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Problems, notes and questions

2. VECTOR SPACES

Vector spaces and subspaces.

Objectives. Understand what is meant by a vector space. Given a vector
space V and a subset W of V , determine whether or not W is a subspace
of V .

Background theory .

1. What is a vector space? (Just give a brief explanation.)

2. Given that V is a vector space and W ⊆ V , how do you show that
W is a vector space?

3. Define precisely the statements “W is closed under addition” and
“W is closed under scalar multiplication”.

4. Give two short cuts for showing that a set W is not a vector space.

5. What is the point of studying vector spaces?

Examples. Prove that

1. W = {x ∈ R
4 | 3x1 − x2 + 7x4 = 0 } is a subspace of R

4;

2. W = {x ∈ R
3 | −x1 − 5x2 + 2x3 = 0 } is a subspace of R

3;

3. if A is a fixed 3×5 matrix, then W = {Ax | x ∈ R
5 } is a subspace

of R
3.

Examples. Show that

1. W = {x ∈ R
2 | x1 = x2

2 } is not a subspace of R
2;

2. W = {x ∈ R
2 | x1 = ±x2 } is not a subspace of R

2;

3. W = {x ∈ R
4 | 3x1 − x2 + 7x4 = 5 } is not a subspace of R

4.

Further exercises. Problems 1 to 4 in chapter 2.

Linear independence.

Objectives. Determine whether given vectors are linearly independent
or not.
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Background theory .

1. What is meant by a linear combination of the vectors v1,v2, . . . ,vn?

2. Give a precise definition of the statement “the vectors v1,v2, . . . ,vn

are linearly independent”.

3. What is the general method of determining whether a set of vectors
is linearly dependent?

4. Give some short cuts for proving linear dependence or independence.

Examples. Are the vectors

(1, 4,−1, 3) , (−2,−7, 1, 2) and (0,−2, 1,−9)

linearly independent? Are the following sets of vectors linearly indepen-
dent?

1. { (1, 4,−1, 3) , (−2,−7, 1, 2) , (0,−1, 1,−8) }.

2. { (1, 4,−1) , (3,−2,−7) , (1, 2, 0) , (−1, 1,−8) }.

3. { 1 − 2t2 , 3 − t − t2 , −1 + 2t + 5t2 }.

Further exercises. Problems 5, 6 and 7. Harder: 8, 9 and 10.

Spanning sets.

Objectives. Given a set S of vectors in a vector space V , determine
whether a specific vector is in span(S), and whether or not S is a span-
ning set for V .

Background theory . Let V be a vector space, v ∈ V and S ⊆ V .

1. Define precisely what is meant by span(S), and by the statement
“S is a spanning set for V ”.

2. How do you tell whether v ∈ span(S)?

3. How do you normally decide whether or not S is a spanning set for
a vector space V ?

4. Any short cuts?

Examples.

1. Let

S = { (1,−1,−1) , (3,−1, 5) , (−1, 2, 1) , (1,−3,−6) } .

Is (−3, 6, 2) in span(S)? Is S a spanning set for R
3?
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2. Is { (1,−1,−1) , (3,−1, 5) , (−1, 2, 1) } a spanning set for R
3?

3. Is 4+ t−3t2 in the span of the polynomials 1+2t− t2, −2+3t+ t2,
1 + 9t − 2t2 and 5 − 4t − 3t2? Do these four polynomials span P2?

Further exercises. Problems 11 to 14.

Basis and dimension.

Objectives. Determine whether a given set is a basis for a vector space.
Find the dimension of a vector space.

Background theory .

1. Define basis and dimension of a vector space.

2. Give examples of bases for R
3, P3 and M3,3, and state the dimen-

sions of these vector spaces.

3. Do you know any short cuts for basis problems?

Examples.

1. Is { (1, 4,−1, 3) , (−2,−7, 1, 2) , (0,−2, 1,−9) } a basis for R
4?

2. Is { 1 − 2t2 , 3 − t − t2 , −1 + 2t + 5t2 } a basis for P2?

Examples.

