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Notes and exercises

11. FUNCTIONS OF MATRICES

Problem, from the first—year algebra book. A radioactive isotope A
decays at a rate of 2% per century into a second isotope B, which in
turn decays at a rate of 1% per century into a stable isotope. If we start
with a sample of pure A, what are the proportions of A and B in the
sample after 1000000 years?

It should be clear that this is a problem in differential equations.
Take the unit of mass to be the initial amount of A, and let the mass of
A and B after ¢ centuries be y;(t) and yo(t) respectively. Then we have

y1 = —0:02y; y1(0) =1
yh = 0:02y; —0-0lys ,  32(0)=0.

Comment. The first—year problem goes on to ask what would happen

if the rate of 1% were to be replaced by 2%. This problem will also be
of interest to us.

By now we should be accustomed to treating a number of scalar
variables as a single vector variable. So we can write this problem as

=4y, y(0)= <é> :

(@) (002 0
y=ylt)= (yg(t)> A= < 002 —0-01
and by definition

dt dyz/dt )

It would be very convenient if we could solve this in the same way as a
single (scalar) differential equation to give

y =e?y(0) .

1

At present, however, this formula is nonsense since we don’t know what
is meant by the exponential of a matrix!

In fact, we can already solve the above system in two ways.

1. Solve the first differential equation to give

yy = =002t

)

then substitute into the second and solve.
Exercise. Complete the solution.

Exercise. Try to apply the same method to the system

Yy = 3y1 + 4y2 y1(0)

) 9
yh=5y1 — by,  y2(0)=7T.

2. Convert the system to a single second—order equation by solving
the second equation for y;, differentiating and substituting into the
first equation. We have

y1 = 50y5 + 0-5ys = y] = 50y4 + 0-5y5
= 50y4 + 0-5y5 = —0-02(50y5 + 0-5y2) .

Tidying up this equation we obtain the second—order differential
equation
vl + 0-03y5 + 0-0002y2 = 0 ,

subject to the initial conditions y5(0) = 0 as given, and
y5(0) = 0-02y1 (0) — 0-01y2(0) = 0-02 .

Having found v, we substitute back above to obtain y;.

Exercise. Complete the details, and compare your solution with
that found by the previous method.

The second procedure we just outlined can be reversed, a single higher—
order linear differential equation being written as a system of first—order
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differential equations. Given, for example, the third-order differential
equation
-3y +4y=0

and the initial conditions

we define three new variables

=y, y2=y and ys3=1y"
Then we have

Yy = Yo y1(0) = 8
Yy = Y3 y2(0) = —10
ys = —4i +3ys3 , y3(0) = -9

which can be written in vector form as before.

Exponential of a matrix. We return to the problem of giving a
meaning to e’ and similar expressions, where A is a square matrix.
Consider first what sorts of calculations we can do with matrices. The
basic arithmetic operations of matrix arithmetic are addition, scalar
multiplication and matrix multiplication; as long as we stick to square
matrices of a fixed size, these operations are always defined.

So, can we find the exponential of a scalar variable using only ad-
dition and multiplication? Indeed we can, provided we are willing to
perform infinitely many operations, for we know the Taylor series

> 22 28

2"
expz = e Zk_ 1—{—2—1———1—?—1—

Therefore we make the following. . .

Definition. Let A be an n X n matrix. Then
o 1
A= g —
exp et 2 k
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Comments.

e We have to check that the series defining exp A makes sense — we
would normally expect the entries of A* to increase with k, and
therefore it is not clear that the given series will add up to a matrix
with finite entries. Briefly,

o if A is an n X n matrix and M is the maximum absolute value
of any entry of A, then every entry of A* has absolute value at
most (nM)F;

o so every entry of the series is a (scalar) power series which
converges by comparison with

]{‘ =e .
k=0

Exercise. Fill in the details of this proof. (Hint: for the first part
use induction on k.)

e We can use other power series to define matrix functions such as
cos A and sin A. We can even define f(A) for series like

2 23

f)=log(l4+2)=z- S+ 2 -, [d<1,

but as this series does not converge for all z the details are more
complicated.

Because the series for exp(A) involves powers of A, we might expect
once again to make use of a diagonal form, if available, or otherwise a
Jordan form of A.

