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MATH1231 Algebra 8.2: Powers of matrices

Example 1. An exercise.

• Calculate D2, D3, D4 and guess a formula for Dk, where D is the matrix

D =

(
2 0
0 −1

)

.

• Can you do the same for the matrix A =

(
1 −2
−1 0

)

?

• What if you are also told that A = MDM−1, where M =

(
2 1
−1 1

)

?



MATH1231 Algebra 8.3: Population

Example 2. A very simplified population model. Suppose that a census is taken every 20
years: we count the number x(k) of people under 20 years old at the kth census, and the
number y(k) of people 20 years old and over. For making decisions on government policy and
planning we would like to know the eventual proportions of “old” and “young” people in the
population. To simplify, we assume that in any 20–year period,

• people over 20 have an average of 0·7 children each, and 14% of these people die;

• people under 20 have a negligible number of children, and 1% of these people die.

Then we have

x(k + 1) = 0·7y(k) and y(k + 1) = 0·99x(k) + 0·86y(k) .

These equations can be written in matrix form

(
x(k + 1)
y(k + 1)

)

=

(
0 0·7

0·99 0·86

)(
x(k)
y(k)

)

,

or
v(k + 1) = Av(k) .

. . . continued



MATH1231 Algebra 8.4: . . . continued

For the population to settle down to a constant young/old ratio we want v(k + 1) = λv(k)
for some scalar λ, that is,

Av = λv

where v = v(k). We shall see later how to solve this for ourselves, but for now, typing

> with(LinearAlgebra):

> A := < <0,0.99>|<0.7,0.86> >;

> Eigenvectors(A);

into Maple gives solutions

λ = 1·37 , v =

(
0·46
0·89

)

and λ = −0·51 , v =

(
−0·81
0·59

)

.

. . . continued



MATH1231 Algebra 8.5: . . . concluded

In this problem, λ is a population ratio and we must clearly reject the negative solution;
hence the eventual proportion of “young” people in the population is

0·46

0·46 + 0·89
= 34% ,

and the proportion of “old” people is 66%.

This calculation also tells us that the population increases by 37% every 20 years, or about
1·6% per year. If we know the population vector v(0) at some point in time, then the
population 20k years later is

v(k) = Akv(0) .

This sort of model is an important application of powers of matrices, as seen in example 1.



MATH1231 Algebra 8.6: Calculus

Example 3. Calculus. Solve the differential equation

dy

dx
= λy .

The connection of this example with the previous ones is that differentiation and matrix
multiplication are both linear transformations: the present problem can be written in the
form

D(y) = λy .

From calculus lectures you know that the equation has solutions for any real value of λ, and
specifically that

y = Ceλx .



MATH1231 Algebra 8.7: The problem

We are considering the equation Av = λv, where A is a given matrix, λ is an unknown scalar
and v is an unknown vector. Note that

• the matrix A must be square;

• v = 0 is always a solution, and so we are not really interested in this.

More generally, we consider T (v) = λv, where T is a given linear transformation, λ is an
unknown scalar and v is an unknown vector. In this case

• T (v) is a scalar times v and therefore must be in the same vector space as v: that is, T
is a function from a vector space V to the same vector space V ;

• as above, v = 0 is always a solution and therefore is not of interest.



MATH1231 Algebra 8.8: Definition

notes,

page 138Definition. Let T : V → V be a linear transformation, λ a scalar and v a non–zero vector
in V . If

T (v) = λv

then we say that λ is an eigenvalue of T , and that v is an eigenvector of T corresponding

to the eigenvalue λ.
notes,

page 138Definition. Let A be an n×n matrix with real or complex entries, λ a complex number and
v a non–zero vector in C

n. If
Av = λv

then we say that λ is an eigenvalue of A, and that v is an eigenvector of A corresponding

to the eigenvalue λ.

Note that even if A is a real matrix we have to be prepared to find complex eigenvalues and
eigenvectors: the reason for this will become clear later.



MATH1231 Algebra 8.9: Geometry

Example 4. Geometric significance of eigenvalues and eigenvectors. Let

A =

(
1 −2
−1 0

)

.

We shall see later how to show that some of the eigenvalues and eigenvectors of A are

λ1 = 2 , v1 =

(
2
−1

)

and λ2 = −1 , v2 =

(
1
1

)

.

We take another vector, for example,

v3 =

(
−1
0

)

which is not an eigenvector of A (why not?), . . .

