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MATH2410 Automata & Algorithms 1.2: Algorithms

An algorithm is a computational procedure which will accept
any specific problem from a given class of problems, and, if the
problem has a solution, will return this solution after a finite
number of computational steps.

Note that

• an algorithm must consist of a finite set of instructions,
though this set may be as large as desired;

• these instructions must be unambiguous, and also
deterministic: if the algorithm is run twice with the same
input, it should produce the same output by means of the
same intermediate steps;

• the problem must be solved, if it has a solution, in a finite

number of steps;

• an algorithm is a discrete procedure: it operates on
individual symbols such as letters or numbers, and cannot
“slide” continuously from one symbol to another.

MATH2410 Automata & Algorithms 1.3: Specifications

Specification of algorithms. We shall consider examples of
algorithms for solving common problems in mathematics and
data-processing, and shall imagine them as being implemented
on a (possibly idealised) computer. For this course, algorithms
will be written in the language of the computer algebra system
Maple. A brief summary of the Maple commands you need to
understand is given below.

• assignment statements, for example x:=x+1;

• square brackets denote elements of a list or matrix, for
example a[5]; two dots represent a range of values, for
example a[3..9];

• the number of elements in a list a is nops(a);

• procedure-name:=proc( variables );

• if condition then statements elif condition then

statements. . . else statements fi;

• for variable from start by increment to finish do

statements od;

• while condition do statements od;

• RETURN( variables );

• # introduces a comment.

We shall not be overly concerned with getting the Maple
syntax completely correct; the main idea is to use a more
or less familiar language in which to present algorithms for
study. Occasionally I shall deliberately write incorrect Maple
if I feel that it will be easier to understand. Furthermore, our
algorithms will involve little or nothing in the way of checking
input, returning error messages and the like, though these are
matters of great importance in practical programming.

MATH2410 Automata & Algorithms 1.4: Complexity

The complexity of an algorithm is a measure of the “amount
of resources” required to run the algorithm on input of a
given “size”. Here the “amount of resources” may mean the
time taken by the procedure, the space (number of memory
locations) or the number of computational steps; for this course
we shall concentrate on the last of these. A computational
step will have various meanings depending on the problem
under consideration: in sorting algorithms a step will be a
comparison of two numbers, in calculating DFTs it will be a
complex addition, subtraction, multiplication or division, while
in Boolean matrix calculations it will be a bit operation. The
different meanings will cause no difficulties as long as we only
compare algorithms which do the same job and use the same
basic computational steps.

The analysis of complexity can, broadly speaking, be done in
either of two ways:

• worst-case analysis: how many steps are required, in the
worst possible case, to complete the computation on input
of a given size?

• average-case analysis: how many steps are required “on
average”?

Average-case analysis requires elements of probability and is
generally a difficult problem. In this course we shall only
consider worst-case analyses.



MATH2410 Automata & Algorithms 1.5: Powers

Example. Consider the problem of computing xn, given a
real number x and a positive integer n, and assuming that our
computer “knows” how to multiply. A fairly obvious way of
solving this problem is implemented by the following algorithm.

powers:=proc(x,n)

# Calculate the nth power of x by repeated

# multiplication.

y:=x;

for k from 2 to n do

y:=y*x;

od;

RETURN(y);

end;

Essentially the same method may be implemented as a recursive
algorithm.

rpowers:=proc(x,n)

# Calculate the nth power of x recursively.

if n=1 then

RETURN(x);

else

RETURN(x*rpowers(x,n-1));

fi;

end;

Either of these methods uses n − 1 multiplications. The next
algorithm provides a better method.

MATH2410 Automata & Algorithms 1.6: Better method

The following algorithm uses the method of binary powering.

improvedpowers:=proc(x,n)

# Binary powering algorithm.

y:=1;

while n>0 do

if n is odd then

y:=y*x;

fi;

x:=x*x;

n:=n/2 rounded down;

od;

RETURN(y);

end;

In effect, this procedure accepts an input x and successively

calculates x2, x4, x8, . . . , x2k+1

, where 2k ≤ n < 2k+1; each of
these calculations requires one multiplication only. Then some
of these values are multiplied together to give the required
power of x. The first part of the procedure therefore takes
k + 1 multiplications; the second takes k + 1 in the worst case,
possibly fewer. Since

2k ≤ n < 2k+1

we have
k ≤ log2 n ,

and hence the number of steps taken by the algorithm is at
most 2 log2 n + 2. We say that the algorithm has complexity of
order log2 n.

