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Probability and statistics



MATH1231 Algebra 9.2: Introduction: probability

The concept of probability is a fairly familiar one. For example, consider the statement
“if T toss ten coins, the probability that seven or more turn up heads is 0-17”. We might
informally understand this to mean that if we toss ten coins, say, 100 times, then we ought
to see seven or more heads 17 times. There are, however, some difficulties.

e The above reasoning assumes, in effect, that all possible results of the ten tosses are
equally probable. So it appears that we are defining probability in terms of itself. Is this
reasoning circular?

e What if we actually do the 100 sets of coin tosses and get seven or more heads 21 times?
Does this mean there is something wrong with our calculations? Does it mean there is
something wrong with the coins??

e What is meant by “the probability that I live to age 80”7 As I am only going to live
once, this is clearly not a repeatable experiment!

If we want to think seriously about probability, these questions need to be addressed — try
looking up “measure theory and probability”. For MATH1231, however, we shall be satisfied
with a “gut feeling” for probability and will not look very closely into its philosophical basis.



MATH1231 Algebra 9.3: Introduction: statistics

The word statistics in common usage means a collection of figures, usually relating to some
particular topic: for example, “world population statistics”, or “UNSW student enrolment
statistics”. In mathematical terminology, however, “statistics” does not mean the numbers
themselves but how we get them and what we do with them, “the science of making rational
decisions in an uncertain situation”.

Example. A new treatment has been developed for cancer. Is it superior to the standard
treatment?

The basic idea for answering this question is fairly obvious: treat some patients the old way,
some the new way and then compare the results. But there are difficulties. First note that
whatever results we obtain, we can never be absolutely certain which treatment is better.
Suppose, for example, that most people undertaking the old treatment are cured, and most
taking the new treatment are not. This might mean that the old treatment is better; it might
be that patients taking the old treatment were not, before treatment, as badly sick as the
others; it might just be a matter of chance — after all, it’s not likely that either treatment will
cure everyone. There are three problems.

... continued



MATH1231 Algebra 9.4: ... continued

e To obtain a sufficiently confident answer, how many patients should we look at? How
many should take each treatment? Statistics can advise on data production. Note
that we use the science of statistics before we have any “statistics” (that is, data)!

e We shall generally need to summarise our data, for example, to find the proportion
of cures under each treatment. It might be necessary to further subdivide the data
according to the patient’s age, sex, previous medical history and so on. This is known
as data analysis. We may need to calculate averages, standard deviations and other
statistical measures. If there is a lot of data, tables and graphs will be very useful.

e We shall need to draw conclusions by means of statistical inference to answer our
questions. This is rarely straightforward! For example, suppose that the old treatment
gives 62% cures and the new 63%. Can we definitely say that the new treatment is
better? What if the proportions were 62% and 64%? Or 62% and 70%?

To make a decision from our data we proceed as follows. Suppose that we already have
lots of data on the old treatment and we know that it cures 62% of patients. We pick
a significance level, and by using the techniques of probability derive a statement such
as “we will be 95% sure that the new treatment is better if it cures 74% or more of the
patients in our sample”. We then look at the data, see whether or not 74% were cured
by the new treatment, and make our decision accordingly.



MATH1231 Algebra 9.5: Sets

Theorems and questions of probability are expressed in the language of sets.

notes,

Concept. “A set is a collection into a whole, A, of definite and separate objects of our page 166

intuition or our thought. These objects are called the elements of A.” (Georg Cantor,
translated by P.E.B. Jourdain.)

Note. A set must be well-defined: it must be possible in principle (though maybe very
difficult in practice) to decide whether any particular “object” is an element of the set or not.

Notation. We write x € A to indicate that an “object” x is an element of a set A, and x ¢ A
to indicate that it is not.

Definition. page 167
e If every element of the set A is also an element of the set B, then we say that A is a
subset of B and write A C B.
e The power set of a set A, denoted P(A), is the set of all subsets of A.

e A universal set is a set containing all elements of all sets that we will need to talk
about in some particular topic.

e The empty set, denoted @ or { }, is the set with no elements.

Example. The set A = { A, O,[]} has three elements and eight subsets, with
P(A) = {@, {A}{OH {0} {A, 0} {A,O}, {0,001, {A,O,D}} :



MATH1231 Algebra 9.6: Set operations

We can define operations between sets and illustrate them by means of Venn diagrams.

Definition. Let A and B be subsets of a universal set S. Then

e the complement of A is the set of elements of S which are not in A,
A={zxzeS|x¢g A};
e the intersection of A and B is the set of elements which are both in A and in B,

ANB={zeS|recAandx e B};

e the union of A and B is the set of elements which are either in A or in B,
AUB={zeS|zecAorxecB};

e the set difference A — B is the set of elements which are in A and not in B,
A-B={zeS|zecAandx ¢ B} =ANB".

A S |A S |A S |A S

A° ANB AUB A—-B

notes,
page 167



MATH1231 Algebra 9.7: Examples
Example. Let S be the set of all people involved in sport, let A be the subset of S consisting
of Australians, and let B be the subset of S consisting of cricketers. Then

e A° is the set of all non—Australian sportspeople;

e AN B is the set of all Australian cricketers;

e AU B is the set of all sportspeople who are Australian or play cricket (or both);

A — B is the set of all Australian sportspeople who don’t play cricket;

B — A is the set of all cricketers who are not Australian.



MATH1231 Algebra 9.8: Partitions

Definition.
e Sets A, As, ..., A are said to be disjoint or mutually exclusive if there are no
elements common to all of the sets, that is, if A; N AsN---NA, = O.
e Sets Ay, As, ..., A are pairwise disjoint if there are no elements common to any two

of the sets, that is, if any two of them are disjoint.

o Sets Ay, Ao, ..., A are said to partition a set B if Ay, Ao, ..., Ar are pairwise disjoint
and AiUAU---UAL = B.

Examples.
e The four sets A1, Ao, A3z, A4 partition B.

S5

A ={1,4,6,9}, A, ={1,67}, A;=1{2,57)}

are disjoint, but they are not pairwise disjoint.

e The sets

notes,
page 168



MATH1231 Algebra 9.9: A lemma

Lemma. Induced partitions. If Ay, Ao, ..., A partition the set S and if B is a subset of .9,
then A1 N B, Ay N B, ..., Ay N B partition B.

Proof. We have to show that under the given conditions, the sets A1NB, AsNB, ..., AxNB
are pairwise disjoint and their union is B.

Firstly, suppose that an element z is in two of these sets, say A; N B and A; N B, where
i # j. Then x is in both A; and A;; and this is impossible since the sets A, Ag, ..., Ay are
pairwise disjoint.

Secondly, it is clear that each set A; N B is a subset of B, so the union of all these sets is
a subset of B. Conversely, any © € B is also in S; so x € A; for some ¢; and hence z € A; N B.
Therefore the union of all A; N B is equal to B, and the proof is complete.

notes,
page 169



MATH1231 Algebra 9.10: Set identities and counting

notes,

The set operations, particularly union, intersection and complement, satisfy many identities. L..c 160
For example, we have

e the distributive laws

AN(BUC)=(ANB)U(ANC) and AU(BNC)=(AUB)N(AUC) ;

e De Morgan’s laws

(AUB)*=A°NB° and (ANB)°=A°UB°.

Definition. If A is a finite set then |A| denotes the cardinality of A, that is, the number of o 160
elements in A.

notes,

Lemma. The Inclusion—Exclusion Principle. For any finite sets A, B, C' we have bage 169

|AUB| = |A|+ |B| — |AN B|
JAUBUC|=|A|+|B|+|C|—|AnB|—]ANC|—|BNC|+|ANnBNC|.

Comment. There are similar formulae involving any finite number of finite sets.



MATH1231 Algebra 9.11: Countable

notes,

Definition. A set A is said to be countable if its elements can be listed in a (finite or page 167
infinite) sequence.

Examples.
e Any finite set is countable.

e The set of all integers is countable.
-4 -3 -2 -1 0 1 2 3 4

e Amazingly, the set of all positive rational numbers is countable!

ROt R RW RN
N[O NI N[W NN N[
WOt Wk Wlw Wi W=
AOT R R BN
gyor Uik olw gl Oy

e Amazingly, the real numbers are not countable! This is shown by an ingenious proof
known as Cantor’s diagonal argument (look it up).



MATH1231 Algebra 9.12: Probability

Probability. There are many situations in real life where the outcome of our actions, or
other people’s actions, or natural events, cannot be predicted with certainty. For example,

e tossing a coin and observing which face turns up;

e tossing a coin three times and observing the sequence of results;

e tossing a coin three times and observing how many heads turn up;

e investing $1000 on the stock market and seeing how much it is worth after a year;

e choosing a person at random from the Australian population and noting their age at
their most recent birthday.

Any situation like this is referred to as an experiment; this does not necessarily mean the
sort of “controlled experiment” that we see in many sciences.

notes,

Definition. A sample space of an experiment is a set of all possible outcomes. bage 170

Example. Consider the experiment of tossing a coin three times. If we are interested in the
sequence of results, then the sample space would be

(HHH, HHT, HTH, HTT, THH, THT, TTH, TTT } .

If we are interested in the total number of heads, the sample space would be {0,1,2,3 }. If
we are only interested the result of the last throw, the sample space would be { H, T }.



MATH1231 Algebra 9.13: Events

Often, especially when we come to probability, we are interested in results that do not consist
of individual outcomes.

o 0 . tes,
Definition. An event is a subset of a sample space. page 171
Examples.

