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SET THEORY

Concept. “A set is a collection into a whole, A, of definite
and separate objects of our intuition or our thought. These
objects are called the elements of A.”

You should be able to tell whether or not a proposed set is
well-defined, that is, whether or not it really is a set. This
means that it must be possible in principle (though maybe very
difficult in practice) to tell whether any given “object” is an
element of the set or not.

You should be familiar with writing sets in various notations:
as a list of elements, as a description of the elements or in
“set-builder” notation

{x ∈ U | · · · } .

Note that in this last notation we always specify that the
elements x come from a collection U which we already know

is a set: this helps to avoid certain paradoxes which may arise
through naive use of set notation.

You should remember what it means to say that two sets are
equal – recall in particular that order and repetition of elements
are irrelevant – or that one is a (proper) subset of the other.

There is a unique set ∅, the empty set, with no elements.

Notation.
N = { natural numbers}

= { 0, 1, 2, . . . }

Z = { integers }

Q = { rational numbers}

R = { real numbers }

C = { complex numbers }

MATH2410 Automata & Algorithms 3.3: Revision – set algebra

You should know what is meant by the complement of a set
(in a given universal set), and by the union, intersection and
difference of two sets, and be able to prove “algebraic” relations
between sets in three ways: by the use of Venn diagrams; by an
elementwise proof “let x ∈ LHS . . . therefore x ∈ RHS”; and
by using the fundamental properties of set algebra. If A, B, C

are subsets of some universal set U , then

A ∪ B = B ∪ A, A ∩ B = B ∩ A

A ∪ (B ∪ C) = (A ∪ B) ∪ C, A ∩ (B ∩ C) = (A ∩ B) ∩ C

A ∩ (B ∪ C) = (A ∩ B) ∪ (A ∩ C), A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪ C)

A ∪ ∅ = A, A ∩ ∅ = ∅

A ∪ U = U , A ∩ U = A

A ∪ A = A, A ∩ A = A

A ∪ B = A ∩ B, A ∩ B = A ∪ B

A ∪ A = U , A ∩ A = ∅

A = A

A − B = A ∩ B

For any set A, its power set P(A) is the set of all subsets of
A. It is often helpful to remember that

X ∈ P(A) and X ⊆ A

mean exactly the same thing!

The number of elements, or cardinality, of a set A is denoted
by |A|. For any finite set A we have

if |A| = n then |P(A)| = 2n .

MATH2410 Automata & Algorithms 3.4: Revision – the Cartesian product

The Cartesian product, named for René Descartes (1596–
1650), of two sets A and B is the set of all ordered pairs with
first element in A and second in B:

A × B = { (a, b) | a ∈ A, b ∈ B } .

Example. Let A = { 1, 2 } and B = { 2, 3, 4 }. Then

A × B = { (1, 2), (1, 3), (1, 4), (2, 2), (2, 3), (2, 4) }

B × A = { (2, 1), (2, 2), (3, 1), (3, 2), (4, 1), (4, 2) }

A × A = { (1, 1), (1, 2), (2, 1), (2, 2) } .

Instead of A × A we normally write A2. Note that in general
A × B 6= B × A.

Exercise. Find all cases in which A × B = B × A.

We shall need to make use of index notation. Let S be any
set – here referred to as an index set – and suppose that for
every s ∈ S a set As is defined. Then

⋃

s∈S

As and
⋂

s∈S

As

denote respectively the union and intersection of all the sets
As. A particularly important case is

⋃

k∈N

Ak =

∞
⋃

k=0

Ak = A0 ∪ A1 ∪ A2 ∪ · · · .
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Examples.

• If k ∈ Z+, let Ak = {m ∈ Z+ | 6k − 1 ≤ m ≤ 7k + 1 }.
Then

20
⋃

k=17

Ak = A17 ∪ A18 ∪ A19 ∪ A20

= { 101, 102, . . . , 120 } ∪ { 107, 108, . . . , 127 }

∪ { 113, 114, . . . , 134 } ∪ { 119, 120, . . . , 141 }

= { 101, 102, . . . , 141 } ;

20
⋂

k=17

Ak = A17 ∩ A18 ∩ A19 ∩ A20

= { 119, 120 } ;
∞
⋃

k=1

Ak = { 5, 6, 7, 8, 11, 12, 13, 14, 15, 17, 18, 19, . . .}

= Z+ − { 1, 2, 3, 4, 9, 10, 16 } ;
∞
⋂

k=1

Ak = ∅ .

