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MATH2410 Automata & Algorithms 2.3: Convolution

Note that the important thing about a polynomial is the
sequence of coefficients, not the variable. We may in fact ignore
the variable entirely, and represent the above polynomials by
the vectors

a=(ag,a1,a2,...,an-1), b= (bo,b1,ba,...,by_1)
in C™. In this notation the product is represented by the vector
c=(co,c1,¢2,...,Con1) € C" |
where
co=agpby , c¢1 =apby +ai1by, ca2=apbs+ aibs + azby

and so on. Note that we will always have cy,_1 = 0.

Definition. The convolution, denoted a * b, of the vectors
a= (ao,al,ag, ce ,anfl) and b = (b(),bl, bay..., bnfl) e C"is
the vector ¢ € C2" defined by

2n—1
C = E a]’bk,j y

=0

where we take a; and b; to be zero whenever j <0 or j > n.

MATH2410 Automata & Algorithms 2.2: Polynomials

Another problem we’ll pay particular attention to is that of
multiplying two polynomials. Let

p(Z) =ao+a12+a222 +"'+Gn71z”_1 7

q(z) =bg+brz+ boz? 4ot by 2"t

be polynomials each having degree n — 1, and therefore being
composed of n terms. The coefficients of p and ¢ may be
complex numbers. The “obvious” way to find the product
p(2)q(z) is to
o multiply out term by term — this requires n? multiplications;
e collect terms — this certainly requires fewer than n?
additions. (Exercise. Exactly how many?)

Therefore O(n?) arithmetic operations are required for this
computation.

Note. The arithmetic operations referred to are performed
with complex numbers. For example, (1 + 2¢)(3 4 4¢) counts as
one operation only.

MATH2410 Automata & Algorithms 2.4: Example

Example. Let a = (2,—1), b =(1,3) and ¢ = a* b. We have

X0+ 0x0+0x0=2
X1 +0x0+0x0=5
X3 +0x1+0x0=-3
X0 4+ 0x3+0x1=0

cp=2x1+ (-1
¢ =2x3 + (-1
e =2%0 + (—1
c3=2x0+ (-1

— — — —

and so
(27 _1) * (17 3) = (27 57 _37 0) 5

which corresponds to the polynomial product

(2—2)(1+32) =2+ 52— 32

The additions and multiplications required to evaluate the
convolution of two vectors in C" are in fact precisely those
required to calculate the product of the corresponding
polynomials; therefore O(n?) complex arithmetic operations
are needed.



MATH2410 Automata & Algorithms 2.5: Uniqueness theorem
Instead of representing a polynomial by its coefficient vector we
may use the values of the polynomial at suitably chosen points.
The following result shows that this will work properly.

Theorem. Let z, 21, ...,2,—1 be distinct points in C, and let
W, W1, ..., wy—1 € C. Then there is exactly one polynomial p
of degree n — 1 or less such that

P(Zo) = Wo, P(Zl) =W, ..., p(Zn—l) = Wp-1 - (*)

Proof. Let

2 -1
p(z) =ap+a1z+ a2+ +an—12"" " ;

we wish to solve for ag,ai,as,...,a,—1 in terms of the z; and

w;. We have

2 -1
ap + a120 + aszg + -+ an—12y = wp

2 n—1
apg+arzy +agzy + - t+ap_12;y  =wq

2 n—1
ag+ a12p—1+ a2z, 1+ -+ ap_12,_1] = Wn-1 ,

or in matrix form

-1

1 2 22 P ag wo
-1

1 =z 22 2 2y ai wq

2 .
1 2z Zn—-1 %n—1 Zn—1 Gn—1 Wn—1
Since zg, 21, ...,2n—1 are all different, it may be shown that

the coefficient matrix on the left hand side has non-zero
determinant and is therefore invertible. Hence there is one and
only one solution for the coefficients ag, a1, as,...,an_1.

MATH2410 Automata & Algorithms 2.7: Lagrange
The above theorem, while it assures us that there is a
polynomial satisfying the conditions (), does not tell us how
to find it. If we are to analyse the complexity of algorithms
relying on value representations, we need a specific method of
finding the coefficients of a polynomial, given a sequence of
arguments z; and the corresponding function values wj.