1. In the experiment of tossing a coin three times, and observing the sequence of results,
here are some events that might be of interest:

(a) the result is two heads followed by a tail: { HHT };
(b) there are more tails than heads: {TT7T, HTT, THT, TTH };

(c) there is at least one head in the first two tosses:

(HHH, HTH, THH, HHT, HTT, THT} ;

(d) there are four or more heads: @.

2. In the experiment of observing a person’s age last birthday, possible events of interest
include

(a) the person is over 100 years old: {100,101,102,...};
(b) the person is a child under a year old: {0 };
(c¢) the person is not yet 18 years old: {0,1,2,...,17}.



MATH1231 Algebra 9.14: Probability

We have seen examples where individual outcomes have equal probability, and examples
where they do not. Rather than try to analyse in advance what sorts of probabilities may
be encountered in practice, it is more convenient to frame a definition which encaptures the
essential features of probability.

notes,

Definition. A probability on a sample space S is a function P from the power set P(S) to pege 171
R which has the following properties.

1. For all A C S we have 0 < P(A) < 1.

2. P(@)=0and P(S) =1.

3. If A and B are disjoint subsets of S then P(AU B) = P(A) + P(B).



MATH1231 Algebra 9.15: Properties

Many other important properties about probability can be deduced from the definition. Here
are some of the most fundamental.

notes,

Theorem. Basic properties of probability. Let A and B and A, Ay, ..., A be events in a  ,age 174
sample space S.

1. P(A°) =1— P(A).
2. If Ay, Ao, ..., Ag are pairwise disjoint, then

P(AyUAU---UA,) = P(A1)+ P(A2) +-- -+ P(Ayg) .
3. PLAUB)=P(A)+ P(B) — P(AN B).

4. If A C B then P(A) < P(B).

Proof. The events A and A are disjoint, so the additivity property (part 3 of the
definition), followed by the second equality in part 2, shows that

P(A) + P(A%) = P(AUAS) = P(S) = 1.

Our first claim follows easily. The second is left as an exercise (use the additivity property
and induction).

...continued



MATH1231 Algebra 9.16: ... continued

(continued) To prove the third result, note that A — B and AN B and B — A are pairwise
disjoint; applying this in various ways shows that

P(AUB)=P(A-B)+ P(ANB)+P(B—-A)
and
P(A)=P(A-B)+P(ANnB) and P(B)=PB—-A)+P(ANB).
Eliminating P(A — B) and P(B — A) from these three equations gives the desired result.

To prove the fourth property, note that if A C B then A N B = A; so the third of the above
equations can be written

P(B) = P(B — A) + P(A) ,

and we have
P(A) = P(B)— P(B—A) < P(B).



MATH1231 Algebra 9.17: Comments

notes,

Further results. We can use the preceding results (particularly the second) to prove the  [izc iz
following properties (exercise!).

o If S is finite and A C S, then P(A) = > P({a}).
acA

e If S is finite, then Z P({a})=1.
acsS
A
e If S is finite and P({ a }) has the same value for each a € S, then P(A) = % :

Comments.

e The first two of the above results are also true if S is countable. This raises some new
issues (the sums involved may be infinite series) and we shall not address this case in the
present course.

e In the situation of the third result, we say that all outcomes are equally likely.



MATH1231 Algebra 9.18: Examples

Examples. We return to the examples on page 13.

1. In tossing three coins, it seems reasonable to assume that heads and tails are equally
likely on each toss (if not, say we are tossing three fair coins where this is true by
definition) and so each of the eight possible sequences of three tosses is equally likely.
Hence the results from the previous page give

(a) the probability of obtaining two heads followed by a tail is P({ HHT }) = ;

(b) the probability that we obtain more tails than heads is
PH{TTT, HTT, THT, TTH }) = % = %;

(c) the probability that there is at least one head in the first two tosses is

P{HHH, HTH, THH, HHT, HTT, THT }) = g — % :

(d) the probability that there are four or more heads is P(2) = 0.

2. In the experiment of choosing a person at random and observing their age last birthday,
approximate probabilities are (Australian Bureau of Statistics estimates, June 2015):

(a) probability that a person is over 100 years old: P({100,101,102,...}) = 0-00019;
(b) probability that a person is a child under a year old: P({0}) = 0-013;
(c) probability that a person is not yet 18 years old: P({0,1,2,...,17}) = 0-22.



MATH1231 Algebra 9.19: Allocating probabilities

notes,

Observe that the definition of probability does not give us any idea of what specific bage 173
probabilities are realistic for any given situation. The preceding examples give two commonly
used methods of making this decision.

e Take advantage of any symmetry in the problem. This is what we did when we assumed
that in tossing a coin, heads and tails are equally likely. It is also what we would do if
we assumed that in throwing a die, each face will come up with probability %, or that in
dealing five cards from a standard pack, any specific hand of five cards is as likely as any
other.

e Use experience, or large amounts of data. Often this is our only option: it would
clearly be unreasonable to expect the age profile of a population to adhere rigidly to any
predetermined figures. Indeed, if we are not prepared to assume that a coin, die or pack
of cards is “fair”, then we have to fall back on looking at long—term relative frequencies.

e For something like assessing the probabilities of various horses winning the Melbourne
Cup, one might combine these methods by initially allocating each horse a winning
probability of i, then adjusting these figures, some upwards, some downwards, by
means of guesswork (or “judgement”, or “experience” — which both, to a large extent,
mean guesswork). However, the results of such a procedure are notoriously unreliable,
even when employed by “experts”. This is decidedly not an approach that should be

used when dealing with serious issues.



MATH1231 Algebra 9.20: Birthday

notes,

The birthday paradox. What is the probability that if n people are chosen at random, at .cc 174
least two have the same birthday?

Solution. Consider the experiment of choosing n people at random and finding their
birthdays. We take the sample space to be the set of all n—tuples of birthdays,

S ={(b1,ba,...,b,) | each by is a day of the year} .
We are interested in the probability of the event A C S given by
A={(b1,ba,...,b,) €S| at least two of by, bs,...,b, are the same } .

We shall assume that there are 365 possible birthdays, each of them equally probable (of
course, neither of these assumptions is actually true); consequently, each of the 365" elements
of S will be taken as equally likely. Now A€ is the set of n—tuples in which no two elements
are the same, and the number of such n—tuples is

365 x 364 x --- x (365 — (n—1)) .

Hence
| A B 1_365><364><---><(366—n)

N 365"

P(A) = 1 - P(A%) = 1



MATH1231 Algebra 9.21: Calculations

Comment. Here are some calculations of the probability we have just found, in terms of n.

n 10 20 22 23 30 40 50 60
P(A) | 01169 | 0-4114 | 04757 | 0-5073 | 0-7063 | 0-8912 | 0-9704 | 0-9941

In a randomly chosen group of 23 people, there is a greater than 50% chance of two people
sharing the same birthday; this is not the case if only 22 people are chosen.



MATH1231 Algebra 9.22: Conditional probability

Conditional probability. Often we are interested in the probability of an event relative
to a reduced sample space. For example, we might wish to know how the probability of
being over 100 differs for males and females. If we take the sample space S to be the whole
Australian population and let

C = {people in S over 100 yearsold} , M = {malesin S}, F = {femalesin S},

then we write

P(C|M),

read “the probability of C' given M”, for the probability that a randomly chosen person is
over 100, given that the person is male; that is, the probability that a randomly chosen male
is over 100. ABS estimates for June 2015 indicate that

P(C'| M) =0-000086 and P(C|F) = 0-000286 .

Note that this is very different from considering the probability that a randomly chosen
100—year—old is male or female: we have

P(M|C)=023 and P(F|C)=077.



MATH1231 Algebra 9.23: Definition

How did we calculate the probabilities on the previous page? For example, we reasoned that

number of 100-year-old females  |{ 100-year—old females }|

P(C|F) =
(C1F) total number of females |{ females }| ’

which we can write as

|cnF|  |CnE|)S]  P(CAF)
POIE) =75 = Trpst = pie)

This is the intuition behind the following definition.

Definition. Let S be a sample space; let A and B be events in S such that P(B) # 0. The pose 175
conditional probability of A given B is

P(AN B)
P(B)

P(A|B) =



MATH1231 Algebra 9.24: Comments

Comments.

e It is clear from the conditional probability formula that we must exclude the case
P(B) = 0. This should also make sense intuitively: there is not much point in asking
about the probability of A, given that B has occurred, if it is impossible for B to have
occurred.

e Make sure that you understand the notation P(A| B) correctly. It is not the probability
of “the set A| B” in the same way that P(A U B) is the probability of the set A U B.
Rather, it is the probability of A, measured not in terms of the whole sample space S,
but only under the assumption that B has occurred. In other words, the set B is part of
the definition of the function: Pg(A) might be a better notation. In fact, the function
which takes the set A and returns the value of P(A| B) is a probability in the strict
sense of the definition.

notes,

Lemma. Let P be a probability on S and let B be a subset of S with non—zero probability. ..c 175

Then the function
(AN B)

P(B)

f:P(S) =R where f(A)= P

is a probability on S.
Proof. Check that f satisfies the three axioms on page 14.



MATH1231 Algebra 9.25: Example
There are various important formulae involving conditional probability. In the following
example we hope to show that most of these formulae are just common sense!

