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MATH1231 Algebra 6.2: Exercises

Welcome to MATH1231 Algebra. Let’s begin with some very easy problems.
Exercises.
1. Let a= (1,—1,0,2) and b = (3,1,—2, —1) be vectors in R*. Evaluate 3a + 2b.

2. Let A = (é _21) and B = (_3

) _11) be matrices in Myo. Evaluate 34 + 2B.

3. Let p(z) =1 — 2+ 222 and q(x) = 3+ 2 — 22% — 2 be polynomials. Evaluate 3p + 2q.
4. Let ¢ = (1 —14,2i) and d = (3 +14,—2 — i) be vectors in C?. Evaluate 3c + 2d.

Question. What do you notice about these four problems?

Exercises.
5. Simplify 2(a + 4b) + a, where a and b are vectors in R°.
See if you can give the answer to the next question with absolutely no working!

6. Simplify 2(A + 4B) + A, where A, B are matrices in Ms7.



MATH1231 Algebra 6.3: Vector spaces
Since all of the examples on the previous page — and many more! — are “really the same”, we
shall study them together instead of individually.

e This will be more efficient, as we won’t have to do the same work over and over again.

e Studying what all of these systems have in common will enable us to gloss over superficial
differences and concentrate on gaining a better understanding of what is really important
in all of them.

The term used for all of these systems when we study them simultaneously is vector space.



MATH1231 Algebra 6.4: What makes up a VS?

What do we actually need in order to perform the kind of calculations we did on page 27

e The “objects” that we want to calculate with. These will be referred to as vectors. Note
that from now on, vectors need not be things like (1, —1,0,2), but may also be matrices,
polynomials, functions and many other things.

e We need to know how to add two vectors.

e We need a set of numbers. These numbers should form a field — that is, we must be
able to add, subtract, multiply and divide any two numbers (except for division by zero)
in accordance with “sensible” rules. In vector space theory the numbers are commonly
referred to as scalars. For this course scalars will usually be real numbers, occasionally
complex numbers. There are areas of mathematics where other fields are also important.

e We need to know how to multiply a vector by a scalar.

Note that although we may in some cases know how to multiply a vector by a vector (for
example. .. ?), this does not form part of vector space theory — at least, not in first year.

See also section 3.1 of the MATH1131 notes for the definition of a field.



MATH1231 Algebra 6.5: Properties of vector arithmetic
What rules should addition of vectors and multiplication by scalars obey? To find out

part of the answer, let’s do exercise 5 from page 2 again, one step at a time, noting what
properties we use:

2@+ 4b)+a=(2a+2(4b)) +a
= (2a4+ (2 X 4)b)+a
= (2a+8b) +a
=a+ (2a4+8b)
= (a42a)+8b
= (la+2a) +8b
= (1+2)a+8b

= 3a -+ 8b .



MATH1231 Algebra 6.6: Zero, negatives

The simplification on the previous page makes use of six properties which we would want to
be true if addition and multiplication are to be “sensible”. There are some more which were
not used in this example.

Exercise.

7. What can you deduce from the equation
at+tc=b+c?

Solution. We would like to subtract ¢ from both sides of the equation, that is, add the
negative of c. Thus

at+c=b+c = (a+c)+(—c)=(b+c)+(—c) .
= a+(c+(—c))=b+(c+(—c)) i

= a+0=Db+0



MATH1231 Algebra 6.7: Closure

There are two properties that we haven’t discussed yet, although arguably they are the most
important of all.

What should be the final result of all our calculations? Well, if we start with vectors in R3
then the answer should be a vector in R3, if we start with 2 x 5 matrices then the answer
should be a 2 x 5 matrix, and so on. We need the closure laws.

e If u and v are vectors, then u+ v is a vector “of the same kind” — that is, from the same
vector space.

e If v is a vector and A a scalar, then A\v is a vector “of the same kind”.

These might sound totally obvious, but you have studied operations where the result produced
from two objects is an object “of a different kind”: for example...?



MATH1231 Algebra 6.8: Vector space: the definition

notes,

Definition. A vector space over a field IF is a non—empty set V' of vectors, together with an ...’
operation of vector addition and an operation of multiplication by scalars from IF, for which
the following properties hold.

1. Closure under addition. If u,v are in V', then u+ v is in V.

2. Associativity of addition. For all u,v,w in V we have (u+v)+w=u+ (v+w).

3. Commutativity of addition. For all u,v in V" we have u+v =v + u.

4. Zero element. There exists an element 0 of V' such that for all v € V we have v+ 0 = v.
5

. Negatives. For each element v of V there is an element w of V' such that v +w = 0.
(We usually denote this element by —v.)

Closure under scalar multiplication. If A is in F and v is in V, then Av isin V.
“Associativity” of multiplication. For all A, u € F and all v € V we have A\(uv) = (Au)v.

Multiplication by 1. For each v € V we have 1v = v.

© o N o

Scalar distributive law. For all A\, in F and all v in V' we have (A + p)v = Av + uv.
10. Vector distributive law. For all A in F and all u,v in V we have A(u 4+ v) = Au+ Av.



MATH1231 Algebra 6.9: Thinking about VSs

How should I think about vector spaces? The more you become involved with abstract
mathematical concepts, the more you will find it helpful to develop a “dual perspective” on
the things you study.

e You need to know exactly what a vector space means — that is, you need to know the
ten axioms. We want to prove things about vector spaces, and to be certain that the
results we obtain are reliable. This can only be done on the basis of an absolutely precise
definition of the concept.

e However, it is very difficult from the definition alone to acquire a good intuitive
understanding — a “gut feeling” — for what is meant by a vector space. You need to
supplement the definition by a good “rough idea” of what a vector space is. My own
rough idea is this: a vector space is “something where we know how to add objects and
multiply objects by numbers, and where the addition and multiplication satisfy ‘sensible’
laws”.

It may help to visualise things in terms of the most familiar vector spaces, such as R? and
R3, as long as you remember that we may actually be working with vectors which appear
very different from these. It may also help to realise that none of the vector space axioms
are really new to you! — they are all algebraic rules which you know very well for vectors,

matrices, polynomials and so forth.



MATH1231 Algebra 6.10: Examples

Examples. We have mentioned many examples of vector spaces already.

notes,

1. The vector spaces R?, R3, R* and in general R”. These are just “ordinary” vectors in  page 4
the sense of Chapter 1 from MATH1131. They can be thought of either as n—tuples
of real numbers, or as geometric vectors: in the latter case we can define addition and
scalar multiplication by means of diagrams, and we can then use diagrams to prove that
the vector space axioms hold.

2. The vector space C™ is just the same as R", except that the components of the vectors
are complex numbers. The field of scalars for C" will also be the complex numbers
(unless clearly specified otherwise).

3. Two matrices can be added provided that they have the same numbers of rows and
columns. The set of all m X n matrices is a vector space and is denoted M,,,,.

4. The set of all polynomials is a vector space.



MATH1231 Algebra 6.11: Non-examples
Some non—examples. In order to properly understand any mathematical concept, it is
important to see why some examples work, and to see why other examples do not work.
The set of vectors (z,y, z) with integer components is not a vector space.

The set of all matrices is not a vector space.

The set of vectors in R? with length less than 5 is not a vector space.

The set of vectors in R? which point into the first quadrant is not a vector space.

A S A e

. Let S be the set of vectors which go from the origin to the line shown in the diagram.
Then S is not a vector space.

6. The set of polynomials of degree 3 is not a vector space.
Note that the scalars are important too!

7. Vectors in C" form a vector space over C — that is, the
scalars may be complex.

8. Vectors in C" form a vector space over R — that is, the
scalars must be real — but it is not the same as the one

in example 7. / 0 x
9. Vectors in R™ do not form a vector space over C.



MATH1231 Algebra 6.12: More properties

More properties of vectors. By doing a couple of sample calculations, we have identified
ten important properties of vectors and have used them as the definition of a vector space.
But there are many more important algebraic facts about vectors that you have learned and
used in MATH1131, for example,

Ov=0 and —(u+v)=(—u)+(-v) and —(—v)=v.

We do not include these among the vector space axioms because it turns out that it is not
necessary — we can prove they are true by using the axioms. Once we have done this for a
general vector space, we know that the properties are automatically true for all vector spaces,
and we never need to prove them again!

It would be possible to include extra axioms so that these (or other) properties are true
by definition in a vector space. The drawback to this is that then it would be harder to prove
that something actually is a vector space! We already have to check ten things if we want
to know that a set is a vector space: ten is quite enough without giving ourselves even more
work.



MATH1231 Algebra 6.13: Properties of addition

notes,

Proposition. In any vector space V', the following properties hold. page 9
1. Uniqueness of zero. A vector space has only one zero vector.
2. Cancellation. For any vectors u,v,win V,ifu4+v =u+w then v=w.
3. Uniqueness of negatives. Each vector in a vector space has only one negative.
4. Negative of the zero vector. We have —0 = 0.

Proof. To show that V has only one zero vector, suppose that vectors 0 and 0’ are both zero
vectors. Then

0=0+0 since Q' is a zero vector
=0 +0 by the commutative law
=0 since 0 is a zero vector.

Therefore 0 and 0’ are in fact the same, and so V' contains only one zero vector.

We proved the cancellation property (more or less) on page 6: see if you can adapt the
proof to the very slightly different statement in this proposition. Try to prove the other
properties too.

Comment. None of these results should be surprising, or difficult to remember!

Question. So why bother proving them?