Examples. First consider the diagonal matrix

p=(5 %)

We have



for all k£, and so

expD=1+D+4D*+ -

(o 1)+ (0 5+ (0 plep) 4
(50

In exactly the same way we have

o= (%" )

et 0
exptD = ( 0 e‘7t> .

Next consider a Jordan matrix such as, for example,

which gives

21 0
J=10 2 0
0 0 -1

As we saw in Chapter 10,
2F 2kt 0
JF=T2Fen(-1k= 0 2 0 ,
0 0 (—1)k

and =0 (2t)F kt(2)k1 0
tNHF=1 0 (2t)F 0
0 0 (—t)*

We now want to add up the series I + (£J) + 5 (¢tJ)* +---. It is easy to
find the diagonal elements, and for the off-diagonal element we have

Tt + 5126 (2t) + 313t (2t)% + 374t (2t)° + - -
=t (14 (2t) + 5(2t)* + % (2t)3 + )

=te?t .

Therefore
€2t t e?t 0
=10 et o0
0 0 et

Problems. Please try questions 2 and 4 in Chapter 11.

In order to find the exponential of any square matrix A we need
to express it in terms of a Jordan form, A = PJP~!; evaluate the
exponentials of the various Jordan blocks, and combine them to find
exp J; and work out how to deal with the transformation matrices P.

Lemma. Let A and B be n X n matrices. If A and B commute, then
A+B _ _A_B

e =e’e”.
Proof. By definition,

= 1

A+B _ k
M=) LA+ Bt
k=0

Since AB = BA we can expand (A + B)* by the Binomial Theorem,

o] k
1 k!

A+B _ m pk—m
D DD Dy oy B

k=0 m=0

o] k

1
| _ |
= i m! (k—m)

Changing the order of summation,

0o oo 1 S
€A+B:ZZWA Bk )

m=0k=m

Finally, we substitute k = ¢ + m to obtain

€A+B — iiiAmlBé
m)! 1l

m=0 £=0
- () (X )
m=0 £=0
_ eA €B
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We can use the preceding lemma to find the exponential of ¢.Jy(\)
for any Jordan block Ji(\). We have

tJik(A) = XtI +tN
as in Chapter 10; since (AtI)(tN) = (¢ N)(Atl) the lemma applies and
otIEN) — MIHEN _ NN _ A EN
However, N* = 0 and so

etjk()\) _ €>\t(I+ (tN) 4 %(tN)2 + .o+ ﬁ(tN)k—l)

1t g2 - —(k_ll)!tk—l
0 1
x]l0 0 1

o o
o o
—

Example. By this theorem,

7100 1t%t2%t3
expt| 07T L O)_mf0 L ¢ 3t*
0071 00 1 ¢
0007 00 0 1

All that remains is to combine the Jordan blocks and thereby calculate
the exponential of any matrix.

Lemma. Let A be an n X n matrix.
o If A= PJP~! then exp(A) = Pexp(J)P~ .
[ ] IfJ:Jl@JQGB---@JT,then

exp(J) = exp(J1) ® exp(J2) & - -+ B exp(J,) .
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Proof. Exercise — almost identical with the proofs for polynomials in
Chapter 10, pages 23-24.

Examples.
o Let

A:(g _45> .

By standard methods we find A = PDP~!, where

Therefore

et 0 _
(0 )r

1 (10 42e7™ 45t —4e7 !
T 12 \ e’ —He Tt 2¢5t 4 10e 7t

Check that we get !4 = I when t = 0.

Note that in the above calculation we may use the formula for the
exponential of a 1 x 1 Jordan block,

exp (5t) = exp(tJi(5)) =€ (1) .

e Next, take the 3 x 3 matrix

6 4 -1
B=|-21 2|,
1 1 2

for which we find B = PJP~! with

3 4 0 310
P=|-2 —2 1], 7=10 3 1|=50
1 1 0 00 3



We have

and

exp(tJ) = e

exp(tB) = Pexp(tJ)P~!

Again we check that substituting ¢ = 0 gives the identity matrix.

e Consider

where

3t

=€

C:
2 1
P=|1 2
0 1

Here we have

and so

e Take

) GB(1) | () _ ot <1 t

1t 3t

01 t

00 1
143t 4t + 362 —t+43t2
-2t 1—-2t—1t* 2t — 23
t t45t2  1—t+1¢?