Example. In the universal set S = {students } consider the subsets A of those who pass
and B of those who study hard. Suppose it is known that 90% of those who study hard pass,
and 5% of those who don’t study hard pass anyway, and that altogether 80% do study hard.
Symbolically,

P(A|B)=09, P(A|B°)=005, P(B)=08.
Question. What proportion study hard and pass?

e By common sense the answer is (0-9)(0-8) = 0-72.

e Translating common sense into a formula,
P(ANnB)=P(A|B)P(B) ;

by symmetry, we also have P(AN B) = P(B|A)P(A).

...continued



MATH1231 Algebra

Question. What total proportion pass?
By common sense, 90% of 80% and 5% of 20%, that is, (0-9)(0-8) + (0-05)(0-2) = 0-73.

This illustrates the formula

... which generalises to

P(A) = P(A|B)P(B) + P(A| B*)P(B?) ,

9.26: ... continued

P(A) = P(A|B,)P(B,) + P(A|By)P(By) +---+ P(A| B,)P(B,) ,

provided Bi, By, ..., B, are non—empty events which partition the sample space S.

Alternatively, compile a table of probabilities A N B and so on:

Clearly P(A) = 0-73.

A A°
B [ 072 ] 0-08
B¢ | 0-01 | 0-19

... continued



MATH1231 Algebra 9.27: ... concluded

Question. What proportion of those who passed studied hard?
e Common sense, using the above table: % = 0-986.

e Formula:
P(BNA)

P(A)

_ P(A|B)P(B)

- P(A|B)P(B) + P(A| B)P(B°)
(0-9)(0-8)

(0-9)(0-8) + (0-05)(0-2)

P(B|A) =

Question. Are passing and studying hard independent? Answer: no. This would mean that
the probability of a student passing is the same, regardless of whether we are considering
all students, or just those who studied hard. In other words, A and B are independent if
P(A) = P(A| B). But from our previous calculations, we know that this is not the case.



MATH1231 Algebra 9.28: Tree diagrams

The calculations in the previous example may be illustrated on a tree diagram.

A
B

0-8 <

0-10 1A°
start

005 4

02 g
AC

Note that strictly speaking, the events in the last column should be labelled not A and A°
but AN B, A°N B and so on. A more accurately labelled (and generalised) tree diagram

would be as follows.

ANB

P(B) B

A°NB

start

P(B°) B¢

AN B°

<BCAﬂBC
A¢| B°)




MATH1231 Algebra 9.29: Conditional probability results

Here are general statements of the “common sense” results we saw on pages 25-27.

Theorem. Results on conditional probability. Let A, B be events in a sample space S.

1. The multiplication rule: P(AN B) = P(A|B)P(B) = P(B| A)P(A). page 176

notes,

2. The total probability rule: if By, Bs, ..., B,, partition S then page 178
P(A) = P(A|B1)P(B1) + P(A| B3)P(Bs2) + -+ P(A| B,)P(By)

notes,

3. Bayes’ rule: if B, By, ..., B, partition S then page 179

P(A| By)P(B)
(A|B1)P(By) + P(A|B2)P(By) +---+ P(A| B,)P(B,)

P(By|A) = 2
Proof. The multiplication rule follows from the definition of conditional probability. For the
total probability rule, note that AN By, AN B,y,..., AN B, partition A, so
P(A)=P(ANB1)+P(ANBy)+---+ P(ANB,) ;

then use the multiplication rule. For Bayes’ rule, we have by definition

P(AN By)
P(A)

P(Bi|A) =

and the result follows from the previous two.



MATH1231 Algebra 9.30: Diagostics

Suppose that a number of events By, B, ..., B, partition a sample space, and that their
probabilities are known. Suppose also that there is another event A, and that the probability
of A given each of the By is known. Then

e the total probability rule allows us to find the overall probability that A occurs, even
though we do not know which of the B occurred;

e Bayes’ rule reverses this: if we observe that A has in fact occurred, it allows us to find
the probability of each By having occurred.

One of the classic examples of the use of Bayes’ rule is its application to medical diagnosis.

notes,

Example. Imagine a medical test for a serious disease. If the test is taken by a person who ... 179
has the disease, the test is 98% accurate — that is, there is a 98% chance that the test will

show (correctly) that the person has the disease. For a person who does not have the disease,

the test is 95% accurate — that is, there is a 95% chance that the test will show that the

person does not have the disease. Suppose that the disease occurs in 1% of the population.

If a person returns a positive test, what is the probability that they have the disease?

... continued



MATH1231 Algebra 9.31: Solution

Solution. We should always begin a problem like this by defining a sample space and
appropriate events. Let the sample space S be the set of all people in the population; let D
be the event that a person has the disease, and let 1" be the event that a person tests positive.
It is given that

P(T|D) =098, P(T°|D%) =095 and P(D) =001,
and we want to know P(D |T). The total probability rule gives
P(T) = P(T|D)P(D)+ P(T|D°)P(D°) = (0-98)(0-01) + (0-05)(0-99) = 0-0593 ,
and then by Bayes’ rule,

P(T|D)P(D)  (0-98)(0-01)
P(T) - 0-0593

P(D|T) = = 017 .

Thus, if a person tests positive, there is a 17% chance that they actually have the disease.



MATH1231 Algebra 9.32: Comments

Comment. This is a striking and scarcely believable result!! Since we know that the test
delivers the correct result in over 95% of cases, how can it be this bad??

The answer hinges on the fact that the disease is very rare — only 1% of the population
has it. So although virtually all of these people will get a correct positive result, they will be
swamped by what are called “false positives” — the (almost) 5% who do not have the disease
but still test positive. Therefore, testing positive to the disease means that a person actually
has the disease only in a relatively small number of cases.

Also worth noting: this example clearly shows the importance of recognising the
difference between P(D |T) and P(T | D).

Exercise. Assuming the same data, show that if a person returns a negative test, the
probability that they have the disease is approximately 0-00021. What are the implications
of this for public health policy?



MATH1231 Algebra 9.33: Prevalence of disease

We can alternatively treat the prevalence of the disease in the population as an unknown,
and use the observed results of the test to estimate this unknown.

notes,

Example. Continuing the previous example, suppose that the reliability figures for the test ..c 1s0
remain the same, but that the proportion of the population which has the disease is unknown;
suppose also that 7% of the population tests positive. We have

P(T|D)=098, P(T°|D°) =095 and P(T)=0-07,
and we wish to determine p = P(D). The total probability rule gives
P(T) = P(T|D)P(D)+ P(T|D°)P(D) = 0-98p+ 0-05(1 —p) = 0-05+0-93p ,
and since we know P(T) = 0-07, we easily find

0-02
_ 2P 0022
P =003

That is, about 2-:2% of the population has the disease.



MATH1231 Algebra 9.34: Independence

Recall that on page 27 we noted, somewhat informally, that events A and B can be regarded
as independent if P(A) = P(A| B). Using the definition to rewrite this equation leads to the
following.

notes,

Definition. Events A and B are said to be (statistically) independent if page 180

P(AN B) = P(A)P(B) .

Comment.
e In this definition we do not need to exclude the case where P(A) =0 or P(B) = 0.
e We can express the equation P(A) = P(A|B) as

P(A) _P(ANB) _ P(B) _P(ANB)

P(S) ~ ~ P(B) P(S) P(A)

Thus, saying that A and B are independent amounts to saying that the probability of
the part of A which lies inside B, relative to the probability of B, is the same as the
probability of all of A, relative to the whole sample space.
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Examples.

1. In the example on pages 25—27 we had

73 4 72
_ P(B) = = P(ANB)= — # P(AYP(B

so passing and studying hard are not independent events. (What a surprise. . .!)

P(A)

2. In the experiment of tossing three coins, consider the events A: that the first toss is a
head, B: that the last toss is a tail, and C: that there are more tails than heads. It is
easy to see that all three events have probability %, since, for example,

A={HHH, HHT, HTH, HTT} .
The events A and B are independent since
1
P(ANnB) = P{HHT, HTT}) = 1= P(A)P(B) ;

this is not surprising, as two events which are “physically independent” may usually be
expected to be statistically independent. On the other hand,

P(ANC) = P({HTT}) = % £ P(A)P(C) .

Again, this is no surprise: obtaining a head on the first toss “makes it less likely” that
we will obtain more tails than heads.
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notes,

Definition. Events A, Ao, ..., A, are said to be mutually independent if for any two  ,..c 1s2
or more of these events, the probability of the intersection is equal to the product of the
respective probabilities.

Example. Roll three dice and denote the results by x, vy, z; consider the sample space
S=A{(z,y,2) | z,y,2=1,2,3,4,5,6 }. Define three events

A={(z,y,2z) [z +yiseven},
B={(x,y,2) |y+ziseven} ,
C={(r,y,2) |z +2zisodd} .

Now
A = {(z,y,2) | x,y are both even } U{ (x,y,2) | =,y are both odd } ,
SO A ,
2x3° X6 1
( ) ‘S‘ 63 )
and for similar reasons,
1

... continued



MATH1231 Algebra 9.37: ... continued

Also,
ANB = {(x,y,2) | x,y,z are all even } U{ (z,y,2) | x,y, 2 are all odd }

and therefore . .
2 %3
P(ANB) = = - = P(A)P(B) ;
so A and B are independent. In the same way, we can show that B and C are independent,
as are A and C.

However, if x 4+ y and y 4+ 2z are even then x 4+ 2z must also be even; so

P(ANBNC) = P(@) = 0 £ P(A)P(B)P(C) .

Therefore, A, B, C' are not mutually independent.

