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Problems, notes and questions

1. LINEAR EQUATIONS AND MATRICES

Systems of linear equations.

Objectives. To be able to determine how many solutions a system of
linear equations has, and to find all these solutions.

Background theory .

1. How many solutions can a system of linear equations have?

2. What is the most commonly used method of solving linear systems?

3. How do you use this method to determine the number of solutions
of the system? Give full details.

Example. Solve the following linear system.

2x1 − x2 − 3x3 = −3

−x1 + x2 + 5x3 + x4 = 4

5x1 − x2 + 3x3 + 3x4 = 0

Example. Solve the following linear system.

x1 − 2x2 − x3 − 2x4 = −1

−3x1 + 5x2 + x3 + 7x4 = 2

2x1 + x2 + 8x3 − 9x4 = 3

Examples. Solve the linear systems represented by the following aug-
mented matrices.





1 −1 2 −2
−2 2 7 4
7 −6 −5 −9



 ,





1 −2 1
−3 5 2
2 1 3



 .

Further exercises. Problems 1, 2 and 3 from chapter 1.
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Conditions for a solution to exist.

Objectives. Given a matrix A, find conditions on b1, b2, . . . such that
the system Ax = b has a solution.

Example. Let

A =







1 −1 3
0 2 −1
2 0 5
−2 −4 −3






.

Find conditions on b1, b2, b3, b4 such that Ax = b has a solution.

Examples. Repeat the previous problem for

B =





−1 5 2
2 −7 −3
0 6 2



 and C =





−1 5 2
2 −7 −3
0 6 −7



 .

Further exercises. Problems 4, 5 and 6.

Example. Find (for any c) the solutions of the system




1 −1 0 3
1 0 −c 1
−2 c + 2 −4 −c − 8



 .

Example. Repeat the previous problem for




1 2 c 1
0 −1 2 −c

2 1 4c + 7 c + 4



 .

Further exercises. Problem 7.

Linear equations: harder questions.

1. Suppose that the system with augmented matrix




1 a a b

a 1 a c

a a 1 d





has infinitely many solutions. What can you say about a, b, c, d?
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2. Let A be an m × n matrix. Suppose that c conditions on b are
required to ensure that Ax = b has a solution, and that when there
is a solution, it contains p parameters. Find an equation connecting
m,n, c and p.

Matrix arithmetic.

Objectives. Know when simple arithmetic operations are defined for
matrices, and calculate them when they are defined.

Background theory .

1. Let A be an m × n matrix. What is the size of the matrix B if
(a) the sum A+B is defined? (b) the product AB is defined? What
are the sizes of the sum and product if they are defined?

2. List at least two important differences between multiplication of
matrices and multiplication of numbers.

Examples. Let

A =

(

2 1 2
−2 3 1

)

, B =

(

−1 1
−2 3

)

and C =





−1 3
2 1
1 −4



 .

Calculate if possible A − B; −2A + CT ; B − 4I; BC; CB; A2.

Further exercises. Problem 8.

Matrix inverses.

Objectives. Determine whether or not a given matrix is invertible, and
find its inverse if so.

Background theory .

1. What does “B is the inverse of A” mean?

2. You can see immediately that certain matrices have no inverse.
Which matrices are these?

3. How do you attempt to find the inverse of a given matrix? How do
you know if the attempt fails?

4. State the “short cut” formula for the inverse of a 2 × 2 matrix.
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Example. Find the inverses (if any) of

(

4 5
6 7

)

and





1 −2 2
0 3 −1
2 −1 4



 .

Examples. Find the inverses (if any) of

(

1 −3
5 7

)

,





1 −2 2
0 3 −1
2 −1 3



 and





−1 1 0
3 −1 2
5 −5 −1



 .

Further exercises. Problems 9 and 10.

Special matrices.

Objectives. Recognise symmetric, skew-symmetric and orthogonal ma-
trices, and simplify expressions involving such matrices.

Background theory .

1. Define symmetric, skew-symmetric and orthogonal matrices.

2. For any matrices A and B, expand (AB)−1 and (AB)T .

Example. Let A,B,C be invertible matrices of the same size; suppose
that A is symmetric, B is skew-symmetric and C is orthogonal. Simplify

BBT C−1(ABCT )−1(CA)T B−1 .

Example. With A,B,C as above, simplify

(A−1CA)T (BA−1)−1(ACT B)T .

Further exercises. Problems 11(a) and 14.

4



Matrices: harder questions.

1. Let A and B be n × n matrices.

(a) Explain why

(A + B)2 = A2 + 2AB + B2

is true if AB = BA but not otherwise.

(b) Assuming that AB = BA, write down a formula for (A + B)n.

(c) Check that




0 a b

0 0 c

0 0 0





3

=





0 0 0
0 0 0
0 0 0





for any numbers a, b, c, and hence evaluate





1 2 3
0 1 4
0 0 1





1001

.

2. Let

A =

(

1 2 3
4 5 6

)

.

Show that one of the equations

AX =

(

1 0
0 1

)

and XA =





1 0 0
0 1 0
0 0 1





has no solution, and find a solution of the other one. Does A−1

exist?

3. Let K be a square matrix such that I + K is invertible. Prove
that if (I + K)−1(I − K) is orthogonal then K is skew-symmetric.
(Comment: in problem 13 you are asked to prove the converse of
this result.)
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