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Notes and exercises

10. JORDAN FORMS

Problem. Find a formula for A™, where

A_G —89> .

We shall follow the standard procedure for this sort of problem: find the
eigenvalues A1, Ay and corresponding eigenvectors vy, vy of A; set

A 0
D:<01 )\2> and P:(V1V2);

then A = PDP~! and
A" = (PDPY...(PDP™')=pPD"P™ !,
where D" is easy to calculate. So,
det(A — XI) = \* — 10\ + 25 = (A — 5)?
-3 -9 1 3
A_5I_< 1 3>N(0 0) ’

which shows that we have

A =05 with V—t(_13> .

Since A has only one (independent) eigenvector, the method fails.

What can we do? Well, as we don’t have enough eigenvectors,
perhaps other vectors would work instead. Remember that we need
something like Av = 5v. Let’s try a simple vector like vi = ((1)); then

AVI_(§>_5V1+<‘1‘3> .
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We notice that the “remainder” vector is an eigenvector of A! Writing
Vo = (_13), we have

AVl = 5V1 + Vo ; AVQ = 5V2 .

These equations are very similar to eigenvalue equations, so perhaps
they will give a diagonalisation of A, or something close to it. We could
try

A(vi va) = (5vi4vs 5v2)_(v1vQ)<f g)

or

A(vavi) = (5v2 Svitva) = (vav1) ([5) é)

We see that A is related to two matrices which are “almost” diagonal.
The two possibilities lead to (more or less) the same theory, and it is
customary to choose the second, which gives an element 1 above the
diagonal. So, set

P:(ngl):(_13 é) and J:(g é)

Then AP = PJ and it is clear (at least, in this case) that P is invertible,
S1)
A=prJjpP'.

Does this help us to calculate A™? As in the diagonalisable case,
A" =(PJP Y ... (PJP Y =PJ"P!,
so the real problem is to find J". But if we calculate
52 2x5 53 3 x 52
2 3 _
7= (5 ) - (0 )

and perhaps one or two more powers, it is easy to guess that

5" n5"!
n _
(")



Exercise. Prove this formula by mathematical induction (starting at
n =0).

So finally we can solve the problem posed above:
n_ pmp1_ [—3 1 57 phnt 0 1
At =PJmPT = ( 1 0 0 5" 1 3
5" — 3n 5"t —9n 5t
n5"! 5" + 3n 51

After doing this sort of calculation we should always check that the
formula gives the correct answers for A and A'.

Let’s see if we can use these ideas to evaluate powers of a non—
diagonalisable 3 x 3 matrix. Take

3 -1 -1
B=|-2 3 2 |;
5 -3 -3

then B has eigenvalues 2 (with multiplicity 2) and —1, and corresponding
eigenvectors
1 -1
v=t|0]|, v=t]| 3
1 —7

respectively. We need a second (independent) vector associated with
A = 2. If we try again to start with a simple vector vi = e; we find that

1 3 1 1
Blo|=|-2]=2(0]+|-2].
0 5 0 5

and the “remainder” is not an eigenvector. Indeed, it is easy to see that

1 3 1 1
Bl0O|=|-2]=s|0]4+%]0
0 5 0 1

can never be true. Trying vi = e and vy = e3 also fails. So clearly it’s
time to stop guessing and start thinking!
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What sort of relation do we really need? Looking back at the pre-
vious example, we see that we want

Bvy =2vi + vy,

where vy is an eigenvector of B and v; is not. But to achieve this, all
we need do is choose vy first, then solve for vi ! So, for example, take

1
Vo = 0 )
1

then solve (B — 2I)vy; = vy. The system has infinitely many solutions
(check this), but we only need one and we choose, for example,

0
V1 = —2
1
We also need an eigenvector of B corresponding to A = —1, say,
-1
V3 = 3
-7
Then we have
BV1 = 2V1 + Vo s BV2 = 2V2 s BV3 — —V3

and we may write either

21 0
B(V2V1 V3):(V2 Vi V3) 0 2 0
0 0 -1
or
-1 0 0
B(V3V2V1):(V3 Vo V1) 0 2 1
0 0 2
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We don’t care which of these we take; as in diagonalisation, the order of
diagonal entries — here not just scalars but a 1 x 1 and a 2 x 2 block —
is unimportant. So let’s take

2 1 0 1 0 -1
J=10 2 o0 and P=|0 -2 3 |;
00 —1 1 1 -7

then, as above, we have B = PJP~!, and this can be used to find powers
of B.

