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MATH1231 Algebra 7.2: Introduction

Exercise. Expand the following expressions:

%(ﬁq): %(Ap)z
Ax+y) = A(Xx) =

/O F(t) + g(t) dt = / AF() di =

Question. What do you notice about these problems?



MATH1231 Algebra 7.3: Rotation

Another example. If v is any vector in R?, let R(v) be the vector obtained when v is
rotated by a right angle about the origin.

R(u+v)
= R(u) + R(v)
| AV

Then the above diagrams should convince you that
R(u+v)=R(u)+ R(v) and R(A\v)= AR(Vv)

for all u,v in R? and all scalars \. Exercise. Use geometric arguments to carefully prove
these two statements.



MATH1231 Algebra 7.4: Linear transformations: definition

As we saw earlier in connection with vector spaces, if essentially identical situations occur
in many different guises, then it is worth our while to look at a more general concept which
includes all these situations. This saves us work since we can solve a problem once instead
of doing it many times, and it also gives us a deeper understanding of these problems by
focussing our attention on what is really important about them.

Definition. Let V and W be vector spaces over the same field F. A function T : V — W is hese so
called a linear transformation if the following conditions are satisfied:

e T preserves addition: for all u,v in V we have T(u+v) =T(u) + T (v);

e T preserves scalar multiplication: for all v in V' and all scalars A we have T'(Av) = \T'(v).

Terminology.

e A linear transformation may be referred to as a linear map or a linear mapping; or just
say “T'is linear”.

e Instead of “T" preserves addition” we sometimes say “I’ satisfies the addition condition”.
But don’t say “T' is closed under addition” — the word “closed” means something quite
different, as you will see if you carefully compare the definitions.



MATH1231 Algebra 7.5: Examples

Examples. For our first four examples we revisit pages 2—3.

1. Let V=W =P and T(p) = g—’;. Then T is a linear transformation; the two conditions
in the definition express well-known facts about differentiation.

notes,

2. Let A be an m x n matrix and define page 86
T:R" - R"™ where T(x)= Ax.
From basic properties of matrix algebra we have
Tx+y)=Ax+y) =Ax+ Ay =Tx)+T(y), T(\x)=A(Ix) = A(Ax)= T (x)

for all x,y € R™ and all A € R; therefore T is a linear transformation. Note that in this
case V and W are different vector spaces.

3. Let V' = { continuous functions on [0,1]} and define

1
T:V — R where T(f):/ f(t)dt .
0

Once again, familiar facts about integration prove that 7' is a linear mapping.

4. The rotation mapping from page 3 has V = W = R2, and R(v) is the vector obtained by
rotating v anticlockwise through a right angle. As we saw above, R(u+v) = R(u)+ R(v)
and R(Av) = AR(v) for all u,v € R? and all real \; this shows that R is linear.



MATH1231 Algebra 7.6: ... more

5. Let T be a function from R? to R3 defined by

. r1 + 319
T ( 1) = 5331 — T2
o To

Prove that T is a linear transformation. Solution. First we note that the domain and
codomain of T are both vector spaces. Let x,y € R?. Then

(x1 +y1) + 3(z2 + ¥2)
) = | 5(z1 +y1) — (x2 + 32)

T(x+y):T(x1+y1

To +
2 T Y2 To 4+ 1y
1 + 3x2 + y1 + 3y2 x1 + 322 Y1 + 3y
= | bz —22+by1 —y2 | =Dz —22 |+ | D1 —ve | =T(x)+T(y)
T2 + Y2 T2 Y2

and so T preserves addition. For any x in R? and any scalar A\ we have

Az (Az1) + 3(Az2) AMx1 + 3x2) x1 + 329
T()\X) =T ( 1) = 5()\5()1) — ()\282) = )\(51‘1 - 332) = A 5(131 — X2 = )\T(X)
)\1‘2 )\282 )\1‘2 i)

and so T preserves scalar multiplication. Therefore T is a linear transformation.

...continued



MATH1231 Algebra 7.7: ... continued

5. (continued) Some comments on this example.

e For this kind of problem, do one step at a time, and make sure you don’t leave out
any steps.

e Be careful to do operations in the right order. This is easy if you look closely at
the brackets — for example, to find T'(x 4+ y) you must first add x and y, and then
calculate T of the sum.

1 3
e This example is really just example 2 with A= [ 5 —1
0 1



MATH1231 Algebra 7.8: ... continued
6. Consider the function
F: M, — M,, where F(A)=A-A",

where A7 is the transpose of A. (We call this function F to avoid any confusion between
T for transformation and T for transpose.) Then the domain and codomain of F' are
vector spaces. For any A, B in M,,, we use properties of transposes (MATH1131,
Chapter 5) to obtain

F(A+B) = (A+B) - (A+B)*

= (A+ B) — (AT + BT)
= (A-A")+(B-B")
= F(A)+ F(B) ,

so F' preserves addition. Similarly, for any A € M,,,, and any scalar A we have
F(AA) = (M) — QAT = MA - AT = NA - AT = \F(4),

so I’ preserves scalar multiplication. Hence F' is linear.



