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Notes and exercises

12. DIFFERENTIAL EQUATIONS

Having learnt how to compute exponentials of matrices, we return
to the problems which motivated these calculations, namely, systems of
differential equations. First, we’ll study another physical problem which
gives rise to a system of differential equations.

Example. Consider the system of two masses and
two springs in the diagram. Let the masses be m;y
and mgy, the spring constants k; and ks as shown.
It turns out that the mathematics is easiest if we
refer all displacements back to the equilibrium po-
sition of the system. So, suppose that when the
masses and springs are at equilibrium, the ends of
the springs are at displacements b; and by below
their unloaded levels; at any time ¢, let y;(¢) and
y2(t) be the displacements of the two masses be-
low their respective equilibrium positions. Write
Ty and T5 for the tensions in the springs at time t¢.
By Newton’s Law we have

miy] =mig+To —T1 and moyy =mag — T,
while Hooke’s Law for the tension in a spring gives
T =ki(yi +b) and To=ko((y2+b2) — (y1 +b1)) .

We wish to write the equations of motion in a form independent of the
tensions and the equilibrium extensions. To do this, we substitute the
formulae for 17 and 75 into the first differential equation and rearrange
to obtain

miyy =mig — (ki + k2)(y1 + b1) + ka(y2 + ba) .

1

At equilibrium we have y; = y] = y{ =0, and so
0= mi1g — (]{1 + kg)b1 + ]{ng ;
subtracting this equation from the previous one yields

miyy = —(k1 + k2)y1 + kay2

Exercise. Treat the second differential equation in the same way to
show that

mayy = koyr — kaya .

As we have seen before, such a system of differential equations can
be written as a single differential equation in a vector variable:

_Fkatks ko

o my my
y = ( ks _ﬁ>y'

mo mo

Although this is a second order equation we shall be able to solve it by
similar methods to those used for first order equations.

Consider a vector differential equation

— note that although in previous examples the coefficient matrix has
always contained only constant entries, we are here prepared to consider
the case in which the coefficients are not constant. For any interval
I C R we consider the solution space of this equation

{y(t) | y(t) is defined for t € I, and y’ = A(t)y. }

The following theorem is very easy to prove.

Theorem. If A(t) is continuous on I then the solution space of y’ = Ay
forms a real vector space.



Suppose that the solution space has dimension n. (We shall show
later that this is true if A is an n x n constant matrix.) Then we can

choose a basis
{v1(t),va(t),...,va(t) },

and any solution y of the system may be written
y(t) = c1vi(t) + cova(t) + -+ cpva(t) = Be,

where

B(t) = (vi(t) wvaft) -+ wvp(t)) and c=

CTL
Considering B(t) column by column, we see that
B'(t) = A(t)B(t) .

We call B(t) a fundamental matrix for the system y’ = A(t)y. From
the definition of B, the solution space of the system is the column space
of B.

We shall solve systems of differential equations first by making a
substitution which will allow us to solve the equations one at a time;
later we shall approach similar problems by use of the exponential.

Example 1.

Consider the system x’ = Dx, where

- (5) = 0= %)

In scalar form this system is simply
¥y =bry, xh=-Txy,

which has the solution

5t

1 =ce’, Tg= 026_”

for any cq,co € R. In vector form we have

B c1 e5t B e5t N 0
X = coe” Tt ) T a1 0 C2 e Tt

(et 0 cr\ .

- 0 €—7t Co )

therefore

is a fundamental matrix for the system, and the columns of B(t) form
a basis for the solution space.

Example 2.

The system
y1 = 3y1 +4yo y1(0) =2
Yo =5y1 —By2 ,  y2(0) =7

was posed as a problem in Chapter 11, page 2. This system can be
written in matrix form y’ = Ay with

A_(g _45> and y(O)_@),

and can be reduced to that in example 1 by diagonalising A. We have
A= PDP~! with

5 0 2 -2
D—(O _7> and P—<1 5),
rearranging the differential equation gives
Py =DpP7 'y .