Exercise. Calculate J2,J3, ... until you can guess a formula for J".
Then prove your guess by induction, and use it to find a formula for B™.

An alternative method of calculation. Look back at the relations
Bvi =2vi+vy, Bvyg=2vy.
These can be rewritten
(B—2[)vi=vy, (B—2[)vo=0,
and we can think of a “chain” of vectors related by multiplication by
B —2I,

B-21 B-21
V1 Vo 0.

If we could find v first, then the rest of the chain would follow by matrix
multiplication, which would be easier than solving equations. In fact,

(B—2I)*v,=(B—-2I)vy =0

and so vy € ker(B — 2I)%. We may calculate

-2 1 2 -2 1 2
(B-21*=( 6 -3 6|~ 0 00],
-4 7 14 0 0 0
giving
1 1
ker(B —2I)*> =span{ | 2 ],| O

]
—

Note that the eigenvector (1,0,1)7 is in this kernel, as is our previous
choice

0 1 1
V1 = -2 = — 2 + 0
1 0 1

Could we have chosen v; = (1,0,1)7 instead? — no, as this is the eigen-
vector we already knew about and we are looking for another (indepen-
dent) vector. Could we have chosen v; = (1,2,0)7? - yes, for we would
have obtained

1 -1
vi=| 2 and vo=(B—-2)vi=| 0 ,
0 -1

which is still an eigenvector. Taking vs € E_; as before, an alternative
P would be

-1 1 -1
P = (V2 Vi V3) == 0 2 3
-1 0 -7

Exercise. Find another possibility for vy, va, vs.

Definition. Let A be an n X n matrix, and let A be an eigenvalue of
A. A non—zero vector v € C" is called a generalised eigenvector of
A corresponding to the eigenvalue A if

(A=XDFv=0

for some k > 1. The generalised eigenspace corresponding to A is
the set of all generalised eigenvectors corresponding to A, together with
the zero vector,

GEy ={veC"|(A—-\)*v =0 for some k > 1}
= ker(A — M) Uker(A — AI)*U--- .

Examples.

e For A above we have A = 5 only. We compute

A—SI:(_13 _39>, (A—5])2:<8 8),
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and so (A —5I)%v = 0 for every v. That is, every non—zero v € C?
is a generalised eigenvector of A, and GE5 = C2.

e Usually a generalised eigenspace is not all of C"™. For B above we

have
1 -1 -1
B-2I=|-2 1 2
5 -3 -5
-2 1 2
(B-2I)*=| 6 -3 -6
—14 7 14
6 -3 —6
(B-2I))=|-18 9 18 | =-3(B-2I)?

42 =21 —42
and so on. Hence
ker(B — 2I)?> =ker(B —2I)3 =--. |

and moreover ker(B — 2I) C ker(B — 2I)2. Therefore

1 1
GEy = ker(B —2I)* =span{ [ 2 |,| 0
0 1

Similarly we find
ker(B+1I) =ker(B+1)? =ker(B+1)> =---

and so
-1
GE_, = ker(B + I) = span 3
-7

Comments.

e An eigenvector also counts as a generalised eigenvector, being an
element of ker(A — A\I)* when k = 1.
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e In the most recent example we have found three linearly indepen-
dent generalised eigenvectors of B. Therefore these generalised
eigenvectors form a basis for C3.

The above examples are typical, as is shown by the following result.