• Let P = { primes }; for p ∈ P define

Mp = {m ∈ Z | m is a multiple of p } .

Then

⋃

p∈P

Mp = Z − {−1, 1 } and
⋂

p∈P

Mp = { 0 } .
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RELATIONS

Definition. A binary relation between two sets A and B is
a subset of A × B. If B = A we speak of a relation on A.

Examples.

1. Let P be the set of all people ever born. There is a relation
ρ from P to Z defined by

x ρ y if and only if x studied at UNSW in year y .

Then, for example, DDA ρ 1987; if x is any student in this
course then x ρ 1998 (and in most cases also x ρ 1997).

2. The well-known relation ≤ on N can be written

≤ = { (0, 0), (0, 1), (0, 2), . . . , (1, 1), (1, 2), (1, 3), . . .} .

= { (m, n) ∈ N2 : n = m + p for some p ∈ N }

Formally we may say (1, 2) ∈ ≤, but generally we will just
write 1 ≤ 2 as usual.

3. Define a relation on R as follows: x ∼ y if and only if
cosx = cos y. Then ∼ is a set of ordered pairs of real
numbers including, for example,

(0, 2π) , (2π, 0) , (−1,−1 + 4π) , ( 1
3π,− 1

3π) ,

but not, say, ( 1
4π, 1

2π).

Exercise. Write out a complete description of the ordered
pairs comprising ∼.
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Note.

• Relations will be notated in various ways: by Greek letters
ρ, σ, τ, . . . ; by standard symbols such as = and ≤ ; by
special symbols, frequently ∼, ≃ and � ; or simply by
words, such as the relation “is on” between points and
lines.

• Roughly speaking, a binary relation is a “mathematical
verb”, and says something about two numbers or
other mathematical objects. Note that, for example,
multiplication is not a binary relation, since 2× 3 is just a

single number, not a statement about two numbers.

MATH2410 Automata & Algorithms 3.8: Representations

We have seen that a relation may be represented by giving a
“rule” defining the relation, or as a list of ordered pairs. Two
other ways of visualising relations are often useful.

Definition. Let ρ be a relation between two finite sets
A = { a1, a2, . . . , am } and B = { b1, b2, . . . , bn }. The matrix of
the relation is the m × n matrix Rρ with entries

rij =
{

1 if ai ρ bj

0 otherwise.

Such a matrix is called a Boolean matrix after George Boole
(1815–1864).

Note that if ρ is a relation on a finite set A then Rρ is a square
matrix.

Definition. Let ρ be a relation defined on a finite set
A = { a1, a2, . . . , an }. The directed graph, or digraph, of ρ

consists of

• vertices labelled a1, a2, . . . , an;

• an arrow from vertex ai to vertex aj if and only if ai ρ aj .
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Examples.

1. Let A = { 1, 2, 3, 4 }, B = { e, o, r } and define a ρ b if and
only if the number a, written in words, contains the letter
b. Then ρ is a set of ordered pairs

ρ = { (1, e), (1, o), (2, o), (3, e), (3, r), (4, o), (4, r) }

and has the matrix representation

R =







1 1 0
0 1 0
1 0 1
0 1 1






.

Exercise. Translate R into Italian, French, German, . . . .

2. Take A = { a, b, c, d } and let

σ = { (a, d), (b, b), (b, c), (c, c), (c, d), (d, a) }

be a relation on A. If the elements of A are listed in the
order given above then the matrix and digraph of A are as
shown.

S =







0 0 0 1
0 1 1 0
0 0 1 1
1 0 0 0







Note that (finite) relations, Boolean matrices and digraphs are
essentially interchangeable: given any one we may determine
the others.

MATH2410 Automata & Algorithms 3.10: Combining relations

Combining relations. Recall that, formally speaking,
relations are just sets, and so we may consider their
complements, unions and intersections. If ρ and σ are
relations from A to B then

ρ = { (a, b) ∈ A × B | a
/

ρ b }

ρ ∪ σ = { (a, b) ∈ A × B | a ρ b or a σ b }

ρ ∩ σ = { (a, b) ∈ A × B | a ρ b and a σ b } .

The transpose, or inverse, of ρ is the relation from B to A

given by
ρT = { (b, a) ∈ B × A | a ρ b } ;

and ρ ⊆ σ is another way of saying that

if a ρ b then a σ b

for any a ∈ A, b ∈ B.