. . . continued



MATH1231 Algebra 8.10: . . . continued

. . . and sketch the vectors v1,v2,v3 and Av1, Av2, Av3.

x

y

v1

v2

v3 x

y

Av1 = 2v1

Av2 = −v2

Av3 6= λv3

From the diagrams we see that the eigenvectors of A are those which still point in the same
direction (or the opposite direction) if we multiply them by A, and the eigenvalues are the
(signed) ratios of lengths between Av and v.



MATH1231 Algebra 8.11: Computations

Computing eigenvalues and eigenvectors. The equation Av = λv can be rewritten

(A− λI)v = 0 , (∗)

where I is the n × n identity matrix. From the theory of linear equations and determinants
studied in MATH1131 we see that this equation has a non–zero solution v if and only if

det(A− λI) = 0 .

notes,

page 141This gives an equation, called the characteristic equation of A, which we can solve to find
the eigenvalues λ; we then substitute these values one at a time into (∗) and solve to find the
eigenvectors v corresponding to each eigenvalue.



MATH1231 Algebra 8.12: Example

Examples.

1. For the matrix

(
1 −2
−1 0

)

from page 9, we have

det(A− λI) = det

(
1− λ −2
−1 −λ

)

= (1− λ)(−λ)− 2 = λ2 − λ− 2 ;

solving the characteristic equation λ2 − λ− 2 = 0 gives eigenvalues λ = 2 and λ = −1.

To find eigenvectors, we substitute the values of λ into (∗) on the previous page. For
λ = 2 we have (A− 2I)v = 0; solving by row–reduction and back substitution, we have

(
−1 −2 0
−1 −2 0

)

←→

(
−1 −2 0
0 0 0

)

so v2 = t , v1 = −2t .

Therefore the eigenvectors for λ = 2 are

v =

(
v1
v2

)

=

(
−2t
t

)

= t

(
−2
1

)

.

For λ = −1 we have (A+ I)v = 0 and
(

2 −2 0
−1 1 0

)

←→

(
1 −1 0
0 0 0

)

so v =

(
t

t

)

= t

(
1
1

)

.



MATH1231 Algebra 8.13: Check

Comment. There is a fair deal of calculation involved in finding eigenvalues and eigenvectors,
and it is easy to make arithmetic slips. Therefore it is very important to check your work.
On this page we give some checks and apply them to the first example: in future work you
should check as you go along.

• For any matrix, the sum of the eigenvalues equals the trace of the matrix, that is, the
sum of the diagonal elements from top left to bottom right. In the example above, the
sum of the eigenvalues is 2+ (−1), the trace is 1+ 0, these are equal, so the check is OK.

When adding up the eigenvalues, if the same eigenvalue occurs more than once, then it
must be added up more than once. We’ll see an instance of this on the next page.

• When finding eigenvectors, there must always be an infinite number of solutions. In
particular, if you ever find that you get the unique solution v = 0 for an eigenvector,
then you know for sure that you are wrong – go back, find the error and fix it. (Hint:
the most likely error is that your eigenvalues are wrong.)

On the previous page, the echelon form for A − 2I has a non–leading column, so there
are infinitely many eigenvectors and the check holds. The same goes for A+ I.

• Finally, once you have found λ and v, check that Av = λv. In example 1 we have

A

(
−2
1

)

=

(
−4
2

)

= 2

(
−2
1

)

and A

(
1
1

)

=

(
−1
−1

)

= −

(
1
1

)

.



MATH1231 Algebra 8.14: Another example

Examples, continued

2. Let B =





1 2 −1
−6 −7 3
−4 −4 1



. Then

det(B − λI) = det





1− λ 2 −1
−6 −7− λ 3
−4 −4 1− λ



 = · · · = −(λ+ 1)2(λ+ 3) ,

so the eigenvalues of B are −1 and −3. We say that −1 has algebraic multiplicity 2
while −3 has algebraic multiplicity 1.

Check: the sum of the eigenvalues is (−1) + (−1) + (−3), the trace is 1 + (−7) + 1, and
these are equal. Note that the eigenvalue −1 is counted twice.

. . . continued



MATH1231 Algebra 8.15: . . . continued

(continued) Calculating eigenvectors, for λ = −1 we have

B − λI =





2 2 −1
−6 −6 3
−4 −4 2



 ←→





2 2 −1
0 0 0
0 0 0



 .

Check: there are infinitely many solutions.