Theorem. Let A be an eigenvalue of an nxn matrix A; for k =0,1,2,...
write

dy = nullity (A — A\)* = dim ker(4 — A\I)" .
Then
o ker(A — M) Cker(A— )2 Cker(A—XI)3C---;
e 0=dy<d; <dy<d3z<--
o dy—dy>dy—dy >2dz—dy>---;
e ker(A — AI)™ = ker(A — A\I)™™! for some positive integer m, and
for any such m we have

GE) = ker(A — AI)™ |

Comments. The fourth result in this theorem shows us how to calculate
generalised eigenspaces: we compute ker(A—\I)* for k = 1,2,3, ... until
we find two kernels which are the same; then this kernel is the generalised
eigenspace. The second and third results will be very useful later in
avoiding hard work. They show that if we write down the sequence of
nullities, then the nullities themselves must be non-decreasing, while
their differences must be non—increasing. For example,

5,8, 11, 12, 12, 12,...
is a possible sequence, but
5,8, 7,12, 12, 12,... and 5, 8,9, 12, 12, 12,...
are not.
Proof of the theorem. To prove the first statement we have
veker(A- AN = (A-AD)'v=0
= (A-XD"'v=A-XN0=0
= v cker(A— ).
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The second result follows immediately. For the third, choose a basis
{uy,...,u, } for ker(4 — AI)* and extend it to obtain a basis

{ul,...,up,vl,...,vq}
for ker(A — AI)¥*+1; extend this again to a basis
{uy,...,up, v, ..., Vg, W, ..., W, }

for ker(A — AI)**2. Now for j = 1,2,...,r the vector (A — A)w; is
in ker(A — AI)**1 and hence is a linear combination of uy,...,u, and
V1i,...,Vq; for each j we write

(A= Aw; =x; +y;

with x; € span{uy,...,u,} and y; € span{vy,...,v,}. We wish to
show that the vectors y1,¥yo,...,y, are linearly independent. So, set

a1yr +agys +-- + oy, =0
Now (A — AI)*x; = 0 for each j, and so
(A— )\I)k+1(041W1 + agwy + -+ W)
= (A—- )\I)k(OJlX1 + aoxo + - + X))
+ (A= AD*(ary1 + agyz + - + s
-0,
which shows that a;w; + aswsy + - - - + a,w,. € ker(A — XI)**1. Hence

QW1 + QeWa + -+ - + W,
= Biuy + Boug + -+ Bpu, + 71V + Y2 v - YV
for some scalars (1,...,7,. As {uy,...,0,,Vi,..., Vg, Wy,..., W, } is
an independent set the scalars «; (among others) are all zero. There-

fore the span of the vectors vy,...,v, contains r independent elements
Yi,---,Y¥r; hence ¢ > r, that is, dpy1 — dg > dpy2 — di41, as claimed.
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To prove the fourth statement we note that ker(A — A\I)* C C", and so
do <dy <dp <d3g<---<n.

Clearly the dj cannot keep increasing indefinitely; at some stage we must
have d,,, = d,;,+1 and hence

ker(A — AI)™ = ker(A — XI)™ 1,

Then the third result guarantees that all subsequent kernels are also
equal to ker(A — A\I)™. Hence

v EGEy < v Eker(A— A for some k < v € ker(A — )™,

and we have proved that GE) = ker(A — A\I)™.

Let’s now define precisely the sort of “almost diagonal” matrices we
have been looking at.

Definition. The direct sum of square matrices Ay, Ao,..., A, is the
matrix with A, As, ..., A, on the diagonal and zeros elsewhere,
A, 0 -+ 0

0 Ay, --- 0
A @A ©--- QA= . .
0 0o --- A,

Examples. Note that the A; may or may not be all the same size:

1
1 2\ (5 6 3
(3 4>€9<7 8>“ 0
0



The 3 x 3 rotation matrix R, is a direct sum,

Ry=(1)& (cosa —sina) ;

sin o Ccos &

as is the reflection matrix R .

