m − 1 and m + 1 are both prime. Then f is (at least) a
partial function from Z+ to Z+; but it is unknown whether or not
f is a total function.

Theorem. A function f : A → B is a bijection if and only if there is
a function g : B → A with the following property: for every a ∈ A we
have g(f(a)) = a, and for every b ∈ B we have f(g(b)) = b.

Proof. Let f be a bijection from A to B. For each b ∈ B we define g(b)
as follows: g(b) = a if and only if f(a) = b. Now note that

• for each b ∈ B there exists some a ∈ A, since f is onto;

• . . . and only one such value, since f is one-to-one.

Therefore g really is a function. Also, for any a ∈ A take b = f(a); then
by definition of g we have g(b) = a and so

g(f(a)) = g(b) = a .

Similarly, if b ∈ B then f(g(b)) = b.

Conversely, let f be a function from A to B and suppose that there
is a function g with the stated property. We have

• if f(a1) = f(a2) then g(f(a1)) = g(f(a2)), so a1 = a2: that is, f is
one-to-one; and
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• for any b ∈ B there exists a ∈ A, namely a = g(b), such that
b = f(a): thus f is onto.

Being both one-to-one and onto, f is a bijection.

Note.

1. If f is a bijection, then there is in fact only one function g deter-
mined by the property in the above theorem (exercise: prove it!);
g is called the inverse of f and denoted f−1.

2. The definition of f−1 is very easy if we write it in ordered pair
notation:

f−1 = { (b, a) | (a, b) ∈ f } .

Example. The inverse of the function f : Z → N on page 6 is

g : N → Z , where g(n) =

{

1
2n if n is even
− 1

2 (n + 1) if n is odd.

To prove this, we need only check the conditions in the previous theorem.
Let x ∈ Z. If x ≥ 0 then

g(f(x)) = g(2x) = 1
2
(2x) = x

because 2x is obviously even; while if x < 0 then

g(f(x)) = g(2|x| − 1) = g(−2x − 1) = − 1
2 ((−2x − 1) + 1) = x .

Thus g(f(x)) = x for all x ∈ Z. By similar means we can show (exercise!)
that f(g(n)) = n for all n ∈ N; therefore g is a bijection, and g = f−1.

Exercise. Confirm from the definition that g is a bijection.

Things to learn from this proof.

• For an “if and only if” theorem there are two statements to be
proved. It is a good idea to clearly separate the two sections of
the proof, for example by writing “conversely” to begin the second
part.
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• Whenever we attempt to define a new function, we must check that
it really is a function; in other words, that for every b ∈ B exactly
one value of g(b) has been defined. Similar comments apply to sets
(see Russell’s paradox below) and other mathematical objects.

• “Similarly” saves work for the reader, not the writer! We must
check, at least mentally, that the two cases really are similar.

• Note one typical pattern for proving an “if X then Y ” statement:

“Suppose that X is true.
...

Therefore Y is true.”

• For example, one way to show that f is one-to-one is

“Suppose that f(a1) = f(a2).
...

Therefore a1 = a2.”

• Usually the easiest way to prove an existence statement is to pro-
duce a specific example.

Countable and uncountable sets. Let’s now consider a very basic
mathematical procedure: counting. Elementary though this is, there is
a slightly different task which is logically even simpler. To determine
whether or not two sets have the same number of elements it is not
actually necessary to count them: for example, if we observe that every
person in a large lecture theatre has a seat, and every seat has a per-
son (one only!) sitting on it, then, regardless of the numbers actually
involved, we can be certain that the number of people and the number
of seats in the theatre are equal.

What we have done is to set up a bijection f : P → S between the
set of people and the set of seats in the theatre. This will be our basic
way to tell when two sets have the same number of elements.

Definition. Two sets A and B are said to have the same cardinality
(that is, the same number of elements) if there exists a bijection from
one to the other. In this case we write |A| = |B|.

The above definition probably seems obvious as long as we are talk-
ing about finite sets. But observe that we can also set up a bijection
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between N and the set of squares,

f : N → { squares } , where f(n) = n2 .