One such method is known as Lagrange interpolation. For
k=0,1,...,n—1 define

Then py has degree n — 1, and we have

1 ifj=k
pk(zﬁ):{o if j # k;

therefore
n—1

p(z) =D wipk(2)
k=0

defines a polynomial of degree at most n — 1 satisfying (x), and
by the theorem this is the only such polynomial.

Exercise (not too easy!) Show that the above calculations can
be carried out using O(n?) complex additions, subtractions,
multiplications and divisions.

MATH2410 Automata & Algorithms 2.6: Examples

Comment. Choose fixed distinct 2p, 21,...,2,-1 € C. What
the above theorem tells us is that if we know the values of a
polynomial at these points, and if the polynomial has degree less
than n, then we can find its coefficients. Therefore specifying a
polynomial in terms of these values is just as valid as specifying
it in terms of the coefficients.

Examples.

e Let n = 2. Then the theorem says, in effect, that there is
exactly one line passing through two given points.

e There is exactly one quadratic p such that
p0)=1, p(1)=2, p@)=4.

(Exercise. Find it!)

Definition. If p is a polynomial of degree less than n, and
if z9,21,...,2,—1 are distinct complex numbers, then the
sequence of complex numbers

Wo :p(Zo)7 wy :P(Zl) yerey Wn—1 :P(Zn—l)

is called the value representation of p corresponding to the
arguments zg, 21, ..., 2np—1-

MATH2410 Automata & Algorithms 2.8: Multiplication
Let p, ¢ again be polynomials of degree at most n — 1. Then
the product r = pg has degree no more than 2n — 2 and can
be determined from a value representation based upon 2n — 1
points. It will simplify later results if we in fact work with 2n
points. These considerations lead to the following algorithm for
finding the product of two polynomials.

polymult:=proc(p,q,z)
# p,q are polynomials, represented as
# coefficient vectors of length n; z is a
# vector of 2n distinct complex numbers.
n:=nops(p);
for k from 0 to 2*n-1 do
rvalues[k]:=
horner (p,z[k])*horner(q,z[k]);
od;
rcoeffs:=coefficients of r, found by
Lagrange interpolation
from rvalues and z;
RETURN (rcoeffs);
end;

Recall that horner applied to a polynomial of degree n — 1
takes O(n) multiplications and additions to perform one
evaluation. For each element rvalues[k] we do this twice and
then multiply the results; the number of operations used is still
O(n). All of this must be done 2n times, and the Lagrange
interpolation takes O(n?) steps, a total complexity of

2n.0(n) + 0(n?) = 0(n?) ,

the same as the “obvious” method of multiplying polynomials.



MATH2410 Automata & Algorithms 2.9: Example

Example. Multiply p(z) = 2 — z and ¢(z) = 1 + 3z by the
value representation method.

Solution. Choose zg =0, 21 =1, 20 = —1, 23 = 2. Then

p(20) =2, p(21)

=1, p(z)=3, plzs)=0,
q(z0) =1, q(z1) =4, q(z

)=-2 glz) =T,
and so the product r = pq has a value representation

r(z0) =2, 7(z1) =4, r(z2)=-6, r(z3)=0.
Applying Lagrange interpolation,

(z=D(z+1)(z—2) _

ro(2) = 2 18— 22-1r41

TM:M — L3l

T2(2)=w T

rs(z)zw = 13 .
and so

r(z) =232 -2 — Lz +1)+4(-12+ 322 +2)
—6(—222 +122—1z2)

=2+52—32%,

which can, of course, be checked directly.

MATH2410 Automata & Algorithms 2.11: DFT
Definition. The Discrete Fourier Transform of a vector
j— n
a = (ap,a1,...,a,-1) €C

is the vector
o~ A ~ n
a = (ap,a,...,ap-1) €C

defined by
n—1
ap = Zaj wki
j=0
for k=0,1,...,n — 1. Here

W= e%m/n .

MATH2410 Automata & Algorithms 2.10: Comments

Note.

e The actual multiplication of p and ¢ to get r, working
in terms of value representations, takes only 2n steps.
The time-consuming parts of the procedure are the
evaluations of p and ¢ at the 2n points, and the Lagrange
interpolation used to recover the coefficients of r from its
value representation.

e The above procedure works for any choice of (distinct)
20,21, -,22n—1- By a clever choice of these points we may
greatly simplify the evaluation and interpolation steps and
thus obtain a better algorithm.