Definition. A Jordan block is a k x k matrix

of the form
A1 0 0
0 M 1 0
SN =1 :
0 0 O 1
0 0 O A

A Jordan matrix is a direct sum of Jordan Camille Jordan
blocks (1838-1922)

Examples. All diagonal matrices are Jordan matrices: if D has diagonal
entries Aq,..., A, then

D=Ji(M)®--®Ji(\) -
We found above that A and B are similar to Jordan matrices:
A~ Jy(5) and B~ Jo(2)® Ji(—1) .
A larger example of a Jordan matrix is

4

O =~
= =
S OO
OO o
o oY= O
o= OO
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Exercise. The diagonal of an 8 x 8 Jordan matrix J consists of five 6s
followed by three Ts.

(a) Write down some possibilities for J. Use both normal matrix nota-
tion and direct sum notation.

(b) How many possibilities are there for J?

(c) How many “essentially different” possibilities are there for J?

Examples. Write the matrices

4 -2 -1 0 4 —4
A=\ -2 3 1 and B=| -2 6 -4
6 -5 -1 -1 2 0

in the form PJP~!, where J is a Jordan matrix and P is invertible. It
is given that each matrix has one eigenvalue only.

Solution. For A the eigenvalue is A = 2, with algebraic multiplicity 3.
Row-reduction gives

2 -2 -1 2 —2 -1
A-2I=|-2 1 1 |~|0 -1 0o |,
6 -5 —3 0 0 0
2 —1 -1 2 —1 -1
(A-202=10 0 0 |~|0 0 0|,
4 -2 -2 0 0 0

and (A—2I)3 is the zero matrix. (As we shall see later, we could tell this
without any calculation!) Choose, for example, v; = (0,0,1)”, which is
not in ker(A — 2I)2. Then we take

—1 -1
vo=(A-2)vi=1[ 1 and vy=(A—-2[)vo=| 0 ,
-3 -2

and check our calculations by noting that (A —2I)vs = 0. Therefore we
have A = PJP~! with

-1 -1 0 210
P = 0 1 0 and J=|[0 2 1
-2 =3 1 0 0 2

12



Exercise. Do B for yourself!
Further problems. Chapter 10, questions 1 to 5.

Recall that we introduced Jordan matrices in the context of finding
powers of a matrix A: when A was not diagonalisable, we used a Jordan
matrix as a “substitute” for a diagonal matrix. Therefore it is important
to ask: will such a “substitute” always exist? In other words: is every
square matrix similar to a Jordan matrix? We have the following results.

Lemma. Let A be a square matrix, and let A be an eigenvalue of A
having algebraic multiplicity m. Then

e GE) has dimension m;

e GF), has a basis B consisting of vectors which can be arranged into
one or more chains

Vi Vo ———— e Vi—1 Vi

where v, is an eigenvector of A corresponding to the eigenvalue \.

Proof. Difficult — see Fraleigh and Beauregard, Theorem 9.9.

Corollary. If A is an n X n matrix which has only one eigenvalue A,
then GE, = C".

Examples. For the matrix A in the previous example, the only eigen-
value is A = 2, and so GE5 = C3. There are three basis vectors forming
a single chain

0 A—2I -1 A—2T -1
0] —— 1 _ 0
1 -3 -2

For B we have again GE, = C3, but in this case we obtain two separate

chains
B—2I
Vi ———— Vg and V3

of length 2 and 1.
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Theorem. Every square matrix is similar to a Jordan matrix.

Proof (sketch). Let A be an n x n matrix having eigenvalues A,..., A,
whose algebraic multiplicities are my, ..., m, respectively. Choose bases
Bi,..., B, for the generalised eigenspaces as in the lemma, and let B be
their union. Each B; consists of linearly independent vectors by assump-
tion; and generalised eigenvectors corresponding to different eigenvalues
are automatically independent; so B is an independent set. But B con-
tains mq + - - - + m, = n vectors, and therefore is a basis for C™.