Now substitute x(¢) = P~1y(t); then x’ = Dx, and from example 1 we
have



Substituting back gives

2ePt e~ Tt
v =Pxio = (% 25 ).

which exhibits a fundamental matrix for this problem. To find the so-
lution satisfying the given initial conditions we let ¢ = 0 and find

-1
o (2 =2 2\ (2
c=F y<0)_<1 5 7) " \1)>
from which we obtain
45t — 2~
y= <2€5t+5€—7t> .

Example 3.

Consider the third—order differential equation
y/l/ _ 3yl/ + 4y — 0
with initial conditions y = 8, ¢ = —10, ¢y = —9 when t = 0. In

Chapter 11 we saw how to write this as a 3x 3 first-order system y’ = Ay
with

0 10 8
A= 0 0 1], y0)=]-10
4 0 3 —9

The coefficient matrix A is not diagonalisable; in fact, we saw on page 12
of the previous chapter that A = PJP~!, where

1 2
—1 and J=|0
1 0

P=

=~ N =

= = O

SN =
jen)

Substituting, as above, x = P~ 'y, we have
x' =P ly =P tpjPly = Jx,
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a system which can be solved by writing it in scalar form and approach-
ing the equations in the right order. Thus

Ty =21 + 29, xh =219 xh = —x3;
the last two equations are easily solved to give
To = cze% , I3 = cze”! ,
and by substituting xo into the first equation we obtain
zh —2xy = ce?t .

Solving this differential equation by first—year methods,

r1 = (c1 + cot)e® .

Hence
(c1 + cot)e?t e’t te?t 0 c1
X = coe?t =0 €e* 0 Co
cget 0 0 et/\¢cs
and we get
o2t te2t ot

y=Px=|2%* (1+2t)e? —et|c.
4e?t (44 4t)e?t et

Again the solution is expressed in the form of a fundamental matrix
times a constant vector. Exercise. Show that the initial conditions are
satisfied if we take ¢ = (1,—5,7)%.

Example 4.

Consider the second order system derived from the spring problem; take,
for example, m; = 3, mg = 4 and k1 = 9, ky = 12. Then we wish to

solve y” = Ay with
-7 4
A= < . _3> .



By the usual procedure we diagonalise A, finding

-1 0 2 -2
D—(O _9> and P_<3 1),

substituting y = P x leads to
y (1 0
o= (7 0)x.

/ /
) = -z, x5 =—9x9

In scalar form we have

and so
T1 =ajcost+ assint

To = by cos 3t + by sin 3t .

Hence the solution is

[ 2a;j cost + 2ag sint — 2by cos 3t — 2by sin 3t
Y= 3aqicost+ 3assint + bycos3t+ bysindt )’

Alternatively, this problem could be written as a 4 x 4 first—order system.
Let
N=Yi, =Y, B3=Y2, =Y.

Then we have
= b =Tz +4 L= L =32 -3
21 = 22, Zo = z1 Z3 23 = 24 , 2y = OZ1 zZ3

or in vector form

0 1 0 0

g_|-T 0 4 0}
o 0o o 1]|*
3 0 -3 0

This system can be solved as for other first—order systems. Exercise.
Explain without calculation why the eigenvalues of the above matrix
must be ¢ and £3s.

Exercises. Try questions 1, 2, 3 and 15 from section 12.

Solving differential equations using exponentials. At the begin-
ning of Chapter 11 we tentatively wrote the solution of y’ = Ay in the
form

A
y =e"y(0),
Now that we can calculate exponentials of matrices, we would like to see
whether they really can be used to solve differential equations in this
way.
Note. For the next few pages A will always denote a constant n X n
matrix.

Lemma. The matrix e” is differentiable, and

%(etA) :AetA :etAA )

Proof. This result is difficult to prove properly, but the main idea is to
differentiate the series term by term. (Exercise: do so!)

Theorem. Every solution of y’ = Ay satisfies

y =ey(0) .

—tA

Proof. Let y' = Ay. Differentiating e *'y by the product rule and

using the above lemma, we have
(e~ty) = e tAy/ _ e tAAy =0 .

Therefore
tA

e "'y = constant = y(0) ;
multiplying both sides by et4 completes the proof.