This greatly worried Galileo (among others) as it suggests that these
two sets also have the same number of elements. But how can this be
when one is part of the other? Galileo was unable to make sense of this
and concluded that it is impossible to compare the size of infinite sets.

Richard Dedekind
(1831–1916)

On the other hand, what exactly is an “in-
finite” set anyway? Richard Dedekind (1831–
1916) took Galileo’s dilemma by the horns and
proposed that it should provide the definition of
an infinite set: a set A is infinite if and only if it
has a proper subset B such that there is a bijec-
tion f : A → B. We shall give a different defini-
tion which turns out to be equivalent to this.

What do we actually do when we count a set
A of objects? We usually point at the objects one by one and recite
“one, two, three, . . . ”. In effect, we are defining a function f from (part
of) the set of positive integers to the set A. In order to do this correctly
no object must be counted twice and so f must be a one-to-one function.
Finally, if the set were infinite then we would never finish counting and
so the domain of f would be all (not just part) of N.

Definition. The set A is infinite if and only if there exists a one-to-one
function f from N to A.

Examples.

1. N itself is infinite since the identity function

id : N → N , where id(n) = n

is one-to-one. Similarly Q and R are infinite.

2. The interval ( 0, 1 ] is infinite: consider f : N → ( 0, 1 ] given by

f(n) =

{

1
n

if n 6= 0
2
43 if n = 0.
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3. Exercise. Pick another set which you would expect to be infinite,
and check (by finding a suitable function f) that it conforms to the
above definition.

We know that we have finished counting a set when we have pointed to
every object in the set: that is, when we have defined an onto function.
This motivates the following definition.

Definition. A non-empty set A is countable if there exists a function
f from N onto A; the empty set is also regarded as countable.

Note. It follows from the definition that A is countable if and only if it
can be written as

{ f(0), f(1), f(2), . . . } ,

or more concisely as

A = { a0, a1, a2, . . . } = { b1, b2, b3, . . . } ,

the latter being merely a change of notation. Yet another criterion for
countability is that there exist a one-to-one function from A to N. For
this and more see the problem sheet.

Examples.

1. Any finite set is “obviously” countable (though to prove this care-
fully from the definitions is not so easy!)

2. N itself is countably infinite – that is, both countable and infinite –
since the identity function is not only one-to-one but also onto. (So
the mathematical meaning and the “ordinary” meaning of “count-
able” do not quite coincide; we would not normally say that it was
possible to count an infinite set.)

3. The set of squares is countable since the function f : N → { squares }
given by f(n) = n2 is a bijection. In fact it is not too hard to show
that any subset of a countable set is also countable.

4. A “larger” set than N may also be countable. For example Z, the
set of all integers, is countable: we give three proofs of this.

• Since the function g : N → Z defined by

g(n) =

{

1
2n if n is even
− 1

2 (n + 1) if n is odd
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is onto (see page 8), Z is countable according to the definition.

• Since the function f : Z → N given by

f(x) =

{

2x if x ≥ 0
2|x| − 1 if x < 0

is one-to-one (see page 6), Z is countable according to the al-
ternative criterion stated above.

• Since the integers can be listed as

Z = { 0,−1, 1,−2, 2, . . . }

they form a countable set.

Theorem. Q+, the set of positive rational numbers, is countable.

Proof. Arrange all positive rational numbers in an array thus:

1
1

1
2

1
3

1
4 · · ·

2
1

2
2

2
3

2
4 · · ·

3
1

3
2

3
3

3
4

· · ·

4
1

4
2

4
3

4
4 · · ·

...
...

...
...

Now turn this array into a list diagonal by diagonal:

1
1 , 1

2 , 2
1 , 1

3 , 2
2 , 3

1 , 1
4 , 2

3 , 3
2 , 4

1 , . . .

Finally, let f(n) be the nth element in this list:

f(0) = 1
1 , f(1) = 1

2 , f(2) = 2
1 , f(3) = 1

3 ,

f(4) = 2
2

, f(5) = 3
1

, f(6) = 1
4

, · · · .