Relations may also be combined by composition: if ρ is a
relation from A to B and σ is a relation from B to C, then the
composition ρσ is the relation from A to C defined by

a ρσ c if and only if a ρ b and b σ c for some b ∈ B .

If ρ is a relation on a set A then the composition ρρ is defined
and will be abbreviated to ρ2; this relation, and the similarly
defined ρ3, ρ4, . . . are likewise relations on A. We also define
ρ1 = ρ, and ρ0 = ι, the identity relation on A given by

a ι b if and only if a = b .

MATH2410 Automata & Algorithms 3.11: Examples

Examples.

1. On Z+, let ρ be the divisibility relation, and let σ be ≤ .
Then

• a ρT b means “a is a multiple of b”;

• σT is ≥ , and therefore σ ∩ σT = ι;

• ρ ⊆ σ – but note that if the relations are defined on Z

then this is no longer true.

2. Let ρ denote the relation “is a parent of” and σ “was born
in year”. Then x ρσ y means

“there exists z such that x is a parent of z and z

was born in year y”,

that is,

“x has a child born in year y”.

Also, ρ3 is the relation “is a great-grandparent of”, while

⋃

k≥1

ρk = ρ ∪ ρ2 ∪ · · · = { (x, y) | x ρk y for some k ≥ 1 }

means “is an ancestor of”.

MATH2410 Automata & Algorithms 3.12: Reachability

3. On A = { 1, 2, 3, 4, 6 } define

a ρ b iff a | b and a σ b iff a ≡ b (mod 3) .

Exercise. Write down the matrices and digraphs of ρ and
σ, and those of ρ ∪ σ and ρ ∩ σ.

We have a ρσ c if and only if

a | b and b ≡ c (mod 3) for some b ∈ A.

For example, 2 | 6 and 6 ≡ 3, so 2 ρσ 3; also 2 ρσ 4.
Similarly, a σρ c if and only if

a ≡ b (mod 3) and b | c for some b ∈ A;

hence 2 σρ 4, but it is not true that 2 σρ 3. This shows
that in general ρσ 6= σρ : composition of relations is not
commutative.

4. Consider the relation ρ = { (a, b), (b, a), (b, c), (c, d), (d, d) }
on A = { a, b, c, d }. We have the following digraphs:

ρ0

ρ1

ρ2

ρ3

ρ4
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and we then find that ρ5 = ρ3, ρ6 = ρ4 and so on. Note
above that the digraph for ρk has an arrow from x to y if
and only if there is a path of length k from x to y in the
digraph of ρ.

By “amalgamating” all these digraphs we find the digraph
of

⋃

k≥0

ρk ,

known as the reachability digraph of ρ and shown
below.

Thus, there is an arrow from x to y in the reachability
digraph of ρ if and only if there is a sequence of (zero or
more) arrows leading from x to y in the digraph of ρ.

5. Puzzles/jokes. See if the following make any sense, and
if they do, determine whether they are true or false:

≤ = < ∪ = 6= = < ∪ > | ∩ 6= ⊂ <

(The first symbol in the third puzzle denotes divisibility.)
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Matrices and combinations of relations. Let ρ and
σ be relations from a set A = { a1, a2, . . . , am } to B =
{ b1, b2, . . . , bn }, and let R, S and T be the matrices of ρ, σ and
ρ ∪ σ. We have

tij =
{

1 if ai ρ∪σ bj

0 otherwise

=
{

1 if ai ρ bj or ai σ bj

0 otherwise

=
{

1 if rij = 1 or sij = 1
0 otherwise.

This can be written
tij = rij ∨ sij

where the Boolean operator ∨, sometimes called the
disjunction operator, is defined by the table

r s r ∨ s

0 0 0
0 1 1
1 0 1
1 1 1

Extending this operation element by element to the whole
matrices, we may write T = R ∨ S. That is, for any two
relations ρ, σ from A to B we have

Rρ∪σ = Rρ ∨ Rσ .

If we think of 0 as denoting “false” and 1 “true”, then ∨ is
simply the logical operator “or”.

MATH2410 Automata & Algorithms 3.15: Others

Likewise we can define the Boolean operators “and” (the
conjunction operator) and “not” by the tables

r s r ∧ s

0 0 0
0 1 0
1 0 0
1 1 1

r r

0 1
1 0

and we have

Rρ∩σ = Rρ ∧ Rσ , Rρ = Rρ ,

where once again the operations are applied to the matrices
element by element.

