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MATH2501 Linear Algebra

Problems, notes and questions

6. EIGENVALUES, EIGENVECTORS, DIAGONALISATION

Eigenvalues and eigenvectors.
Objectives. Calculate the eigenvalues and eigenvectors of a given matrix.
Background theory.

1. Define precisely the statement “v is an eigenvector of A correspond-
ing to the eigenvalue \”.

2. What is the characteristic polynomial of a matrix A? How is it
calculated? How is it used to find the eigenvalues of A?

3. How many eigenvalues does an n x n matrix have?

4. Write down expressions for the sum and the product of the eigen-
values of a matrix A.

Example. Find the eigenvalues and the corresponding eigenvectors of
the matrices

0 4 -10 -1 2 =2
A=11 0 ) and B=[ 5 -1 6
1 -2 7 6 -2 7

Exercise. Repeat for

-1 =12 0 1 -1 -3
C= 2 ) 4 and D=|-3 -1 -7
0 4 -1 2 2 7

Further exercises. Problem 1 from Chapter 6.

Diagonalisation and powers of matrices.

Objectives. Determine whether or not a matrix is diagonalisable, and
if so carry out the necessary calculations. Use the diagonalisation of a
matrix to calculate powers of the matrix.
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Background theory .
1. What does it mean to “diagonalise” a matrix A?
2. When can a matrix be diagonalised?

3. How is the diagonalisation of A used to calculate A™? Having found
A™, how can you check your working?

Example. Diagonalise (if possible) the matrix A from page 1, and hence
find a formula for A™.

Exercise. Repeat for the matrices C' and D.

Further exercises. Problems 2 and 8 from section 6.

Diagonalisation and change of basis. The diagonalisation formula
A = PDP~! should be familiar! It is exactly the same sort of relation-
ship between matrices that we studied in Chapter 3. Define a linear
map T': C" — C" by T'(v) = Av; since the n x n matrix P is invertible
its columns form a basis B for C", and we have the following diagram.

T: C"wrt. S —— C*wrt. S

zﬁ [p

T: C"wrt.B —— C"wrt. B

D

Observe that we now consider not only real but also complex scalars and
vectors. This is because, as shown by the matrix B on page 1, complex
eigenvalues may occur unavoidably even for a real matrix.

Theorem. Let A be an n x n matrix with n linearly independent eigen-
vectors by,bs,...,b,,. Then the matrix of the linear transformation
T(v) = Av with respect to the basis { by, ba,..., b, } of C" is diagonal.

Writing vectors in terms of a basis of eigenvectors, then, the formula for
T becomes

€1 T AT
T : =D : =
T, T, AnTn
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which is extremely simple; this is the reason for the great importance of
eigenvalues and eigenvectors.

Further terminology. Let A be an n X n matrix and let A be an
eigenvalue of A. The eigenspace of A corresponding to A is

Ey={veC'|Av=J\v},

that is, the set of all eigenvectors of A corresponding to A, together with
the zero vector (recall that, by definition, O is not an eigenvector). The
algebraic multiplicity of A is the number of times A\ occurs as a root
of the characteristic polynomial of A; the geometric multiplicity of A
is the dimension of the eigenspace FE).

Theorem. Let A be an n X n matrix and p an eigenvalue of A. The
geometric multiplicity of p is less than or equal to its algebraic multi-
plicity.

Proof. Let T': C"* — C™ be the linear map given by T'(v) = Av. Sup-
pose that the geometric multiplicity of p is , so that A has r independent
eigenvectors vy, ..., Vv, corresponding to the eigenvalue p. Consider an
ordered basis B = {vy,...,v,,b.11,...,b, } for C" beginning with
these r eigenvectors. Since

T(Vl) = AVI = UV 5., T(VT) = Avr = UV, ,

the matrix of T with respect to B is

7! 0 O m17r+1 ml’n
0 v’ e 0 m2,7‘+1 e m2’n
M = O 0 e o) mr7r+1 e mr’n
0 0 -+ 0 Myyipr -+ Metin
00 -+ 0 Mprrr -+ Man

By the usual change-of-basis diagram we have A = BMB~! and so
A— N =BMB '~ ABIB™'=B(M - \X[)B™*;
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therefore the characteristic polynomial of A is
p(A) = det(A — )

= det(B)det(M — AI)det(B™1)

= det(M — )

= (A —p)" x {other terms } .
This shows that p(\) contains the factor A — p at least r times, and so
the algebraic multiplicity of p is greater than or equal to its algebraic
multiplicity.
Corollary. A matrix is diagonalisable if and only if every eigenvalue
has geometric multiplicity equal to its algebraic multiplicity.
Examples.

e For the matrix D on page 1 we found the characteristic polynomial
p(A) = =N+ 70 —16A+12=—-(A-2)*)(A-3) .