Then f is a function from N onto Q+, and hence Q+ is countable.

Corollary. Q is countable.

Proof. Exercise.

Note. A similar proof shows that if A is any countable set then A2 is
also countable.
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Theorem. (Cantor, 1874.) The set ( 0, 1 ) of real numbers between 0
and 1 is uncountable.

Proof. Suppose the set is countable. Then we can list its elements as
r1, r2, r3, r4, . . . . Write out all these numbers as infinite decimals:

r1 = 0· d11 d12 d13 d14 . . .

r2 = 0· d21 d22 d23 d24 . . .

r3 = 0· d31 d32 d33 d34 . . .

r4 = 0· d41 d42 d43 d44 . . .
...

Construct a number s = 0·e1e2e3e4 . . . by defining

ek =

{

4 if dkk 6= 4
7 if dkk = 4.

Now s is a real number between 0 and 1 and is not equal to any rk, for
it differs from r1 in the first decimal place, from r2 in the second and so
forth. But this is a contradiction because r1, r2, . . . was assumed to be
a complete list of reals between 0 and 1. Hence ( 0, 1 ) is uncountable.

Corollary. R is not countable.

Exercise. Couldn’t we simplify the proof by just saying “let ek be any
digit other than dkk”?

The method of the previous proof is known as Cantor’s diagonal
argument. Since it is an extremely important technique which we will
see again later in this course, we give another example of its use. The
following result was also first proved by Cantor.

Theorem. Let A be any set. There is no bijection between A and its
power set P(A).

Proof. Suppose there is a bijection f : A → P(A). If a ∈ A then f(a)
is a subset of A, and therefore either a ∈ f(a) or a /∈ f(a). Consider

S = { a ∈ A | a /∈ f(a) } .
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Since S ⊆ A and f is onto, there exists an element s of A such that
f(s) = S. But this leads to a contradiction:

s ∈ S ⇔ s /∈ f(s) ⇔ s /∈ S .

The only possible conclusion is that there is no such bijection f , and the
result is proved.

Things to learn from these proofs.

• Since we need to show there is no function whatsoever with certain
properties, there is little hope but to use proof by contradiction.

• Remember that to prove a statement by contradiction we begin by
assuming the statement is false.

• Compare the uncountability proof for ( 0, 1 ) with the proof that
there are infinitely many primes.

Notation. Since we can now decide whether or not two sets have the
same cardinality, it is useful to have some notation for specific cardinal-
ities. The number of elements in a finite set is, of course, simply one of
the natural numbers 0, 1, 2, . . . . Cantor gave the name ℵ0 (pronounced
aleph–nought) to the number of elements in N, because N is the smallest
infinite set and ℵ is the first letter of the Hebrew alphabet. He denoted
the number of elements in R by c, the initial letter of “continuum”.

We have just spoken of N as being the “smallest” infinite set. For
this to be a meaningful statement, there must be some way of comparing
the sizes of infinite sets. To formulate a suitable definition we once again
take our inspiration from the “comparing without counting” scenario we
introduced on page 9. If in a large lecture theatre we see that every
person has a seat, and there is never more than one person in the same
seat, we may conclude that the number of people is not more than the
number of seats. That is:

Definition. If there exists a one-to-one function from a set A to a set B,
then we say that A has no more elements than B, or that the cardinality
of A is less than or equal to that of B, and we write |A| ≤ |B|. In the
case where |A| ≤ |B| and |A| 6= |B| we write |A| < |B|.
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Examples.

1. The identity function from N to R is one-to-one; hence |N| ≤ |R|,
that is, ℵ0 ≤ c. But we know that ℵ0 6= c because R is uncountable.
Therefore ℵ0 < c. Informally, “there are more real numbers than
natural numbers”. This is not the most surprising fact you will
learn in this course.

2. For any set A we have |A| < |P(A)|. Proof. It is easy to see that

f(a) = { a }

defines a one-to-one function from A to P(A); therefore the car-
dinality of A is less than or equal to that of P(A). But we have
shown already that there is no bijection between A and P(A), and
the result follows.

