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Problems, notes and questions

8. SYMMETRIC MATRICES

Problem. Sketch the curve 5x2 + 4xy + 8y2 = 36.

Solution. Using the implicitplot command on Maple gives the fol-
lowing graph.
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5x2 + 4xy + 8y2 = 36

At least three obvious questions are raised by this graph.

• The curve looks like an ellipse – is it really an ellipse?

• If it is an ellipse, what are its size and orientation?

• How could we sketch the graph without Maple???

. . . and maybe a fourth. . .

• What has all this to do with linear algebra?

The connection with linear algebra is that the left hand side of the
equation can be written in terms of matrix multiplication:

5x2 + 4xy + 8y2 =
(

x y
)

(

5 2
2 8

)(

x
y

)

(check this!), and so the equation may be written

xT Ax = 36 , (1)

where

x =

(

x
y

)

and A =

(

5 2
2 8

)

.
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Note that A is symmetric. We could have written the equation in many
similar forms, for example,

5x2 + 4xy + 8y2 =
(

x y
)

(

5 7
−3 8

)(

x
y

)

= 36

(check this too), but we shall see that symmetric matrices have certain
very important properties. Therefore we shall always write this sort of
equation in the form (1) with a symmetric matrix for A.

Note that the curve would be one that is well known to us if A were
diagonal. For example,

xT

(

−8 0
0 3

)

x = 36 ⇐⇒ −8x2 + 3y2 = 36 ;

this is the equation of a hyperbola, and we can easily find its location
and dimensions.

This suggests that to identify a curve such as (1) it might help
to diagonalise A and substitute the result into (1). The characteristic
polynomial of A in the above example is

det(A − λI) = (5 − λ)(8 − λ) − 4

= λ2 − 13λ + 36 = (λ − 4)(λ − 9) ,

and so the eigenvalues of A are 4 and 9. By Gaussian elimination

A − 4I =

(

1 2
2 4

)

∼
(

1 2
0 0

)

A − 9I =

(

−4 2
2 −1

)

∼
(

2 −1
0 0

)

,

and so the eigenvectors corresponding to λ1 = 4 and λ2 = 9 are

v1 = t

(

2
−1

)

and v2 = t

(

1
2

)
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respectively. So A is diagonalisable as A = PDP−1, where

D =

(

4 0
0 9

)

and P =

(

2 1
−1 2

)

.

Substituting A = PDP−1 back into (1) gives

xT PDP−1x = 36 .

To make further progress we note that the left hand side of this equation
would be simpler if we could replace P−1 by PT . In other words, we
would like P to be orthogonal. That is,

• the columns of P should be perpendicular;

• each column should have length 1.

Amazingly, the first of these conditions is already true! and the second,
though not true at present, is easily arranged. Since our eigenvectors
contain, as always, an arbitrary constant, we can choose them to be unit
vectors. The matrix P will then be orthogonal. So we revise part of the
above working. As before A has eigenvalues λ1 = 4 and λ2 = 9, but we
shall now choose the eigenvectors

v1 =

(

2
√

5

− 1
√

5

)

and v2 =

(

1
√

5

2
√

5

)

respectively. Then, taking

D =

(

4 0
0 9

)

, P =

(

2
√

5

1
√

5

− 1
√

5

2
√

5

)

,

and noting that P is orthogonal, we have

A = PDP−1 = PDPT .

Substituting this into (1), the equation of the curve becomes

xT PDPT x = 36 .
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We can now simplify by introducing a new variable

X =

(

X
Y

)

= PT x =

(

2
√

5
− 1

√

5

1
√

5

2
√

5

)

(

x
y

)

;

note that since P is orthogonal, we can write x in terms of X by

(

x
y

)

= x = P X =

(

2
√

5

1
√

5

− 1
√

5

2
√

5

)

(

X
Y

)

.

In terms of X, the equation of the curve is

XT D X = 36 ⇐⇒
(

X Y
)

(

4 0
0 9

)(

X
Y

)

= 36 ,

or, more simply, 4X2 + 9Y 2 = 36. This is indeed the equation of an
ellipse, which can easily be drawn in the (X,Y ) plane.

X

Y

0
3

2

X2

9
+

Y 2

4
= 1

Two further questions about this example.