Comment. We can think of the situation intuitively as follows:

e any two of these three events are independent; that is, the fact that any single event has
occurred does not change the probability of any other single event occurring;

e however, all three are not mutually independent; that is, the fact that two of them have
occurred does change the probability of the third occurring.



MATH1231 Algebra 9.38: Independence of combinations

notes,

Theorem. Suppose that the events Aq, Ao, ..., A, are mutually independent, and that page 183
B1, B, ..., B, are formed from (some or all of) the sets Ay by means of unions, intersections

and complements. Suppose also that no set A; occurs more than once, either in the same B;

or in two different B;, B;. Then By, Bo, ..., By, are mutually independent.

Proof. Omitted — an intricate and messy induction.

Example. If A, B,C are mutually independent, then A° U B and C' are (mutually)
independent. Proof. We can see from a Venn diagram, or otherwise, that (A°U B) N C' is
partitioned by AN C and AN BNC; so

P((A°uB)NC)=PA°NC)+P(ANnBNC(C).
By similar arguments, we have
P(C)=PA°NC)+P(ANC) and P(A°UB)=P(A°)+P(ANB).
Using the mutual independence of A, B, C, we have
P((A°UB)nC) = P(C)—P(ANnC)+ P(AnBNCQC)

= P(C)—-P(A)P(C)+ P(A)P(B)P(C)

= (1—P(A)+ P(A)P(B)) P(C)

= (P(AC) + P(AN B)) P(C) = P(A°UB)P(C).
Therefore A°U B and C' are independent.
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notes,

Definition. A random variable on a sample space S is a function X : S — R. We write = ,ice 183
P X=z) = P{seS|X(s)=x}),
with similar meanings for P(X < x), P(X € A) and so on.

Comments and examples.

e This definition perhaps does not sound very helpful. As a rough but possibly more
accessible idea, you can think of a random variable as being a quantity which we can
measure or observe, and which need not be the same every time we measure it.

e An example: consider the sample space consisting of all possible sequences of three coin
tosses. There are numerous random variables which might be of interest.

o Let X(s) be 1 if s includes a head, 0 if not; then, for instance,

X(HTT)=1 and P(X=0)=P{TIT}) =1+

o Let Y (s) be the number of tails in s; then
Y(HTT)=2 and P(Y >2)=P({TTT, TTH, THT, HTT}) =1 .

o Let Z(s) be the number of heads after the last tail, or 3 if there is no tail; then
Z(THT)=0, Z(HHH)=3 and P(Z=1)=P({HTH,TTH})=+.

... continued



MATH1231 Algebra 9.40: More

e Let S be the Australian population; for any person sin S, let X (s) be the age of s, in years,
on their last birthday before 1 June 2015. Then, for example, X (Nicole Kidman) = 47;
and figures from page 18 can be written as

P(X >100) = 000019, P(X =0)=0013, P(X <18)=022.
We could also define Y (s) to be the exact age of s, in years, at 00:00 on 1 June 2015;

note that Y is not the same as X.

e We commonly use capital letters for random variables and lowercase letters for the
values taken by random variables. Make sure you clearly understand that something like
P(X = x) is not an equation — it is just a number (specifically, a probability).
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notes,

Definition. Let X be a random variable. The cumulative distribution function of X is ... 1s4
denoted by F'x, or if there is no ambiguity just by F', and is the function

Fx :R—R where Fx(z)=P(X<z).

Examples.

e If (as on page 39) Z is the number of heads occurring after the last tail when three coins
are tossed, then

F;(1)=P(Z<1)=P(Z=0)+P(Z=1)=2,

e If (as on page 40) X is the age of a randomly chosen person at their last birthday before
1 June 2015, then ABS figures give the estimates

Fx(9) = P(X <10)=0-1285 ,  Fx(19) = P(X < 20) = 0-2502 .

notes,

Properties. If F' is the cumulative distribution function of a random variable X, then bage 184
e F'is (non-strictly) increasing: if a < b then F(a) < F(b);
e if a <bthen Pla < X <b)=F(b) — F(a);
e lim F(zr)=0and lim F(z)=1.

Tr—r — 00 r—r 00



MATH1231 Algebra 9.42: Discrete random variables

Consider two random variables defined on the sample space T of all times from 8:00am to
9:00am today:

e X (t) is the number of passengers on my bus at time ¢;
e Y () is the distance (in kilometres) of my bus from the UNSW Anzac Pde stop at time t.

These random variables differ in a fundamental way. The values taken by X are the
non—negative integers 0, 1,2, ..., continuing indefinitely in principle (though not in practice
— even on a Sydney bus!). The values taken by Y, on the other hand, are not restricted to be
integers but include arbitrary real numbers (though again there will be, in practice, bounds
on these values).

An important consequence of this difference is that while it makes sense to ask about the
probability that X has a specific value, it is much less clear what this means in the case of
Y. For example, P(X = 5) can be regarded as the total amount of time (in hours) during
which there are 5 passengers on the bus. But P(Y = 5) should mean the probability that the
bus is exactly Skm from the stop. Since it is impossible to measure distance exactly, and in
any case the bus would only be at this distance for an instant, the only sensible value for this
probability is zero. But then we have the problem of how to interpret a zero probability for
an event which is not impossible.

Roughly speaking, random variables like X are referred to as discrete, and those like Y are
continuous.
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notes,

Definition. A random variable X : S — R is said to be discrete if its range (or image), poge 185
{X(s)|sesST},

is countable.
Examples.
1. The random variable X on the previous page is discrete; Y is not.

2. Let S be the set of all sequences of 3 coin tosses, and let X be the random variable
giving the number of heads in a sequence. Then X is discrete because it can only take
the four values 0,1, 2, 3.

3. Let X be the average of the two numbers obtained when two dice are rolled. Then the
range of X is {1, 1.5, 2, 2-5,..., 6 } and X is discrete.

4. A coin is tossed repeatedly until the first head occurs; let X be the number of tosses.
Then the range of X, that is, the set of values of X, is {1,2,3,...} and so X is discrete.



MATH1231 Algebra 9.44: Probability distribution

notes,

Definition. The probability distribution of a discrete random variable X is a description ... 1ss
of the probabilities of all events associated with X.

Note.

e We shall often denote the range of X by {1, xo,...}, or something similar, and write

e A (countable) collection of real numbers p; forms a probability distribution if and only if

pr > 0 for all k& and Zpkzl.
all k&

In fact, it is impossible for an uncountable collection of positive numbers to have sum
equal to 1: this is why it is important to make the distinction between random variables
with countable range, where each element can be assigned a positive probability, and
those with uncountable range, where this cannot be done.



MATH1231 Algebra

Examples. Probability distributions for examples from page 43.

2. The number of heads in three coin tosses.

9.45: Examples

Tk 0 1 2 3
1| 3| 3 [ 1
P 18 |8 |38 |8
3. The average when a die is rolled twice.
Tk 1 |15 2 [ 25| 3 35| 4 45| 5 | 55| 6
1 2 3 4 5 6 5 | 4 | 3| 2 | 1
Pt | 36 | 36 | 36 | 3 | 36 | 36 | 36 | 36 | 36 | 36 | 36

4. The number of tosses to get the first head:

P = ok for

k=1,2,3,... .
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Exercises.

e Find a positive constant ¢ such that p; defined by
pr=c2" for k=0,1,2,3,4,5

forms a probability distribution. Solution. It’s clear that all py are positive. The sum
of all py is
¢+ 2c+ 4c+ 8¢+ 16¢ + 32¢ = 63c .

For a probability distribution this has to equal 1; so ¢ = %.

e Find a positive constant ¢ such that p; defined by

c
pk;:g for k=1,3,5,7,...

forms a probability distribution. Solution. Clearly all values of p; are positive; their
sum 1is

1 1 1 1 i
4ﬁ+a+a+ﬁ+“)—“m ’

1
sinh 1

which must equal 1; so ¢ =



MATH1231 Algebra 9.47: Mean

Problem. A game consists of tossing a coin three times; you win $1 for each head that is
tossed. How much per game do you expect to win if this game is played many times?

Solution. Consulting the probability distribution on page 45, you would expect to win
nothing % of the time, 1 dollar % of the time, 2 dollars % of the time and 3 dollars % of the
time. So, on average, you expect to win

D)+ (D) s 4 1) -

dollars per game. This motivates the following definition.

notes,

Definition. The mean or expected value of a discrete random variable X is page 186



MATH1231 Algebra 9.48: Examples

Examples.

e If X is the number of heads in three tosses of a coin, the calculation on the previous
page shows that E(X) = % This makes sense since “on average” we would expect half
of the tosses to turn up heads.

e If X is a discrete random variable having the probability distribution

2/<1
P(X=k)= for k=01,2345

as on page 46, then

E(X) =) awpp = »_
k

5 Qk

—0 3

(0x 1)+ (1x2)+(2x4)+ (3x8)+ (4% 16) + (5 x 32)
63

k
6

86
21
= 4-10 .

... continued



MATH1231 Algebra 9.49: ... more

e If X has the probability distribution

1
P(X:k):m fOI‘ k:1,3,5,7,...

as on page 46, then

> k
E(X)=2 @k = Y i
all k k=1

k odd

Note that in a case like this, the mean is the sum of an infinite series; we should check
carefully that the series converges. In the present example we can use the known series

2 564

xr
Coshle—i—a—l—ﬂ—l-"'
to obtain
= 1 1 1 1 cosh 1
(X) ];(k—l)!sinhl S A TR smhl
k odd

...continued
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e If X is the number of tosses taken to obtain a head for the the first time, then from the
probabilities on page 45 we have

all k k=1

We give two methods of evaluating this infinite series. Firstly,

DRI P (i

k=1 k=1
2 3 4 n—+1 3 4 n+1 n+4+2
B (2_0+§+2_2+"'+2n—1)_<§+2_2+"'+2n—1+ on )
:2_n+2
2n
and so
"Lk n -+ 2
EX) = Jm 3 op = Jim (2-557) = 2.
k=1
Alternatively, . . .

