University of New South Wales — School of Mathematics
MATH2501 Linear Algebra

Problems, notes and questions

3. LINEAR TRANSFORMATIONS

Linear transformations.

Objectives. Know what is meant by a linear transformation (linear
map, linear function). Determine whether a given function is linear or
not. Understand clearly the difference between a “linear transformation”
proof and a “vector subspace” proof.

Background theory.
1. How do you prove that a function is linear?
2. Give some short cuts for proving that a function is not linear.

Example. Do the following two problems in parallel columns, making
sure that you understand the differences:

(a) Show that W = {x € R3 | —x; — a9 + 223 = 0} is a subspace of
R3.
(b) A function T : R?® — R is defined by T'(x) = —z1 —5xo +2x3. Prove
that T is a linear transformation.
Examples. Repeat the above problem for
1. W={x€eR?| 7oy +22 =0and 2o + 423 =0} and T : R? — R?
defined by T'(x) = (7Tx1 + x2, x2 + 423);
2. the subset W of M35 defined by

W= {X €M AX = (J0))

and the function 7" : M3y — Myy given by T'(X) = AX. Here A is
a constant 2 X 3 matrix.
Examples. Prove that the following functions are not linear.
1. T:R? — R defined by T'(x) = z17273;
2. T :R? — R given by T(x) = |x|; and
3. T : May — May given by T'(X) = X —41.
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Further exercises. In section 3, please do problem 1 very carefully. Also
try problem 2.

A harder problem. Let V' = { positive real numbers }. In the vector
space axioms replace vector addition by multiplication and scalar mul-

tiplication by exponentiation. That is, “x +y” is taken to mean xy, and

“A\z” is taken to mean x.

(a) Show that with these operations, V' is a vector space.

(b) If R is the usual vector space of real numbers, prove that 7 : V' — R
defined by T'(x) = log x is a linear map.

(Hint. If you understand what needs to be done in this problem, the
details are very easy!)

Formulae for linear transformations.

Objectives. Given the values of a linear transformation 71" at a basis of
its domain, find 7'(x) for all x.

Background theory. Let T': V — W be a linear function and suppose
that T'(vy),...,T(v,) are given, where {vy,...,v, } is a basis for V.
Describe briefly how to find a general formula for 7'(x).

Example. Let T : R? — R3 be linear. Find T'(x), given that
(a) T(1,0) = (—2,—1,3) and T(0,1) = (4,3, —4);

(b) T(4,-7) = (—2,—1,3) and T'(—5,9) = (4,3, —4).
Example. Repeat the previous problem for

(a) T(1,0) = (—1,2,—-3) and T(0,1) = (4, —5,6);

(b) T(2,1) = (1,-1,2) and T'(5,3) = (—1,5,0).

Further exercises. Question 3.

Matrices of linear transformations. There is a very close and impor-
tant relationship between linear transformations and matrix multiplica-
tion. For example, consider the linear mapping 7T : R3 — R2? defined
by

T(l’l,l'g, 1'3) = (71’1 + 22,22 + 41’3) .
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If we write both x and 7'(x) as column vectors this can be expressed in

the form
Z1 Z1
T Ty _ 71’1 + X2 _ 7 1 0 T
I9 + 4.’L‘3 01 4

We say that
7 10
A= (O 1 4>

is the matrix of I' with respect to standard bases. Similarly, consider
the differentiation map T : P3 — P53 given by T(p) = p’. Using the
general form of a polynomial in Pg, this is the same as

T(a + bt + ct? + dt3) = b+ 2ct + 3dt? ;

once again we may replace the polynomials by their coordinate vectors
and rewrite the result in terms of matrix multiplication,

a b 01 0 0\ /a
plo) 2] _[0o020)fb
c 3d 000 3]||c
d 0 000 0/ \d

Thus the matrix of differentiation with respect to standard bases in P3
is

o O O O
o O o
o O N O
o w oo

Another example: define T' : My — Moo by T(X) = 3X — X1, and
take the standard basis matrices for Msyy to be