The eigenvalue A = 2 has algebraic multiplicity 2, while the eigen-
value A = 3 has algebraic multiplicity 1. We also found that the
eigenspaces of these eigenvalues are

-1 -1
F5 = span 1 and Fs3 = span -1
0 1

Each of these eigenvalues has geometric multiplicity 1. As stated
by the above theorem, the geometric multiplicity is always less than
or equal to the algebraic multiplicity.

e Show that the vector )

<
I

1
1
0
is an eigenvector of the matrix
6 -2 3 1
A 3 -1 9 3

-2 4 -1 =2
-1 2 -3 4



and find with minimal calculation all eigenvalues of A and their
multiplicities. Is A diagonalisable? Solution. We have

6 -2 3 1 ~1 -5
3 -1 9 3 1 5

dv=1 5 4 4 1= s |7V
1 2 -3 4 0 0

and so the eigenvalue is A = 5. To find the geometric multiplicity
we use Gaussian elimination:

1 -2 3 1 1 -2 3 1
3 -6 9 3 0 0 0 0
A=5I=1 5 4 % o]~lo 0o 0 o
1 2 -3 -1 0 0 00

The solution has three parameters, so the eigenspace is the span of
three independent vectors, and the geometric multiplicity is 3. By
the theorem on page 2 the algebraic multiplicity is 3 or more, so
the eigenvalues of A, including repetitions, are 5,5, 5, . Since the
sum of the eigenvalues is equal to the trace of A we have p = —7,
so the eigenvalues 5 and —7 have algebraic multiplicity 3 and 1
respectively. The geometric multiplicity of the eigenvalue —7 is 1
as it cannot exceed the algebraic multiplicity. So A is diagonalis-
able because every eigenvalue has geometric multiplicity equal to
its algebraic multiplicity.
Exercises.

1. Find all eigenvalues of the matrix

1 1
1= (403)
and their algebraic and geometric multiplicities. Is A a diagonalis-

able matrix?

2. Repeat for

1 3 -6 -3
1 3 2 1

A= 1 -1 6 1 ’
2 -2 4 6

given that

0
is an eigenvector of A.

3. Exercises 3, 4 and 5 from the problem sheet.

Powers of a non—diagonalisable matrix. The matrix A in exercise 1
on the previous page is not diagonalisable and therefore we cannot use
the previous method to evaluate powers of A. However, we can do
something similar by using the expression

(4 )=C DG DY e

Exercise. Evaluate J2, J3, J* and J°. See if you can guess a formula
for J” and then use it to find a formula for A™.

Much more on this topic will be done in section 10 of the course!

Harder problems.

1. Consider the n x n matrix

0 1 -1 1 -1

1 0 1 -1 1

1 1 0 1 -1
A=11 1 1 0o 1
1 0

Find the eigenvalues of A and the dimensions of the corresponding
eigenspaces. Hence evaluate the determinant of A.

2 1\" _ [27 n2n!
02/ \o 2"

in two ways: (a) by mathematical induction; (b) by using ideas
from Chapter 1, page 5, exercise 1.

2. Prove the formula
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Similar matrices. Matrices related in the way we have seen for diag-
onal matrices are said to be similar. Formally —

Definition. Two square matrices A and B of the same size are said to
be similar if there exists an invertible matrix P such that

A=PBP .

Examples. From page 2 we see that

0 4 -10 2 0 0
1 0 5 is similar to 0 2 0
1 -2 7 0O 0 3

while from page 6

1 1 i similar to 2 1
1 3 is similar 0 2] -

It is easy to check that

1 2\ (5 6\ /1 2\ (-5 8
3 4)\7 8)\3 4) “\-11 18)"
5 6) it to [0 8
7 g) BEE ~11 18)

Lemma. Similarity of matrices is an equivalence relation on M,,,,. That
is, if A, B and C are n X n matrices, then

SO

e A is similar to A;
e if A is similar to B, then B is similar to A;
e if A is similar to B and B is similar to C, then A is similar to C.

Proof. To prove the third statement, suppose that A is similar to B
and B is similar to C. By definition there exist invertible matrices P
and @ such that

A=PBP™! and B=QCQ'.
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Let R = PQ. Then R is invertible and we have
A=PBP'=PQCQ'P~' =RCR™,

so A is similar to C, as claimed.

Exercise. Prove the other two parts of the lemma.

Theorem. If A and B are similar matrices then they have the same
characteristic polynomial, the same eigenvalues (with the same algebraic
multiplicities), the same trace and the same determinant.

Proof. Suppose that A = PBP~!. Then
det(A — AI) = det(P) det(B — AI)det(P~1) = det(B — AI) .

Therefore A and B have the same characteristic polynomial, and the
rest of the theorem follows easily.

Comments.

e The converse of this theorem is false. For example,

(52) = (32)

have the same characteristic polynomial, eigenvalues, trace and de-
terminant, yet they are not similar (why?).

e It is also true, though harder to prove, that the eigenvalues of sim-
ilar matrices have the same geometric multiplicities, that is, the
eigenspaces have the same dimensions. It is not generally true that
the eigenspaces of similar matrices are the same.

Further exercises. Problem 9 in section 6.

An application to recurrence relations. Suppose that two species
of animals occupy a habitat, and one species hunts the other for food.
Denote the prey population in year n by x,,, and the predator population
by y,.. Let’s assume that any year’s population is related to the previous
year’s by the equations

Tntl = ATy + byn y  Yntl =CTy + dyn >



where a,b,c and d are constants. Exercise. Explain why you would
expect b to be negative, a,c and d to be positive.