3
6 | =prJp !,
8
5 0 0
and J=[|0 5 1
0 0 5

01

).

As usual we can write D = PJP~!; in this case

0

1 2 1
and J=[0 2 O
0 0

1 0
P=(2 1 -1
4 4 1 -1
We can find exp(t.J) by the methods just developed, or by referring
back to page 6, and hence calculate

€2t t€2t 0
exp(tD)=P| 0 € 0 |P7!,

which works out to

t)e2t—%e_t (— %—i—%t)ezt—i—%e_t
e +ge ! (§+5t)e* —ge !

t)e%—%e_t (%—i—%t)e%—i—%e_t

2t 4 —t

(g—%t)ezt—i—%e_t (
(% %t)e —5€

—~
Ol ©O|Ut Ol
Wk WIN W=

(—%—%t)e%-i-%e_t (

Exercises. Please try problems 5 and 7 in Chapter 11 by using the
above methods — later we shall see that in some cases significant short
cuts are possible.

Observe that the method we have used for computing the exponen-
tial of a matrix requires a great deal of calculation. In particular, we
need to find both the Jordan form J and the transition matrix P, we
need to calculate P~! and perform two more matrix multiplications.

To solve differential equations by means of the formula y = e*4 y(0)
we don’t actually need to know e/ itself, but only e*4 times the vector
of initial values. There is an alternative method of calculation which
makes it (usually) easier to find e!v for a specific v, and (sometimes)
easier to find the full matrix e*?, if required. The basic idea is that

ePv=(I+tB+ Ht°B>+ 1t*°B*+ ... )v
=v+itBv+ %tszv + %t‘o’BSv 4+
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which will be not an infinite series, but only a finite sum, if Note a special case: if v is an eigenvector of A then

Bkv =0 €tAV = CAtV .
for some k. But this condition holds when B is A — A\ and v is a .
. . Example/exercise. Let
generalised eigenvector of A.
Theorem. Let A be an n X n matrix; let A be an eigenvalue of A and _g ; g g
vy a vector in GE,. Construct the chain A= :2 3 5 )
A-AI A-AI AN A-XI AN 1 -1 -2 —4
Vi Vo V3 e Vi 0.
Show that
Then 1 3
v = 1 and w= 0
etAvl =M (v1 +tvy + %tZV:), + -+ ﬁtk_lvk) . —1o —1o
0 1
Proof. We have are both generalised eigenvectors of A corresponding to the eigenvalue

A = —1. Calculate exp(tA)v and exp(tA)w.

tA _ MIFHA=ND) . ML HA=N) At t(A=AD)
’ Solution. Starting with v we have a chain

(&

because A\tI and t(A — AI) commute. But by definition

1 3 0
A — [ (A= AL+ L2 (A=A + - (1) A 1 A 8 ,
multiplying by v; and using the facts that 0 0 0
(A= M)vi = vs which confirms that v € GE_;. Hence
(A—)\I)2v1 = Vg3 1+3t
exp(tA)v = e L —t'_t
(A - )\I)k_lvl = Vg 0
(A= X)Fv, =0 Note that the chain above is not a “maximal length” chain; this does
‘ not affect the validity of the preceding theorem. For w the chain
gives
3 =7 -3 0
A vy = vy tvo + gtPva 4o+ gttt T e 0| a+r [ 3] a+r [ 1) a+r [0
' ' o] -2 "{-1] " {o
and the result follows. 1 0 0 0
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shows that w is a generalised eigenvector corresponding to A = —1, and
gives
3Tt — 342
o[ —3t— 32
exp(tA)w = e~ " ot _ ;tQ
1

We can take the above calculations further to find the complete
matrix exp(tA). The generalised eigenspaces of A are

1 2 3
1 0 0
GE_1 = span ol 11110
0 0 1
and
0
0
GE_5 = span 1 ;
1
calculating
2 2—-3t 0 0
tal O _ ¢ —t tal O ) _ 2t O
S IO i S T R Y A
0 0 1 1

1 23 o0
100 0
xptA) | 1 o -
00 1 1

By inverting the 4 x 4 matrix we isolate exp(tA).

Finding exp(tA) by the “generalised eigenvector” method still in-
volves a good deal of calculation, and it may be not much harder to
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write A = PJP~! and use the original method. However there is one
case where the second method is much simpler.