Solving gives v3 = t, v2 = s, v1 = −s+ 1
2 t, and the eigenvectors for λ = −1 are

v =





−s+ 1
2 t

s

t



 = s





−1
1
0



+ t





1
2
0
1



 .

Check: we have

B





−1
1
0



 =





1
−1
0



 = −





−1
1
0



 and B





1
2
0
1



 =





− 1
2
0
−1



 = −





1
2
0
1



 .

. . . continued



MATH1231 Algebra 8.16: . . . concluded

(continued) For λ = −3 we obtain

B − λI =





4 2 −1
−6 −4 3
−4 −4 4



 ←→





4 2 −1
0 −2 3
0 0 0





(check: infinitely many solutions), which gives eigenvectors

v = t





− 1
2

3
2

1



 = 1
2 t





−1
3
2



 = u





−1
3
2



 .

Final check: B





−1
3
2



 =





3
−9
−6



 = −3





−1
3
2



.



MATH1231 Algebra 8.17: Fundamental results

Here are the basic results on existence and computation of eigenvalues and eigenvectors.

notes,

page 139Theorem. Computing eigenvalues and eigenvectors. Let A be an n × n real or complex
matrix, λ a real or complex scalar and v a non–zero vector in C

n. Then

• λ is an eigenvalue of A if and only if det(A− λI) = 0;

• v is an eigenvector of A corresponding to the eigenvalue λ if and only if (A− λI)v = 0.

Proof. See the argument outlined on page 11.

notes,

page 140Theorem. The characteristic polynomial. Let A be an n× n matrix. Then det(A− λI) is a
polynomial of degree n in λ.

Proof. Not very difficult, but fiddly. See the 3× 3 case to get the idea.

notes,

page 141Theorem. Existence of eigenvalues. An n × n real or complex matrix has exactly n

eigenvalues, provided that

• both real and complex eigenvalues are counted;

• eigenvalues are counted “according to their multiplicity”.

Proof. Under the stated conditions, an nth degree polynomial has exactly n roots.



MATH1231 Algebra 8.18: Comments

Comments.

• Given an n× n matrix A and an eigenvalue λ, we refer to the set

Eλ = {v ∈ C
n | Av = λv }

as the eigenspace of A corresponding to λ. To prove that Eλ is a subspace of Cn, use
the Subspace Theorem (exercise); alternatively, we have Eλ = ker(A− λI), and we know
from Chapter 7 that the kernel of a matrix is always a vector space.

• If λ is not an eigenvalue of A then the set just mentioned is {0 }; if λ is an eigenvalue
then it is more than {0 }.

•
notes,

page 140The determinant of A− λI is called the characteristic polynomial of A.

• Note that if a matrix A has real entries then its characteristic polynomial will have real
coefficients, but it may still have complex roots. This is the reason for the comment at
the bottom of page 8.

• Observe on page 14 that B has an eigenvalue λ = −1 with algebraic multiplicity 2, and
that there are two linearly independent eigenvectors corresponding to this eigenvalue. In
fact, it is always true that

{
number of linearly

independent eigenvectors

}

≤
{
algebraic multiplicity
of the eigenvalue

}

,

but it is not always true that these quantities are equal.



MATH1231 Algebra 8.19: More examples

Examples. For the next two examples, please fill in the working we have omitted, and check
the working as you go.

3. For A =

(
1 2
−1 −1

)

we have

det(A− λI) = det

(
1− λ 2
−1 −1− λ

)

= λ2 + 1 ,

so A has eigenvalues λ = ±i. Finding eigenvectors for λ = i, we have

A− λI =

(
1− i 2
−1 −1− i

)

←→

(
1 1 + i

0 0

)

so v = t

(
1 + i

−1

)

.

Similarly, the eigenvectors for λ = −i are

v = t

(
1− i

−1

)

.

Note that A is a real matrix, but its eigenvalues and eigenvectors are complex.



MATH1231 Algebra 8.20: . . . continued

4. For C =

(
1 1
−9 7

)

we have

det(C − λI) = det

(
1− λ 1
−9 7− λ

)

= (λ− 4)2 .

Thus C has one eigenvalue λ = 4, with algebraic multiplicity 2. From

C − 4I =

(
−3 1
−9 3

)

←→

(
−3 1
0 0

)

we see that the corresponding eigenvectors are

v = t

(
1
3

)

.

Note that here we have an eigenvalue of algebraic multiplicity 2, but it is impossible to
find two linearly independent eigenvectors – contrast the example on page 14.