Write B in the order { vi,vi_1,...,v1,... }. To find the matrix of
A with respect to B we write

Avi =A\vy, Avp1=vi+AVvi_1 ..., Avi=vo+Avy;

hence the required matrix is the Jordan matrix

A 100 0
0 X 1 0

@)
)
- O
>
it

Comment. In fact, a square matrix A is similar to only one Jordan
matrix, except that the order of the blocks may be varied (compare the
diagonalisable case). Any Jordan matrix similar to A is called a Jordan
form of A. Since the Jordan form is essentially unique, it gives us a test
for similarity: two matrices are similar if and only if they have the same
Jordan form, except possibly for a rearrangement of the Jordan blocks.

For example, the matrices A and B on page 12 have the same trace,
the same determinant and the same eigenvalues, so we might be led to
suspect that they are similar. However, we found that they have different
Jordan forms, and so they are in fact not similar.

We can make the Jordan form of a matrix absolutely unique by
insisting that the blocks should be ordered according to some specified
rule; in that case, two matrices would be similar if and only if they

14



had exactly the same Jordan form. In this context, the Jordan form is
referred to as a canonical form for similarity of matrices.

Problems. Please try question 6(b) from the problem book.

Finding J without P. If we need to find a Jordan form J of a matrix
A but are not concerned about the basis which puts it in this form, short
cuts are possible. By carefully examining the proof of the theorem on
page 13 we can see that

e the diagonal elements of J are the eigenvalues of A, repeated ac-
cording to multiplicity;

e the size of the Jordan blocks is determined by the lengths of the
chains of generalised eigenvectors, and hence by the nullities of the
matrices (A — AI)¥ for various A and k.

e the number of Jordan blocks associated with A is equal to the di-
mension of the eigenspace E.

Example. A 12 x 12 matrix A has only one eigenvalue A = 7. Given

that
nullity(A —71) =4,  nullity(4A —71)?> =7,

nullity(A — 71)> =10, nullity(4 — 71)* =12,

find a Jordan form of A.
Solution. A diagram is helpful.

ker(A —71)

S //e
ker(A — 71)° ‘
ker(A — 71)*

15

First choose a vector vy in ker(A — 7I)* but not in ker(A — 7I)3. Then
construct a chain of 4 vectors

A-TI A-TI A-TI
V1 Vo V3 Vg4 .

As vy is an eigenvector of A this chain will go no further and we construct
a new one, again starting with a vector vs in ker(A — 7I)* but not in
ker(A — 7I)3. This gives another chain of four generalised eigenvectors

A-T7I A-T7I A-TI
Vg Vg \%rd Vg .

All the vectors we shall choose must be independent, as we need P to
be an invertible matrix. But there are no further independent vectors
to be chosen outside ker(A — 7I)3; therefore we take vg in ker(A — 71)3
but not ker(A — 7I)?, making sure that it is not a linear combination of
V1,Va,...,vg and vectors in ker(A — 7I)?, and construct a third chain

A—TI A-—TI
Vg Vio Vi1

of length 3. Finally we have a chain of length 1, that is, a single vector
via € ker(A — 7I). These twelve generalised eigenvectors form a basis
of C'2, and we have A = PJP~!, where

P = (V4 V3 V2 V1 Vg V7 Vg V5 Vi1 Vipo V9 V12)

and J is the Jordan matrix

J = Ju(7) & Ju(7) & J5(7) & J1(7) .

Exercises.

1. Use these ideas to find Jordan forms for the matrices A and B on
page 12. Note how much work can be saved if we don’t want to
find P!

2. Chapter 10, problems 7, 10 and 11.

3. Find a Jordan form for the matrix

1 0 —4 -8

-1 1 2 8
C= 0 4 -1 8 ’

1 -2 -2 -9

given that two of its eigenvalues are —1 and —3.
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We have seen how to find a Jordan form of A if we know the nullity
of (A — AXI)* for all \ and k; conversely, if we know the Jordan form, we
can determine the nullities. For example, if A is similar to

J = J2(—4) © Jo(—4) © J2(—4) © J3(5) © J1(5) ,

then we can construct a diagram like the above (but working “from the
other end”) to show that

nullity (A +41) =3 ,
nullity (A + 41)? = nullity (A +41)> =--- =6 .