• In the above graph I have assumed that the X and Y axes are
perpendicular and that they are drawn to the same scale. Is this
really true? – for if not, then the curve will not be an ellipse after
all.

• We really wanted to draw the curve in the (x, y) plane, not the
(X,Y ) plane. How can we achieve this and thereby finally confirm
the Maple result with which we began?
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We can answer both of these questions by investigating the relationship
between the old coordinates (x, y) and the new coordinates (X,Y ). The
unit vectors in the X and Y directions are

(

X
Y

)

=

(

1
0

)

and

(

X
Y

)

=

(

0
1

)

;

since x = P X, these vectors are also given by

(

x
y

)

=

(

2
√

5

− 1
√

5

)

and

(

x
y

)

=

(

1
√

5

2
√

5

)

respectively. These vectors are called the principal axes of the ellipse.
They are perpendicular and of unit length, which shows that the previ-
ous graph is correctly scaled. We can now draw the ellipse in the (x, y)
plane by locating the X and Y axes in this plane, and superimposing
upon them the ellipse we have already drawn with respect to these axes.

x

y

0 X = 1

X = 3

Y = 1

Y = 2

5x2 + 4xy + 8y2 = 36

X2

9
+

Y 2

4
= 1

Note that not only are the unit vectors in the X and Y directions or-
thonormal, but they are indeed a right–handed system. In the case of
a symmetrical curve like an ellipse this does not matter, but in other
cases it could be important.

Review. Let’s now look back through the problem we have just solved
and find out exactly what properties of matrices were needed to do so
successfully. Asked to sketch the curve

5x2 + 4xy + 8y2 = 36 ,

5

we took the following steps.

1. Write the equation in matrix form xT Ax = 36, where

x =

(

x
y

)

and A =

(

5 2
2 8

)

.

Note that A is a symmetric matrix. It is easy to see that any
curve

ax2 + bxy + cy2 = d

in R
2 can be written in this form, as can any surface

ax2 + by2 + cz2 + dxy + eyz + fzx = g

in R
3; the coefficients in the three–dimensional case will form a 3×3

matrix.

2. Diagonalise A. Note that not all matrices are diagonalisable – for
example,

(

3

−1

1

1

)

is not – so we need to check that the matrix A we
obtain for this problem is diagonalisable.

3. Write A in the form PDPT and substitute into the equation of the
curve. To do this we need to check that A is not just diagonalis-
able, but orthogonally diagonalisable. That is, we need to be
able to write A = PDP−1 with P orthogonal. Exercise. Show
that, for example,

(

9

4

−2

3

)

is diagonalisable, but not orthogonally
diagonalisable.

4. Substituting A = PDPT and X = PT x into the equation of the
curve gave

4X2 + 9Y 2 = 36 ,

where 4 and 9 are the eigenvalues of the coefficient matrix A. Thus
it is important that A should have real eigenvalues. Recall that
this is not always the case – for example,

(

3

4

−4

3

)

is a matrix with
real entries but complex eigenvalues.

5. We found that the curve, when written in terms of our new vari-
ables X and Y , is “algebraically” an ellipse. To ensure that it is
“geometrically” an ellipse – and, moreover, the same ellipse as the
original curve – we need to know that X and Y represent Cartesian
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coordinates, that is, displacements at the same scale in perpendic-
ular directions. This, however, follows automatically once we have
chosen P to be an orthogonal matrix.

6. Finally, we would like X,Y to be right–handed Cartesian coor-
dinates. Therefore P should be a rotation matrix, and we want
det(P ) = +1. This is easy to arrange, as we shall see in a subse-
quent example.

Fortunately, all the properties we need follow from choosing a symmetric

coefficient matrix!

Theorem. Let A be a real symmetric n × n matrix. Then

• all eigenvalues of A are real;

• eigenvectors of A corresponding to different eigenvalues are orthog-
onal;

• A has n orthogonal eigenvectors;

• A is orthogonally diagonalisable.

Proof. Suppose that λ is an eigenvalue of A with

Av = λv

and v 6= 0. We wish to show that λ is real. So, multiply both sides of
the above equation by the conjugate transpose of v to give

vT Av = vT λv .