Problem. What can we conclude if |A| ≤ |B| and |B| ≤ |A| ?

Obviously we would expect that |A| should be equal to |B|. And in-
deed this is true, although it is surprisingly hard to prove. The difficulty
is that we must base our argument strictly on the definitions by showing
that if there exist one-to-one functions f : A → B and g : B → A, then
there exists a bijection h : A → B. Consider, for example

f : Z → N , f(n) = |4n + 1| and g : N → Z , g(n) = 2n − 1 .

Now f is one-to-one (prove it!); so is g (easy). And of course we know
in this case that there is a bijection h : Z → N. But how are we to find
such an h from given f and g?

If f were not only one-to-one but also onto we could simply take
h = f . If g were onto we could take h = g−1. When neither function
is onto, as in the above example, we need to amalgamate f and g−1 to
obtain

h(n) =

{

f(n) sometimes
g−1(n) sometimes.

The difficulty lies in sorting out the “sometimes”.

Theorem. The Cantor–Schroder–Bernstein Theorem. Comparison of
cardinals is an antisymmetric relation.
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Proof. Let f : A → B and g : B → A be one-to-one functions. For any
a in A, consider a sequence of elements from A and B alternately,

{ a0, b1, a2, b3, a4, b5, . . . } ,

which satisfies the conditions

a = a0 , a0 = g(b1) , b1 = f(a2) , a2 = g(b3) , . . . .

There is certainly one such sequence, namely the sequence { a0 } with
only one element. Also, for a given a there is obviously only one possible
a0; then, since f and g are one-to-one, there is only one b1 (if any), only
one a2 (if any), and so on. Therefore there is only one longest possible
sequence of this type starting at a given a; we denote it by S(a).

Now S(a) may be finite or infinite. If it is finite it has the form

{ a0, b1, a2, b3, . . . , a2k } or { a0, b1, a2, b3, . . . , b2k+1 }

and we shall describe these two cases by saying that S(a) ends in A or
ends in B respectively. For any a ∈ A write

h(a) =







f(a) if S(a) is infinite
f(a) if S(a) ends in A
b1 if S(a) ends in B.

Then h is a well–defined function from A to B, and we shall show that
it is a bijection. First, suppose that h(a) = h(a′). There are three cases.

• If f(a) = f(a′) then a = a′ because f is one-to-one.

• If b1 = b′1 then g(b1) = g(b′1), that is, a0 = a′

0, and again we have
a = a′.

• The only alternative is that f(a) = b′1, where S(a) is infinite or ends
in A, and S(a′) ends in B. Then

S(a′) = { a′, b′1, a, . . . } ,

and so S(a) ends in B. But this is not true, and therefore this case
is not in fact possible.
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We have proved that if h(a) = h(a′) then a = a′, so h is a one-to-one
function. Now take any b in B, and write a = g(b). The sequence
starting at a is

S(a) = { a, b, a2, . . . } .

There are two possibilities.

• If S(a) ends in B then b = b1 = h(a).

• If S(a) does not end in B then neither does S(a2), and therefore
b = b1 = f(a2) = h(a2).

We have shown that every element of B is the image under h of some
element of A, and so h is onto. This completes the proof.

Theorem. The relation ≤ between cardinals is a partial order.

Proof. Reflexivity and transitivity are not very hard and are left as
exercises. Antisymmetry has just been proved.

Example. For the functions f and g on page 15 we have

S(5) = { 5, 3,−1, 0 }, S(6) = { 6 }, S(7) = { 7, 4 },

S(8) = { 8 }, S(9) = { 9, 5, 1, 1, 0 }.

Therefore S(6), S(8) and S(9) end in A while S(5) and S(7) end in B,
so we have

h(5) = 3 , h(6) = 25 , h(7) = 4 , h(8) = 33 , h(9) = 37 .