MATH2410 Automata & Algorithms 2.12: Comments

Note.

e The DFT a is in fact the value representation of the
polynomial

ao+ a1z +ag2> + -+ ap_12" "

at the points 1,w™,w™2,...,w™ (1) Note that these are
all the nth roots of unity in C.

e The above is the definition used in most books, and in
the third year subject MATH3150 Transform Methods. In
previous years MATH2410 has followed other sources in

defining
n—1
ay = E a; Wk
=0
the definition
n—1
ak*—l E a;w
¢ = j
n
Vvn =

is also sometimes used. There are various advantages and
disadvantages to each of these alternatives.

e Compare the DFT with the Fourier transform of a
function of a real variable

o~ "0 .
for= [ swea,
or with the kth (complex) Fourier coefficient of a

function with period 27:

fx L ft)e *tat .

o o



MATH2410 Automata & Algorithms 2.13: Examples

Examples.

1. Let n = 4. Then w = *™/* = and we get
wi=1, wil=—i, w?2=-1, wi3=4

and so on. Therefore
ay=apg+ai+as+az, a =ag—ia —as+1iasz ,
6220,0*0/14’0,2*0,3, a3 = ag + ia; —as —ias .

Specifically we have, for example,
(1,4,0,2)" = (3 +14, 2 +2i, —1 — 4, —2i) .
2. If n = 6 then w = ¢*™/6 = 1(1 +v/3) and we find
w6:1, wS:—l, w2:w—17 Wtw=1iV3
among other useful relations. If a = (1,4,0,1,0, —¢) then

Go=14+i+0+1+0—-i=2,
Gi=1l+w N+w 3w
=1+(1—-w)i—1—-wi

=1 — 2wi

=3,
Gy=14w2i+w S —wlY%

=l-wi+1+(1-w)

=240 2wi

=243,

and so forth.

MATH2410 Automata & Algorithms 2.15: Linearity

Theorem. Linearity of the DFT. The DFT is a linear map on
C™. That is, if a,b € C™ and if A is a (complex) scalar, then

— —

atb=a+b and la=M\a.

Proof. The vector a+ b has jth component a; + b;, and so its
DFT a+ b has kth component

n—1 n—1 n—1

—kj —kj —kj
E (a; +b)w™ = E a;w ]—&—E bjw™™
=0 =0 =0

= Qg +Zk s

which is also the kth component of a + b. The proof of the
scalar multiplication identity is similar.

Example. If we know that
(1,i,0,2)" = (3+14, 2+ 2i, —1 — 4, —2i)
and that
(i,1,—1,0)" = (i, 1, =2 +14, 1 + 2i) ,
then we can take the first DF'T plus 2i times the second to give

(=1, 3i, =20, 2)" = (144, 2+ 4i, —3 — 5i, —4) .

MATH2410 Automata & Algorithms 2.14: ... continued

3. If a = (¢,0,0,...,0) is the vector representing the
coefficients of a constant polynomial, then

a=(cc0e...,0).

4. Iffa=(1,1,1,...,1) € C" then a = (n,0,0,...,0). This
follows from an important relation between powers of w.

Lemma. Let w = 2™/ Then

—1
"Z Wk — {n if k& is a multiple of n
o 0 otherwise.

Proof. Firstly suppose that k is a multiple of n, say k = mn.
Then w% = w=™" =1 for every value of j and we have

n—1

n—1
E wk = E 1=n.
Jj=0 Jj=0

If, on the other hand, k is not a multiple of n, then we have
w™k = e=2mik/n £ 1 and the left hand side is the sum of a
geometric series:

n-1 —kn

g l-w _
v =Y =0
£ 1 —-w—
7=0

since w™ = 1. This completes the proof.

MATH2410 Automata & Algorithms 2.16: Matrix
Recall that linear maps on finite-dimensional vector spaces may
be represented by matrix multiplication. In fact, if we write a
and a as column vectors we have

ag ap + ay +tan—

ay ap + arw™! oty

62 = ag + 041‘4)72 + -+ a7l—lw72(n71)

A1 ap + ajw= =D 4.4 an_lwf("*l)Q
or
1 1 1 1
1 w! w2 w— (=1
ﬁT _ 1 OJ_2 w—4 . w—2(n—l) aT 7

1 w-(-1)  ,=2(n-1) w—(n—1)?

and so the matrix on the right hand side is the matrix of the
linear map a +— a with respect to the standard basis of C™. This

is a matrix of the form we saw on page 5, with zo = 1, z; = w™1,

Zo=w 2 ..., Zp1 =w ™D Since 1,w w2, ... ,w D
are all different, the matrix is invertible and therefore the DFT

has an inverse linear map.