A separate diagram shows that

nullity(A —51) =2,
nullity(A — 51)% =3 ,
nullity(A — 51)® = nullity(A — 51)* = --- = 4.

More problems. You should now be able to do problem 9 from chap-
ter 10.

Example. Suppose that A is a 15 x 15 matrix with only one eigenvalue
A, and that the nullities of (A — A\I)* are

4,8, 11

for k£ = 1,2, 3 respectively. Find all possible completions of the sequence
of nullities, and hence all possible Jordan forms of A.

Solution. Since A has only one eigenvalue, the generalised eigenspace
GE) must be all of C*®, and so the sequence of nullities must eventually
reach 15. Recall also that the nullities must be non-decreasing, and
their differences non—increasing. A little thought shows that the possible
nullities are

4,8,11,14,15;  4,8,11, 13, 15;
4,8,11,13,14,15; 4,8, 11, 12,13, 14, 15,

17

and using kernel diagrams gives the possible Jordan forms

TN @ Js(0) B Ja(N) @ Jo (), Js(A) @ Js(N) @ Ja(A) @ Ja

=

Problem. What would we have to calculate in order to decide between
these four possibilities?

Example. A 13 x 13 matrix A is known to have an eigenvalue A with
nullity(A — AX[)* = 3,5 for k=1,2;
and a different eigenvalue p with
nullity (A — ul)* = 2,4,6,7 for k=1,2,3,4.

Find all possible Jordan forms of A.

Solution. From the above figures we can find twelve generalised eigen-
vectors, so we need to identify one more. This could be found in GE)
or GE,,, or it could be an eigenvector corresponding to a new eigenvalue
v. These three possibilities give respectively

J3(N) @ J2(N) @ J1(A) ® Ja(p) & J3(p)
J2(A) @ J2(A) @ J1(A) & J5(k) @ J3(p)
J2(A) @ J2(A) @ J1(A) & Ja(p) @ J5(p) © Ji(v)

for the Jordan form of A.
Please try question 8 from chapter 10 in the problem booklet.

Example. Let
3 -1 -3 -1
-3 4 8 1
1 -1 -1 -1
1 0o -2 3

A=

Given that 2 and 3 are eigenvalues of A, find an invertible matrix P and
a Jordan matrix J such that A = PJP~1.
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Solution. Finding the eigenspaces corresponding to A = 2 and A = 3,
we have

1 -1 -3 -1 1 0 -2 1
-3 2 8 1 01 1 2
A=2r =1 5 5 4] ~loo o o]
1 0 -2 1 00 0 O
2 -1
E5 = span 11,02)7
0 1
and
0 -1 -3 —1 1 0 -2 0
-3 1 8 1 01 3 1
A=3l=1 1 4 4 4] ~loo 1 o]
1 0 -2 0 00 0 O
0
FE3 = span _O
1

Hence A has eigenvalues 2,2,3, and from the trace we find that the
fourth eigenvalue is 2 again. Hence there will be three independent
generalised eigenvectors corresponding to A = 2, and

GEy = ker(A — 21)? .
So we find

0
s D I

o O o
O O ONN

0

4 O O O

noting that the remaining entries of (A — 2I)? need not be calculated.

(Why?) Now we may choose, say,
1
€ ker(A — 2I)? — ker(A —2I) ;

V] =

o O

19

then we take )

-3
1
1

It is a good idea to check that vy is an eigenvector. From a diagram
we see that another vector vy € F5 is needed, and we must ensure that
V1, Vg, vy are independent. In fact

Vo = (A—QI)Vl =

2
-1
1
0

will do. To complete the matrix P we take, say,

0
-1

0

1

from Fj3; this vector is guaranteed to be independent of vq,vsy, v3. Now
corresponding to A = 2 we have two chains of generalised eigenvectors

V3 =

Vg4 =

A—2I
Vi ———— Vo and V3 ;

and corresponding to A = 3, just a single (generalised) eigenvector vy.
So the required matrices are