We would like to find the ratio of prey and predator populations after
a long time. Take, for example, a =9, b = —2, ¢ = 3 and d = 2. Then
the above formulae can be written in matrix form as

Gen)=G ) Gn)-

Xp+1 = Ax,, .

or

It is not hard to see that the population in year n is given by
X, = A"xq ,

and we can find explicit formulae for the prey and predator populations
by using the diagonalisation method to compute A™. We obtain

/2 1\ /8 o0\ /2 1\ "
=\13)\o 3)\1 3) X

6x0 — 2yo 2yo — To
,=—0—fgn 20 D
v 5 T
3z0 — Yo 6yo — 3xo
= - 8” _—
Yn 5 T
We consider three particular cases.

and so
3"1

3"

e If the initial populations are zg = 1000 and yo = 2500 then
T 200 x 8™ + 800 x 3"

— = — 2 asn— oo,

yn 100 x 8" + 2400 x 3n

so that in the long term the prey population will be twice the preda-
tor population.

e If o5 = 1000 and yo = 3000 then
T, 1000 x 3" 1

yn 3000 x 37 3
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In this case there are initially three predators for each of the prey,
and this ratio is unchanged from year to year.

o If g = 1000 and yo = 3100 then
Tp  —40 x 8™ + 1040 x 3™

= —2 asn— oo,

Yn  —20 x 87 + 3120 x 37

which gives the same ratio as in the first case.
Exercise. A mathematical model can never be an exact representation
of reality. It is therefore always important to check the model against
observed data and/or common sense. Do the results in the above three
cases make sense in terms of the original problem? How could the model
be improved?

Further exercises. Problems 10 and 11.

Eigenvalues of a linear transformation. By analogy with eigenval-
ues and eigenvectors of a matrix we may define eigenvalues and eigen-
vectors for a linear transformation. If T': V' — V is linear and

T(v)=Av

for some scalar A and some non—zero v in V, then X is said to be an
eigenvalue of T, and v is an eigenvector of T corresponding to the
eigenvalue .

Examples.

o If T:C™ — C" is defined by T(v) = Av, then the eigenvalues and
eigenvectors of 1" are the same as those of A.

o Let T : M3z — Mss where T(X) = XT. If X is an eigenvector of T
then X is not the zero matrix and T(X) = AX, that is, X7 = A\ X.
Therefore

X=XOHT=0x)T = xT =X\2x ,

and since X # 0 the only possible eigenvalues are A = +1. The
eigenspaces of 1" are

Ey={XecMs| X=X}
E ={XecMsu|XT=-X},
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that is,
E, = {symmetric 3 x 3 matrices }

E_; = { antisymmetric 3 x 3 matrices } .

These eigenspaces have dimension 6 and 3 respectively. (Exercise.
Check this!)

The mapping of the previous example has matrix

10 000 0O0O0O0
0001 0 O0O0O0O0
000 0 O0O0T1TO0O0
0100 0O0O0O0OO
M=]10 00010000
000 0 O0O0O0T10O0
001 00 O0O0O0®O
0000 01000
000 0O0O0O0TO0T1

with respect to the standard basis of M3z, and essentially the same
example can be solved by finding the eigenvalues and eigenvectors of
this matrix. So for the remaining examples we shall look at infinite—
dimensional vector spaces, where matrices are of no assistance.

Let T be the differentiation map on the vector space P of all poly-
nomials. To find eigenvalues and eigenvectors of T" we must solve

==

at ~
the only solution is when p(t) is constant, as otherwise the left
hand side and right hand side are of different degrees. So the only
eigenvalue is A = 0, and the corresponding eigenvectors are the
constant polynomials.

Let T be the differentiation map on V', the vector space of all differ-
entiable functions from R to R. (Compare the previous example.)
Since we are no longer restricted to polynomials, the differential
equation

W\

dx
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has solutions for every real A, and the eigenspaces are
Ex={ce* |ceR} =span{e}

each of which is one—dimensional.

e Let V be the set of twice—differentiable functions from R to R, and
define T : V — V by

d?y
Ty) =y =—= .
Using first year calculus methods, the differential equation y” = Ay
can be solved for all A, but the form of the solution depends on
whether ) is positive, negative or zero. The eigenspaces of T" are

span{ e¥* e~ “" } ifA=w?>0
Ey = { span{ 1,z } ifA=0
span{ coswz, sinwz } if A =—w?<0.

Exercise. Find all the eigenspaces of the following linear maps:
e T defined on the set of all polynomials by T'(p(t)) = tp'(t);

e T defined on the space of all twice—differentiable functions by
Ty)=y" -2y +y;
o T Mgg — Mgg given by
1 2 1 2
v (1 B)xx (1 2).

Exercise. Prove that if the nullspace (kernel) of a matrix or linear
mapping is not just { 0}, then it is equal to the eigenspace Ey.

Further exercises. Problem 12 in section 6.
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