In fact we can find an explicit and convenient formula for the
Inverse Discrete Fourier transform.



MATH2410 Automata & Algorithms 2.17: Inverse

Theorem. The Inverse Discrete Fourier Transform. The
transform

(b0s b1, - -+ bu—1) = (bo, b1, ... br)
on C" defined by

v 1n—1 i
b = — jw™
k= Z bjw
J=0
for £k = 0,1,...,n — 1 is the inverse of the Discrete Fourier

transform. Here, as above, w = 2™/,
Proof. We have to show that
(a)’=a
for every a € C". The left hand side has mth component

n—1 n—1 n—1

1 i1 o )
— a; wm = — a w_Jk)wm]
I (X w

7=0 =0 k=0

n—1ln—1

% 3 g ko

k=0 j=0

n—1

n—1
Z} a (% JZZ:O uf(kfm)]) .

k=

If £ = m then the expression in brackets is 1, according to the
lemma on page 14. If k # m then

—n<k—m<n

with k& —m # 0; hence k£ — m is not a multiple of n and the
same lemma shows that the inner sum is zero. Therefore the
mth component of (&)Y is

agX04+a; X0+ -+ apxl+ -4+ a,_1xX0=ay,,

and we have shown that (a)¥ = a.

MATH2410 Automata & Algorithms 2.19: Inverse matrix

Note.

e The matrix of the IDFT with respect to standard bases in
C" is

11 1 1
1 w w2 R (ot )

LN Wt 2D

n .
1 w1 2m-1) .. ,m-1)?

e If the alternative definition
1 n—1
5, = ]
ap = T ;} ajw

is used for the DFT, then the IDFT becomes

n—1

v 1 .
br=—=Y bjwh
k Vﬁig; j W

almost identical with the DFT itself.

MATH2410 Automata & Algorithms 2.18: Example

Example. If n = 4 then the IDFT of (bo, b1, be, bs) is given by

bo = L(bo+ by+ byt bs)
by = (bo + iby — by — ibs) ,
by = H(bo — by +by — by)
by = (bo — iby — by + ibs) -

For example, the IDFT of b = (3 +4, 2+ 2¢, —1 — ¢, —27) is
b= (1,i,0,2),

which confirms example 1 on page 13.

MATH2410 Automata & Algorithms 2.20: Convolution
The utility of the DFT in a more efficient method of polynomial
multiplication rests on the following very important result.

Theorem. The Convolution Theorem. For any vectors a,b in
C" we have - R

axb=axb, (%)
where the vectors on the right hand side are the DFTs of the
2n-tuples

(ao,al,...,anfl,o,...,o) and (bo,bl,...,bn,l,o,...,O),
and where x denotes the term by term product

axb=(apby, a1b1, ..., dop—1b2pn—1) -

Note.

e We must append zeros to a and b on the RHS in order to
obtain vectors in C2". (Note, however, that these vectors
still represent polynomials of degree at most n — 1.) If we
left them as vectors in C”, then the right hand side of (*)
would be an element of C™ while the left hand side would
be in C?7, and the two could not possibly be equal.

e Observe the similarity of (%) to the method of multiplying
polynomials using value representations. Taking the DFTs
of a and b is nothing more than calculating the value
representations of

o+ a1z 4+ an_12"", bo+biz+ -+ byt

at the points

1wl w2, ., o@D

the term by term product of the DFTs is the same as that
of the value representations; and to evaluate a * b we shall
need to find an IDFT, which corresponds to a Lagrange

interpolation.