1 1 2 0
P:(V2V1V3V4): -3 8 _11 _01
1 0 0 1
and
21 0 0
J=h@en@en® =y > 5 ¢
0O 0 0 3

Exercise. For the matrix C' on page 16 we have already found a Jordan
form J. Now find P such that C = PJP~!.
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Powers of Jordan matrices. To complete this section we return to the
problem of finding powers of a matrix, and show how to find J™. First
recall that a Jordan matrix is a direct sum of Jordan block matrices. It
is not difficult to prove by induction that

A 0 o 0N\" AP0 - 0
0 Ay -~ 0 0 A7 . 0
o o0 - A o o .- A

hence, for a Jordan matrix
J=Lhe D - J,

we have

JN=Jr eI D @I

It remains, therefore, to find the nth power of a Jordan block Ji(\). We
may write

A1 0 0
O X1 --- 0
N =1 1 . [ =MEN,
0O 0 O 1
0 0 O A

where N is a k x k nilpotent matrix

010 -0
001 0
N=1: 1 : " =
000 - 1
000 -0

As we wish to expand (Al + N)™, we might be reminded of the Binomial
Theorem. We have to be cautious, however, since

(A+ B)?> = A+ AB + BA+ B*,

21

and the right hand side is not generally equal to A24+-2A B+ B2. However,
the two expressions clearly are equal if AB = BA; and in fact the same
is true for higher powers.

Theorem. Let A and B be n x n matrices for which AB = BA. Then
for any n > 0 we have

(A+B)" = A"+ (7)A"'B+ (})A" *B*+---+ (", )AB" '+ B" .

Proof — exercise! A fairly easy induction using the Pascal’s triangle

formula 1
n n
(") =)+ (1)
r r r—1
In order to use the Binomial Theorem to expand (A +N)™, we must

check that AI and N commute. But this is easy: (AI)N = AN = N(AI).

An example will show that finding powers of N is also easy. Con-
sider, say, the 4 x 4 case. With

01 0 O
0 01 0
N = 0 0 0 1 ’
00 0 O
we find that
0 01 O 0 0 0 1
2 [0 0 0 1 3 [0 0 0 O
N" = 0O 00 0]~ N = 0O 0 0 O
0O 0 0 O 0O 00 O
and N*=N°=...=0.
Examples.
e We have

Ja(N)™ = (M + N)™
=N (NN (NN (NN
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the series stopping at this point since N4 = 0. Hence

(N (A (e

T T I 0 )
JaN)" = 0 0 A7 (M)An—1
0 0 0 A"

e Consider the Jordan matrix
J=Jy(2)® J1(2) ® J1(3)

found in the example on pages 18-20. We have

n n n n— 2” " 2n_1
Jo(2)" =21+ ()2 1N:<0 (1)2n >

since in this case N? is already zero. Therefore

2n p2n=l 0 0

. [0 22 0 o
T =10 o 2 o0 |
0 0 0 3»

and from this we may calculate A" = PJ"P~1!,

Exercise. Find formulae for A™ and B", where A and B are the ma-
trices on page 12.

2—2n 4n —4n
Answer. B"=2""' —2n 244n —4n
-n 2n 2—2n

Further problems. Problems 12 and 13 from Chapter 10.

Jordan forms and the minimal polynomial. We can use the Jordan
form of a matrix A to find its minimal polynomial without all the trial
and error used in Chapter 9. If A = PJP~!, any polynomial f(A) can
be related to f(J) by using the result

f(A) = f(PIP™) = Pf(J)P .
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To prove this we write
f(2) = fo+ fiz+ fo2" + -+ faz?
then

f(A):fof+f1A—i—f2A2+...+fdAd
— foPP~ 4 fLPJP " 4 foPJ?P " 4 ... 4 f,PJIP
= P(fol + fiJ + foJ? + - + faJH P!
=Pf(J)P*.

Next, if J is expressed in terms of Jordan blocks as
J:J1@J2@“'@Jr R
then f(J) can also be written in terms of these Jordan blocks:

f(h=fh)ef(l)e o f(J).