...continued



MATH1231 Algebra 9.51: ... continued

(continued) ...we know from calculus that

- T

gxk: for |z| <1,
11—z

k=1

and that power series can be differentiated term by term within their interval of
convergence; thus

= 1
kbl = —— for |z|<1.
N

1

> and doing some simple algebra,

= /1\k-1 1 1
E<X>:§;’“(§) =suoIE Y

Substituting x =

as before.



MATH1231 Algebra 9.52: Two dice

Examples. A die is loaded so that the numbers show up with unequal probabilities:

Tk 1 2 3 4 5 6
p. | 01 011 02]01] 02| 03

Let X be the random variable giving the outcome of a roll of this die. Then the average
number obtained by rolling the die is

E(X) =1(0-1) 4 2(0-1) 4 3(0-2) + 4(0-1) + 5(0-2) + 6(0-3) = 4-1 .

Now consider a second die, loaded in the same way, but with the numbers z = 1,2,3,4,5,6
on the faces replaced by y = 60/x = 60, 30, 20, 15,12, 10 respectively. The random variable Y
giving the outcome of a roll of the second die has probability distribution

yr | 60 | 30 | 20 | 15 | 12 | 10
p. | 010102701} 02] 03

and so the average number obtained is
E(Y) =60(0-1) + 30(0-1) + 20(0-2) + 15(0-1) + 12(0-2) 4+ 10(0-3) = 19-9 .
Note that Y = 60/X but E(Y) # 60/E(X).



MATH1231 Algebra 9.53: Functions of random variables

Note that if X is a random variable on a sample space S and ¢ is a function from R to R,
then Y = g(X) is a function from S to R and hence, by definition, is a random variable on
S. In the case g(x) = 60/x we have the situation of the previous example; in effect, we found
the expected value of Y from the calculation

60 60
E(Y) = E(y) = Z x—kpk = Zg(fck)pk-
all k all k

The same formula works for any function.

notes,

Theorem. Expected value of a function of a random variable. Let X be a discrete random ... 157
variable taking values x; with probabilities pi. Let g be a function from R to R. Then the
random variable ¥ = ¢g(X) has mean

E(Y) = Zg(xk)pk .

all k

Proof. Omitted — see the printed notes if you wish.
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Another example. In chemistry, the acidity of a substance is measured by its pH, defined
as the negative of the logarithm of the concentration (in moles per litre) of hydrogen ions,

For a certain substance, the measured hydrogen ion concentration C, to the nearest 0-1 x 10~°
moles per litre, is a random variable with the following distribution.

pH = —log;, [Hﬂ :

c/107°

39

3-6

37

3-8

P(C =c¢)

0-09

0-22

0-41

0-28

The expected value of the pH of a sample of this substance is

E(—logy, C) = Z(_ logo ¢)P(C = ¢)

all ¢

= —1og,((3-5 x 1079)(0:09) — - - - — log (3-8 x 1079)(0-28)

=54 .




MATH1231 Algebra 9.55: Variance

The mean gives us a sense of the “typical location” of the outcome of a random process.
As well as this, it is also often important to know how the outcomes are spread around the
mean. For example, if you were planning what to take on a holiday, the following alternative
probability distributions of daily maximum temperatures at your destination, both of which
have mean 25, would make a considerable difference to your packing.

t 124 | 25| 26 | 27
pe | 0-13 1 0-76 | 0-09 | 0-02

t1 16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29 | 30
p: 1 0-01|0-02]0-02|0-03]0-04|0-05|0-06 | 0-08 | 0-08|0-09|0-09|0-11|0-22 | 0-08 | 0-02

We can measure the spread by calculating the average distance of X from the mean. If we
write yp = F(X), then some attempts at doing this are

e F(X — u), which is completely useless (why?);
e F(|X — ul), which is possible but messy;

® Or...



MATH1231 Algebra 9.56: Definition

notes,

Definition. Let X be a discrete random variable with mean u. The variance of X is page 188
Var(X) = B((X — p)?) .

The standard deviation of X, denoted SD(X), is the positive square root of the variance.

Comments.

e The variance is another instance of the expected value of a function of a random variable
(page 53).

e Units in a variance are the squares of the units in the original measurements of a random
variable (for example, if X is a length, then Var(X) will “dimensionally” be an area);
therefore the variance and the original measurements cannot be directly compared. This
is one of the reasons why the standard deviation is important.



MATH1231 Algebra 9.57: Calculations

Examples. If T is the temperature distribution from the first table on page 55, we have
E(T) =25 and

Var(T) = E((T — 25)%)

= (t—25)%p,

all ¢
= (24 — 25)(0-13) + (25 — 25)(0-76) + (26 — 25)%(0-09) + (27 — 25)%(0-02)
=0-30 ,
SD(T) = 0-55 .

If, on the other hand, T' is given by the second table, then a similar calculation gives
Var(T') = 81(0-01) 4 64(0-02) 4+ 49(0-02) + - - - + 25(0-02)

= 1118 ,
SD(T) = 334 .

The greater spread of outcomes in the second example is indicated by the greater standard
deviation.
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There is an alternative formula for the variance, which is sometimes easier to calculate.

notes,

Theorem. Alternative formula for the variance. If X is a discrete random variable, then page 188

Var(X) = E(X?) — (E(X))*.

Proof. Write = E(X). Then

Var(X) = Z(xk - M)2Pk

all k
= (2} — 2uak + 1°)px
all k&
= (2 atoe) 20X mum) ()
all k all k all k

= E(X?) = 2uE(X) + 12

— B(X?) - (E(X))* .



MATH1231 Algebra 9.59: More calculations

Example. For the loaded dice described on page 52, we have

E(X?) =1(0-1) + 4(0-1) + 9(0-2) + 16(0-1) + 25(0-2) + 36(0-3)
= 19-7

SD(X) = 1.7 ,
E(Y?) = 3600(0-1) + 900(0-1) + 400(0-2) + 225(0-1) + 144(0-2) + 100(0-3)
= 6113

Var(Y) = 611-3 — (19-9)% = 215.29
SD(Y) = 14-67 .

Comment. There is no clear connection between means and variances of random variables
related by a function such as Y = 60/X. But for random variables which are related by
“scaling and shifting”, there are very simple relationships.



MATH1231 Algebra 9.60: Scaling and shifting

notes,

Theorem. Scaling and shifting a random variable. Let X be a discrete random variable, ... iso
and let a and b be real constants. Then the mean, variance and standard deviation of the
random variable a X + b are given by

E(aX +b)=aE(X)+b
Var(aX + b) = a*Var(X)
SD(aX +b) = |a| SD(X) .

Proof. We have
E(aX +b) = Z(awk +b)pr = a(z xkpk) +b<z pk) = aF(X)+0.

all k all k all k

Applying this result to the random variable (X — E(X))? and the constant a2, we have

:E(2 X2
2E((X — E(X

)

Var(aX +b) = E(((CLX‘H9) (aBE(X) + ))2)
)
= )

= a2Var(X) :

)
”)
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Comment. If we think carefully about what these results mean, we can see them as just

common sense! For example, let C' be a random variable which measures a temperature in
degrees Celsius, and let F' be the random variable which measures the same temperature in
degrees Fahrenheit. Then

F:§C+32.

Since the same temperatures are being measured, it makes sense that the mean should be the
same actual temperature in each case: we only need to convert it from one scale to the other.
That is,
9
E(F) = EE(O) + 32 .
Similarly, the spread of temperatures, as indicated by the standard deviation, will be the
same for each case “in reality”. Shifting the data will not change the spread about the mean,

so the 32 is irrelevant; we just have to write the spread in Fahrenheit units instead of Celsius.

That is,
SD(F) = §SD(C) |



MATH1231 Algebra 9.62: Bernoulli trials

There are numerous discrete probability distributions which arise frequently in practice and
are therefore worth studying; in this course we look at just two of them.

notes,

A Bernoulli trial is an experiment with two possible outcomes, often referred to as “success” page 150
and “failure”. We shall usually write p for the probability of success in a Bernoulli trial and
qg = 1 — p for the probability of failure. Examples of Bernoulli trials are

e tossing a coin and regarding “heads” as a success, so p = %;

e rolling two dice and regarding a six on either or both as a success, so p = ii:

(o)

e selecting a “1kg” box of cereal from a warehouse store room, weighing it, and recording
a success if it really is 1kg or more: p unknown!

A Bernoulli process is an experiment consisting of a sequence of identical Bernoulli trials
in which the events S of a success on the kth trial are mutually independent. For example,

e tossing a coin 10 times;
e rolling two dice 20 times;

e selecting a cereal box 30 times, provided that we replace the box after weighing it and
take care to ensure that all boxes, including those selected already, have the appropriate
chance of being selected in the future.
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notes,

Theorem. Number of successes in a Bernoulli process. Consider a Bernoulli process bage 190
consisting of n trials with success probability p. If X is the random variable giving the total
number of successes in this process, then

P(X =k)= (Z)pkq”_k for k=0,1,2,...,n.