MATH2410 Automata & Algorithms 2.21: Proof

Proof of the Convolution Theorem. Let w = €27%/27 Then for
m=20,1,...,2n — 1 we have

2n—1 n—1
e E ajw ™ = E ajw ™
§=0 j=0
since a, = apy1 = -+ = ag, = 0. Similarly

n—1

—m y

b7n = E bj w J
=0

and so the mth component of the right hand side of (x) is

n—1 n—1
[ E a;w- ™ E b w™ ™k
j=0 k=0
n—1ln—1
= g E ajbkw_m(1+k). (o)
§=0 k=0

On the other hand, the /th component of a * b is
2n—1
> asbes

=0

and therefore the mth component of its DF'T is

2n—1 2n-—1 2n—12n—-1

—ml —ml

Cm = E ( E (ij[_j>u) = E E ajbe_jw .
=0 j=0 j=0 ¢=0

MATH2410 Automata & Algorithms 2.23: New algorithm

We can use DFTs and the Convolution Theorem to develop a
(sort of) new algorithm for multiplying

ag+a1z+ -+ an_12""tand bg+ bz 4+ by12" L.

o Let
a:(a07a17"'7an—1) and b:(b07b17"'7b7l—1)

be the coeflicient vectors of the two polynomials.

e (Calculate the DFTs
a=(ap,a1,...,a,_1,0...,0)",
b= (bo,b1,...,bn_1,0...,0)" .

e Multiply term by term to get a x b.
e Take the IDFT to obtain
axb=(axb)",
which represents the product of the given polynomials.

Example. To find the product of 3i — z and 2 + iz we compute

e a=(3i,—1) and b = (2,19);
e a=(3i,—1,0,0)" = (—=1+ 34, 4i, 1 + 3i, 2i);
e b=(2,i,00"=(2+i3,2—1i,1);

e axb=2axb=(-5+5i,12i, 5 + 5i, 2i);
e axb=1(24i,-20,—4i,0),
which gives the (correct!) product 6i — 5z — i22.
Comment. The fact that the last component of a * b is

necessarily zero suggests that we could have performed this
computation using DFTs in C3. Exercise. Do so!

MATH2410 Automata & Algorithms 2.22: ... continued

In order to identify this with (x) we substitute k¥ = £ — j,
which gives

2n—12n—1—j

Cm = Z Z ajbkw_m(j+k) .

J=0 k=—j

Recall that a; = 0 for j > n and by, = 0 for k < 0. It follows
that all terms involving these values of j and k& may be dropped,
giving

n—12n—1—j

Cm = Z Z ajbkwim(]drk) .
j=0 k=0

Finally, the sum over k includes terms from k =0to k=n—1
as well as further terms, all of which again are zero and may be
dropped, so we have

n—1n—1

Cm = Z Z a;by, w=mU+k)

=0 k=0

and the theorem has been proved.

MATH2410 Automata & Algorithms 2.24: Complexity

Let’s analyse the complexity of this process.

e Calculating
n—1
a, = E a; Wk
=0

by Horner’s method takes O(n) complex arithmetic
operations. To find a and b requires 4n such calculations,
giving O(n2) operations for this step.

e Finding the term by term product of a and b requires
exactly 2n multiplications.

e Recalling that the IDFT formula is virtually identical with
the DFT, the final step will also take O(n?) operations.

Hence, multiplying by this method two polynomials of degree
less than n requires O(n?) arithmetic operations, asymptotically
the same as our previous methods. However, ...



MATH2410 Automata & Algorithms 2.25: D&C + DFTs
...once again we obtain an improved algorithm by applying
divide-and-conquer techniques. This will result in what is called
the Fast Fourier Transform.

Let n be even. For a € C" we have

~ _ _2 _3k
ap = ag + a1 w k—i—agw k—&—agw Sk

—(n—2) n—1)k

+ an_ow k + ap—1 w(

= (ag+asw 2 4 Fap_yw 2k

+(mw ™ +azwF+ o, w DR
=(a0+ a2 P+ Fan_o (TEVH

+w a4+ asCF 4 Fan_ CCETVR)

where
C — w2 _ 627”,'/(77,/2) )

Note that if 0 < k < § — 1, the terms in the first bracket

constitute the kth component of the DFT in C™2 of the vector

Ae = (G07@27---7an72)

consisting of the even-numbered components of a, while those
in the second form the kth component of the DFT of

a, = ((11,(13, e ,anfl)

in C*2. Hence we have, in terms of shorter DFTs, a formula
for @y, provided that 0 < k < § — 1. To find the remaining
components of a we take 0 < k < % — 1 again and calculate

Gtz = (ap + a2 w2k 44 g, gw (MR
+ (e w™*+E) 4 ggwT3kFE) 4.

