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MATH2501 Linear Algebra

Problems, notes and questions
7. ORTHOGONAL TRANSFORMATIONS

Rotations in R?. Define a mapping 7 : R? — R? by taking T'(x) to be
the vector obtained by rotating x through an angle o about the origin.

Exercise. Convince yourself by geometrical arguments that 7 is linear.

Y
(0, 1) A T(1,0)
TO,1) _ | |
0 | (1,>0) t

From the above diagram — taking a little care if « is not a positive acute
angle — we can see that

T(1,0) = (cosa,sina) and T(0,1) = (—sina,cos o) .

So the matrix of the rotation, with respect to standard bases, is
Ra:<cgsa —Sina> :
sina  cosa

it has many important properties.

e It is orthogonal. To prove this, either show algebraically that
RoRL = I, or show geometrically that the columns of R, are per-
pendicular and have length 1.

Any orthogonal matrix has determinant +1. (Exercise. Prove
this!) In fact the rotation matrix R, has determinant +1.
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e The trace of R, is 2 cos a; equivalently,
cosa = S tr(R,) .

Given a 2 x 2 rotation matrix it is easy to find the angle of rotation.

For example, if
1 /-1 1
r=p(0h)

then cosa = —% and so o« = i%ﬂ'. Since cos o and sin o are both

negative, « is in the third quadrant and the angle of rotation is
3

—ZT('.

e It is easy to show that R;' = R_,,.

e [t can be seen geometrically that R, has no real eigenvalues unless
a = nm. In fact the eigenvalues and eigenvectors of R, are

A=t and V:<jil>.

Further problems. Please try problem 1 in section 7.

Rotations in R3. To specify a rotation in R3 we need to give the axis
of the rotation — that is, the line which is unaltered by the rotation —
and the angle of the rotation — that is, the angle through which a vector
perpendicular to the axis is rotated.

Exercise. Let T be the rotation of R with axis (1,1,1) and angle 45°.
Find T(1,0,0).

A little thought shows that this is a very difficult problem to visu-
alise! (And, we have to do it three times if we want to find the matrix
of T!) So, let’s be smart. Denote the axis of the rotation by v; and
choose an orthonormal basis B = {vy,vy,v3}. Then T will leave v;
unchanged, and will act on vy and v3 like a rotation of the plane. Draw-
ing a diagram of the plane spanned by vy and vs, we can immediately
write down the matrix

1 0 0
R,=10 cosa —sina
0 sina cos«



This is the matrix of T" with respect to the orthonormal basis B. For
example, in the case posed above we may take

V) = %(17 1, 1)

and, say,
Vo = %(0,1,—1) :
As is conventional, we shall choose a right—handed orthonormal basis by
taking
V3 =V] X Vg = %(—2,1,1) .

The matrix of the rotation with respect to B is

1 0 0
1 1
Ra = 0 V2 V2 ;
0 L i
V2o V2

and the above problem may be solved by “diagram chasing”. If we write

1 0 -2
oo
M:(Vl V2 VS): ? 751 ?
VB V2 VG

then the image of (1,0,0) is

1 ) 2++/2
MRM [0 =—[-1+vV2+V3
0 3V2\ L1123

Note that the calculations are simplified by the observation that M is
orthogonal and so M~! = M7”.

Exercise. Let the linear transformation 7" be a rotation about the axis

v = (1,1, 3) through an acute angle o with cosa = 2.

(a) Find an orthonormal basis for R? including a vector parallel to v.
(b) Write down an expression for 7°(0, 1,0).
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As in the two—dimensional case, R, is an orthogonal matrix with
determinant +1. In R, however, we have a slightly different formula for
the trace,

tr(Ry) =1+ 2cosa .

Given R, we can use this formula to find the angle «a, placing it in the
correct quadrant by looking at the signs of cosa and sina. Note the
sign convention for a rotation in R3, given by the right-hand rule.

Once again we have R;! = R_,. This is easily proved algebraically
(and should be obvious geometrically!). The eigenvalues and eigenvec-
tors of R, are

1 | 0
A=1,v=1{0 and A =e% v=[ +i
0 1

Problem. Given a rotation in R3, we have seen how to find its matrix
with respect to a carefully chosen basis, and hence, by “diagram chas-
ing”, with respect to the standard basis. If, on the other hand, a 3 x 3
matrix is given, how can we

e tell whether it is the matrix of a rotation?
e if so, find the axis and angle of the rotation?
Answers.

e Any 3 x 3 orthogonal matrix whose determinant is +1 is the matrix
of a rotation in R3. (We shall not prove this in MATH2501.)

e Let (Q be the matrix of a rotation with axis v. Since v is unchanged
by the rotation,

Qv=v=Av with A=1.

That is, the axis of the rotation is an eigenvector of () corresponding
to eigenvalue A\ = 1. Now choose an orthonormal basis vi=V, va,
vz, and write M = (v vy vg). The matrix of the rotation with
respect to this basis is

1 0 0
Ro=10 cosa —sina | ;
0 sina cos«
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therefore Q = M R,M~! and
tr(Q) =tr(R,) =1+ 2cos a

from which we easily find the absolute value of «, though determin-
ing its sign is a little harder.