Example. On pages 4-5 we used diagonalisation to solve the system

Y1 = 3y1 + 4yo y1(0)

1 2
/
Yo = dY1 — Y2 , Y2(0) = 7.

8



Let’s use the exponential to solve the same problem. We have

A_<§ _45> and y(0)_<§>.

Using the exponential matrix e*4, calculated on page 10 in Chapter 11,
we find the solution of the system

y = e y(0)
_ 1 (107 +2e7T 4ePt —dem ™ (2
T 12 \ Be® —Be Tt 2e5t 4 10e Tt 7

45t — 2~
- (265t + 56_7t> 9

Example. Let’s return to the radioactive decay problem

as on page 5.

vy = —0-02y; y1(0) =1
yy = 002y — 0-01ys , y2(0) =0

which we considered at the start of Chapter 11. In matrix form these
equations are

, (=002 0 (1
y _Ay_(0-02 —0-01)y and Y(O)_(()) '

Diagonalising A in the usual way, we have

~002 0 10
D‘( 0 —0.01>’ P‘(—2 1)’

0=r(%" ) (i)
Ez D" o))

—0 02t
26_0 02t + 26_0 01t .

and so

<<
| \
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Thus the proportions of A and B after ¢ centuries are

0-02t

yr=¢e" and gy = —2e7 002 4 900N

respectively, and the rest of the sample consists of the stable isotope.

A variation. Now consider a similar problem in which the decay con-
stants of the isotopes A and B are the same, say 2%. Then we have the

equations
= —0-02y1 y1(0) =1

ys = 0:02y; — 0-02y5 , y2(0) =0
that is, y’ = Ay with

~0-02 0 1
A‘( 0-02 —0-02) and y(0) = (0) '

In this case A has only one eigenvalue and the “column method” will be
convenient. We find the chain

1 A+0-021 0 A+40-021 /()
0 0-02 0/’

and so the system has solution

_ tA _ —0-02¢ 1
y=e¢ Y(O)_e (002t> .

Two more examples.

/
Y1 =
/
2

e Consider the system y’ = Ay, where

6 4 -1 1
A=|-2 1 2 and y(0)= 1] 2
1 1 2 0

As we have seen in earlier chapters, the matrix A has A\ = 3 as
its only eigenvalue, and hence every vector in C? is a generalised
eigenvector of A. So from the chain

1 A-31 1 A-31 6 A-31 0

2| — -6 —— -4 —=10

0 3 2 0
10



we can write down the solution

1411t 4+ 3¢t?
y =ey(0)=¢ | 2 -6t — 2t
3t + 2

e Let’s use the “column” method to re-do example 3 from page 5.
In this case the matrix A has two different eigenvalues and so not
every vector in C? is a generalised eigenvector. In fact,

1 1 0
GE_, = span -1 , GE5 =span 11,11 ,
1 0 4

and by solving a system of linear equations (or otherwise) we can
write y(0) as a linear combination of generalised eigenvectors,

8 1 1
yoO)=|-10]|=7-1]+]| -3
-9 1 —16
The first of these is actually an eigenvector while the second gives
the chain
1 A-21 =5 A-2I 0
-3 ] — | -100] —— | 0],
—16 —20 0
and so we have
7 1-—5¢t
y=edy0)=et| -7 | +e* | —3-10t
7 —16 — 20t

Problems. Section 12, problems 8 and 16.

To finish this section, let’s investigate the connections between expo-
nentials, fundamental matrices and the solution space of a homogeneous
system. First,

11

Theorem. The columns of et form a basis for the solution space of
the system y’ = Ay.
Proof. As we have seen above, any y in the solution space can be
written

y =e'c,
which is a linear combination of the columns of e*4. So these columns
span the solution space. Also, suppose that some linear combination of
the columns equals 0. Then we can write

elc=0 = e Melc=c"0 = c=0.

This shows that the columns are linearly independent, and completes
the proof.

Corollary. The exponential e* is a fundamental matrix for the homo-
geneous system y’ = Ay.

Corollary. If A is an n X n constant matrix, then the solution space of
y’ = Ay has dimension n.

Exercise. Question 11 from the problem book.