+an 1w VER)

MATH2410 Automata & Algorithms 2.27: FFT

If n is a power of 2 then the transforms a, and a, can be
calculated by using the same formulae recursively, thus giving
a divide-and-conquer algorithm for evaluating DFTs. This is
known as the Fast Fourier Transform, and was developed
by Cooley and Tukey in about 1965.

fft:=proc(a,omega)
# The vector a is in C"n, where n is a power
# of 2; omega = e”(2*Pi*I/n).
n:=nops(a);
if n=1 then
RETURN(a) ;
else
# Construct "even" and "odd" vectors.
ae:=[seq(a[2#*k],k=0..n/2-1)];
ao:=[seq(al[2*k+1],k=0..n/2-1)];
# Find their DFTs.
aehat:=fft (ae,omega~2);
aohat:=fft (ao,omega~2);
power:=1;
for k from 0 to n/2-1 do
ahat [k] :=
aehat [k]+power*aohat [k] ;
ahat [k+n/2] :=
aehat [k] -powerxaohat [k] ;
power :=power/omega;
od;
RETURN (ahat) ;
fi;
end;

MATH2410 Automata & Algorithms 2.26: ... continued
Writing again ¢ = w?, and observing that
w M= 1,

we obtain

ez = (ag+ a2  + -+ a,_o ("EDF)

— u)_k((ll + a3 C_k +-otan— C_(%_l)k) .
We have therefore proved the first part of the following
Theorem. Suppose that n is even. Let a € C"; write
a, = (ag,a2,...,an-2), a, = (a1,as3,...,an-1)
and w = €2™¥/" Then for k =0,1,..., 5 — 1 we have

k= (Ge )i +w (a0 )k

Gtz = (o) —w (o )i »
2

Q)

where the DFT on the left hand side is that in C™ while that
on the right hand side is in C*/2. Moreover, if b € C" then

v v

b = 3((Be )i + w*(bo )1
birs = 2((Be )k — w*(bo i) -

MATH2410 Automata & Algorithms 2.28: Complexity

Complexity of the Fast Fourier Transform. If n is a
power of 2, let f(n) be the number of (complex) arithmetic
operations required to calculate a DFT in C" using the FFT
algorithm. We have

f)=0
and for n > 1,

f(n) = 2f<g> +0(n) .

By the theorem on asymptotic solution of linear recurrences,
therefore,

F(m) = O(nlogyn)....

...and so we have a superior method of polynomial

multiplication. Given ag,as,...,0,-1,b0,b1,...,bp—1 € C,
write
a = (ap,a1,...,0p-1,0,...,0), b= (by,b1,...,b,1,0,...,0)

and then
e use the FFT procedure to find a and B;
e calculate the term by term product a x B;
e use the FFT again to find the IDFT

axb=(axb)",
the convolution of (ag,a1,...,an—1) and (bo, b1, ..., bp_1).

These three steps require respectively O(nlogyn), O(n) and
O(nlog, n) arithmetic operations; therefore the whole process
has complexity

O(nlogyn) ,

and it is indeed asymptotically faster than “ordinary” methods.



MATH2410 Automata & Algorithms 2.29: Example

Example. Find the product of
1+2+222—42> and 1+ 2iz—2°

by means of the Fast Fourier Transform.
Solution. Let

a= (17172771'70707070)7 b= (1721'7077170707070)7

and write w = €2™/8, Tt will simplify our complex arithmetic
calculations to note that

4 2

w*=-1 and w*=1.
Split a into the two vectors
ae:(1727070)7 %:(17717070)

To find a, we split up a, similarly:
= (1,0), ac, =(2,0).

Instead of calculating recursively all the way down to the case

n = 1 we shall take a short cut by using the result
(ag, a1)" = (ap + a1, ap — az) .

Hence

aee = (17 1)7 aeo = (272)'
Using the FFT formulae to calculate the DFT a, in C*, we
must work with powers of ¢ = €2™¥/4 = 4. We have

1+i_0><2: 3

(Ge )1_1+L x2= 1-2i
()2 =1—i""x2= 1
(Ge)s=1—i"'x2= 1+2i,
that is,
a.=(3,1-2i, -1, 1+2i).
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Similarly we find
b=(2, 143w, 3—i,1—iw, 2—2i,1—3w, —1+i, 1+iw).

Exercise. Check this. Hint. Use a short cut to find Be.
Multiplying term by term gives
b= (248, 143w —2i — 6iw, —1 — 3i, —1 +2i —
6—2i,1—3w—2i+6iw, 1 —3i, -1+ 2i+ iw).