Example. For the relations of example 3 on page 12 we have

Rρ =











1 1 1 1 1
0 1 0 1 1
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1











, Rσ =











1 0 0 1 0
0 1 0 0 0
0 0 1 0 1
1 0 0 1 0
0 0 1 0 1











and hence

Rρ∪σ =











1 1 1 1 1
0 1 0 1 1
0 0 1 0 1
1 0 0 1 0
0 0 1 0 1











, Rρ∩σ =











1 0 0 1 0
0 1 0 0 0
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1











,

Rρ =











0 0 0 0 0
1 0 1 0 0
1 1 0 1 0
1 1 1 0 1
1 1 1 1 0











.

MATH2410 Automata & Algorithms 3.16: Transpose, subsets

If a relation ρ has matrix R, then the matrix of ρT is RT ; that
is,

RρT = (Rρ)
T .

For Boolean matrices R and S of the same size, we may say
that R ≤ S if every element of R is less than or equal to the
corresponding element of S. We then have

ρ ⊆ σ if and only if Rρ ≤ Rσ .

Example. Continuing the previous example, we have

RσT = (Rσ)T =











1 0 0 1 0
0 1 0 0 0
0 0 1 0 1
1 0 0 1 0
0 0 1 0 1











which shows that σ and σT are the same relation. Further,
define τ on A = { 1, 2, 3, 4, 6 } by a τ b whenever a ≤ b. We
have

Rτ =











1 1 1 1 1
0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1











,

so Rρ ≤ Rτ and therefore ρ ⊆ τ .
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Matrices and composition. Now let ρ and σ be relations
from A to B and from B to C respectively, where A and B

are as above and C = { c1, c2, . . . , cp }; let R, S and T be the
matrices of ρ, σ and ρσ. We can determine T in terms of R

and S as follows. We have

tij = 1 ⇔ ai ρσ cj

⇔ ai ρ bk and bk σ cj for some bk ∈ B

⇔ ai ρ b1, b1 σ cj or . . . or ai ρ bn, bn σ cj

⇔ ri1 = s1j = 1 or . . . or rin = snj = 1

⇔ ri1 ∧ s1j = 1 or . . . or rin ∧ snj = 1

⇔ (ri1 ∧ s1j) ∨ · · · ∨ (rin ∧ snj) = 1 .

Therefore

tij = (ri1 ∧ s1j) ∨ · · · ∨ (rin ∧ snj) =

n
∨

k=1

(rik ∧ skj) .

This calculation inspires a definition and proves a theorem.

MATH2410 Automata & Algorithms 3.18: Boolean product

Definition. If R is an m × n Boolean matrix with entries rij

and S is an n × p Boolean matrix with entries sij , then the
Boolean product of R and S is the m × p matrix T with
entries given by

tij =
n
∨

k=1

(rik ∧ skj) . (∗)

Theorem. If A, B, C are finite sets, if ρ is a relation from A to
B and if σ is a relation from B to C, then

Rρσ = RρRσ ,

where the right hand side is the Boolean product of the two
matrices.

Note.

• Observe the analogy between (∗) and the definition

tij =
n

∑

k=1

(rik × skj)

of the usual product of two matrices.

• As usual we write R2 for RR, and so forth, provided the
product exists; we also write R1 = R and R0 = I .

• Like ordinary matrix multiplication, Boolean multiplication
is not commutative.

• An alternative way to find the Boolean product of R and
S is to find the ordinary product RS and then replace
every non-zero element by a 1. Exercise. Explain why
this works.

MATH2410 Automata & Algorithms 3.19: Example

Examples.

• Continuing the example from pp. 15–16,

Rρσ =











1 1 1 1 1
0 1 0 1 1
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1





















1 0 0 1 0
0 1 0 0 0
0 0 1 0 1
1 0 0 1 0
0 0 1 0 1











=











1 1 1 1 1
1 1 1 1 1
0 0 1 0 1
1 0 0 1 0
0 0 1 0 1











.

An efficient way of calculating the above Boolean product
is, for each i and j, to search the ith row of Rρ and the jth
column of Rσ element by element, looking for matching
1s. If this occurs the i-jth element of the product is 1,
otherwise it is 0.