MATH1231 Algebra 7.9: Non—examples

7. Let T : R — R where T'(z) = 2z + 5. Then otess

page 84,
example 1

T(1)=7 and T(2)=9 but T(3)=11£T(1)+T(2),

so T' is not linear. Warning! In school you probably called this kind of function linear
— it is not linear in the sense of this chapter.

8. Let T': R — R where T'(z) = sinx. Then
T(r)=0 but T(3m)=1+# 1T(7).

So T" is not a linear transformation.

9. Let T: R — R where T'(z) = /x. Then
TA+1D)=T2)=v2 but T()+T(1)=1+1=2£T(1+1).

So T' is not linear. Comment. Apart from the algebra, there is something much more
seriously wrong with this example. What is it?



MATH1231 Algebra 7.10: Short cuts

Two short cuts may help in showing that a function is not linear.

notes,

Proposition. Linear maps preserve zero and negatives. Let T': V — W be linear. Then bage 82
e 7(0) = 0;
o for any v € V we have T'(—v) = —T'(v).

Proof. Use some results we proved in Chapter 6, together with the fact that 7" preserves
scalar multiplication: we have

T(0)=T(0v)=0T(v)=0 and T(—v)=T((-1)v)=(-1)T()=-T().

Exercise. Give alternative proofs of these results, using properties of vector addition instead
of scalar multiplication. Hint: consider 7'(0 + 0) and T'(v + (—V)).



MATH1231 Algebra 7.11: Examples

Examples.

e In example 7 on page 9 we showed that T': R — R given by T'(z) = 2x + 5 is not linear
because it does not preserve addition. Alternatively, since T'(0) = 5 # 0, we can instantly
say that T is not linear.

e Define T : R — R? by T'(x) = (22, 2°). Then
T(2)=(4,8) but T(-2)=(4,-8)# -T(2),

so 1" is not linear.

e As in example 8 on page 9, consider T : R — R given by T'(z) = sinz. Then
T(0)=0 and T(—x)= —T(z) for every z,

so the short—cut tests are inconclusive.
Notes.

e These properties can never be used to show that a function is linear. As shown in the
last example, T'(z) = sin x passes both tests, yet we already know that it is not linear.

e In using the “negative” test, always give a specific numerical example.



MATH1231 Algebra 7.12: Criticise

Exercise. Criticise the following linear transformation proof. Find all the mistakes, as well
as pointing out any parts which could have been expressed better.

Problem. Show that 7 : R* — R given by T'(x) = x1 — 625 + 24 is a linear mapping.

Proof. Let x,y € T. Then

T(x+y)=(z1+y1)—6(w2+ y2) + (T2 + ya)
(r1 — 622 + x4) + (y1 — 6Yy2 + y4)
T(x)+T(y),

so 1" is closed under addition.
Let A € R. Then

T()\X) = )\T(X) = T()\iL‘l, )\QL‘Q, )\1‘4) = >\T(a:1, Xo, 5L‘4)
= ()\561) — 6()\.%2) + ()\564) = )\(.%1 — 06xo + 564)
= 0=0,
so 1" is closed under multiplication.

Since 1" is closed under addition and multiplication, it is linear.



MATH1231 Algebra 7.13: Linear combinations

The conditions on vector addition and scalar multiplication in the definition of a linear
transformation can be combined into a single statement.

Theorem. Linear maps preserve linear combinations. A function T : V' — W between vector
spaces is linear if and only if

T()\lVl + )\2V2) = )\1T(V1) + )\QT(VQ) (>l<)

for all vectors vi, vy in V and all scalars Ay, As.

Proof. Suppose that T is linear. Since T’ preserves addition and scalar multiplication we

have
T()\1V1 + )\2V2) = T(>\1V1) + T()\QVQ) = >\1T(V1) + )\2T(V2)

for all vectors vi, vy and scalars A1, Ao. Conversely, suppose that T satisfies () for all vectors
v1, Ve and scalars A1, Ay. By taking Ay = Ay = 1 we see that T' preserves addition; by taking
Ay = 0 we see that T preserves scalar multiplication. Therefore, T is linear.

Theorem. Linear maps preserve longer linear combinations. If T': V — W is linear then
T(>\1V1 + )\2V2 + -4 )\nVn) = >\1T(V1) + )\2T(V2) R )\nT(Vn)

for all vi,vsy,...,v, in V and all scalars A1, Ag,..., \,.

Proof. Induction.

notes,
page 83

notes,
page 84



MATH1231 Algebra 7.14: Examples

Examples.
1. If T : R? — R3 is linear and T'(1,2) = (1,1, 3) and T(2,—1) = (2,0, —3), find T(9, 8).
Solution. We need a linear combination
(9,8) = A1(1,2) + A2(2,—1) .
Solving this equation gives Ay = 5 and Ay = 2, so
7(9,8) = T(5(1,2) 4+ 2(2, 1))
=5T(1,2) 4+ 27T(2,-1)
=5(1,1,3) +2(2,0,-3)
=(9,5,9) .