Challenge problem. Let A be a 2× 2 matrix with an eigenvalue of multiplicity 2 for which
there are two independent eigenvectors. Prove that A is a scalar times the identity matrix.



MATH1231 Algebra 8.21: Powers

Powers of matrices. Recall that in example 4 on page 9 we looked at the matrix

A =

(
1 −2
−1 0

)

which has eigenvalues and eigenvectors

λ1 = 2 , v1 =

(
2
−1

)

and λ2 = −1 , v2 =

(
1
1

)

;

we also chose

v3 =

(
−1
0

)

.

What happens if we repeatedly multiply v3 by A? We have

Av3 =

(
−1
1

)

, A2v3 =

(
−3
1

)

, A3v3 =

(
−5
3

)

, A4v3 =

(
−11
5

)

, A5v3 =

(
−21
11

)

.

From a diagram, . . .

. . . continued



MATH1231 Algebra 8.22: . . . continued

x

y

v3

Av3
A2v3

A3v3

A4v3

A5v3

. . . the vectors seem to be increasing in length and settling down towards a fixed direction,
but beyond this it is hard to say exactly what is going on.

What if we do the same thing starting with v1? This is easy! We have Av1 = 2v1, so

A2v1 = 22v1 , A3v1 = 23v1 , . . . , Akv1 = 2kv1 ;

the vectors are all in the same direction, and they double in length at each step. Similarly,

Akv2 = (−1)kv2 .

. . . continued



MATH1231 Algebra 8.23: . . . continued

The results we have just found for v1 and v2 enable us to settle the corresponding question
for v3. The set {v1,v2 } is linearly independent (why?) and is therefore a basis for R

2

(why?), so we can write v3 as a linear combination of v1 and v2. You can check for yourself
that in fact

v3 = − 1
3v1 −

1
3v2 ;

therefore
Akv3 = − 1

3 (A
kv1 + Akv2) = − 1

3

(
2kv1 + (−1)kv2

)
,

and we have obtained a formula for Akv3 in which we do not need to evaluate powers of
matrices. We can also write

Akv3 = − 1
3 2

k
(
v1 + (− 1

2 )
kv2

)
,

which is approximately − 1
3 2

kv1 if k is large. Hence, for large k, the magnitude of Akv3 is
approximately 1

3 2
k|v1|, and its direction is close to that of −v1. Check these statements by

looking at the diagram on the previous page.



MATH1231 Algebra 8.24: Powers and diagonal matrices

The preceding exercise suggests that problems involving powers of matrices may be simplified
by using properties of eigenvalues and eigenvectors. In fact, notice that

A(v1 v2 ) = (Av1 Av2 ) = ( 2v1 −v2 ) = (v1 v2 )

(
2 0
0 −1

)

,

or
AM = MD .

Here A is the given matrix, D is a matrix with the eigenvalues of A along the diagonal and
zeros elsewhere, and M is a matrix whose columns are the eigenvectors of A. In this case the
eigenvectors are linearly independent, so M is invertible and we can diagonalise the matrix
A by writing

A = MDM−1 .

We can now without much difficulty evaluate powers of A. We have

Ak =

k times
︷ ︸︸ ︷

(MDM−1)(MDM−1)(MDM−1) · · · (MDM−1) = MDkM−1 ;

the matrices M and D are known, M−1 can be found, and it is easy to calculate Dk.



MATH1231 Algebra 8.25: Examples

Examples. We calcuate powers of matrices by using the method of diagonalisation.

1. Diagonalise the matrix A =

(
4 −2
−6 5

)

and find a formula for Ak.

Solution. By standard methods we find the eigenvalues and eigenvectors of A,

λ = 1 , v = t

(
2
3

)

and λ = 8 , v = t

(
1
−2

)

;

therefore, A = MDM−1 with

D =

(
1 0
0 8

)

and M =

(
2 1
3 −2

)

.

Question. Are there any alternative choices for M and D?

From the diagonalisation we have

Ak = MDkM−1 = −
1

7

(
2 1
3 −2

)(
1 0
0 8k

)(
−2 −1
−3 2

)

=
1

7

(
4 + 3× 8k 2− 2× 8k

6− 6× 8k 3 + 4× 8k

)

.

Having finished this kind of problem you should always check that your answer is correct
for k = 0 and for k = 1.



