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Notes and exercises

9. THE CAYLEY-HAMILTON THEOREM

Definition. If f(z) = fo+ fiz +--- + fqz? is a polynomial and A is an
n X n matrix, then f(A) is the n x n matrix
FA) = fol + frA+--- + faA? .
If A is fixed, the set of all such matrices is denoted C[A]. That is,
C[A] ={ f(A) | f is a polynomial } .

Lemma. If f, g are polynomials, ¢ is a scalar and A is an n X n matrix,

then
(f+9)(A) = f(A) +g(A) ;
(cf)(A) =cf(A) ;
(2" f)(A) = AP f(A) ;
(9.)(A) = g(A)f(4) ;
Af(A) = f(A)A

Proof. If we write f(z) = fo+ fiz + -+ faz? and g(2) = go + g12 +
-+ ge2%, then it is quite easy to check in every case that LHS = RHS.
Exercise. Fill in the details!

Corollary. For any n x n matrix A, the set C[A] is a vector subspace
of M,,,(C).

Proof. The first two parts of the lemma show that C[A] is closed under
addition and scalar multiplication. But it is clear that C[A] is a non-
empty subset of M,,,(C), so C[A] is a subspace of this set and is thus a
vector space.

Exercise. Show that for any integer d > 0, the set
{f(A4) | f is a polynomial with degree at most d }

is also a subspace of M,,,(C).

Problem. What is the dimension of the vector space C[A]? Since this
space contains all possible polynomial expressions in A, a spanning set
is

(I,A A2 A3, ...},

There is no immediately obvious finite spanning set for C[A], so it might
appear that the space has infinite dimension. However, the previous re-
sult shows that this is not so: M,,,,(C) has dimension n?, so the subspace
C[A] must have dimension n? or less.

Example. Consider the 4 x 4 nilpotent matrix

OO OO
OO O
OO = O
O = O O

It is easy to check that N* = N® = ... = 0. Hence any polynomial
f(N) can be written

fol + fIN + faN? + fsN° + faN* +- - + foN?
= fol + fiN + faN? + f3N° .

Therefore { I, N, N?, N3} is a spanning set for C[N], and we see that
dim C[N] < 4.

Exercise. Show that in fact dim C[N] = 4.

Example/exercise. Find a basis for, and hence the dimension of, C[A4],

where
1 2
A_(?) 4) ’

Solution. A method of solution is suggested by the previous example.
Since C[A] is spanned by { I, 4, A% ...}, we shall choose elements from
this set one by one as long as they are independent of previous choices.
When we cannot find any more independent powers of A, we’ll have a
basis.



We start with {1, A}, an independent set, and next consider A2.
To check for independence we need to see whether or not there is a linear
combination

A2 =al +BA.

Solving this equation by trial and error gives

s (7 10 (2 0 12\
e () =(29)+s(3 ) —arna

A3 =24 +5A% =101 +27A,
A* = 10A +27A? = 541 + 145A |

Hence

and so on, and it is clear that every polynomial f(A) can be written
as a linear combination of I and A. Therefore {I, A} is a linearly
independent spanning set for C[A], and we have dim C[A] = 2.

Rephrasing this example, we calculated the dimension of C[A] by
finding that A2 — 54 — 21 = 0; in other words,

f(A)=0, where f(2)=2>—-52—-2.

A little thought shows that this approach will always work, and that
dim C[A] will be the smallest possible degree of any polynomial f such
that f(A) = 0.

Definition. The minimal polynomial of an n x n matrix A is the
polynomial m(z) of smallest possible degree, with leading coefficient 1,
such that m(A4) = 0.

Example. If A = <1 2) then m(z) = 22 — 5z — 2.

3 4

Exercise. Find the minimal polynomials for

1

0
B:5_3 and C=1] 2 1 1
4 1 S

Comments.

e Since {1, A, A%,... ,A”2 } is a linearly dependent set, we know that
there is some polynomial f with f(A) = 0. So we can, in principle,
find such a polynomial and then keep trying polynomials of lower
and lower degree until we reach the smallest possible degree.

e Specifying that the leading coefficient is 1 removes the need to worry
about whether we pick, say, 22 —5z—2 or —224+5z+2 or 322 —152—6
for the minimal polynomial.

e Let f be any polynomial such that f(A) = 0. Divide f by m, the
minimal polynomial of A, to give quotient and remainder,

f(z) = a(z)m(z) +r(z) .