Proof. Since trials are mutually independent, any specific sequence of k successes and n — k

failures has probability p*q”~*: and there are (Z’) such sequences.
Definition. The binomial distribution with n trials and success probability p is the e 100
function

B(n,p,k):<2)pk(1—p)”_k for £k=0,1,2,...,n.

If X is a random variable with P(X = k) = B(n,p, k) we say that X has the binomial
distribution with n trials and success probability p, and we write X ~ B(n,p).

Note that in probability, the symbol “~" is read as “has the (following) distribution”.



MATH1231 Algebra 9.64: Examples

Examples.

e A jar contains 20 red jelly beans and 8 black jelly beans. A trial consists of shaking the
jar, picking a jelly bean at random, recording its colour and replacing it in the jar. A
black jelly bean is regarded as a success and a red jelly bean is regarded as a failure. Let
J be the number of black jelly beans chosen if this experiment is repeated 10 times: then
J has the binomial distribution with n = 10 and p = % We can find, for example, the
probability of obtaining 3 black and 7 red jelly beans:

P(J=3)= (10) (2)3@)7 — 0-2655 .

3/ \7 7
The following histogram depicts binomial probabilities with n = 10 and p = %
.20 1
10 |
I —




MATH1231 Algebra 9.65: ... more

e Suppose now that we have the same jar of jelly beans, and a trial consists of taking a
jelly bean at random and eating it (and then not putting it back in the jar — obviously!).
Repetitions of this trial will not have the same associated probabilities and will not be
independent; therefore the binomial distribution cannot be used for this problem. In
fact, if ten jelly beans are drawn, the number of black jelly beans eaten will be a random
variable with a hypergeometric distribution.

e Suppose that 6% of patients undergoing a certain surgical procedure suffer from
complications. One day 13 patients are operated on. Assuming that individual cases
are independent of each other, the probability that 3 or more patients suffer from
complications is

1 — B(13,0-06,0) — B(13,0-06,1) — B(13,0-06, 2)
13 x 12
2

— 1~ (0:94)13 — 13(0-06)(0-94)12 — (0-06)(0-94)"!

= 0-0392 .

Question. In this example, are the individual cases really independent?
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Let’s confirm that the values B(n,p, k) really do form a probability distribution. It is clear
that B(n,p, k) > 0; and using the binomial theorem gives

> Bpk) =Y ()¢ = o) = 1.

all k k=0

We can use similar ideas to evaluate the mean and variance of the binomial distribution.

... continued



MATH1231 Algebra 9.67: Mean and variance

notes,

Theorem. Mean and variance of the binomial distribution. If X ~ B(n,p), then bage 101
E(X)=np and Var(X)=npq.

Proof. Starting with the binomial theorem, differentiating and multiplying by z, and
substituting x = p, we have

E(X) = zn:k(k)pkq” "= np(p+q)"t = np
na:(a:+q)”_1+n(n—1)a:( Z;&( ) k n—k
Zkz( ) "¢ = np+n(n—1)p”

Var(X) = np+n(n—1)p* — (np)*> = np—np® = npq .



MATH1231 Algebra 9.68: Examples

Examples.

e If a coin is tossed 100 times, then the number of heads is binomially distributed with

n = 100 and p = % The mean number of heads is np = 50 (which is obvious!), the

variance is npg = 25 (which is not), and the standard deviation is \/npq = 5.

e In the jelly bean example on page 64 we have

E(J)=10x2=2 and Var(J)=2Zx2=10 and SDJ)=2.

2 20
7 7 7 49 7



MATH1231 Algebra 9.69: Geometric

On page 45 we considered the number of tosses of a coin required to obtain the first head.
This is an example of another important distribution.

notes,

Theorem. First success in a Bernoulli process. Consider a Bernoulli process consisting page 102
of infinitely many trials with success probability p. If X is the random variable giving the
number of trials required to obtain the first success in this process, then

PX=k)=¢1p for k=1,2,3,....

Proof. The first success occurs on trial k if and only if the first k£ — 1 trials are failures and
the kth is a success.

notes,

Definition. The geometric distribution with success probability p is the function page 102
Gp,k)=1—-p)Fp for k=1,2,3,....

If P(X = k)= G(p, k) then we say X has a geometric distribution with success probability p
and we write X ~ G(p).

Note that the sample space for a geometric distribution problem will omit the sequence
consisting of infinitely many failures and no successes, so that “X = 0o0” is impossible. As
the omitted sequence has zero probability, this will not cause any difficulty in practice.
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9.70: Mean and variance

Theorem. Mean and variance of the geometric distribution. If X ~ G(p), then

and Var(X) = <

1
B(X) = - :
D D

Proof. Exercise: start with the infinite series

1 0
1—:1322256/IC

k=0

and use the ideas from page 67.

notes,
page 193



MATH1231 Algebra 9.71: Red jelly beans

Example. As on page 64, we have a jar of 20 red and 8 black jelly beans, and we select jelly
beans randomly one at a time. Since we do not like red jelly beans, we will always put them
back and keep drawing until we select (and eat) a black jelly bean. The probability that it
takes (exactly) 10 draws to successfully obtain a black jelly bean is

P(X =10) = (2)9(%) — 0-0138 .

The expected number of draws to obtain a black jelly bean, and the variance and standard
deviation, are

7 5\ /7\2 35 V35
E(X) = < X:(—)(—) _ D(X) = X2 _9.96 .
()QandVar() - )3 4andS() 5 96
Here is a histogram of the probabilities in this example.
.30 1
.20 1
10
I S e




MATH1231 Algebra 9.72: Cumulative

It is very easy to find a formula for the cumulative distribution of a geometrically distributed
random variable. If X ~ G(p) and = > 0 then

P(X > x) = P(the first |x] trials result in failures) = quJ ,

and so the the cumulative distribution function is

y
1 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
y = F(x)
2 ———— O
7
0 1 9 3 4 5 6 7T

notes,
page 193



MATH1231 Algebra 9.73: Sign tests

notes,

Sign tests. We can use our knowledge of probability to decide whether a comparison page 194
between two sets of figures, or a comparison between a set of figures and some standard,

can reasonably be put down to chance; or whether, on the other hand, it gives evidence of a
genuine difference in the two situations. Here is an example.

Example. Suppose that the marks for a class on a pair of algebra and calculus tests are as
follows.

algebra (7 7 8 3 9 10 8 10 9 7 7 2 9 8 9
caleculus |4 7 7 9 10 9 9 7 5 6 4 1 &8 8 7

Is there sufficient evidence to say whether students are better at algebra or at calculus?



MATH1231 Algebra 9.74: Solution

Solution. There are various ways to approach this kind of question: here is one possibility.
There are two students who scored the same for algebra and calculus: we ignore these. Of
the 13 remaining students, 10 did better at algebra and 3 did better at calculus. So (at least
on the basis of these figures) we are certainly not going to say that students are better at
calculus than algebra.

Suppose that there is actually no real difference in ability: that the class results are
purely a matter of chance. Then the number of students who did better at algebra would be
a random variable X ~ B(13, %), and the likelihood of obtaining results no less extreme than
those observed would be

Por210)=[(30) + (1) + (1) + (1)) ()" =001

This is very unlikely; so we do not believe that the difference is pure luck, and we conclude
that students are better at algebra than calculus.

For this course we will say that any probability under 5% counts as “very unlikely”.



MATH1231 Algebra 9.75: Continuous random variables

We have been studying discrete random variables, where the variable takes countably many
“separate” values each with its own probability. We now look at continuous random variables,
in which the possible values cover a whole interval of the real line. More precisely:

notes,

Definition. A random variable is said to be continuous if its cumulative distribution F(x) Joge 196
is a continuous function.



MATH1231 Algebra 9.76: Examples

Examples.

1. We can see from the cumulative distribution function graphed on page 72 that the
geometric distribution is not a continuous random variable.

2. Choose a point at random from a right—angled isosceles triangle with side 2 as shown,

179

x 0 2 x

and let X be the x—coordinate of this point. It seems intuitively reasonable that
P(X < x) should be the ratio of the shaded area to the whole area of the triangle, and a
little easy geometry gives the second case in the formula

0 if x <0
72
1 if © > 2.

From our knowledge of continuous functions, or from the graph, we see that F' is a
continuous function and hence that X is a continuous random variable.



MATH1231 Algebra 9.77: Comments

Comments.

e For a continuous random variable X, what is the probability that X has any specific
value? We have

P(X=z)= lim Pe—e< X <z)= lim (F(z) —F(z—¢))=0,

e—0t e—0t

the last step following from the requirement that F'(x) be continuous.

e There are random variables which are neither discrete nor continuous. For example, let
X be the downtime of a particular computer system, measured in minutes, on a randomly
chosen day. Then the range of X is the interval [0,1440] which is not countable, so X
cannot be discrete. On the other hand, there will be a non—zero probability that X has
the value 0 exactly (no downtime), as well as a non—zero probability that X has the
value 1440 exactly (down all day); so by the previous comment, X cannot be continuous
either.

Exercise. Suppose that P(X =0) = 0-5 and P(X = 1440) = 0-1. Draw a possible
graph for the cumulative distribution function of X. Hence confirm from the definition
that X is not a continuous random variable.