MATH1231 Algebra 8.26: 3×3

2. Do the same for B =





1 2 −1
−6 −7 3
−4 −4 1



.

Solution. From pages 14–16 we know that B has eigenvalues and eigenvectors

λ = −1 , v = s





−1
1
0



+ t





1
2
0
1



 and λ = −3 , v = u





−1
3
2



 .

Three linearly independent eigenvectors can be found, and so B is diagonalisable with,
for example,

D =





−1 0 0
0 −1 0
0 0 −3



 and M =





−1 1 −1
1 0 3
0 2 2



 .

Therefore
Bk = MDkM−1 .

Exercise. Complete the calculation to find an explicit formula for Bk.



MATH1231 Algebra 8.27: A non–diagonalisable matrix

3. From page 20, the matrix

C =

(
1 1
−9 7

)

has the eigenvalue λ = 4 only, with multiplicity 2, and eigenvectors

v = t

(
1
3

)

.

Therefore C does not have two linearly independent eigenvectors, it is not diagonalisable,
and we cannot find powers of C by this method.

Comment. In fact, C = MJM−1 where

J =

(
4 1
0 4

)

and M =

(
1 0
3 1

)

.

The matrix J is called a Jordan form of C and is “the next best thing” when C is not
diagonalisable. Challenge. See if you can use this information to find a formula for Ck.



MATH1231 Algebra 8.28: Criteria for diagonalisation

We have seen examples of matrices which are and which are not diagonalisable. We now
investigate the properties of eigenvalues and eigenvectors which make a matrix diagonalisable.
First we note that we have succeeded in writing an n × n matrix in the form A = MDM−1

by taking the columns of M to be eigenvectors of A; in order for M to be invertible, it is
necessary that these eigenvectors be linearly independent. Here is our first result.

notes,

page 145Theorem. Diagonalisation of matrices. An n× n matrix A is diagonalisable if and only if it
has n linearly independent eigenvectors.

Proof. Difficult – not examinable for MATH1231. However the argument essentially follows
the procedure in the example on page 24; for more details, see the printed notes.

Corollary. Diagonalisation procedure. Suppose that A is an n × n matrix with n linearly
independent eigenvectors. Then A = MDM−1, where M is a matrix whose columns consist
of linearly independent eigenvectors of A, and D is the diagonal matrix whose kth diagonal
entry is the eigenvalue corresponding to the kth column of M .

Proof. Again, look at the example on page 24.



MATH1231 Algebra 8.29: Independence of eigenvectors

Observe that the only case we have seen (C on pages 20 and 27) in which an n × n matrix
does not have n independent eigenvectors is a case where there is a repeated eigenvalue.

notes,

page 144Theorem. Independence of eigenvectors. Let v1, . . . ,vk be eigenvectors of a matrix A. If
the corresponding eigenvalues are all different, then the eigenvectors are linearly independent.

Proof. Omitted.

Corollary. Matrices without repeated eigenvalues are diagonalisable. If A is an n×n matrix
with n different eigenvalues, then A is diagonalisable.

Proof. If A has n different eigenvalues, choose an eigenvector for each eigenvalue. By the
theorem we have just proved, these eigenvectors are independent; and by the theorem before
that, A is diagonalisable.

Warning! The converse of this corollary and that of the previous theorem are not true.
That is:

• an n× n matrix which has repeated eigenvalues (and therefore does not have n different
eigenvalues) may be diagonalisable;

• eigenvectors which belong to the same eigenvalue may be linearly independent.

For an example of both of these, recall the matrix B =





1 2 −1
−6 −7 3
−4 −4 1



 from page 26.



MATH1231 Algebra 8.30: Another example

Example. Find a formula for Ak, where

A =

(
1 3
4 5

)

.

Solution. The characteristic polynomial of A is

det(A− λI) = det

(
1− λ 3
4 5− λ

)

= (1− λ)(5− λ)− 12 = λ2 − 6λ− 7 = (λ− 7)(λ+ 1) ,

and the eigenvalues of A are the roots of this polynomial: λ = 7 and λ = −1. Finding the
eigenvectors for λ = 7, we have

A− 7I =

(
−6 3
4 −2

)

←→

(
2 −1
0 0

)

, so v = t

(
1
2

)

.

For λ = −1 we have

A+ I =

(
2 3
4 6

)

←→

(
2 3
0 0

)

, so v = t

(
−3
2

)

.