Then we can show that r(z) = 0, and hence if f is a polynomial for
which f(A) = 0, then f is a multiple of m. Exercise. Fill in the
details of this proof.

The way in which we found the minimal polynomial above is rather
tedious and involves a lot of calculation, especially if the matrix is larger
than 2 x 2. In the next chapter we shall see a more direct way of
finding the minimal polynomial of a matrix. For the time being we look
at a related problem which will lead to an important theorem about
polynomials and matrices.

Problem. Given a matrix, we know how to find its characteristic poly-
nomial. Can we reverse this? In other words, given a polynomial f(\),
can we find a square matrix A whose characteristic polynomial is f(\)?

Let A be an n X n matrix. First we note that if f is to be the
characteristic polynomial of A it must have leading coefficient 1 if n is
even, —1 if n is odd, as this is always true for a characteristic polynomial.
As long as this condition is satisfied, the quadratic case is easily solved
by means of a little algebra. Any quadratic with leading coefficient 1
can be written

X —aih—ar = (~M\)(a1 = A) — (a2)(1) = olet<‘1A .2 A) ,
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which is the characteristic polynomial of

0 as
1 aq ’

In fact, for any positive integer n and any coefficients a4, as, ..., a, we
can construct the matrix

00 --- 0 0 ay

1 0 -+ 0 0 ap_

0 1 0 0 ap_o

c=|. ) :
00 --- 1 0 oan
00 --- 01 a

the characteristic polynomial of this matrix is (—1)" f(\), where
f()‘) =" — al)\n_l - Gz)\n_2 — = A1 A — Ay -

If the monic polynomial f(A) is given we can easily write down the
matrix C; it is called the companion matrix of f(\).

Exercise. Write down the companion matrix of f(A\) = A3+2X\2 —3\+4,
and confirm that its characteristic polynomial is —f(\).

Problems. You should be able to do question 1 in chapter 9.

Surprisingly, the two problems we have considered are closely con-
nected. To see how this is so, let’s evaluate f(C), where f is a monic
polynomial of degree n and C is its companion matrix. First we note

that if ey, eq, ..., e, are the standard basis vectors of R™ then
Cei=e;, C?e;=Cey=e3 ,..., C"le;=Ce,_1=¢,
and
an
n Gn—1
C elzCen: =ane] +an_1€2+---+aie, .

aj

Therefore

f(Cer = (C” —aC" - g, O — anI)el
= (ape; +anp_1€2+ - +aje,) —aie, — -+ — ap_1€2 — an€]
=0.

That is, f(C) is an n x n matrix whose first column is all zero. But
using the last property in the lemma on page 1 we have also

F(Ces = f(C)Cey = Cf(Cle; = CO =0

and

F(C)es = f(C)Cey = Cf(Cles = CO =0

and so on; therefore every column of f(C) is zero. This proves the
following results.

Lemma. Let f be a monic polynomial and C' its companion matrix.
Then f(C) is the zero matrix.

Corollary. Let C be the companion matrix of some (monic) polyno-
mial, and let f be the characteristic polynomial of C. Then f(C) = 0.

What this corollary states for companion matrices is actually true
for all (square) matrices. We shall give a partial proof of this exceedingly
important theorem, although a complete proof is difficult and not within
the scope of this course.

Theorem. The Cayley—Hamilton Theorem.
Let A be an n x n matrix, and f(z) the char-
acteristic polynomial of A. Then f(A) = 0.

Proof. For any v in R™ we can define a set of
n vectors by taking u; = v and then

u2:Au1, u3:Au2,..., un:Aun_l .

Arthur Cayley
(1821-1895)

Assume that v can be chosen in such a way
that { uj,uz,...,u, }is a linearly independent
set of vectors. (If there is no such v the proof is considerably harder
and will be omitted.) Being a linearly independent set containing n
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vectors, the set is a basis for R™, and so Au,, can be written as a linear
combination
Aun =a,u; +a,_1us +---+aju, .

Let P be the matrix with columns uj,us,...,u,. By considering one
column at a time we can verify the matrix equation

AP:A(ul Ug -+ Up—1 un)

=(us us - u, auita,_1ust---+ajuy,)
0O 0 --- 0 oan
1 0 -+ 0 ap_1
=(w up - upg ouy) | ks :
0 0 -+ 0 as
00 -+ 1 a
= PC .