MATH2410 Automata & Algorithms 1.7: Comment

Comment. The worst case for this algorithm will occur when
n is one less than a power of 2. A method which may be faster
in this case is to use both multiplication and division: for
example, to find x63 we may calculate

x2, x4, x8, x16, x32, x64

and then divide by x, using seven operations altogether as
against eleven,

x, x2, x3, x4, x7, x8, x15, x16, x31, x32, x63,

by the above method. The best possible algorithm for this
simple problem is unknown!

MATH2410 Automata & Algorithms 1.8: Polynomials

Example. Another common problem is to evaluate a
polynomial expression

a0 + a1x + a2x
2 + · · · + anxn .

Again we look at the “obvious” method first. The input a is an
array containing the coefficients a[0], a[1], . . . , a[n].

evalpoly:=proc(a,x)

# Evaluate the polynomial with coefficients

# a[0],...,a[n] at the argument x.

n:=nops(a)-1;

p:=a[0];

y:=1;

for k from 1 to n do

y:=y*x;

p:=p+a[k]*y;

od;

RETURN(p);

end;

This procedure requires 2n multiplications and n additions.
Again there is a better method.



MATH2410 Automata & Algorithms 1.9: Horner

Horner’s method for evaluating polynomials is based on the
formula

a0 + a1x + a2x
2 + · · · + anxn

= a0 + x(a1 + x(a2 + · · · + x(an−1 + anx) · · · )) .

A Maple implementation is

horner:=proc(a,x)

# Evaluate a polynomial by Horner’s method.

# The coefficients are a[0],a[1],...,a[n].

n:=nops(a)-1;

p:=a[n];

for k from n-1 by -1 to 0 do

p:=a[k]+x*p;

od;

RETURN(p);

end;

Horner’s method takes only n multiplications and n additions,
a clear saving over the straightforward method.

MATH2410 Automata & Algorithms 1.10: Quartic

For special purposes there may be even better methods. For
example, the following formulae will evaluate the quartic

p(x) = a0 + a1x + a2x
2 + a3x

3 + a4x
4 .

First we “pre-process” the coefficients,

b0 =
a3 − a4

2a4
;

b1 =
a1

a4
−

b0a2

a4
+ b2

0(b0 + 1) ;

b2 =
a2

a4
− b0(b0 + 1) − b1 ;

b3 =
a0

a4
− b1b2 ;

then the polynomial is evaluated by

p1 = x(x + b0) ;

p2 = (p1 + b1)(p1 + x + b2) ;

p = a4(p2 + b3) .

In the final three steps we require three multiplications and
five additions; Horner’s method for a quartic takes four
multiplications and four additions. There is also the cost of
the pre-processing to be considered; but this is a once-only
calculation, and if we need to evaluate the same quartic for
many different x-values (as we do, for example, when we plot
the graph of the quartic), this extra cost is outweighed by the
savings we make in computing a large number of sums instead
of products.

MATH2410 Automata & Algorithms 1.11: Order of magnitude

Order of magnitude analysis. Consider three different
methods of performing the same calculation, and suppose that
the number of computational steps taken by each is

n , 2n + 3 , and 4n2 .

Clearly the first is the most efficient of the three and the third
is the least efficient; but for many purposes other considerations
are important. If we have to double the size of our problem,
then the first algorithm will take twice as long, the second
also (approximately) twice as long, while the third will take
four times as long. Conversely, doubling the number of steps
available will enable us to solve a problem twice as big in the
first two cases, but only

√
2 times as big in the third. In this

sense the first two algorithms are equivalent and we will say
that they have O(n) complexity while the third has O(n2)
complexity.

Definition. Let f and g be functions defined on the set of
positive integers and taking non-negative real values. We say
that f is of order g, written f = O(g), if there exists a
constant C such that

f(n) ≤ Cg(n)

for all sufficiently large n.

MATH2410 Automata & Algorithms 1.12: Comments

Comment.