Non—homogeneous systems. Consider a mass m on a spring with
Hooke’s Law constant k, and suppose that the motion of the mass is
affected by air resistance. Under suitable circumstances it is found that
the damping force is proportional to the velocity, and clearly it is in
the opposite direction to the velocity. Suppose that the mass is also
subject to a (possibly varying) applied force F(t). Let b be the extension
of the spring at equilibrium if there is no applied force, and y(t) the
displacement of the mass below this equilibrium extension at time t¢.
Then at any time we have

my" =mg—k(y+b) —cy + F(t) ,
while at equilibrium, in the absence of any applied force,
0=mg—kb.

12



Subtracting these equations and rearranging gives the equation of mo-
tion
my" +cy' +ky=F(t) .

Note that m, k and ¢ are positive constants. To put this equation into
matrix form we set y; = y and yo = ¢/; then

Yy =vy2 and vy, = —%yl — Y2+ %F(t) .

= o)y (are)

This is an example of the non—homogeneous vector differential equa-
tion

Therefore

y' =A(t)y +b(t) . (%)

The basic idea behind the solution of such a system is familiar from
various topics in calculus, algebra and discrete mathematics: if ypy is
the general solution of the homogeneous system y’ = A(t)y, and yp is
any particular solution of the non-homogeneous system (x), then the
general solution of (k) is

Y=YutYyp.
More formally, we have the following result.
Theorem. Let I be an interval on the real line, and suppose that
A(t) and b(t) are continuous on I. Let V be the solution space of the

homogeneous system of differential equations y’ = A(t)y, and let yp be
a solution of the non—-homogeneous system

y' = A(t)y +b(t) . (%)
Then the set of solutions of (*) is

yp+V={yp+yu|yneV}.
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Proof. If y is a solution of () then

y-yr) =y -vp
= (A(t)y +b(t)) — (A(t)yp +b(t))
=At)(y —yp),

and so y — yp is a solution of the homogeneous equation. Therefore we
can writey —yp=yg € V,andsoy =yp+yn.

Conversely, let y € yp+ V. Then we have y = yp +yp, where yy
is a solution of the homogeneous system, and so

Y =¥p+¥u
= A(t)yp +b(t) + Alt)yn
= A(t)y +b(t) ,

which shows that y is a solution of (x).
Example. Consider the differential equations

Yy = 3y1 + dyp — 14é’
yh = 5y1 — bya + 13¢e" |

which can be written in the form

y'=Ay+b ()

(3 4 (14
A—<5 _5> and b—e(13>.

We have already seen that the general solution of the homogeneous sys-

tem y’ = Ay is
26575 —26_7t
YH = < &St Be—Tt >C’

and it is easy to check that
1
_ i

14

with



is a solution of (*). Therefore the non-homogeneous system has general

solution
2e5t 27t 1
y=yu+yr="s om |Jete (),
or in scalar form

Yy = 2c,e”t — 2026_7t + €

Yo = C165t + 5026_” + 3¢t .

We have seen how to find yz for a given system of differential equa-
tions, but how are we to find yp if it is not given? One possibility is the
method of undetermined coefficients used in first—year calculus; a more
systematic method is known as variation of parameters. Consider a
non—homogeneous system

y' =A(t)y +b(t) . (%)

Find the general solution y iy = B(t)c of the corresponding homogeneous
system, and define a new vector variable z by

y =B(t)z .
Substituting into (x) gives
B(t)z' + B'(t)z = A(t)B(t)z + b(t) ;

but, recalling that B’(t) = A(t)B(t), we see that this differential equa-
tion simplifies to

If B(t) is invertible then
7z = B(t)"'b(t) ;
we can find z by integration, and y by substituting back in y = B(t)z.

15

Example 1. We illustrate the method with a differential equation in
one variable only,
y +y=etcost .

The homogeneous equation 3’ + v = 0 has general solution y = be™¢, so
we introduce a new variable z and substitute

Differentiating,

and so we get

/] — — — —
et —zeTt 4 ze Tt =etcost .

Hence L . ,
ze "=e€e "cost = 2z =cost

= z=-c+sint
= y=ce '+etsint.