() Go) () (@),

in that order. Then we have

Tab73a3b_a672a 3b—c
c d) \3c 3d b d) \3c—b 2d )’
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or in terms of coordinates

a 2a 2 0 0 O a
T b _ 3b—c| [0 3 -1 0 b
c 3c—b o -1 3 0 c
d 2d 0 O 0o 2 d

So the matrix of this linear transformation with respect to standard
bases is

2 0 0 O
0 3 -1 0
0 -1 3 ©
0O 0 0 2

Exercises. Find the matrices with respect to standard bases of the
linear transformations

1. T:R? — R3 where T(x1,72) = (71 + 222,311 — 722, T2);
2. the differentiation map T : P3 — Py given by T'(p) = p;
3. T:R3 — R, where T'(x) = —x1 — 5xo + 273.

Further exercises. Problem 4 in Chapter 3.

Matrices with respect to non—standard bases. There is no par-
ticular need to do the preceding problems using standard bases (though
in many cases, but not all, to do so will simplify the working). For ex-
ample, let’s consider again the differentiation map from P3 to Py. We’ll
continue to use the standard ordered basis S = {1,¢,t>} for Py, but
shall use a different ordered basis

B={3+1t5t> -2t 471t +3, —14+t*}

for P3. (Exercise. Check that this truly is a basis!) Writing the differ-
entiation mapping in terms of these bases we have

T(a(3+1t)+b(5t* —2t%) + c(—4 — Tt + ) + d(—1 + %))
=T((Ba—4c—d) + (a — Te)t + (5b + d)t* + (—2b + c)t?)
= (a — 7c) + (10b + 2d)t + (—6b + 3c)t* ;
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in terms of coordinate vectors,

Z a—Tc 1 0 -7 0 Z
T — | 100+2¢ | =(0 10 0 2
fl —6b+ 3¢ 0 -6 3 0 fl

The 3 x 4 matrix we have just found is the matrix of T' with respect to
the bases B in the domain and S in the codomain.

We could change to a non-standard basis in the codomain as well
as the domain. For example, take

C={1—4t+3t% 2t —t* t*} .
As above we have

T(a(3+1t) +b(5t* — 2t) + c(—4 — Tt + t*) + d(—1 + t*))
= (a — 7c) + (10b + 2d)t + (—6b + 3c)t* ;

now we need to write the right hand side in terms of the basis C'. Setting

(a —7¢) + (10b + 2d)t + (—6b + 3c)t*
= A1 (1 — 4t + 3t%) + Mo (2t — 1) + A3(t?)

and solving gives
M=a—Tc, da=2a+5b—14c+d, \3=—a—b+10c+d .
Now we can proceed as above to write the definition of T" in terms of

coordinate vectors (this time, with respect to B in the domain and C in
the codomain) and “mimic” 7' by matrix multiplication. We have

Z a—Tec 1 0 -7 0 Z
T — | 2a485b—14c+d | = 2 5 —14 1 :
fl —a—b+10c+d 1 -1 10 1 2

and therefore the matrix of 7" with respect to bases B in the domain
and C in the codomain is

1 0o -7 0
2 5 —-14 1
-1 -1 10 1

The formal definition of “matrix of a linear transformation” is as follows.

Definition. Let T': V — W be a linear transformation, where V' and
W are finite-dimensional vector spaces. Then A is the matrix of T" with
respect to ordered bases B for V and C for W if

[T(V)]c =4 [V]B

for all vectors v in V. Here [v]p denotes the coordinate vector of v
with respect to the basis B, and [T'(v)]¢ denotes the coordinate vector
of T'(v) with respect to the basis C.

A consequence of this definition leads to a (sometimes) simpler
method of finding the matrix of a linear transformation. Let the ba-
sis for V- be B = {by,...,b, }. Then from the definition we have
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[T(by)]e = A[by], = A

B = {first column of A} .