MATH1231 Algebra 6.14: Properties of multiplication

Proposition. In any vector space V', the following properties hold.

1. Multiplication by the zero scalar. For every v in V we have Ov = 0.
2. Multiplication by the zero vector. For every scalar A we have A0 = 0.
3. Multiplication by —1. For every v in V we have (—1)v = —v.
4. Zero products. Let v € V and let A be a scalar. If A\v = 0 then either A =0 or v = 0.
5. Multiplicative cancellation. Let v € V and let A\, u be scalars. If \v = uv and v # 0
then A\ = p.
Comments.

e Once again, these properties should be intuitively obvious, and easy to remember.

e In regard to property 3, note that (—1)v and —v are conceptually very different: the

former is the result of multiplying v by a certain scalar, while the latter is a vector which
produces 0 when added to v. So perhaps it is not so obvious, after all, that they are
equal!

e What is wrong with the following attempted proof for the first part? —

“Let v = (21,22, ...,2,). Then Ov = (0z1,0x2,...,0x,) = (0,0,...,0) = 0.”

notes,
page 10



MATH1231 Algebra 6.15: Proof

We shall prove the first part of the previous result, and shall leave the others as exercises.

Proposition. Multiplication by the zero scalar. Let V be a vector space. Then for every v
in V' we have Ov = 0.

Proof. Let v € V. Then

Ov+0v=(0+0)v (scalar distributive law)
= Ov
=0v+0 (zero element).

Thus 0Ov 4+ 0v = 0v + 0, and by the cancellation property (page 13) we have Ov = 0. This is
what we wanted to prove.



MATH1231 Algebra 6.16: Proof advice

Comment. For this sort of problem the proof is often quite hard to discover (because we
don’t yet have many facts to work with), but easy to understand once you see it (because
each individual step is very simple). Setting out of the problem is very important! —

e Write “Proposition” or “Theorem” or “Lemma”, and then carefully and accurately state
what you intend to prove.

e On a new line write the heading “Proof”; then give your argument.
e Give a reason for every step.

e Write clearly! Use complete sentences, including capital letters, full stops and other
punctuation.



MATH1231 Algebra 6.17: Short cuts?

Essentially, to show that a set is a vector space, we need to check all ten axioms. This is
a lot of work! However, by reconsidering some earlier examples we shall see that it is often
(though not always) possible to do much less work.
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e 51 is not a vector space because it is not closed under addition.

e S5 is closed under addition, but is not closed under multiplication, so it is not a vector
space.

e S5 is not a vector space because it fails both of these tests.
Recall terminology from the vector space axioms: “S is closed under addition” means
if ueS and ve€S then u+ves,

while “S is closed under scalar multiplication” means
if Aisascalar and ve€ S then Ave§s.



MATH1231 Algebra 6.18: A line

The line Sy is a vector space. To prove this, we have to check all ten axioms. We’ll start with
the closure laws, as they caused trouble before.

1. Let u and v be vectors in S4. Then it is obvious from the diagram that u + v is in 5.
So S, is closed under addition.

6. Let A be a scalar and v a vector in S4. Once again, the diagram shows that Av is in 5.
So Sy is closed under scalar multiplication.

2. Let u, v and w be vectors in S4. Then u, v and w are also vectors in R?. But we already
know that R? is a vector space, and therefore (u+v) +w =u+ (v +w).

Note carefully that last point! Because the associative law holds for all vectors in R?, it
holds automatically for all vectors in S4, and there is nothing to check. Exactly the same
argument shows that axioms 3, 7, 8, 9 and 10 are true in Sj.

What if we try the same tactics for axioms 4 and 57

4. We know that 0 is in R?, but this does not tell us that 0 is in S4. So the “short cut”
argument does not work. However, it is clear from the diagram that 0 is in Sj.

5. Let v € S4. Again the “short cut” does not help; but from the diagram, —v is in Sjy.
Conclusion. Axioms 1 to 10 are all true for Sy, so Sy is a vector space.

Exercise. Give a geometric reason why S; worked and S5 did not.



MATH1231 Algebra 6.19: Negatives are OK

Note again that in order to prove that S; was a vector space, we did not really need to check
axioms 2, 3, 7, 8, 9 or 10. The reason for this was that

e S, is a subset of R?; and
e we already know that R? is a vector space.

So it was only necessary to check axioms 1, 4, 5 and 6. In fact, if we have proved that
axioms 1, 4 and 6 are true, then axiom 5 also works automatically and need not be checked
separately. Reason: we have checked axiom 6, so we know that

if Ais any scalar and ve Sy then AvelS;.
In particular, this is true for the scalar A = —1, that is,

if veSy; then —vesy,

which shows that the negative axiom (axiom 5) is true.



MATH1231 Algebra 6.20: Subspaces

notes,

Definition. If V is a vector space, and S is a subset of V', and S itself is also a vector space .o 13
with the same scalar field, the same operation of addition and the same operation of scalar
multiplication as V', then S is called a subspace of V.

Note. Make sure you understand the difference between the words subset and subspace.

What we’ve just discussed shows that if we know that V' is a vector space and S is a subset of
V', and if we want to prove that S is also a vector space, there are just three things to check.

notes,

Theorem. The Subspace Theorem. Let V be a vector space and S a subset of V. If the ..c1s
following conditions are true,
e 0isin S;
e S is closed under addition;
e S is closed under scalar multiplication;
then S is a subspace of V' (and so S is a vector space).
In practice, the Subspace Theorem gives the simplest way to prove that a set S forms a
vector space. We shall keep in mind a number of “standard” vector spaces (R", M.,

{ polynomials } and so on), identify S as a subset of one of these, and check the three
necessary conditions.



MATH1231 Algebra 6.21: Homework

Note/exercise/homework. The first important thing in this subject is to make sure you
know what all the words mean! So far, you should know precisely what is meant by the terms
vector space; closed under addition; closed under scalar multiplication; subspace.



MATH1231 Algebra 6.22: Two short cuts

It is sometimes very easy to show that a given set is not a vector space.

e If S does not contain the zero vector, then S is not a vector space.

e If we can find a vector v in S such that —v is not in S, then S is not a vector space.
Examples.

1. Let S ={A € M3z | A~! exists }. Then S does not contain the zero matrix, so S is not
a vector space.

2. Consider again
S, = { vectors in R? pointing into the first quadrant } .

Then, for example, (1,1)% is in Sy, but —(1,1) = (=1,—1)7 which is not in S.
Therefore S5 is not a vector space.

3. Let S={peP|p(2) >0}. Take, for example, p(z) = x2. Then
o pisin S because p(2) =4 > 0; but
o —p is not in S because —p(2) = —4 # 0.

Therefore S is not a vector space.



MATH1231 Algebra 6.23: Comments

Comments.

e In showing that a set need not contain negatives, you should always give a specific
numerical example. You should do the same when showing that a set is not closed under
addition, or not closed under scalar multiplication.

e These short cuts do not work in reverse. For example, S from page 17 does contain the
zero vector; and if v is in S7 then —v is always in S7; but still, S; is not a vector space.

In other words: you can (sometimes) use these methods to show that something is not a
vector space, but you can never use them to show that something is a vector space.



MATH1231 Algebra

6.24: Subspace proof

On page 18 we used geometric arguments to show that Sy is a vector space. Now let’s do the

same thing using algebra.
Example. Show that Sy = {x € R? | 227 — 325 = 0} is a vector space.
Solution. We shall use the Subspace Theorem.

1. S4 is a subset of R?, which we know is a vector space.

2. The zero vector (0,0)7 is in Sy, because 2 x 0 — 3 x 0 = 0.

3. Let x and y be in S4. Then
2x1 — 3z, =0 and 2y; — 3y =0.
Now x +y = (21 + 91, 22 + 92), and we have

2(x1 +y1) — 3(w2 + y2) = 221 + 241 — 312 — Y2
= (221 — 3x2) + (2y1 — 3y2)
—0+0
=0

so X +y is in S4. This proves that 54 is closed under addition.

...continued



MATH1231 Algebra 6.25: ... continued
4. Let x be in S4 and let A be a scalar. Then
201 — 319 =0 .
Now Ax = (Az1, Az2)?, and we have
2(Ax1) — 3(Az2) = A2x1 —3x2) = A0 = 0 ;

so Ax is in S4. This proves that Sy is closed under scalar multiplication.

From 1, 2, 3, 4, the Subspace Theorem shows that S, is a subspace of R?. Therefore S, is a
vector space.

Exercise. Show that S5 = {x € R3 | 421 — 29 — Tw3 = 0} is a vector space.

Exercise. What about Sg = {x € R® | 421 — 29 — To3 = -5} 7



MATH1231 Algebra 6.26: Subspaces of R™

What do our recent examples mean geometrically? Well, S5 is a plane through the origin in
R3, while Sg is a plane not through the origin. Similarly, S, is a line through the origin in
R?, whereas S3 is a line not through the origin. The sets S; and S5 are not lines or planes at
all. It can be shown that the subspaces of R? are

e a single point, {0 };
e any line through the origin;
e the whole plane R?.

The subspaces of R> are
e a single point, {0 };
e any line through the origin;
e any plane through the origin;

the whole of 3—dimensional space, R3.



MATH1231 Algebra 6.27: Bad proof

Exercise. Criticise the following vector space proof. Find all the mistakes, and also try to
identify any parts which are not exactly wrong but could have been expressed better.

Problem. Show that S = {x € R* | z; — 625 + 24 = 0} is a vector space.