Example 2. The previous equation could have been solved anyway by
the method of undetermined coefficients, or by treating it as a first—order
linear differential equation. A more interesting example is

o2t
Yy — 4y 4y = e for t > 0.

2t

One solution of the homogeneous equation is y = ce Substituting

y = ze?! into the given differential equation,
2t
e
(2€% 4 42 + 4ze®) — 4(2'€®! 4 22€2") + 4ze* = o

and after simplifications we have

1 1
z”:t—2 = z’:—;—i—cl
= z=-—Int+cit+cy

= y=(cit+ cz)eZt —e*nt

the general solution of the given differential equation.

16



Notes.

e Observe that the solution we have just found can be written in
the form y = yg + yp as usual. You could have found ygy using
standard first—year calculus methods, but you probably would not
have guessed yp.

e The method of variation of parameters for a second—order equa-
tion has been applied in an oversimplified manner for purposes of
illustration. Normally the calculations are harder than this and a
slightly different substitution is used. (Note that, contrary to what
was said above, the solution y = ce?’ with which we started is not
the general solution of the homogeneous equation.) For more details
see, for example, E. Kreyszig, Advanced Engineering Mathematics,
section 2.10.

e We should look more carefully at the product rule for differentia-
tion. We know that (Bz)' = Bz’ + B’z if B and z are scalars, but
(exercise!) it should not be assumed that the same rule holds for
vectors and matrices.

e The term “variation of parameters” comes from the substitution
y = Bz, where the parameter c has been replaced by a variable z.

Example 3. Let’s solve the example from page 14 without being told
a particular solution. We have y’ = Ay + b with

(3 4 (14
A—(5 _5> and b—e(13>,

and by recalling the solution of the homogeneous system on page 9 we
can write down the substitution

2e5t 2~
y:(eE)t 5e—Tt >Z'
After working through the details we find
1 Se~ "t 2e~ T —14
4 = ot
12¢—2t \ —e’t 25t 13
1 [ —44 e~ 4
12 40 €8t ‘
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Integrating gives

and so

as on page 15.

The method of variation of parameters may require a large amount
of calculation in some cases. Consider in particular the step where we

have
7z = B(t)"'b(t) .

In the last example B(t) was a 2 x 2 matrix with single exponentials
for its entries, and it was not too hard to find its inverse. In general,
however, we would need to calculate the inverse of an n x n matrix whose
entries could be much more complicated functions of ¢.

Fortunately the inverse can be found easily if A is a constant matrix.
For then the fundamental matrix and its inverse are

B(t)=¢" and B(t)'=e4 .

to find the inverse we need only replace t by —t in the exponential. We
shall still need to calculate

7 = e b(t) ;
integrate to find z; and substitute back to find
y=¢e"z.

As we have seen already, these calculations will be easier if we can write
b and y(0) in terms of generalised eigenvectors.

Example 4. Solve the non-homogeneous system y’ = Ay + b(t), where

A—<S :i) b(t)_(‘;ﬁ) and y(O)—<;>.

18



Solution. Substituting y = e*“z leads via the usual algebra to

2 = e b and z(O):y(O):(;> .

Now the only eigenvalue of A is A = 2, so any vector in C? is a gener-
alised eigenvector of A, and a product e!“v can always be found by the
“chains” method. From

(7)== () )

we can write down

R R O E
< =en() e[ ()] - () ()

Integrating and applying the initial values gives

- e ()1 () - (o) )

therefore the solution of the system is

1 4 4
tA tA tA 1,2 tA
y =e“z =c¢e¢ <2>—|—te <7>—|—§te (6)

From the chain
1 A2 -9 A2 0
— —_—
2 -3 0/’

and a chain we have already calculated, and the fact that (4 6)7 is an
eigenvector of A, we can write the solution explicitly as

y=e (o) +e(55)] | (7) +o (56)] + o ()
o142t —2t2
—C \ogyuar—32) -

19

Exercise. Explain why we get ¢ terms in this solution.
Further problems. Questions 4, 5, 6 and 7 from chapter 12.