In other words, to find the first column of A we take the first basis vector
for V, calculate T' of this vector, and write down its coordinate vector
with respect to the basis of W. The other columns of A are then found
by a similar method.

Examples.

1. Consider again the differentiation map from P3 to Py; take the basis
B={3+1t 5t -2t —4 -1t + 3, —14t*}
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for P3 and the standard basis S = {1,¢,t? } for P;. Then

d

TB+t)=—B+t)=1
(B+1)=2@B+1)
T(5t2—2t3):%(5t2—2t3):10t—6t2
d
T(—4—7t+t3):E(—4—7t+t3):—7+3t2
d
T(—1+t2):%(—1+t2):2t,

and the coordinates of the right hand sides with respect to S are

1 0 -7 0
0], 10 | 0 and 2
0 —6 3 0

The coordinate vectors are the columns of

1 0 -7 0
A=10 10 0 2|,
0 -6 3 0

and this, as we found on page 4, is the matrix of T with respect to
bases B for P35 and S for Ps.

. Define a linear mapping 7' from P53 to P35 by T'(p) = p(1 +t). For
example,
Tt =1+t =1+3t+3t> +.

Find (a) the matrix of 7" with respect to standard bases in both
domain and codomain; (b) the matrix of 7' with respect to the
basis B = {1 — 2t, 3t — 4t%, 5t> — 6t%, 7t3 } in the domain and the
standard basis in the codomain.

. A mapping given by the formula 7T'(x) = x for all x is called an
identity mapping as it leaves every vector unchanged. Consider the

identity mapping on R3; we shall find its matrix with respect to the
basis B = { (1,4, 1), (0,—2,5), (3,—1,1) } in the domain, and the
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standard basis in the codomain. Using the “columns” method is
boring but easy:

1 1 1
T 4 = 4 ;  its coordinate vector is 4
-1 -1 -1
0 0 0
T| -2 =1 —-2| ; its coordinate vector is -2
3 3 3

T| -1 =1 -1 ; itscoordinate vector is -11,
1 1 1

and so the matrix of the identity mapping on R3 with respect to
bases B in the domain and S in the codomain is

1 0 3
4 -2 -1
-1 5 1

4. Find the matrix of the identity map on Py with respect to the basis
B = {2+t—3t?, 5t—Tt?, —4+3t } in the domain, and the standard
basis S = {1,t,t? } in the codomain.

5. What is the matrix of the identity map on R? with respect to the
standard basis in both domain and codomain?

The previous examples illustrate the next result, which will lead us to
a third and sometimes even more convenient method for finding the
matrix of a linear transformation.

Theorem. Let T be the identity map on a vector space V', and let B =
{b1,ba,...,b, } be a basis for V. If A is the matrix of T with respect
to the basis B in the domain and the standard basis in the codomain,
then the columns of A are by, bs,...,b,, written as coordinate vectors
with respect to S.

To apply this result we need to consider the composition of linear
mappings. Let 71 : Vi — V5 and 15 : Vo — V3 be linear transformations;
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then the composition T3, a function from V; to V3 defined by
T3 (V) = T2 (Tl (V))

is also linear. (Exercise. Prove it!) Now suppose that we have bases
By, By and Bs for Vi, V5 and V3; let the matrices of 17 and 15 with
respect to these bases be A; and A, respectively. Then for any v in V3
we have

= A2 [Tl(V)]

[TS(V)]BSZ [TZ(Tl(V))]B 2:A2A1 [V]Bl N

3 B

so the matrix of T3 with respect to bases B; in the domain and Bj in
the codomain is A3 A;. (Note the order of multiplication!)

To find the matrix of T': V — W with respect to bases B in the
domain and C' in the codomain, we may write 7" as the composition of
three mappings. Given any v in V|

e calculate I(v) = v, where I is the identity map on V;
e calculate T'(I(v)) = T(v);
o calculate J(T'(I(v))) = T'(v), where J is the identity map on W.