• For the relation of example 4 on page 12 we have

Rρ =







0 1 0 0
1 0 1 0
0 0 0 1
0 0 0 1







and hence

Rρ2 =







1 0 1 0
0 1 0 1
0 0 0 1
0 0 0 1






, Rρ3 =







0 1 0 1
1 0 1 1
0 0 0 1
0 0 0 1







and so forth. As always, Rρ0 = (Rρ)
0 = I .

Exercise. Check all of these results with the digraphs on
page 12.

MATH2410 Automata & Algorithms 3.20: Reachability matrix

The reachability matrix of a relation. Let ρ be a relation
on a finite set A, and let R be the matrix of ρ. We have already
seen the reachability digraph of ρ, that is, the digraph of

⋃

k≥0

ρk ;

the reachability matrix of ρ is the matrix of this relation,
that is,

R∗ =
∨

k≥0

Rk = I ∨ R ∨ R2 ∨ R3 ∨ · · · .

Theorem. If R is an m × m Boolean matrix then

R∗ =

m−1
∨

k=0

Rk .

Proof. Let ρ be the relation on a set of m elements defined by

R; then R∗ is the matrix of
⋃

k≥0

ρk.

Now the i-j element of R∗ is 1 if and only if there is a path from
vertex i to vertex j in the digraph of ρ; while the i-j element of
the right hand side is 1 if and only if there exists such a path of
length less than m. But since the digraph has only m vertices,
any path of length m or more can be reduced to one of length
less than m by eliminating any circuits; therefore these two
conditions are the same, and LHS = RHS.
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Examples.

1. (To illustrate the idea behind
the above proof.) In the
accompanying digraph on five
vertices there is a path abcdbee

of length 6 from a to e. This
path includes a circuit bcdb

of length 3, and a loop on e

(which is a circuit of length 1).
Removing both of these leaves a
path abe of length less than 5.

2. The reachability matrix for example 4 on pages 12–13 is

R∗ = I ∨ R ∨ R2 ∨ R3 =







1 1 1 1
1 1 1 1
0 0 1 1
0 0 0 1






.

MATH2410 Automata & Algorithms 3.22: Alternative

An alternative formula for R∗ is given by the following result.

Theorem. If R is an m × m Boolean matrix then

R∗ = (I ∨ R)m−1 .

Proof. The digraph of I ∨ R is the digraph of R, together
with a loop on every vertex. We need to show that there is
a path from vertex i to vertex j of length exactly m − 1 in
this digraph if and only if there is some path from i to j in the
digraph of R.

If there is a path (of length m − 1) in the digraph of I ∨ R,
then by simply ignoring any loops in the path we obtain a path
between the same vertices in the digraph of R.

Conversely, if there is a path between two vertices in the
digraph of R, then there is such a path of length m − 1 or less;
augmenting this path a sufficient number of times with the
loop on its initial (or any other) vertex yields a path of length
exactly m − 1 in the digraph of I ∨ R.

Exercises.

• Show similarly that R∗ = (I ∨ R)k for any k ≥ m − 1.

• Prove the above theorem by purely algebraic methods.
Hint. See problem 8 on problem sheet 3.
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Examples (continuation of examples 1 and 2 on page 21).

1. In this digraph on five vertices there is a path abe of length
2 from a to e; if we add to the digraph a loop on each
vertex, this can be extended to a path aaabe of length 4
from a to e. (There will also be many other paths of length
4 connecting these two vertices.)

2. We have

I ∨ R =







1 1 0 0
1 1 1 0
0 0 1 1
0 0 0 1







and hence

R∗ = (I ∨ R)3 =







1 1 1 1
1 1 1 1
0 0 1 1
0 0 0 1






,

in agreement with our previous calculation.

MATH2410 Automata & Algorithms 3.24: Algorithms

Algorithms for calculating Boolean products and
reachability matrices. To calculate the product of two n × n

Boolean matrices from the definition

tij =
n
∨

k=1

(rik ∧ skj)

requires O(n3) logical operations or bit operations. Thus,
given an n × n Boolean matrix R, we can find R∗ by

• calculating R2 = RR, R3 = R2R, . . . , Rn−1 = Rn−2R

from the definition;

• finding R∗ = I ∨ R ∨ R2 ∨ · · · ∨ Rn−1.

Here we have n − 2 multiplications ST and n − 1 disjunctions
S ∨ T of n × n Boolean matrices S and T , and so the whole
procedure takes

(n − 2) O(n3) + (n − 1)n2 ,

that is, O(n4) bit operations.

Can we do any better than this?