We can show directly that, say, n = 99 is in the range of h by following
the procedure given in the proof. Take a = g(99) = 197; then

S(a) = { 197, 99,−25 } ,

which ends in A, and so 99 = h(a2) = h(−25).

Exercises.

• Find (using Maple if you like) a few more values of S(a) and h(a).
Find a such that h(a) = 100 and h(a) = 101.

• Show that in this case S(a) cannot be infinite, and find an example
of functions f : A → B and g : B → A for which S(a) is sometimes
(or always) infinite.
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Comparability of cardinals. Since we have just seen that ≤ defines
a partial order between cardinals, it is natural to ask whether we have
in fact a total order (or linear order). In other words, is it true that for
arbitrary sets A and B we have either |A| ≤ |B| or |B| ≤ |A|?

Given two sets A and B, construct a function f : A → B as follows.
First, choose any a1 ∈ A and b1 ∈ B, and define f(a1) = b1. Next, take
any a2 other than a1 and any b2 other than b1; define f(a2) = b2. Then
take a3 6= a1, a2 and b3 6= b1, b2, and set f(a3) = b3. Continuing in this
way we must eventually reach one of two situations.

• There are no unused elements of A. In this case we have defined a
function f from A to B; by construction, no element of B has been
used twice, so f is one-to-one. By definition, |A| ≤ |B|.

• There are no unused elements of B. Then

g(bk) = ak for all k

defines a function g : B → A, and as no element of A was used
twice, g is one-to-one. Hence |B| ≤ |A|.

This argument purports to prove the following:

“Theorem”. For any sets A and B, either |A| ≤ |B| or |B| ≤ |A|.

However, there are at least two difficulties with the above reasoning.
First of all, there is an outright error. By selecting elements sequentially
we shall only ever obtain a countable set of evaluations f(ak) = bk. If
A and B are uncountable we shall never in fact reach a point where one
of the sets has been exhausted.

A more subtle point is, how do we know that we can make all these
choices anyway? The assumption that it is possible to do so can be
expressed in various ways, and is referred to as the Axiom of Choice.

“If S is any set of pairwise disjoint non–empty sets, then there
exists a set T , called a choice set for S, which shares exactly
one element with each set in S.”

Perhaps you feel that this axiom states a perfectly obvious truth. How-
ever, a number of mathematicians throughout the last century or so
have been less than happy with it, largely because the axiom asserts the
existence of the set T but gives no indication of how to find it.
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The question of the acceptability, or not, of the Axiom of Choice
is a deep one. To go into it thoroughly would take us too far afield at
this stage, and so for at least the first part of this course we shall rely
on “naive” (non–axiomatic) set theory. However, here are a few points
to think about.

• That something is “obvious” does not excuse us from writing it
down! We have no objection to making any (reasonable and neces-
sary) assumptions as a basis for mathematics, but we do seriously
object to unstated assumptions. So even if you think the Axiom of
Choice is clearly true, you should still make it an explicit axiom.

• The Axiom of Choice tells us that there is a function f : P(R) → R

such that for every non–empty S ⊆ R we have f(S) ∈ S. In other
words, we can go through all subsets of the real numbers and pick
an element of each. If you believe that such a function should exist
but you are not prepared to accept the Axiom of Choice then you
need to write down an explicit definition of f . Try it!

• If you accept the Axiom of Choice then you must accept its con-
sequences. One of these is the Banach–Tarski Theorem: it is
possible to dissect a ball into six pieces and then reassemble these
pieces to form two balls having the same size as the original.

• To obviate the question of whether or not the Axiom of Choice is
true we could try to prove it (or disprove it), using only commonly
agreed principles of set theory. Unfortunately this cannot be done!
– the Axiom of Choice can neither be disproved (Gödel, 1938) nor
proved (Cohen, 1963). So it really is an “optional extra” and you
can decide for yourself whether you wish to study set theory with
or without the Axiom of Choice.