Proof. Clearly S contains O.
Let x,y € R%. Then

r1 —6r2+24=0 and y; —6y2+ys=0,

SO
X+y=(x1 —6x2+2x4)+ (y1 — 6y2 + y4)

=0+0

=0.
So x is closed under addition.
Let A € R. Then

r1 —6x9+23=0.
Therefore
()\.%1) — 6()\.%2) + ()\563) = )\(.%1 — 6x9 + 563) =A0=0

so it is closed under multiplication.



MATH1231 Algebra 6.28: Another example

Example. Show that S = { (x1, 222, x2, 1 + x2) | 1,22 € R} is a vector space over R.
Solution.

1. S is a subset of R*, which we know is a vector space.

2. By taking 1 = x5 = 0 we see that S contains the zero vector (0,0,0,0).

3. Let x and y be in S. Then

x = (21, 222, T2, 1 +22) and 'y = (y1, 22, Y2, Y1 + Y2)
for some x1,x9,y1,y2 € R. Therefore

X+y= (SC1 + Y1, 222 + 2y2, T2 + Y2, (T1 +22) + (Y1 + yz))
= ($1 +y1, 2(x2 +y2), T2 + Y2, (1 +y1) + (22 + yz))

= (21, 222, 22, 21+ 22) ,

where 21 = x1 + y1 and z9 = x5 + yo. Since z; and z9 are real numbers, x +y is in S.
Therefore S is closed under addition.

...continued



MATH1231 Algebra 6.29: ... continued

4. Let x € S and A € R. Then
X = (331, 2282, o, Iy —|—ZB2)

for some real numbers x; and zo. Therefore

Ax = (Azp, A(222), A2, Az + 22))
— ()\,ﬁL‘l7 2(}\1‘2), )\ZUQ, ()\xl) + (}\I‘Q))
= (w1, 2wa, wa, w1 + w2) ,
where w1 = Ax1 and ws = Axs are real numbers, and so Ax is in S. Hence S is closed

under scalar multiplication.

By the Subspace Theorem, S is a subspace of R*, and so S is a vector space.

Comment. Once again, be careful with writing out your proof — the “actual mathematics”
is not the only important thing! Observe that in step 4, some of the brackets we have written
are not algebraically necessary; but they help to make our meaning clear and thereby improve
our argument.

Exercise. Is S ={(z1 + 1, 2x0 + 4, 22+ 2, x1 + 22 + 3) | 1,22 € R} a vector space?



MATH1231 Algebra 6.30: Polynomials

notes,

Definition. For any non—negative integer n, we write P, (IF) for the set of all polynomials [i.c’s
with coefficients in the field F and degree at most n.

Comment. For this course, I will usually be R. We shall often just write IP,, if it is obvious
what scalar field we’re talking about.

Exercise. Prove that P, is a vector space.



MATH1231 Algebra 6.31: Linear combinations

notes,

Definition. A linear combination of vectors vi{,vs,...,Vv, in a vector space V is any page 17
expression of the form
A1V] + AoV + -+ A vy,

where A1, Ao, ..., \,, are scalars.

Note that if vq,vs,..., v, are in a vector space V', then every linear combination of these
vectors is also in V. (Why?)

Examples.

1. We have
(_17 _3)T — 2(17 1)T T 3(27 1)T + (37 _2)T ;

so (—1,—3)T is a linear combination of (1,1)%, (2,1)? and (3,—-2)T.

2. Also,
7—2x+22% = 3(—1+x +42%) +5(2 — v — 22?) |

so 7 — 2z + 22 is a linear combination of the polynomials —1 + x + 422 and 2 — 2 — 222,

...continued



MATH1231 Algebra 6.32: ... continued

3. Exercise. Is (0,0,0)” a linear combination of (1,—5,—1)? and (0,1,2)! and
(—1,3,-3)1? Answer. Yes, because

(0,0,0)7 = (1, -5, -1DT + (0,1,2)7 + (-1,3,-3)".

4. Exercise. Is (6,2,1)1 a linear combination of (2,0, —5)? and (0,1,7)?? Answer. No:
the equation
(6,2,1)F = A1(2,0,=5)" + X2(0,1,7)T

is easily seen to have no solution.

5. Exercise. Are the matrices

-1 5 2 9
B—<5 0) and C’—<3 1)

linear combinations of the matrices

1 0 0 1 0 0
pu— pu— p— ‘?
w=(o0) 4=(Va) 4=(1)

Describe all linear combinations of A;, As, As.



MATH1231 Algebra 6.33: Span

notes,

Definition. The span of a set of vectors S = { vi,va,..., v, } in a vector space V, written oge 17
span(S) or span(vi,va,...,Vy,),
is the set of all linear combinations of these vectors.

Examples.

5. If

1 0 0 1 0 0
Al_(o 0)’ A2_<1 0)’ A3_<0 1)’

then span(A;, As, As) is the set of all symmetric 2 x 2 matrices, because taking linear
combinations of the given matrices will give all symmetric 2 X 2 matrices and no others.

6. In P(R), the set of all polynomials with real coefficients,

span(1,z, %) = {polynomials of degree 2 or less} = P, .

7. Exercise. What is the span of a single vector? In particular, if v is a vector in R3,
describe span(v).

8. Exercise. Describe geometrically span({ v, w }), where v and w are vectors in R3.



MATH1231 Algebra 6.34: A span is a subspace

In the last four examples, the span of various numbers of vectors has turned out to be a
vector space (exercise: prove it for example 5). In fact, this is always true.

notes,

Theorem. A span is a subspace. Let V' be a vector space; let vi,va,...,Vv, be vectorsin V, .. 1is
and write W = span(vy,va,...,v,). Then W is a subspace of V. In fact, W is the smallest
subspace of V' which contains vi,va,...,Vv,.

Proof. As we mentioned above (page 31), every linear combination of vectors in V is also in
V'; thus span(vy, va,...,v,) is a subset of V; and it is given that V is a vector space.

The zero vector 0 is in W because it is a linear combination of the given vectors,
0=0vy+0vy+:--+4+0v,.

Now suppose that w and x are in W. By the definition of span, we have
W=MAMVi+Xva+- -+ A v, and X = pvy+ pava + -+ vy

for some scalars Ai, Ao, ..., Ay, fi1, o, ..., in. By using the associative, commutative and
distributive laws in V' we obtain

wWH+x=(A+p)vi+ Ao+ p2)vo+ -+ (A + fin) Ve

which is a linear combination of v{,vs, ..., Vv, and is therefore in W. Thus W is closed under
addition.

...continued



MATH1231 Algebra 6.35: ... continued

Finally, let w be in W and let A be a scalar. Then
W= AV +XAovo + -+ A\, vV,
for some scalars A1, Ao, ..., \,, and so
AW = (AN v + (A X)) ve + -+ (A vy,
which again is a linear combination of vi,vso,...,v,. Therefore W is closed under scalar

multiplication.

We have shown that W is a subset of the given vector space V', and that W contains the zero
vector and is closed under addition and scalar multiplication. Hence, W is a subspace of V.

To show that W is the smallest subspace of V' containing vi,vso,...,v,, let X be any
subspace of V' containing these vectors: we want to show that W is a subset of X. But this
is true because every linear combination of v, vy, ..., Vv, isin X, and so every element of W
is in X. This completes the proof.



MATH1231 Algebra 6.36: Another vector space proof

Besides its theoretical importance, the previous result can be used to provide a very short
and efficient proof that a given set is a vector space. We re—do the example from page 28.

Example. Show that S = { (x1, 222, x2, 1 + x2) | 1,22 € R} is a vector space.

Solution. We have
S = {x1(1,0,0,1) + 22(0,2,1,1) | 1,22 € R} = span{(1,0,0,1), (0,2,1,1) },

and this is a vector space because the span of any (finite) collection of vectors is a vector
space.

Exercise. Can you use a similar method to show that S = {x € R3 | 42y — 29 — T2z =0} is
a vector space? (Compare page 25.)



MATH1231 Algebra 6.37: Spanning set

Next, we want to approach the previous problem from a slightly different point of view.

Given vi,Vvs,...,V, in a vector space V, we have been trying to find out exactly what
span{ vy, Vo, ..., Vv, } is.
Now we want to concentrate on a less specific problem, and ask simply: is span{ vy, vy, ..., v, }

equal to the whole vector space V, or just a part of V7

notes,

Definition. For vectors vi,vs,..., Vv, in a vector space V, the following statements all mean ... 1s
the same thing:

e {vy,vy,...,v, } is a spanning set for V;
o {vy,vy,...,Vv, } spans V;
o V =span{vy,vay,...,v, };
e every vector in V is a linear combination of vi,vo,...,v,.
The point is: we know that span{ vy, vs,..., v, } is a subspace of V; this subspace may be

the whole of V', or it may be only part of V. The former case is what is meant by saying
“{vi,va,..., v, } spans V7.



MATH1231 Algebra 6.38: Examples of spanning sets

Examples.

1. Two vectors v, w in R3 cannot span R3. In example 8 on page 33 we saw that span(v, w)
may be {0}, a line through the origin, or a plane through the origin, but will never be
the whole of R3.

Do three vectors span R3? Let’s look at some examples.

2. The three unit vectors i, j and k do span R3, because any vector

b1

in R3 can be written as a linear combination of i, j, k, namely,

b = b1i+ boj + b3k .

3. Consider three vectors which are scalar multiples of each other, for example,

1 2 —5
u=\| -2\, v=|-4|, w= 10
3 6 —15

The span of these vectors is only a line, not the whole of R?. Therefore {u, v, w } is not
a spanning set for R3.