Taking the conjugate and then the transpose of both sides yields

vT Av = vT λv

since A has real entries and is symmetric; therefore

λvT v = λvT v .

But
vT v = v1v1 + · · · + vnvn = |v1|2 + · · · + |vn|2 ,

which is not zero, and so λ = λ. Thus λ is real.

7

Next, let v and w be eigenvectors of A corresponding to different
eigenvalues λ and µ. That is,

Av = λv , Aw = µw , λ 6= µ .

We wish to show that v and w are orthogonal. Now

λv · w = (Av) · w = vT AT w = vT Aw ,

and similarly (check this!)

µv · w = vT Aw ;

since λ 6= µ we must have v · w = 0. So v ⊥ w, as claimed, and this
completes the proof.

To show that a real symmetric n × n matrix has n orthonormal
eigenvectors we use induction. The result is obviously true for n = 1;
assume it is true for some integer n − 1. Let A be a real symmetric
n × n matrix with an eigenvalue λ and corresponding unit eigenvector
u1. Choose an orthonormal basis B = {u1, . . . ,un } for R

n, let P be
the orthogonal matrix with columns u1, . . . ,un and let M be the matrix
of A with respect to B. From a diagram

M = P−1AP = PT AP ,

and the equation Au1 = λu1 yields

M =









λ · · ·
0
...
0 · · ·









.

However, MT = PT AT P = M , so M is symmetric and we can write

M =









λ 0 · · · 0
0
... N
0









,
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where N is a real symmetric (n− 1)× (n− 1) matrix. By the inductive
assumption, N has n − 1 orthonormal eigenvectors w2, . . . ,wn ∈ R

n−1.
Define

v1 = u1 = Pe1

and

vj = P

(

0
wj

)

for j = 2, . . . , n. Then for 2 ≤ j < k we have

vj · vk = P

(

0
wj

)

· P
(

0
wk

)

=

(

0
wj

)

·
(

0
wk

)

= 0 ,

and

Avj = PM PT P

(

0
wj

)

= P

(

0
Nwj

)

,

which is a scalar multiple of vj ; these and similar calculations show that
v1, . . . ,vn are orthonormal eigenvectors of A. Thus A has n orthonormal
eigenvectors; by induction, this is so for all n ≥ 1.

It is now easy to show that A is orthogonally diagonalisable. For let
P be a matrix whose columns are n orthonormal eigenvectors of A and
let D be a diagonal matrix containing the corresponding eigenvalues.
Then P is orthogonal and

A = PDP−1 = PDPT .

This finishes the proof of all the main facts we shall need concerning
real symmetric matrices.

Another example. Identify and sketch the curve

8x2 + 12xy + 3y2 = 48 . (2)

Find the points, if any, on the curve which are farthest from, and closest
to, the origin.

Solution. The curve can be written

xT Ax = 48 (3)

9

with

x =

(

x
y

)

and A =

(

8 6
6 3

)

.

The matrix A has eigenvalues and eigenvectors

λ = 12 , v = t

(

3
2

)

and λ = −1 , v = t

(

2
−3

)

.

Take

D =

(

12 0
0 −1

)

and P =
1√
13

(

3 −2
2 3

)

.

Substituting A = PDPT and X = PT x into (3) gives XT D X = 48, or
in scalar notation

12X2 − Y 2 = 48 .

This is the equation of a hyperbola with asymptotes Y = ±
√

12 X. The
X and Y axes are in the directions

X =

(

1
0

)

and X =

(

0
1

)

respectively, that is,

x =
1√
13

(

3
2

)

and x =
1√
13

(

−2
3

)

;

these are the principal axes of the hyperbola. With this information we
can sketch the curve.

The hyperbola clearly has no points which are farthest from the
origin. The points closest to the origin are easily found in X,Y coordi-
nates,

X = ±
(

2
0

)

,

and their x, y coordinates are therefore

x = ±P

(

2
0

)

= ± 1√
13

(

6
4

)

.

10



Comment. Observe that the curve is not an ellipse, despite the fact
that its equation (2) has positive coefficients for both x2 and y2.