Examples. Consider the matrix

6 4 -1
B=|-2 1 2
1 1 2

We can see from earlier calculations (page 11) that B has only one eigen-
value A = 3. Therefore GE3 = C? and we may choose our generalised
eigenvectors to be the standard basis vectors in C3. Since

3 4 -1
B-3I=|-2 -2 2 ,
1 1 -1
we have the chains
1 B-3I 3 B-3I 0
O] ——|-2]—— 0],
0 1 0
0 B-3I 4 B-3I 3 B-3I 0
1|— | 2]—|-2]— (0],
0 1 1 0
0 B-3I —1 B-3I 6 B-3I 0
oOoj——— | 2 |—— | 4]|— 1 0];
1 -1 2 0

therefore we can just write down

exp(tB) = (exp(tB)e; exp(tB)es exp(tB)es)

1+3t  4t4 362 —t+ 3¢
=3 -2t 1—-20—t2 2a-—212 |,
t t+ 312 1—t+12

exactly as on page 9.
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Notes.

e Except for finding and solving the characteristic polynomial I have
shown all the work for this example!

e This method is especially good for a matrix having only one eigen-
value.

Similarly, the matrix

6 -2 3
C=12 1 6
1 -2 8

from page 11 has one eigenvalue A = 5 and hence generalised eigenspace
C3. Here we find

1 C—51 1 C—51 0

o] —— (2] — (0],
0 1 0
0 C—51 —2 C—51 0

1| — |4 — (0],
0 -2 0

0 C—51 3 C—51 0

O] —— 6] — (0],
1 3 0

and so
1+t —2t 3t

exp(tC)=¢e> | 2t 1—4t 6t
t —2t 143t

Exercise. Explain why this matrix has no t* terms.

Comment. What we have done in the last three examples is to find
a basis of C™ consisting of generalised eigenvectors. For B and C' this
basis was just the standard basis, making the calculations very simple,
whereas for A we could only find a more complicated basis.

Exercise. Show that in fact none of the standard basis vectors in C* is
a generalised eigenvector of A.

15

Comment. Of course we have chosen bases of C" containing generalised
eigenvectors before, namely, in the P matrix associated with the Jordan
form. However in that case we chose the vectors in chains, to make
the Jordan form come out right, whereas now we just wish to choose
the simplest basis possible. This gives another illustration of the fact
that while for many vector space problems it is easiest to work with the
standard basis, there are other problems in which it is better to use a
non—standard basis.

Problems.
e Problems 6, 8 and 9 in the book.

e For some further important facts about matrix exponentials, try
questions 10 to 12.

We have seen that it is particularly simple to calculate e!4v when v is a
generalised eigenvector of the n x n matrix A. If v is not a generalised
eigenvector, it may be relatively simple to compute e*v by first writing
v as a sum of generalised eigenvectors: this is possible since (see the
theorem on page 14 of chapter 10) we can always find a basis of C"
consisting of generalised eigenvectors of A.

Example. Evaluate etP’v, where
0 1 0 —8
D=1 0 01 and v=| 3
-4 0 3 -1

Solution. From page 12, the matrix D has generalised eigenspaces

1 0 1
GE> = span 21,11 and GFE_; = span -1 ;
4 4 1

the three generalised eigenvectors shown form a basis for C3. Writing v
as a linear combination

—8 1 0 1
3 |=al2]|+8[1 ]+ -1
-1 4 4 1
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and solving (exercise!) gives a = —3, =4, v = —5. Therefore

-8 -3 -5
3 |=1-2]+1] 5
-1 4 -5

expresses v as a sum of vectors from GEs and GE_; respectively. Using
the chain

-3 D—2I 4 D—2I 0
2] — | 8 — 10
4 16 0

and the fact that (—5 5 —5)T is an eigenvector of A, we have

-3 —3+4t -5 -5
Pl —2 | =e®| —2+8t and P | 5 =et| 5 ;
4 44 16t -5 -5
therefore
-3 -5 (—3 + 4t)e?! — 5et
Py = etP 21+ 5 = | (—2+ 8t)e? + bet
4 -5 (4 + 16t)e?t — et

Exercise. Evaluate etv, where

-5 7 5 5 11
-2 2 3 3 5
A= 9 3 9 4 and v = 4
1 -1 -2 -4 6

Hint. The generalised eigenspaces of A were found on page 13.

17