1. Is { (1,−1,−1) , (3,−1, 5) , (−1, 2, 1) } a basis for R
3?

2. Is { 1 + 2t− t2 , −2 + 3t + t2 , 1 + 9t− 2t2 , 5− 4t− 3t2 } a basis for
P2?

Example. Find a basis for

P = {x ∈ R
3 | x1 − x2 + 8x3 = 0 } ,

a plane through the origin in R
3.

Example. Find a basis for the plane {x ∈ R
3 | 3x1 + x2 + 5x3 = 0 },

and for the set of polynomials { p ∈ P3 | p(1) = 0 }.

Further exercises. Problems 16, 17 and 18.

Coordinates. Recall that a basis B = {b1,b2, . . . ,bn } for a vector
space V is a set of vectors in V with the following properties: B is a

3

spanning set for V , and B is linearly independent. Let v be a vector in
V . The fact that B spans V tells us that

v = x1b1 + x2b2 + · · · + xnbn

for certain scalars x1, x2, . . . , xn; the fact that B is linearly independent
tells us that for any specific v, there is only one possible choice of these
scalars (exercise: prove it). The scalars are referred to as the coordinates
of the vector v with respect to the basis B.

Definition. Let V be a real vector space, let B = {b1,b2, . . . ,bn } be
a basis for V , and let v be a vector in V . The coordinate vector of v

with respect to the ordered basis B is the vector x = (x1, x2, . . . , xn) in
R

n such that
v = x1b1 + x2b2 + · · · + xnbn .

Notes.

• Think of the coordinate vector as a “recipe” for making the vector
v from the “ingredients” b1,b2, . . . ,bn: it tells us how much of b1

we need in order to obtain the desired v, how much of b2 and so
forth.

• A similar definition applies for vector spaces over a different field of
scalars.

• Note that the coordinate vector is defined relative to a basis of
vectors in some particular order.

Example. Show that

B = { (−1, 2, 1), (2,−5,−3), (5,−7,−3) }

is a basis of R
3, and find the coordinates of (9, 1, 5) with respect to this

(ordered) basis.

Solution. We shall find the coordinates, and shall see that the proof
that B is a basis drops out with no extra work. From the definition of
the coordinate vector, we need to solve

x1(−1, 2, 1) + x2(2,−5,−3) + x3(5,−7,−3) = (9, 1, 5) .
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In scalar form this is the system

−x1 + 2x2 + 5x3 = 9

2x1 − 5x2 − 7x3 = 1

x1 − 3x2 − 3x3 = 5 .

As usual, we write this in augmented matrix form and row–reduce:




−1 2 5 9
2 −5 −7 1
1 −3 −3 5



 ∼





−1 2 5 9
0 −1 3 19
0 0 −1 −5



 .

Now ignore for a minute the right hand side of the matrix. The left
hand side has no zero row, so the three vectors span R

3; and no non–
leading columns, so they are linearly independent; therefore they form a
basis for R

3. To find the coordinate vector we look at the whole system
(including the right hand side) and complete the solution to give x3 = 5,
x2 = −4, x1 = 8. Therefore the coordinate vector is

x = (x1, x2, x3) = (8,−4, 5) .

Check that 8(−1, 2, 1) − 4(2,−5,−3) + 5(5,−7,−3) = (9, 1, 5).

Example. Find the vector which has coordinates (5, 2,−1) with respect
to the ordered basis B in the previous example.

Solution. This is easy as long as you have read the question carefully!
The vector is 5(−1, 2, 1)+ 2(2,−5,−3)− (5,−7,−3), which is (−6, 7, 2).

Example. Find the coordinates of the vector (7,−7, 9) with respect to
the basis B = { (1,−1,−1), (3,−1, 5), (−1, 2, 1) } for R

3.

Example. Prove that the matrices

M1 =

(

1 0
0 2

)

, M2 =

(

0 1
−2 2

)

, M3 =

(

1 2
1 1

)

, M4 =

(

−1 0
3 −4

)

form a basis for M2,2, and find the coordinate vector with respect to this
basis of

A =

(

3 −2
8 1

)

.

Further exercises. Problems 19 and 20.
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Harder problems.

1. Is {A ∈ M22 | A−1 exists } a vector space?

2. Let A be a symmetric matrix and B a skew-symmetric matrix of
the same size. Prove that if A and B are not zero matrices, then
they are linearly independent.