Exercise. Identify and sketch the curve 3x2 + 4xy + 6y2 = 7. Find the
points on the curve which are closest to, and farthest from, the origin.

Further problems. You should now be able to do problems 1 and 2
in section 8.

A harder question. Suppose that one of the eigenvalues of A is λ = 0,
and consider the equation xT Ax = 1. What can you say about this
equation (a) geometrically? (b) algebraically?

Example. Describe the quadric surface

−3x2 + 4xy − 4xz + 2yz = 1 .

Solution. The surface may be written xT Ax = 1, with

x =





x
y
z



 and A =





−3 2 −2
2 0 1
−2 1 0



 .

We find the eigenvalues and eigenvectors of A as

λ = 1 , v = s





0
1
1



+ t





1
2
0



 and λ = −5 , v = t





−2
1
−1



 .

Note that the eigenvalue λ = 1 has two independent eigenvectors (as
is guaranteed by an earlier theorem), but they have not come out or-
thogonal to each other. So, we have to arrange this by using the Gram–
Schmidt process to find an orthonormal basis for the eigenspace E1.
Take

x1 =





0
1
1



 , x2 =





1
2
0



 .

11

We then have

v1 = x1 =





0
1
1



 =
√

2u1 ,

v2 = x2 − proj
v1

x2 =





1
1
−1



 =
√

3u2 .

Eigenvectors corresponding to λ = −5 are guaranteed orthogonal to
these two, so we take

u3 =
1√
6





−2
1
−1



 .

Thus we have

D =





1 0 0
0 1 0
0 0 −5



 , P =







0 1
√

3
− 2

√

6

1
√

2

1
√

3

1
√

6

1
√

2
− 1

√

3
− 1

√

6






;

substituting x = P X and A = PDPT gives

X2 + Y 2 − 5Z2 = 1 .

This is a hyperboloid of one sheet, asymptotic to the cone with equation
X2 + Y 2 − 5Z2 = 0.

Note that if the orientation of the surface is not required we have
no need to calculate the eigenvectors of A. However, if P is known we
can answer various geometric questions about the surface.

• What are the principal axes of the hyperboloid? Answer: one
of them is the Z–axis; by symmetry we can then choose any two
perpendicular vectors in the (X,Y )–plane. For example, take X

parallel to e1, e2, e3, that is,

x = t





0
1
1



 , t





1
1
−1



 , t





−2
1
−1



 .
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• What is the axis of symmetry of the hyperboloid? Answer:

X = s





0
0
1



 , that is, x = t





−2
1
−1



 .

• What is the plane through the “waist” of the hyperboloid? An-

swer:
−2x + y − z = 0 .

• Which points on the surface are closest to the origin? Answer: all
points of a circle centre (0, 0, 0), radius 1 in the plane −2x+y−z = 0.

Exercise. Identify the surface 5x2 + 4y2 + 5z2 + 8xy − 4yz = 45; find
its principal axes and its closest and furthest points (if any) from the
origin.

Problems. Please try questions 3 and 4 in section 8.

An alternative viewpoint. Instead of thinking of these problems in
terms of writing the same curve with respect to different coordinates,
we may imagine rotating the given curve so that we obtain a different

(though geometrically congruent) curve with respect to the same coor-
dinates.

x

y

0

xy = 1

x

y

0

x2 − y2 = 2

For example, the hyperbola xy = 1 can be written in terms of new
variables to give the same hyperbola X2 − Y 2 = 2, or it can be rotated
by an angle − 1

4
π to obtain the (different) curve x2 − y2 = 2.

13

Problem. Find a rotation which converts a curve

ax2 + bxy + cy2 = d

into its canonical form

λ1x
2 + λ2y

2 = d .

Solution. As in previous examples, define new coordinates X = PT x,
where P is an orthogonal matrix with determinant +1 whose columns
are eigenvectors of the coefficient matrix

A =

(

a b/2
b/2 c

)

.

We want a rotation matrix Q which will move the point with coordinates
X = (1, 0)T to that with coordinates x = (1, 0)T and will move the point
X = (0, 1)T to the point x = (0, 1)T . That is, multiplying by Q should
convert

x = Pe1 to x = e1 and x = Pe2 to x = e2 .

We therefore need to take

Q = P−1 = PT .