• The idea behind this terminology is that f is no bigger
than g, except possibly for a constant factor, which we
regard as irrelevant. In practice g will be a simpler function
than f . Note, however, that the definition does not say
that f is “about the same size” as g: it might be much
smaller. See example 1 following.

• The phrase “for all sufficiently large n” means that the
inequality may sometimes be false, but only for finitely
many n.

• Essentially (though we have to be careful if g(n) is
sometimes zero), f = O(g) means that f(n)/g(n) does not
tend to infinity as n → ∞. More precisely, we have the
following useful lemma.

Lemma. If lim
n→∞

f(n)

g(n)
exists (that is, if the limit is finite), then

f = O(g).

Proof. Let

lim
n→∞

f(n)

g(n)
= L .

By the formal definition of limit, there exists N ∈ N such that

if n ≥ N then

∣

∣

∣

∣

f(n)

g(n)
− L

∣

∣

∣

∣

< 1 .

Therefore, if n ≥ N we have

f(n)

g(n)
< L + 1

and so f(n) < (L + 1)g(n). By definition, this means that
f = O(g).



MATH2410 Automata & Algorithms 1.13: Examples

Examples.

1. 2n + 3 = O(n) since for n ≥ 1 we have

2n + 3 ≤ 2n + 3n = 5n .

It is also true, though less useful, that 2n + 3 = O(n2),
2n + 3 = O(n3) and so forth.

2. It can be shown that lim
n→∞

ln n

n
= 0. Therefore by the

lemma on the previous page we have ln n = O(n).

In fact, despite the very misleading appearance of the
graph, ln n = O(nε) for every positive ε. This is still true
if ln is replaced by log2 or by log10.

3. n = O(2n); in fact any power of n is of the order of any
increasing exponential.

4. A sum of terms has the order of magnitude of its largest
term. For example,

n2 + 1000n + 2000000 = O(n2)

and
5n1/10 + log2 n = O(n1/10) .

MATH2410 Automata & Algorithms 1.14: Matrix multiplication

In our next few examples we shall approach the problem of
multiplying two n×n matrices. Our first algorithm will directly
apply the definition: C = AB if and only if

cij =
n

∑

k=1

aikbkj

for i, j = 1, 2, . . . , n.

matmult:=proc(A,B)

n:=rowdim(A);

# Assume that A and B are both n by n

# matrices.

for i from 1 to n do

for j from 1 to n do

C[i,j]:=0;

for k from 1 to n do

C[i,j]:=C[i,j]+A[i,k]*B[k,j];

od;

od;

od;

RETURN(C);

end;

To calculate each element of C we perform n additions and n
multiplications; therefore 2n3 operations are required.

MATH2410 Automata & Algorithms 1.15: Strassen

Strassen’s method (1969) of matrix multiplication, in the
2 × 2 case, consists of the following formulae. Let

A =

(

a11 a12

a21 a22

)

, B =

(

b11 b12

b21 b22

)

.

Calculate
p1 = (a11 + a22)(b11 + b22)

p2 = (a21 + a22)b11

p3 = a11(b12 − b22)

p4 = a22(b21 − b11)

p5 = (a11 + a12)b22

p6 = (a21 − a11)(b11 + b12)

p7 = (a12 − a22)(b21 + b22)

c11 = p1 + p4 − p5 + p7

c12 = p3 + p5

c21 = p2 + p4

c22 = p1 − p2 + p3 + p6 ;

then

AB = C =

(

c11 c12

c21 c22

)

.

Example. To compute

(

1 1
2 3

) (

−1 4
1 −2

)

by Strassen’s
method we calculate

p1 = −12, p2 = −5, p3 = 6, p4 = 6,

p5 = −4, p6 = 3, p7 = 2,

giving the product

(

0 2
1 2

)

.

MATH2410 Automata & Algorithms 1.16: Divide-and-conquer

Strassen’s method for 2 × 2 matrices requires 7 multiplications
and 18 additions, as against 8 multiplications and 8 additions
for the standard method. It is not clear that a saving of one
multiplication is worth ten extra additions; however, things
become quite different if we use Strassen’s formulae together
with a divide-and-conquer approach. A divide-and-conquer
algorithm solves a problem by

• splitting the problem into two or more smaller problems of
the same type;

• solving the smaller problems by using the same method
recursively, or, if they are small enough, by straightforward
methods;

• combining the solutions of the smaller problems into a
solution of the whole.