MATH1231 Algebra 9.78: Pdf

In order to find means and variances of continuous random variables we shall need something
analogous to the probability of obtaining a specific value of a random variable.

notes,

Definition. Let X be a continuous random variable with cumulative distribution function ... 196
F(x). The probability density function of X is defined by

f(z) = F'(x) if F is differentiable at z ,

and
f(z) = lim F'(t) if F is not differentiable at x .

t—x—

Example. For the “triangle” example on page 76 we have

0 if x <0
flx) = 1—% if0<z <2
0 if x > 2.

Note that the value of f at 0 is given by differentiating F' from the left at =z = 0.



MATH1231 Algebra 9.79: Properties

notes,

Theorem. Properties of the probability density function. Let X be a continuous random ... 196
variable with cumulative distribution function F(x) and probability density function f(x).
Then

1. for all real x we have f(x

2. for all real z we have F(x / f(t)

s [ s

4. if a < b then .
P(agXSb):P(a<X§b):/ f(x)dx

Proof (sketch).
1. By definition f = F’, and we know that F' is increasing.
2. Definition of f, Second Fundamental Theorem of Calculus, and lim F(z) = 0.

T—r— 00

3. Property 2 and lim F(z)=1.

T—r o0

4. Second Fundamental Theorem of Calculus, and P(a < X <b) = F(b) — F(a).



MATH1231 Algebra 9.80: Example

Example. In the “triangle” example (pages 76 and 78) we have

phex<r) = [ = [ (-2 = b

P(X <1) / fla :/ de+/01(1—§)de2,

and

and



MATH1231 Algebra 9.81: Interpretation

Note that f(x) is not the probability that X = x: as we know, this probability is zero.
However, the size of f(x) can be considered intuitively as giving a qualitative indication of the
likelihood that X is “near” x. For instance, in the above example, f(x) is larger for z near
0 than it is for  near 2: this indicates that a randomly chosen point in the triangle is more
likely to be near the left—hand side than the right—hand tip; which is intuitively plausible.

For another example, let X be the distance (in km) from the bus stop of my bus this
morning. An entirely hypothetical probability density function might be as shown.

Y

We can see from the graph that there is a relatively high probability of the bus being
somewhere around 3km from the stop; one might guess that at about this distance, the bus
was going slowly owing to heavy traffic. Something similar happened between 7 and 8km
from the stop. The bus was never more than about 9-5km away, so perhaps this was the total
length of the trip.



MATH1231 Algebra 9.82: Find the constant

Properties 1 and 3 of the theorem on page 79 characterise probability density functions and
allow us to answer questions like the following.

Problem. Define f : R — R by
f(x):{c(l—xQ) if0<z <1

0 otherwise.

Find a positive constant ¢ such that f is a probability density function; and then find the
corresponding cumulative distribution function.

Solution. It is usually helpful to draw a graph. Now it is clear that f(x) > 0 for all x. We

have
/ f(w)dx:/ c(l—xQ)dx:§,
—00 0

and this must equal 1, so ¢ = % The cumulative distribution function is given by

F(x)=P(X <=xz) = / f(t)dt .
Now it is easy to see that if z <0 then F(z) =0. If 0 < 2 <1 then

3 3 1
F(CU):/ 1 -t)dt==x— =2,
. 2 2" T 3

... continued
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(continued) while if x > 1 then

F(w):/olg(l—tQ)dtzl.

9.83: ...

continued

The last result is clearly correct since in this example, if > 1 then it is certain that X < x.

Therefore the cumulative distribution function is

0 if x <0
F(x) =4 3z — 32° ifo<z <1
1 it x > 1.

We should check that this function is continuous.



MATH1231 Algebra 9.84: Expected value
Definition. The mean or expected value of a continuous random variable X with e o7
probability density function f is

The intuitive justification for this definition relies on Riemann sums. Roughly, suppose that
we approximate the value of X by rounding it off to the nearest multiple of dz, thereby
turning it into a discrete random variable. For any x, the probability that x < X < x + dzx
is the area under the probability density graph from x to x 4+ dz; which is approximately
f(x) dx; and so the expected value should be about

fo(a:) dr .

all =

Letting dx tend to zero, we have the limiting case of a Riemann sum, which gives the integral
in the definition.



MATH1231 Algebra 9.85: Expected value of a function of a random variable

notes,

Theorem. Expected value of a function of a random variable. Let X be a continuous bage 107
random variable with probability density function f, and let g be a function from R to R.
Then the random variable Y = ¢g(X) has mean

Proof. Difficult, omitted.



MATH1231 Algebra 9.86: Variance

Now that we know how to calculate the expected value of a function of a random variable,
we can define variance and standard deviation for continuous random variables exactly as we
did for discrete random variables.

notes,

Definition. Let X be a continuous random variable with mean y. The variance of X is page 108
Var(X) = B((X — u)2) .

The standard deviation of X, denoted SD(X), is the positive square root of the variance.

Theorem. Alternative formula for the variance. If X is a continuous random variable, then

Var(X) = E(X?) — (BE(X))*.

Proof. Exercise: essentially as on page 58, but with integrals instead of sums.



MATH1231 Algebra 9.87: Example

Examples.

e In the “triangle” example from pages 76 and 78, we have

E(X?) = /OO 22 f(z) dx = /j(ﬂ-%)dw - %

— OO

Var(X) = E(X?) - (E(X))? = % and SD(X) = V2 _ 0-47 .

e For the example on page 82,

E(X) = /0 g(x—x?’)dx = g
B(X?) = /0 g(scz—x4)d:v = %
Var(X) = E(X?) - (E(X))? = % and SD(X) = {1—9_05 = 0-24 .



MATH1231 Algebra 9.88: Standardisation

notes,

Theorem. Scaling and shifting a continuous random variable. Let X be a continuous bage 108
random variable, and let a and b be real constants. Then the mean, variance and standard
deviation of the random variable a X + b are given by

E(aX +b)=aE(X)+b, Var(aX +b)=a*Var(X) and SD(aX +b) = |a|SD(X) .

Proof. If X has probability density function f(x) then

oo

E(aX +0b) = / (ax +b)f(x)dxr = a/OO :cf(:v)d:c+b/_oo f(x)dx = aE(X)+b,

— 00 J—

and the proof of the rest is identical with that for the discrete case (page 60).

Theorem. Standardisation. Let X be a discrete or continuous random variable with e 108
E(X) = p and Var(X) = 02. The random variable
X _
e
o

has mean F(Z) = 0 and variance Var(Z) = 1.
X —

o

Definition. If F(X) = p and Var(X) = 02, then the random variable Z = is called

the standardised random variable obtained from X.




MATH1231 Algebra 9.89: Normal distribution

Theorem. Let p and o be real constants with ¢ > 0. Then the function

1 2 2
: R — R where 7)) = —— e (@17 /20
’ #e) o\ 2m

is a probability density function.

Proof (partial). It is clear that ¢(x) > 0 for all z, and substituting v = (x — u)/o/2 gives

i 1 oC 2 1 o0 2
/ o(x)dr = / e " o2 du = —/ e " du .
oo o271 J_ VT J oo

However it can be proved (not easy!!) that

/ e_uzdu:ﬁ,

and thus / ¢(x)dx = 1. So ¢ is a probability density function.

— OO



MATH1231 Algebra 9.90: ... defined

notes,

Definition. A continuous random variable with probability density function bage 199

1 o, o
¢»:R—R where ¢(x)= o (@—1)?/20
o\ 2T

is said to have the normal or Gaussian distribution with mean p and variance o2, and we

write X ~ N(p,0?). The normal distribution with g = 0 and o = 1 is called the standard
normal distribution.

N(0,1) N(3,1)

N(0, 4)




MATH1231 Algebra 9.91: Normal mean and variance

We need to confirm something we stated without justification on the previous page. ..

notes,

Theorem. If the random variable X is normally distributed, X ~ N(u,o?), then bage 199

E(X)=p and Var(X)=o%.

Proof (sketch). The mean of X is given by an integral which we can split into two bits,

> 1 2 2 e 1 2 2
B(X) = / (= 1)~ 2 dxﬂL/ et g

it is easy to show that the first integral is 0, and we already know that the second is 1. The
variance

Var(X) = J\}%

can be evaluated using integration by parts. Exercise. Complete these calculations.

/_OO(SU — ) [(z — p)e= @27 dy



MATH1231 Algebra 9.92: Standardising normal variables

X _
Theorem. Standardising normal random variables. If X ~ N(u,o?), then B N(0,1). pome’100
o

Proof. If X ~ N(u,c?), then its probability density function is

b(z) = — (@20

o\ 2T

X —p
o

Therefore Z = has cumulative distribution function

1 ot 2 /2
P(Z<z)=P(X<oz+4p) = / e~ (@=r)7/297 qy .
oV2T J_

by the fundamental theorem of calculus, Z has probability density function

e—(az)2/202 _ 1 —2%/2

d 1
—P(Z <2z)= = e ,
( - ) O'\/27TJ 2

dz
and so by definition Z ~ N(0,1).

Comment. Note that we have found the probability density function of Z by first considering
the cumulative distribution function. This is often a good thing to do since the latter is by
definition a probability, which can be grasped intuitively, whereas the probability density
function has no “direct” physical meaning.



MATH1231 Algebra 9.93: Use of the normal distribution

Use of the normal distribution. The normal distribution is important for various
reasons. Many random variables in practice are found to be (at least approximately)
normally distributed. The central limit theorem demonstrates that the normal distribution
is connected in a very fundamental way with the process of averaging, for example, when we
seek to measure a quantity accurately by taking the average of several separate readings —
more on this in second year. And the normal distribution can be used to approximate other
distributions, particularly the binomial, when the number of trials becomes large.