The point is that if we use the basis B to represent the initial vector v
and C to represent the final value of T'(v), but switch to standard bases
for all the intermediate steps, then the matrices of all three functions will
be quite easy to find. It is often helpful to display the triple composition
in diagrammatic form.

A
T: Vwrt. S ——— Wwrt. S

“B b } } “C 9

T: Vwrt.B —— W wart. C
M

For example, define T : R® — R? by
T(x) = (z1 + 222 + 3x3, 421 + 322 + 223) .
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To find the matrix of T" with respect to bases
B={(1,0,-1), (1,1,-3), (-1,1,0)} and C={(1,-2), (-3,1)}

for R? and R?, we can write down the matrices which correspond to the
left, top and right sides of the diagram:

1 1 -1
B=(o0o 1 1], A_(i 3 g) C_<_12 _13>
-1 =3 0

As the bases and matrices are closely related we have used the same
symbols (B and C') to denote them. Nevertheless please remember that
a basis is not a matrix!

One more thing to observe. We have obtained the matrix C of
the identity map J with respect to a new basis in the domain and the
standard basis in the codomain; but we actually want it the other way
around, and so we must use C~!. Therefore the matrix of 7' with respect
to the above bases is

-1 11 -1
M:c—lAB:<_12 3) <i g 3) 0o 1 1
-1 =3 0

1
14 3 2
S5\ 2 11 —1)°
Note. Be careful to calculate the matrix product in the right order,

C~'AB and not BAC~!. In the present case it will be easy to tell if
you get it wrong (how?), but sometimes there may be no obvious error.

Comment. If W is the same as V, then the bases B and C may be the
same. “The matrix of T" with respect to a basis B” means “the matrix
of T with respect to B in the domain and also B in the codomain”.

Examples. Drawing an appropriate diagram in each case, use the pre-
ceding method to find the matrix of T" with respect to the given bases.

1. T :R? — R? given by T'(x) = (z1, 21 + T2, 71 — T2), with the bases
{(1,2), (3,4) } for R? and {(0,2,1), (1,—1,0), (0,3,2) } for R3;
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2. T : R? — R? given by T(x) = Ax, with respect to the basis
{(2,3), (5,7) } in both domain and codomain. Here A is a fixed
2 x 2 matrix.

3. T from example 2, with respect to the standard basis in the domain
and {(2,3), (5,7) } in the codomain.

4. T : Py — R? given by T'(p) = (p(1),p(2)), with bases { 1—t,2—¢,¢* }
for Py and {(2,3), (4,5) } for R2.

Further exercises. Problems 5 to 9 from section 3.

A harder problem. (Not hard as regards calculation, but you will need
to understand the concepts properly!) Find the matrices with respect
to standard bases of the linear transformations 1" : My — Moo given by

T(X)_@ i)x and T(X)_X(é i)

Nullspace and image of a linear transformation.

Objectives. Know what is meant by the nullspace (kernel) and the image
of a linear transformation; find bases and dimensions for these spaces.
Know the connection between the kernel of a linear transformation and
that of a matrix.

Background theory.

1. Define the terms nullspace (kernel), image, nullity and rank for a
linear transformation 7' : V. — W.

2. If A is a matrix, and a linear mapping is defined by T'(x) = Ax,
what is the relation between the kernel of T' and the kernel of A7

3. What equation connects the rank and nullity of a linear map?

Examples. Find kernel, image, nullity and rank for the linear mappings
1. T : R® — R? defined by T'(x) = Ax, where
1 -1 4 0 4
A= 2 1 7T -1 11 |;
-1 -8 -1 3 -—13

11

2. T :P3 — R given by T'(p) = p(1);
3. T:R* - R3 with T'(x) = Ax and

1 -1 3
A=|-3 4 =5
4 =7 0

1
4. T : Py — R given by T'(p) = / p(t) dt.
0

Further exercises. Problems 10 and 11.
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