... continued



MATH1231 Algebra 6.39: Another example

4. Do the vectors

1 —2 —2
u= 0 , V.= 1 , w=| —3
—2 4 7

span R3? We take an arbitrary vector b in R? and attempt to write it as a linear

combination
b = )\111—|—)\2V—|—)\3W .

Obviously we can find A1, A2, A3 in some cases (for example...?) But the important
question is, can we find A{, A2, A3 in all cases, no matter what b is? Writing the vector
equation in the form of three scalar equations, we have

A —2X —2X3=0b1, A—3A3=0by, —2A+4Xy+TA3=0b3.

We put these equations into augmented matrix form and row—reduce:

1 -2 =2 b1 1 -2 =2 b1
0 1 -3 b | «— 10 1 =3 b2
-2 4 7 b3 0 0 3 2b1 + b3

... continued



MATH1231 Algebra 6.40: ... continued

Looking at the final result, we see that
e the echelon form has no zero row on the left hand side;

e therefore, the system has a solution not only for some right hand sides, but for
every right hand side;

e therefore, {u,v,w} is a spanning set for R3.
Comment. It is strongly recommended that in this type of problem you give a three—part
reason for your answer: (i) what you see in the echelon form; (ii) what this says about

solutions of the system of equations; (iii) how this answers the question asked.

5. Exercise. Do the vectors

1 —1 2
u=| -1, v= 3 , w=| —3
3 1 4

span R3? Find condition(s), if any, on by, bg, b3 for b to be in the span of u,v,w. Give a
detailed geometric interpretation of span{ u, v, w }.



MATH1231 Algebra 6.41: Matrices and spans

The following result should be clear from the previous two examples. You might like to try
writing out a formal proof.

Proposition. Matrices and spans. Let vi,va,..., v, be vectors in R™, and let A be the  pase 20
m X n matrix whose columns are vq,vs,...,v,. Then
e a specific vector b € R™ belongs to span(vy, va, ..., Vv,) if and only if the system Ax = b

has a solution;

e {vy,va,...,v, } spans R™ if and only if Ax = b has a solution for every b in R™.
Definition. Let A be an m x n matrix with entries in a field F. The span of the columns of hese 21
A is called the column space of A and is denoted by col(A).

In other words, if A has columns vq,va,...,v,, then col(A) and span{ vy, vsy,...,v, } are
just two names for the same thing. Note that since col(A) is the span of certain vectors in
™, it is a subspace of F™.



MATH1231 Algebra 6.42: More examples

More examples on spanning sets.

1. Is the matrix

in the span of

1 1 2 -1 1 4
pu— pu— pu— 7
Al (_1 O) . A2 (0 1 ) and A3 (_3 _1> !

Do these three matrices span Ms5? Solution. We attempt to find a linear combination
B = XA + M As + A\3A3. Equating corresponding entries gives

AMF+2X+A3=8, A —A+4d3=—-1, A1 —=3X3=-2, A —A3=3,

and we create and row-reduce an augmented matrix:

1 2 1 8 1 2 1 8 1 2 1 8
1 -1 4 —1 s 0 -3 3 -9 N 0 1 -1 3
-1 0 =3 —2 0o 2 =2 6 0 0 O 0
0 1 -1 3 0o 1 -1 3 0 0 O 0

... continued



MATH1231 Algebra 6.43: ... continued

e From the echelon form we see that the system of equations has a solution; therefore
A1, A2, A3 can be found, so B is in the span of A1, A, A3. Comment. In fact, the
system has infinitely many solutions. For the present question, this is irrelevant!

e To decide whether A, Ay, A3 form a spanning set for Mso, we could repeat the
procedure with the right hand side replaced by an unspecified matrix. However
(short cut!) it is not necessary to do all this calculation. It is clear from the working
we have done already that there will be cases where the right hand side of the
echelon form has non—zero entries in the third or fourth rows and where, therefore,
the system will have no solution; thus, it is not true that every matrix in Mys is a
linear combination of Ay, Ay, A3, and so these matrices do not span Mays.

e Exercise. Suppose that we asked the question “find conditions on the entries of M
such that M is in the span of A;, Ay, A3”. What would the answer look like?

e Note that if we chose three different matrices instead of A;, As, A3, our echelon
form would still have at least one zero row on the left hand side, and by the
argument of the previous paragraph, the matrices would not span Mss. Therefore,
three matrices can never span Msy. This looks forward to future work on basis and
dimension for a vector space.

e As another short cut, we are happy for you to omit writing out the system of
equations on the previous page and start with the augmented matrix. Question.
What is the one vital thing that you must remember if you want to do this?



MATH1231 Algebra 6.44: Another example

2. Exercise. Do the polynomials
l+z—22%, 242%, 244z —9z°
span P57 Solution. The vector equation
ML+ —22%) + Mo (2 + 27%) + A3(2 + 4z — 92°) = by + byx + box?
can be written as scalar equations by expanding and equating coeflicients,
M F2X4+2X 3 =by, A +4A3=b1, —2A + Ao —9A3 =0y

and then as an augmented matrix. In fact, using a short cut mentioned in the previous
example, we don’t need to include the right hand side of the system. So we have

1 2 2 1 2 2 1 2 2
1 0 4 +— 10 -2 2 +— |10 -2 2
-2 1 -9 0O 5 =5 O 0 O

The echelon form has a zero row; so the system of equations will have a solution for some

right hand sides, but not for every right hand side; so the given polynomials do not span
Ps.



MATH1231 Algebra

6.45: ... and another
3. Do the vectors
1 —1 1 2
V] = 2 ) Vo = 0 ) V3 = 6 ) V4 = —1
—2 4 2 3

1 -1 1 2 1 -1 1 2
2 O 6 —-1]<+«—[0 2 4 —-5H5]<+—110 2 4 -5
-2 4 2 3 O 2 4 7 O 0 0 12

The echelon form has no zero row; so the system will have a solution for every right
hand side; so the four vectors span R?.



MATH1231 Algebra 6.46: More on example 3

Some further thoughts on example 3. Suppose that we remove v3 and consider the
three remaining vectors. An almost identical calculation gives

1 -1 2 1 -1 2
2 O —-1]1«+«—|0 2 =51,
-2 4 3 0O 0 12

and so
Span(Vh V2,V4) =R® = Spaﬂ(V1,V2,V3, V4) .

This shows that in certain circumstances, we can remove a vector from a set without changing
the span. Can we do the same with the remaining three vectors?

No, we can’t. A simple reason is that we would then have two vectors spanning R?, which is
impossible — see page 38. In more detail, suppose for example that we removed v4. Then we
would have the row—reduction

1 -1 1 -1
2 0 «— [ 0 2 ;
-2 4 0 O

the zero row in the echelon form indicates that vi, vy do not span R?, and so span(vy, va) is
not the same as span(vy, vy, vy).

...continued



MATH1231 Algebra 6.47: ... continued

Since removing vs from { vy, vy, Vvs,v4 } does not change the span, we may regard vs as
“unnecessary”. If we investigate more closely to see why this happened, we see that

e v3 € span{ vy, vy, Vs, vy } because vy = 0vy + 0vy + 1vs + Ovy;
® SO V3 € span{ vy, Vo, Vy };
® S0 V3 = AV + Aave + A\yvy for some scalars Aq, Mg, 4.

It’s convenient to write this last equation with all the terms on one side,
A1Vi + Aovy — vy + A4vy =0,

or
AV]+ Aaveg + A3vy + vy =0 with A3 =-—1. (*)

Because we can remove a vector from { vy, va,vs, vy } without changing the span, we say
that these vectors are linearly dependent.

Because we cannot do so with {vi, vy, vy } — removing any vector will reduce the span — we
say that these vectors are linearly independent.

For a formal definition of these concepts, it turns out to be most convenient to use something
like equation ().



MATH1231 Algebra 6.48: Linear independence

notes,

Definition. The vectors vi,vo,...,Vv, in a vector space V are said to be linearly page 25
independent if the equation

AMV]L+ Aovo+ -4+ A, v,, =0

has a unique solution Ay =0, Ay =0,..., A\, = 0. If the equation has more than one solution,
the vectors are said to be linearly dependent.

Note that this definition gives the only fundamental method for testing linear independence
(though we shall see some short cuts later). Given vectors vi,va, ..., Vy,

e set up the equation \{vy + Agvo + -4+ A, v,, = 0;

e solve the equation;

e if there is a unique solution then vi,vs,..., v, are linearly independent, if there is more
than one solution then they are linearly dependent.



MATH1231 Algebra 6.49: Example

Examples.

1. Are the vectors

1 —2 1 7
V1 = 0 , Vo — —1 , V3 = 3 y Vy4 = —3
—1 2 —4 2

linearly independent? Solution. Let A;vi+ Aavo+ A3vs+Asvy = 0; equate components
to give

)\1—2)\2+>\3—|—7)\4:0, —)\2—|—3>\3—3)\4:0, —)\1—|—2>\2—4)\3—|—2>\4:O;

put these equations into an augmented matrix and reduce to echelon form,

1 -2 1 7 0 1 -2 1 7 0
o -1 3 -3 0O}<«—10 -1 3 -3 0
-1 2 -4 2 0 o 0 -3 9 0

Solving the system gives
)‘4::u7 )‘3:3/J7 >\2:6/J7 >\1:2:u7

since there are infinitely many solutions, v, vy, v3, v4 are linearly dependent.