Divide-and-conquer algorithms are a form of recursion.
However, most of the examples you have seen of recursive
algorithms solve a problem of size n in terms of one of size
n− 1, whereas a divide-and-conquer algorithm solves a problem
of size n in terms (usually) of two or more problems of size n

2 .



MATH2410 Automata & Algorithms 1.17: Mergesort

Example. A divide-and-conquer sorting algorithm that was
studied in MATH1081 is mergesort. For example, to sort the
list

1, 4, 1, 5, 9, 2, 6, 5

by this method,

• consider the two half-lists 1, 4, 1, 5 and 9, 2, 6, 5;

• sort the first half to get 1, 1, 4, 5. . .

• . . . and the second to get 2, 5, 6, 9;

• merge the sorted half-lists to obtain

1, 1, 2, 4, 5, 5, 6, 9.

The middle steps in this procedure are accomplished by
applying the same algorithm recursively, repeatedly halving the
lists until they contain only one element and are therefore easy
(very!) to sort.

In problem 7 you are asked to analyse the complexity of
mergesort.

MATH2410 Automata & Algorithms 1.18: D&C + definition

First we apply divide-and-conquer techniques to the calculation
of matrix products immediately from the definition. Suppose
that A and B are n × n matrices and that n is a power of 2.
Splitting the matrices into four n

2 × n
2 submatrices, we have

A =

(

A11 A12

A21 A22

)

, B =

(

B11 B12

B21 B22

)

,

C = AB =

(

C11 C12

C21 C22

)

,

where
C11 = A11B11 + A12B21

C12 = A11B12 + A12B22

C21 = A21B11 + A22B21

C22 = A21B12 + A22B22 .

Using these formulae to compute AB, where the smaller
products AikBkj are found by applying the same method
recursively, yields the following algorithm.

MATH2410 Automata & Algorithms 1.19: . . . continued

A divide-and-conquer matrix multiplication algorithm.

matsum:=proc(A,B)

# Add the m by m matrices A and B.

m:=rowdim(A);

for i from 1 to m do

for j from 1 to m do

C[i,j]:=A[i,j]+B[i,j];

od;

od;

RETURN(C);

end;

dcmatmult:=proc(A,B)

if A,B are 1 by 1 matrices then

# The matrices are just numbers.

C:=A*B;

else

split A into A11,A12,A21,A22;

split B into B11,B12,B21,B22;

C11:=matsum(dcmatmult(A11,B11),

dcmatmult(A12,B21));

C12:=matsum(dcmatmult(A11,B12),

dcmatmult(A12,B22));

C21:=matsum(dcmatmult(A21,B11),

dcmatmult(A22,B21));

C22:=matsum(dcmatmult(A21,B12),

dcmatmult(A22,B22));

combine C11,C12,C21,C22 into C;

fi;

RETURN(C);

end;

MATH2410 Automata & Algorithms 1.20: . . . complexity

Given two m × m matrices, it is clear that matsum takes m2

arithmetic operations to compute their sum. Let f(n) be
the number of operations required by dcmatmult to find the
product of two n × n matrices. To perform such a calculation,

• if n = 1 then only one operation is needed;

• if n > 1 (and n is a power of 2) then we compute

• eight products of n
2 × n

2 matrices – this requires 8f
(

n
2

)

operations; and

• four sums of n
2 × n

2 matrices, taking 4
(

n
2

)2
operations.

Hence
f(n) = 8f

(n

2

)

+ n2 , f(1) = 1 .

We can solve this divide-and-conquer recurrence by substituting
n = 2k and gk = f(2k). Then we have

gk = 8gk−1 + 4k , g0 = 1 .

By (hopefully!) well-known techniques we can solve this
recurrence to obtain gk = 2 × 8k − 4k, that is,

f(n) = 2n3 − n2 = O(n3) .

So this divide-and-conquer algorithm is no better than the
straightforward approach. However. . .