Suppose that we have an algorithm which calculates the
Boolean product of n × n matrices in O(nα) logical operations.
We already know that working directly from the definition gives
an O(n3) algorithm; on the other hand, there are n2 entries in
the product matrix, and at least one bit operation is required
to calculate each of these. Therefore we may as well assume
that 2 ≤ α ≤ 3.
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First algorithm for computing R∗. As on the previous
page, but calculating the Boolean products by means of our

O(nα) algorithm. This gives a procedure of complexity O(nα+1)
bit operations.

Second algorithm for computing R∗. An n × n Boolean
matrix R is given. Choose k such that 2k−1 < n − 1 ≤ 2k and
note that k = O(log2 n). Using the result

R∗ = (I ∨ R)2
k

,

(partially) proved above, we find

• I ∨ R – this may be done with no calculation whatever!;

• (I ∨ R)2
k

by repeated squaring – this requires k Boolean
multiplications, each of complexity O(nα).

The total number of logical operations required is k O(nα), that
is, O(nα log2 n).

Third algorithm for computing R∗. In problem sheet 3,
question 10, you are asked to develop a divide-and-conquer
algorithm for calculating R∗; this turns out to have complexity

O(nα).

Thus the computation of a reachability matrix is asymptotically
no harder than of a single Boolean product. The converse is
also true: see question 11 on problem sheet 3. Thus the two
problems are asymptotically of the same complexity.

MATH2410 Automata & Algorithms 3.26: Revision – RSTA

Important properties of relations. Let ρ be a relation on
the set A. The relation is said to be

• reflexive when for all a ∈ A we have a ρ a;

• symmetric when for all a, b ∈ A, if a ρ b then b ρ a;

• transitive when for all a, b, c ∈ A, if a ρ b and b ρ c then
a ρ c;

• antisymmetric when for all a, b ∈ A, if a ρ b and b ρ a

then a = b.

Exercise. Find an example of a relation which is both
symmetric and antisymmetric! Is there more than one example
of such a relation?

In terms of the digraph of the relation, these properties can be
expressed as follows:

• ρ is reflexive if each vertex has a loop in the digraph of ρ ;

• ρ is symmetric if for every arrow in the digraph there is a
reverse arrow:

if then ;

• ρ is transitive if for every pair of arrows as shown below
left there is a third arrow as shown below right:

if then ;

• ρ is antisymmetric if the subgraph

never occurs.

MATH2410 Automata & Algorithms 3.27: . . . and matrices

Recall that for Boolean matrices R and S of the same size,
R ≤ S means that every element of R is less than or equal to
the corresponding element of S. An alternative way to say this
is that for every i, j we have

if rij = 1 then sij = 1 .

The four properties above can then be expressed in terms of
Boolean matrices.

Theorem. A relation ρ on a finite set A is

• reflexive if and only if I ≤ Rρ ;

• symmetric if and only if RT
ρ = Rρ ;

• transitive if and only if (Rρ)
2 ≤ Rρ ;

• antisymmetric if and only if Rρ ∧ RT
ρ ≤ I .

Proof. Let Rρ have elements rij ; note that the element in row
i, column j of RT

ρ is then rji.

For the fourth part, suppose that ρ is antisymmetric. If the
i-j element of Rρ ∧ RT

ρ is 1 then rij = rji = 1, so ai ρ aj

and aj ρ ai. Since ρ is antisymmetric this is possible only if
i = j, and so the i-j element on the right hand side is 1. Thus
Rρ ∧ RT

ρ ≤ I .

Conversely, suppose that the matrix inequality holds and that
ai ρ aj and aj ρ ai. Then rij = rji = 1 and so the i-j element
on the left hand side is 1. Therefore the corresponding element
on the right hand side is also 1, and this occurs only when i = j.
Therefore ai = aj and we have shown that ρ is antisymmetric.

The remainder of the proof is left as an exercise.

MATH2410 Automata & Algorithms 3.28: Examples

Examples.

1. The relation on R defined by cosx = cos y is reflexive,
symmetric and transitive, but not antisymmetric.

2. The relation < on N is transitive and antisymmetric, but
neither reflexive nor symmetric.

3. The relation ⊥ on { lines in R3 } is symmetric, but neither
reflexive, transitive nor antisymmetric.

4. For the relation ρ in example 3 on page 12, we have

Rρ =











1 1 1 1 1
0 1 0 1 1
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1











, RT
ρ =











1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 1 0 1 0
1 1 1 0 1











and so

(Rρ)
2 =











1 1 1 1 1
0 1 0 1 1
0 0 1 0 1
0 0 0 1 0
0 0 0 0 1











, Rρ ∧ RT
ρ =











1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1











.