Observe that C' has the form of a companion matrix. Now P has
linearly independent columns and therefore is invertible. So we have
C = P7'AP, and the characteristic polyno-
mial of C'is

det(C — 21)
= det(P AP — 2I)
= det(P~ 1) det(A — 2I) det(P)
= det(A —zI)
f(z).
That is, A and C have the same character-

istic polynomial. But we already know that f(C) = 0, and for any
non-negative integer k£ we have

William Rowan Hamilton
(1805-1865)

AF = (pCcP~Hr = pCF P!

Portraits of mathematicians reproduced throughout these notes were obtained
from the History of Mathematics website maintained by the University of
St. Andrews, Scotland, at www-gap.dcs.st-and.ac.uk/ history/. Visit this
site for biographical information about thousands of mathematicians!
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Therefore

F(A) = F(PCP™) = PA(C)P™ =0 ,
and our proof is complete.

Corollary. The minimal polynomial of any matrix is a factor of its
characteristic polynomial.

Some problems. You can now try section 9, problems 2, 3 and 4.
Hint. Problem 4 is really just part of the proof of the Cayley—Hamilton
Theorem!

Comments.

e The Cayley—Hamilton Theorem is sometimes stated informally as
“every matrix satisfies its own characteristic equation”.

e Exercise. What is wrong with the following attempted proof of
the Cayley—Hamilton Theorem? “By definition, the characteristic
polynomial of A is given by

f(z) =det(A—zI) .
Substituting z = A, we have
f(A) =det(A — A) =det(0) =0
as required.”

Example. Let

2 -1 -3
A=1-1 2 =3
1 1 6

By the usual procedure we can find the characteristic polynomial
f(z) = —2%4+102* — 332 + 36 ,

and we can check by direct calculation that
— A3 +104% —334+361 =0 .
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Moreover, we have the factorisation

f2) = —(z=3)*(z = 4) ;

since the minimal polynomial is a factor of the characteristic polynomial
there are a fairly small number of possibilities for m(z), and by trial and
error we find

m(z) =(z2—3)(z —4) =22 -T2z +12.
Therefore we have also

A2 —TA+12I=0.

Powers of matrices. We can use the characteristic polynomial or,
more efficiently, the minimal polynomial, to find expressions for powers
of matrices. For example, if A is the matrix of the previous example we
have

A3 =10A% — 33A + 361

and this can be used to find powers of A as linear combinations of I, A
and A%. To evaluate, say, A° we may write

A5 = 10A%* — 334% + 36427
10A* = 10042 — 3304% + 3604
67A% = 67042 — 2211A + 241217 ;

adding these equations gives
AP =376A% — 18514 + 24121 .

Using the minimal polynomial gives even simpler expressions; we have
A? = 7A — 121 and hence, for example,

A = TA*— 1243
TAY = 4943 — 8442
3743 = 25942 — 444A

175A% = 12254 — 210017 ;
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adding all these,
A5 =781A —210017 .

Inverses. Moreover, inverses and negative powers of matrices can be
calculated just as readily as positive powers. For A above, we have
A® —104% +334-36I =0 = A®—10A4%+ 334 =361

= £ (A*—10A+33)A=1,

which shows that A is invertible and that

Al= L

A (A% — 104 + 331) .

By using the minimal polynomial instead of the characteristic polyno-
mial we would have found an even simpler expression for A~!. (Exer-
cise: do so!)

What happens if we try this for the 3 x 3 matrix

3 5 —4
B=|-2 -4 4 ?
-1 -3 4

The characteristic polynomial of B is f(z) = —2z3 + 322 — 2z; therefore
B®-3B*4+2B=0,

and as there is no I term the above method fails. Note that we can-
not obtain an I term by “cancelling” an B; this exhibits an important
difference between matrix polynomials and scalar polynomials. In fact,
B~! does not exist. To confirm this recall that for a square matrix B
we have
B is invertible < det(B) £0
< det(B—01)#0
< zero is not an eigenvalue of B

&z is not a factor of f(z).

But in this case, as we can see, z is a factor of f(z), and so B is not
invertible.
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Problems.

1.
2.

Try problem 5 in section 9 of the problem book.

For each of the matrices in the previous problem, find its minimal
polynomial. If it is not the same as the characteristic polynomial,
use it to simplify the calculation of powers and inverses.

. Repeat 1 and 2 for the matrices

3 4 4 1 1 -1
A=\ -4 -5 —4 and B=| -8 -1 4
4 4 3 -4 2 1

Harder. You should find that these matrices have the same char-
acteristic polynomial but different minimal polynomials. Can you
explain why?

4. Question 6 from the book.
5. Problems 7 and 8.

11