2. Suppose that T : R? — R has the values
T(1,2)=(1,1,3), T(2,-1)=(2,0,—3) and T(-3,4)=(1,2,1).
Then T is not linear; for if it were, the first two given values would imply that
T(-3,4) = T((1,2) —2(2,-1)) = T(1,2) — 27(2,-1) = (-3,1,9)

which contradicts the third.



MATH1231 Algebra 7.15: ... another
3. Let T be a linear map from R3 to R?, with
7T(1,0,0)=(1,2), T(0,1,0)=(3,4), T(0,0,1)=(5,6).
Then for any x in R? we have

T(x) = T(z1,22,23) = T(21(1,0,0) 4+ 22(0,1,0) + 25(0,0, 1))
= x17(1,0,0) + x27(0,1,0) + x37°(0,0,1)
=x1(1,2) + x2(3,4) + x3(5,6)
= (w1 + 322 + dbxs, 21 + 4xo + b623) .



MATH1231 Algebra 7.16: Values on a basis

Observe that example 3 is telling us something very important!

notes,

Theorem. A linear transformation is determined by its values on a basis. Suppose that ... ss
T :V — W is linear, let B ={by,bs,...,b, } be a basis for V, and let v be a vector in V.
If x1,xo,...,x, are scalars such that v=x:b; + z5by +--- 4+ x,,b,,, then

T(V) = SClT(bl) + CIJQT(bQ) + -+ CIJnT(bn) . (*)

Proof. This follows immediately from the second theorem on page 13.

The point of this result is that if 7" is a linear transformation with domain V' and
{b1,bs,...,b, } is a basis for V, and if we know the values of T'(by),T'(bs),...,T(b,), then
we can calculate all values of T'(v). Given v, we can solve linear equations to find scalars
X1,X2, ..., Ty such that v =xz1by + x5bs + - - - 4+ x,,b,,; and then (x) gives the value of T'(v).

Example. Let T : P35 — R be linear; suppose it is known that
T(1)=5, T(x)=2, T(*)=3 and T(z%) =-1.
Then we can compute T'(p) for any p in P3, because

T(a+ bx + cax? + dz®) = aT(1) + bT(x) + cT(x?) +dT(2®) = 5a+2b+3c—d .



MATH1231 Algebra 7.17: Maps and matrices

Matrices and linear transformations. There is a very close relationship between linear
transformations and matrix multiplication.

notes,

e We have already seen (page 5) that if A is an m x n matrix and T : R™ — R is defined page s6
by T'(x) = Ax, then T is linear.

e Conversely, we saw on page 6 an example of a linear map which turned out to be matrix
multiplication “in disguise”.

In fact, any linear transformation 7" from R™ to R™ can be written in the form T'(x) = Ax
for a suitable m x n matrix A. Observe that, for example,

CEa()-() Grof)-6)

and so on: the kth column of an m x n matrix A is Ae;, where ey is the kth standard basis
vector in R™. So if T" is known and we want to find the matrix A with T'(x) = Ax, we have

{kth column of A} = Aer = T'(eg) .



MATH1231 Algebra 7.18: Matrix representation
Theorem. Matrix representation of linear maps. Let T : R” — R™ be a linear s 86
transformation; for k = 1,2,...,n, let e; be the kth standard basis vector in R™. If A is the
matrix whose kth column is T'(ey), then

T(x) = Ax for every x in R" |

where both x and T'(x) are written as column vectors.

Proof. Writing x as (z1,2,...,2,)? and using the definition of matrix multiplication,
Ax = z1 {1st column of A} + x5 {2nd column of A} + --- + z, {nth column of A} .
Since T’ is linear, we have

T(X) = T($161 + Io€o + .-+ xnen) = CUlT(el) -+ SCQT(GQ) + -+ an(en) = AX .



MATH1231 Algebra 7.19: Example

- r1 + 222 + T3
Example. Define T :R3 - R* by T | 25 | = _3?;61 +;:2 . Then T' is linear and
2 — T3
3 —x1 + 4x3
D (L 0\ [ AN
T 0 — ’ T ]- - 9 T 0 — Y
0 0 0 3 ) —1
—1 0 4
so the matrix
1 2 1
-2 1 0
A 0o 3 -1
-1 0 4
has the property that T'(x) = Ax for all x. Alternative method: just write out
x1 + 222 + T3
X1
—2x1 + X9
— 332
35132 — X3 -
—x1 + 4x3 3

and fill in the blanks in the matrix!



MATH1231 Algebra 7.20: Differentiation is a matrix!

