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Problems, notes and questions

5. DETERMINANTS

Objectives. Calculate the determinant of a given matrix by various
methods. Understand the relevance of determinants in other areas of
linear algebra.

Background theory .

1. Do all matrices have determinants? If not all, which?

2. Explain how you can calculate determinants recursively in terms of
smaller determinants.

3. What is the method generally used for calculating determinants?

4. Give alternative formulae for evaluating 2×2 and 3×3 determinants.
Do these formulae work for larger determinants?

5. How is the determinant of an n × n matrix A connected to (a) the
system of linear equations Ax = b? (b) the existence of A−1?
(c) bases of R

n?

Examples.

• Identify all the errors in the following calculation; then evaluate the
determinant correctly:
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• Calculate the determinants of the matrices

A =





4 2 3
1 −1 −3
3 −11 7



 and B =







1 3 −1 −2
−3 −9 0 5
−2 −2 −3 3
3 1 1 −6






.

Are A and B invertible? What can you say about the solutions of
the equations Ax = b and Bx = b? Can you find a basis for any
R

n from the above calculations?

Further exercises. In section 5, please try problems 1 to 4.

Identities involving determinants.

Background theory .

1. Simplify det(AT ) and det(A−1). Give a formula for det(AB).

Examples.

• Two matrices A and B are said to be similar if A = PBP−1 for
some invertible matrix P . Prove that similar matrices have the
same determinant.

• Prove that an orthogonal matrix has determinant ±1.

Further exercises. Problems 7 and 8 from section 5.

A harder problem. Let A be an m×n matrix and B an n×m matrix,
where m > n. Prove that det(AB) must be zero. Is it true that det(BA)
must be zero?
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