MATH1231 Algebra 6.50: Short cuts

We can already find some short cuts in this example.
e Start with the matrix, remembering to. ..
e A small economy: the right hand side never changes, so we need not write it down.

e We did not need to know what the solutions of the system are, only how many there are.
We can get this immediately from the echelon form by noting that there is a non—-leading
column.

2. Can four vectors in R? ever be linearly independent?

No, because doing the same sort of working as on the previous page will give a system
of three equations in four unknowns. The echelon form might look like

or

o O *x
S O %

* - -
0 = 0 0 =
among other options (exercise: how many altogether?); there must be at least one
non—leading column, so the system will have infinitely many solutions, so the four vectors
will be linearly dependent. In the same way, five or more vectors in R® must be linearly
dependent.



MATH1231 Algebra 6.51: More examples

3. Three vectors in R3 may be either linearly independent or linearly dependent. For
example, if we take vi,vo, vy from example 1, write down a matrix with these vectors as
its columns and row-reduce, we have

1 -2 1 1 -2 1
o -1 3 +—— 10 -1 3
-1 2 -4 O 0 -3

The echelon form has no non—leading columns; so the equation Aivy + Aavo + Agvy =0
has a unique solution; so the vectors are linearly independent. On the other hand, doing
the same thing with

1 —2 5)
V1 = 2 , Vo = 3 ) V3 = —4
—3 —1 —1
gives
1 -2 5 1 =2 5
2 3 —4|+«— |0 7 -—-141] ;
-3 -1 -1 0 O 0

there is a non—leading column, the system has infinitely many solutions, and the vectors
are linearly dependent.

... continued



MATH1231 Algebra 6.52: ... continued

3. (continued) Completing the solution in the last example,
we find that v3 = vi — 2vy. So if we draw vy, vy and
v3 with a common endpoint, we see that they all lie in
the same plane. The three vectors of the earlier example
don’t. It can be shown that V2

e three non—zero vectors in R™ are linearly dependent
if and only if they are coplanar;

notes,

e two non—zero vectors in R™ are linearly dependent if page 26
and only if they are collinear, that is, parallel. :
4. Exercise. Are (3,1,4,1,5) and (9,2,6,5,3)" linearly independent?

Answer. Yes, because they are obviously not parallel.



MATH1231 Algebra 6.53: Matrices and independence

Observe that the way in which we have used matrices to solve linear independence problems
is similar to what we did earlier for span problems. By looking through the last few examples
we can see why the following result is true.

notes,

Proposition. Matrices and linear independence. Let vq,va,...,v, be vectors in R™, and let ... 27
A be the m x n matrix whose columns are vi,vsy,...,v,. Then {vy, vy, ..., v, } is linearly
independent if and only if the system Ax = 0 has a unique solution.

Be careful when solving span or independence problems to get the reasons the right way
around!

e In span problems, we want to know whether a system of equations has solutions or not.
(We don’t care whether there are infinitely many solutions.) So we must look for zero
rows on the left hand side of the echelon form.

e In independence problems, we want to know whether a homogeneous system of equations
has one solution or infinitely many. (It is impossible to have no solution in this case.) So
we must look for non—leading columns in the echelon form.



MATH1231 Algebra 6.54: Independence of polynomials

Examples, continued.

5. Are the polynomials p; = 1+ z — 222 and py = 2 + 22 and p3 = 2 + 4z — 922 linearly
independent?

Solution. Suppose that a linear combination of pi, p2, p3 equals zero,
M1 +2—22%) + X(2+2%) +X3(2+42 —92°) =0 .
Collecting terms and equating coefficients gives
AMF+2X4+2X3=0, A +4A3=0, —2A\1+X2—-9X3=0,

Writing in matrix form (ignoring the right hand side) and using Gaussian elimination,

1 2 2 1 2 2
1 0 4 +—— 10 -2 2
-2 1 -9 O 0 O

As there is a non—leading column in the echelon form, the system has infinitely many
solutions. Therefore, p1, p2 and p3 are linearly dependent.

Important! — note that the coefficients of each polynomial become a column in the matrix.



MATH1231 Algebra 6.55: More on dependence

In the second part of example 3 we had a dependent set, and we found that we could write
one of the vectors as a linear combination of the others. This can always be done for a
dependent set; and, moreover, it is impossible for an independent set.

Theorem. Independent and dependent sets and linear combinations. Suppose that hone 33
S={vy,va,...,v, } is a set of vectors.

e If S is linearly dependent, then there is a vector in .S which is a linear combination of
the other vectors in S; that is, a vector which is in the span of the other vectors.

e If S is linearly independent, then no vector in S is a linear combination of the other
vectors in S; that is, no vector is in the span of the other vectors.

Proof. If S is linearly dependent, then there is a linear combination
AMvi+dove+ -+ A v, =0

where not all the coefficients are zero. Suppose that A\, # 0: then we have

A1 An—1
Vn:——vl—..._

An An

Vp—1,

and so v,, i1s a linear combination of the other vectors in S. If not \,, but one of the other
coefficients is non—zero, then a similar argument will apply.

... continued



MATH1231 Algebra 6.56: ... continued
(continued) Conversely, suppose that one of the vectors in S, say v,,, is a linear combination
of the others. (If not v,, but a different vector in S is a linear combination of the others,
then a similar argument holds.) Then we have v,, = A\yvy + -+ + A\,_1v,,_1 for some scalars
Al,...yAn—1, and so

MV +Xve+ -+ A, v,, =0 with X\, =-1.

Since at least one coefficient in this linear combination is not zero, the equation does not
have a unique solution, and S is linearly dependent. We have shown that

if some vector is a linear combination of the others then S is dependent ;
this is logically the same as
if S is independent then no vector is a linear combination of the others ,

and the proof is complete.



MATH1231 Algebra 6.57: More examples

Examples, continued.

5. Since the set { p1,p2,p3 } on page 54 is linearly dependent, one of the polynomials can be
written as a linear combination of the others. To actually do so we use back substitution
to complete the solution of the system, finding

)‘1:_4/1’7 )‘2::“7 >‘3:/J

Taking, say u = 1, we have —4p; 4+ p2 + p3 = 0 and so

p3 =4p1 —p2
6. Let
1 —1 3 —7
1 0 4 —2
vi=|,] V2= | IR and b = 5
1 1 5 3

Are v1,vy,vs linearly independent? In how many ways can b be written as a linear
combination of these? Solution. To save work, we can answer both questions together.
By writing b as an unknown linear combination of the others, equating coefficients,
forming an augmented matrix and row-reducing we obtain

...continued



MATH1231 Algebra 6.58: ... continued

1 -1 3 -7 1 -1 3 —7
1 0 4 —2 s 0 1 1 5!
0 1 1 5! 0 0 O 0
11 5 3 0O 0 O 0

To answer the first question, look at the left hand side only and imagine that the right
hand side is zero. Since the echelon form has a non-leading column, the equation
A1V1 + Aave + A3vy = 0 has infinitely many solutions, and so vy, vy, vy are linearly
dependent. Exercise. To confirm this, write one of the vectors as a linear combination
of the others by inspection!

Now look at the whole matrix. We write b as a linear combination of vy, vy, vy by

solving the system: there are an infinite number of solutions, so b can be written as
a linear combination of vi,vs, v3 in infinitely many ways. Exercise. Find one of the
ways.

7. With the same vectors as in example 6: are v; and vy independent? In how many
ways can b be written as a linear combination of vi,vy? Solution with no extra
calculation! By mentally deleting the third column of the echelon form and using the
same arguments, we see that vi, vo are linearly independent, and that b can be written
as a linear combination of them in a unique way.



MATH1231 Algebra 6.59: Uniqueness of linear combinations

The correspondence in the last two examples between linear independence/dependence and
unique/many solutions is no coincidence. ..

notes,

Theorem. Uniqueness of linear combinations. Let vi,vs,...,Vv, be vectors, and let b be in ... =1
span(vy, va,...,Vvy,). Then the equation
MV +Ava+ -+ A, vy, =D ()
(with unknown scalars A1, Ao, ..., \,,) has
e a unique solution if v{,vs,..., Vv, are linearly independent;
e more than one solution if vi,vso,..., Vv, are linearly dependent.

Proof. Since b is in span(vy, va,...,Vv,), there is at least one linear combination
b=oavy +agvy +- -+ a,Vv, .

Firstly, suppose that vi,vs,..., v, are linearly independent and that the equation has
another solution, say,
b= Bivi+ Bava+ -+ BV, .

Then
(1 = B1)vi+ (g — B2)va+ -+ (o, = Bn)Vv, = b—b = 0;

by linear independence, a1 — 51 =g — o =+ =a, — B, =0 and so a1 = b1, as = Ba,. ..,
a, = By. So the two solutions are really the same.

... continued



MATH1231 Algebra 6.60: ... continued
On the other hand, suppose that vq,vs,...,v, are linearly dependent. Then
T1vVi+y2ve + -+ vy =0
for some scalars v1,7s,...,vn, not all zero. Therefore
b = ayvi+asve+---+apv, = (a1 +71)vi+ (e +y2)va+ -+ (an + ) Va

and we have more than one solution of (x). This completes the proof.



MATH1231 Algebra 6.61: Extending spans

Remember from the comment on page 46 that removing a vector from a given set may leave
the span unchanged, or may reduce it. We may also consider putting another vector into a
set: this will either leave the span unchanged or increase it.