Comment. Although the above example only shows how to write a linear transformation T
in terms of matrix multiplication if the domain and codomain of T" are R"™ and R™, something
similar can be done in other vector spaces. For example, consider the differentiation map

_

T:Py —P; where T(p)=p =— .
dx

We can write the formula for T as
T(a+ bx + cx?) = b+ 2czx ;

if we write the polynomials as column vectors and use the approach of page 19, we have

()@ ) -) e

showing that 7' is represented by the matrix
0 1 0
1=(6 0 2)

... continued



MATH1231 Algebra 7.21: ... continued

For example,

is just another way of saying

d
d—(3—4:13—|—5x2) = —4+ 10z .
T

notes,

If you want to know more about this, read section 7.6 of the printed notes (optional). page 109

Warning. Don’t take equation (x) too literally! In order to give a simplified rough idea of
the topic, we have skipped over some important details. In particular, make sure you are
clear that the polynomial and vector

S

a+bx +cx? and

are not the same thing.



MATH1231 Algebra 7.22: Rotations

Geometric examples of linear transformations. Many important examples of
linear mappings on R? have simple geometric interpretations. These include stretching,
compression, dot products and projections, which are explained in the notes. Here are
some further examples. Our main aim will be to find the matrix of each of these linear
transformations.

Rotations. Let o be a fixed angle, and for any vector x in R?, let R(x) be the vector
obtained by rotating x through an angle o about the origin. On page 3 we discussed the case
when « is a right angle, and explained geometrically why R is linear; the proof for any « is
essentially identical. From the diagram we can see that

1 0 : Y
n _ [ cosa R _ ([ —sina | R(e») e
0 sin « 1 CoS
. . R(e1)
and so R is represented by the matrix a
cosa —sina a
A = ( . ) . O €1 x
sina  cosa

...continued

notes,
page 88

notes,
page 91



MATH1231 Algebra 7.23: Example

Problem. Find the vector obtained by rotating (4,2)? through an angle of 30°.

Solution. You could do this by drawing a careful diagram and using congruent triangles,
but it would be messy. However, by using the above matrix it is easy to get the answer

cos 30°  —sin 30° 4\ VE —1 4\  [(2v3-1
sin30°  cos30° 2/ — § 2] — \24+4v3 )

NI N



MATH1231 Algebra 7.24: Reflections, translations

Reflections. The following diagrams illustrate a reflection in the y—axis, and a reflection in
the line y = x.

T (x) Yy X I T(x)
Y=
X
0 T 0 T

We can see by drawing diagrams and using geometrical arguments that these transformations
are linear; they are represented by the matrices

(0 1) = (Vo)

A translation is not a linear transformation as it does not map the origin to the origin, that
is, T(0) # 0.

respectively.



MATH1231 Algebra

7.25: Shear

A shear mapping parallel to the z—axis can be visualised by imagining a stack of paper
with sheets lying horizontally being pushed so that the vertical edge becomes oblique.

Y

Y

For any point (x,y), this mapping leaves the y—coordinate unchanged, and increases the
x—coordinate by an amount proportional to the y—coordinate. Therefore

and the mapping has matrix

x + ky

Exercise. Find the matrix of a shear mapping parallel to the y—axis.



MATH1231 Algebra 7.26: Lines map to lines

An important feature of all these mappings is that the image of a line under the transformation
is also a line. This is always true for linear mappings, except for certain cases in which the
direction of the line is “reduced to nothing” and so we obtain only a point.

notes,

Proposition. Any linear transformation maps lines to lines (or points). Let T : R™ — R™ 0.
be linear and let L be a line in R™. Then the image of L under T', that is,

{T(x)|xison L},

is either a line or a point in R™.

Proof. We know from MATH1131 that we can write the line as
L={a+Av|AeR}
for certain fixed vectors a and v. The image of this line is
{T(@a+ )| AeR}={T@ +AT(v) | NeR}.

Now T'(a) and T'(v) are fixed vectors; if T'(v) = 0 then the set we have just written down
consists of the single vector T'(a), otherwise it is a line through 7'(a) in the direction T'(v).



MATH1231 Algebra 7.27: Three problems

Consider two problems from algebra, and one from calculus.
1. Given an m x n matrix A, solve the equation Ax = 0.

2. Find in parametric vector form the equation of the plane which passes through the origin
and is perpendicular to (2, —1,6).

3. Solve the differential equation y” + 3y’ + 2y = 0.
Once again we have a situation in which a number of apparently different problems are really

very similar. The connection here is that all three problems involve solving an equation
T(x) = 0, where T is a linear transformation. The transformations are

1. T:R™ - R™, where T(x) = Ax;

2. T:R3 - R, where T'(x) = x - (2, —1,6);

3. T :V — V, where V is the set of functions y : R — R such that all the derivatives
y',y”, ... exist, and T is defined by

T(y)=vy" + 3y + 2y .



MATH1231 Algebra 7.28: Kernel

notes,

Definition. Let T': V — W be a linear mapping. The kernel of T' is the set of all v in V' .. s
such that T'(v) = 0, that is,

ker(T)={veV|T(v)=0}.

Similarly, if A is an m X n matrix with entries in R, then the kernel of A is page 06

ker(A) ={xe€R" | Ax=0}.

Comment. The kernel of a linear transformation (or a matrix) is also known as the null
space of the transformation (or matrix).



MATH1231 Algebra 7.29: Example

Examples.