. . . continued



MATH1231 Algebra 8.31: . . . continued

(continued) Hence A can be diagonalised as A = MDM−1, where (among other possibilities)

D =

(
7 0
0 −1

)

, M =

(
1 −3
2 2

)

.

Therefore

Ak = MDkM−1 =
1

8

(
1 −3
2 2

)(
7k 0
0 (−1)k

)(
2 3
−2 1

)

=
1

8

(
2× 7k + 6(−1)k 3× 7k − 3(−1)k

4× 7k − 4(−1)k 6× 7k + 2(−1)k

)

.

Check that when k = 0 this formula gives us I, and when k = 1 it gives us the original
matrix A.



MATH1231 Algebra 8.32: Population

An application. Returning to the population example we had on pages 3–5: if the
population at one time consists of 20 000 “young” people and 10 000 “old” people, estimate
the respective populations 200 years later.

Solution. Let v(k) be the population vector after 20k years. Then we have

v(0) =

(
20 000
10 000

)

and v(k + 1) = Av(k) =

(
0 0·7

0·99 0·86

)

v(k) .

The population vector after 200 years is v(10) = A10v(0); using the information from page 4,
we see that A is diagonalisable and so A10 = MD10M−1, where

D =

(
1·37 0
0 −0·51

)

and M =

(
0·46 −0.81
0·89 0·59

)

.

Doing the calculations, we find that

v(10) = MD10M−1

(
20 000
10 000

)

=

(
208 000
407 000

)

,

rounding to the nearest thousand. After 200 years we expect 208 000 “young” people and
407 000 “old” people. As predicted on page 5, these numbers are in the ratio 34% : 66%.



MATH1231 Algebra 8.33: Modelling

Here is a question similar to some you have seen in calculus.

Problem. A tank contains 100 litres of water with 4 kilograms of salt dissolved in it; another
tank contains 100 litres of water with 7 kilograms of salt. The liquid in each tank is constantly
stirred. Liquid is pumped from the first tank to the second at a rate of 3 litres/second, and
from the second to the first at a rate of 5 litres/second. To keep the volumes constant, pure
water is added to the second tank (2 litres/second) and salt solution is drained from the first
(2 litres/second). Find the amount of salt in each tank at all future times.

Solution. At time t seconds, let there be y1 kilograms of salt in the first tank and y2
kilograms in the second.

1 2

y1 kg
of salt

y2 kg
of salt

2 litres/second

5 litres/second

3 litres/second

2 litres/second

. . . continued



MATH1231 Algebra 8.34: . . . continued

(continued) Now consider a short time interval of length ∆t, and let ∆y1,∆y2 be the
increases in y1, y2 over this interval.

• The outflow from tank 1 to tank 2 in time ∆t is 3∆t litres. Since the mixture in tank 1
is thoroughly stirred, the proportion of salt in the outflow is the same as in the whole
tank. So

amount of salt lost

3∆t
=

amount in tank

100
=

y1

100
,

approximately, and 0·03y1∆t kilograms of salt is lost.

• For similar reasons, the inflow from tank 2 brings with it 0·05y2∆t kilograms of salt. . .

• . . . and the liquid drained from tank 1 removes 0·02y1∆t kilograms.

Hence
∆y1 = −0·03y1∆t+ 0·05y2∆t− 0·02y1∆t ;

dividing by ∆t, taking the limit as ∆t→ 0, and doing the same sort of thing for y2 yields a
system of two simultaneous differential equations

dy1

dt
= −0·05y1 + 0·05y2 ,

dy2

dt
= 0·03y1 − 0·05y2 .

We also have the initial conditions y1(0) = 4 and y2(0) = 7.



MATH1231 Algebra 8.35: Vectors

If we write

y =

(
y1
y2

)

and A =

(
−0·05 0·05
0·03 −0·05

)

,

then the above system of differential equations can be written as a single equation involving
vectors and matrices,

dy

dt
= Ay . (∗)

By analogy with the scalar differential equation

dy

dt
= ay ,

which has solutions y = Ceat where C is a constant, we guess that (∗) might have a solution
y = eλtv where v is a vector. To see whether or not this is really true, we substitute into (∗):

dy

dt
= Ay ⇔ λeλtv = Aeλtv ⇔ Av = λv .

This argument proves the following result.
notes,

page 150Proposition. Solution of a system of differential equations. The vector function y = eλtv is
a non–zero solution of (∗) if and only if λ is an eigenvalue of A and v is an eigenvector of A
corresponding to λ.