This is true because we have

I -+ 0 J, - 0
= o), a= o
0 I 0 Jr
J? 0 J} 0
J? = J=1 :
0 J? 0 J3

and so forth; multiplying by fo, f1, f2, f3,... respectively and adding
gives the required result.

Exercise. If you are not convinced, do all the calculations in the case
J=J2(3)® J1(—=2) and f(z) =1 — 2z — 2% + 23,

So, the problem of finding a polynomial f such that f(A) = 0 comes
down to finding a polynomial which will be zero for all the blocks in the
Jordan form of A.
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Lemma. Consider a Jordan block Ji (). If m > k, then
(Je(A) =AI)" =0.

Proof. We have

0 1 0\ ™"
0 0 1 0
(JeQ) =AD" =+ 0
000 --- 1
000 --- 0

But the right hand side is a k x k nilpotent matrix, and it is easy to see
that when this matrix is raised to a power of k or more the result is the
zero matrix. This proves the lemma.

From the results just proved we can find an explicit formula for the
minimal polynomial.

Theorem. Let A be an n x n matrix and denote the (distinct) eigen-
values of A by A\i, A2,..., A.. For each j, let b; be the size of the largest
Jordan block of A corresponding to the eigenvalue ;. Then the minimal
polynomial of A is given by

m(z) = (z = A\)" (2 = X)b2 - (2 — \)Pr .

Proof. We work from the Jordan blocks back to the given matrix A. If
the Jordan form of A contains a block Ji();), then k < b;. Therefore
m(Ji();)) can be written as the product

(TeOg) =MD o (TeOg) = A1) - (T(A) = A D)

which is zero because the above lemma tells us that the jth factor is the
zero matrix. Hence

m(J)=m(J1 ©Jo @ D J)
—m(L) Eem) & Sm(J,) =0@0&---B0=0.
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Finally,
m(A) =m(PJP~ ) =Pm(J)P~'=0.

To complete the proof we need to show that no polynomial f with
degree smaller than that given above will have f(A) = 0. This is some-
what harder and will be omitted.

Corollary. If A is an n X n matrix, and if by, bs,...,b, are defined as
in the minimal polynomial formula, then

Examples.
e A 15 x 15 matrix with Jordan form
J5(2) @ J2(2) © J3(—2) © J3(—2) © J2(—2)
has minimal polynomial

m(z) = (z —2)%(z +2)3 .

o Let
3 5 —4
A=| -2 -4 4
-1 -3 4

The characteristic polynomial of A is
f(2) =2 =322 +22=2(z - 1)(z - 2) .

Since A has no repeated eigenvalues it is diagonalisable, every Jor-
dan block is just a 1 x 1 matrix, and the minimal polynomial is the
same as the characteristic polynomial:

m(z) = f(z) =z2(z—-1)(z —2) .

e Consider the matrices

4 3 =3 2 -1 =3
A=1-2 0 6 and B=[|-1 2 -3
-1 -1 6 1 1 6
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Both A and B have characteristic polynomial
fz)=(-3°(z—4).

In the case of A we find that dim F3 = 1; so A has Jordan form
J2(3) @ J1(4), and the minimal polynomial of A is the same as its
characteristic polynomial,

m(z) = f(z) = (z = 3)*(2 — 4) .

For B, on the other hand, we have dim F3 = 2. Thus B is di-
agonalisable, its Jordan blocks are 1 x 1 matrices and its minimal
polynomial is

m(z) = (z—3)(z —4) .

Problems.

1. For matrices with the following Jordan forms, write down the char-
acteristic polynomial and the minimal polynomial.

o Ju(7)® Ju(7) © J2(8) ® J1(8) ® J1(9);
o Ji(=3)® J1(0) ® J1(2) ® J1(5);
e all three possibilities in the example in the middle of page 18.

2. By using Jordan forms find the characteristic polynomial and the
minimal polynomial for the matrices A and B on page 12, and the
matrix A in the example on pages 18-20.

3. Question 14 from problem set 10.
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