1. Consider the mapping T'(x) = Ax from problem 1 on page 27, taking for example

1 0 -1 2
A=12 1 -3 1
1 -1 0 5

To solve T'(x) = 0, that is, Ax = 0, we reduce to echelon form,

1 0 -1 2
A+~— |0 1 -1 =31,
0O 0 0 O

and solve by back—substitution (exercise), giving

Ta=W, T3=A, To=A+3u, T1=A—2u.

... continued



MATH1231 Algebra 7.30: ... continued

Therefore
(/A —2u
ker(T) = ker(A) = < )\—l;\?),u ApeR
AN
( 1 —2
1 3
= <A 1) + 0 A e R
\ 0 1
1 —2\ )
1 3
= span (1 , 0 > .
0 1/ )




MATH1231 Algebra 7.31: ... more
2. For problem 2 from page 27 we have
ker(T) ={xe€R? |x-(2,-1,6) =0} ={x € R? | 22y — 25 + 623 =0} ,

which is a plane through the origin (of course!). We could solve the equation and express
X in terms of two parameters, as we did in example 1; this would give the equation of
the plane in parametric vector form, as requested.

3. We find the kernel in example 3 by using standard calculus methods:

ker(T)={yeV |y +3y +2y=0}
= {)\16_364—)\26_296 | A1, Ao ER}

—span{e ¥, e %" .



MATH1231 Algebra 7.32: Kernel is a VS

Notice that in each of these three examples, ker(T') is a vector space. This is always true!

notes,

Theorem. A kernel is a subspace. Let T : V — W be a linear transformation. Then ker(T") oo o7
is a subspace of V.

Proof. Exercise! It’s a standard use of the Subspace Theorem, in fact, probably easier than
many of the examples we did in Chapter 6.

Comments.

e A similar result applies to the kernel of a matrix: if A is an m X n matrix with entries in
R, then ker(A) is a subspace of R™.

e Since ker(T) is a vector space, it makes sense to talk of its dimension. . .

notes,

Definition. The nullity of a linear mapping 7', or of a matrix A, is the dimension of its .. o7
kernel.



MATH1231 Algebra 7.33: Examples

Examples. All three examples on pages 29-31 have nullity 2.

1. Here we have
1 —2
1 3

ker(A) = span Ll o ;
0 1

these two vectors are linearly independent and so they form a basis for the kernel.
Therefore nullity(A) = 2.

2. In this case ker(T') is a plane and so its dimension is 2.

3. Here { e™%, e72% } is a spanning set for ker(T"). The two functions are linearly independent
because they are not scalar multiples of each other; alternatively, follow the method of
pages 95-96 in Chapter 6. So they form a basis for ker(7"), and once again nullity(7") = 2.



MATH1231 Algebra 7.34: Nullity from echelon form

Let’s look at example 1 more closely. Referring to the working on pages 33, 30 and 29, we
have

e nullity(A) = 2, because
e ker(A) has a basis consisting of 2 vectors, because
e the solution of Ax = 0 contains 2 parameters, because
e the echelon form of A has 2 non-leading columns.
Therefore, the nullity of a matrix can easily be read off its echelon form.
Proposition. Nullity equals number of non—leading columns. The nullity of a matrix A is

equal to the number of non—leading columns in an echelon form of A.

What if there aren’t any non—leading columns in an echelon form of A? Firstly, this just
means that nullity(A) = 0; on the other hand, it means that the equation Ax = 0 has a
unique solution, and so the columns of A are linearly independent.

Proposition. Nullity and linear independence. The columns of a matrix A are linearly
independent if and only if nullity(A) = 0.

notes,
page 97

notes,
page 98



MATH1231 Algebra 7.35: Example

Example.

4. Row-reducing a 3 X 5 matrix,

1 1 1 0 0 11 1 0 0
A=(10 0 1 1 1 «—— 10 0 1 1 1
110 -1 -1 00 0 0 O

Simply by counting the non—leading columns, we have nullity(A4) = 3. By solving the
system (with zero right hand side) and manipulating the result as on page 30, we obtain

(/—1 1 1 )
1 0 0
ker(A) = span < o |,] -1, —-11;,
0 1 0
.\ 0 0 1 /)

Exercise. Do the working to confirm this.

Don’t forget that the nullity of a matrix or of a linear transformation is just a number,
while the kernel is a vector space.



MATH1231 Algebra 7.36: More examples

Examples. Two geometric examples in R?.

5. Let R be a rotation about the origin in R? through an angle a. Then R(x) is never the
zero vector unless x = 0. So the kernel of R is {0}, and nullity(R) = 0.

6. Let P : R? — R? be the projection onto the z—axis, Y X
P(z,y) = (x,0) . |
Clearly P(z,y) = (0,0) if and only if = 0; thus ‘
ker(P) = {(z,y) eR?* |z =0}, 0 P(x) ’ x

which is the y—axis. This can also be seen easily from the diagram. Hence nullity(P) = 1.