Example. Let

L f2 1 =2
Q=522 -1
1 2 2

Then @ is orthogonal, and a routine calculation shows that its deter-
minant is +1. Thus ) represents a rotation. To find its axis we solve
(Q — I)v = 0. By row-reduction we have

-1 1 =2 -1 1 =2
Q-I=3BQ-3)~|-2 -1 -1 |~[0 1 -1
1 2 -1 0 0 0

which has solution v = ¢ (—1,1,1)T, and therefore the axis of the rota-
tion is (—1,1,1). The angle « is given by

14+ 2cosa=tr(Q) =2,

1

SO CoOS &x = 2

and o = :i:%ﬂ'.

Exercise. Show that

L (2 609
Q=76 —7 6
9 —6 2

is the matrix of a rotation; find the axis and angle of the rotation.

Hard exercise. Show that the following procedure will determine the
sign of the angle a:: consider the axis v of the rotation and any vo L vq;
assume (as we may) that —m < a < 7. Then the sign of « is the same
as the sign of the determinant | vy Vo Qva ‘
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Further problems: section 7, problem 3.

We know that an orthogonal matrix must have determinant +1,
and that if the determinant is —1 the matrix is not a rotation. So what
is it? Before answering this question we prove two important properties
of orthogonal matrices; though we are mainly interested in the 3 x 3
case, these results are true for matrices of any size.

Proposition. If @) is a real n X n orthogonal matrix then
e Qu-Qv=u-v forall u,veR"
o [|[Qv] =|V]| for all v € R™.
Proof. Recall that we can write a dot product of column vectors in

terms of matrix multiplication, x -y = x”y. Since Q is orthogonal we
have

Qu-Qv=Qu'Qv=uTQTQv=ulv=u-v.
Exercise. Prove the second part of the proposition.

Comment. In geometric language, we have just shown that multiplying
by an orthogonal matrix leaves the length of a vector unchanged, and
also leaves the angle between two vectors unchanged. We know already
that this is true for rotations. Is it true for any other linear geometric
transformations?

We can study 3 x 3 orthogonal matrices with determinant —1 by
relating them to those with determinant +1. Let @) be a 3 x 3 orthogonal
matrix with determinant —1, and let M be the matrix

-1 0 O
M= 0 10
0 0 1

Then the following facts are easy to prove (exercise!):

e M? =1, and so M~! = M,

e QM is a 3 x 3 orthogonal matrix with determinant +1.
Writing R = QM, this means that R is a rotation matrix. We have
Q = RM, so for any v in R? we can write

Qv =RMv ,
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and the action of () on v can be broken up into two stages. First, v is
taken to Mv; algebraically, this simply means that the first component
of v changes sign; geometrically, therefore, M represents a reflection in
the plane through the origin perpendicular to e;. Second, the resulting
vector Mv is rotated through some angle a about some axis z. That is,
an orthogonal matrix with determinant —1 represents a reflection in a
plane followed by a rotation.

Observe that the normal to the plane of reflection is e;; the axis of
rotation, z, could be anything; so there is no need for these vectors to
be parallel. Nevertheless it can be proved (not especially easy!) that by
adjusting R and M we can make the axis of rotation the same as the
perpendicular to the plane of reflection.

Theorem. A 3 x 3 orthogonal matrix with determinant —1 represents
a reflection in a plane followed by a rotation about an axis normal to
this plane.

Comment. In fact, if the rotation is performed first and then the
reflection, the resulting transformation is the same; but note that this
only applies in the case where the axis of rotation is perpendicular to
the plane of reflection.

Given such a matrix @), how do we find the plane of reflection and
the angle of rotation? If v is the normal to the plane then

Qv=—-v=>Av with A=-1,

so v is an eigenvector of ) corresponding to eigenvalue A = —1. Next,
choose an orthonormal basis vi = ¥V, vy, v3 for R?; an argument almost
identical to that at the bottom of page 4 shows that the matrix of Q)
with respect to this basis is

-1 0 0
R,=1 0 cosa —sina
0 sina cosa

Since () and R, are matrices of the same transformation with respect
to different bases they have the same trace:

tr(Q) =tr(R,) = -1+ 2cosa ,
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from which we can find «.

Example. Let

1 4 -7 -4
8 4 1
Then we can check that @ is an orthogonal matrix with determinant
—1. We find the eigenvectors corresponding to A = —1 by Gaussian
elimination:
13 -7 —4 1 5 8
Q+I=309Q+9) ~ |1 5 8|~ [0 2 3],
8 4 10 0 0 0
which has solution
-1
v=t| -3
2

The plane through the origin and perpendicular to v is —x —3y+2z = 0.
The angle of rotation is given by

—1+4+2cosa=tr(Q) =

Rl

and so cosa = %. As in the case of a rotation, finding the sign of « is
somewhat harder, but it can be done by following the method mentioned
on page 5.

Comment. In this kind of problem it is, of course, possible that « turns
out to be zero. In this case the matrix represents a “pure” reflection.

Exercises.
1. Show that
1 10 11 =2
Q= 5 —-10 10 5
-5 2 =14

is the matrix of a reflection combined with a rotation; find the plane
of reflection, and the axis and angle of rotation.
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2. Show that

1 9 8 12
12 -12 -1

is the matrix of a “pure” reflection; find the plane of reflection.
3. How is the previous problem related to the ideas of Chapter 47 (See
pages 25-28.)

More problems. You should now be able to do section 7, problems 4,
5 and 6.