Examples. In our first example (pages 1–5), the curve

5x2 + 4xy + 8y2 = 36

was converted into canonical form

4X2 + 9Y 2 = 36

by a substitution involving the matrix

P =

(

2
√

5

1
√

5

− 1
√

5

2
√

5

)

.
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Writing

Q = PT =

(

2
√

5
− 1

√

5

1
√

5

2
√

5

)

=

(

cos α − sin α
sin α cos α

)

,

we see that the given curve is transformed to the curve

4x2 + 9y2 = 36

by a rotation through an angle α = tan−1 1

2
. (Check with the diagram!).

For the three-dimensional example on pages 11–12, we may convert the
surface

−3x2 + 4xy − 4xz + 2yz = 1

into canonical form
x2 + y2 − 5z2 = 1

by a rotation

Q = PT =







0 1
√

2

1
√

2

1
√

3

1
√

3
− 1

√

3

− 2
√

6

1
√

6
− 1

√

6






.

As usual, we find the axis of this rotation by solving (Q − I)v = 0,
and the angle by using the trace formula, though in this case the surds
appearing in Q make the arithmetic exceedingly messy. After a lot of
work it may be found that Q is the matrix of a rotation about the axis

v =





1 +
√

2
2 +

√
3√

2 −
√

3





through the angle

α = cos−1

(

−1 +
√

2 −
√

6

2
√

6

)

≃ 0·64π .

Exercise. For the surface in the exercise on page 13 find the cosine of
the angle of rotation which will convert the surface into canonical form.
(The calculations for the axis are messy – try these with Maple.)

Problems. Try section 8, problems 7 and 8.
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Classification of quadric surfaces. We have seen how to rewrite a
quadric surface with equation ax2 + by2 + cz2 + dxy + exz + fyz = g in
canonical form

λ1X
2 + λ2Y

2 + λ3Z
2 = g .

What sort of surfaces do we obtain?

First, we may assume that g ≥ 0 – this can always be achieved by
rearranging the original equation if necessary. Then the shape of the
surface depends on the signs of the eigenvalues and on whether g > 0 or
g = 0, and is given by the following table.

λ1, λ2, λ3 g shape

+ + + + ellipsoid

+ + − + hyperboloid of one sheet

+ −− + hyperboloid of two sheets

−−− +

+ + + or −−− 0 the origin only

+ + − or + −− 0 cone

Further possibilities occur when one or more of the eigenvalues is zero.
The most important cases are the following.

λ1, λ2, λ3 g shape

+ + 0 + elliptic (or circular) cylinder

+ − 0 + hyperbolic cylinder

Exercise. Work out the remaining cases. The answers are: nothing; a
line; a plane; two parallel planes; two intersecting planes; all of R

3.

Example. Identify the quadric surface with equation

x2 + 2y2 − 8xy − 16xz + 8yz = 9 .

Solution. As before we look for the eigenvalues of

A =





1 −4 −8
−4 2 4
−8 4 0



 .
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Unfortunately the characteristic polynomial of A is

λ3 − 3λ2 − 94λ − 112 ,

which does not look very easy to factorise. Appealing to Maple, we may
find that the roots are given by

λ = 1 +
3

√

936 + i
√

1861923

9
+

3

√

936 − i
√

1861923

9

and two similar expressions, or we may apply evalf to all three roots
to obtain

λ = 11·78, −7·52, −1·26 .

Alternatively, we can obtain some information about the surface by com-

pleting the square. By first collecting all terms including x, then all
remaining terms including y, then terms in z, we have

LHS = x2 + 2y2 − 8xy − 16xz + 8yz

= (x2 − 8xy − 16xz + 16y2 + 64z2 + 64yz) − 14y2 − 64z2 − 56yz

= (x − 4y − 8z)2 − 14(y2 + 4yz + 4z2) − 8z2

= (x − 4y − 8z)2 − 14(y + 2z)2 − 8z2 .

If we now substitute

X = x − 4y − 8z , Y = y + 2z , Z = z ,

the equation of the surface becomes

X2 − 14Y 2 − 8Z2 = 9 .