1
7. Define a linear mapping T : P3 — R, where T'(p) = / p(x) dr. We can write this as
T(a+ bz + cz? + dz?) = 2a + 2¢; s0 -1
ker(T) = { a + bz + cx® + dz° | 2a + 2¢=0}
={a+bx —3azx*+dz’ | a,b,d € R}
={a(l —32%) +br +dz’ | a,b,d € R}

= span{ 1 —3z%, z, 2° } .

A basis for ker(T) is {1 — 322, x, 3 }, and therefore nullity(T) = 3.



MATH1231 Algebra 7.37: Three more problems

Here are three further problems from algebra and calculus.
1. Given an m x n matrix A and a vector b in R, does Ax = b have a solution?

2. Let u and v be linearly independent vectors in R3. Given a vector b in R3, does b lie on
the plane through the origin spanned by u and v?

3. Does the differential equation 3" + 3y’ + 2y = e** have a solution?
All of these problems can be written in the form,

ccdoes T(V) = b have a Solution?” s

where T is an appropriate linear transformation:
1. T:R™ — R™, where T'(x) = Ax;
2. T :R?* —» R3, where T'(\, 1) = Au + uv;
3. T:V =V, where T'(y) =y’ + 3y’ + 2v.



MATH1231 Algebra 7.38: Image

notes,

Definition. Let T': V — W be a linear mapping. The image of T is page 98

im(7T) ={w € W | T(v) = w has a solution }
={T(v)|veV}.

Similarly, if A is an m X n matrix with entries in R, the image of A is

im(A) = {b € R™ | Ax = b has a solution }
={Ax|xeR"}.

Comment. The image of a linear transformation 7' is also known as the range of T'. In fact,
the image is just the same concept as the range of a function in calculus! Compare

o if f: R — R and we have y = f(x) = 22, then
range(f) = {2” [z € R} = [0,00) ;
o if T: R — R? and we have w = T'(z) = (2z, 3z), then

im(7T) ={(2x,3z) | z € R} =span{ (2,3) } .



MATH1231 Algebra 7.39: Example

Examples.

1. Take, as on page 29, T'(x) = Ax, where

1 0 -1 2
A=12 1 -3 1
1 -1 0 5

To determine whether or not Ax = b has a solution we reduce an augmented matrix,

1 0 -1 2 by
(A|lb)+— 0 1 -1 -3 by — 2bq
0O O 0 0 bs + by — 3by
From the echelon form we find

im(7T) =im(A) = {b € R? | bs +by —3b; =0} ,

a plane through the origin.

...continued



MATH1231 Algebra 7.40: ... continued

(continued) Note that we have seen all this before! The calculations above are exactly paze oo
the same as those we would have performed in order to answer the question, “find
conditions on b1, by, b3 such that b is in the span of the columns of A”. So we have in

general
im(A) = span{ columns of A} = col(4) ,

the column space of A, which gives the alternative answer

1 0
im(A) = span 21, 1
1 —1

in the present case.

2. Here we have
im(T) ={ Au+puv |\, peR}=span{u,v},

and since u, v are independent, this is a plane through the origin. Note, as in the
previous example, a close connection between image and span.

... continued



MATH1231 Algebra 7.41: ... more

3. For T'(y) = y" + 3y’ + 2y it is not so easy to determine precisely what the image is.
(Partly, this is because T is a transformation on an infinite-dimensional vector space,
and all our matrix expertise is useless.) However, the image includes e® since we know
from calculus how to solve the differential equation

y//+3y/_|_2y:€4a; .

We also know from calculus that im(7") contains

k2 including e~* and e~ 2%;

e any function e ;

e any polynomial;
e any function acoswz + bsinwz;
e ...and more!

Challenge problem. Show that the image of T" also contains




MATH1231 Algebra 7.42: Image is a VS

Like the kernel, the image of a linear map is a vector space.

notes,

Theorem. An image is a subspace. Let T : V' — W be a linear transformation. Then im(7T) Joze oo
is a subspace of W.

Proof. The image is by definition a subset of W, which is a known vector space.

Because T is linear we have T'(0) = 0; therefore the equation T(v) = 0 has a solution, and
im(T") contains the zero vector.

Let wy and wo be vectors in im(7"). Then w; = T'(v1) and wy = T'(v2) for some vectors
vi,Vvo in V. Now T preserves addition, so we have

Wi + Wy = T(Vl) + T(Vg) = T(Vl + V2) ]
since vi + va is a vector in V' we have wi + wy € im(7'), which shows that im(7T") is closed
under addition.

Let w be in im(7") and let A be a scalar. Again we have w = T'(v) for some v in V; since T
preserves scalar multiplication,

Aw = \T'(v) = T(Av).
But Av isin V' and hence Aw is in im(7"); therefore im(7T') is closed under scalar multiplication.

We have shown that im(7") is a subset of W which contains the zero vector and is closed
under addition and scalar multiplication; therefore im(7T') is a subspace of W.