Example 5. Solve y’ = Ay + b with

6 —2 3 3 1
A=|(2 1 6], b=e'|0 and y(0)= | 4
1 -2 8 1 3

Solution. Again we let y = ez, giving

7z =¢ b and 2z(0)=y(0) =

The only eigenvalue of A is A = 5. There is a chain

3 A—-51 6 A—-51 0
0] —=|12]| —= 1o
1 6 0

of generalised eigenvectors; so

3 3 6
eAlol =0+t 12
1 1 6
and
3 3 6
7z =eMe 0] =2 0 —t| 12
1 1 6

Integrating and using the initial condition,

3t 0 3 1
z=e¢ 2 3+6t | +c=e"? 31 +t]6 +11
1+ 3t 1 3 2

20



tA

Since y = e*“z we have

lm
&
~
]

—_

0 3 1
y = e 2tetA 3|+t 6 +ett 1],
1 3
the chains
0 A—51 =3 A—51 0
3] —— | 6] —— 10
0
and )

give the solution

0 -3
y = e 2ted 3|+t —6
1 -3

3 1 5

+te 2 6 |+ 1] +¢]| 10

3 2 5
0 1+ 5t
=3t 3|+ 1+ 10t
1 2+ 5t

Example 6. Solve y’ = Ay + b with

(v ()0 (3)

Solution. The coefficient matrix has characteristic polynomial
Mo+ 14=A=-2)A=T7),

21

from which we get the eigenvalues and eigenvectors

2 1
A=2, V—<1> and A=7, V—<3>.

Substituting y = e*4 z gives as usual
et + Aetlz = Aetz+b ;

therefore
7z =e¢ b and 2z(0)=y(0) = <_31> .

. 2 1 .
Now since (1) and (3) are eigenvectors we have

tAl 2\ _ 22 tal LY _ a1,
()= (3) e (a) - (a)
observing also that
7 2 1
(1) = (3) - (3)

and integrating shows that

z—e5t<§> —3t<§>+c.

From the initial value of z we have

= (%)-(1)-()

22



and therefore

_ost Al 2\ q, Al a2\ afl
y=¢e""e (1> 3te (3>+6 <1> e <3>
w2\ ool 22\  nefl
o(3) () (1) - ()

2%t 4 ™ — 3te™
€2t o 267t o 9t67t

More exercises. Section 12, problems 9, 19 and 20; also 10 and 17.

The forced spring problem. On page 11 we derived the equation
my” +cy + ky = F(t)

for the motion of a particle on a spring, subject to air resistance and
with an applied force F'(t), and then wrote it in vector form as

y=( )y (ar)

Here m is the mass of the particle, ¢ the constant of proportionality for
the resistance force and k the spring constant, and we have taken y; =y
and yo = 7.

Example. We shall consider the case with an applied force but with no
damping. Thus ¢ = 0 and we take, say, m = 1, k = 4 and F'(t) = 4sin 2t.
Suppose that the particle starts from rest at the equilibrium position;

then AZ(_O4 (1)> b(t)=<4sj?12t>’ y(0)2<8>,

and we want to solve y’ = Ay + b(t). The characteristic equation of A
is A2 +4 = 0; we find eigenvalues and eigenvectors

. 1 . 1
A=2i, v= <22> and A= -2, v= <_2i>.
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The homogeneous system has a fundamental matrix

e
(1 1N/ 0 \-1/-2 -1
“\2i —20J\ 0 et ) 4 \ =20 1
(cos2t %sith)

—2sin2t cos2t

and its inverse is

1 _ —4A _ [ cos2t —%sith
B(t)™ =e _(2sin2t cos 2t :

Substituting y = B(t)z leads to

2 = B0 b0, 2(0) = 5O y0) =7 ).
)
4 — —2sin? 2t [ —1+cos4t
~ \4sin2tcos2t ) 2 sin 4t
and thus

_1 —4t + sin 4t
Z_4 2 —2cosdt /-

Substituting back we have
y = B(t)z ;

we save effort by remembering that y = y; and we don’t really need to
know ys. Therefore

y = 7 (—4t cos 2t + sin 4t cos 2t + sin 2t — cos 4t sin 2t)

D= =

sin 2¢ — t cos 2t .

Exercise. What is the physical meaning of each of the two terms in
this expression?
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