It is tempting to identify this surface as a hyperboloid of two sheets, but
there are two points we should consider carefully:

• the variables X,Y,Z do not denote Cartesian coordinates;

• we could have completed the square differently – would we then
have reached the same conclusion?
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We may obtain a different expression by completing the square again,
taking the variables in a different order. For example,

LHS = x2 + 2y2 − 8xy − 16xz + 8yz

= 2(y2 − 4xy + 4yz + 4x2 + 4z2 − 8xz) − 7x2 − 8z2

= 2(y − 2x + 2z)2 − 7x2 − 8z2 .

In fact the left hand side may also be written as

LHS = − 56

23
(x − 2y − z)2 + 1

3
(5x − 6y − 4z)2 − 2

69
(13x − 3y + 10z)2 ,

and in many other ways. We might notice, however, one thing that all of
these expressions have in common, namely, the signs of the coefficients

of the squared terms. Essentially, this is always true, provided we avoid
pointless duplication of terms such as

2(y − 2x + 2z)2 + 4x2 − 11x2 − 3z2 − 5z2 .

This is stated more precisely in the following result.

Theorem. Sylvester’s Law of Inertia. Let A be a symmetric n × n
matrix; write x = (x1, . . . , xn)T . If the expression xT Ax is written in
different ways as a sum of multiples of squares of independent linear
combinations of x1, . . . , xn, then the number of positive, negative and
zero multiples will always be the same.

We can use this result to settle the details in the above problem.
For we have seen that with

A =





1 −4 −8
−4 2 4
−8 4 0



 ,

the expression xT Ax can be written as a sum of squares with one posi-
tive and two negative coefficients; hence, the same is true for every way
of writing xT Ax as a sum of squares. In particular, if we make the usual
substitution x = P X to obtain

λ1X
2 + λ2Y

2 + λ3Z
2 = 9 ,

18



then one of the coefficients λ1, λ2, λ3 will be positive, two negative. Since
X,Y,Z represent Cartesian coordinates, the surface is indeed a hyper-
boloid of two sheets. However, this method does not tell us the dimen-
sions or orientation of the hyperboloid.

Note. The above argument also shows that A has one positive and two
negative eigenvalues.

James Joseph Sylvester

(1814–1897)

Example. Find the signs of the eigenval-
ues of the matrix

A =





1 2 3
2 4 3
3 3 6



 ,

and identify the surface xT Ax = 0.

Solution. Completing the square,

xT Ax = x2 + 4y2 + 6z2 + 4xy + 6xz + 6yz

= (x2 + 4xy + 6xz + 4y2 + 9z2 + 12yz) − 3z2 − 6yz

= (x + 2y + 3z)2 − 3(z2 + 2yz + y2) + 3y2

= (x + 2y + 3z)2 − 3(z + y)2 + 3y2 .

So A has two positive eigenvalues and one negative, say, λ = α, β,−γ;
the surface has canonical form

αX2 + βY 2 − γZ2 = 0 ,

which is a cone.

Exercise. Find the signs of the eigenvalues of

A =





1 −2 2
−2 5 −1
2 −1 13



 .

Identify the “surfaces” xT Ax = 1 and xT Ax = −1.
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Problems. You can now attempt problems 11 and 12 in section 8.

Challenge! Apply the method of completing the square to identify the
surface

2xy + 4xz + 6yz = 1 .

Definition. A symmetric matrix A is positive definite if xT Ax > 0
for all x 6= 0.

Example. Let

A =

(

1 1
1 4

)

, B =

(

1 2
2 4

)

, C =

(

1 3
3 4

)

.

Then
xT Ax = x2 + 2xy + 4y2 = (x + y)2 + 3y2 ,

which is positive unless x + y = y = 0, that is, x = 0. So A is positive
definite. Similarly

xT B x = x2 + 4xy + 4y2 = (x + 2y)2

is never negative, but can be zero for x 6= 0; and

xT C x = x2 + 6xy + 4y2 = (x + 3y)2 − 5y2

may be either positive or negative. Thus neither B nor C is positive
definite.

Theorem. The symmetric matrix A is positive definite if and only if
all its eigenvalues are positive.

Exercise. Without finding eigenvalues, show that

A =





2 −1 0
−1 3 2
0 2 4





is positive definite.
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