Examples.
8. Let
1 2 1
vi=|1], vo=11 and w=| 2
1 3 0

Is w in span(vy,va)? Is span(vy, ve, w) bigger than span(vy,ve)? Solution. Once
again we can save calculation by putting everything into one matrix:

1 2 1 b 1 2 1 b1
1 1 2 b2 — 0O —1 1 b2 — bl
1 3 0 b3 0 0 0 bg+by—2b

Considering only the first three columns of the echelon form shows that w is in
span(vy, va). Looking at all four columns shows that

span(vy, v, w) = {b € R? | b3 +by —2b; =0} ,

while looking at columns 1, 2 and 4 shows that span(vy, vy) is the same.

...continued



MATH1231 Algebra 6.62: ... continued

9. Repeat example 8 for

1 2 0
vi=|1], vo=1|1 and w= |1
1 3 1

Solution. The echelon form

1 2 0 b 1 2 0 b1
1 1 1 b2 — 0O -1 1 b2 — bl
1 3 1 b3 0 0 2 b3+0by—20

shows that w is not in span(vy, vs), and that

span(vy,ve,w) = R? #£ span(vy,vs) .



MATH1231 Algebra 6.63: Extending a set

. . . tes,
Theorem. Extending a spanning set. Given vectors vi,va,...,Vv, and w, boge 33
e if w is in span{vi,ve,...,v, }, then span{vy,vy,...,v,,,w} is the same as
span{ vy, Vo, ..., Vy };
e if w is not in span{vy,vay,...,v, }, then span{vy,vy,...,v,,,w} is larger than
span{ vi,va, ..., Vv, }.

Proof (not examinable for MATH1231). Since
)\1V1—|—)\2V2—|—"'—|—)\nvn:)\1V1—|—>\2V2—|—"'—|—)\nvn—|—ow,

it is clear that span{vi,va,...,v,,w } is no smaller than span{vi,va,...,v, }. Now if
w € span{ vy, Va,...,V, | then there is a linear combination

W = [11V1 + {2V + -+ + lUpVp |
therefore every vector in span{ vi,va,...,v,, w } can be written
AV + AoV + -+ AV, + AW = ()\1 + )\,LLl)Vl + ()\2 + )\,LLQ)VQ + -+ ()\n + )\,LLn)Vn

which is in span{ vy, va,...,v, }. So the two spans are the same.

...continued



MATH1231 Algebra 6.64: ... continued

On the other hand, suppose that w is not in span{vy,vs,...,v, }. Now w is a linear
combination
w=0vi+0vy+---4+0v,, + 1w

and therefore is in span{ vy, va,...,v,, W }; so this span is larger than span{ vy, vsy,..., v, }.
This completes the proof.



MATH1231 Algebra 6.65: Deleting a vector from a spanning set

The following result shows that our original concept of linear independence (page 47) and the
formal definition (page 48) are actually the same.

notes,

Theorem. Deleting a vector from a spanning set. Let vi,va,..., v, be in a vector space V. |..c sa

o If vi,vo,...,v, are linearly dependent, then we can remove one of them without
changing the span.

o If vi,vy,...,v, are linearly independent, then removing any one of them will always
decrease the span.

Proof. Instead of going back to basics, we shall explain how this result follows from previous
theorems.

If vi,vo,...,v, are linearly dependent, then one of them, say v,, is a linear
combination of the others (page 55). By the definition of span, this means that v, is in
span(vy, va,...,V,_1). But then the theorem on extending a spanning set (page 63) shows
that span(vy,va,...,Vv,) is the same as span(vy,va,...,v,_1): therefore, deleting v,, from
the given vectors does not change the span.

If the given vectors are linearly independent, then none is a linear combination of the
others (page 55). Therefore v,, is not in span(vy, va,...,v,_1), and the theorem on extending
a spanning set (page 63) says that span(vy,va,...,v,_1) is smaller than span(vy, va,...,Vv,).
Therefore, deleting v,, from the given vectors decreases the span. And the same is true if we
delete not v,, but a different vector. This completes the proof.



MATH1231 Algebra 6.66: Extending an independent set

Theorem. Extending an independent set. Let {vi,va,..., v, } be a linearly independent  poee 'ss
set of vectors in a vector space V'; suppose that w is in V' but not in span{ vy, vs,..., v, }.
Then {vi,va,...,v,,w } is linearly independent.

Proof. Let A\, Ao, ..., Ay, i be scalars such that

MVi+Aevo+ -+ v, +Fuw =0 . ()

If 4+ # 0 then

A1 A2 An

W= ——V] = —Vy— = —Vy ;

M H

but this is impossible since w is not in span{ vi,va,..., v, }. Therefore, y = 0 and we have
)\1V1—|—>\2V2—|—"'—|‘>\nVn:0 .

But it is given that vq,vs,...,Vv, are linearly independent, and so by definition \; = Ay =

- = A, = 0. We have shown that the equation (x) has a unique solution; so by definition,
Vi,Va,...,V,, W are linearly independent.

Comment. It should be clear that this result is closely related to the second part of the
theorem on page 63. The main difference is that in that case we did not assume the given set
of vectors to be independent.



MATH1231 Algebra 6.67: Interpretation

We have just seen and proved a number of theorems about linearly independent and spanning
sets. In order to try and make sense of them, let’s give a review and think about what they
mean in the familiar geometric cases of R? or R3.

e A set of vectors is independent if and only if none of them is a linear combination of the

others (page 55).
Vi Vi
P V2 V3\b
V2

e A set of vectors is independent if and only if every vector in its span is a unique linear
combination of the given vectors (page 59).

V1 b Vi1 b
% Vo V3 \L A
2

... continued



MATH1231 Algebra 6.68: ... continued

e A set of vectors is independent if and only if removing any one of them will decrease the
span (page 65).

Vi Vi Vi

Vo V2

e A span is increased by providing an extra vector if and only if the vector is not already
in the span (page 63).

Vi1 Vi

Vo V2

(w points out of the page)



MATH1231 Algebra 6.69: Basis

Basis for a vector space. How many vectors do we actually need to span R3? We have
seen (page 33) that two vectors are not enough, as they will span at most a plane. Four
vectors may span R?, but the vectors will be linearly dependent (page 50) and so one of them
can be dropped without changing the span (page 65). Therefore,

the “right” number of vectors to span R? is three.

Comment. Note carefully: we said that four vectors may span R3. It is not true that four
vectors must span R?3, for example, . . .

If we have three vectors spanning R3, then these vectors must be linearly independent —
because if not, then we could remove one to obtain two vectors spanning R>, which is
impossible. The following is perhaps the most important concept in all of linear algebra.

notes,

Definition. A basis for a vector space V is a linearly independent set which spans V. page 35



MATH1231 Algebra 6.70: Basis examples

Examples.

1. In R3, let B = {i,j,k}. Every vector in R? can be written as a linear combination
b = bii+ b2j + bsk
so B is a spanning set for R3. The equation
A+ Aoj + Ask = 0

has the unique solution Ay = Ay = A3 = 0, so B is linearly independent. Therefore B is
a basis for R3.

2. Consider the set B = {1,z,2%,23} in P3. Every polynomial in P3 has the form
p(x) = a+ bz + cx? + dx3, which is a linear combination of the vectors in B; therefore B
spans P3. Now the equation

Aol + Mz + Aoa? + Azz® = 0 (%)
means that \gl + A\;z + A\ax? 4+ A\322 is the zero polynomial, that is,
Mo+ Mz + oz + X322 =0 for all x.
The only way this can happen is if A\g = A\; = Ay = A3 = 0; therefore (%) has a unique

solution, and B is linearly independent. So B is a basis for Ps.

... continued



MATH1231 Algebra 6.71: ... more

3. To find a basis for Ms3, we need a minimal collection of matrices from which it is
possible to obtain all 2 x 3 matrices by means of linear combinations. The simplest such
collection consists of

1 0 O 0 1 0 0 0 1 0 0 O 0 0 O 0 0 O
oo o0/ \0 0 0/ \0O OO/ \1 0 0/)” \O0O 1 0/ \0O 0 1)/

Exercise. Prove carefully in writing that these six matrices form a basis for Mos3.



MATH1231 Algebra 6.72: Standard bases

notes,

The bases in the last three examples are often very simple to work with, and so we call them ... 36
the standard bases for R3, P; and Ms3. However, there are many other possible bases for
these vector spaces. This raises a number of questions.

e Given a set of vectors in a vector space V', how do we tell whether or not it is a basis for
|

e Can we find a basis for a vector space V “from scratch”, that is, without being given
any potential basis?

e Why bother with any bases other than standard bases?

I hope you will agree that the most important of these three questions is the last! There are
at least two possible answers.

e For some problems, for example, investigating rotations in three-dimensional space, the
standard basis is less convenient than a different, carefully chosen, basis.

e Some vector spaces do not have any basis which is especially simple. For example,
S={xecR’|42; — x5 — T23 =0}

is a plane through the origin and is therefore a vector space (a subspace of R?). However,
it does not contain any of the “nice” vectors i,j and k. We shall see later how we can
find various possible bases for spaces like S, but in terms of simplicity, there is really not
much to choose between the different options.



MATH1231 Algebra 6.73: Examples

To decide whether a given set is a basis for V' or not, we simply test for span and linear
independence as in the previous couple of topics. In the following examples we shall aim to
use all the short cuts we can — but we shall always be careful to explain our answers fully.

Examples.
Let
1 2 0
V1 = 0 5 Vo = 1 y V3 = 1
—1 1 2

The echelon form has no zero rows, so the system has a solution for every right hand side,
so vi, Vg, vs span R?: and there are no non-leading columns, so the homogeneous system
has a unique solution, so the vectors are linearly independent. Therefore { vy, vy, v3 } is
a basis for R3.