MATH1231 Algebra 7.43: Comments

Comments.

e Again we have a similar result for matrices: if A is an m x n matrix with entries in R,
then im(A) is a subspace of R™.

e Note carefully that the image of a linear transformation 7': V' — W is a subspace of W,
whereas the kernel is a subspace of V. For an m X n matrix, the image is a subspace of
R™ and the kernel is a subspace of R".

e Observe the correct use of language in the previous proof: a linear transformation
preserves addition and scalar multiplication, while a subspace is closed under addition
and scalar multiplication.

e The dimension of the image, like the dimension of the kernel, is given a particular name.

Definition. The rank of a linear mapping 7', or of a matrix A, is the dimension of its image.

notes,
page 100



MATH1231 Algebra 7.44: Example

1 1.1 0 O
Example. Ason page 35,let A= 0 0 1 1 1 |; find the rank of A.
1 1 0 -1 -1

Solution. We give two methods. Augmenting A with a right hand side and row-reducing,

1 1 1 O 0 b1 1 1.1 0 O by
(Alb)=[0 0 1 1 1 | b|+=[00 1 11 by
1 1 0 -1 -1 b3 O 0 0 0 O —b1 + by + b3

Therefore
im(A) ={beR?| Ax =b has a solution} = {b e R?* | —b; +by+b3=0} .

This is a plane through the origin; a plane is 2—dimensional, so A has rank 2. Alternatively,
we use the methods of example 1 on page 39-40 to obtain

im(A) = { Ax | x € R®} = span{ columns of A} 1 1
= span{ columns 1 and 3 of A } = span 0,1 :
1 0

again we see that rank(A) = 2. Observe that this method gives im(A) in terms of a basis,
while the first gives conditions which ensure that b is in im(A).



MATH1231 Algebra 7.45: RNT

The second method in the previous example should make the following result clear.

notes,

Proposition. Rank equals number of leading columns. The rank of a matrix A is equal to ase 100
the number of leading columns in an echelon form of A.

This leads easily to the following very important result.

notes,

Theorem. The Rank—Nullity Theorem for matrices. For any matrix A, page 101

rank(A) + nullity(A) = {number of columns of A} .

Proof. Clearly, the number of leading columns, plus the number of non—leading columns,
equals the total number of columns of the matrix.



MATH1231 Algebra 7.46: ... extended

In order to write this result in terms of a linear transformation rather than a matrix, we need
to understand what “number of columns” corresponds to if we don’t have a matrix. Note
that in the transformation

T:R" - R™ where T(x)= Ax,

the number of columns of A must be the same as the dimension of the domain of 7.

notes,

Theorem. The Rank—Nullity Theorem, generalised version. If V is a finite—dimensional page 101
vector space and 1': V — W is a linear transformation, then

rank(7") + nullity(7) = dim(V) .

Proof. Difficult, and not examinable for MATH1231. See the printed notes. hose 110



MATH1231 Algebra 7.47: Examples

Examples. We check that the Rank—Nullity Theorem holds for some examples from previous

pages.
1. For the matrix A seen on pages 29 and 40 we have
i _32 1 0
ker(A) = span Ll o , im(A) = span ? : 11 :
0 1
SO

rank(A) + nullity(A) =2+2=4,
which is equal to the number of columns of A, as predicted.

2. For T : R? — R where T'(x) = x - (2, —1,6), we noted on page 31 that the kernel of T is
a plane. The image is

1m(T) = {25[31—5624—656;; ‘ T1,T2, T3 ER} = R,

SO
rank(7) 4+ nullity(7) = 1 +2 = 3 = dim(R?) .

3. The Rank—Nullity Theorem does not apply to T : V' — V where T(y) = y" + 3y’ + 2y,
since the domain is infinite—dimensional.



MATH1231 Algebra 7.48: ... more

5. For the rotation example R : R? — R? on page 36 we have
ker(R) ={0}, nullity(R)=0, im(R)=R?, rank(R) =2

and dim(V') = 2 = rank(R) + nullity(R).

6. And for the example of the projection of R? onto the z—axis, the kernel is the y—axis, the
image is the r—axis, so

rank(P) + nullity(P) =1+1=2.

7. Let F: M33 — Ms3 be given by F(A) = A — AT, Then, as we proved on page 8, F is a
linear transformation. We have

ker(F):{AGMgglA—ATIO}

= { symmetric 3 X 3 matrices }

1 00 010 001 00O 000 00O
= span 000},{100},{00O0},{01O0]}],1001},{0 00
00O 000 100 00O 010 001

and so F' has nullity 6.

... continued



MATH1231 Algebra 7.49: ... continued

(continued) From the Rank—Nullity Theorem, rank(F') = dim(Ms3) — nullity(F') = 3.

In fact,
a b c 0 b—d c—g
Fld e f|l=1d-b 0 f—nh
g h 1 g—c h—f 0
0 1 0 0 0 1 0 0 O
=b-d)| -1 0 0] +(c—9g) 0O O00|+(f—-h[0 0 1
0 0 0 -1 0 0 0 —1 0
so the image of F' is
0 1 0 0 0 1 0O 0 O
im(F') = span -1 00},{ 0 0O0},{0 0 1
0 00 —1 0 0 0 —1 0

= { antisymmetric 3 X 3 matrices } ,

confirming that rank(F') = 3.