3. Define polynomials p1, p2, . . . , pn by

p1(x) = (x − 2)(x − 3)(x − 4) · · · (x − n)

p2(x) = (x − 1)(x − 3)(x − 4) · · · (x − n)

p3(x) = (x − 1)(x − 2)(x − 4) · · · (x − n)

and so on. That is, pk(x) is the product (x − 1)(x − 2) · · · (x − n)
with the factor (x − k) missing. Show that

(a) the set B = { p1, p2, . . . , pn } is a basis for Pn−1; and

(b) if p is any polynomial in Pn−1, then the coordinate vector of p

with respect to B is

(

p(1)

p1(1)
,

p(2)

p2(2)
, . . . ,

p(n)

pn(n)

)

.

Can you complete this calculation by finding a formula for
pk(k)?

Nullspace and column space of a matrix. Any m × n matrix has
two important vector spaces associated with it.

Exercise. Let A be an m× n matrix. Prove that V = {x | Ax = 0 } is
a vector space.

Definition. Let A be an m × n matrix. Then

• {x ∈ R
n | Ax = 0 } is called the nullspace or kernel of A;

• the span of the columns of A is called the column space of A.

These spaces are denoted by NS(A) and CS(A) respectively.

We have proved above that the nullspace of a matrix is a vector
space; CS(A) is a vector space since the span of any set is a vector
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space. An alternative argument for the column space: suppose that A

has columns c1, . . . , cn. Then

CS(A) = span{ c1, . . . , cn }

= {x1c1 + · · · + xncn | x1, . . . , xn ∈ R }

= {Ax | x ∈ R
n } ,

and we have shown (example 3 on page 1) that this is a vector space.
Note that when A is an m × n matrix, NS(A) is a subspace of R

n, but
CS(A) is a subspace of R

m.

Definition. The nullity of a matrix is the dimension of its nullspace,
and the rank is the dimension of the column space.

Examples. Find the nullspace, column space, nullity and rank of the
matrices

A =





1 −1 4 0 4
2 1 7 −1 11
−1 −8 −1 3 −13



 and B =





1 −1 3 −2
−3 4 −5 2
4 −7 0 1



 .

Solution. Row-reduction of an augmented matrix (A |b ) gives





1 −1 4 0 4 b1

0 3 −1 −1 3 b2 − 2b1

0 0 0 0 0 b3 + 3b2 − 5b1



 .

To find the nullspace of A, ignore the right hand side and mentally
replace it by the zero vector, then solve. We obtain

x5 = u , x4 = t , x3 = s , x2 = 1

3
(s + t − 3u) , x1 = 1

3
(−11s + t − 15u)

and so

NS(A) = span





























− 11

3
1

3

1
0
0











,











1

3
1

3

0
1
0











,











−5
−1
0
0
1





























.
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To find “conditions” for the column space we look at the right hand
side opposite a zero row on the left hand side; or to find a basis for
the column space we identify the leading columns in the echelon form.
Hence

CS(A) = {b ∈ R
3 | b3 + 3b2 − 5b1 = 0 } = span











1
2
−1



 ,





−1
1
−8











.

Therefore nullity(A) = 3 and rank(A) = 2. Note that if you only want
the “span” expression for the column space you can omit the right hand
side of the augmented matrix entirely.

By looking carefully at the echelon form and how we used it in the
previous example we can prove various important relations between the
dimensions of the nullspace and column space of an m × n matrix A,
and the appearance of its echelon form U . We have

dim NS(A) = {number of parameters in the solution of Ax = 0 }

= {number of non-leading columns in U }

and
dim CS(A) = {number of leading columns in U } .

These facts prove a very important theorem.

Theorem. The Rank–Nullity Theorem. For any matrix A we have

rank(A) + nullity(A) = {number of columns of A } .

Exercises. Please try problems 22 and 23 from chapter 2.

Harder problems.

1. Let A be an m × n matrix. Prove that if u is a row of A and v is
in NS(A), then u and v are perpendicular.

2. Consider the boustrophedonic matrices

B2 =

(

1 2
4 3

)

, B3 =





1 2 3
6 5 4
7 8 9



 , B4 =







1 2 3 4
8 7 6 5
9 10 11 12
16 15 14 13







and so on. Prove that all of these matrices have rank 2.
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