MATH1231 Algebra

5. In ]P)g, let

pi(x)=1—x, po(x)=—-1+22°—-2° and p3(z)=—2x+32° +2°.

By using Gaussian elimination

1 -1 0 1 -1 0
1 0 -2 0 -1 -2
o 2 3170 0o =1
0 -1 1 0 0 0

6.74: ...

more

we see that while { p1,p2,p3 } is a linearly independent set, it does not span P3 and

therefore is not a basis for Ps.



MATH1231 Algebra 6.75: Exercise
6. Exercise. Giving a full explanation, determine whether or not the polynomials
1—a2?+22°, —24x—42°, 3+z—-522+723, 1—z+22°+2°

form a basis for Ps.

7. Find a basis for the plane S in R? with equation 4z; — 2 — 7x3 = 0. Solution. We have home 72,
prob. 53

S={xeR’|4z; —a5 — Tz3 =0}
={ (551,552,563)T | kg = 4wy — Tx3 }
= { (21, 4x1 — Txs, x3)" | 21,23 € R}
= {21(1,4,0)" +23(0,-7,1)" | 21,23 € R}
= span{ (1,4,0)", (0,-7,1)" } .

Thus B = {(1,4,0)1, (0,-7,1)1"} is a spanning set for S; it is also linearly independent
(why?), so it is a basis for S.



MATH1231 Algebra 6.76: How many vectors in a basis?

Recall that in previous pages we have noted the following facts about R3:
e a set containing fewer than three vectors is not a spanning set for R3;
e a set of more than three vectors in R3 cannot be linearly independent.
Therefore,
e any basis for R? contains exactly three vectors.
These facts are true in any vector space — except that the relevant number of vectors need

not be three.

Note carefully: it is not true that any set containing three vectors in R? is a basis. For
example...?



MATH1231 Algebra 6.77: Equivalence of bases

notes,

Theorem. Independent sets are no larger than spanning sets. Let V be a vector space. If ... 50
{vi,va,...,Vy, } is a linearly independent set in V' and { wq,ws,..., W, } is a spanning set
for V, then m < n.

Proof. Difficult — see the printed notes if you want to give it a try. By way of example,
however, recall that in R3,

number of vectors in a number of vectors
] ) < 3 < ) ) )
linearly independent set in a spanning set

notes,

Theorem. Any two bases have the same number of elements. Let V be a vector space and ... so
suppose that V has a finite basis. Then any two bases for V' contain the same number of
vectors.

Proof. Let B; and By be bases for V. Using the definition of “basis” and the previous
theorem we see that B is independent and By spans V, so

{number of vectors in By} < {number of vectors in By} .
On the other hand, Bs is independent and B spans V, so
{number of vectors in By} < {number of vectors in B;} .

Therefore, B; and By contain the same number of vectors.



MATH1231 Algebra 6.78: Comments

Discussion. It is intuitively plausible that R3 is somehow “bigger” than R?. If we attempt
to formalise “how big” these vector spaces are, we might note (page 69) that it takes three
vectors to span R3 “without redundancy”, while a similar argument would show that it takes
two vectors to do so for R?2. Thus, the number of vectors in a basis somehow expresses
the size of a vector space. The previous theorem shows that there is no ambiguity in this
idea: whether we try to measure the size of V' by choosing a simple basis or a much more
complicated one, we shall always get the same answer. This justifies the following terminology.



MATH1231 Algebra 6.79: Dimension

notes,

Definition. Let V be a vector space having a finite basis. The dimension of V is the page 40
number of vectors in a basis for V. We write dim(V") to denote the dimension of V.

Examples.

1. From the standard bases found on pages 70-71, we have
dim(R*) =3, dim(P3) =4 and dim(M3)=6.
In general,

2. Two non—zero, non—parallel vectors in R™ are linearly independent and span a plane; so
they form a basis for the plane. Therefore a plane has dimension 2.

3. Consider the vector space V = C? over the field R: that is, only multiplication by real
scalars is allowed. Then a basis for V' is B = { (1,0), (4,0), (0,1), (0,%) }, and dim(V) = 4.

notes,

4. There is no finite basis for P(R), the space of all polynomials with real coefficients. We page 42
say that P(R) is infinite-dimensional.

Comment. Note that in R", the definition of dimension agrees with our geometrical ideas:
“three—dimensional space” has dimension 3, a plane has dimension 2, a line has dimension 1.



MATH1231 Algebra 6.80: Results on dimension

. . . . . tes,
Theorem. Spanning sets, independent sets and dimension. Let V be a vector space having ... 40
dimension n.

e A set containing fewer than n vectors in V is not a spanning set for V.
e A set containing more than n vectors in V' is not linearly independent.

e A spanning set for V which contains exactly n vectors is also linearly independent (and
therefore is a basis for V).

e An independent set in V which contains exactly n vectors is also a spanning set (and
therefore is a basis for V).

Proof. The first two properties are left as exercises (use the theorem which states that an
independent set cannot be larger than a spanning set).

For the third, let B be a spanning set which contains exactly n vectors, and suppose that
it is linearly dependent. Then (page 65) we can remove a vector from B without changing
the span; that is, we can obtain a set of n — 1 vectors which spans V. This contradicts the
first part of the present theorem.

For the fourth part, let S be an independent set which contains exactly n vectors, and
suppose that it is not a spanning set. Then there is a vector v not in span(S); extending S
by this vector (page 66) gives an independent set containing n + 1 vectors. This contradicts
the second part of this theorem.



MATH1231 Algebra 6.81: Comments

Comments.

e The last two parts of the theorem show that if a set contains the “correct” number of
vectors (that is, equal to the dimension), then it is a spanning set if and only if it is
linearly independent. This can often provide very simple answers to basis questions, in
the case of a vector space where we already know the dimension.

e Warning. The following statements appear very similar to the first two parts of the
theorem.

o A set containing more than n vectors in V must be a spanning set for V.
o A set containing fewer than n vectors in V' must be linearly independent.

However, both of these statements are false!



MATH1231 Algebra 6.82: Examples

Examples

() ()

2. Is {1+x— a3, —2x + 2%, 7+ 42>} a basis for P3?

1435 9114 : 20
3. Is {(7652) : (2731>} a basis for R*"

4. Is a set containing 1231 vectors in R*?3° a basis for R?2307?

5. Is a set containing 1231 polynomials in P1539 a basis for Py23¢7

...continued



MATH1231 Algebra 6.83: ... more

6. Let u,v,w be three unit vectors, all perpendicular to each other, in R3. Prove that
{u,v,w} is a basis for R3. Solution. Suppose that

)\111—|—)\2V—|—)\3W:0 . (*)
Take the dot product with u of both sides of this equation:
AMu-u+Xu-v+A3u-w=u-0.

But from the given information we have u-u =1 and u-v = 0 and u-w = 0; hence
A1 = 0. By similar arguments, Ao = 0 and A3 = 0; therefore (x) has a unique solution,
and by definition {u, v, w } is linearly independent. But the set contains three vectors,
and we know that R3 has dimension 3; so the fourth result on page 80 shows that
{u,v,w} is also a spanning set, and therefore a basis, for R3.
Definition. An orthonormal basis for R” is a basis in which every vector is a unit vector, pese ss
and any two vectors are perpendicular to each other.

Comment. By generalising the idea of the “dot product”, we can define orthonormal bases
in P,,, M,,, and many other vector spaces.



MATH1231 Algebra 6.84: Finding bases

Problem. How do we actually find a basis for a vector space V7?7 Essentially, there are two
options: “start big” or “start small”.

e Suppose that we have a (finite) spanning set for V. If it is linearly independent it is a
basis already. If not, we can remove a vector (page 65) in such a way that we still have
a spanning set; we keep on removing vectors for as long as necessary until we obtain a
basis.

e Suppose that we have a linearly independent set in V. If it spans V then it is a basis.
If not, we include another vector, not in the span of those we have already (page 66),
to give an independent set with a larger span. As long as V' is finite-dimensional, we
may continue to add vectors one at a time until we have a set which spans V' and is still
linearly independent; this is a basis for V.

notes,

The theoretical background for these remarks and subsequent examples is given in theorems 4, ..c 41
5, 6 and 7 from the printed notes.

We shall look at the “start big” method first. A problem with this method is, how can
we obtain a spanning set in the first place? For the present, we shall ignore this difficulty:
any set of vectors spans something, so we begin with the following.



MATH1231 Algebra 6.85: Span — basis

Example. Let

1 0 4 2
V1 = 3 , Vo — —2 , V3 — 2 , Vy = §
—1 1 1 —2

Find a basis for V = span(vy, ve,v3, vy), state the dimension of V', and hence geometrically
identify V. Solution. We row reduce the matrix whose columns are the given vectors,

1 0 4 2 1 0 4 2
3 -2 2 6 |<4+—|0 -2 —-10 0] ,
-1 1 1 =2 0 O 0 O

and note that the first two columns of the echelon form are leading columns; therefore
{v1,va} is a basis for V. This technique works for the following reasons.

e Treating the first three columns as the left hand side and the fourth as the right hand
side shows that v, is a linear combination of v, vy, vy and therefore can be dropped
without changing the span (page 63); and the same argument then applies to vs; so

span{ vi, vy } = span{ vi,va,vs } =span{vy,va, vy, vy} =V .