MATH2410 Automata & Algorithms 1.21: D&C + Strassen

. . . we can get an asymptotically faster algorithm by combining
divide-and-conquer techniques with Strassen’s formulae.

strassen:=proc(A,B)

if A,B are 1 by 1 matrices then

C:=A*B;

else

split A into A11,A12,A21,A22;

split B into B11,B12,B21,B22;

P1:=strassen(matsum(A11,A22),

matsum(B11,B22));

P2:=strassen(matsum(A21,A22),B11);

P3:=strassen(A11,matdif(B12,B22));

P4:=strassen(A22,matdif(B21,B11));

P5:=strassen(matsum(A11,A12),B22);

P6:=strassen(matdif(A21,A11),

matsum(B11,B12));

P7:=strassen(matdif(A12,A22),

matsum(B21,B22));

C11:=matsum(P1,P4);

C11:=matdif(C11,P5);

C11:=matsum(C11,P7);

C12:=matsum(P3,P5);

C21:=matsum(P2,P4);

C22:=matdif(P1,P2);

C22:=matsum(C22,P3);

C22:=matsum(C22,P6);

combine C11,C12,C21,C22 into C;

fi;

RETURN(C);

end;

MATH2410 Automata & Algorithms 1.22: . . . complexity

Here, as before, we have partitioned A as

A =

(

A11 A12

A21 A22

)

,

and B and C similarly.

Let f(n) be the number of operations required to multiply two
n × n matrices by the divide-and-conquer version of Strassen’s
method. As above we find

f(n) = 7f
(n

2

)

+ 18
(n

2

)2

, f(1) = 1 ,

and by substituting gk = f(2k) = f(n) we obtain

f(n) = O(nlog2 7) = O(n2·807) ,

which is asymptotically better than our previous algorithms.

MATH2410 Automata & Algorithms 1.23: Non-powers of 2

Strassen’s algorithm, as given above, works only for n × n
matrices where n is a power of 2. A minor adaptation enables
us to multiply such matrices even if n is not a power of 2.

• Determine k such that 2k−1 < n ≤ 2k.

• “Pad out” A, B with zeros to get 2k × 2k matrices A′, B′:

A′ =

(

A 0
0 0

)

, B′ =

(

B 0
0 0

)

.

• Use the algorithm strassen to compute C′ = A′B′. Note
that

C′ =

(

A 0
0 0

) (

B 0
0 0

)

=

(

AB 0
0 0

)

and therefore AB can simply be read off as the top left
n × n submatrix of C′.

The number of arithmetic operations required for this procedure
is O

(

(2k)log2 7
)

; since

(2k)log2 7 < (2n)log2 7 = 7nlog2 7

the complexity of this method when applied to n × n matrices,
even when n is not a power of 2, remains the same, namely,

O(nlog2 7).

Exercise. Show how similar ideas can be used to find the
product of an m × n and an n × p matrix.

MATH2410 Automata & Algorithms 1.24: Comments

Note.

1. Pan (1984) developed an even better multiplication
method, with complexity O(n2·496).

2. Strassen’s method improves on the straightforward
approach not so much because a few additions are
less costly than a multiplication, but because the
multiplications are “structurally more critical”.

3. In practice we don’t use Strassen’s formulae all the way
down to the 1 × 1 case, but switch over to “ordinary”
methods at a certain point. Kronsjö (p. 146) shows that if
this is done carefully we obtain an algorithm of complexity
f(n) ≤ 4·7nlog2 7.

4. In investigating the complexity of strassen we have
ignored overheads such as incrementing the variables in
for loops and the computation of indices required in order
to split up and recombine the matrices. For example, to
compute A22 we would use the instructions

for i from 1 to n/2 do

for j from 1 to n/2 do

A22[i,j]:=A[i+n/2,j+n/2];

od;

od;

To do these calculations completely for A and B, and in
reverse for C, will take 3n2 additions (fewer if carefully
programmed) and therefore will not affect the asymptotic
order of magnitude of the complexity. Hence Strassen’s
method is certainly better than the standard method for
large n; actual implementations of Strassen-type algorithms
have been found to be superior for about n ≥ 29.



MATH2410 Automata & Algorithms 1.25: Recurrences

Asymptotic solution of linear recurrences. Instead of
finding a complete solution to a divide-and-conquer recurrence,
it turns out that it is possible to read off the order of magnitude
of the solution with next to no calculation.