Let’s return to the question of the comparability of cardinals. By using
Zorn’s Lemma, an important result concerning partially ordered sets,
it is possible to give a more sophisticated version of our attempted proof
and overcome the problem of uncountability. However, Zorn’s Lemma
is known to be equivalent to the Axiom of Choice (that is, it is in effect
the same axiom in a different guise), so the proof still depends on that
axiom. In fact, it can be shown that comparability of cardinals cannot
be proved without using, somehow or other, the Axiom of Choice.
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Logical aspects of geometry. In the Elements (ca. 300 B.C.) Euclid
attempted to establish much of contemporary geometry (and number
theory) on a firm logical basis. He begins with definitions such as

“A point is that which has no dimension”

and five postulates (axioms):

“ 1. A line may be drawn from any point to any other point.

2. A finite straight line may be extended continuously in a
straight line.

3. A circle may be drawn about any given centre and passing
through any other given point.

4. All right angles are equal.

5. If two lines are cut by a third, and on one side of the third
the two interior angles add up to less than a straight angle,
then the two lines meet on that side if extended far enough.”

There follow five less specifically geometric assumptions, referred to as
“common notions”.

“ 1. Things which equal the same thing also equal one another.

2. If equals are added to equals the sums are equal.

3. If equals are subtracted from equals the remainders are
equal.

4. Things which coincide with one another equal one another.

5. The whole is greater than the part.”

On the basis of these ten assumptions, and using fairly rigorous and
logical reasoning, Euclid proves various geometrical results, starting with

“On any finite straight line there may be drawn an equilateral
triangle”.

The thirty second proposition in the Elements states that the angles of a
triangle add up to 180◦, and the forty seventh is Pythagoras’ Theorem.
For us, the Euclidean system will be interesting from the logical rather
than the geometrical point of view.

Unfortunately, it turns out that Euclid’s very first result is not
correctly proved! We can see this by constructing a model of Euclidean
geometry.
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Imagine the usual coordinate plane, except that only rational points
are permitted. Thus a “point” is an ordered pair (x, y) of rational num-
bers; a “finite straight line” is the set of all points (x, y) such that x, y
lie within specified limits and ax + by = c for certain rational constants
a, b, c with a, b not both zero; a “circle” is the set of all rational points
whose distance from a given (rational) point is the same as the distance
from that point to another given (rational) point.

It can be checked that in this interpretation Euclid’s five postulates
are true; however the first lemma is false, since an equilateral triangle
with rational vertices cannot be constructed on the (rational) line in-
terval from (−1, 0) to (1, 0). Since a correct proof cannot under any
circumstances lead from true assumptions to a false conclusion, Euclid’s
proof must be faulty. In fact, what is needed is a “continuity” axiom
such as

“A line through the centre of a circle intersects the circle”.

Such axioms were not supplied until 1899, when David Hilbert in Gründ-
lagen der Geometrie established geometry as a purely formal system.

To construct a model for a logical system means to give a specific
interpretation of the undefined terms such as points, lines and circles,
such that the axioms, or assumptions, of the system are true. As we
have seen, the facts about a particular model may be used to shed light
on the correctness of the logic.

One might ask what points and lines really are – real, rational,
something else? From a strictly logical point of view the answer is that
we don’t care!! They are simply undefined objects, and as long as they
satisfy the properties given in the axioms, that’s all that matters. As
Hilbert said,

“One must be able to say at all times – instead of points, straight
lines, and planes – tables, chairs, and beer mugs.”

This is also the idea behind Bertrand Russell’s famous remark that

“Mathematics may be defined as the subject in which we never
know what we are talking about, nor whether what we are
saying is true.”

Other fundamental questions about Euclid’s system can also be an-
swered by constructing suitable models.

21

Can we know that Euclid’s geometry is consistent? From Euclid’s
axioms it is possible to prove that every triangle has angle–sum equal
to 180 degrees. Suppose that one could find a remarkably ingenious
million–line proof showing that there exists a triangle whose angle–sum
is not 180 degrees. This would be an utter disaster! – for we would
have proved a false statement, and therefore proof would no longer be
a reliable guide to truth in mathematics. If no such scenario is possible
we shall say that geometry is consistent.