Exercise. Find the kernel, image, nullity and rank for the linear transformation
F: M, — M,, defined by F(A) = A — AT,



MATH1231 Algebra 7.50: Rank, nullity and solutions of equations

Properties of linear equations Ax = b can be expressed in terms of rank and nullity.
Theorem. Rank, nullity and solutions of linear equations. Consider the system Ax = b. e 102
o If rank(A) # rank(A |b) then the system has no solutions.
e If rank(A) = rank(A |b) then the system has solutions. In this case,
o if nullity(A) = 0 then the solution is unique;

o if nullity(A) = n > 0 then the general solution is
X=X, +ANVi+Xvo+ -+ A vy,

where x,, is any solution of Ax = b and { vy, va,..., Vv, } is a basis for ker(A).
Sketch of proof. Row-reduce (A |b) to echelon form (U |y).

We know from MATH1131 that the system has a solution if and only if the right hand side y
is not a leading column. Since the rank of a matrix is equal to the number of leading columns
in its echelon form, this is the same as saying that rank(A) = rank(A|b). This proves the
first statement and the beginning of the second.

We have also seen in MATH1131 that the general solution can be written as x = x, + xy,
where xy, is the general solution of Ax = 0; but this means that x; is an element of ker(A)
and is therefore a linear combination of the basis vectors.



MATH1231 Algebra 7.51: Examples

Examples. Row-reducing an augmented matrix,

1 2 3 1 1 1 2 31 1
(Alb)=11 1 5 2 0]«— (0 -1 2 1 | -1
2 70 -1 | 3 0 0 00 | =2

This system has no solution.

e Reason from MATH1131: there is an inconsistent row (0 0 0 0 | —2); alternatively,
the right hand side is a leading column.

e Reason from the theorem on page 50: rank(A) = 2 is different from rank(A|b) = 3.

We see that the theorem gives us another way of stating what we learned in MATH1131, and
helps us to understand the significance of the rank of a matrix.

...continued



MATH1231 Algebra 7.52: ... continued

(continued) Starting with a slightly different matrix,

1 2 3 1 1 1 2 31 1
(Alpb)=[1 1 5 2 0]«— [0 -1 2 1 | —-1],
2 70 -1 |5 0 0 0 0 0

the echelon form shows immediately that nullity(A) = 2, the number of non-leading columns
on the left hand side; and back—substitution yields the solution

—1 —7 -3

1 2 1
0 + A\ 1 + Ao 0
0 0 1

(exercise: check this!). Multiplying out,
—1 —7 -3

1 0 0

al Yl=lo), al?2|={0o], al *|={0].
! 5 ! 0 ! 0
0 0 1

and we have confirmed that the general solution is a particular solution of Ax = b plus an
arbitrary linear combination of the two basis vectors of ker(A).



MATH1231 Algebra 7.53: Calculus

There are important connections between linear algebra and calculus. To illustrate this, we
shall finish the chapter by confirming that that function from example 3 on pages 27 and 37
is linear, and recap some of its properties. Let V be the vector space of functions y : R — R
such that all derivatives ', 4", ... exist, and define
d*y | ,dy
T:V -V where T(y)=—-—54+3-—4+2y.
Then T is a function from one vector space to another (in this case, the same) vector space.
Let y1 and ys be functions in V'; then, using well-known properties of differentiation, we have

2

T(y1 +y2) = @(yl +y2) + 3%@1 +y2) + 2(y1 + y2)
= (g g8) v+ ) e
= (% + 3% + 291) + (% + 3% + 2y2) =T(y1) +T(y2) ,
so T preserves addition. If y is in V and A is a scalar, then
T(\y) = dd—;(ky) + 3%()\3/) +2(\y) = )\% + BAZ—i + 2\y = A(% + 33—1 + 2y) = AT (y)

and T' preserves scalar multiplication. Thus 7' is linear.

... continued



MATH1231 Algebra 7.54: Differential equations

A very important type of problem in calculus, with immense numbers of important
applications in physics, engineering, mathematical finance and elsewhere, is that of solving
differential equations. You will be learning some of the techniques for doing this in calculus
lectures just about now. We have seen that solving the homogeneous differential equation

d*y | ,dy

dz? +3d:c +2y =0
is just the same as finding the kernel of T'; while asking whether a solution exists for the
non—homogeneous differential equation

2

Y3 oy = () (+

is the same as asking whether f(x) is in the image of T. Moreover, if the non—homogeneous
equation has a solution, the general solution will take the form

Y =Yp + \y1 + A2y ,

where y, is a particular solution of (x) and {yi,y2 } is a basis for ker(7") and A, Ay are
arbitrary scalars: this is just like the solution of Ax = b which we discussed on page 52.

Please remember that algebra and calculus are not really separate subjects: there are
many important links between them. To increase your understanding of mathematics as a
whole, you should always strive to be aware of these connections.