To calculate normal probabilities when X ~ N(u,0?), the “obvious” method is to
integrate the density function,

1 r 2 2
P(X<zx) = > / e~ (@=r)/297 qyp
T J—c0

o

Unfortunately, this cannot be done in terms of elementary functions. We can reduce to the
standard normal distribution by writing

X _ _ _ 1 (x—p)/o )
P(ng)zp( ab = M):P(ng “):—/ e /2 dy
V2T J

o o o o

but this is still impossible in elementary terms. To get any further we have to approximate
the integral by using Riemann sums (or more sophisticated techniques). Values of the
standard normal distribution have been tabulated, so that we can make the transformation
in the previous equation and then just look up the result.

notes,
page 201



MATH1231 Algebra 9.94: Examples

Examples.

e If 7 is a standard normal random variable, then by looking up the table we find that
P(Z <1-28) = 0-8997
P(Z < —-061) = P(Z < -0-61) = 0-2709
P(—0-61 < Z <1:28) = 0-8997 — 0-2709 = 0-6288
P(Z>085) = 1—-P(Z<085) = 1-0-8023 = 0-1977
P(|Z]<1) = P(Z<1)—P(Z<-1) = 08413 —0-1587 = 0-6826 .
o If X ~ N(13,49) then

P(X <8) =

X-13 8-13
P( ) = P(Z < —0-71) = 02389

<
7 7
X-13 0-13
P(X>0):P( )

>

- - = P(Z>-186) = 1—-0-0314 = 0-9686

7 ST 7 ST %

= P(1<Z<243) = 09925 —0-8413 = 0-1512 .

20-13 X 13 30— 13
P(20 < X < 30) = P( )



MATH1231 Algebra 9.95: Maple

Alternatively, we can calculate probabilities involving X ~ N(3,10) by means of the Maple

commands , o
with(Statistics):

>

> X:=RandomVariable(Normal (3,sqrt(10))):
> Probability(X<-2.);

> Probability(X>=4.);

> Probability({0.<X, X<8.});

This will give us the probabilities
P(X <-2)=00569, P(X>4)=03759 and P(0< X <8)=0-7717.

Notes.
e A normal distribution in Maple is specified by the standard deviation, not the variance.

e In Maple, you cannot use a “chain inequality” such as 0 < X < 8: you have to write this
as two separate inequalities, with a comma between and curly brackets around them.

e The decimal points in the Probability commands force Maple to evaluate the answer
as a floating point number. If you type Probability(X<-2) you will get the somewhat
mystifying answer

erf (+1372)

1
2 2




MATH1231 Algebra 9.96: Bus trips

e Let T be the time in minutes taken for the bus trip from Eddy Avenue to UNSW.
Suppose that T' ~ N(16,9).

o Find the proportion of trips which take less than 15 minutes.
o How much time should one allow in order to be 99% confident of arriving on time?

o How many times this term would you expect to get from Eddy Avenue to UNSW in
under 15 minutes?

Solution. The proportion of trips taking less than 15 minutes is

T-16 15—1
P(T<15):P( 6.1 6)

<
3 3

Allow ¢ minutes for the trip; then we want P(T < t) = 0-99. Now

T-16 {16 t— 16
P(T<t):P( — < — ):P(Z<T),

— P(Z < —0-33) = 0-3707 .

and looking up the table “backwards” gives

t— 16
— =233
3

or t = 22-99. So we should allow 23 minutes.

... continued



MATH1231 Algebra 9.97: ... continued

(continued) Suppose that you come in to uni 50 days this term, and let X be the
number of days on which the bus trip takes less than 15 minutes. We can regard a
bus trip as a Bernoulli trial, where a sub—15—minute trip is viewed as a “success”. It
seems reasonable to assume that trips on different days will be independent; so X has a

binomial distribution,
X ~ B(50, 0-3707) .

The expected number of successes is

E(X) = np = 50 x 0-3707 = 1854 .

So we expect to arrive in under 15 minutes about 18 or 19 times in the term.

Comment. “Inverse probability” calculations can be performed in Maple by loading the
Statistics package and using the Quantile command. The answer to our second question

is computed by
Quantile (Normal(16,3),.99);



MATH1231 Algebra 9.98: Binomial approximation

If n is large, calculating binomial probabilities can be quite tedious.
Example. A die is tossed 200 times. Find the probability that 30 or more sixes are obtained.

Solution. To find the probability is “in principle” a fairly simple application of the
binomial distribution. If X is the number of sixes obtained from 200 rolls of the die, then
X ~ B(200, ¢) and we have

P(X >30) = 1— P(X <29) = 1-§%(220)(é)k(2)mm_k.

However, there are serious difficulties in actually calculating this probability (though less so
with computer assistance). For instance,

(200) B 200 x 199 x - -+ x 172
29)  290%x928 x ---x1

is a number of 35 digits. Instead of struggling with the calculation, ...

... continued



MATH1231 Algebra 9.99: ... continued

(continued) ...an alternative is to approximate the binomial distribution by a normal
distribution Y with the same mean and variance. Since
E(X)=mnp= % and Var(X) =npq = ?
we shall use the approximation 00 250
Yo NG )

Note that X is a discrete distribution taking integer values, while Y can take arbitrary real
values; so if Y = y then we take X to be the nearest integer to y. This is the reason for the
first step in the calculation

v — 182 20510\ B
= P(Z > —0-73) = 0-7673 .

3
— >
210 21/10

In fact, it is possible, using Maple or otherwise, to compute the exact binomial probability

P(X >30) ~ P(Y >29-5) = P(

P(X > 30) = 0-7634

for this problem; which shows that the normal approximation has given a satisfactory result
with very little effort.

notes,
page 202



MATH1231 Algebra 9.100: A sign test

Example. A standard treatment for cancer is known to cure 62% of patients. A new
treatment is given to 171 patients and is observed to cure 122 of them. Does this provide
evidence that the new treatment is better than the standard treatment?

Solution. The proportion cured under the new treatment is % = 71%; so we have no

reason to believe that the older treatment is superior. Suppose that there is no difference
between the two treatments; then the number of patients cured by the new treatment would
be a random variable X ~ B(171,0-62). The probability of obtaining results as good as, or
better than, those observed would be

P(X >122).
We use the normal approximation
Y ~ N(np, npq) = N(106-02, 40-2876)

to estimate
Y — 106-02 S 121-5 — 106-02
vV40-2876 \/40-2876

Since this probability is very small (less than 5%), we conclude that, according to the
available evidence, the new treatment is superior to the standard treatment.

P(X >122) ~ P(Y > 121.5) = P( ) — P(Z > 244) = 0-0073..



MATH1231 Algebra 9.101: Comments

Comments. This gives an outline of the use of statistical methods to answer the sort of
question posed at the start of this chapter. The new treatment has cured 71% of the patients
and has therefore performed better than the standard treatment. We have to decide whether
or not this is just a matter of chance.

To do this we assume that there is no difference between the two treatments, and calculate
the probability, under this assumption, of the result which was actually observed. Note
that there is nothing particularly surprising in the fact that 122 people were cured — things
would have been much the same if it had been 121 or 123. The significant fact is that 122
or more were cured. Therefore the relevant probability to calculate is not P(X = 122) but
P(X > 122).

The result of our probability calculation shows that if the new treatment is only as good as
the old then something extremely unlikely has occurred. Therefore it seems reasonable to

rule out this possibility, and conclude that in actual fact the new treatment is better than the
previous one. We might therefore recommend that the old methods be replaced by the new.

You will learn more about this kind of procedure if you do a statistical course dealing with
hypothesis testing.



MATH1231 Algebra 9.102: Cereal

Example. A cereal manufacturer claims that at most 1% of its “1kg” boxes of cereal are
underweight (that is, less than 1kg). When 47 randomly chosen boxes are inspected it is
found that 3 of them are underweight. Is this evidence sufficient to refute the manufacturer’s
claim?

Solution. Assuming the manufacturer’s claim is true, the number of underweight boxes is
X ~ B(47,0-01). Using the normal approximation Y ~ N(0-47, (0-68)%) gives

Y — 047 _ 2.5 —-047
T )

= P(Z >298) = 0-0014 .
0-68 — 068 = )

P(X >3) ~ P(Y >25) = P(

Therefore the manufacturer’s claim should be rejected.

Alternative solution. For this problem it is not too hard to evaluate the exact binomial
probability:

P(X>3)=1-P(X=0)—P(X =1) — P(X = 2)
—1- (407)(0-01)0(0-99)47 - (417)(0-01)1(0-99)46 - (427)(0-01)2(0-99)45
— 0-0117 .

What do you notice?



MATH1231 Algebra 9.103: Failure of approximation

Note that in this case the normal approximation to the binomial distribution has failed
badly! The true answer is more than 8 times our approximate calculation.

Why did this happen? One reason can be seen by looking at the following graphs. In the first
we have a binomial distribution with p = 0-5, giving a symmetric histogram which is well
approximated by the normal curve. In the second, with p = 0-01, the binomial distribution
is highly asymmetric, and so we can scarcely expect it to be well matched by the symmetric
normal curve.

B(lOO,%) and N (50,25) B(47,0-01) and N(0-47, (0-68)2)
Y
AT /
/ \
0 40 50 60 x 0 1 2 3 T

Conclusion. Approximation methods should always be used with caution! As we are not
even attempting to calculate the true answer, it should be clear that there is a lot of room
for things to go badly wrong. Again, this is something you may learn more about in future
statistics courses.