For the philosopher Immanuel Kant, Euclidean geometry was a de-
scription of the “real world”; since facts in the real world cannot con-
tradict each other, Kant concluded that Euclidean geometry is indeed
consistent. This point of view has fallen from favour, partly because the
relation of mathematics to the real world is no longer considered to be
that simple, partly because of a preference (prejudice?) in favour of “in-
trinsic” (that is, purely mathematical) reasons, and partly because the
actual geometry of the universe (according to the theory of relativity)
is not Euclidean after all. So we shall approach the problem again by
using a model.

Consider the usual “real coordinate plane”. This is a model of Eu-
clid’s geometry (and, indeed, of Hilbert’s) since all of the axioms become
true statements about the system of real numbers. Any contradiction
in geometry could immediately be translated into a contradiction in R.
This, while conceivable, would appear very unlikely. What we have
here is a proof of relative consistency : if the theory of real numbers is
consistent, then so is Euclidean geometry.

Are Euclid’s postulates independent? Some geometers were con-
cerned about Euclid’s fifth postulate, feeling that it was not so “obvi-
ous” as the others. They tried to prove the fifth postulate on the basis
of the first four. Often they were able to show that the denial of the
fifth postulate led to results which were “repugnant to the nature of a
straight line” (Saccheri, Euclid freed from every flaw , 1733). However
it was only around the beginning of the nineteenth century that Gauss
and Bolyai began to believe that the fifth postulate was unprovable. In
1829 Lobachewsky published a model which, assuming the consistency
of the real numbers, showed that the “non-Euclidean” geometry con-
sisting of postulates 1–4 together with a certain denial of the fifth is
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consistent. Later Poincaré produced a model based on Euclidean geom-
etry. This shows directly that if Euclidean geometry is consistent, so is
non-Euclidean geometry.

Some paradoxes. Throughout the history of mathematics occasional
paradoxes have been discovered. They usually demonstrate that some
currently accepted concept is vague, imprecise or inconsistent. Good
paradoxes, therefore, force us to re–evaluate basic mathematical ideas,
and can lead to substantial progress.

• Zeno, ca. 460 B.C., produced paradoxes which call into question
Ancient Greek ideas of space. The first of these is the well known
“Achilles and the Tortoise” paradox, but the second is perhaps
harder to clearly explain away.

◦ Achilles, the fleetest of foot of all mortals, cannot catch up in a
race with the slow–moving tortoise if the latter is given a head
start. For when Achilles reaches the spot where the tortoise
started it will have moved to a point a short distance ahead;
when Achilles reaches this point the tortoise will have moved
a very little further; and so on for ever.

◦ In order to travel any distance one must first travel half the
distance, before that half of the half, and so on. Therefore one
can never even start, and motion is impossible.

• The so–called “liar paradox” has appeared in various guises from
antiquity to the present day.

◦ Epimenides of Crete, 6th century B.C. “All Cretans are liars.”

◦ Eubulides, 4th century B.C. “This statement is false.”

◦ Grelling, 1908. Is the adjectival phrase “not true of itself” true
of itself?

◦ Quine, 1962. “ ‘yields a falsehood when preceded by its own
quotation’ yields a falsehood when preceded by its own quota-
tion.”

• The development of naive set theory in the late nineteenth century
was overturned by paradoxes of class membership.

◦ Cantor, 1899. P(U) is always larger than U . But if U is the
set of all sets then U must contain P(U).
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◦ Russell, 1902. Let S be the set of all sets which are not elements
of themselves. If S ∈ S then S is “a set which is an element of
itself” and so S /∈ S; but if S /∈ S then S is “a set which is not
an element of itself” and so S ∈ S.

◦ Russell, 1919. In a certain village there is a male barber who
shaves all the men in the village who do not shave themselves,
but none of those who do shave themselves. Does the barber
shave himself?

• Skolem, 1915. A paradox of model theory.

◦ It can be shown that there exists a countable model in which
all statements of set theory are true. But how can “there exists
an uncountable set” be true in a countable model?
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