MATH1231 Algebra 8.36: Example

Example. Solve the system

dy1

dt
= 6y1 + 2y2 ,

dy2

dt
= −2y1 + y2

subject to the initial conditions y1(0) = −5 and y2(0) = 7.

Solution. The system can be written
dy

dt
= Ay, where

y =

(
y1
y2

)

and A =

(
6 2
−2 1

)

.

Now (exercise!) A has eigenvalues and eigenvectors

λ = 2 , v = α

(
1
−2

)

and λ = 5 , v = α

(
2
−1

)

,

so the system has solutions

y = e2t
(

1
−2

)

and y = e5t
(

2
−1

)

.

. . . continued



MATH1231 Algebra 8.37: . . . continued

notes,

page 150As in calculus, the general solution of the system is

y = Ce2t
(

1
−2

)

+De5t
(

2
−1

)

where C,D are constants, or in scalar form

y1 = Ce2t + 2De5t , y2 = −2Ce2t −De5t .

Note that this solution contains two arbitrary constants, not four – the two Cs really are the
same, as are the two Ds. Now substituting t = 0 and using the given initial conditions, we
have

C + 2D = −5 , −2C −D = 7 .

Solving these equations yields C = −3, D = −1; hence, the solution of the initial value
problem is

y1 = −3e2t − 2e5t , y2 = 6e2t + e5t .



MATH1231 Algebra 8.38: 3×3 example

Example. Solve the system of three differential equations in three unknowns

dy1

dt
= y1 + 2y2 − y3 ,

dy2

dt
= −6y1 − 7y2 + 3y3 ,

dy3

dt
= −4y1 − 4y2 + y3 .

Solution. Since we have already (pages 14–16) found the eigenvalues and eigenvectors of the
coefficient matrix 



1 2 −1
−6 −7 3
−4 −4 1



 ,

we can immediately write down the general solution of the system as

y = Ce−t





−1
1
0



+De−t





1
0
2



+ Ee−3t





−1
3
2



 .

Comment. The coefficient matrix in this case has a repeated eigenvalue λ = −1. From what
has been learned in calculus about repeated roots, we might expect the solution to have a
term involving e−t and another involving te−t. Note, however, that this is not the case – at
least, not in this example. More work is done on this kind of problem in MATH2501 and
MATH2601.



MATH1231 Algebra 8.39: Higher order

notes,

page 151Higher order equations. We can use the above methods to solve second (or higher) order
differential equations in one unknown by converting them to a system of first order equations
in two (or more) unknowns. For example, consider the equation

d2y

dt2
− 2

dy

dt
− 24y = 0 .

Setting y1 = y and y2 =
dy

dt
, the equation can be rewritten as

dy1

dt
= y2 ,

dy2

dt
= 24y1 + 2y2 ,

or
dy

dt
=

(
0 1
24 2

)

y. The coefficient matrix has eigenvalues and eigenvectors

λ = 6 , v = α

(
1
6

)

and λ = −4 , v = α

(
1
−4

)

,

and so we obtain

y = Ce6t
(
1
6

)

+De−4t

(
1
−4

)

.

The solution of the original equation is y = y1, the first component of the vector y, that is,
y = Ce6t +De−4t.



MATH1231 Algebra 8.40: Salt

Example. To conclude, we return to the salt–in–tanks problem (page 33), using Maple for
the calculations.

> with(LinearAlgebra):

> A := <-0.05,0.05;0.03,-0.05>;

> Eigenvectors(A);
[

-0.0113

-0.0887

]

,

[

0.791

0.612

-0.791

0.612

]

The output indicates that A has an eigenvalue λ = −0·0113 with eigenvectors any multiple of
(0·791, 0·612)T , and similarly for the other eigenvalue. So the general solution of the equation
is

y = C1e
−0·0113t

(
0·791
0·612

)

+ C2e
−0·0887t

(
−0·791
0·612

)

.

Entering this into Maple and then using the commands

> y0 := subs(t=0,y);

> solve( {y0[1]=4,y0[2]=7}, {C1,C2} );

> subs(%,y);

> plot( {y[1],y[2]}, t=0..300, view=0..7 );

. . . continued



MATH1231 Algebra 8.41: . . . concluded

. . . gives the final answer

y =

(
6·52e−0·0113t − 2·52e−0·0887t

5·05e−0·0113t + 1·95e−0·0887t

)

and a plot of the amount of salt over the first 5 minutes.