Therefore

• I ≤ Rρ , so ρ is reflexive;

• RT
ρ 6= Rρ , so ρ is not symmetric;

• (Rρ)
2 ≤ Rρ , so ρ is transitive;

• Rρ ∧ RT
ρ ≤ I , so ρ is antisymmetric.

These results can be confirmed by considering the digraph
of ρ, or by using the definition, a ρ b if and only if a | b.



MATH2410 Automata & Algorithms 3.29: Equivalence

Definition. A relation which is reflexive, symmetric and
transitive is called an equivalence relation. One which
is reflexive, antisymmetric and transitive is called a partial
order.

Comment. Roughly speaking, an equivalence relation tells us
when two things are “the same”, and a partial order tells us
when one thing “precedes” another.

Examples.

• Example 1 on the previous page is an equivalence relation,
while example 4 is a partial order.

• Important examples of equivalence relations include =,
congruence modulo m, ‖, (geometrical) congruence and
similarity, logical equivalence.

• Important examples of partial orders: ≤, ≥, |, ⊆, ⊇, ⇒
and (if carefully defined) alphabetical order.

MATH2410 Automata & Algorithms 3.30: Closures

Definition. Let ρ be a relation on a set A. The reflexive
closure of ρ is the smallest relation on A which is reflexive and
contains ρ. The symmetric closure and transitive closure
of ρ are defined similarly. The Kleene closure of ρ, named
for Stephen Kleene (1909–1994), is the smallest relation on A

which contains ρ and is both reflexive and transitive.

Exercise. Define a relation ρ on { a, b, c, d } by the digraph

Add arrows to give the reflexive and symmetric closures of ρ. . .

. . . the transitive closure and the Kleene closure. . .

. . . and the smallest equivalence relation containing ρ.

MATH2410 Automata & Algorithms 3.31: Results

The above example illustrates the following theorem.

Theorem. For any relation ρ on a set A,

• the reflexive closure of ρ is ρ ∪ ι ;

• the symmetric closure of ρ is ρ ∪ ρT ;

• the transitive closure of ρ is ρ+ =
⋃

k≥1 ρk ;

• the Kleene closure of ρ is ρ∗ =
⋃

k≥0 ρk ;

• the smallest equivalence relation containing ρ is (ρ ∪ ρT )∗ .

Proof. For simplicity we assume that A is a finite set with
m elements. Let κ be the Kleene closure of ρ; write K for
the matrix of κ and R for the matrix of ρ. According to the
definition of the Kleene closure we have R ≤ K and I ≤ K.
Moreover, κ is transitive and so

R2 ≤ K2 ≤ K , R3 ≤ K

and so on. Therefore

R∗ = I ∨ R ∨ R2 ∨ · · · ∨ Rm−1 ≤ K

and so ρ∗ ⊆ κ.

Conversely, we have

• R∗ = I ∨ R ∨ R2 ∨ · · · ≥ R, so ρ∗ ⊇ ρ ;

• R∗ = I ∨ R ∨ R2 ∨ · · · ≥ I , so ρ∗ is reflexive;

• (R∗)2 = (I ∨ R)2(m−1) = R∗, so ρ∗ is transitive.

But κ, by definition, is the smallest relation with these three
properties, and so κ ⊆ ρ∗.

Therefore κ = ρ∗, that is, ρ∗ is the Kleene closure of ρ.

MATH2410 Automata & Algorithms 3.32: Notes

Note.

• The above proof does not work if A is infinite, since in this
case the matrices of the relations are not defined.

• We have assumed various properties of Boolean operators
in the proof of the previous theorem:

(1) if A, B, C, D are Boolean matrices with A ≤ C and
B ≤ D, then AB ≤ CD;

(2) if A, B, C are Boolean matrices with A ≤ C and
B ≤ C, then A ∨ B ≤ C;

(3) if A and B are Boolean matrices then A ≤ A ∨ B.

Exercises.

• If ρ is a relation on a finite set A, and R is the matrix
of ρ, write down the matrices of the reflexive closure, the
symmetric closure and the transitive closure of ρ, and of
the smallest equivalence relation containing ρ.

• Prove properties (1)–(3) above.

• Prove the remaining parts of the theorem.