... continued



MATH1231 Algebra 6.86: ... continued

e Row-reducing the first two columns only gives a result with no non—leading columns, so
{wv1, vy} is linearly independent.

Hence, as claimed, { vy, vy } is a basis for V; so dim(V) = 2, and V is a plane through the
origin.
Comments.

e There are other possible bases for V', for example, { vi,vs } — check this by looking at
the above row-reduction. However, we cannot just take any two of the given vectors as
a basis for V: for instance...?

e Note carefully that the basis vectors are not the leading columns in the echelon form,
but the corresponding vectors in the original matrix.



MATH1231 Algebra 6.87: Justification

The working of the previous example is summarised by the following result (a combination
of two results in the notes).

notes,

Theorem. Reducing a spanning set. Given any set of vectors { vy, vs,..., v, } which spans Loz s
a vector space V, we may remove vectors (if necessary) to obtain an independent set which

has the same span and is therefore a basis for V. If V' = R™ we may do this by forming a

matrix whose columns are v, va, ..., Vv,, reducing to echelon form, and retaining those of the use 42
given vectors which correspond to leading columns in the echelon form.

Proof. Try this for yourself, or read the notes. The first part follows without too much
difficulty from the important results we proved on pages 63—66.
Notes.

o If {vy,vy,..., v, } is already linearly independent, then we do not remove any vectors.

e Note carefully that the basis vectors we find are not the leading columns in the echelon
form, but the corresponding columns in the original matrix.



MATH1231 Algebra 6.88: Independent — basis

Now we look at the “start small” strategy.

Example. Let p; = 1+ 22 — 22 and p; = 3 — 22 + 22, Show that {p;,p> } is linearly

independent, and extend it to form a basis of Py. Solution. First we’ll increase { p1,ps2 } to
a linearly dependent spanning set for P, then reduce it to a basis by the “start big” method,
being sure that in removing vectors, we don’t throw out p; or ps. So, a spanning set for Ps is

{pla P2, 17 x, 582} 3

and we have

1 3 1 0 O 1 3 1 0 O
2 -2 01 0)+— 10 =8 =2 1 0
-1 1 0 0 1 0 O 0 1 2

e First, consider columns 1 and 2 only: neither of these is non—leading in the echelon form,
so { p1,p2 } is linearly independent.

e To find a basis for Py, observe that columns 1, 2 and 4 in the echelon form are leading
columns, so {p1,p2,z } is a basis for P5. Check: remove columns 3 and 5 from the
matrix. Then

o the echelon form has no zero row, so { p1,p2,x } spans Ps;
o the echelon form has no non—leading columns, so the set is linearly independent.

This confirms that { p1,p2,x } is a basis for Ps.



MATH1231 Algebra 6.89: Summary

Comment. We are given two polynomials, and we have seen that P, has dimension 3.
Therefore we know, as soon as we have shown that p; and py are linearly independent, that
we need one more polynomial to form a basis for Ps.

2 instead of x as our additional basis polynomial?

Exercise. Could we have chosen 1 or x
The following combination of results from the notes justifies this procedure. Note that
although the second part of the theorem is stated for R™ only, the example shows how we
can do something very similar for other vector spaces.

notes,

Theorem. Extending an independent set. Let V be a vector space which has a finite page 42
spanning set, and let { vy, vs,..., v, } be a linearly independent set in V. Then we may

extend this set to give a linearly independent set which spans V' and is therefore a basis for V.

In the case V = R™ we may do this by forming a matrix whose columns are vi,va, ..., Vy, oose 44
augmenting it with the standard basis vectors e, es, ..., e, in R™, reducing to echelon form,

and selecting vectors from vi,vo,...,Vv,,€1,€s,...,€e, which correspond to leading columns

in the echelon form.



MATH1231 Algebra 6.90: Both methods

Suppose that we are given vectors vi,va,...,v, in V which may or may not be independent,
and we want to find a basis for V' — not just for span{ vy, vsa,...,v, } — which contains as
many as possible of these vectors. Then we need to use both of the above methods.

Example. Find a basis of My, containing as many as possible of the matrices

1 1 8§ —1 -1 2
A1—<1 2), A2—<2 4> and Ag—(l 2)

Solution. Consider the standard basis matrices for Mos5: these are

1 0 0 1 0 0 0 0
El_(o o>’ E2_<0 o>’ E3_<1 o) and E4_<0 1)'

The set { A1, A, A3, E1, Es, E3, E4 } is certainly a spanning set for Mass, and it can therefore
be reduced to a basis. In doing so, we wish to remove as few as possible of A;, As, As.
Row-reducing an appropriate matrix,

1 8 -1 1 0 0 0 1 8 -1 1 0 0 0
1 -1 2 0 1 0 s o -9 3 -1 1 0 0
1 2 1 0 0 1 O 0 O o -1 -2 3 0
2 4 2 0 0 0 1 0 O 0 0 0 -2 1

...continued



MATH1231 Algebra 6.91: ... continued
(continued) From the echelon form we see that we should remove As to leave an independent
set { A1, A2 }. This is not a basis for Mss (obviously, as there are only two vectors), so we
include E7 and E5 as well. Therefore a possible basis which answers the problem is

{Al,Ag,El,Eg}z{G ;)(2 _41>’((1) 8)’(? 8)}'

Comments.

e We can see from this working that span(A;, A3, A3) has dimension 2, and any basis for
this space will contain two matrices. It is clear from the echelon form that we could have
chosen { Ay, A3 } instead of { A1, A3 }. Exercise. How about { A,, A3 }7

e Once we have chosen two independent vectors from A;, A5, Az, we need two more to
give a basis for Ms,. Again there are various choices which will work, as well as some
which will not work. For example, by examining the echelon form, we can see that

{ A1, Ay, E1, Ey } is a basis for Mss, but { Ay, As, 1, E5 } is not. Exercise. How about
{A17 A27 E37 E4 }?



MATH1231 Algebra 6.92: More about dimension

Here is a fact that will be needed in Chapter 7.

notes,

Proposition. Subspace with the same dimension. Let V be a vector space with dimension ... s
n, and let W be a subspace of V. If W also has dimension n, then W = V.

Proof. Let B be a basis for W. Then B is a linearly independent set (definition of basis)
of vectors in V' (because W is a subspace of V'), and B contains n vectors (definition of
dimension, dim W = n). By our theorem on spanning sets, independent sets and dimension
(page 80), B is a basis for V'; therefore we have

W = span(B) = V .

Comment. To understand this result clearly, consider the case V = R3. If we know that W
is a 2-dimensional subspace of R3, then it is a plane through the origin; but there are many
planes through the origin, so this information does not tell us exactly what W is. On the
other hand, if we know that W is a 3-dimensional subspace of R3, then the only possibility
is that W is the whole of R3.



MATH1231 Algebra 6.93: More VSs

notes,

Vector spaces of functions. Section 6.8 of the printed notes describes vector spaces bage 49
associated with polynomials, matrices and functions. We have done quite a few examples on
the first two; here are some examples involving functions.

Definition. Let X be a non—empty set. The set of all functions f : X — R is denoted R[X].
Given two functions f, g and a scalar A\, the sum f + g and the product \f are defined by

(f+9)(x)=f(x)+g(x) forallz € X and (Af)(x)=Af(x) forall z € X.

notes,

Theorem. Vector spaces of functions. With operations defined as above, R[X] is a vector oze 52
space over R.

Proof. Omitted — see notes if you like.



MATH1231 Algebra 6.94: Subspaces
If the domain X is the set of real numbers we have the vector space R[R]. This has many
subspaces which are important in calculus.
Example. Show that the set

d*f

S:{feR[R]‘EZQf}

is a vector space, and find a basis for .S.
Solution. Clearly S is a subset of the known vector space R[R].

The zero function f: R — R where f(x) = 0 for all x satisfies the differential equation and is
therefore an element of S.

To show that S is closed under addition, let f,g be in S; then

d? df  dg
Ta(ftg) =5+ 5 =9f+9=9(f+g).

Thus f 4 g is in S. Exercise. Complete the proof that S is a vector space.



MATH1231 Algebra 6.95: Span, independence, basis

A basis for S. You will learn soon in calculus how to show that the solution of the
differential equation in this example is

f(SC) = )\1€3x + )\26_333
with A1, Ao € R. Therefore
S = { A+ Xe 3" | A, X2 € R} = span{e®®, e 37} .

Thus B = {e3%, 737 } is a spanning set for S. We shall show that B is linearly independent
and is therefore a basis for S. Suppose that

)\163x -+ )\26_391j =0.

Note that this means that the expression on the left hand side is the zero function, that is,
it equals zero for all values of x: thus,

Ae3® 4+ e 3 =0 for all z € R.

... continued



MATH1231 Algebra 6.96: ... continued

There are various ways to proceed from here, but perhaps the simplest is to differentiate both

sides:
3Ae3T —3Xe 3% =0 forall z € R.

Since the last two equations are true for all x, they remain true when we substitute x = 0,
giving

AM+X=0, 33X —3X=0.

It is easy to solve these equations to get the unique solution A\y = Ao = 0; so B is an
independent set and therefore a basis for S. Thus S, which is known as the solution space
of the differential equation, has dimension 2.



MATH1231 Algebra 6.97: A final example

Example. Take the set X = {1,2,3,4}, and define two functions f, ¢ in R[X] by giving
their values at every z, say

and
g(1)=3, g2)=1, ¢g@B)=-2, g4)=-1.

Then the function A = 3f + 2g can be calculated, and we find

What do you notice?