Theorem. Let f(n) be defined and non-negative whenever n
is a power of 2. Let α, β ≥ 0, and suppose that

f(n) = 2αf
(n

2

)

+ O(nβ)

for n = 2, 4, 8, . . . . Then

f(n) =







O(nα) if α > β

O(nα log2 n) if α = β

O(nβ) if α < β.

Proof. The recurrence can be rewritten as an inequality,

f(n) − 2αf
(n

2

)

≤ Cnβ ,

where C is a constant independent of n. Substituting n = 2k

we have
f(2k) − 2αf(2k−1) ≤ C 2kβ .

Now repeatedly replace k by k − 1 and multiply by 2α. We
obtain

2αf(2k−1) − 22αf(2k−2) ≤ C 2kβ2α−β

22αf(2k−2) − 23αf(2k−3) ≤ C 2kβ22(α−β)

...
...

2(k−1)αf(2) − 2kαf(1) ≤ C 2kβ2(k−1)(α−β) .

MATH2410 Automata & Algorithms 1.26: . . . continued

Adding these k inequalities yields

f(2k) − 2kαf(1)

≤ C 2kβ
(

1 + 2α−β + 22(α−β) + · · · + 2(k−1)(α−β)
)

.

If α > β then

f(2k) − 2kαf(1) ≤ C 2kβ 2k(α−β) − 1

2α−β − 1

and so

f(n) ≤ nαf(1) +
C

2α−β − 1
nβ(nα−β − 1)

= Anα − Bnβ

where A, B are positive constants

= O(nα) ,

while if α < β then a similar calculation gives f(n) = O(nβ). If
α = β then

f(2k) − 2kαf(1) ≤ C 2kβk

and so

f(n) ≤ nαf(1) + Cnα log2 n = O(nα log2 n) .

This completes the proof.

Examples. If f satisfies the recurrence

f(n) = 10f
(n

2

)

+ 7n3 − 4n

then by taking α = log2 10 = 3·322 and β = 3 in the theorem
we see that f(n) = O(nlog2 10). If, on the other hand,

f(n) = 8f
(n

2

)

+ 7n3 − 4n ,

then f(n) = O(n3 log2 n).

MATH2410 Automata & Algorithms 1.27: Extension

A similar result holds if f is defined on powers of a number
other than 2.

Theorem. Let c > 1; let f(n) be defined and non-negative
whenever n is a power of c. Let α, β ≥ 0, and suppose that

f(n) = cαf
(n

c

)

+ O(nβ)

for n = c, c2, c3, . . . . Then

f(n) =







O(nα) if α > β

O(nα logc n) if α = β

O(nβ) if α < β.

Proof. Exercise (almost identical to the proof of the previous
theorem).

Note. It doesn’t actually matter whether we write the
logarithmic term as logc n, log2 n, ln n or log10 n, as all these
functions are constant multiples of each other. Frequently we
shall simply write log n.

Examples. If

f(n) = 10f
(n

3

)

+ 7n3 − 4n

then by taking c = 3, α = log3 10 = 2·096 and β = 3 in the
above theorem we have f(n) = O(n3). If

f(n) = 100f
( n

10

)

+ n2 + 11

then f(n) = O(n2 log10 n) = O(n2 log n).

MATH2410 Automata & Algorithms 1.28: Three-way mergesort

Let’s reconsider the mergesort algorithm from p. 16, and see if
we could sort a list any faster by splitting it into three sublists
instead of two, then sorting the smaller lists by using the same
method recursively, and finally merging the sorted lists.

Assume that n is a power of 3, and let f(n) be the number of
comparisons required to fully sort a list of n elements by the
“three-way mergesort” method. A little thought shows that
in the worst case, 2n − 3 comparisons will be needed to merge
three sorted lists into one list of size n. Therefore f(n) satisfies
the recursion

f(n) = 3f
(n

3

)

+ 2n − 3 ;

hence we can apply the theorem on the previous page with
c = 3 and α = β = 1 to see that

f(n) = O(n log3 n) .

From problem 7 on sheet 1 we know that the ordinary
mergesort requires O(n log2 n) comparisons to sort a list of n
elements, so up to an order of magnitude there is no difference
in the complexity of the two methods.