We now find the inverse DFT of ¢ = 4 x b using the FFT
formulae. Firstly we have

= (2+8i, —1—3i, 6 —2i, 1 3i)
Cco = (143w —2i — 6iw, —1 + 2i —
1—3w—2i+6iw, —1 + 2i +iw);

splitting ¢, again,
Cee:(2+8i76_2i)7 (3e0:(—1—3i7 1—31)
Using the short cut

(bo,b1)Y = 3(bo + b1, by — b1)

yields
Coo = (4430, =2+ 51), Coo = (—3i, —1);

and we can now use the FF'T formulae for the inverse transform
with powers of ¢ = e2™/* = { to obtain. . .
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Similarly we split up a, to get
Aoe = (170) y Qoo = (_Zv

calculate

2.30: ... continued

0)7

aoe = (17 1) ) 500 = (_Z7 _7’) 5

and hence obtain

(Go)o=14i9%—i)=1—1
(Ao )1 =1+i"Y—i)=0
(Go)a=1—i9%—i)=1+1
()3 = 1— i 1) = 2,
that is,
a,=(1-14,0,1414,2).

The transform a in C® is now calculated using powers of w:

ap =3 +w O (1-4)=
a1 =(1-2)+wlx0 =
62:—1 +w*2><( )

a3 =(1+2i)+w3x2 =
64:3 7w,0><( ):
a5 = (1-2i) —w 1 x0 =
ag = —1 7w_2><( )=

Gr=(1+2)—w3x2

a=(4—i,1-2i,

—i, 1—2w+2i, 2+, 1—2i,

4 —1
1 — 21

—1
1—-2w+ 2
2 +1
1 — 24
-2 +1
1+ 2w+ 2i.

244, 142w+2i).

MATH2410 Automata & Algorithms 2.32: ... finished!
(Ce)o=12( 4+3i+4°(=3i)) = 2
(lo)1=3(—2+5i+4(-1)) =—-1+2i
(Co)o=73( 4+3i—4°=3i)) = 2+3i
(l)s=2(—2+5i—d}(-1)) =—-1+3i.

Thus
Ce= (2, —1+2i, 2+ 34, —1

and similarly

¢o = (0, 2w — 3iw, 1

+3i),

— 24, w— 3iw) .

At long last, applying the inverse FFT formulae with powers of

w we have
G=5( 2 w’(0))
b =3(-1+2i +w1(2w - 3iw))
Go=3( 243i+w?(1—2i))
(E‘g = %(71 + 3i +w§(w - 3iw))
e=5( 2 (0))
Cs = 3(-142i — w! (2w — 3iw))
to=1( 2+43i—w(1-2))
ér=3(—143i — wd(w — 3iw))
and so
axb=(1,1+2i, 242, —1+3i,

1,-2,4,0).

Therefore the product of the two given polynomials is

L+ (1+2i)z+ (2+20)2% + (=1 + 34)2°

+ 24— 225 4428,



MATH2410 Automata & Algorithms 2.33: Notes

Note.
e Remember that asymptotically the FFT has complexity

of order Q(nlogyn) and therefore is calculated in only
slightly worse than linear time. It is certainly much better
than calculating DFTs from the definition, which has
complexity O(n?). As we saw with Strassen’s method for
matrix multiplication, the “overheads” associated with
splitting a vector into two parts and the like mean that
the FEFT is actually less efficient for small problems than
the straightforward calculation. In practice it has been
found that a well coded FFT is superior for about n > 100;
there are also improved versions which are better than
calculation from the definition for n > 25.

We have ignored the effect of rounding errors in complex
arithmetic; in practice it is necessary to deal with this
problem. If all the coefficients of the polynomials are
integers then, using modular arithmetic, it is possible to
do the whole calculation without rounding errors.

Polynomial multiplication is not the only application

of DFTs. They are also used for many important
applications in signal processing, such as analysis of
sampled waveforms, interpolation and image enhancement.
Real-time applications such as medical uses of ultrasound
make the speed of the FFT highly important.

MATH2410 Automata & Algorithms 2.34: ... more

e Discrete Fourier transforms can also be used to multiply

n-bit integers by thinking of them as “polynomials” with a
constant 2 in place of the variable z. Some extra work is
necessary to allow for “carries”; Schonhage and Strassen
(1971) have developed a multiplication algorithm based
on the Fast Fourier Transform and having complexity
O(nlognloglogn).



